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Abstract We prove a C1¢ partial regularity result for minimizers of variational integrals
of the type

Ju] :=/f(Vu)dx, u:QcR'—> RV,
Q

where the integrand f is strictly quasiconvex and satisfies suitable growth conditions in terms
of Young functions.
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1 Introduction

Letn, N € Nwithn > 2 and 2 C R” be an open bounded set. In this paper we will consider
variational integrals of the type

Jlu] ::/f(Vu)dx, (1.1)
Q

where u : @ — RY and f: RN — [0, oo)isaC 2_function. In order to describe the special
growth conditions of the density function f, let us consider two Young functions (see [2])
@, ¥ of class C2([0, 00), [0, 00)) s.t. for & € {¢, ¥} it holds
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256 D. Breit, A. Verde

A@ <h'(t) < Ah/t(t) forall r > 0, (1.2)
where L, A > 0 as well as
h(t) > bt* —c forall >0, (1.3)
with b > 0 and ¢ > 0. We will assume
cap(Z) < f(Z) < o1+ y(1Z]) forall Z e R™, (1.4

with ¢y, ¢ > 0, combined with the strict Wl*‘”-quasiconvexity, i.e., for each M > O there is
a constant yp; > 0 such that

¢'(1V4D)

V|2 d 1.5
Vol )I ¢|°dx (L.5)

][f(A LV dx = F(A)+ yM][ (1 +

By By

forall A € R"™ with |A|] < M + 1 and all ¢ € Wol’“’(B],]RN). Furthermore, we need
a condition between the functions ¢ and v limiting the range of the anisotropy; hence if
N =@ o (¥)~! we will assume

N*(1) < cg®(r) forall t> 1, a < Ll (1.6)
n—
Here h* denotes the complementary function of /. Note that from (1.6) we can immediately
deduce the following inequality

Y(t) < ce*(t) forall 1> 1. (1.7)

In the special case ¢(t) = tP and ¥ (t) = 17 (1.6) is equivalent to ¢ < p + %
Let us recall the definition of a local minimizer of J.

Definition 1.1 A map u € W, (2, RV) is called a W ¥ local minimizer of J in € if one
has J[u] < oo and

Ju] < Ju+ ¢]
for every ¢ € W()I’W(Q,RN).

In this paper we are interested in proving partial C 1*"‘—regularity of a local minimizer of
J, i.e., regularity outside a closed set of Lebesgue measure zero. More precisely:

Theorem 1.1 Let u € Wli'f(Q, RN) be a local minimizer of (1.1) under the assumptions
(1.2)—(1.6). Then there is an open subset Qy C Q s.t. u € cle(Q, RN)for alla < 1 and
LM (2\R0) = 0.

Let us observe that the existence of minima can be proved by using the direct methods in
the Calculus of Variations. In fact, compactness theorems in Wl"p(Q, RN ) combined with
lower semicontinuity results guarantee the existence of such minima. In particular in [19]
the authors studied the lower semicontinuity of the functional (1.1) with respect to weak
wlr -convergence of W14 _functions under the condition q < %. In [18] it is also consid-
ered the case of general growth like (1.4) (see also [24]). Thus, starting from this existence
result, the aim of this paper is to show a regularity theory for minimizers of quasiconvex
variational integrals with (1.4)-growth. In this direction, it is worth to mention that in the
power case when p = ¢ partial regularity results are originally developed by Evans [12] and

next extended in [1] when p > 2 and in [3] and [4] when 1 < p < 2 (see [20] for a good
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Quasiconvex variational functionals 257

survey on this subject). In case of different growth p — ¢, we can refer to [21] and [22], but
no corresponding regularity results were known if (1.4)-growth is supposed.

Let us observe that if this strong notion of W1 ¥-quasiconvexity is not available, one
can think to a relaxation procedure to show that a similar result still holds following the
ideas suggested in the papers [13] and [23], where an analysis with respect to the Lavrentiev
phenomenon (non-occurring when the functional is convex and autonomous) is performed.

In the same way, very recently, there has been interest in functionals with non-standard
growth depending also on (x, u); for this, a similar Lavrentiev phenomenon occurs. It is
likely that the regularity analysis made in this paper extends to those as well. In particular,
it could be interesting if bounds as % <1+ % found in [13] admit a reformulation in the
setting of Orlicz spaces too.

Now let us explain the main ideas of the proof.

