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Abstract Let B ¢ RN, N > 3, be the unit ball. We study the global bifurcation diagram of
the solutions of

Au+Arf(u)y=0 inB,
u=>0 on 0B,

u>0 in B,

where f(u) = " + g(u) and g(u) is a lower order term. The solution set is a curve C
parametrized by the L°°-norm of the solution. We show that this problem has the singular
solution (A*, u*) and that the curve C has infinitely many turning points around A* if 3 <
N < 9. We show that under a certain condition on g, the curve C has no turning point if
N > 10. We also study the Morse index of u*.
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1 Introduction and main results

Let B be a unit ball in RN, N > 3. In this paper, we are interested in the global bifurcation
diagram of the semilinear elliptic equation with exponential growth
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932 Y. Miyamoto

Au+Af(u) =0 in B,

u=20 on 0B, (1.1)
u=>0 in B,
where
fw) =ée" + gu), (1.2)

g(u) is alower order term, and X is a nonnegative constant. The precise assumptions on g are
given in (f1) and (f2) below. The positive solution of (1.1) is radial, because of the symmetry
result of Gidas et al. [9]. The problem (1.1) can be reduced to the following ODE:

urr+N:1ur+kf(u)=0, O<r<l,

u(r) >0, 0<r<l, (1.3)
u(1) =0.

We see in Sect. 3 that the set of the solutions can be parametrized by the L°°-norm of the
solution. Let u# be a solution of (1.3) and let y := u(0) = ||u||oo. Then A becomes a graph of
y,i.e., A(y). We assume f(0) > 0. Then the set of the positive solutions of (1.3) is a curve
{(X(y), u(r, y))}, which we call the branch, such that it emanates from (%, y) = (0, 0).

We recall known results of the case f(u) = €“. If 3 < N < 9, then the branch has
infinitely many turning points around A%, := 2(N — 2), (1.3) has infinitely many solutions
for A = A}, and it blows up at A},. We call this property of the branch Type I. This property
for N = 3 was found by Gel’fand [8]. If N > 10, then the branch consists only of the
minimal solutions in 0 < A < A% and it blows up at A%,. We call this property Type II. When
N > 3, the singular solution u}, := —2logr exists for A = A},. Schematic pictures of these
bifurcation diagrams can be found in Fig. 1 of [13]. The case where N > 4 was studied by
Joseph and Lundgren [14]. See the introduction of [13] for a survey of the case f(u) = e“.
When f(u) = ", there is a special change of variables such that (1.3) can be transformed
into the autonomous system of differential equations of the first order. These results were
proved by phase plane analysis. However, we cannot expect to find such a change of variables
for a general nonlinearity. Our purpose is to show that for a rather general nonlinearity with
exponential growth, the branch of the positive solutions of (1.3) is of Type I (resp. Type II)
if 3 <N <9 (resp. N > 10).

We state assumptions of f:

f e Cl(0,00)) and f(u) > 0 in [0, 00), (f1)

f(u) = " + g(u), where there are constants ug > 0,8 > 0, Co > 0

such that |g(u)| < Coe'* (u > ug) and |g'(u)| < Coe'=D* (u > uyp). (f2)

The first main result of the paper is the following:

Theorem A Assume that (f1) and (f2) hold. Then (1.3) has a one-parameter family of regular
solutions, C := {(A(y), u(r, y))}y >0, such that the following hold:

(i) C contains all regular solutions of (1.3),
(ii) A(y) € 10, 00), lim, 10 A(y) =0, and L(y) > 0 (0 < y < 00),
(iii) thereis \* > 0, whichis given in Proposition 1 below, suchthat A(y) — A* (y — +00),
(iv) If 3 < N <09, then A(y) oscillates around \* as y — —+o00. Therefore, the branch C is
of Type I. In particular, (1.3) has infinitely many solutions for .. = \*.
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Classification of bifurcation diagrams 933

In the proof of Theorem A, a singular solution plays an important role. We mention the
existence of the singular solution of (1.3).

Proposition 1 Assume that (f1) and (f2) hold. Then (1.3) has a singular solution (\*, u™®)
such that
u*(r) = —2logr —log\* +«k + 0@r?) (r — 0), (1.4)

where k :=log A%, § is the constant in (f2), and )\* is the same value as in Theorem A (iii).
Moreover, u* € H'(B).

Note that if f(u) = e", then (A*, u*) = (A},, u}y).
Brezis and Vézques [3] studied (1.3) when
f is a continuous, positive, increasing, and convex function on [0, 00)
such that f(t)/t — coast — oo. (1.5)
Under these conditions, there is an external value of 1 > 0 such that (1.3) has a minimal

solution. They studied the corresponding extremal solution when it is unbounded, i.e., the
singular solution. Among other things, they have shown that

Proposition 2 (Brezis and Vazquez [3, Theorem 3.1]) Suppose that (1.5) holds. If (\*, u™)
is a singular solution of (1.3), ifu* € H'(B), and if u* is stable in the sense where

/ (IVI* — 1* f'(u*)$p*) dx > 0 forall ¢ € CA(B), (1.6)
B

then (\*, u™) is the extremal solution which indicates that the bifurcation diagram of (1.3) is
of Type I1. In particular, the branch does not have a turning point.

Let m(u) denote the Morse index of u in the space of radial functions, i.e., the number of the
negative eigenvalues of the associated eigenvalue problem

A¢p +Af'(u)¢p = —pu¢  in B,
¢=0 ondB,
¢ is radial.

Roughly speaking, Proposition 2 says that if u* € H'(B) and if m(u*) = 0, then the
bifurcation diagram is of Type II.
Next, we assume the following:

fw) =e"+gw), g € CI([0,00)), gu) > 0in (0, c0),

/
—et < g'(u) < Ngloe” in (0, 00), and g”(u) > —e" in (0, 00), (1)

instead of (f1). Note that (f1) holds if (f1") holds. The second main result is the following:

Theorem B Assume that N > 10 and that (fI') and (f2) hold. Then the singular solution
(\*, u®) satisfies (1.6). Therefore, m(u™) = 0 and the bifurcation diagram of (1.3) is of Type
1L

Because of Theorems A and B, the bifurcation diagram has qualitatively the same property
as the case f(u) = e" if all assumptions of Theorems A and B are satisfied. Several examples
are given in Sect. 9.

