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Abstract Let L be a homogeneous sublaplacian on a 2-step stratified Lie group G of topo-
logical dimension d and homogeneous dimension Q. By a theorem due to Christ and to
Mauceri and Meda, an operator of the form F (L) is bounded on L? for 1 < p < ooif F sat-
isfies a scale-invariant smoothness condition of order s > Q/2. Under suitable assumptions
on G and L, here we show that a smoothness condition of order s > d/2 is sufficient. This
extends to a larger class of 2-step groups the results for the Heisenberg and related groups
by Miiller and Stein and by Hebisch and for the free group N3 > by Miiller and the author.
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1 Introduction

Let L be a homogeneous sublaplacian on a stratified Lie group G of homogeneous dimension
Q. Since L is a positive self-adjoint operator on L?(G), a functional calculus for L is defined
via the spectral theorem and, for all Borel functions F : R — C, the operator F (L) is bounded
on L%(G) whenever the “spectral multiplier” F is bounded. As for the L”-boundedness for
p # 2 of F(L), a sufficient condition in terms of smoothness properties of the multiplier F
is given by a theorem of Mihlin—-H6rmander type due to Christ [4] and Mauceri and Meda
[20]: the operator F'(L) is of weak type (1, 1) and bounded on L”(G) for all p € ]1, oo
whenever

I Fllprws := sup [[F(z-) nllws < o0
t>0
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for some s > Q/2, where Wi (R) is the L? Sobolev space of fractional order s, and
n € C2°(]0, oo|) is a nontrivial auxiliary function.

A natural question that arises is whether the smoothness condition s > Q/2 is sharp.
This is clearly true when G is abelian, so Q coincides with the topological dimension d of
G, and L is essentially the Laplace operator on R?. Take, however, the smallest nonabelian
example of a stratified group, that is, the Heisenberg group Hj, which is defined by endowing
R x R x R with the group law

oyou) - (XY u)y=(x+x y+ Yy u4u + (xy —x'y) /2) 1)
and with the automorphic dilations
St(x,y,u) = (tx, ty, tzu) . 2)

H; is a 2-step stratified group, and the homogeneous dimension of Hj is 4. Nevertheless, a
result by Miiller and Stein [23] and Hebisch [12] shows that, for a homogeneous sublaplacian
on Hj, the smoothness condition on the multiplier can be pushed down to s > d/2, where
d = 3 is the topological dimension of H; (in [23], it is also proved that the condition
s > d/2 is sharp). Such an improvement of the Christ-Mauceri-Meda theorem holds not
only for Hy, but for the larger class of Métivier groups (and for direct products of Métivier
and abelian groups), and also for differential operators other than sublaplacians (see, e.g.,
[13,17]); moreover, as shown subsequently by Cowling and Sikora [5] (see also [6]), the sharp
result on Hj can be obtained by transplantation from an analogous result for a distinguished
sublaplacian on the (nonstratified) group SU; (which in turn improves, in the case of SU;, an
extension of the Christ-Mauceri—-Meda theorem to spaces of homogeneous type [1,7,11]).
However, it is still an open question whether, for a general stratified Lie group (or even for
a general 2-step stratified group), the homogeneous dimension in the smoothness condition
can be replaced by the topological dimension.

The aim of this paper is to extend the class of the 2-step stratified groups and sublaplacians
for which the smoothness condition in the multiplier theorem can be pushed down to half the
topological dimension.

Take for instance the Heisenberg—Reiter group Hy, 4, (cf. [27]), defined by endowing
R2xd1 5 RA % RY with the group law (1) and the automorphic dilations (2); here, however,
R92%d1 js the set of the real d» x d; matrices, and the products xy’, x’y in (1) are interpreted in
the sense of matrix multiplication. Hy, 4, is a 2-step stratified group of homogeneous dimen-
sion Q = did>+d; +2d, and topological dimension d = dd, +d; + d». Despite the formal
similarity with Hy, the group Hy, 4, does not fall into the class of Métivier groups, unless
dr =1 (infact, Hy, 1 is the (2d; 4 1)-dimensional Heisenberg group Hy, ). Nevertheless, the
technique presented here allows one to handle the case d> > 1 too.

Namely, let X1 1, ..., Xap,ay, Y1, ..., Ya,, U1, ..., Uy, be the left-invariant vector fields
on Hy, 4, extending the standard basis of RE2xd1 5 R R% at the identity, and define the
homogeneous sublaplacian L by

di > di
- _ 2 _ 2
L==2 X, -2V}
j=1k=1 j=1
Then, a particular instance of our main result reads as follows.

Theorem 1 Suppose that a function F : R — C satisfies

I E N pws < 00
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forsomes > d/2. Then, the operator F (L) is of weak type (1, 1) and bounded on L? (Hg, 4,)
forall p €11, col.

To the best of our knowledge, this result is new, at least in the case d» > dj. In fact, in the
case dr < dj, the extension described in [17] of the technique of [12,13] would give the same
result. However, the technique presented here is different, and yields the result irrespective
of the parameters dy, ds.

The left quotient of Hy, 4, by the subgroup R42%d1 % {0} x {0} gives a homogeneous space
diffeomorphic to R?! x R, and the sublaplacian L corresponds in the quotient to a Grushin
operator. In recent joint works with Sikora [18] and Miiller [14], we proved for these Grushin
operators on R?1 x R% a sharp spectral multiplier theorem of Mihlin-Hérmander type, where
the smoothness requirement is again half the topological dimension of the ambient space.

The proofs in [14,18] rely heavily on properties of the eigenfunction expansions for the
Hermite operators. Since a homogeneous sublaplacian on a 2-step stratified group reduces
to a Hermite operator in almost all irreducible unitary representations of the group, it is
conceivable that an adaptation of the methods of [14,18] may give an improvement to the
multiplier theorem for 2-step stratified groups, even outside of the Métivier setting. A first
result in this direction is shown in [19], where the free 2-step nilpotent Lie group N3 » on three
generators is considered, and properties of Laguerre polynomials are exploited (somehow in
the spirit of [21,23,24]). The argument presented here refines and extends the one in [19].

