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Abstract We discuss the unitary equivalence of generators G 4 g associated with abstract
damped wave equations of the type ii + Rit+ A* Au = 0 in some Hilbert space H and certain
non-self-adjoint Dirac-type operators Q 4 g (away from the nullspace of the latter) in H; &
‘H>. The operator Q 4 r represents a non-self-adjoint perturbation of a supersymmetric self-
adjoint Dirac-type operator. Special emphasis is devoted to the case where 0 belongs to the
continuous spectrum of A*A. In addition to the unitary equivalence results concerning G 4 g
and Q4 g, we provide a detailed study of the domain of the generator G 4, g, consider spectral
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properties of the underlying quadratic operator pencil M(z) = |A|> —izR — z%Iy,,z € C,
derive a family of conserved quantities for abstract wave equations in the absence of damping,
and prove equipartition of energy for supersymmetric self-adjoint Dirac-type operators. The
special example where R represents an appropriate function of |A| is treated in depth, and
the semigroup growth bound for this example is explicitly computed and shown to coincide
with the corresponding spectral bound for the underlying generator and also with that of the
corresponding Dirac-type operator. The cases of undamped (R = 0) and damped (R # 0)
abstract wave equations as well as the cases A*A > ¢y, forsome ¢ > 0and 0 € 6 (A*A)
(but 0 not an eigenvalue of A*A) are separately studied in detail.

Keywords Dirac operators - Supersymmetry - Wave equations - Semigroups -
Damping terms - Quadratic operator pencils

Mathematics Subject Classification (2000) Primary 35J25 - 35L05 - 35L15;
Secondary 35J40 - 35P05 - 47A05 - 47A10 - 47F05

1 Introduction

We are interested in an abstract version of the damped wave equation of the form
ii(t) + Ru(t) + A Au(t) =0, u(0) = fo, u(0) = fi, =0, (1.1)

where A is adensely defined closed operator in a separable Hilbert space H, f; € H, j =0, 1,
are chosen appropriately, R is a certain perturbation of A*A to be specified in more detail in
Sect. 3, and we used the abbreviations it = (d/dt)u, ii = (d*/dt*)u. (In the main body of
this paper we will employ a two Hilbert space approach where A maps its domain, a dense
subspace of the Hilbert space H; into a Hilbert space H>.)

Traditionally, one rewrites (1.1) in the familiar first-order form

d (u) _ 0 Iy u u@Y ([ fo
SO ()0 (2)-(2) 0 oo

Our principal result centers around a unitary equivalence between an appropriate operator
realization of the formal generator G 4 g of (1.2),

(0 Iy
GA,R—(_A*A —R)’ (1.3)

in an associated energy space H4 @ H to be determined in Sect. 2, and the operator

—iR A*[Iy — Pker(A*)])

OARUH ® [T — Prer(an]) = ( A 0 (1.4)

with Q4 g a perturbed supersymmetric Dirac-type operator in H & H,

OAR= (_ZR AO*) , dom(Q4 g) = dom(A) ® dom(A*) C H & H. (1.5)

More precisely, we will first establish the unitary equivalence between the self-adjoint

operatorsi G 4,0in H 4 ®H and Q 4,0 in H ©H> and then treat the damping terms ( 8 _OR )
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Abstract wave equations and Dirac-type operators 633

—iR . . . . .
and ( 6 8 perturbatively, keeping the same unitary equivalence between i G4 g and
QA,R for R 75 0.

Particular attention is devoted to domain properties of the generator G 4, g. Moreover, we
carefully distinguish the cases of undamped (R = 0) and damped (R # 0) abstract wave
equations, and the cases where A*A > ¢l for some ¢ > 0 and the far more subtle situation
where 0 € 0 (A*A) (but 0 is not an eigenvalue of A*A).

More precisely, the case where A*A > ely for some ¢ > 0 and no damping, that
is, the situation R = 0, is treated in Sect. 2. The unitary equivalence of the generator
G 4,0 and the supersymmetric self-adjoint Dirac-type operator Q4,0 (away from its null-
space) is the centerpiece of this section. Section 2 concludes with a discussion of the spe-
cial case where A is replaced by the self-adjoint operator |A|. Section 3 then considers
the more general case where 0 € o(A*A) (but O is not an eigenvalue of A). After estab-
lishing the appropriate extension of the unitary equivalence of the generator G 4 ¢ and the
supersymmetric self-adjoint Dirac-type operator Q 4 o (away from its nullspace) in this case,
we provide a detailed study of the domain of the generator G 4 0. Abstract damped linear
wave equations, assuming A*A > ely for some ¢ > 0, are studied in Sect. 4. In this
section we also compute the resolvent of Q4 r in terms of the quadratic operator pencil
M(z) = |A|* —izR — 22 Iy, dom(M (z)) = dom (|A|?) , z € C, and relate the spectrum of
04|, r With that of the pencil M (-). This section once more derives the unitary equivalence
results between Q|4 g and G 4 g and similarly, between Q 4 g (away from its nullspace) and
G 4, r. We also briefly revisit classical solutions for the abstract first-order and second-order
Cauchy problems. Section 4 concludes with a detailed discussion of the example where the
damping term R = 2F(]A|) > 0 is an appropriate function of |A|. Employing the spectral
theorem for the self-adjoint operator | A|, the semigroup growth bound for e¢4.27 140! ¢ > 0,
is explicitly computed and shown to coincide with the corresponding spectral bound for the
underlying generator G 4 »r(1a|) and hence also with that of —i Q| )2 (14)). The most general
case of abstract damped wave equations where 0 € o (A*A) (but 0 is not an eigenvalue of A)
is considered in Sect. 5. Again, we compute the resolvent of Q|4 g in terms of the quadratic
operator pencil M (z) = |A|? —izR — zlel ,dom(M(z)) = dom (|A|2) ,z € C, and relate
the spectrum of Q4| g with that of the pencil M(-). In addition, we once more derive the
unitary equivalence results between Q|4 g and G 4 g and similarly, between Q4 r (away
from its nullspace) and G 4, g. Section 5 concludes with a derivation of a family conserved
quantities for the abstract wave equation in the absence of damping. In Sect. 6, we prove
equipartition of energy for the supersymmetric self-adjoint Dirac-type operator Q = Q4 0.
Appendix A summarizes well-known results on supersymmetric Dirac-type operators used
throughout the bulk of this manuscript, and Appendix B studies adjoints and closures of
products of linear operators.

Concluding this introduction, we briefly summarize some of the notation used in this
paper. Let H be a separable complex Hilbert space, (-, -)7¢ the scalar product in H (linear
in the second factor), and I3, the identity operator in H. Next, let T be a linear operator
mapping (a subspace of) a Hilbert space into another, with dom(7"), ran(7"), and ker(7T’)
denoting the domain, range, and kernel (i.e., null space) of T, respectively. The closure of
a closable operator S in H is denoted by S. The spectrum, essential spectrum, point spec-
trum, discrete spectrum, and resolvent set of a closed linear operator in H will be denoted by
0 (+), Oess(+), 0p(+), 0a(+), and p(-), respectively. The Banach space of bounded linear opera-
tors in H is denoted by 5(H); the analogous notation 5(H;, H>) will be used for bounded
operators between two Hilbert spaces H and H>. The norm in H1 @ H; is defined as usual
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1/2
by || fllr,eH = [”fl 1%, + IIfzII»ZHZ] ! for f = (fi f2)" € H1 @ Ha. The symbols s-lim
(resp., w-lim) denote the strong (resp., weak) limits either in the context of Hilbert space
vectors or in the context of bounded operators between two Hilbert spaces. Finally, P4
denotes the orthogonal projection onto a closed, linear subspace M of H.

2 Abstract linear wave equations in the absence of damping.
The case A*A > el for some & > 0

In this section we consider self-adjoint realizations of i G 4 o modeling abstract linear wave
equations in the absence of damping and study their unitary equivalence to self-adjoint super-
symmetric Dirac-type operators.

To set the stage, we first introduce the following assumptions used throughout this section.

Hypothesis 2.1 Let {;, j = 1,2, be complex separable Hilbert spaces. Assume that A :
dom(A) € H; — H; is a densely defined, closed, linear operator such that

A*A > ely, 2.1)
for some & > 0.
To illustrate the implications of Hypothesis 2.1, we briefly digress abit. Let T : dom(7") €

‘H1 — H» be a densely defined, closed, linear operator. We recall the definition of the self-
adjoint operator |T'| = (T*T)!'/? in H; and note that

dom(|T|) = dom(T), ker(|T|) =ker(T*T) =ker(T), ran(|T|) =ran(T*), (2.2)
HT1f N+, = 1T f 14y, f € dom(T). (2.3)

The latter fact immediately follows from the polar decomposition of 7' (cf. (A.5)—(A.11)).
Thus, Hypothesis 2.1 is equivalent to

Al = &' 1, 2.4)
and hence equivalent to
|A|_1 € B(H1), orequivalently, to 0 € p(]Al). 2.5)
In particular, it implies that
ker(A) = {0}. (2.6)
Since A is closed and |A| > 81/21H1, the norm || - ||4 on the subspace dom(A) of H;
defined by
Iflla =lAfli#,, f € dom(A), 2.7

and the graph norm || - [[[4 on dom(A) defined by

. 1/2
I1£lla = 1AFll7es + 11 flle, (or alternatively, by [14£13, +11/15,]7°).

f € dom(A), (2.8)
are equivalent norms on dom(A). In particular, one verifies that
e
T3 A7 e + 1] < 114 < [1AS I + 1 f 2] f € dom(A). 29)
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Abstract wave equations and Dirac-type operators 635

Associated with the norm || - || 4, we also introduce the corresponding scalar product (-, - )4
on dom(A) by

(f:8)a = (Af, Ag)n,, [, g € dom(A). (2.10)

Consequently, equipping the linear space dom(A) with the scalar product (-, - )4, one arrives
at a Hilbert space denoted by H 4,

Ha = (dom(A); (-, -)a) € H;. 2.11)

We emphasize that while Hypothesis 2.1 implies |A|~! € B(H;), it does not imply that
A is boundedly invertible on all of 7 (mapping into ), as one can see from the following
typical example.

