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Abstract In this paper, we consider the harmonic maps from a Riemannian manifold with
non-positive pinching curvature to any Finsler manifold, and we can prove that there is no
non-degenerate harmonic maps from a classical bounded symmetric domain to any Finsler
manifold with moderate divergent energy. In particular, we obtain that any harmonic map
from a classical bounded symmetric domain to any Riemannian manifold with finite energy
has to be constant, which improves the Xin’s result in Acta Math Sinica 15:277-292, 1999.
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1 Introduction

Bounded symmetric domains were introduced by Cartan [1,2] and were systematically stud-
ied by Hua, Look, Siegel and Xin [4—11]. Those are important Cartan—-Hadamard manifolds
whose further geometrical and analytical properties should be explored and discovered. By
the work done by Wong [8], a bounded symmetric domain can be viewed as a pseudo-
Grassmannian manifold of all the spacelike subspaces of dimension m in pseudo-Euclidean
space R™*" of index n. Let C'\*" be an (n + m)-dimensional complex vector space. For
any u = (X, y) = (X1, -+ Xy Xngls -+ s Xntm) € C;f,*’", define a pseudo-Euclidean inner
product

2 2 2 2
(u,u) = |x1|” + -+ |xu|” = [xXpp1 I — - = |Xngml”.

Let A be an n-subspace. If the induced inner product on A is positive definite, A is called a
spacelike n-subspace. The set of all the n-dimensional spacelike subspaces forms a pseudo-
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Grassmannian manifold G, (C). 9 (n, m), the first type of bounded symmetric domains,
can be identified with G;',, (C). The Bergman metric corresponds to the canonical metric in
GZf,,l(C ). The second and third types of bounded symmetric domains Nj;(n), Ry (n) are
totally geodesic submanifolds of G}, (C). The fourth type of bounded symmetric domains
Nrv (n) is identified with Gi,z (see [8]).

Harmonic maps between Riemannian manifolds are defined as the critical points of energy
functionals. They are important in both classical and modern differential geometry. As is
well known, any harmonic map from a space form of non-positive sectional curvature to any
Riemannian manifold with finite energy has to be constant [6]. Xin considered the case of
Cartan—Hadamard manifolds with some pinching condition and obtained that

Theorem A ([9]). Let M be an n(n > 3)-dimensional Cartan—Hadamard manifold with
sectional curvature K : —a®> < K < 0 and Ricci curvature bounded from above by —b?. Let
¢ be a harmonic map from M to any Riemannian manifold with moderate divergent energy.
If b > 2a, then ¢ is constant.

For the bounded symmetric domains, this implies that

Theorem B ([9]). Let

Ny;(n, m), when n+m > 8,
M Nir(n), when n>17,
NRrrr(n), when n > 5,
Nrv(n), when n > 8,

Then any harmonic map from M to any Riemannian manifold with moderate divergent energy
has to be constant.

In [10], by studying the harmonic maps from certain kdhler manidolds and the geometry
of classical bounded symmetric domains, Xin proved that

Theorem C ([10]). A harmonic map of finite energy from a classical bounded symmetric
domain (except Ry (2) = H? x H2) to any Riemannian manifold has to be constant.

Xin [10] raised the question as follows:

Question. Is there any harmonic map of finite energy from 9,y (2) to any Riemannian
manifold?

The main purpose of this paper is to find a way to answer this question. In this paper,
we consider the harmonic maps from a Riemannian manifold with non-positive pinching
curvature to any Finsler manifold. We can prove the following

Main Theorem. There is no non-degenerate harmonic map from a classical bounded
symmetric domain to any Finsler manifold with moderate divergent energy.

Corollary 1 Any harmonic map from a classical bounded symmetric domain to any Rie-
mannian manifold with finite energy has to be constant.