Theorem 1 above is just a particular case of the result presented here, and we refer the
reader to the next section for a precise statement. We remark that the analog of Theorem 1
holds on Hy, 4, when the sublaplacian L has the more general form

dy dy
L==2 > auXeiXe; ©
Jj=1k,k'=0
where Xo; = Y; and (a,i w)kk'=0,...d, 1 @ positive-definite symmetric matrix for all
j € {l,...,d;}. Other groups can be considered too, e.g., the complexification of a

Heisenberg—Reiter group, or the quotient of the direct product of Hj 3 and N3 given by
identifying the respective centers.

2 The general setting

Let G be a connected, simply connected nilpotent Lie group of step 2. Recall that, via
exponential coordinates, G may be identified with its Lie algebra g, that is, the tangent space
of G at the identity. In turn, g may be identified with the Lie algebra of left-invariant vector
fields on G. We refer to [9] for the basic definitions and further details.

Let g be decomposed as v @ 3, where 3 is the center of g, and let (-, -) be an inner product
on v. The sublaplacian L associated with the inner product is defined by L = — > j X?,
where {X ;}; is any orthonormal basis of v. Note that, vice versa, by the Poincaré-Birkhoff—
Witt theorem, any second-order operator L of the form — > X ? for some basis {X ;}; of g
modulo 3 determines uniquely a linear complement v = span{X ;}; of 3 and an inner product
on v such that {X;}; is orthonormal.

Let 3* be the dual of 3 and, for all n € 3*, define J, as the linear endomorphism of v such
that n([z, 2'1) = (Jyz, 2') forall z, z’ € v. Clearly, J;, is skewadjoint with respect to the inner
product; hence, J?2 is self-adjoint and negative semidefinite, with even rank, for all 7 € 3*.

n
Set moreover 3 = 3*\{0}.
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1138 A. Martini

Assumption (A) There exist integers ry, ...,rq, > 0 and an orthogonal decomposition
0 =101 @ Doy suchthat, if Py, ..., Py are the corresponding orthogonal projections,
then J,P; = P;J,; and an P; has rank 2r; and a unique nonzero eigenvalue for all n € }
andall j € {1,...,d1}.

Note that from Assumption (A) it follows that J,, # 0 for all n € 3. Therefore [v, v] = 3,
that is, the decomposition g = v @ 3 is a stratification of g, and the sublaplacian L is
hypoelliptic.

In fact, J;, has constant rank 2(ry + - - - +r¢) for all n € 3. If J;, is invertible for all € 3,
then G is a Métivier group, and if in particular an = —|n|?id, for some inner product norm
| - | on 3*, then G is an H-type group. The main novelty of our Assumption (A) is that it
allows J; to have a nonzero kernel when n € j, although the dimension of the kernel must
be constant.

The fact that J,, has constant rank for n € j depends only on the algebraic structure of
G. What depends on the inner product, that is, on the sublaplacian L, are the values and
multiplicities of the eigenvalues of the J,. The above Assumption (A) asks for a sort of
simultaneous diagonalizability of the J,,.

Under our Assumption (A) on the group G and the sublaplacian L, we are able to prove
the following multiplier theorem.

Theorem 2 Suppose that a function F : R — C satisfies
| Fllarwy < 00

for some s > (dim G)/2. Then, the operator F (L) is of weak type (1, 1) and bounded on
LP(G) forall p €11, col.

The previously mentioned Heisenberg—Reiter groups Hy, 4, satisfy Assumption (A),
where the inner product is determined by the sublaplacian (3), and the orthogonal decompo-
sition of the first layer is given by the natural isomorphism R%*% x R4 = (R® x R)%.
Other examples are the free 2-step nilpotent Lie group N3 2 on 3 generators, considered in
[19], and its complexification Néc’z. Moreover, if G| and G satisfy Assumption (A), and
their centers have the same dimension, then the quotient of G; x G given by any linear
identification of the centers satisfy Assumption (A). Note that the direct product G| x G2
itself does not satisfy Assumption (A), but an adaptation of the argument presented here
allows one to consider that case too. We postpone to the end of this paper a more detailed
discussion of these remarks.

From now on, unless otherwise specified, we assume that G and L are a 2-step stratified
group and a homogeneous sublaplacian on G satisfying Assumption (A). Since L is a left-
invariant operator, so is any operator of the form F(L). Let ;) denote the convolution
kernel of F(L). As shown, e.g., by [17, Theorem 4.6], the previous theorem is a consequence
of the following estimate.

Proposition 3 For all s > (dim G)/2, there exists a weight ws : G — [1, oo[ such that
ws_1 € L%(G) and, for all compact sets K C R and for all functions F : R — C with
supp F C K,

lws Krwyllz < Cr s Fllws: “4)

in particular,

I Krwy Il = Cr sl Fllws- %)

The rest of the paper, except for the last section, is devoted to the proof of this estimate.
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3 The joint functional calculus

Letd, = dimj, and let Uy, ..., Uy, be any basis of the center 3. Let moreover the “partial
sublaplacian” L; be defined as L; = — >, X 1’ where {X j1}1 is any orthonormal basis
of vj, forall j € {1,...,d;}; in particular L = Ly + --- + Lg,. Then, the left-invariant
differential operators

Ly,...,Lg,—iUy, ..., —iUy (6)
are essentially self-adjoint and commute strongly; hence, they admit a joint functional cal-
culus (see, e.g., [16]). Therefore, if L and U denote the “vectors of operators™ (L1, ..., Lg;)
and (—iUy, ..., —iUyg,), and if we identify ;* with R? via the dual basis of Uy, ..., Uy,

then, for all bounded Borel functions H : R? x 3* — C, the operator H (L, U) is defined and
bounded on L2(G). Moreover, H (L, U) is left-invariant, and we can express its convolution
kernel Ky (1, u) in terms of Laguerre functions.

Namely, for all n, k € N, let

—k t n
Wy e (d ( k+n —t)
L@ == (dz roe
be the n-th Laguerre polynomial of type &, and define
LP@) = (=1)"e " LP21).
Note that, by Assumption (A), foralln € jand j € {1,...,d;},
2
2p. n 1
12p==(v]) P
for some orthogonal projection P ;7 of rank 2r; and some b'} > 0. Set moreover
pl _ p. _ pll
Pj =P; Pj .