The crucial points are essentially two: a Caccioppoli inequality and .A-harmonic approx-
imation lemma. The main idea in proving Caccioppoli estimate is to construct suitable test
functions by using smoothing operators from [15] revised in the Orlicz setting. Thus, by using
these modified test functions, we gain the estimate desired with some perturbation terms on
the right hand side.

Proceeding with the proof, we will use the .A-harmonic approximation method developed
more recently in [11] (see also [7-9] and [10]). This method gives us a closeness in the
norm L? of the minimizer u with respect to an .A-harmonic function w for which we have
at our disposal an excess decay estimate. Next, by using an interpolation argument, we will
be able to prove that this closeness holds also in the norm L. Finally, the combination of
these two arguments leads us to show an excess decay estimate also for Vu. Next, by using
Campanato’s integral characterization of Holder continuous functions, we obtain the desired
result.

2 Auxiliary results

The following definitions and results are standard in the context of Young functions (see
for instance [2]). A real function ¢ : [0, 0c0) — [0, 00) is said to be a Young function if
it satisfies the following conditions: ¢(0) = 0 and there exists the derivative ¢’ of ¢. This
derivative is right continuous, non-decreasing and satisfies ¢’(0) = 0, ¢'(¢) > 0 fort > 0,
and lim;_, o ¢’ (¢) = 00. Especially, ¢ is convex.

We say that ¢ satisfies the Ar—condition, if there exists ¢; > 0 such that for all + > 0
holds ¢ (2t) < c¢1 ¢(1). By A2 (¢) we denote the smallest constant cy. Since (1) < ¢ (2t) the
A, condition is equivalent to ¢ (21) ~ ¢(¢). By L? and W1 we denote the classical Orlicz
and Orlicz—Sobolev spaces, i.e. f € LY iff [¢(|f|)dx < ooand f € WLeiff £,V f e LY.
By W&’(p(Q) we denote the closure of C§°(£2) in whe(Q).

By (go’)_] : [0, o0) — [0, 00) we denote the function

(@)1 (1) := sup{s € [0, 00) : ¢/(s) <1}.

If ¢’ is strictly increasing, then (¢’)~! is the inverse function of ¢’. Then ¢* : [0, c0) —
[0, oo) defined by

t
Q¥ (1) = / @)1 (s)ds
0
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258 D. Breit, A. Verde

is again a Young function and (¢*)'(t) = (@)~ 1(@) for t > 0. It is the complementary
function of ¢. Note that ¢* (1) = sup,- (st —¢(s)) and (¢p*)* = . Forall § > 0 there exists
¢s (only depending on Az (@), Az(¢*)) such that for all ¢, s > 0 holds

ts <8(t) +cs 9*(s). 2.1

This inequality is called Young’s inequality.
For f € LllOC (R™), we define the non-centered maximal function of f by

B>x

Mf(x) = sup ][ ()] dy, 2.2)
B

where the supremum is taken over all balls B C R” which contain x. The following Lemma
can be found in [17].

Lemma 2.1 Let ¢ be a Young function with Ay(¢™) < 00, then there exists ¢ > 0 which
only depends on A, (¢™*) such that

/(P(Mf)dx SC/(p(IfI)dx and [|Mflly <cllflly (23)
R” R?

forall f € LY (R").

Now let us collect some basic properties of Young functions and their corresponding
tensor-functions appearing in the growth condition of f.

Lemma 2.2 Let h be a Young function satisfying (1.2) and (1.3). Then we have

(a) h fulfills Ay(h) < o0 and Ay (h*) < o0;
(b) forallt > 0 it holds

h(D)(P —1) <h(t) <h(D)(?+ 1),

where p=A+landqg = A+ 1;
(¢) forallt > 0 it holds h'(t)t ~ h(r).

For the proof see Lemma 3.1 in [14].
We define for /i € {¢, ¥}

ViE = [(1+5E) e, ger.

Some basic properties of V" are collected in the following lemma.