Example 2.2 Consider the operator B in the Hilbert space L2([0, 1]; dx) defined by
Bf = —if', fedom(B) = {ge L*(0,1]:dx) |g € AC([0, 1]);
g(0) =g(1) =0; g’ € L*([0, 1 dx)} .  (2.12)
Then B is symmetric, its adjoint is given by
B*f = ~if.
f € dom(B*) = {g € L*([0, 1];dx) | g € AC([0, 1]); g e L*([0, 1]; dx)}, (2.13)
and the deficiency indices n4(B) of B are given by
nt(B) =1. (2.14)
Consequently,
a(B)=C, (2.15)
in particular, B is not boundedly invertible on L2([0, 1]; dx). On the other hand,
B*Bf = —f", dom(B*B) = {g e L%([0, 11; dx) |g, g € AC([0, 1]);
g(0) = g(1) =0; ¢" € L*([0, 1]; dx)}, (2.16)
(implying also g’ € L2([0, 1]; dx)) and hence
|Bl = 720, 13ax). |BI7" € B(L*([0, 1]; dx)) . (2.17)

In fact, one has |B| ™! € B, (L?([0, 1]; dx)) forall p > 1. (Here, B,, (L*([0, 1]; dx)) , p > 0,
denotes the £7 (N)-based trace ideals of L2([0, 1]; dx).)

In this context, we note that by (2.2) and (2.3), one has of course
Ha = (dom(A); (-, -)a) = Hja; = (dom(|A]); (-, -)ja)) € Hi, (2.18)
which is of some significance since under Hypothesis 2.1 we always have
0<e 21y < |AI7! € B(HY), (2.19)

while in general (cf. Example 2.2), A is not boundedly invertible on all of H; (mapping into
H>).
The following result is well known; but for convenience, we provide its short proof.

Lemma 2.3 Assume Hypothesis 2.1. Then ran(A) is a closed linear subspace of Hj.
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636 F. Gesztesy et al.

Proof Let {g,}neny C ran(A) be a Cauchy sequence, that is, g, = Af,,n € N, for some
sequence { f,}nen C dom(A), and hence suppose that lim, .« [|g» — gll#, = O for some
g € Ha. Since by (2.9),

lgn — gmllrs = 1Afy — Afullrs = I fo — fulla
z%H[HA(fn—fm>||H2+||fn—fm||H,], m,n €N, (2.20)

{ fulnen and {Af;, }nen are Cauchy sequences in H; and H, respectively. In particular, there
exists f € Hj suchthatlim, . || fu — f I, = 0. Since A is closed, one infers f € dom(A)
and g = s-lim,, oo Af,;, = Af, and hence ran(A) is closed in H;. O

Given Lemma 2.3, we can now introduce the Hilbert space
K4 = ran(A) = ran(A) = ker(A*)" C Ha, (2.21)
and the associated projection operator Py, in Ha,
P, = U1, — Prer(an)]- (2.22)

Next, we state the following elementary result.

Lemma 2.4 Assume Hypothesis 2.1 and introduce the operator

T HA — ]CA,
: [ Fis Af. (2.23)
Then
A € B(Ha, K4) is unitary, (2.24)
and hence,
-1 | Ka— Ha, = =1 . .
(A) [g o A Tg, (A) " € B(Ka,Ha) is unitary. (2.25)
Proof First, we note that ker (Z) = ker(A) = {0}. Next, one infers that
Hng,CA =Aflln, = 1fla =1 f Iy, f € dom(A), (2.26)
and hence, A is isometric. Since ran (Av) =ran(A) = Ka, Ais unitary. O
Lemma 2.5 Assume Hypothesis 2.1 and introduce the 2 x 2 block matrix operator
0 Iy,
Ui = i 0 THADH — H1 D Ka. 2.27)
Then,
Ui € B(Ha @ Hi, Hi @ Ka) is unitary, (2.28)
and hence,
0o i(A)”"
Uyl = (1 i(4) ) € B(H1 ® K, Ha ® Hi) is unitary. (2.29)
Hi
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Abstract wave equations and Dirac-type operators 637

Proof Assuming f € H, and g € Hj, one infers that

37 07 g, =105 07 =6 =407,
= gl + 141, = | (F @ By, (2.30)

Thus, ker (Ug) = {0} & ker (/T) = {0}, and hence A is isometric. Since ran (U;) =H1 &
Ka, Uy is unitary. In addition, U;Uil = Iy, e, and UglUAv = I3 ,¢n, follow from
(2.27), (2.29), and Lemma 2.4. ]

Next, we explicitly introduce the continuous embedding operator ¢ 4 effecting H4 <~ H;
by

A ‘?f_j’fﬁl’ 2.31)
such that
dom(ta) = Ha, ran(tp) = dom(A) C H;. (2.32)
Then (2.4) implies
ta € B(HA HD, lleallsonmy <&/ (2.33)
In addition, we consider
=" {?f;"m(") — T, (2.34)

We briefly summarize some properties of Jy4.

Lemma 2.6 Assume Hypothesis2.1. Then J 4 is densely defined, closed, and bijective. More-
over, J 4 is bounded if and only if A is bounded, in particular, J4 € B(H1, Ha) if and only
if A € B(Hi, Ho).

Proof Since J4 is injective and J;l =14 € B(Ha, H1) is closed, so is J4 (cf. [85, p. 89]).
Boundedness of J4 is then equivalent to the existence of C € (0, co) such that

Iaflmy = 1f 1y = IAf Iy = CU Sy, f € dom(A), (2.35)

which is equivalent to A being bounded. O
With the introduction of t4 and J4 = Lgl, one obtains
A=A, A=AG' =AU, (2.36)
and
dom(A*Ats) = dom (A*A) = J4 dom(A*A). (2.37)
Moreover, the following result holds.

Lemma 2.7 Assume Hypothesis 2.1. Then
(A*A)" = (A*Aw)" = Ja, Jf=A"A=A"Awy. (2.38)
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Proof For brevity, we denote T = A*A = A*Ay. Then T* is given by

dom(T™*) = {f € Hy |there exists g € Ha : (f, Th)yx, = (g, h)n,
for all h € dom(T)},
T"f =g, (2.39)

where
dom(T) ={h € Ha| Atah € dom(A™)}. (2.40)
Given h € dom(T) and g € Hy4 as in dom(7*) in (2.39), one concludes

(& W, = (Atag, Atah)y, = (tag, A"Atal)y, = (f, Ty, = (f, A" Atah)n,,

(241)
that is,
f=tag=1taT"f, [ €dom(A), (2.42)
since ran(A*A) = H. Thus,
dom(7*) = dom(A) and T* = (' = J4. (2.43)
Consequently,
Jy=T=T (2.44)

since T = A*A 1 is closed as A* A is closed in H, (A*A)~! € B(H;),and 14 € B(Ha, H1)
(cf. [59, p. 164]). O

Assuming Hypothesis 2.1, we next introduce the operator G 4,0 in Ha @ H; by
G . 0 Ja\ _ 0 _ Ja
A=\ =y 0 ) T \—a*a 0 )
dom(G 4 ,9) = dom (A*X) @ dom(A) € Hy @ Hi, (2.45)
where
dom (A*A) = {f € Ha | Af € dom(A*")}. (2.46)

In particular, one infers

. 0 Ja _ 0 IHA ta O
GA‘O_(—A*ALA 0)_(—A*A 0 )(0 JA)' 247)

We recall that the Hilbert space H 4 @ 7 in connection with G 4 ¢ is sometimes called the
energy space.

In addition, still assuming Hypothesis 2.1, we introduce the supersymmetric Dirac-type
operator Q 4,0 in H1 @ Ha by

0ro=(14 b ). dom(@uo) =dom(a) @ dom(A%) € Ha @ e, (245
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Abstract wave equations and Dirac-type operators 639

As discussed in Appendix A, O 4 ¢ is self-adjoint in H1 @ H>. Moreover, (A.28) and ker(A) =
{0} yield

. 0 A* I — Pyera) 0
Qaollr@r, — Prer(0ag)] = (A 0 ) ( 0 Ir — Peerias)

(0 A*Iy — Peercanl) _ (0 A*Px,
_(A 0 =(4 ") e

Clearly,

Qaollr e, — Prer(0ao)] = Uriers — Prer(04.0)19 4.0

= [It,0H: — Prer(04.0)10 4,01 0H: — Prer(04 0)]
(2.50)

is self-adjoint in H; @ Ho, with H; @ K4 a reducing (i.e., invariant) subspace for
0,01, @H> — Prer(04 o)]- In this context we also note that

[I+ — Prer(an]A = P, A = A. (2.51)

At this point we are in position to formulate our first principal result and establish the fol-
lowing remarkable connection between the generator G 4 o and the abstract supersymmetric
Dirac-type operator Q 4 0.