The third result is about the Morse index of the singular solution ™ given in Proposition 1.
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934 Y. Miyamoto

Theorem C Assume that (f1) and (f2) hold. Let (\*, u™) be a singular solution given in
Proposition 1. Then

w =00 G=N<9),
m(u ){
<00 (N =11).

When N = 10, we need the second term of the asymptotic expansion of the singular solution
in order to calculate the Morse index. Then, we have to impose an additional assumption on
g. We do not pursue the case N = 10 in this paper.

We give an example such that the exact singular solution can be obtained.

Corollary D Let

er +1)3 1
ﬂw:g—rl0+———ﬁ) (1.7)
ez (N —2)e2
Then (1.3) has the singular solution
N -2 r
A u*) = ,—21 1.8
(0, ) ( 5 ng_r) (1.8)

and
Type I and *) = f 3<N<9
the branch is of | PP¢1andmu?) =00 if 3= N <9, (1.9)
Type Il and m(u*) =0 if N > 10.

We will see in Sect. 9 that (f1) does not hold for N = 10, but all assumptions of Proposition 2
hold. Hence, the bifurcation diagram is of Type II. This example indicates that (f1’) is not a
necessary condition for the bifurcation diagram to be of Type II.

Let us mention technical details. Let @ € R be a bounded domain. We recall known
results of the Dirichlet problem

Au+iu+uP =0 in Q,
u>0 in €, (1.10)
u=~0 on J0%2.

The study of this equation was initiated by Brezis and Nirenberg [2]. They studied the critical
case, i.e., p = ps = (N +2)/(N — 2), N > 3. The study of the problem (1.10) in the
supercritical case p > pg started after this work. Let & = B. Since the solution of (1.10) is
radial, (1.10) can be reduced to the ODE

rr + YU o +uP =0, 0<r <1,
u(r) >0, 0<r<l, (1.11)
u(l) =0.

Let u(r, y) be the solution of (1.11) such that (u(0, y), u,(0, y)) = (y, 0). Then the branch
of the positive solutions can be described as {(A(y), u(r, ¥))}. In [16] Merle and Peletier
showed that (1.11) has a singular solution (A*, u*) and that A(y) — A* (y — o0) and
u(r,y) — u*(r) (y — o0) in CL_(B\{O}) N H'(B) N LPT!(B). We also construct a
singular solution of (1.3). Since the proof is similar to that of [16], the proof is shown in
Sect. 10.

We show in Sect. 3 that the branch of the solutions of (1.3) is parametrized by the L*°-
norm, using the implicit function theorem. Moreover, it is shown that there exists a sequence
{(An, un) )2, of solutions of (1.3) such that ||lu,|lcc — 00 (n — 00).
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Classification of bifurcation diagrams 935

In Sect. 4, we prove the convergence of the regular solution to the singular solution as
l#l]loo — oo. The proof is based on that of [16, Theorem B]. We use a scaling argument
which is different from one used in [16], since the equation has a different scale invariance.

In Sect. 5, we show that the branch has infinitely many turning points when3 < N < 9.The
problem (1.11) has the same phenomenon. See [4,7,12] for (1.11) and [6, 17] for equations
with rather general nonlinearities. We use the intersection number of the regular and singular
solutions. This method was also used by Guo and Wei [12] and the author [17] in the study of
the elliptic equation with supercritical exponent. Let (A(y), u(r, y)) be the regular solution
of (1.3) such that (u(0, y), u,(0, y)) = (y,0), and let (\*, u*™(r)) be the singular solution
of (1.3). Let fi(s, y) := u(r, ¥) (s := /A(y)r), and let 4*(s) := u*(r) (s := ~/A*r). Then
i and u* satisfy

g+ YLig+ f@) =0, 0<s <V,
u(s) > 0, 0<s <A, (1.12)
a(v/2) =0,

where A reads as A* if 2* is considered. Note that two intervals [0, +/A(y)] and [0, VAF] may
notbe equal. We define ii(p, y) := (s, y)—y (p := e?/2s) and i*(p, y) := i*(s)—y. Note
that (0, y) = 0. Taking the limit as y — oo, we show that ii(p, y) and u*(p, y) converge
to the regular solution i(p, 0) and the singular solution u#*(p) in CllOC (0, 00), respectively.
Here, i(p, o) is the solution of the problem

ﬁpp—i—%ﬁp—i—e”:O, 0<p<oo,

ﬁ(o,a) =a, (113)
up(0,a) =0,
and
i*(p) == —2logp +« (1.14)

which satisfies the equation in (1.13). We define the zero number of the function v(r) on the
interval I by

Zilv()]=t{r € I; v(r) =0}.

Then the intersection number of i(-, 0) — u*(-) can be written as Z;[u(-,0) — i*(-)].
It is well known that

210,00yt (-, 0) — ™ (-)] = 00 (1.15)
provided that 3 < N < 9. In Sect. 2, we briefly prove (1.15). In Sect. 4, we prove
VAG)e? > 00 (y — o0). (1.16)
Let
A(y) == min{v2*, /a(y)} and I, := [0, A(y)]. (1.17)

Using (1.15) and (1.16), we will prove
Zpla(-,y) —a*(-)] - o0 (y — o0). (1.18)

Because of the uniqueness of the solution of the ODE of the second order, each zero of
i(s,y) — u*(s) is simple. Thus, the intersection number on I, is preserved unless a zero
enters 7, from the boundary 97,. Since i(0, y) — 4*(0) = —oo, (1.18) indicates that a
simple zero enters [, from )A\(y) infinitely many times. Therefore, 5\()/) oscillates around
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936 Y. Miyamoto

A*as y — oo, otherwise the sign of ﬁ(i(y), y) — A*():(y)) does not change hence a zero
cannot enter /.

We prove Theorem B in Sect. 7. In general, the singular solution cannot be written explic-
itly. Hence, we compare u*(s) with i*(s) and show that i*(s) < i*(s) under the condition
(f1"). The technique used in the proof of lemma 6, which is a key of the proof of Theorem B,
was devised by Gui [10,11] and was extended by Bae and Ni [1]. Using this inequality, we
check the assumptions of Proposition 2.