2 Preliminaries

We shall use the following convention of index ranges unless otherwise stated:

1<i,j,...<nm 1<a,B,...<m; 1 <Ai,u,...<n-—1.
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Harmonic maps from bounded symmetric domains 571

Let M be an n-dimensional smooth manifold and = : TM — M be the natural projection
from the tangent bundle. Let (x, Y) be a pointof T M withx € M,Y € Ty M and let (Y
be the local coordinates on TM with ¥ = Y! 3 . A Finsler metric on M is a function
F :TM — [0, +00) satisfying the following proper‘ues.

(1) Regularity: F(x, Y) is smooth in T M\0;
(ii) Positive homogeneity: F(x,AY) = AF(x,Y) for A > 0; _ '
(iii) Strong convexity: The fundamental quadratic form g = g;;dx’ ®dx/ is positive definite,
2052
where g;; = 722;,-1;),) -
Then (M, F) is called an n-dimensional Finsler manifold. F determines the Hilbert form
and Cartan tensor as follows:

0F o ] 98

k
w = aYl.dxl, A= Aijkdx’ ® dx’ ® dx*, Aijk = F28Yk.

The natural dual of the Hilbert form w is £ =
section.

Let 7 be the canonical projection TM\0 — M. It is well known that there is a unique
connection the Chern connection V on 7n*TM with Vai, = a)lj % anda) = Fijkhxk
satisfying that

ayk
dgl] gzkw g]kw = 2Aljk F 2.1

where §Y! = 4Y! +N;dxf, N; = V;k yk— LAl kys,YSY and ij are the formal Christoffel
symbols of the second kind for g;;.
The curvature 2-forms of the Chern connection V are

k

do'; — ot R! dxk/\dxl—i-iPi dx* A 5Y! (2.2)
'kl ik ) .

"
A wk = Q

2
where Rj. « and P; 1 are the components of the ih-curvature tensor and hv-curvature tensor
of the Chern connection, respectively.

Take a g-orthonormal frame {e; = l i j} with ¢, = ¢ = YTI% for each fiber of
7*TM and {0’} with @" = w is its dual coframe. The collection {o', a);l} forms an orthonor-
mal basis for 7* (T M\ {0}) with respect to the Sasaki type metric g;jdx' ®dx/ +g;;8Y' ®@8Y/.
The pullback of the Sasaki metric from 7' M\{0} to the sphere bundle SM is a Riemannian

metric
2= gijdxi Qdx/ + 8;\,1(0,’} ® wl. (2.3)

Let y = Y € ['(w*T*M). With respect to the Chern connection V, the covariant
derivatives of v; are defined by

dy — I/fjw,-j = Yij0’ + Vi

where and “;” denote the horizontal and the vertical covariant differentials with respect
to the Chern connection, respectively.
Then we have

44|u

Lemma 2.1 ([3]). For = ;&' € T'(n*T*M), we have
divgy = Zm + Zw nr = (Verve: + D ¥ Pupas

N
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where elH = ui]i = uj (—- — Nk a;,,()denotes the horizontal part of e; and P,y = P)}

x/ dx/ JLA®

B
Lemma 2.2 ([3]). Let (M, F) be a Finsler manifold. Then any function f on the sphere
bundle SM satisfies

/gif(FZf)yiy_/erzzn / FQudr,
S M SxM

—

S (F2f),dt = X,(=D7'Yidy' A --- AdYI A - A

where (sz)yiyj
dY" and Q = det (51).

d)’/ ay!

For any fixed x € M, SxM = {Y € T,M|F(Y) = 1} has a natural Riemannian metric
Fe=> 0,00, where 0 =w}ls.u
A
On the Riemannian manifold (S, M,7y), considering an 1-form ¥ = vW;d Yi, where v =
Jdet(gij), we have [3]
dive, W = r'[vW;ly; — (n — DvW; Y — Fglud;n;, (2.4)
where ri/ = F2g'/ — Y'Y/ and n; = ngijki.