Theorem 2.8 Assume Hypothesis 2.1. Then

Qaollr@r, — Prer@an] = Uxi GaoUz". (2.52)

In particular, the operator i G 4 is self-adjoint in the energy space Ha ® Hi, and hence,
G 4,0 generates a unitary group eGa0 1 € R, in Hpo & Hi. Moreover, G 4,0 is unitarily
equivalent to —G 4 .

Proof Self-adjointness of i G 4 ¢ is an immediate consequence of J = A*A in Lemma 2.7
and the first equality in (2.45), that is,

_ 0~ Ja\ _ 0 Ja
GA,O—(_A*A 0)—(_];‘k 0) (2.53)

in H4 @ H; and the fact that J4 is closed by Lemma~2.6.
Employing the fact that dom(G 4,0) = dom (A*A) & dom(A) € H, @ H,, one first
obtains

U;dom(GA,o):(_?g 176‘1 ) [(ch) €Ha @My | f edom(A*A), g€ dom(A)]

= {(g —iAf)  eHi®Ka | f edom(A), Af € dom(A*), g € dom(A)}
=dom(A) @ {h € K4 |h € dom(A*)}

= dom(A) ® dom(A*[I1, — Pyer(an)])

= dom(A) ® dom(A* Px,)

= dom(Q4.0llH,0M; — Prer(04.0)D- (2.54)
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Next, one computes for (f g)—r € Hi @ K4 such that U;l(f g)T € dom(Ga,0) =
dom (A*A) @ dom(A),

Uy ({;) = (—" (/}) ]g) € dom(G 4 ,0) = dom (A*A) @ dom(A)
if and only if f € dom(A), (K)_l g € dom (A*/T) , g€K4 =r1an (X)

if and only if f € dom(A), g € K4, g € dom(A¥)

ifand only if f € dom(A), g € dom(A*Px,) = dom(A*[I31, — Prerax)]), (2.55)

where we used the fact that K4 = Pxc, Ha = [I1, — Pker(a*)]H2 reduces A*. Thus,

» -1 _ . O0_ In 0 Ja 0 i(,z\v)_1

Uzi GaoUz —’(—iA 0 J\-4aa2 o )\n, o
. ON I, Ja 0
“'\=id o0 0 —iA*Px,
(0 AP\ _( 0 A*Pg,
“\4un 0 ) \Agt o
(0 A*Pg,
= (A 0 ) (2.56)

using AJy = thl = A by (2.36).

An alternative proof of the self-adjointness of i G 4 o then follows from (2.52) and the
self-adjointness of Q 4,0 (cf. (A.2)) and hence that of Q4 0[/+,@H, — Prer(Qa.0)]-

Finally, the unitary equivalence of Q40 to —Qa 0 in (A.29) together with (A.28),
which implies the unitary equivalence of the operators Qa,0ll#,@H, — Pker(04)] and
—Qa.0lIr @H; — Prer(0,0)]> and (2.52) then prove the unitary equivalence of G 4, and
—Ga0- |

Remark 2.9 (i) Given Hypothesis 2.1, the self-adjointness of G40 on dom(G4,0) =
dom (A*X) @ dom(A) in the energy space H4 @ H; is of course well known. We
refer, for instance, to the monographs [20, Sect. VI.3], [29, Sect. 2.7], [71, p. 2, 3],
[72, Sect. X.13]. These sources typically employ a combination of semigroup meth-
ods and the spectral theorem for self-adjoint operators. Our proof of (2.53) closely
follows the pattern displayed in the Klein—Gordon context in [78, Subsect. 5.5.3].
Our proof based on the unitary equivalence to the self-adjoint Dirac-type operator
0,0l 0H> — Prer(04 o)1 1n H1 @ H> appears to be a new twist in this context.

(i1) The observation that G 4 ¢ (and more generally, G 4 g) in the energy space Ha @ H;
is related to a Dirac-type operator in | @ H> has recently been made in the context
of trace formulas for the damped string equation [23]. However, this observation is
not new and has already been made in [61] (under more restricted assumptions of
compactness of A*A and self-adjointness and boundedness of R) and [37] and was
subsequently also discussed in [33,39,40,52], and [78, Subsect. 5.5.3]. We have not
been able to find the precise unitary equivalence result (2.52) in Theorem 2.8 in the
literature. The fact that G 4 0 and —G 4 o are similar operators has been noted in [20,
p- 382].

Still assuming the basic Hypothesis 2.1, we now briefly summarize the basic results
derived thus far if A and A* in the factorization A*A are both systematically replaced by
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Abstract wave equations and Dirac-type operators 641

|A| using the fact that A*A = |A|?. This case is of considerable interest and used in practice
as 0 < e~V 217.(1 < |AI7! € B(H,), whereas A is in general not boundedly invertible as
discussed in Example 2.2. Since this is a special case of the discussion thus far, we now focus
on some of the simplifications that arise in this context and present the results without proofs
as the latter parallel those that have already been presented in great detail.

We start by noting that in this special case

Hjap = Ha, (2.57)
LAl = L4, (2.58)
Jia| = Ja, (2.59)
Kja) = ran(JA]) = ker(|A)" = H). (2.60)

In addition’,

= . | Hia = Hi, 5! Hi — Ha,

: A : _ 2.61
Al ‘fH|A|f, (141) ’gmm g, 26D
[A] € B(Hja;, H1), (IAl)”" € B(H1,Hya)) are both unitary, (2.62)

0 I o
Uz = (—i A 75‘ ) € B(H A @ Hi1, H1 © H1) is unitary, (2.63)
0 . (’1‘4’)—1
U=l — i (1Al € B(H1 ® M1, M4 @ H,) is unitary, (2.64)
IA] Inq, 0
T = 1APya = A* Ay = T}, (2.65)
—~ ~—1 _
[Al = |Ala, (JA])” = JalAI™", (2.66)
. 0 J|A‘ . 0 Ja - 0 Ja .
Glaro = (—|A|2L‘A| 0 )=\japu o) = \—aray o) =G0 GOV
dom(Gaj,0) = dom (JA*t4) ® dom(A) = dom(G 4,0) € Hja) ® Hi, (2.68)

oumo=( 3 5'). dom(@u = dom(ah & doman € i@ 269

Consequently, one obtains as in Theorem 2.8 that
Qa0 = U\A|l GaoU~, dom(Qja0) = UlA’Tl dom(Ga),0)- (2.70)

We emphasize that Q|4 0 in (2.70) does not involve any additional projection as opposed
0 Q a0l {1 @M, — Prer(04.0)] 10 (2.52). Still, the two operators are of course unitarily equiv-
alent. Indeed, equation (2.70) implies

IAI

-1
Qa0 = [UIA\ ] Oa,0lIH,0H, — Prer(Q40)] [UWU;] , (2.71)

_ Iy 0 In 0 I 0

— I _ 1 _ 1 _ Hy

UmUz _( 0 J[A| )1) ( 0 |A|A—1)_( 0 (VA)*)
0

A
) € B(H1 ® Ka, Hi ® H1) is unitary, (2.72)

where

— - A2
! We emphasize that [A| as defined in (2.61) differs of course from |A] = ((A)* A) (noting the different

order of operations). In fact, since A as defined in (2.23) is unitary, one has ‘Z } = Iy A
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using, (2.2), (A.5)—(A.11), and employing the fact that the initial set of V4« coincides with
ran(A) = Ky.

We note that the (2.70) is a special case of a result observed by Huang [54] in connection
with his Proposition 3.1 (the latter also includes a damping term R, see also Theorem 4.4).

3 Abstract linear wave equations in the absence of damping.
The case inf(c (A*A)) =0

In this section we indicate how to extend the results of the previous section to the case

inf(o0 (A*A)) = 0. This case will to a large extend parallel the case A*A > ¢, for some

& > 0, and hence, we will mainly focus on the differences between these two situations.
Our basic hypothesis throughout this section now reads as follows.

Hypothesis 3.1 Let {;, j = 1,2, be complex separable Hilbert spaces. Assume that A :
H1 2 dom(A) — H; is a densely defined, closed, linear operator satisfying

ker(A) = {0} (3.1

and
inf(o (A*A)) = 0. (3.2)
As in the previous case, we can equip dom(A) with the norm || - || 4, but since the stronger

Hypothesis 2.1 is no longer assumed, the resulting space will in general not be complete.
Hence, we denote by H 4 its completion,

Ha = (dom(A); (- )a), (f.8)a = (Af. AQ)w,, f.g € dom(A) SH|.  (3.3)
In general (cf. Example 5.8),
Ha € Hi and Hy € Ha. (34
Moreover, Lemma 2.3 will also fail in general, and consequently, we now define
K4 = ran(A) = ker(A*)* C H,. 3.5)
Next, Lemma 2.4 also requires some modifications.
Lemma 3.2 Assume Hypothesis 3.1 and introduce the operator

Ha 2 dom(A) — Ka,
f = Af.

Then, there exists a (unique) unitary extension A= A € B(Ha, Ka) of Ao.

Ag: (3.6)

Proof As in the proof of Lemma 2.4, one infers that Ag is isometric. Since ran(Ap) =
ran(A) C K4 is dense, there is a unique unitary extension A of Ay given by the closure Ag
of Ag. ]

Consequently, Lemma 2.5 extends without further modifications to the present setting.