We prove Theorem C in Sect. 8. In the proof of the case N > 11, we use Hardy’s inequality
and (1.4). When 3 < N < 9, we can find an arbitrary large number of unstable directions
and show that m(u™*) = oo.

This paper consists of ten sections. In Sect. 2, we recall known results of the case f (1) =
e". In Sects. 3, 4, and 5, we prove (ii), (iii), and (iv) of Theorem A, respectively. The other
assertions of Theorem A are proved in Sect. 6. In Sects. 7 and 8, we prove Theorems B and
C, respectively. Several examples including Corollary D are given in Sect. 9. In Sect. 10, we
briefly prove the existence of the singular solution (Proposition 1).

2 Preliminaries

We recall known results about the branch of the positive solutions of the Gel’fand problem.
See [14,18,19] for details of the facts in this section. We study the equation

=/

N_l—/ u
w4+ ——u+e" =0, 0<p<oo, 2.1
P

where the prime stands for the derivative. It is well known that (1.14) is a singular solution
of (2.1). Next, we consider regular solutions of (2.1). Let u(p, ) be the solution of (1.13).
We change variables to ¢ := log p and y(¢) := u(p, &) — u*(p). Then y(¢) satisfies

Y+ (N—=2)y +2(N—-2)(e’—1)=0, —o0<t<o00,
A 00 =2+ =, 22)

lim e'(y/(t) — 2) = 0.
——00

The singular solution i*(p) is transformed into y*(¢) := i*(p) — #*(p)) = 0. The problem
(2.2) becomes the following:

y =z,

= —(N =2z —-2(N —2)(e* = 1),
lim (y(t) — 2t +«) = «,

11— —00

lim e '(z(t) —2) = 0.
t——00

(2.3)

The problem (2.3) has a unique solution (y(#), z(¢)). This system has the Lyapunov function
2

E(),2) = % F2N —2)(e — ).

Then %E(y(t), 2(1)) = —(N — 2)(z(1))? < 0. The orbit {(y(¢), z(t)); —oc0 < t < oo} in
the (y, z)-plane starts along the line z = 2 at t = —oo and converges to the origin. When
3 < N <09, the origin is a stable spiral and the orbit rotates clockwise around the origin.
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Classification of bifurcation diagrams 937

Therefore, there is {tj}jzl (ty <t <---)suchthat y(t;) =0 (j € {1,2,...}) and
2(t) <z(tg) <---<zltzj) < - <0< --- <z(tzj1) <--- < 2z(t3) < z(t1).

This means that y () oscillates around 0 infinitely many times. Since y(¢) = u(p, @) —u*(p),
the intersection number of i and i* is co. When N > 11 (resp. N = 10), the origin is a
stable node (resp. a stable star). The orbit does not cross the z-axis, and it converges to the
origin.

u(e*“p,0) + « also satisfies (1.13), hence it follows from the uniqueness of the solution
that u(p, o) = (e 2,0, 0) + «. This transformation does not change the singular solution,
ie., i*(p) = i*(e?p) + a.

/2

Proposition 3 Let i(p, a) be the regular solution of (1.13), and let u*(p) be the singular
solution of 2.1) given by (1.14). Then ii(p, @) = i(e*?p, 0)+a and it*(p) = i*(e*/? p)+a.
Moreover,

+oo (B3N <9,

Z[o,oo)[ft(wa)—ﬁ*(-)]Z[O N > 10)

We consider the case N > 10. As mentioned in Sect. 1, the positive branch of (1.3) consists
only of the minimal solutions when f(u#) = e“. In particular, for each fixed A > 0, (1.3) has
at most one solution. Let 8 > «. We suppose that there is pg > O such thatu(p, B) > u(p, )

for 0 < p < po and u(po, B) = u(po, @). Let y := u(po, B)(= u(po, @)). Let ug(p) :=
u(pop, B)—y and ui(p) := u(pop, «) —y. Then both ug and u; satisfy Au + pgeye” =0.
Moreover, ug(1) = u1(1) = 0. Since ug(0) = g —y # o —y = u1(0), (1.3) has two
solutions for A = pgey, which is a contradiction. Therefore, we obtain the following:

Proposition 4 Assume that N > 10. If B > «, then u(p, B) > u(p, ) for p > 0.

3 Parametrization results of the branch
3.1 Assumption (f2)

We transform (2) into (f2') below.
Proposition 5 If (f2) holds, then the following (f2') holds:
f(u) = e* + g(u), where there are constants § > 0, Co > 0 such that
maxo<p<u [g(p)| < Coe'™D" (u = 0) and maxo<p<, 1g'(0)| (2"
< Coe' =9 (u > 0).
Proof of Proposition 5 We take Co > 0 large enough such that
max {|g(p)l,1¢"(p)1} < Co,
0<p=<ug
where u( appears in (f2). Then (f2") holds. O

3.2 Parametrization of the positive branch

Let C denote the branch consisting of the positive regular solutions of (1.3). We recall known
properties of C.
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938 Y. Miyamoto

Proposition 6 Suppose that (f1) holds. Let (Lo, uo(r)) € C. Then C can be locally
parametrized by ||ullooc = u(0). Specifically, there are a C'-map (\(y),u(r,y)) and
a neighborhood U of (Ao, ug) such that (A(yp), u(r, v0)) = (Ao, uo(r)) and CNU =
{A), ulr, y));u,y) =y, ly — vl <&}

This proposition was proven by Korman [15, Theorem 2.1]. However, we give a proof for
readers’ convenience.

Proof of Proposition 6 Let u(r, y) be the unique solution of

" N—1 ’
u' + ——u +Arf(u) =0, O0<r<l,
r
u(0,y) =y, u'(0.y) =0, u(l,y) =0, G.1)
u(r,y) >0, 0<r<l.