Modulo reordering the v; in the decomposition of v, we may suppose that there exists
dy € {0,...,dy} such that dimv; > 2r; if j < dy, and dimv; = 2r; if j > di. In
particular, P" = 0and P = Pjforall j > d; and 5 € 3. We will also use the abbreviations
P e ra) RO R X RN = N e x N [r| = g+ 1y
Moreover (-, -) will also denote the duality pairing Fx3—> R

Proposition 4 Let H : RY x 3* — C be in the Schwartz class, and set
m s = H (@4 rob] 4 . (20, 44 ) B+ g,
(sz1+1 + rd~|+1) b2~1+1, cet (2nd1 + rdl) val ’ 77) (7)

foralln € NI n e R‘Zl, n € 3. Then, for all (z,u) € G,

2lr! _
Knaw ) = o / [ m (o (177er 1) )
v

N‘Il

H.c“f (1PJePpY) | €169 60 g an, ®)
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Eﬂ

Proof Foralln € jand j € {1,...,d;},let E" e B

basis of the range of P;7 such that

T E.. Ej,r, be an orthonormal

n ng n n g
JE,—b ]1’ JEJI— bjEjJ, forl=1,...,r;.
Hence, forallz e v, n € j3,and j € {1, ..., d;}, we can write
rj

N _ NN =N
sz = Z (ZNEJ- +zj’lEj71)

=1

for some uniquely determined z7,, 7"

gl
(zj’l, o zj’rj), and moreover z7 = (z{, ..., zzl) and 27 = (z], ..., ZZI).

. no_ n " sn_
€ R; set then z; = (zj’l,...,zj,rj), Z =

Foralln € jandall p € ker J;, an irreducible unitary representation i, , of G on L%(R")
is defined by

sty p (2 )P () = €101 10.P2) o EIL B 0T 28 g om )

forall (z,u) € G,v e R", ¢ € LZ(R’), where P = }_’f’ + -4 f_’;f is the orthogonal
projection onto ker J;;. Following, e.g., [2, §2], one can see that these }epresentations are
sufficient to write the Plancherel formula for the group Fourier transform of G, and the
corresponding Fourier inversion formula:

f e = @m)l=dmG / [ w0 w00 H(b”) dpdn  (9)

3 kerJ,

for all f : G — C in the Schwartz class and all (z,u) € G, where m, ,(f) =

fG f(® nn’p(g_l)dg.
Fix n € j and p € ker J;,. The operators (6) are represented in 7, , as

2
Ay (L) = =42 + (B1) 0P+ 1Pjpl,  dmyp (=il =, (10)

forall j € {1,...,di}and k € {1,...,d>}, where v; € R'/ denotes the j-th component of
v € R", and Ay, denotes the corresponding partial Laplacian. Let i, denote the £-th Hermite
function, that is,

4
he(t) = (—=D)E @12 )12t (jt) et

and, for all w € N, define ﬁn,w :R" — Rby

. . . N A 12
hr/,w = hn,w,l Q- ® hn,m,dl P hn,w,j(vj) = (bj) Hha}j_[ ((bj> vj,l)v
=1

forall j € {1,...,d}, where w;; and v;; denote the /-th components of w; € N’/ and

€ R’J. Then, {ﬁn,w}weNr is a complete orthonormal system for L2(R"), made of joint
eigenfunctions of the operators (10). In fact,

Aty p (Lo = ((2leoj] + 1) 87+ 1P ) o
dﬁn,p(_iUk)ﬁn,w = Nk ﬁn,(w (11)

@ Springer



Heisenberg—Reiter and related groups 1141

where |wj| = wj 1 + -+ + @j;; it should be observed that Pjp = 0if j > d.
Since H : R% x 3* — C is in the Schwartz class, K, vy : G — Cis in the Schwartz
class too (see [3, Theorem 5.2] or [15, §4.2]). Moreover,

nr],p (IC[-[(L,U)) i;lrl,w =m (('wllv ceey |wd1 |) s (|Pl/0|2 | ]/O| ) )ﬁn,w

by (11) and [22, Proposition 1.1]; hence, if ¢,  o(z,u) = (my ,(z, u)fl,,,w, fln,w) is the
corresponding diagonal matrix coefficient of 7 ,, then

(.0 @) T p (K 0,0) o o) = m (0D jzars (1P312) gy 1) oz ).
Therefore, (9) gives that

Kuw,u)(z,u)
d

= @m0 [ [ S (1. (1250P) g 1) Ve [] (1) o,
3 kerJy neN J=1
(12)
where
‘/’n,p,n(zv u) = Z (Pn,p,w(z, u).
weN"
lwt|=n1,....|0q, |=nq,
On the other hand,

i dy T 1/2
n.p,0(z, u) = o't e H H[(bj)
j=11=1
X/etbjsz,zhwjyl (<b7)1/2 s+ Zg’l/z)) hej, ((bj)lﬂ (s — Z?’,I/Z)) ds}.
R

The last integral is essentially the Fourier—Wigner transform of a pair of Hermite func-
tions, whose bidimensional Fourier transform is a Fourier—Wigner transform too [ 10, formula
(1.90)]. The parity properties of the Hermite functions then yield

dij ;

—1)@it P |

Oy, p.0(2Z, 1) = ¢! p.P12) | | | ||:( )n / 6191”1161922131
i nbj

RxR

172
it|201/(b" ) 12 1/2
X/e‘ ( 1 ( J) hwj,l (t + 6,/ (b']) ) hwj_, (l — 62/ (b’]) ) dt do, d92].
R

Since the Fourier—Wigner transform of a pair of Hermite functions can be expressed in terms
of Laguerre polynomials (see [10, Theorem 1.104] or [26, Theorem 1.3.4]), we obtain that

o (0 il (0. P12)

©On.p.w(2,U) = P e 61:27) i (022"
R" xR"
d e
<TI[(#1) 7 TTE0 (60 €2.10) ) | acr e
j=1 =1
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1142 A. Martini

Consequently, for all n € N1,

ol () i (p, P72) .
VoG ) = = / e fheela
R" xR"

di . B
XH[(Z’?) "o ((Iél,j|2+|¢z,j|2)/b;?)]d;1d;2 (13)
j=1

[9, §10.12, formula (41)]. The conclusion then follows by plugging (13) into (12) and per-
forming a change of variable by rotation in the inner integrals. O

4 A weighted Plancherel estimate

Proposition 4 expresses the convolution kernel Ky, uy as the inverse Fourier transform
of a function of the multiplier H. Due to the properties of the Fourier transform, it is not
unreasonable to think that multiplying the kernel by a polynomial weight might correspond to
taking derivatives of the multiplier. As a matter of fact, the presence of the Laguerre expansion
leads us to consider both “discrete” and “continuous” derivatives of the reparametrization
m : N4 x R4 x 3 — C of the multiplier H given by (7).