Using the fact 83;' = %, (2.4) implies the following

Lemma 2.3 Let (M, F) be a Finsler manifold and ¥ = vW;dY! be a global section on
T*(SyM), where v = \/det(g;;). Then we have

dive, W = F2ugl (W) — (n — 2)v W, Y.

Letgp : (M", F) — (Mm, E) be a non-degenerate smooth map between Finslel man-
ifolds, i.e., ker(d¢) = ¥, and V be the pullback Chern connection on 7*(¢p~'TM). We
have

Lemma 2.4

X(dpU, dpV) = (Vx (dpU), dpV) + (dpU, Vx (dpV))
+2C(dopU, dpV, (Vx(dpFr)),

where 6”1{ = %Zijk and X,U,V e I'(x*TM).

The energy density of ¢ is the function e(qb) : SM — R defined by

e(@)(x,Y) = *Id¢| ”(x V)¢ ¢ Zap(X, V), (2.5
where dd)(a—,) = ¢7 aﬂ andY = Y" w =Y ¢>l T
We define the energy functional £ (¢) by
E(¢p) = 1 /€(¢)dVSM, (2.6)
M

where dVsy = Qdt Adx,dx = dx! A--- Adx" and C,_; denotes the volume of the unit
Euclidean sphere S"~!.
We call ¢ a harmonic map if it is a critical point of the energy functional.
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Harmonic maps from bounded symmetric domains 573

Theorem 2.5 ([3]). ¢ is harmonic map if and only if
/ (V, (Vgndg)e)dVsy =0,
SM

for any vector V € L~ 'TM).
We need the following

Theorem 2.6 ([9]). Let M and M be n-dimensional complete Riemannian manifolds, where
M is simply connected without focal points. Let r and T be the distance functions from
x0 € M andXy € M, respectively. Suppose for any x € M, X € M, r(x) =7 #0

Ri a 0 - 1/1?_/~ a 0
e ar’or) " n—1 @ ar’ or )’

where Ric and Ric denote the Ricci curvatures of M and M, respectively. Then at any
differentiable point X of

Ar > AT

n—1
In particular, when Ric < —b?, where b is a positive constant, then

Ar > bcoth(br). 2.7

3 The proof of main theorem
Let ¢ : M" — M be a smooth map form a Riemannian manifold to a Finsler manifold. For

any vector field dpX € I'(¢p~!TM), by Lemmas 2.1, 2.4, Vyn € = 0 and C(dpt, e, ®) =0
we have that

divg (%(dq[)ﬁ, d¢>£)X)
= Vyu (%(dqﬁﬁ, d¢z>) + %(dqbe, dpe)(V u X, e;)
- 1
= ((Vxudo)t, dpt) + §<d¢5, dpl){V,u X, ei)

~ 1
= (Ve dg(X), dpt) — (dp (Ve X). dpl) + (ddt. dpt)(Ve, X, ei). (3.1

Let ¢ = (d¢ X, dp£)w™ which is a global section on 7*T*M. By Lemma 2.1 and P,,, =
0, we know that

divgy = Vyu (dpX, dpL)
— (Vpudg (X). dg) + (dp(X), (Vyud)e). (3.2)
Substituting (3.2) into (3.1), we obtain that

div§(%(d¢£, dpeX) — divg((dpX, dpe)a")

~ 1
= (dp(X), (Ve dg)t) — (dp(VeX), dpt) + 7 (dpL, dpL) (Ve X, er). (3.3)
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Since M is a Riemannian manifold, we have that d¢ X only depends on the local coor-
dinates (x?) for dpX € I'(¢p~'TM). When ¢ is a harmonic map. Integrating (3.3) implies
that

1
[ {510t av0r06m) - wox. agerie.mavasu

A(SM)

1
= / {—<d¢(veX>,d¢z>+§<d¢z,d¢a<ve,.x, ei)}dVsu, (3.4)
SM

where n is the unit normal vector of the boundary d(SM) in SM and ¢ is the natural dual of

.