We change variables to @i(s, ¥) := u(r, y) and s = +/Ar. Then # satisfies

N—1
"+ A+ @) =0, 0<s<+/A,
00, y) =y, @'0,y) =0, i(v%,y) =0, (32)
u(s,y) >0, 0<s < /A

We define h(X, y) = AV, y). Then h(xp, ) = Oand h € Clina neighborhood of
(X0, Y0)- Let Br denote the ball of radius R. Differentiating & with respect to A, we have
hy.(v h) = is(Vh, y)/(2v/2). Since —Aii = f(@) > 0in B s and 0 is the minimum
of (-, yp) in ﬁ, Hopf’s boundary point lemma tells us that iy (+/Ag, o) < 0. Thus,
hj (Ao, ¥0) < 0. The implicit function theorem says that there are a C I_function A = A(y) and
asmall ¢ > Osuchthath(A(y),y) =0fory € (yo—e, yo+¢) and L(y9) = Ao. This means
that all the solutions of (3.1) in a neighborhood of (Ao, yo) are {(A(y), u(r, ¥))}jy—pyl<e- O

Because of (f1), f(0) > 0, hence C emanates from (A, u) = (0, 0). We extend C. Specifi-
cally, we show the global parametrization result of C under the condition f(z) > Ciz (t > 0).

Proposition 7 Suppose that (f1) and (£2) hold. Then the branch C can be globally parame-
trized by ||ut|| oo, it is unbounded in the positive direction of |u|| ~, and there is Co > 0 such that
C C {(x,u); 0 <A < Cy}. Specifically, C := {(A(y),u(r,y)); u(0,y) =y, 0 <y < oo}
and 0 < A(y) < Co.

This proposition was essentially proved by Crandall and Rabinowitz [5, Theorem 1.1].

Because of Proposition 7, we can choose a sequence {y,}5° ; diverging to +oo such that
(A(yn), u(r, yn)) is a solution of (3.1). The sequence {(A(yy,), u(r, ¥»))}52, is used for the
scaling argument in the proof of Theorem A.

4 Convergence to the singular solution

We consider the initial value problem

ﬁ”—i—%ﬁ—i—eﬁ—i—g(ﬁ):O, 0<s < oo,
40) =y, “4.1)
is(0) = 0.
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Let ii(s, y) be the solution of (4.1). Let p := ¢¥/%s, and let ii(p, y) := (s, y) — y. Then,
u satisfies )
ﬁpp—l—%ﬁp—l—e”—l—e_yg(ﬁ—i-y):O, 0<p<oo,
ii(0) =0, (4.2)
i, (0) = 0.
Lemma 1 Let i(p, @) be the solution of (1.13). Then
i(p,y) = i(p,0) in Cy[0,00) as y — oo.

Proof Because of (f2),

eV glii+y) < eV CoeTIE), 4.3)
We see that if y > 0 is large, then
Coe™ <3. (4.4)
We easily see that
u(p,y) <0 for 0 < p < oo. 4.5)
Using (4.3) and (4.4), we have
fipp + Np_ L, =~ — e g+ y)
> el — Coe07 19
> _efl _ 3=
> —4et

Therefore, (oN~'i 0)p = —4ell pN =1, Integrating this inequality, we have

v

P
_ 4 i N—
up(lo) - N,I/euﬂN ldﬂ
P
0
P

4 N—1
- n"dn
pN-1 /
0

__4
=
where we use (4.5). Integrating this inequality, we have
i(p) > —z—pz. (4.6)
- N
Because of (4.6) and (4.5),
_% <u(p,y) <0. 4.7
N = =

Thus, for each pg > 0, ii(p, y) is bounded in 0 < p < po. Since |e™ 7" g (p, y) + ¥)| <
Coe= v +U=8ip.y) =¥ a(ii(p, y) + y) uniformly converges to 0in 0 < p < pg asy —
+o00. This indicates that

ii(p,y) — ii(p,0) in C'[0, po] as y — oo. 4.8)

We can choose pq arbitrarily large. We obtain the conclusion. O
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We change variables 7 := logs and y(¢, y) := u(s, y) + 2t — . Then y(¢, y) satisfies

yir £ (N =2)y +2(N = 2)(e? = 1)
w4eXg(y—2t+k) =0, —oo <t < log/A(y),
lim (y(t) —2t+«k)=vy,
——00
lim e (y/(t) —2) =0,
——00

(4.9)

Let
. 14 N .
T:=1t+ 5 and y(‘l,', ]/) = y([7 y)
Then y satisfies
Fre + (N = 2)5: +2(N —2)(e¥ — 1)

w+ e Vg(H-2t+y +k)=0, —oo <7< +logJA(),
lim (y(r) — 2t +«) =0,
T—>—0Q

lim e *(y(r) —2) =0.
T—>—0Q

Let y(z, y) be the solution of (4.9) with g = 0, and let y(t) := y(¢, y). Then, y satisfies

Yer + (N =2)y: +2(N =2)(’ = 1) =0, —o0 <1 <% +log/A(y),

dm (@ =2t +6) =0, (4.10)

lim e " (y(r) —2) =0.

T——00
Because of Lemma 1, for each pg > 0, (4.8) holds. Since ia(p,y) = ia(s,y) —y =
y(t.y) =2t +x—y =3, y) =2t +k,

Y@, y) =2t +k =ilp,y) = ulp,y) = y(r) — 2t +«
uniformly on —oo < 7 < log pg as y — 400 and
e (G (r,y)—2) = ﬁp(p! Y) = up(p,y) = e (¥ (1) = 2)

uniformly on —oo < t < log pg as y — +o00. Since pg > 0 can be chosen arbitrarily large,
we have

Corollary 1 For each tg > 0,
Y, y) = y(@), Ju(r,y) > ¥ (r) as y — +o0
uniformly on the interval —oo < T < 1.

When the solution y(t) of (4.10) is defined on the whole interval R, (4.10) says
that (y(t), y:(r)) — (0,0) as © — +oo. This fact and Corollary 1 indicate that
(y(t,y), y:(t, y)) approaches (0,0) as y — oo along t = 19 — % provided that 7¢ is
chosen large enough. Let z(z, y) := y;(¢, ). Then (y, z) satisfies

ly’ =L , @.11)
2 =—(N—=2)z—2(N —=2)(e¥ — 1) —e“g(y — 2t + k).