For convenience, set Eﬁ,k) = O forall n < 0. From the properties of Laguerre polynomials
(see, e.g., [9, §10.12]), one can easily derive the following identities.

Lemma 5 Forallk,n,m e Nandt € R,

k+1
@0 = P @) + Do), (14)
d K+
00 = £,50 0 - £V, (15)
0 (n+k)! . _
k+1 lfl’l =m,
/ OV RIOTAF I (16)
0 0 otherwise.
Letey, ..., eq, denote the standard basis of R% . We introduce some operators on functions

f:Nd'xRJ'xje(C:

Tif(n ) = fn+ej, 1, ),
ij(n!““s 77) = f(n+€j,,l,L, 77) —f(n,u, 77)7

d
a S N) = — s, 1),
o S (g, m) amf(" ", n)

]
arlkf(ns M, 77) = @f(na M, 77)

forall j e {1,...,d1}, L €{l,....di}, ke{l,...,d)}.

For all & € N and all multiindices o € N”, we denote by || the length oy + - - - + &, of
a. Inequalities between multiindices, such as o < «’, shall be interpreted componentwise.
Set moreover (o) = ((«1)+, - - ., (op)+), where (£); = max{Z, 0}.
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A function ¥ : jxv — C will be called multihomogeneous if there exist ho, hi, ..., hg €R
such that

d
h
w(xon, Z,\,Pjg) =AM g (. ©)
j=1

foralln € 3, £ € v, Ao, A1, ..., Aq, € ]0O, oo[;thehomogeneity degrees ho, h1, ..., hg, of ¥
will also be denoted as deg; ¥, deg,,, ¥, ..., deg, ” V. Note that, if ¥ is multihomogeneous
and continuous, then degn/, ¥ > 0forall j €{l,...,d}.

Proposition 6 Let H : RY x 3* — C be smooth and compactly supported in R4 x 3, and
let m(n, |1, n) be defined by (7). For all « € N%,

W Kuwu) (. u) = Z// Z 8gl3218ﬁtm (n, (|13]n$|2)j<a71 ) 77)

t€le’y 5 neNd
)

xW,(1, ) [H Lo) (|P}75|2/b7)} ¢! &3 1) g dn,
j=1

Sfor almost all (z, u) € G, where 1 is a finite set and, for all v € I,

- yteN%, gt ENJ', Ble N yt<aq

- Y =Y 0%.1... W q, 6 where ¥, : 3 x v — C is smooth and multihomogeneous for all
Jjef0,....d1},

— deg, ¥, = |y'| — |a| — |B'| and deg, ¥, = 2;35. +20}forallj efl,....d1},

— forall j €{l,...,d1}, ¥, ;j(n, &) is a product of factors of the form |Pj"$|2 or 8,,,(|Pj"§|2
fork e{l,...,da},

= Y101+ 1B+ I (B — (degy, W )/2)4 < lal.

Proof By Proposition 4 and the properties of the Fourier transform, we are reduced to proving
that, forall e N2 e}, & €,

(3877)(1 2" (n (“3;]5'2),-551 : ”) ﬁgfjjil) (lenélz/b;’)

neNd
)
=3 3 9 s m (n (177e1) ,n) wion &) [Ten 7 (1]el/7),
1€l pend J=a j=1

where I, y*, 6, B', ¥, are as in the above statement.
This is easily proved by induction on |«|. For |o| = 0, it is trivially verified. For the
inductive step, one applies Leibniz’ rule and exploits the following observations:

— when a derivative 0,, hits a Laguerre function, by the identity (15) and summation by
parts, the type of the Laguerre function is increased by 1, as well as the corresponding
component of 8*;

— forall j € {1,...,d}, b;? = /tr(—J,%Pj)/(er) is a smooth function of 1 € j, homoge-

neous of degree 1;
— forall j € {1,...,d}, PJ'.7 = —anPj/(b;?)2 is a smooth function of 1 € 3, homogeneous

of degree 0, and in fact it is constant if j > Jl;

@ Springer



1144 A. Martini

— forall j e {1,...,d}, |PJ'.7$|2 = (P;’PJ-E, P;€) is a smooth bihomogeneous function of
(n, Pj&) € 3 x v; of bidegree (0, 2), and moreover

|PIE> = P> — |PTEP, 0y | PIEI = =0, | PTEI,
s (1P1EP07) = PP (1) + (1Y) 1
forallk € {1,...,d»}.

The conclusion follows. O

Notethat, forall j € {1,...,d1}, ne RY n € },the quantities ; f (-, i, ), 8; f (-, £, M)
depend only on f(-, i, n); in other words, t; and §; can be considered as operators on
functions N9 — C.

The following lemma exploits the orthogonality properties (16) of the Laguerre functions,
together with (14), and shows that a mismatch between the type of the Laguerre function and
the exponent of the weight attached to the measure may be turned in some cases into discrete
differentiation.

Lemma 7 Forall h, k € N and all compactly supported f : N9 — C,

d
> f[ﬁiﬁ”(r,-)\zz” dt
j=1

10 oo[dl neNdi

d
<Cni D 184y [T +npht2hi=hoe,
neN% Jj=1
Proof Via an inductive argument, we may reduce to the case d; = 1.
Note that, if f is compactly supported, then / f is null for all sufficiently large / € N.

Hence, the operator 1 + t, when restricted to the set of compactly supported functions, is
invertible, with inverse given by

A+ f=> (=D

leN
Then by (14), we deduce that, for all k € N,

S P o => 0+ fm o,

neN neN
D rm L@ =30+ P ),
neN neN

and consequently, for all 1, k € N,
D LP@ =D A+ 0" o) LP )
neN neN

Thus, the orthogonality properties (16) of the Laguerre functions give us that

/ |Z Q) £,$">(r)\2rh dr < Chp 1A+ D" fF)* ()",
o neN neN

where (n) =1+ n.
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Inthecase h > k, (1+1)"*is given by the finite sum

h—k
avoi=3 (")

£=0

and the conclusion follows immediately by the triangular inequality.
In the case & < k, instead, since § = 7 — 1, from the identity 1 — 2= 1—-—17)1+71),
we deduce that

(14 ) = (=8)k (1 = £2)h~k = (Z)k—h Z (‘3 +hk—h-— l)ak—h.[%!