Lemma 3.3 Assume Hypothesis 3.1 and introduce the 2 x 2 block matrix operator

Ui = (—?A’ 17(‘)‘1) P HA ®H — Hi ©Ka. 3.7)
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Then
Ui e B(Ha @ Hi, H1 @ K4) is unitary, (3.8)
and hence,
0 . (A" —1
vz = i(4) € B(Hy ® Ka, Ha ® H,) is unitary. (3.9)
A IH] 0

We can also introduce the embedding operator ¢4 effecting the embedding Hy 2
dom(A) — H; by

Ha 2 dom(A) — Hjy,
LA - 3.10
A [ s £ (3.10)
such that
dom(t4) = dom(A) € Hy, ran(ty) =dom(A) C H;. 3.11)

In particular, we note that ¢4 is no longer a bounded operator unless Hypothesis 2.1 holds.
In addition, we consider

_ Hi D dom(A) — Hy,
Ja=1;": 3.12
Both 14 and J4 are densely defined, closed, and bijective.
With the introduction of t4 and J4 = LZI , one obtains
Ao=Awa, A=Awu, A=A =AU, (3.13)
and the analog of Lemma 2.7 holds.
Lemma 3.4 Assume Hypothesis 3.1. Then
(A*A)" = Ja, J; = A*A. (3.14)

Proof Since Ais unitary and A is closed, one computes (cf. [85, Exercise 4.18])

(A*A) = (A) A= (A) 'A= () ' A=(Aw) TA=T,A"TA. (315
In addition, since dom(J4 A~ 1) = ran(A), one can drop the closure in the last equation which
finally yields (A*A)" = J4A™'A = Ja.

Hence, one also obtains J = (A*K)mk — A*A = A*A since A*A is closed as A is
unitary and A* is closed. O

Assuming Hypothesis 3.1, we again introduce the operator G 4 0 in Ha @ H; by
G . 0 Ja\ _ 0 _ Ja
A0Z\ -y 0 ) T \—ara 0 )
dom(G 4,0) = dom (A*A) ® dom(A) € Hy @ M, (3.16)

and also introduce the supersymmetric Dirac-type operator Q4.0 in H| @ H» by

Qa0 = (g /2)*) , dom(Qa,0) =dom(A) ®dom(A*) CH; ®Ha.  (3.17)

As discussed in Appendix A, Q4 o is self-adjoint in H; & Ho.
The analog of Theorem 2.8 then reads as follows.
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Theorem 3.5 Assume Hypothesis 3.1. Then
Qa0llH eH, — Prer(oa 0] = Uzl GA,OU;- (3.18)

In particular, the operator i G a o is self-adjoint in the energy space Ha @ Hi and hence
generates a unitary group ¢4t € R, in Ha & H1. Moreover, G 4,0 is unitarily equivalent
to —G 4.0-

Next, we further analyze the domain of G4 o, more preasely, the domain of A*A (cf.
(3.16)), applying some results discussed in Appendix B. Since A = Ag, and A* A is known
to be a closed operator (cf. (3.16)), the natural question arises whether or not A*A = A¥ Ao
coincides with the closure A*Ag of A*Ag. This is a somewhat intricate question, an answer
to which is given in Theorem 3.8 below.

We start with the following elementary result.

Lemma 3.6 Suppose S is self-adjoint in the complex separable Hilbert space H with
ker(S) = {0}. Then
dom(S) Nran(S) = dom(S) Ndom (S™") is dense inH and a core for S and S™".
(3.19)

Proof Since ker(S) = {0}, the operator S~! exists and is self-adjoint (and also ker (S’l) =
{0}). For any g € H, g, = Es([—n, —n~'1U [n"!,n])g € dom(S) Ndom (S~!),n € N,
and hence

lim llg, — glln = lim [[Es((—n, —n~'TU [0~ n]) — Inlglle =0 (3.20)
n—oo n—o00

proves that dom(S) N dom (S *‘) = H. Here, Eg(-) denotes the strongly right continuous
family of spectral projections associated with S.
Next, let f € dom(S) and introduce f, = Es((—oo0, —n~ U [n~!, 00)) f € dom(S) N
dom (S_l) ,n € N. Then
lim || fu = fllx = lim [[Es((—o0, —n~"TU ™", 00)) = I11f I3 =0,
n—o00 n— 00
lim [1Sfy = Sfllse = lim [[Es((—00, —=n~'1U[n™",00)) = IISf e =0 (3:21)

prove that dom(S) Ndom (S ’1) isacore for § since f € dom(S) was arbitrary. By symmetry
between S and S~!, dom(S) N dom (1) is also a core for S~. u]

The next lemma is of an auxiliary nature and together with Lemma 3.6 the basic ingredient
for the proof of Theorem 3.8 below.

Lemma 3.7 Assume Hypothesis 3.1 and denote by Py, the orthogonal projection onto K 4
in Ho».

(i) Suppose that dom(A* Pxc,) Nran(A) = K4, then

A0 = AP, goma pi yrvanca) A0- (3.22)

(ii) Assume that ker(A*) = {0}. Then K = Ha, Px, = I,

dom(A*) Nran(A) = Ha, (3.23)
dom(A*) Nran(A) is a core for A*, (3.24)
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and
A*Ag = A*Ay. (3.25)

In particular, if A is self-adjoint in H satisfying (3.1) and (3.2), then (3.23)—(3.25) hold with
Ho = Ka = H,;.

Proof (i) By general principles, A*Ag € A* A implies

A*Ag C A¥Ag = A* Ay, (3.26)

as the lattel is a clged operator (cf. (3.16)). The reverse inclusion is more subtle, though.
Since A = Ay is unitary, ran(Ag) = ran(A), and A* is closed, one can apply
Lemma B.1 (iv) to obtain

N\ %
(A% A0)" = (A*Pr, A0 = A (A7Px, ) = Aj (4" Px,

*
dom(A*PKA)ﬁran(A)) . (3.27)

Using unitarity of A% = (A¢)" and applying Lemma B.1 (i7), one finally obtains

A*AO = ((A*P’CAAO)*)* — A*PK:A ’dom(A*P;CA)ﬁran(A) Ai(), (328)

employing T = (T*)*, whenever T is densely defined and closable.

(ii) Next, one recalls the fact that for any densely defined closed operator 7' in H; mapping
into H», one has (cf. [59, p. 335], [16, Theorem IV.3.2])

ran(T) =ran(|T*|). (3.29)

Equation (3.29) is a consequence of the polar decompositions for 7' and 7*, more precisely,
of

T =|T"\Ur, IT*|=TU;, |T*|=Ur|T|Uy, (3.30)

where Ur is a partial isometry with initial set ran(]7|) and final set ran(7") (and hence,
U7 is a partial isometry with initial set ran(7") and final set ran(|7'[)). Using the fact that
dom(7) = dom(|T'|) and applying (3.29) to T = A, one concludes from Lemma 3.6 and
the fact that by hypothesis ker(A*) = ker(|A*|) = {0} and hence Px, = I,

dom(A™) Nran(A) = dom(]A*|) Nran(|A*|) is dense in H, and a core for |[A*|. (3.31)
The polar decomposition for 7%, 7* = U7} |T*| then immediately yields that
Do = dom(A™) Nran(A) = dom(]A*|) Nran(|A*|) is a core for A™. (3.32)
Indeed, if f € dom(A*) = dom(]A*]|), there exists f,, € Dy, n € N, such that
lim [[f, — flle =0 and lim [|[A*[f, — [A*|flln =0, (3.33)
n—o0o n—o0o
and hence also,
Jim A* fuo — A* flizg = NUZIA* fu — URIA"| fll3 = 0, (3.34)

proving that Dy is a core for A*. Thus, (3.22) then yields

A*Ag = A*|d0m(A*)ﬁran(A) AfO = A" A703 (335)

and hence proves (3.25). O
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Since Hr = ran(A) @ ker(A*) = K4 @ ker(A™), one can introduce the operator

B: [?‘jj;’mm) = Ka, (3.36)
and then concludes that
ker(B*) = ker(|B*|) = ran(B)* = {0}, (3.37)
and that
A = Px,B. (3.38)
Thus, an application of Lemma B.1 (i7) yields
A* = B*Px,. (3.39)
Moreover, one verifies that
Ka=Kg, Bo= Ao, andhence, B = A. (3.40)

Given the preparatory Lemmas 3.6 and 3.7, we finally are in a position to formulate the
following result, a resolution of the question posed in the paragraph preceding Lemma 3.6.

Theorem 3.8 Assume Hypothesis 3.1. Then
A*Ag = A*Ao. (3.41)

Proof Since ker(|B*|) = {0} and | B*| are self-adjoint in g = K4, (3.31) and (3.32) apply
and yield

dom(B*) Nran(B) = dom(|B*|) Nran(|B*|) isdense in Kg = K4
and a core for |B*| and B*. (3.42)

Equation (3.42) together with (3.40) then yields

A*Ag = B*Px, Ao = B*By = B*By = B*B = B*P, B = A*B = A*A
— A*Ap. (3.43)

Here, we used Lemma 3.7 (ii) (applied with A replaced by B) in the third equality. This
proves (3.41). ]

Remark 3.9 (i) We note that He, used in Goldstein and Wacker [42] coincides with
H|a| = H4 used in the present paper. Moreover, it is noted in [42, Proposition 2.1]
that G4),0 (denoted by A in [42]) generates a strongly continuous unitary group. In
addition, some properties of the domain G40, amounting to the validity of (3.25)
(with A replaced by |A| and hence also A* replaced by |A|), are mentioned without
proof. The last part of Lemma 3.7 and of course Theorem 3.8 now explicitly provide
such a proof.