Lemma 2.3 Let h € C%([0, 00), [0, 00)) be a Young function with property (1.2) then we
have

ViA+ B < c (VP + 1V B)F)

|vh(A+B)|2<C,(|vh<A)|2 |vh<B)|2)
a+8 ~ U4l 1B|

for all A, B with constants c, ¢’ only depending on the (Ay)-constant of h resp. h'.
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Quasiconvex variational functionals 259

Proof From the monotonicity of # and its (Aj)-condition, one can deduce
IV"(A+ B))* = |A+ B>+ 1 (IA+ B))|A + B|
< c(IA + B> + h(|A + B]))
<c(IAP + |B* + h(2|A]) + h(2| B)))
<c(IAP+[B* + h(JA]) + h(|B))

HAAD, o,  HUBD, .,
<cl(1AP+ B> + A% + |B|)
( |A] | B|

=c (V'R + 1ViB)P).

The proof of the second inequality follows in a similar fashion.
The following Lemma will be useful in the sequel.

Lemma 2.4 For a function f, satisfying our assumptions, we have
|f(A+ B) = f(A) = DF(A)B| < c|VV (B)I%,

VY (B)I?

IDf(A+ B) = Df(A)] < ¢ B]

forall A, B € R™N with |A| < M + 1. Here c depends only on the constants in (1.4) and
(1.5).

Proof we have

|f(A+ B) — f(A) — Df(A)B|

1 1
//sz(A + toB)drdo (B, B)
0 0

IA

1 1

A+r1oB

1+//W| VAA+ToBD a0 ) 812

A+ 0 B|
0 0

From [6] (Appendix, Lemma 20) we quote

1
/W’(|A+faBl)d _ VAl +loB) _ ¢'QIAD | ¥'QloB])

T
|A + to B| ~ JAl+|eB|l T |A] |o B|
"(loB
<com (14 LUZEDY
lo B|
where we used convexity of 1 and (Ap)-condition of 1. This shows
1
V' (lo B)) 2
[f(A+B)— f(A)—Df(A)Bl =c |1+ Wda |B|
0
B
SC( ‘”|(;|'))|B|2=c|vw(3>|2,

where we used again [6] (Appendix, Lemma 20). The arguments leading to the second
inequality are quite similar. O
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260 D. Breit, A. Verde

The main tool in our regularity approach is the generalization of the extension operator

from Fonseca-Maly [15] to Orlicz spaces (see also [18]).
Lemma25 Let 0 < r < s,u € W2(Q,RV), B, € Qand a < nnj Then there is
T.su € whe (B, RV) with the following properties:

(a) T, su =uon BS\E,;

(b) Trsu € u+ W"?(B\B,,RY);

(c) VT, sul < cT,5|Vul;

(d) the following estimates hold:

/ ¢(|Tr,s“|)dx =c / §0(|u|)dxa

Bs\B, Bs\B,
/w(wrr,sundx <c / o(1Vul) dx,
Bs\B; B\ B,

6(1) —6(r) 0(s>—9<t)}
sup ———+ sup — |,

(pa(|Tr,s“|) dx <c(s — r)—na+n+ot
te(r,s) t—r te(r,s) §s—1

B,\B,

O@)—0O O(s)—O(r
@“ (VT sul)dx <c(s—r) "* T | sup 8"H-6w) + sup 86)-00) )
te(r,s) r—r te(r,s) s—1
B,\B,
where
6(1) = /<p<|u|>dx, o) = /<o<|w|)dx.
B, B,
Proof We follow the main ideas of [15]. Let n € C§°(2) and [t1, 2] C (0, ||nlloo) With
0 < |Vl <Aon{n <n<n)If(ab) Clt,n]wrte Zb = {a < n < b}. We define

T, u(x) = ][ u(x +£(x)y) dy
B1(0)

where
1 .
§(x) = 54 max {0, min {n(x) —r, s —n(x)}}.
We can quote (a)—(c) from [15]. Note that 7, su = u if x ¢ Z} and

Ty su(x) = ][ u(z)dz, xeZj.
Bg(x)(x)

We denote by i the extension of u| zs by zero to R" and taking into account Lemma 2.1 we get

/w(|Tr,su|>dx= / o(T,sii]) dx < / o(M(ji])) dx

By\B, Bs\B, Bs\Br
s/«»(Mum))dxsc/<o<|ﬁ|>dx=c / o (ul) dx,
R Rn B\B,

which is the first inequality in d).
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Quasiconvex variational functionals 261

Letc := # and abbreviate

My = sup (¢ —r)_1/¢(|u|)dx.
te(r,s) 7t

W.lLo.g. we can assume that u is smooth, since the general case is a consequence of a standard
approximation argument. If p € (0, %(b —a)) and z € {n =a+2p} then £(z) = % and
Bg(;)(2) C Zgif,p . Thus, Jensen’s inequality implies for o > 1

o

o\ Tysul) < co™ / o(ul)dy

Bg(5)(2)
a—1
<o /fp(lul)dy / o(ul)dy
Z;’j:f,” Be(z)(2)

Lemma 2.1 in [15] applied to the last integral implies

/ (T, sul) AR < prretn=] / o(ul) dy

n=a+2p zae

This finally leads us to

160 ¢

/w“(ITr,suI)dxfc / p et /<ﬂ(|ul)dy dp

z¢ 0 a+3p
a Za+ﬂ

< CMg(S _ r)—not+n+a.