£>0 ¢
hence
2
+k—h—1
DA+ P )" =3 Z( i . )ék’hf(n +20| ()"
neN neN'¢>0
2
< Cux QDO fo] )
neN'{>n
< Gk D ()7 p o) (n)!
neN {>n
4
< Ch,k Z(z>2k_2h_1/2|5k_hf(€)|2 Z<n>h—]/2
LeN n=0
< Cug D (O* M8 F @1,
LeN
by the Cauchy—Schwarz inequality, and we are done. O

Let | - | denote any Euclidean norm on 3*. The previous lemma, together with Plancherel’s
formula for the Fourier transform, yields the following L2-estimate.

Proposition 8 Under the hypotheses of Proposition 6, for all « € N%,

[ Knawcobdzan=c S [ [ 3 107 5" mon P
/ :

ely neNdi

[0.00[1

s 212 2B () (1 g% doy () din, (17
where fo, is a finite set and, for all 1 € ia,
~prteN®E gt e NT gt pte NG,
-y <o |y +10 + 18 < al, i
— 0, is a regular Borel measure on [0, ool
Proof Note that, forall j € {1,...,d},

o (1P]ER) =2((00P)) P&, PJE) < Clnl™" 1PJE1I P8 ;

consequently, if ¥, ¥, ;, y*, §*, B* are as in the statement of Proposition 6, then

W, (0, 6)? < C,|n|?d ¥i| pl dego; Vij ) p.g o8 Yo
»J n j J
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forall j € {1,...,d;}, hence

d
2 2deg. ¥, deg, . ¥, ; 2degy, . ¥, 0+deg, . ¥, ;
W, £)1F < Clnl> 8 ¥ [T 1P g|7500 77 pyg "0y T80 T
j=1
d 20;+28;
2yt =2le|-2|p" Ne 2k pll g 405 +4B" —2h;
< PRI S R BT

j=l1 hj:(dcgt,], Y.i)/2

and moreover, for all A € N9 if hj > (degnj ¥, j)/2forall j €{l,...,d;}, then

dy
P+ 10+ 181+ D (8~ ) | < el
j=1

By Proposition 6, Plancherel’s formula and the triangular inequality, we then obtain that
the left-hand side of (17) is majorized by a finite sum of terms of the form

di 2
5 (rj=1+8))
/] ’ > ayagstm (n (197) o) TTe0 ™ (1pyer o))
3 v neNd N Jj=1
di d
x | P2 =2PL T ple s T 1PT& 1P dé dn, (18)
j=1 j=1

where y € N, 0,k € N%', 8,1 € N and |y| + 6] + |8 + (B — h)+| < |a|. Simple
changes of variables (rotation, polar coordinates and rescaling) allow one to rewrite (18) as
a constant times

di
[ ][ = ssemenn TTer 0
j=1

[ neNd

2 4 1+h
ri—l14h;
| |t.’ Tdt
J
j=1

3 70,0041 10,00

d d
2|y |-2le|-2|B] l n\ it - kj+dimv,;—2r))/2  dp
xInl [T() " Tl = —an.
i1 =1 M1 Md]

By exploiting the fact that the b" are smooth functions of 5 € 3, homogeneous of degree 1
(see the proof of Proposition 6), and applying Lemma 7 to the inner integral, the last quantity
is majorized by

C/ / z |a'}7/az6,3+(/3—h)+m(n’u’ n)|2 ﬁ(l +l’lj)rj_l+hj+2(ﬁj_hj)+
3 10,001 "N /=1
20y |=2la|=2|B1+Ih|+Ir| . K@imo; =22 die
H/’Lj w g n,

x|n|
j=1

and since the exponents k; + (dimv; — 2r;)/2 are strictly positive, while

d
2Bl + |hl+1rl = =2|B+ (B — h)+] +Z(”j —1+hj+2(8; —hj)) +di
Jj=1
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and |y| + 0] + |8 + (B — h)+| < |a|, the conclusion follows by suitably renaming the
multiindices. ]

S From discrete to continuous
Via the fundamental theorem of integral calculus, finite differences can be estimated by
continuous derivatives. The next lemma is a multivariate analog of [19, Lemma 6], and we

omit the proof (see also [18, Lemma 7]).

Lemma9 Ler f : N9 — C have a smooth extension f : [0, oo[? — C, and let B € NI,
Then,

8% f(n) :/aﬂf(n +5) dvg(s)

Jp

foralln € N, where Jg = ]_[‘;1:1 [0, ﬁj], and vg is a Borel probability measure on Jg. In
particular,

167 £ (m)I? S/Iaﬂf(n+s)|2dv5(s)

Jp
foralln € N9,
We give now a simplified version of the right-hand side of (17), in the case we restrict to
the functional calculus of L alone. In order to avoid issues of divergent series, it is, however,

convenient at first to truncate the multiplier along the spectrum of U.

Lemma 10 Let x € C°(R) be supportedin[1/2,2], K € R be compactand M € 10, ool.
If F : R — C is smooth and supported in K, and Fy; : R x 3% — C is given by

Fy(,m) = FQ) x(Inl/M),

then, for all r € [0, oo,

/ lul” Ky @ w)? dzdu < Ck e ME | Fll5.
G

Proof We may restrict to the case r € N, the other cases being recovered a posteriori by
interpolation. Hence, we need to prove that

/ u® Ky (@ ol dzdu < Ck ya ME2FR (19)
2
G
for all « € N?. On the other hand, if m is defined by

d
mn, ,n) = F(Zb’}mm + IMIE)X(IWI/M), (20)

j=1
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where (€); =2 +rj and |u|s = Z‘jl: | 1, then the left-hand side of (19) is majorized by
the right-hand side of (17), and we are reduced to proving that

Z / |37J)/ 32 sB mn, u, 77)|2 |,7|2|V [=2]ar|=2| B! [+]a' |+dy

dp
neN 3 [0,oo[dl

x(L+n)® (L4 ng)" doy(ydy < Cr o MEZENFIR 0 @D
2

for all ¢ € I, where I, y', 64, B', a‘, o, are as in Proposition 8.
Note that the right-hand side of (20) makes sense for all n € R and defines a smooth
extension of m, which we still denote by m by a slight abuse of notation. Hence, by Lemma 9,