In the next lemma, we prove the following: If there is large #p > O such that
(y(—to, ¥), z(—to, y)) isinaneighborhood of (0, 0), then there exists T (> —t) independent
of y such that (y(¢, ), z(t, y)) stays in the neighborhood for —fyp <t < T.
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Lemma2 Let T, :={(y,z) € R%; 2(N —=2)(e* — 1 —y) + % < ¢}. For each small ¢ > 0,
there is a large ty > 0 such that (y(—to, v), y:(—to, v)) € I's provided that y > 0 is large.
Moreover, there is T, independent of to such that (y(t,y), yi(t,y)) € T'ae (—tyg <t < Tp).

Proof LetH(y,z) :=2(N—=2)(e?—1 —y)—i—% and G(u) = fou g(s)ds. We define E(y, z, 1)
by E(y,z,t) := H(y,2) + e2’G(y — 2t + k). By direct calculation, we have

d
G EO0. 20,0 =—(N - 2) (3 ()% + 22 (G(y(t) — 2t + k) — g(y(t) — 2t + k)
< 262’(G(y(t) —2t4+x)—gy(@) — 2t + «)). (4.12)

Let & > 0 be small such that I';, C {|y| < 1}. Note that I, is a neighborhood of (0, 0). We
choose T € R such that

8(1 —9) 1-36
Because of Corollary 1, there is large fo > 0 (fp > —7') such that if y > 0 is large, then
(y(=to, ), z(=10, ¥)) € I's. (4.14)
We show that (y(¢), z(t)) € 'y (—t9 <t < T). Suppose the contrary, we assume that
(y(@),2(1)) €Tae (=19 =t <T) and (y(T),z(T)) & I'ze. (4.15)
Integrating (4.12) over [—to, T'], we have
E(y(T), y(T), T) — E(y(—to), z(=10), —10)
T

<2 / (G y(t) — 2 + &) — g(y(t) — 2 + K))dr

Zto
T

<2 / P (GO — 2 + 1) + (1) — 2 + i) ydr

—tp
T

< 2/@2’ (1C0 (1= (D)=21+K) +Coe(175)(y(t)72t+lc)) d

[C0(2 —93) =0 +x) 20T Co e(l—s)(1+K)€25T] < 2 (4.13)

—t9

T
2002 - 9)

_ 1= (O+)+281 4,
1-6

—1

_ G2 =9 a-sate (ezar _ e—28to) 7
5(1 —9)

where we use
C
1] = Coe™", (G| = 775 and ()] < 1.
Using

C
720G (3 (1) + 210 +10)] = el TIHOTH0 < = and

Ao Ao

e*T G(y(T) — 2T +x)| < %9(1—6)(1+K)+25T -
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we have
H(y(T), z(T)) < H(y(—t0), 2(—19)) + e 2* G (y(—t0) + 2t + k)
ww— T G(T) = 2T +«)
Co(2 — 5)6(175)(1“) (ezar . 672&0)
S(1—6)
et £ N £ n e
PRI
- 4 4 4
_ Te
T
where we use (4.13) and (4.14). Hence, (y(T), z(T)) € I'7¢/4 C I'2¢, which contradicts to
(4.15). The conclusion of the lemma holds. ]

Lemma 3 Ler (A*, u™) be the singular solution given in Proposition 1. Then, as y — 0o,
AMy) = A* and u(r,y) — u*(r) in CL.(0,1].

Proof Let {y,}° | be a sequence diverging to +o00, and let y(¢, y,) be a solution of (4.9).
We define z(¢, y,,) by z(¢, ¥n) := y:(t, yn). By Lemma 2, we see that (y(z, y,), z(t, y»)) is
uniformly bounded in (CO[—to, T])?%. Because y and y; satisfy (4.9), y (¢, y,) is also uni-
formly bounded in C =19, T). Differentiating the equation in (4.9), we see that y; (¢, v»)
is uniformly bounded. By Arzela—Ascoli theorem, we see that there is a subsequence, which
is still denoted by {(y (¢, y»), z(¢, y»))}, such that (y(z, y,), z(z, y,)) converges to some pair
of functions (v, (1), z«(1)) in (C1[—tg, T1)%. Since fg > 0 can be arbitrary large, we see that
Ot yn). 2(t ¥n)) = (0(0), 24(1)) in (Cp (—00, T))?. Since 0 < A(yn) < Co (Proposi-
tion 7), there is A, € [0, Co] such that L(y,) — Ay. Since (y(z, yu), z(t, v»)) satisfies (4.11),
(¥, zx) also satisfies (4.11). In order to show that (yy, z«, A«) is a solution of the problem

=2z,

7 =—(N—2)z—2(N=2)(e” — 1) — X g(y — 2t +x),
y(t) =2t +k >0, —oo <t <loga/As,

Jim (@) =0,

y(log v/3s) = 2log /Ay 4+« =0,

we show later that
ye(t) > 0 as t - —o0. (4.16)

In the proof of Proposition 1, we show that this problem has a unique solution (y*, z*, 1*).
Thus, y, = y* and A, = A*. Since y(¢, y) — y*(¢) in Clloc(—oo, T1, it follows from the
uniqueness of the solution to the ODE that y(¢, y,) — y*(¢) in Clloc(—oo, A*). Therefore,
u(s, yp) — u*(s) in CIIOC(O, A* + 1), which also implies that A(y;,,) — A™ (n — 00). Since
u(r, yn) = u(s, yn) WAQ)r =s), u(r, y,) — u*@) in CIIOC(O, 1*]. The conclusion of the
lemma holds.

We prove (4.16) by contradiction. Suppose the contrary, there is a sequence f; such that
try — —oo and (y« (), z+(tk)) & s for all k > 1. We choose ¢ = §/4. By Corollary 1 there
exist large 79 > 0 and large y > 0 such that (y (o — %),z (t0 — %)) € I'e. By Lemma 3,
we see that (y(1), z(t)) € I'ye C T's in (79 — %, T), where T is independent of y. Since
y > 0 is large enough, the interval (tg — % T'] can be made to include an element of {#;}.
We obtain a contradiction. ]
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5 Oscillation of the branch

Lemma 4 Suppose that 3 < N < 9 and that (f1) and (f2) are satisfied. Then (1.18) holds.
Proof We show that
u(p,y) — u(p,0) in CIIOC(O, 00) as y — +00. 5.1

For each bounded interval I, there is a constant C > 0 independent of y such that
l@C-, ¥)licoy < C, because of (4.7). Then,

le™" g(ii(p, y) + y)| < Coel =D =7 0 in 1) (y — ).