This shows the third inequality in d). The estimations for VT, ;u are consequences of ¢). O

Another important tool in our proof will be the following generalization of the Sobolev—
Poincaré inequality due to Diening and Ettwein [6] (see also [5]).

Lemma 2.6 (Theorem 7, [6]) Let B C R" be some ball with diameter R. Further, let ¢ be a
Young function with Ay (@), Ar(p*) < co. Then forall 1 <r < n%l there is K > 0, which

only depend on A2 (), Ar(¢*), R and r, such that for all v € W9 (B) holds

1

][(pr (W) dx| < K][<p(|Vv|)dx. (2.4)

B B

Note that this Lemma is actually a slight modification of Theorem 7 in [6].
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262 D. Breit, A. Verde

3 Caccioppoli inequality

In this section we prove a Caccioppoli inequality, which will be the main tool in the proof of
the partial regularity in the next section.

Lemma 3.1 Let the assumptions of Theorem 1.1 be true and v = u — ¢ — A(x — xq) where
¢ € RN and A € R™N with |A| < M + 1. Then we have for all B, € Q

][lvw(VU)|2dx§C][‘V(p( v )
S —r
B2 By
) o
+c ][|VV’(Vv)|2+‘V"’() dx
S —r
L Bo

Proof We follow the lines of Schmidt [21] and consider % <r<s < paswell as

E(1) :=/ w(qul)er(%)} dx.

B:

2
dx

o

In accordance with [15], Lemma 2.3, there are 7 and § with r <7 < § < s such that

E@) — E() <3E(S) — &)

t—r s—r
e - - (3.1
s —t - s—r
forevery t € (7, 5) as well as
s—r . .
3 <s—r=<s-—r. 3.2)

Now we choose a cutoff function n € C3°(B;z) withn = 1 on B;,0 <5 < 1and |Vy| <
¢/(§ — 7). For the function (1 — )v, where v(x) = u(x) — ¢ — A(x — x¢) with ¢ € RY and
A € R |A| < M, we define, using the operator from Lemma 2.5,

V=T ;(1=—nv), ¢:=v—-W.
Hence we have ¢ € Vi/l’“’(Bg, RY) and ¢ = v on B;. As a consequence of (1.5), we get

vt [ 1V (V)P dx < / LF(A+ V) — f(A)]dx

B; B;

_ / LF (Vi — VW) — f(Va)] dx + / LF (Vi) — F(Vu — V)] da
B; B;

+/[f(A+V‘I’) — f(A)]dx,

B
where we also used ¢ = v on B; and

Vu— A =Vv=V¢+ VWV on B;.
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By the minimality of # and Lemma 2.4, we obtain

1
yM/|v‘ﬂ(vU)|2dx 5//[Df(A)—Df(A—rV\IJ)] dr : VW dx

B; B; 0

+/[f(A+V\II)—f(A)—Df(A):V\IJ] dx

<c

1
V¥(Vu — t V)2
/ VIOV =tV 49w dx

Vv — V|

c/ VY (VW) dx.

B

As a consequence of Lemma 2.3, we have

de|VW|dx < [ ———21 |VW|dx
Vv — TV |Vl
B; 0 B;

1

|VW(TWJ)|2

+ dr|VW|dx.
[TV

/ / VY (Vv — tVW))? V¥ (V)|

Since the last integral is bounded by
[ (vwi +wavenive) ax
Bs

we arrive at

" VY (Vo)
VO(Vv)Pdx <c [ [VV(VW)?dx + ¢ W|V\If|d)€ = Ji+ .
v
B; B;

In order to handle J;, we decompose as follows: from (1.7) we deduce for K > 1
Ji=c / dx +c / ...dx

[IVV¥|=K] [IV¥|>K]

c/|vw|2dx+c/¢“(|vw|)dx

B B;