(i1) In connection with the operator G 4 in (3.16) and the second-order Cauchy prob-
lem (ACP;) considered in the next Sect. 4, we recall that J; = A*A = A¥Aiy =
A*Ag = A¥Ag = A* Ay as just shown in Theorem 3.8. In the simpler situation where
A*A > ely, for some ¢ > 0, one notes (cf. Lemma 2.7) that J* = A*A = A*Auy.
The actual choice of A in the factorization of the self-adjoint operator S > 0 into
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(iii)

S = A*A is of course highly non-unique. In particular, the self-adjoint factoriza-
tion § = SY/28V2 (ie, A = A* = |A] = §/?)is always possible, but may not
be the most natural one as the following standard example shows. Let S = —A on
dom(S) = H?(R") be the usual self-adjoint Laplacian in H; = L? (R"; d"x) ,n € N
(with H™(R"), m € N, the standard Sobolev spaces on R"). Then

S =(=M2(=A)? = v*y, (3.44)
with the last factorization being more natural for some purposes. Here, dom(V) =

H'(R"), Hy = [L? (R"; d"x)]", and V* = —div(-) with dom(V*) = [H'®")]".

We finally note that given the results (3.36)—(3.40) and (3.42), the result (3.22) in
Lemma 3.7 (i) can be improved as follows and underscores the preliminary nature of
the latter. Since ran(A) = ran(B) and A* = B* Pk, and hence also

A* = A*Pg, = B*Px,, (3.45)

one concludes from (3.42) that

dom(A*Px,) Nran(A) = dom(B*Px,) Nran(B)
=dom(B*) Nran(B) = Kg = K4. (3.46)

Thus, Lemma 3.7 (i) applies and (3.22) can be amended to read

A*Ag = A*Pr, |dom(A*P)CA YNran(A) Ao = A*[dom(A*)Nran(4) Ao- (3:47)

Of course, Theorem 3.8 further improves on (3.47) and yields the final and optimal
result (3.41).

4 Abstract linear damped wave equations. The case A*A > ¢ I3 for some & > 0

In this section we now introduce abstract damped wave equations employing appropriate
perturbation techniques for Dirac-type operators.

We first treat the case A*A > &1y, for some ¢ > 0 and hence introduce the following
assumptions.

Hypothesis 4.1 Let H;, j = 1, 2, be complex separable Hilbert spaces.

®

(i)

Assume that A : dom(A) € H; — H» is a densely defined, closed, linear operator
such that

A*A > ely, A.1)

for some ¢ > 0.

Let R be a densely defined, closable operator in 7 satisfying
dom(R) D dom(A). 4.2)

We emphasize that closability of R and the assumption (4.2) imply

R(IA| = zly) "' € B(H1), z € p(lA]) 4.3)

(see, e.g., [59, p. 191]).
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In the following, we intend to introduce the operator i G4 g in Ha @ H; and study its
properties by utilizing its unitary equivalence to the Dirac-type operator Q4| g in H1 @ H;.
We start by introducing Q|| in H1 @ H; assuming Hypothesis 4.1.

OlALR = (—Izl‘\f |13|) , dom(Qa,gr) = dom(|A|) @ dom(|A]) € H| & Hi. (4.4)

Next, we recall that an operator T in the complex separable Hilbert space H is called
accretive if

Re((f, Tf)n) =0, f edom(T). 4.5)

If in addition T is closed and ran(7T + «17) is dense in H for some @ > 0, then T is called
m-accretive. Moreover (cf. [45, Proposition C.7.2], [59, p. 279])

T is m — accretive if and only if 4.6)
(—00,0) C p(T) and ||(T — zIx) "' € —[Re(z)] ! for Re(z) < 0.  (4.7)

In particular, an m-accretive operator is equivalent to a closed, densely defined, maximal
accretive operator. Finally, T is m-accretive if and only if 7* is.(We note that one also
calls T (m-) dissipative whenever —T is (m-)accretive. However, since this definition is not
universally accepted in the literature, we shall not adopt it here.)

For the following, it is convenient to introduce the quadratic operator pencil M (z) in H;,

M(z) = |A]* —izR — 2°Iy,, dom(M(2)) = dom (|A]%), z € C. (4.8)
Lemma 4.2 Assume Hypothesis 4.1.

(i) Then M(2), z € C, is a densely defined, closed operator in H.
(ii) If in addition R* satisfies
dom(R*) 2 dom(A), 4.9)
then
M@)* = |AP +iZR* — 221y, dom(M(2)*) = dom (JA*), z€C.  (4.10)

Proof Since by hypothesis R is bounded with respect to |A]|, it is relatively bounded with
relative bound equal to zero with respect to |A|? for any p > 1 (cf. [85, Theorem 9.11 (a)]).
Thus, for each z € C, M(z) is a closed operator in H; by a Kato—Rellich-type result (cf.
[59, Theorem IV.1.1], [85, Theorem 5.5]). Since by (4.9) also R* is relatively bounded with
relative bound equal to zero with respect to |A|? for any p > 1, one also obtains (4.10) by a
Kato—Rellich-type argument discussed in [85, p. 111]. O

The spectrum and resolvent set of M (-), denoted by o (M (-)) and p(M(-)), respectively,
are then defined by

o(M()) = {LeC|0ea(MOH))}, @.11)
p(M()) ={z€C|0ep(M@)}={zeCIM@) ™" e B(H)}
= C\o(M()). (4.12)
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Theorem 4.3 Assume Hypothesis 4.1. Then Q)4 R is injective and closed, and

0 . )yl = M@ AT+ M @) T R + 22 Iy )| AT!
AR Eaer =AM @™ JAM@ T R+ 2hg)lA )
z€p(QuaLr) ={¢ € CIM Q@)™ € B(HY} = p(M(), (4.13)
o (Q|a|.R) = o (M(")). (4.14)
In particular,
-1 _( O |AI7!
Q|A\,R == (|A|71 l|A|71R|A|71) S B(Hl @Hl), (415)
and hence
0 € p(Q)a,R)- (4.16)

Suppose in addition that R is accretive. Then also i Q4| r is accretive and —i Q|a|,r gen-
erates a contraction semigroup in Hi @ H1, denoted by exp(—i Q(a,r1),t > 0.

Proof To prove injectivity of Q|a| r, assume f, g € dom(|A[) and Q|4 r(f 29" =o.
Then, —i Rf + |A|g = O and |A|f = 0 imply f = O since ker(A) = ker(]A|) = {0} by
(4.1) and hence also |A|g = 0, implying g = 0 as well. That Q4 r is closed in H & H fol-
lows from an application of [79, Corollary 2.2.11 (ii)]. (Alternatively, one can first establish
(4.15) directly and then use again the fact that since Q4. is injective, Q|_Al\,R € B(H1D®H1)

implies closedness of Q\_A1|,R and hence that of Q)4 r by [85, p. 81].)
Denoting temporarily the right-hand side of (4.13) by S|4}, r(z), one notes that S|, r(z) €
B(H1 ® H1),z € p(M(-)), by (4.1) and (4.3). A simple computation then yields that

(Q1a1.r — 2Iremy) S1ALR(D) = Iyem,
S1aLR(2) (Qal kR — 2lHy@m,) = IryeH, |dom(AD@dom(1A ]y
zef{c eCIM@)™" € B(HD} = p(M(), (4.17)
implying
p(M()) € p(QaLR)- (4.18)

Conversely, let z € p(Q)a|,r)- Then the resolvent of Q)4 r is necessarily of the 2 x 2 block
operator form with respect to H @ Ha,

81,12 $12(2)
$.1(2) $22(z)

where S; 4 (2) € B(Hx. ;). j. k € {1.2}, 2 € p(Qa1.¢)- Thus,
(IHI 0 ) _ (—iR =zl Al ) (51,1@ Sl,z(z))
0 In [A] —zln, $2,1@) $2(2)
_ ((—iR —z2I,)S1.1(@) + 1A182.1(z) (—iR — zI1,)S12(2) + |A|52,2(Z))
[A]S1,1(z) — 282,1(2) [AlS12(z) — 282,2(2) ’

z € p(QaL,R); (4.20)

in particular,

(QiaLR — 2lyom,) "' = ( ) . 2€p(QaLR), (4.19)

$1(z) =z AIS11(2),  z € p(Q1a)R)\O}, 4.21)
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and hence
2 (AP = izR — 22 13)) $11(2) = Irgy,  z € p(Q)ag,R)\{O}. (4.22)

Thus, z_lSl,l(z) is a bounded right inverse of M(z),z € p(Qa,r)\{0}. An analogous
computation yields

271811 (AP = izR = 22 I,) Jaom(a) = T lgomqapy » - 2 € P(Q1aL N0}, (423)
and hence z’lSl,l (z) is also a bounded left inverse of M (z). Thus,

p(Q1alRNMO} S p(M()). (4.24)

Since by hypothesis (4.1), 0 € p(Qja|,r) N p(M(-)), one concludes p(Qa,r) = p(M(-))
and hence (4.13)—(4.16).
Finally, assuming f, g € dom(|A[), one computes

Re (((f O i Qur(f ) ) =Re((f, Rf)) 0. (429)

Hi1dH,

since | A| is self-adjoint. This proves that i Q||,r is accretive. Equation (4.16) yields a suf-
ficiently small open disk with center at O in the resolvent set of —i Q4| r, and this fact
combined with the Lumer—Phillips Theorem [63] (cf. [20, Theorem I1.3.15]) then proves that
—i Q|a),r generates a contraction semigroup. O

We note that block operator matrices and their inverses, and more specifically, spectral
properties of 2 x 2 block operator matrices have been studied extensively in the literature.
We refer, for instance, to [4,19], [20, Sect. V1.6], [46,60,65-67,75], [79, Ch. 2], [80,83], and
[87].