From (3.4), we obtain the following immediately

Proposition 3.1 Let ¢ be a harmonic map from a Riemannian manifold M to any Finsler
manifold. If e($)|ysmy = 0, then for any vector field dp X e L~ 'TM)

/ { — (dp(VeX), dpt) + %(dc/)(, d¢z>trvx}de —0, (3.5)
SM

where trVX = (V¢ X, e;)g.

Theorem 3.2 Let ¢ be a harmonic map from a Riemannian manifold M to any Finsler
manifold. If e($)|ysmy = 0, then for any vector field dp X € Lo~ 'TM)

/ {e(¢)zrvx — tr(dp(VX), d¢>}deM —0, (3.6)

SM

where tr{d¢(VX), dp) = (d¢(V,; X), ¢+ (ei)).

Proof Since M is a Riemannian manifold, we have that rVX = g"/(V_, X, %)g
o oxt ’
only depends on the local coordinates (x') for dpX € I'(¢~'TM). Denote f =

%(dq%, dpe)trVX e C®(SM). Using the fact C(d¢¢, e, o) = 0 and Lemma 2.4, we obtain
that

. 11 ad a
§I(F? fyiyi = g7 | Y Y {dp—, dp— ) 1rVX
2 8xk Bxk Yiyi (3 7)
= > (dgei. dpe;)trVX. '
i
Substituting (3.7) into Lemma 2.2 yields that
n 2 1 2
5|d¢£| trvXQdr = §|d¢| trvVXQdr. (3.8)

ScM SxM
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Considering W = L(dp(Vare X),dp0)dY' = +(d¢(V.s X),dpl)dY". Since
Yt axt
d¢(V _a_X) only depends on (x%) fordpX € T(¢p~'TM), by Lemma 2.3 we have that

axt

dive, ¢ = F?vg/ [% <d¢(VL_X),d¢FE>} —(n— 2)1)l <d¢(ViX), d¢z>yi
F yi F o7

axt

= F?vg" e (Vo X), dBFE) + — (dp(V 5 X), dp—)
F*4 el F2 ol dx/

—(n — 2)vi(d¢(Vi X), dpe)Y!
F ax!

= v [(dp (Y., X), dbe;) — n(dg (VeX), dgt)] . (3.9)

Integrating (3.9) implies that

n / (dp (Ve X), dpt)Qdr = / tr(d¢(VX), d¢)Qdr, (3.10)
SeM SeM
where tr(d¢(VX), dg) = (do (V,, X), doe;).
It can be seen from (3.8), (3.10) and Proposition 3.1 that

/ {e(¢)trVX — tr(d(VX), d¢>)}dVgM 0.
SM

This completes the proof of Theorem 3.2. O

For a harmonic map ¢ : M" — ‘M between Riemannian manifolds, We also have that
Theorem 3.2'. Let ¢ be a harmonic map from a Riemannian manifold M [ into any Rie-
mannian manifold. If e(¢)|3 = 0, then for any vector field dp X € F(¢_l TM)

/ {e(d))trVX — tr(dp(VX), d¢>}deM —0, (3.6)
SM

ie.,

/ {e(¢)trvx — tr(d(VX), d¢)}dVM —0. 3.11)

M
Proof For any vector field dpX e I'(¢p ! T M), we have that

div(e()X) = Vxe(9) + e(d)(Ve, X, e;)
= div({¢: X, p(ei))ei) — (X, T(9))
—(d@(Ve; X), ps(ei)) + e(@)(Ve, X, &), (3.12)

where {e;} is a local orthonormal frame field on M.
When ¢ is a harmonic map. Integrating (3.12) implies that

/ [e@xX.m) = (@.X. ) Javiy
oM
= / [e@) (Ve X, ei) = (@0 (e, X). gelei) faVan, (3.13)