= J] +J}
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Using Lemma 2.5 we obtain by definition of W, (3.1) and (3.2)
o

JE<eG =Rt s sup (1 — )7 / (IVI(I = nv]]) dx

te(r,s) BB
t\Df

+e@E =ttt sup G—1)7! / eIV —nv]]) dx
te(F,s) BB

« o
- E(t) — EF - EG) - E(
=C(S_r)—na+n+a sup ()7_}) +C(S_r)—na+n+<x sup M
ey LT ey St

<c(s —r) "B (s) — B())*. (3.3)
Due to the superquadratic growth of ¢ (see (1.3)) and Lemma 2.5, we have

()

2
dx. (3.4)

Jl<ec / |V‘/’(Vv)|2dx+c/

Bs \Br BP

The term J> is bounded by

Hh<c / [Vu||[VW¥|dx + ¢ / Y (V)| VY| dx
B;\B; B:\B;N[|Vv[>1]
= J) 4+ J3

The first term can be estimated as J. 1] by Lemma 2.5. For the second one we get

J}<ec / (V) dx + ¢ / N x (VW) dx

B3\ By B\ B;N[|Vv|=1]
<c / o(IVv])dx + ¢ / e*(|VV¥|) dx
B;\B; B;\B;

<c(s =r) T THEE) - EM),

where we took into account (1.6), (3.3), (3.4), Young’s inequality and again Lemma 2.5.
Plugging all together we get

/|vW(Vv)|2dx <c / |V"’(Vv)|2dX+C/‘V” (sir)
By

B\ B, B,

2
Fe@s—r" (s—r)”/|:|V¢(Vv)|2+’V‘p (—sfr) i|dx
By

2

dx
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Hence the hole-filling method implies for some x < 1

/|V‘/’(Vv)|2dx EX/|V¢(VU)|2dx+C/’V‘p( v )
S —r
B, B, B,

B 2
(s —r) (s—r)_”/ |V“’(Vv)|2+‘V“’ (é) :|dx
B, -

2
dx

o

Thus we may deduce by a well-known lemma of Giaquinta (see [16], Chapter V, Lemma 3.1)

2
][ |v¢(w)|2dx§c][‘v‘ﬂ( v ) dx
S —r
By By
v 2
+c ][|VW(W)|2+‘V<”() dx
S —r
By

4 Partial regularity

Before coming to the proof of the decay estimate, we present the concept of the .A-harmonic
approximation (see for instance [11]). We consider a bilinear form A defined on R™Y, which
is bounded i.e. there is L > 0 s.t.

Al < L
and fulfills the Legendre-Hadamard condition i.e. foralla € R", b € RN
A a'byal by > kalal[b?

for some k4 > 0. Let us observe that the biggest possible constant k 4 is called the ellipticity
constant of A.
We call a function w € Wlf)’cl (€2, RY) A-harmonic if

/A(Vw, V¢)dx =0
Q

forall ¢ € Cgo (€2, R?). Here we have the following standard result.

Lemma 4.1 Every A-harmonic function w belongs to the space C®(S2, RY) and for all
B, € Q we have

sup |[Vw| + p sup |VZw| < ¢ ][ |Vw| dx,
By By F
13

where ¢ depends only onn, N, ka, L.

The crucial tool for our approach is the following lemma that corresponds to Lemma 6.8
in [21].
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266 D. Breit, A. Verde

Lemma 4.2 Fix € > 0. Then there is § = 6&(¢€) such that the following assertion holds:
Vs € (0, 1] and Yu € Wh¥(B,, RN) such that

][|V“’(Vu)|2dx <s?
B,

as well as

][A(Vu, Vo) dx| < s8sup|Vg|
BP

Bp
forall ¢ € CG°(B,, RY), there is an A-harmonic function w € C>(B,, RN with

sup |Vw| + p sup |V2w| <c

By By
u—sw 2
][ ‘V“’ ( ) dx <sZe.
P
By

Proof Without loss of generality we assume B, (xo) = B1(0) =: By, otherwise we can argue
by a scaling argument. If we define v := % we have JCBl |Vv|?dx < 1 and