10709 55 m(n, 1 )2 < / 107 %08 m(n + 5. 1. I dvi (), 22)

Ji

where J, = Hj’ll:l [0, ,3‘,] and v, is a suitable probability measure on J,. Moreover, the

measure o, in (21) is finite on compacta, and the right-hand side of (22) vanishes when
|l s > max K, because supp F' € K. Consequently, (21) will be proved if we show that

> /|a,,y Oy O m(n + s, o, )| [ 21 Z2RP I

(I
neN

x (L) (14 ng)" di < C ya ME2NFR (23)
2

forall s € J, and i € [0, max K]‘Z‘ , uniformly in s and p.
As observed in the proof of Proposition 6, the b;? are positive, smooth functions of

n € 3}, homogeneous of degree 1; therefore, for all n € N je{l,....d1}, n € 3,
s €0, 00[, 1 € [0, o[,
d
Il +nj) ~blnj); < Db+ si)i + Il s, (24)
=1

and the last quantity is bounded by the constant max K whenever (n + s, i, n) € suppm,
because supp ' € K. Hence, the factors |n|(1 + n;) in the left-hand side of (23) can be
discarded, that is, we are reduced to proving (23) in the case a‘* = 0.

From (20), it follows immediately that

dp dy
8 0 m(n, p, ) = FUTHIED (Z biinj)j + mm) x(nl/my [ @b’
j=1 j=1

and then it is easily proved inductively that

ly‘I=Ivl di
o s = 23 P (S, + )
veNd  ¢=0 j=1
lvl=ly!|

dy
X W, g (1) M4 XD (nl/ M) [T nj)
Jj=1
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where ¥, , 4 : 3 — R is smooth and homogeneous of degree |8‘| + |v| + ¢ — |y‘|. By
exploiting again (24) and the fact that supp ' C K, we can majorize the factors (n;); in the
right-hand side by ||~ ~ M~ and obtain that

10295 8 m(n, . m* < Cy.a M*P2 15 (Inl/ M)

Iyl

>

v=0

2

)

dy
FOPIe ‘+“>( bjinj)j + Iulx)
j=1

where x is the characteristic function of [1/2, 2]. Hence, the left-hand side of (23), when
a' = 0, is majorized by

Ci o M=2lel

xlyzlo/z

=0% neNd

2
x(Inl/M)dn.

di
FUB 16 14v) (Z binj+s;);+ IMI):)

Let S denote the unit sphere in 3*. By passing to polar coordinates and exploiting the homo-
geneity of the b;?, the integral in the above formula is majorized by

2

L L d
¢ [ [ 3 |roreen (0305t +50; 4 nis )| 2ormnp® L do
s 0 neNd j=l1 p
T d
<cu® [1FEH G 4P [ 3 de/ttnande ™ 25
0 s neNd P

where (n), s = Zt;l:] b;f’(nj +s;)j ~ 1 + |n| uniformly in w € § and s € J,. Since
X(p/(M(n)y.s)) vanishes unless (n), s ~ p/M, the sum in the right-hand side of (25)
has at most C,(p/M)? nonvanishing summands, and the integral on S is majorized by
C/(p/M )91 In conclusion, the left-hand side of (23) is majorized by

vl %
ChraM 21 / [FUPIEE (o |l £)1? " dp
v=07
-2 2
= ChopaM NI o
because d; > 1, supp F € K and |B| + |0'| + |y*| < |«|, and we are done. O

Proposition 11 Let F : R — C be smooth and such that supp F C K for some compact set
K CR. Forallr € [0,d2/2],

2
/ |1+ ul)" Kpy(zow)|” dzdu < Ck,r||F||%V2r~
G

Proof Take x € C2°(]0, oo[) such that supp x < [1/2,2] and ZkeZ X(2_kt) = 1 for all
t €10, oo[. If F is defined for all M € ]0, oo[ as in Lemma 10, then Kr,, (1, u) is given by
the right-hand side of (8), where m is defined by (20), and moreover,

dy
D bling)j+luls = €l
j=1
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foralln € 3, u € [0, oo[d~1 andn € N therefore Fyy (L, U) = Owhenever M > 2C max K.
Hence, if kx € Z is sufficiently large so that 2k > 2C max K, then

F(L)= > Fu(L,U)
keZ, k<kg
(with convergence in the strong sense). Consequently, an estimate for /Cr(zy can be obtained,
via Minkowski’s inequality, by summing the corresponding estimates for /C Fy (L, U) given
by Lemma 10. If r < d/2, then the series Zkfk[( (2%)%2/2=" converges, thus

2
S Kyl dzdu = i 1F1R,.
G

The conclusion follows by combining the last inequality with the corresponding one for
r=20. O

Let | - |5 be a §,-homogeneous norm on G; take, e.g., |(z, u)|s = |z| + |u|'/>. Interpolation
then allows us to improve the standard weighted estimate for a homogeneous sublaplacian
on a stratified group.

Proposition 12 Let F : R — C be smooth and such that supp F C K for some compact set
K CR. Forallr € [0,d2/2[, « >0and B > o +r,

/ |+ 1@ 1) A+ ) Kray o] dzdu < CraprIFI25  (26)
2
G

Proof Note that 1 + |u] < C(1 + |(z, u)l(;)z. Hence, in the case « > 0, f > o + 2r, the
inequality (26) follows by the mentioned standard estimate (see [21, Lemma 1.2] or [17,
Theorem 2.7]). On the other hand, if « = 0 and 8 > r, then (26) is given by Proposition 11.
The full range of o and B is then obtained by interpolation. O

We can finally prove the crucial estimate.
Proof of Proposition 3 Take r € |(dim G)/2 + d»/2 — s, d»/2[. Then,
s—r > (dimG)/2+4+dy/2 —2r = (dimv)/2 + dr — 2r,

hence we can find oy > (dimv)/2 and oy > d» — 2r such that s — r > «] + . Set
ws(z, u) = (1+|(z, w)|s)® (1+|u])". The L2-estimate (4) then follows from Proposition 12.
On the other hand, for all (z, u) € G,

w2 (z,u) < Cs(1+ |z 72 (14 Jul) =277,

and the right-hand side is integrable over G = v X 3 since 2«1 > dimv and oy + 2r >
dy = dim 3. Therefore, w;l € L%(G), and the L!-estimate (5) follows from (4) and Holder’s
inequality. O

6 Remarks on the validity of the assumption and direct products

In this section, we do no longer suppose that G and L are a 2-step stratified Lie group and a
sublaplacian satisfying Assumption (A).