Since i satisfies

fipp + iy +e+eVglii+y)=0,

i(p, y) converges to u(p, 0) in C'(I) as y — oo. Since I can be arbitrarily chosen, (5.1)
holds.

We define a*(p, y) = a*(s) — y (p = e%s). Because of Proposition 1, i#*(s) =
—2logs 4+« +o(1) (s = 0). Then, u*(p, y) = 2logp + k + o(1) (6‘7%,0 — 0). For each
bounded interval I, e p — 0 in C°(1) (y — 00). Thus,

i*(p,y) = u"(p) in CIIOC(O, 00) as y — oo. (5.2)

Here u*(p) is defined by (1.14).
Lemma 3 says that A(y) — A* (y — 00). Since A* > 0, «/)»(y)e% — 00 (y = ).
Using (5.1), (5.2), and Proposition 3, we have

. o
Z[o,min{me%, A(W%”[u( V) —u (-, )] = o0 (y — 00).

Hence, we obtain (1.18). ]
The main result of this section is the following:

Lemma 5 Suppose that 3 < N < 9 and that (f1) and (£2) are satisfied. The function A(y)
oscillates infinitely many times around \* as y — o0.

Proof We consider (s, y) and 4*(s). Let 1,, be given by (1.17). They satisfy the equation
in (1.12) on I,,. Because of the uniqueness of the solution of the ODE, if it (s, y) — it*(s) has
a zero, then it should be simple. We call Z, [a(-,y) —a*(-)] the intersection number. For
each y > 0, the intersection number is finite, otherwise zeros of i (s, y) — i1 (s) accumulate
at some point and the accumulation point is a degenerate zero which contradicts to the
uniqueness of the solution of the ODE. Since every zero of (s, y) — i*(s) is simple and
the intersection number is finite, it follows from the implicit function theorem that each zero
depends continuously on y. The intersection number is preserved unless another zero enters
I, from the boundary of I,,. Since (0, y) — #*(0) = —o0, a zero cannot enter /,, from
s = 0. We prove the statement of the lemma by contradiction. Suppose the contrary, i,e.,

there is yp > 0 such that A(y) > A* forall y > yp. 5.3)

Then, I, = [0, VA*] and (v 1*, y) — *(+v/A*) > 0. Therefore, a zero cannot enter /,, from
s = +/A*, and the zero number does not increase. This contradicts to Lemma 4. (5.3) does
not hold. We can similarly show that
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there does not exist ¥y > 0 such that A(y) < A* forall y > yp. 5.4

By (5.3) and (5.4), we see that A(y) oscillates infinitely many times around A* as y — o0o. O

6 Proof of Theorem A

Proof of Theorem A Let C := {(A(y), u(r, y))} be the continuum of solutions of (1.3) con-
structed in Proposition 7. Since for each y > 0, there is a unique A > 0, which is A(y),
such that (1.10) holds. Hence, there is no solution except C. Thus, (i) holds. Because of
Proposition 6, A(y) € (0, 00). We easily see that A(0) =0 and A(y) > 0 (0 < y < 00).
(i1) holds. By Lemma 3, we see that (iii) holds. (iv) follows from Lemma 5. The proof is
complete. O

7 Proof of Theorem B

Let i(s, o) be the solution of (1.13), and let iz (s, y) be the solution of (4.1).
Lemma 6 Suppose that N > 10 and that (f1') and (£2) are satisfied. If 0 < y < «, then
u(s,y) < u(s,a)fors > 0.

Proof Suppose the contrary, i.e., there is S > 0 such that (s, y) < u(s,a) for0 < s < §
and u(S, y) = u(S, ). Let wo(s) := (s, @) — u(s, y), and let Bg denote the ball of radius
S. Then
Awg + kowo = g()  in Bg,
wo >0 in By,
wo(S) =0,
where
(s, ) _ pi(s,y) _
ko 1= % < 67 in By
u(s, o) —u(s, o)
and w(’)(S) < 0.Letwi(s) := u(s, B) —u(s, «). When 8 > «, then we see by Proposition 4
that w(s) > 0 for s > 0. We have
Awi +kiw; =0in RN,

where
kl . eu(x,ﬁ) _ eu(s,a) ﬁ(x,a).

s, B) — (s, @)

By Green’s identity, we have

on SV w (SHwh(S) = / (w1 Awy — woAwy)
Bg

> /(kl — ko)wow; > 0,
Bg

where wy denotes the surface area of the unit sphere in RV and we used the inequality g > 0
in (0, o). This implies that w((S) > 0, which contradicts that w((S) < 0. O
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Lemma 7 Suppose that N > 10 and that (f1') and (f2) are satisfied. it*(s) < u*(s) for

0<s <Ay

Proof Suppose the contrary, i.e., there is so € (0, /A%, ] such that 2% (sg) > i#*(so). Because
of Lemma 3, as « — +00,

i(s,a) — a*(s) in CP(0, \/A%]
and
(s, + 1) — @*(s) in C(0, /A% 1.

It follows from Lemma 6 that i (s, &) < i(s, & + 1). Taking the limit, we have that i*(s) <
i*(s) for s € (0, /A% ]. We obtain a contradiction, because i*(sg) < it*(so). O

Proof of Theorem B We can easily show that (1.5) holds, using (f1"). It follows from Propo-
sition 1 that u* € H'(B). All we have to do is to check (1.6). Because of Lemma 7, we have
u*(s) < i*(s). Therefore,

- s N —10 »
eu +g/(12*) Eeu + 8 eu
N —2 -
g ¢
- N — 261;*
- 8
_(N=2)2(N -2)
N 8 s2 7
where we used e#” = Z(N 2 and the inequality g’ (1) < < 10 e". Therefore,
1
/ V12 =3 (e + g'w) %) ¥ ar
0
ViE
=T / (V9P — (¢ + g'G) 62) sV "as
0
ViE N
> on T / (|V¢| %&2) sNlds > 0,
4s
0

where (]S(s) = ¢(r), s ;== +/A*r, and we use Hardy’s inequality. We have checked (1.6). O

8 Proof of Theorem C

We study the Morse index of the singular solution.