M
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where n is the unit normal vector of oM in M,
By (3.13) and our assumption condition e(¢) |33 = 0, we obtain that

/ {e(¢)trVX — tr (d(VX), d¢)}de =0 (3.14)
M

For a harmonic map ¢ between Riemannian manifqlds, we have that e(¢)rrVX —
tr(d¢ (VX), d¢) only depends on the local coordinates (x') for dp X € ['(¢p~'TM). Then

/ [e(¢)trVX — 1r(d(VX), d¢>]deM

Cn—l
SM
- Cl /[ /[e(qb)trVX—tr(d¢(VX),d¢)]er}dx
"y SeM
=/{e(qb)trVX—tr(dd)(VX),dqb)}dVM. (3.15)
M
We complete the proof of Theorem 3.2’. O

Definition 1 The energy of a map ¢ from a Riemannian manifold M to any Finsler manifold
is called moderate divergent energy if there exists a positive function ¥ (r) satisfying

o0
/ dr
= OO,
ry(r)
Ro
such that
. e(9)
lim * 1 < o0.
R—00 ¥ (r)
SBR(x0)

where SBr(xo) € SM is a geodesic ball of radius R and centered at xo in SM whose
boundary is the geodesic sphere 9(SBg(xo))-

Remark For a map ¢ between Riemannian manifolds, the limg_, oo . SBr(x0) % *1 < 00

is equivalent to limg_, oo fBR(XO) % * 1 < oo, where Br(xo) € M is a geodesic ball of
radius R and centered at xo in M.

Theorem 3.3 Let ¢ be a harmonic map from a Riemannian manifold M to any Finsler
manifold. If the energy of ¢ is moderate divergent energy, then e(¢)|ysm) = 0.

Proof We assume that fa(SM) e(@) x 1 #£0. Let fa(SM) e(p)x1=68>0,ie.,

R—o0
9(SBr(x0))

lim / e(@)x1=4>0. (3.16)

Then there is a Ry > 1, for R > Ry we have that

e(@) 1 =, (3.17)
3(SBR(x0))

where ¢ is a sufficiently small constant.
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For any positive function ¥ (r) satisfying f Ry 7 w (r) = 00, we have that

. e() Tl
L G 0/ VR / «@xl|dR

SBRr(x0) 9(SBR(x0))
o0
1
>¢ | ——dR
¥ (R)
Ro
o0
1
> ¢ dR = o0,
Ry (R)
Ro

which is a contradiction to the assumption that the energy of ¢ is moderate divergent energy.
This completes the proof of Theorem 3.3. O

Corollary 3.4 Let ¢ be a harmonic map from a Riemannian manifold M to any Riemannian
manifold. If the energy of ¢ is moderate divergent energy, then e(¢)|yp = O.

Theorem 3.5 Let M be an n(n > 3)-dimensional Cartan—Hadamard Riemannian manifold
with sectional curvature K : —a? < K < 0 and Ricci curvature bounded from above by —b2,
If b > a, then there is no non-degenerate harmonic maps from M to any Finsler manifold
with moderate divergent energy.

Remark This theorem improves the Xin’s result in [10].

Proof For the harmonic map ¢. It can be seen from Theorems 3.2 and 3.3 that

lim / / {e(¢)trVX—tr(d¢(VX),d¢)}er dx =0, (3.18)

R—o0
Br(xo) |SxBr(x0)
where Bg(xp) € M be a geodesic ball of radius R and centered at xo whose boundary is the
geodesic sphere Sg(xp).
The square of the distance function r2 from xo in Riemannian manifold M is a smooth

function. Set X = sh(C r)a% = ecrfffcr 3,» Where C is constant and 3 denotes the unit
radial vector. Obviously, the unit normal vector to Sg (x¢) is 5. Let{es, 5, } is an orthonormal
frame field on B (xp), where A = 1, ..., n — 1. Then we have that
VisX=Cch(Cr)=,
7 (€ (3.19)