As observed in Sect. 2, a necessary condition for the validity of Assumption (A) is that
the skewadjoint endomorphism J, of the first layer v has constant rank for » ranging in
3 = 3*\{0}. Here, we show that this condition is also sufficient when the rank is minimal.
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Proposition 13 Let G be a 2-step nilpotent Lie group, with Lie algebra g = v @ 3, and let
(-, -) be an inner product on v. Suppose that the skewadjoint endomorphism J,, of v has rank
2 for all n € ;. Then, G satisfies Assumption (A) with the sublaplacian L associated to the
given inner product, and also with any other sublaplacian associated to an inner product on
a complement of 3.

Let moreover G¢ be the complexification of G, considered as a real 2-step group, with
Lie algebra gc = vc @ 3¢, and let vc be endowed with the real inner product induced by the
inner product on v. Then, G, with the sublaplacian associated to the given inner product,
satisfies Assumption (A).

Proof From the normal form for skewadjoint endomorphisms, it follows immediately that,
if J;, has rank 2, then an has exactly one nonzero eigenvalue, and Assumption (A) is trivially
verified. Moreover, if v is identified with g/3, then ker J,, corresponds to the subspace

Ny={x+; : x egand n([x,x']) =0forall x’ € g}

of g/3; hence, the rank condition on J; can be rephrased by saying that N, has codimension
2 for all n € 3, and this condition does not depend on the sublaplacian L chosen on G.

Let R(J;) denote the range of J,,. We show now that, for all n, n' € j, the intersection
R(Jy) N R(Jyy) is nontrivial. If it were trivial, since Jy, 4,y = J, + J,;, we would have
ker J, 1, = ker J, Nker J,/, hence

R(Jyiy) = (ker Jy)™ = R(Jy) @ R(Jyp),

thus J,4,y would have rank 4, contradiction.

Consider now the complexification gc = g @ ig. Via the linear identifications gc =
gX g, 3¢ =3" x3%, vc = v x v, the skewsymmetric endomorphism jn of the first layer vc
corresponding to the element n = (ng, ny) € 3¢ is given by

Ty x1) = (JngXR + Jny X1, JyyXR — JpgXp) - (27)

Take now n = (ng, ny) € jc; we want to show that j,72 has rank 4 and a unique nonzero
eigenvalue. We distinguish several cases.

If n; = 0, then J,, = Jp, x (—Jyp), hence f,? = J,%R x JTIZR satisfies the condition. The
same argument gives the conclusion in the case ng = 0.

If both ng, n; € 3, then R(J;,) N R(Jy;) # 0, hence dim(R(J,z) N R(Jy,)) is either 2
or 1. In the first case, R(Jyz) = R(Jy;), so Jy, and J;;; commute and (27) implies that

72 _ (2 2 2 2.
J'l - (‘]ﬂR + J’H) x (‘IWR + ‘Im) ’
since J772R and anl are negative multiples of the same orthogonal projection, the conclusion
follows.
Suppose now that R(J,,) N R(J,,) = Rx for some unit vector x € v, and set yp =
JygXs y1 = Jy,x, br = |yg|. by = |y;|; in particular, J> x = —bgx and J7 x = —bjx.

Since J;,, and J,,, are skewadjoint and of rank 2, necessarily J;,, x, J;, x € x*and J;, (x1) =
Jy; (x1) = Rx, therefore J,, Jy, x and Jy, J,x are both multiples of x; on the other hand,

(Inpdnix, x) = = (I x, Jypx) = (x, Jy, Tpgx),
hence Jy, Jy, x = Jyy; Jypx. This identity, together with (27), allows us easily to show that

Jo(x,0) = (R, y1)s Iy, y1) = —(b% +bD)(x, 0),
Jp0,x) = (1, —yr), Iy, —yg) = —(b% + bH)(0, x).
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Note that b%e + b% is the squared norm of both (yg,ys) and (y;, —yg). Hence,
we would be done if we knew that R(J~,L) coincides with the linear span W of
(x,0), (0,x), (Yr,¥D), (V1. —YR)-

In fact, we just need to show that R(f,]) is contained in W, or equivalently, that wt
1

is contained in ker J;,. On the other hand, if v = (vg, v;) € W2, then vg, v; € x+ and
moreover
(VR, yr) + (vr, y1) =0, (vg,y1) — (v, yr) =0,

hence Jy, VR, Jygvr, Jy, VR, Iy, v1 € Rx, and

(JyrVRr, x) = —(vRr, yR) = (v, y1) = —{Jy, v1, x),

(S, VR, x) = —(vR, y1) = —(v1, yR) = {Ipgv1, X),
therefore J,,vg = —Jy,vr and Jy,vg = Jy, vy, from which it follows immediately that
Jy(vg, vr) = 0. O

The next proposition shows how groups and sublaplacians satisfying Assumption (A) may
be “glued together”, so to give a higher-dimensional group and a sublaplacian that satisfy
Assumption (A) too.

Proposition 14 Suppose that, for j = 1,2, the sublaplacian L ; on the 2-step stratified Lie
group G ; satisfies Assumption (A). Suppose further that the centers of Gy and G, have the
same dimension. Let G be the quotient of G1 x G, given by any linear identification of the
respective centers, and let L = Li + L%, where Lg is the pushforward of L j to G. Then, the
sublaplacian L on the group G satisfies Assumption (A).

Proof Let g; be the Lie algebra of G, and let v; and (-, -) ; be the linear complement of the
center 3; and the inner product on v; determined by the sublaplacian L ;; denote moreover
by J; , the skewadjoint endomorphism of v; determined by n € 3’7

The linear identification of the centers of G| and G, corresponds to a linear isomorphism
¢ : 31 — 32, and the Lie algebra g of the quotient G can be identified with v X vy X 32, with
Lie bracket

[(1,v2,2), 0], v5.2)] = (0,0, ([v1, v]]) + [v2, v3]) -

Then, the sublaplacian L on G corresponds to the inner product (-, -) on v; X v defined by

((v1, v2), (], VH)) = (v, V{)1 + (v2, Vh)a.