Still assuming Hypothesis 4.1, we next introduce the operator G4 g in Ha @ H; by

G . 0 Ja\ _ 0 _ Ja
AR~y —R) ~\-a*A —R)"
dom(G 4 g) = dom (A*A) @ dom(A) € Ha ® Hi. (4.26)
In particular, one notes that
Ga,r = GlALR- (4.27)
Theorem 4.4 Assume Hypothesis 4.1. Then

Qia.r = Uz i GarU- (4.28)
In particular, the operator G 4 g is densely defined and closed in the energy space Ha @ H;.

Ifin addition R is accretive, then also —G 4 g is accretive and G 4 r generates a contrac-
tion semigroup in Ha @ H1, denoted by exp(G4 gt),t > 0.

Proof To prove (4.28), one can closely follow the proof of Theorem 2.8 in the special case

R = 0. In particular, since we will use Q4| r (instead of Q4 g), this permits us to replace
the pair (A, A™) by (JAl, |A]) and hence replace the projection Pier(g, o) by O (cf. (2.69),
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(2.70)). Alternatively, one can also argue as follows (cf. (2.63), (2.64), and (2.67)—(2.69)).

e
g dom@ 0= (01 (D) domaian @ aoman

I, 0
N (i (1A~ dom(lAl)) _ (i JalA|7! dom(lAl))
B dom(|Al) B dom(|A)
_ (i Ja(A*A)"1/2 dom ((A*A)!/?)
- dom(A)
_ (iJadom(A*A) _ (i dom(A*Aix) _ (i dom (A*A)
- dom(A) - dom(A) - dom(A)
= dom(G 4 g), (4.29)

where we used (2.37) in the next to last step. Analogously to (2.56), one then obtains

Ugxii Ga.rU7] :i(_l|A| )( )([21 l'(|74(_;|)1)
R —z|A|2LA (IAl) )

R —z|A|)

—i R |A|

[Al 0

= Q|A|,R, (4.30)

using (2.66) in the next to last step.

Closedness of G4 g in Ha @ H; then follows from (4.30) and that of Q)4 g (cf. The-
orem 4.3). Similarly, if R is accretive, then the contraction semigroup property of G4 g
follows from the one of —i Q)4 & in Theorem 4.3, using (4.30) again. m]

AAA

We note again that the unitary equivalence in (4.28) has been observed by Huang [54,
Proposition 3.1]. While the contraction semigroup result for G 4 g in Theorem 4.4 is well
known (see, e.g., [20, Sect. VI.3]), we presented it in some detail to illustrate the usefulness
of the unitary equivalence relation with the Dirac-type operator Q4| g, which leads to a
rather simple proof.

We also mention the analog of the result (4.28) when using A and A* in place of |A].
Introducing the operator Q 4 g in H1 @ H2 by

Qar= (‘ZR %) . dom(Qu,x) = dom(A) ® dom(4") € Hy @ Hy  (431)

one obtains the following result.

Theorem 4.5 Assume Hypothesis 4.1. Then

0.k (In; ® U4, — Prer(an]) = Uz GA,RUZ_I- (4.32)
Proof 1t suffices to combine Theorem 2.8, (2.49), (A.28), and
(0 O -1 —iR O
UA(O zR)U ( 0 0). (4.33)
O
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Theorem 4.5 appears to be a new result.

Next, we briefly recall the notion of classical solutions of first-order and second-order
Cauchy problems. First, let G be a densely defined, closed, linear operator in a Hilbert space
‘H. Then, the abstract Cauchy problem (ACP) associated with G, by definition, is the initial
value problem (cf., e.g., [20, Sect. I1.6], [22, Ch. I], [29, Sect. II.1])

xX(1) =Gx@), 1 =20,
x(0) =xp € H. (4.34)
Here, we denote X (1) = ((%x) ).

By definition, a classical solution of the ACP (4.34) is then a map x : [0, co) — H which

satisfies.

x € CH([0, 00); H),

x(t) € dom(G), t >0,

x satisfies (4.34). (4.35)
In particular, if G is the generator of a strongly continuous semigroup 7'(r) = ¢%*, ¢ > 0, in
‘H, then for any xp € dom(G), the unique classical solution x = x(¢) of (4.34) is given by

G

x(t) =e""xp, t >0, xp € dom(G). (4.36)

Moreover, the classical solution of (4.34) exists if and only if xg € dom(G).

Similarly, let R and S be densely defined, closed, linear operators in /. Then, the abstract
second-order Cauchy problem (ACP;) associated with R and S is by definition the initial
value problem (cf., e.g., [12,17,18], [20, Sect. VL.3], [22, Chs. II, III, VIII], [29, Sect. 11.7],
[88D),

i(t) + Ru(t) + Su(®) =0, t >0,
uQ) =up € H, u(0) =u; € H. 4.37)
By definition, a classical solution of the ACP, (4.37) is then a map u : [0, 00) — H
which satisfies.
u € C*([0, 00); H),
u(t) €e dom(S), + >0, and Su € C([0, 00); H),
u(t) € dom(R), t >0, and Ru € C([0, 00); H),
u satisfies (4.37). (4.38)

Corollary 4.6 Assume Hypothesis 4.1, and suppose that R is accretive. In addition, let

(ig) € dom(G 4 g) = dom(A*Aty) @ dom(A) € Ha D H;. (4.39)
Then
o= (%;) = (ﬁﬁ) > 120, (4.40)

is the unique classical solution of the ACP,

Y(t) = GagrY(t), t>0,
Y0) = (y"), (4.41)
20
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associated with G 4 g, and
u(t) =1ay(t), t >0, (4.42)
is the unique classical solution of the ACP;,
ii(t) + Ru(t) + A*Au(t) =0, t > 0,
u(0) = tayo, u(0) = zo, (4.43)
associated with R and A* A.
Proof One only needs to verify (4.42), (4.43), and uniqueness of u. From (4.40), one infers

y() € C'([0,00); Ha), y(t) € dom(J}) = dom(A*Ars),
2(t) € dom(J4) = dom(A), t > 0, with y = Jaz, (4.44)

and
z(-) € C([0, 00); H1) with z = —A*Aiay — Rz. (4.45)
Hence, by (4.42), one obtains
u(-) = 1ay() € ([0, 00); H1) with it = 14y = 14Jaz = 2, (4.46)
since 14 € B(Ha, H1). Moreover, this shows that ii(-) € C' ([0, co); H), implying
u(-) € C3([0,00); Hy) and il = 2 = —A*Atay — Rz = —A*Au — Rii.  (4.47)

Consequently, u(-) = t4y(-) is a classical solution of (4.43).

_ Finally, uniqueness of u(-) is shown as in [~20, Prop. VI.3.2]. First of all, one notes that
Ay(-) = Au(-) € C([0, 00); Ha), implying Ay(-) = Au(-) € C([0, 00); H>). Hence, one
has

Ri() = [RUA|+ Ir) "] (1Al + Iy )ii() € C(10, 00); Hy), (4.48)
which in turn implies
A*Au(-) = —ii(-) — Ru(:) € C([0, 00); Hy). (4.49)
Now suppose that u(-) satisfies (4.43) with (yo, z0) = (0, 0). Then

t t
/ ds (JA”(S)) - (JA Jo d”‘(s)) € dom(A*Ar,) ® dom(A), >0, (450)
0

1 (s) u(t)
and
Ja Jodsu(s) _ Jaut)
GA,R( %(t) ) = (_A*Afédsu(s)—Ru(Z))
_ Jau(t)
= \ = [y ds A*Au(s) — [ ds Ri(s)
= (") =0 an
Thus, Jfl?-g.) is a mild solution (cf., e.g., [20, Ch. IL6]) of Y (-) = G4 rY (-) satisfying

Y (0) = 0.Butthen, Y () = 0, t > 0(cf. [20, Proposition VI.3.2]), and hence, u(r) = 0,1 > 0
(cf. [20, Prop. 11.6.4]). O
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Again, Corollary 4.6 is well known (see, e.g., [20, Sect. VI.3]); for completeness, and due
to its importance, we presented its proof in some detail.

Remark 4.7 In the special case R = 0, and assuming Hypothesis 4.1, the self-adjointness
of i Ga 0 in Ha @ H; then yields the unitary group G0t e R, in Hy & Hj. Explicitly,
using

Tida=A*A, JaJi = JaA"Aus = A" A g, (4.52)
¢G40 in the energy space Ha @ Hj, is of the form
JGaot _ (a0 cos(lAlt)  |A|7"|sin(JAID)) (ta O
0 Iy, —|A]|sin(]Alt) cos(|Alr) 0 In,

Jacos(|Alt)ta  JalA|7!|sin(|Alr)
(—|A|sin(|A|t)LA cos(|Alt) » TER, @53)

using the spectral theorem to define appropriate functions of the self-adjoint nonnegative
operator |A| = (A*A)'/% in H,. By (4.28), ¢G40 in H, @ 'H, is unitarily equivalent to
e~1€1410 in H; ® H, and explicitly given by

—iguaor _ [ cos(Alr)  —isin(JA[r)
e 1QlaL0l — (—i sin(lAln  cos((Aln) ), t eR. (4.54)

While we primarily focused on (dissipative) damping operators satisfying Hypothe-
sis 4.1 (ii), we emphasize that a variety of different conditions on R have also been studied
in the literature. We refer, for instance, to [2,3,5,10,11,19], [20, Sect. V1.3], [22, Ch. VIII],
[43,50-57,81,83,84,86].