][A(Vv, V¢)dx| < 5sup|Ve|
B, Bo
for all ¢ € C§°(By, R4). From [11] it follows the existence of an .A-harmonic function

w e WE2(By, RY) with

][|Vw|2dx§1, ][|v—w|2dx§6. (4.1)
B] Bl

Note that we may assume JCBI/Z (v — w)dx = 0. Hence we get by Lemma 4.1 w €
C*®(By,RY) and

sup |[Vw| + p sup |V2w| <c.
B2 B2

Now we use an interpolation argument. Since from (4.1) we can deduce
¢ 2 2
|V (u —sw)| dx < cs“e,
BipNllu—sw|<1]

we only consider integrals over B := By N [|lu —sw| > 1]. For ¢ € (0, 1) we get

/|W(|u —sw)Pdx < c/<p<|u ~ swhdx = c/<p(|u —swl)o(u — sw)'~dx
B B B

v r—t

= /“’('”—swlydx : /goqu—swn“%?'dx

31/2 B
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A-nr
where r > 1. Next, let us observe that Lemma 2.2 implies ¢ = (z) < ¢z? on (1, c0) for ¢

such that % = % Thus, applying Sobolev—Poincaré inequality (2.4) we get

t r—t

<c /go(lV(u — sw)|)dx /Iu — sw|?dx

B B
Now we use (4.1) in order to get
t

<c /cp(IV(u —sw)hdx | 20T

B
t

<c /(p(|Vu|)+g0(s|Vw|)dx s2A=Dl=t
Bi

< o2 g20-0 1=t

1 r—t
where weused s - €2 <land v > 1—1.
Replacing € by a smaller quantity conveniently, we obtain the claim.

Foru € W¢(B,(x0), R) and A € R"V, let us define the excess

@, (x0, 0, A) == ][ [V (Vu — A)|*dx.

By (x0)

4.2)

Since D? f is uniformly continuous on bounded sets we get for each M > 0 the existence of

a modulus of continuity vy, : [0, co) — [0, co) with the following properties

(i) |D*f(A) — D*f(B)| < vy(]/A — BJ?) forall A,B € R"™ with |[A] < M and

|[B] <M +1;
(i) vy is non-decreasing;
(iii) vy, is concave;

(iv) v3,(t) >t forall t > 0.

This observation leads to the following lemma.

Lemma 4.3 Under the assumptions of Theorem 1.1, if u € Wl"/’(BQ (x0), RN is a whe-
minimizer of J on By (xq), we have for all A € R™N with |A| < M and all ¢ € Cy°(B)p)

][sz(A)(Vw, V@) dx| = emy/ Py (x0, 0) vir (Py (x0, L) IV |l 00

By

Here we have abbreviated ®,(xo, 0, A) by ®y(x0, 0) and setted w := u — Ax.
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Proof The Euler equation of J gives

][sz(A)(Vw, V) dx

By

= ][ [D?f(A)(Vw, Vo) + Df(A) : V¢ — Df (Vu) : Vo] dx|.
By
If [Vw| < 1 we have

|D? f(A)(Vw, Vo) + Df (A) : Vé — Df (Vu) : V|
1

< / |D? f(A) = D* f (A + V)| di| V||V o
0

< v (IVw ) V| [Vello

< v (IV*(Vw) )V (V)| [V | oo
Otherwise we get, as a consequence of Lemma 2.4 and (1.7),

|D? f(A)(Vw, Vo) + Df(A) : Vo — Df (Vu) : V¢
VY (Vw)?
[Vw]

< cm@(IVuD[Velloo < cu |V (VW) |V oo

<cum (IVwI + ) IVélloo < cm¥' (IVwh)IIVlloo

Combining (4.3)—(4.5) with property (iv) of vys we arrive at

][sz(A)(Vw, Vo) de| < cMuwnoo][vMuvwwnznv‘ﬂwwndx
B, B/)

From (ii) by using Cauchy-Schwarz and Jensen inequalities we get

][sz(A)(Vw, V) dx| < cuy/ Py (x0, p) Vi (P (x0, L)) IV loo
Bp

which is the claim.

(4.3)

4.4)

4.5)

[}

Let us observe that quasiconvexity of f implies the Legendre-Hadamard condition for

D?f.

Now we are ready to formulate the main lemma of this section from which the claim of

Theorem 1.1 follows by standard iteration arguments.