In particular, if ¢* : 35 — 3] denotes the adjoint map of ¢ : 31 — 32, then it is easily
checked that the skewadjoint endomorphism of the first layer vy x vy of g corresponding to
an element 7 of the dual 33 of the center of g is given by J, = Ji 4+, X J2 ;. Hence, the
orthogonal decomposition of vy x vy giving the “simultaneous diagonalization” of the J;
for all n € 3 (in the sense of Sect. 2) is simply obtained by juxtaposing the corresponding
orthogonal decompositions of v and v;. O

Note that the direct product G| x G itself need not satisfy Assumption (A), even if the
factors G| and G, do. However, a functional-analytic argument, as in [24, §4], can be used
to deal with that case.

The key step in our proof of Theorem 2 is the weighted L?-estimate (4) of Proposition 3.
Let us now turn the conclusion of Proposition 3 into an assumption on a homogeneous
sublaplacian L on a stratified group G.
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Assumption (B;). For all s > 1, there exist a weight wy; : G — [1, oo[ such that
ws_1 S LZ(G) and, for all compact sets K € R and all Borel functions ¥ : R — C with
supp F C K,

lws Krwy 226y = Cr sIIF llwsw)- (28)

Our Proposition 3 can then be rephrased by saying that Assumption (A) implies Assump-
tion (B;) for = (dim G)/2. Note, on the other hand, that Assumption (B;) makes sense for
homogeneous sublaplacians on stratified groups G of step other than 2. In fact, every homoge-
neous sublaplacian on a stratified group of homogeneous dimension Q satisfies Assumption
(B;) fort = Q/2,by [21, Lemma 1.2] (suitably extended so to admit multipliers that do not
vanish in a neighborhood of the origin of R; see, e.g., [24, Lemma 3.1] for the 1-dimensional
case, and [17, Theorem 2.7] for the higher-dimensional case).

Differently from Assumption (A), the new Assumption (B;) “behaves well” under direct
products.

Proposition 15 For j = 1,...,n, let L; be a homogeneous sublaplacian on a stratified
Lie group G j satisfying Assumption (By;) for some tj > 0. Let G = G X -+ x Gy and
L = L? + -+ L,jq, where L:/. is the pushforward to G of the operator L;. Then, the
sublaplacian L on G satisfies Assumption (B;), wheret =t + --- + t,,.

Proof Take s > t. Then, we can choose sy, ..., s, such that sy > t1,...,s, > t, and
s =81+ ---+s,. Let then Wjs; * G; — [1, oo[ be the weight corresponding to s; given
by Assumption (B,j) on Gjand Lj, for j = 1,..., n. In particular, w;i/ c L2(Gj) and,
forall ¢ € C°(R), the map F + Kgr)r;) is a bounded linear map of Hilbert spaces
Wzsj (R) — LZ(GJ-, w%sj (xj)dxj), where dx; denotes the Haar measure on G .

The operators L?, ceeh LE, are essentially self-adjoint and commute strongly, that is, they
admit a joint spectral resolution and a joint functional calculus on L?(G), and moreover, for
all bounded Borel functions Fy, ..., F, : R — C,

Kre-erwi...Lh = Frwn @ @ Krw,)

[16, Corollary 5.5]. Hence, for all ¢1, ..., ¢, € C(R),if ¢ = ¢1 ® - - - ® ¢, then the map
H— IC(¢H)(L? ’’’’’ L) is the tensor product of the maps F; = Kg; F;)(L,)- Since these maps

Sj 2 R 2 i X
are bounded W,’ (R) — L“(G}, wj,sj(xj)dxj), the map H +— IC@H)(L? 7777 L

SE (R > L2(G, w?(x) dx), where S$ W (R = WN(R) ® - @ Wi (R)
is the L2 Sobolev space with dominating mixed smoothness [25] of order (sq, ..., s,), and
Wy = Wiy ® -+ @ Wy, is the product weight on G. In particular, for all compact sets
K C R, if we choose the cutoffs ¢; € C 2°(R) so that ¢ ilx = 1, then we deduce that, for all
H :R" — CwithsuppH C K",

is bounded

lws ICH(L’i ’’’’’ L3 ||L2(G) = CKJ”H”Sésl’“"S")W(Rn)'

(cf. [17, Proposition 5.2]). Since

1B )N/WQWH%m“ma+meg
2
Rn

)y (R

s/mm%+mﬁw“%&wm%wy
]Rn
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where f denotes the Euclidean Fourier transform of f, we see immediately that the estimate

lws ICH(LE ’’’’’ L) ||L2(G) < Ck,si,....5n ||H||W‘2‘(R”)’ (29)
holds true whenever K C R is compact and H : R” — C is supported in K.

Take now a compact set K C R and choose a smooth cutoff nx € CZ°(R) such that
Nk lo,max k] = 1. Let F : R — C be such that supp F C K, and define H : R" — C by

HM\, ... An) = F(\ +"'+)‘-n)77K()‘-l)-~- UK()‘-H)
for all (A1, ..., A,) € R™. Then, supp H C (supp ng)", and
FOuq+--+r)=HM, ..., )

for all (A1,...,X,) € [0, co[". Since the operators L1, ..., L, are nonnegative, the joint
spectrum of Lﬁ, R L,ﬁ, is contained in [0, oo[", hence

F(L):F(L§+...+L§,)=H(L§,...,L5).

Consequently, by (29) and the smoothness of the map (Ay, ..., A,) > Ay + -+ 4+ A,, we
obtain that

lws Cray 2y = CrslHIwswny = Crosl1F llws @w)-

1
K

Since clearly ws_1 = w;sll @ Qw,, € L%(G), we are done. ]
The previous results, together with the known weighted estimates for abelian [24,
Lemma 3.1] and Métivier [12,13,17] groups, then yield the following extension of The-

orem 2.

Theorem 16 For j =1, ..., n, suppose that L ; is a homogeneous sublaplacian on a strati-
fied Lie group G ;. Suppose further that, for each j € {1, ..., n}, at least one of the following
conditions holds:

— Gj and L; satisfy Assumption (A);
— Gj is a Métivier group;
— G is abelian.

LetG =Gy x---xGuand L = Lt} +-- ~—|—L§,, as in Proposition 15. If F : R — C satisfies
1 Fllpws < 00

for some s > (dim G)/2, then F(L) is of weak type (1, 1) and bounded on L?(G) for all
p € ]l, o0l
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