We continue with an illustrative example in which R is assumed to commute with | A|.

Example 4.8 Assume Hypothesis 4.1 and consider the special case where R is an appropriate
function of |A|, thatis, R = 2F (]A|) > 0. Abbreviating

1/2

T(AD = [IA* = F(1AD?] (4.55)

one then obtains

ot — (70 ) - raan
0 In

[cos(T'(|A)t) T(|A])~" sin(T(|A])t)
+F (AT (A~ sin(T(|AD) ]
—[APPT(JAD ! sin(T(|A])) [cos(T'(|A)t)

—F(IADT(AD~" sin(C(JADD) ]

LA 0
X
0 In,
— e—F(lA\)l
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Ja [cos(T(JAD) JaT(IAD ™" sin(C(JAD1)
+F(ADT (AN~ sin(C(IADD) ] a
—JAPT (AN sin(T (1A ) [cos(T(J A1) ’

—F (AT (JAD~ ! sin(T(JA]1)]
t>0. (4.56)
We note that cos(I"(JA|)¢) and ['(JA])~! sin(I"(JA|)¢) are in fact functions of I'(JA|)2, and

hence, the precise specification of the square root branch in (4.55) does not enter in (4.56).
In addition, using the spectral theorem for I'(|A|), one obtains that

F(AD~" sin(T(1ADN = F(AD) = / £ (2= Fo01]") dEwG) € Bou)
[0,00)
(4.57)

is well defined without assuming that I" (] A]) is boundedly invertible in H; by choosing

Fu) = [sm(lit)/ﬂs Z ig, 4.58)

Next, we intend to exploit the unitary equivalence between G 4 g in Ha @ H; and the
Dirac-type operator Q|4 g in H1 @ H; in (4.28) and thus we now turn to e 1QIALR Noticing

that
_i —2ia 1 . » —ia 1 .
e 1 0 — efate 1 ia

_ -ar ((cos(br) — ab~ " sin(bt) —ib~Vsin(bt)
- —ib~Lsin(br) cos(bt) + ab~Lsin(bt) )’
a€eR, b=(1-aH"? >0, (4.59)

one obtains

e QlaLrt — ,—F(ADI

cos(I'(|AD?) —i|AIC(JAD ™" sin(T (A1)
—F(lADT(JAD ™" sin(T(JA]1)
—i|AIT(JAD ™" sin(T (A1) cos(I"(JA)1)

+F(ADT(AD ™" sin(T(JAD?)

_ / o FO

[0.00)
cos(T'(A)1) —iAl )~ Fsin(T (W)1)
—F) W)~ Lsin(T(1)1)
—iAT )~ sin(T (L)1) cos(I" (L)1) dEja @),
+FM)TC )~ sin(C (A1)
t>0. (4.60)
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For the norm of the semigroup of eGAR! ¢ > (), one thus obtains (cf. [6, Sect. 5.3])

HeGA,2F(|A|)l — He*iQ\A\.Rf
B(HA®H1) H1®H,
= E|a|-esssup,c,ap €
cos(C'(1)1) —ix ()~ Lsin(C(W)1)
—F) W)~ Lsin(C(1)1) @61)
—iAl (W)~ Lsin(C(W)1) cos(I'(L)7) ‘

+F)L )~ sin@ )1 /|

Denoting temporarily the 2 x 2 matrix under the norm in (4.61) by M (1), A € o (JA]), to
compute the norm of M (A1) one computes the square root of the larger of the two eigenvalues
of M(A)*M (M), that is,

o(MOY* M) = {s1t(M(W)*, s5(M())*}, 0 <si (M) < s2(M(2)), (4.62)
with s;(M (%)), j = 1, 2, the singular values of M (), and
M)z = s2(M(2)). (4.63)

An explicit computation yields

22 (112 29172, 7172
£ (MG = [1+ F(3)?sin® ([A2 — F(A)?] z):|

— F(3)?]
F() [sin? (A% — F()2112%1)|
1)/ , j=12, a A)).
+(=1) ST RO J € o(lA]
(4.64)
Combining (4.61), (4.63), and (4.64), one finally obtains
HeGA,zF(A)t ‘ — He—iQMLRt
B(HAa®H1) H1®&H)
12
F(1)*sin ([x2 — F(\)21Y%1)
= Eiai- —F(\)t 1
|A]= €SS SUP) i (1A]) € —FM
F()) [sin® (A2 — F()?]Y%
n () [sin? ([ ()2 4.65)
2= F()2]172
—o(GA2FAt 2 21) —
- [ e_w«;A e, Eja ({r € c(JAD ]F(A)z Az}) 0, S0, (466)
te 2k B ({d e o(JAD | FO)? = 22}) > 0,
where
. 1/2
(G a2ray) = Ejap-essinf, 41 [F(A)— [(FO)2=22).]" ] (4.67)
and C > 0 is an appropriate constant. Here,
x, x>0,
X4 = [07 X <0 (4.68)
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The projection operator-valued measure E|4|(-) in (4.61), (4.65)—(4.67) can be replaced by
an equivalent scalar control measure p|4|(-). For instance, one can choose

dpjai() =d|Ejai()gill3y,. g1= > 277y, (4.69)
jeN
with {1} jen a complete orthonormal system in H;.
In particular, —w (G 2F(a)) represents the semigroup growth bound (or type) of
eGazrqant ¢ > () (cf., e.g., [20, Definition 1.5.6]). Moreover, alluding to the spectral theorem

for Q|a1.2F(4)), —@0(Ga,2F(4a))) coincides with the spectral bound (cf., e.g., [20, Definition
I1.1.12]) of GA’2F(|A|) (and hence that of —i Q|A\,2F(\A|))-

In this commutative context, we also refer to [47] where matrix multiplication operators
generating one-parameter semigroups are studied.

Remark 4.9 We note that the special example where R = 2F(A) = |A|%, a € [0, 1], has
been discussed in [8] and [54], and in the case @ < 0 in [69]. The case o € R is studied
in [21]. In particular, Huang [54, Corollary 3.6] estimated the semigroup growth bound for
eGAR! 1 > (), from above using a combination of Gearhart’s theorem, the unitary equiva-
lence (4.28), and certain norm estimates. Since he does not rely on the spectral theorem, his
bound differs from the exact result in (4.67) in the case R = |A|*, a € [0, 1]. On the other
hand, his technique also yields an upper bound in cases where R and |A| do not commute.

5 Abstract linear damped wave equations. The case inf(c (A*A)) = 0

The principal aim of this section is to relax Hypothesis 4.1 and remove the hypothesis that
A*A is strictly positive definite.
Our basic hypothesis for this section reads as follows.

Hypothesis 5.1 Let H;, j = 1, 2, be complex separable Hilbert spaces.

(1) Assume that A : dom(A) € H; — H; is a densely defined, closed, linear operator
satisfying

ker(A) = {0} (5.1)
and
inf(o(A*A)) = 0. (5.2)
(i) Let R be a densely defined, closable operator in H; satisfying

dom(R) N dom(R*) D dom(A). (5.3)

As in the previous section, we start by introducing Q|4 g in H1 @ H assuming Hypoth-
esis 5.1.

Qiax = (—lgf 'g') . dom(Qy.) = dom(JA]) ® dom(AD € Hy @ H1, (5.4

and the quadratic operator pencil M () in Hj,
M(z) = |A]* —izR — I3, dom(M(z)) = dom (|A]*), z € C. (5.5
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We note that even though the pencil M (-) has unbounded coefficients, replacing M(-) by

M(-) (|A |2 + 17{)71 reduces matters to a pencil with bounded coefficients, in particular, [64,
Lemma 20.1] applies to the spectrum of M (-) in this context.

Lemma 5.2 Assume Hypothesis 5.1.

(i) Then M(z), z € C, is a densely defined, closed operator in H.

(ii) In addition,
M@)* = |AP® +iZR* —Z2Iy,, dom(M(2)*) = dom (JA]*), z € C. (5.6)
(iii) Letz € p(M(-)), then
AIM ()~ = [AIM(2)" € B(Hy), M)Al = [JAIM )" '] € B(HY),
|AIM ()~ A| € B(H1). (5.7)

Proof The first two items can be shown as in Lemma 4.2, and so we focus on the proof
of item (iii). The fact that |A|M (z)~! and |A|(M(z)*)~" are bounded operators on H; is
immediate by (5.3) and (5.6). Similarly,

M)Al = [IAI(M @' € B(HY). (5.8)

For the third operator in (5.7), one first observes that IAPM ()~ € B(H)) by the closed
graph theorem, implying |A2IM (2)~Y € B(H)). By [72, Theorem X.18 (a)] (alternatively,
by Heinz’s inequality, [85, Theorem 9.4(b)]) also |A||M (z)|~'/?> € B(H,). Consequently,
one also obtains | M (z)|~1/2|A| = (JA||M (2)|~'/?)* € B(H)). Replacing M(z) by M(z)*
(cf. (5.6)), one also concludes that |A||M(z)*|~/2 € B(H;). Next, using the generalized
polar decomposition for M ()~ (cf. [25]),

M@ = M@ TPV M7, (5.9)

(with V|ps(;)-1 the partial isometry in H; in the standard polar decomposition of M ()71,
M) ' = VM- M (2)|~1), one infers that

[AIM ()~ A] = [AM @D Vi IM@2]Al € B(HD.  (5.10)

[m}
Next, Theorem 4.3 requires some modifications.
Theorem 5.3 Assume Hypothesis 5.1. Then Q)4 R is injective and closed, and
_ M ()~ M)A
Qa1 — 2lryen) ' = _— . (5.11)
. e AIM@™ 2 AIM@) Al - 2 iy,

z€p(Qa,\M0} = {£ € C M)~ € BHD} = p(M()),
0 (Qa,r) U{0} = o (M()). (5.12)

Suppose in addition that R is accretive. Then, i) € p(M(-)) for all x > 0 and also i Q|a|,r
are accretive. Moreover, —i Q|a| r then generates a contraction semigroup in Hi ® Hj,
denoted by exp(—i Q|a,r 1), t = 0.
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Proof Injectivity and closedness of Q)4 g follow as in the proof of Theorem 4.3.