Lemma 8 Suppose that 3 < N < 9 and that (f1) and (f2) are satisfied. Then m(u*) = oo
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Proof Let (A*, u*(r)) be the singular solution given by Proposition 1. Let #*(s) := u™*(r),
and let s := +/A*r. Because of (1.4), for each small 8 > 0, there is a small pg > 0 such that

—2logs +x —0 <u*(s) < —2logs +« + 6 for s € (0, po).
Because of (2'),

R 8 2N =20 L
18" (% (s))| < Coe' =" < Co{szuifa)}e“ 9 for s € (0, po). 8.1

For each small ¢ > 0, there is p1 € (0, po) such that

i 2(N -2

f/(ﬁ*) = 4 g/(ﬁ*) > % (6*9 — Cof2(N — 2)}785286(178)9)
s

- 2(N =2)(1 —¢)

> 5 for s € (0, p1).
S

Using this inequality, we have

P1 P1
/(|V¢S|2 -~ f’(ﬁ*)cﬁz) sV=lds < / (|v¢3|2 — W&ﬂ)ﬂ—ld& (82)
0

0

When3 < N <9,2(N —2)(1 —¢&) > (N — 2)?/4. Hence, there is a small &y > 0 such that

2N =21 —¢) <_((N—2)2 2) 1

3 T te) o (8.3)

N-2

We define qAbj (s) := ¢A>(s)xj (s), where cﬁ(s) =52 sin(%o logs), sj == e~27ile0 and

oy | s gD,
1) lo (s & 541, 5/)).

Then <ﬁ ; satisfies

w N—=1, 1 {(N=22% €2\,
¢}/+s¢}+s2(4+: $j =0, sjt1<s<sj.
This indicates that
v/ L (N -2 JT*3 5
22 - 2\ 22\ N-1 €0 22 N-3
/ (|V¢j| -2 (f +80) ¢j) st T ds = — / Tqus ds <0. (84)
0 0
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Because of (8.2), (8.3), and (8.4), there is a large jo > O such that, for j > jo,
1

[ (vo,2 =2 prangd) e

0
JF
=007 [ (199 - £@d) sV as
0
\/}T* 2
<-( T %? 2sN=3ds <0,
0

(8.5)

(8.6)

where qgj(s) :=¢;(r) and s := +/A*r. Since fO ¢j¢krN_ldr =0 (j # k), (8.6) indicates

that m(u*) = oo

Lemma 9 Suppose that N > 11 and that (f1) and (f2) holds. Then m(u*) < oo.

[m}

Proof For each small ¢ > 0, there is a small py > 0 such that #*(s) < —2logs + k + ¢ for

s € (0, po). For s € [0, po),

- 2(N =2 -
fan = v g < 2022 32 Lot 4 Coel1 -
2(N-2) .  Col2(N =2} 4,
= 2 ¢ + $2(1=5) €
2(N -2
< ( - )(eg+C0(2(N_2))1756(173)85‘28)'
S

When N > 11, then 2(N — 2) < Y=2° Therefore, if & > 0 is small, then there is

o1 € (0, po) such that f'hatu*) < (N — 2)2/(4s2) (0 <5 < p1). We define

1 (0<s<p1/2),

0= [o (o1 < 9),

where 0 < xo(s) < 1 and xo(s) € C'. Let x1(s) :== 1 — xo(s). Then we have
Vax

[ (w68 = £r@@) ¥ as = [ (1997 = o+ ) harug?) sV s

0

= [ (1998 = o' @) s as+ [ (1998 = s/ @0)d) s s

— 2 ~ ~ ~
z/(|w3|2— %qﬂ) stlds+/(|V¢|2—xlf/<ﬁ*)¢2) s 1ds

> [ (1998 = ar' @) sV s,
Let R be a function space of radial functions on B. Let
VA

X =14 enimnr; / (V6 — s s @) N as < 0
0

(8.7)
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Since |x1 f/(i*)] is bounded on B, the operator A + 1 f/(#*) with the Dirichlet boundary
condition has at most finitely many negative eigenvalues, i.e., dim X < oo. This inequality
indicates that
VaE
dim { ¢ € Hl (B) N R; / (|Vq3|2 - f’(ﬁ*)¢32> sV lgs <0t < o,
0

otherwise (8.7) indicates that dim X = oo. Thus, m(#*) < 0o, whichmeans thatm (u*) < oo.
0

Lemmas 8 and 9 prove Theorem C.

9 Examples
9.1 First example

Let f(u) := e". Then (f1) holds. (1.3) has the singular solution (A*, u*) = (A}, u},). Let
g() := f(u) — e* = 0. Then (f2) clearly holds. Theorems A and C are applicable. Hence,
if 3 < N <9, then the branch of the positive solutions is of Type I and m (u*) = oo.

When N > 10, Brezis and Vazquez [3] studied this case by a method different from Joseph
and Lundgren [14]. They obtained

2(N —2)
=

) =

-
They have shown that if N > 10, then

2N -2) _ (N = 2)2

A ) = " 2 forr € (0, 1].
Hence, if N > 10, then
. (N —2)2
[vor—xranyas= [ (IV¢|2 - T«zﬂ) dx >0
B B

forallg € C é (B), where we use Hardy’s inequality. This inequality indicates that m (u™) = 0.
Proposition 2 says that the branch is of Type II. Hence,

Typeland m(u*) =00 if 3 <N <9,

the branch the positive solutions is of .
Type T and m(u*) = 0 if N > 10.

9.2 Second example

Let f be defined by (1.7). (f1) clearly holds. Let g(u) := f(u) — ¢". Then

N5, N-3 N4l oy
N2 T N2 TN 2¢ N_2

gu) = e M.