Proposition 4.4 Let the assumptions of Theorem 1.1 hold. Let us consider M > 0 and

B € (0,1/2). Then there is € = €(M, B) and 0 € (0, 1) such that
qD(p(xO» p) = cD(p(XO» P, (vu)xo,g) <€, |(Vu)xo,,0| <M

Sfor a local WLe minimizer u € Wl"/’(Bp (x0), RM) imply

Dy, (x0, 0p) < 0% Dy (x0, ).
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Proof We define A := (Vu)y, , sothat |[A] < M,v=u— Ax ands := /Py (x0, p). Since
the case @ (xp, p) = 0 is trivial, we can assume &, (xo, p) # 0. We have

][|V"’(Vv)|2dx =52,
B,

We will use the .A-harmonic approximation, where A := D? f(A). On account of Lemma 4.2
we get

][A(Vv, Vo) dx| < csvy (Py(x0, p)) sup |V
B,
By

forall ¢ € Cgo (B, RM). For a given €, which we will fix later, we can find, by Lemma 4.2,
ad > 0s.t.

cvy (Py (xo0, p)) <6, 4.7

s =@, (x0. p) <1. @.8)
As a consequence of Lemma 4.2, we obtain an .A-harmonic function w € C*°(B,,, RV with

sup |[Vw| + p sup |VZw| <C*

Bp/a Bpa
_ 2 4.9)
][ ’V‘p (v sw) dx <s’e.
o
Bp/a
For 0 € (0, %] we deduce by Taylor expansion
sup [w(x) — w(xo) — Vw(xo)(x — xo)| < c6%p. (4.10)

Bagp (x0)

Hence by Lemma 2.3, the last inequality, (4.9) and the A,-property of ¢

][ ‘V‘/’ (v — sw(xg) — sVw(xg)(x —xo)) 2 dx
20p
BZﬁp
_ ][ ’V"’(U—sw)zd
<c 20p x
Baop
e ][ ‘W (sw(x> — w(xp) = Vo (xo) (x —xo>)‘2 "
20p
B2(7‘,o
2
< cK(0) ][ ’v*"(”_sw) dx
Bop2 g
e ][ Ve (sw(X) — w(xp) — Vw(xp) (x _XO)) ? dr
26p

Bogp

< cK(Q)sze + ch2s?
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We also used (4.10) in the last inequality. If we define € := %29) we get

][ ‘V‘p (u — Ax — sw(xg) — sVw(xg)(x — xo))
260p

2
dx < c0?Dy(x, p).  (4.11)

Baop
From (4.9) we deduce s2|Vw(xp)|?> < Cdy(xg, p) thus
Dy (x0, 200, A+ sVw(xp)) 4.12)

<c (29>*”][ VY (Vu — A) [Fdx + [V (sVw(xo)|* | < "Dy (xo, p, A).
By

Taking into account (4.11), (4.12) and the Caccioppoli inequality (with ¢ := sw(xg) and
A + sVw(xp) instead of A), we get

Dy (x0, 00, A+ sVw(xg))
= ¢ (62®y (x0, ) + 6@y (x0, ) + 6771 By (x0, )" ) . .13)
Let us observe that
C*®y(x0, p) < 1. (4.14)

implies |A + sVw(xg)| < M + 1. In addition, if @, (xo, p) is small enough (depending on
6), we have

07" Dy (x0, P)* < 67Dy (x0, ). (4.15)

Since 6 < 1 we finally arrive at
Dy (x0,0p, A+ sVw(xg)) < 62Dy (x0, p).
The mean value is minimizing (up to a constant depending on ¢), hence by the choice of A,
D, (x0, 0p) = Py (x0, 0p, A) < 07Dy (x0, p)
as well as
Dy (x0, 0p) < 6% Dy (x0, p)

if 6 is small enough. o

Proposition 4.5 Let the assumptions of Theorem 1.1 hold. Let us consider M > 0 and
B € (0,1/2). Then there is € = €(M, B) such that

id (4.16)
> .

cD(p(XO» p) = cD(p(XO» P, (v”)xo,g) <e€ |(Vu)xy,pl <
for a local W9 -minimizer u € Wl"”(Bp (x0), RN imply
\2#
Dy(x0,7) < ¢ (;) Dy (x0, p) Vr € (0, pl.

Here ¢ depends onn, N, o, M, B, ca, ., A, yu.

The proof can be obtained by using a standard iteration argument applied to the previous
Proposition.
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Proof of Theorem 1.1 From Campanato’s characterization of Holder continuous functions,
see chapter IIT of [16], we immediately get the result. O
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