V X_sh(Cr)Z h,\MeM_sh(Cr)z Hess(r)(ex, ep)ey,

where Hess(r) is the Hessian of the distance function  and — A, is the components of the
second fundamental form of Sg(xg) in Bgr(xp).
Then we obtain that by (3.19)

e(@)1rVX — tr(d¢(VX), dp)
- e(¢){Cch(Cr) 1 sh(Cr) Zhu}
A

]
—Cch(Cr)|d¢ (5) 1 — sh(Cr)hsy, (dg(ex), dg(ep)) . (3.20)
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We can choose an orthonormal frame field {e;} on Sg(xo) such that iy, = 8; k. It
follows from (3.20) that

e @)trVX — tr(d(VX), d)
1 9
_ E{sh(Cr) ZA:hM - Cch(Cr)}|d¢ (5) 2

1
+5 ; [Cch(Cr) + ;sh(Cr)hW - 2sh(Cr)hM]|d¢(eA)|z_ G321)

Substituting (3.21) into (3.19), we have that

R—o00

3
lim / [Ish(Cr) X s = cenerniag ()P
Br(xo) |S:Br(x0) »

+ Z[Cch(Cr) + ZSh(Cr)hMM — ZSh(CV)hM]ldWe/\)|2}Qdf:| dx =0. (3.22)
A I

By Ric < —b? and Theorem 2.6, we get that

> hyy = beoth(br).
"

Set C = a in (3.22). Since g(x) = xcoth(x) is non-decreasing function and b > a, we
obtain that

sh(Cr) Zh“ — Cch(Cr) = sh(ar)[bcoth(br) — acoth(ar)] > 0. (3.23)
A

When —a? < K < 0, the Hessian comparison theorem implies that

N | =

< hjy = acoth(ar), V. (3.24)

Then

Cch(Cr) + Zsh(Cr)h,m — 25h(Cr)h;,
"
=ach(ar) + Z sh(ar)h,, — sh(ar)hy;,
HFEL
> > sh(ar)hy, > 6, (3.25)
HFEL

where § > 0 is a constant.
By (3.22), (3.23) and (3.25), we have that

dé(e;) = 0, VA.

Put C = 0in (3.22). Then (3.22), together with d¢ (e;) = 0, VA, yields that d¢(aa7) =0.
We get that e(¢) = 0 which is a contradiction to the assumption that ¢ is a non-degenerate
harmonic maps. O
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Corollary 3.6 Let M be ann(n > 3)-dimensional Cartan—Hadamard Riemannian manifold
with sectional curvature K : —a® < K < 0 and Ricci curvature bounded from above by
—b2. If b > a, then there is no non-degenerate harmonic maps from M to any Riemannian
manifold with moderate divergent energy.

From [7] we know the Ricci curvatures of bounded symmetric domains and estimate the
bounds of the sectional curvatures of bounded symmetric domains as follows

Dim. Sec. curvature Ric. curvature
9 (n, m)(min(n, m) > 2) 2nm —4<k=<0 ~2(n +m)
Rpr(n)(n > 2) n(n+1) —4<k=<0 2+ 1)
Nypr(n)(n > 4) n(n—1) —2<k<0 —2m—1)
Ry (n)(n >2) 2n —2<k=<0 —n

This table together with Theorem 3.5 yields immediately.

Main Theorem. There is no non-degenerate harmonic map from a classical bounded sym-
metric domain to any Finsler manifold with moderate divergent energy.

Corollary 3.7 Any harmonic map from a classical bounded symmetric domain to any Rie-
mannian manifold with moderate divergent energy has to be constant.

Using the fact that any harmonic map of finite energy must be moderate divergent energy,
we have immediately

Corollary 3.8 Any harmonic map from a classical bounded symmetric domain to any Rie-
mannian manifold with finite energy has to be constant.
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