Since
3N —5 N+1 _u 1
2 e 2

N —4° TN —4 N_2

g'(w) =
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(f2) holds. Thus, Theorem A is applicable and the branch of the positive solutions is of
Type I if 3 < N < 9. By direct calculation, we see that (1.3) has the singular solution
(A*, u*) defined by (1.8). Theorem C tells us that m(u™) = o0 if 3 < N <9.

Next we consider the case N > 10. By direct calculation, we can check (1.5). We have

2(N—2)_i((N—5)r 4r )

r2 r2 2—r 2—r)?

AW =

We easily see that u™ € HI(B) if N > 3. When N > 10,

2(N—2)_i((N—5)r 4r )<(N—2)2
r2 r2 2—r Q2-r?) — 42

forO <r <1.

Using Hardy’s inequality, we have

N —2)?
/ (IVGI> = 2* ' (u*)$?) dx = / (|V¢|2 - %qﬁ)dx =0 (O
B B

for all ¢ € C(; (B) if N > 10. Thus, (1.6) holds. Proposition 2 says that the branch of the
positive solutions is of Type II. Moreover, (9.1) indicates that m(u*) = 0 if N > 10. We
have obtained Corollary D.

When N = 10, (f1’) does not hold, but the bifurcation diagram is of Type II. Hence, (f1”)
is not a necessary condition for the bifurcation diagram to be of Type II.

9.3 Other examples

We study the case where the exact expression of the singular solution is not known.

We consider the case g(u) := # Then (f1) and (f2) are satisfied. If N > 10, then (f1’)
holds. Hence, (1.9) holds.

We consider the case g(u) := %e%. Then (f1) and (f2) are satisfied. When N > 11, then
(f1’) holds. However, if N = 10, then (f1”) does not hold. The bifurcation diagram is of Type
I (resp. Type II) if 3 < N <9 (resp. N > 11).

10 Singular solution

We briefly show that (1.3) has the singular solution. We consider the problem

Y (N =2)y +2(N = 2)(” = 1) + ¥ g(y =2 +1) =0,
(10.1)
y() — 0 (t > —o0).
Let r := —¢ and n(t) := y(¢). Then the equation in (10.1) becomes
0 — (N =20 +2(N =2)(" — 1)+ e *"g(n+2t +«) = 0. (10.2)

Lemma 10 Let n(t) be a solution of (10.2) such that n(t) — 0 (t — o0). Then n(t) =
0(e 7)) (1 — o0).

Proof Let h(n, 7) := —2(N — 2)(e" — 1 — ) — 22T g(n + 27 + «). Then 7 satisfies

n" — (N =2)5" +2(N = 2)n = h(n, 7).
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We divide the possibilities into three cases:
(@3<N<9, @GN=10, ()N=>11

We prove only the case (a). The other cases can be proved similarly.
Let u := /[(N — 2)(N — 10)|/2. The function n satisfies

n(r) =

o0
1 ~vo2 _N-2
—e 2 " [ e7 77 Psin(u(o — 1))h(n, o)do. (10.3)
"

T

Since n(t) — 0 (t — o), there exists & > 0 such that
lh(n, T)| < &ln(x)| + Ce™ % forlarge 7 > 0. (10.4)

Using (10.3), we have
o0
In(z)] < Ce™ 2T +g/ In(o)|do for large T > 0.
T

By Gronwall’s inequality, we have

In(t)] < Ce™ T forlarge 7 > 0. (10.5)

Proof of Proposition 1 In the proof, we consider only the case (a). Let

N—2_[

1 Ny
F)(z) := ;e 2 / e~ 2 %sin(u(o — 1))h(n, o)do.
T

For large 7 > 0 and let X be the space of continuous functions on (7, co) equipped with
the norm €| := sup{é(r); = > T}. Let B := {£€ € X; ||§]| < €}. Then if T is large,
then F is a contraction mapping from B into itself. Hence, we see that the integral equation
n(t) = F(n)(r) has a unique solution in 5.

Leta(s) := —2logs 4+« + y(¢). Then it (s) satisfies the equation in (1.12). Therefore, we
can extend the domain of i (s) in the positive direction of s. We show by contradiction that
there is A* > 0 such that

u(s) > 0, 0 <5 < /A%,
A(v/2%) = 0.

Suppose the contrary, i.e., we assume that i(s) > 0 (0 < s < 00). Since iy + NT_lﬁs =

—f@) < 0, i does not have a local minimum point, hence ii(s) is decreasing. Because
u(s) > 0,1, — 0 (s — o0) and there is ¢ > 0 such that # — ¢ (s — 00). Since
iy = —=Li, — f(@) - —f(c) <0 (s — o0), this contradicts that il — ¢ (s — 00).
By Lemma 10, we see that y(r) = O(e?"), hence fi(s) = —2logs + « + O(s?).
Therefore, (1.4) is obtained.
Next, we show that there is a small R > 0 such that

luf(r)| < %(1 +o(1)) forO <r < R. (10.6)
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Differentiating (10.3) with respect to 7, we have
n(0) =42t f e " sin(u(o — 1))h(y, 0)do
o0
—ez " [e T 7 9 cos(pu(o — 1))h(n, o)do.
T

Because of (10.4) and (10.5),

Ih(n.0)| < eln(r)| + Ce "
<eCe "+ Ce™ "

— Ce—26r.
Hence,
o o
') S - NT / NTJ e 294y +eNT / NTo =289 4.
S Ce*Z(ST'

Since t = —7 and n(t) = y(¢),

YOl =1n'(0)] < Ce ™ = Ce™. (10.7)
Since u*(r) = y(t) — 2t + « and t = log v/A*r, we have u}(r) = y'(log fr)— — = Usmg

(10.7), we have

|uy: (r)

IA

1 2
ly'(log ﬁrn; +=
Ca’r® 2

+

r r
This inequality proves (10.6).
We prove that u* € H'(B). Because u*(r) has a singularity only at the origin, it is enough
to show that u* € H!(Bg) for small R > 0. Using (1.4) and (10.6), we have

R
[ 09wt s Pyas = [ (uiof + 1w o)R) N ar
B 0
R
< / (91’1\/_3 + (—2logr + c)2rN_1) dr < oo,
0
if N > 3. Thus, u* € H! (BRr). The proof is complete. ]
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