Next, one recalls that 0 € o (M(-)) since M(0) = |A|> and 0 € o(JA]) (cf. (5.2)).
Temporarily denoting the right-hand side of (5.11) by Tj4|,r(z) for z € p(M(-)), one con-
cludes that Tja; g(z) € B(H; @ H;) by Lemma 5.2 (iii). That Tja|r(z) = (Qja,r —
zIHI@Hl)’l can now be checked directly. This proves p(M(:)) € p(Q|a|,r). Conversely,
if z € p(Q)a),r)\{0}, the approach used in (4.19)—(4.24) also works in the present more
general context and hence yields p(Q)4},r)\{0} € p(M(-)). This proves (5.11) and (5.12).

If R is accretive, then so is i Q4| r. Next, we rewrite M (i ), A > 0in (5.5) as

M(i2) = |A]? + AR + A2 Iy,

= (1P + 1) 7 [(1AP + B) T R (AP + 1))
1/2
) 9

—1/2 —
/ + A 117-[1:|

x (|AI* + Inq, A > 0. (5.13)

Since (JA[* + 17{1)71/2 R(IAP + IHI)fl/2 € B(H}), and accretivity of R implies accre-
tivity of (|A|2 + IHI)_1/2 R (|A|2 + IHI)_]/Z, one concludes that in fact,

R (1A + I»Hl)_l/2 is m — accretive (5.14)

(AP + In,)
(cf. [59, p. 279], [70]) and hence

~1/2

_ —1
(142 + b)) P R(AR + 1) 407 | € BOW), 2> 0. (5.15)

Equation (5.15) implies
MGr"" e BHy), A >0. (5.16)

Equation (5.11) then yields (Q|a|.r — i 2~ e B(H1 @ Ho), A > 0, and this fact combined
with the Lumer—Phillips Theorem [63] (cf. [20, Theorem II.3.15]) then again proves that
—1 Q)4},r generates a contraction semigroup. O

Remark 5.4 (i) Without additional restrictions on R, it is not possible to decide whether
ornot 0 € 0(Q|a),r) (although one always has 0 € o (M(-))).

(ii) An alternative argument for (5.16) can be formulated as follows. An application of
Cauchy’s inequality yields

IMG 2 fllae L ey = 1 MG ) Frg ] = Re((fs MG X))
> ARe((f. Rf)r) + 221 f 3, = 221 fl3,. * =0, f edom (JAP). (5.17)

In particular, |[M @A) fllx, > }~2||f||H. yields that M (i A) is injective for all A > 0.
The analogous argument proves that also M (i A)* is injective for all A > 0. Thus,

ker(M(i \)*) =ran(M (i A))t = {0}, A >0, (5.18)

implies that M (i 1), A > 0, is a bijection which in turn yields (5.16) since M (i) and
hence M (i1)~! are closed in H;.

(iii) If, in addition, R is bounded with respect to A with relative bound less than one, that
is, there exist constants 0 < a < 1 and b > 0 such that

IRf Il < alllALf 7, 4Dl fll3,.  f € dom(JA]) (5.19)
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(here, we used that [[Af |1+, = lIlA|fll%,. f € dom(A) = dom(]A|), using the polar
decomposition for A and |A[), one concludes that there exists ¢ > 0 such that
2 2\—1 2 2\—1 2 2\—1
|RAAIP + 1) g|lyy, < a1AIAAP + 1D gy, + b 042 + 1D g],,,

2 1

<ap'+buP<con!, w>0, geH. (5.20)

In particular, one can choose 0 < ¢ < 1 for 0 < u sufficiently large. This then yields
M@ = (AP + AR+ 321!
_ _11-1
= (AP + A2 In) " [T, + ARUAP + 22 1) 7] € B(Hy)
for 0 < A sufficiently large, (5.21)

since then A H R(IA|? 4+ 227! HB(Hl) < ¢ < 1. (One observes that accretivity of R was not
used in arriving at (5.21).) Together with accretivity of R, this again permits the applica-
tion of the Lumer—Phillips Theorem to the effect that —i Q4| g is generating a contraction
semigroup.

The following remark is not explicitly used in this paper, but its perturbation theoretic con-
—i R

1Al |g|) as an operator sum of Q4,0 =

text is relevant when considering Q|a|,r = (

(|2| |8| and _E)R 8) and invoking the notion of off-diagonal dominance as dis-

cussed, for instance, in [79, Sect.2.2].

Remark 5.5 Suppose S is m-accretive (resp., self-adjoint) in H and T is accretive (resp., Sym-
metric) in H withdom(7) © dom(S), and assume that there existconstants) < a < 1,b > 0
such that

ITfln < alSflln +bIflin. f € dom(S). (5.22)

Then, S + T defined on dom(S + 7') = dom(S) is m-accretive (resp., self-adjoint) in H; in
particular, S + T is closed on dom(S) in H (cf., e.g., [20, Sect. 111.2], [29, Sect. 1.6], [59,
Sects. IV.1, V.4)).

The choice T = —S shows that one cannot permit a = 1 in (5.22) as the zero operator is
not closed on dom(S) if the latter is only dense in H. Moreover, if a > 1, then S + T need
not be m-accretive on dom(S) as the following simple example shows. Consider

Sof = f'. f €dom(Sp) = Hy((0.00)) = {g € L*([0, 00): dx) | g € AC([0, R])
forall R > 0; g(0) = 0; ¢’ € L*([0, 00); dx)}. (5.23)

Then, So is m-accretive and generates the semigroup
(%) @) = fie =0, f € L2(0,00):dx), 1 20, (5.24)

in L2([0, 00); dx), where [« denotes the extension of f to R such that f,(x) vanishes for
a.e. x < 0. The adjoint semigroup is given by

(e—SS‘ff) (xX) = f(x+1), feL*(0,00);dx), t >0, (5.25)
with generator

Sef =—f, fedom(Sy) =H'((0,00)) = {g € L*([0, 00); dx) | g € AC([0, R])
forall R > 0; g’ € L2([0, 0); dx)} . (5.26)
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In particular, S§ 2 —Sp. Next, consider 7, = aSj,a > 0. Thenfor0 <a < 1,8 + T, =
(1 — a)8y is m-accretive in L2([0, 00); dx), butfora > 1, So + T, = —(a — 1) So is closed
but not m-accretive in L2([0, 00); dx).

Still assuming Hypothesis 5.1, we next introduce the operator G4 g in Ha @ H; by

G _ 0 JA _ 0 _ JA
AR=N~vs —R) =\ -a*4 —r)"
dom(G 4, g) = dom (A*X) @ dom(A) € Hy D H;. (5.27)
The same proof as for Theorem 4.4 also yields the following result.

Theorem 5.6 Assume Hypothesis 5.1. Then

QR = Upzji GA,RU‘%:. (5.28)

In particular, the operator G 4, g is densely defined and closed in the energy space Ha @ H].
Ifin addition R is accretive, theni) € p(M(-)) for some X > 0, and also —G 4|, is accre-

tive and G| 4|, g generates a contraction semigroup in H o ®H1, denoted by exp(Ga| g t), t >
0.

We also mention the analog of the result (5.28) when replacing |A| by A.
Theorem 5.7 Assume Hypothesis 5.1. Then
Oar (I, ® [, — Peer(an)]) = Uzi Ga rUS . (5.29)
We continue with an illustrative example.

Example 5.8 Considering the prototypical example of a nonnegative operator A > 0 in a Hil-
bert space H, with ker(A) = {0}, one can, without loss of generality, restrict one’s attention
to the case of H = L2([0, 00); dp) (with p a Borel measure on [0, 00) satisfying p ({0}) = 0)
and A being the operator of multiplication with the independent variable so that

o (A) = supp(dp) (5.30)

(with supp(-) denoting the topological, i.e., smallest closed, support). For example, one
could simply choose Lebesgue measure dp(A) = dX on [0, 00). Introducing the weighted
L2-spaces

H™ = L? ([0, 00); 2*"dp(1)), n € No, (5.31)
one verifies that
H=H?, Hs=HD, dom(A") =HONH™, neN,
dom (AA) = HD N H®. (5.32)

Moreover, one notes that there will be elements in H 4\ if and only if inf(c(A)) = 0,
since otherwise the natural imbedding ¢4 would be continuous by the closed graph theorem.
Similarly, there will be elements in H\H 4 if and only if A is unbounded (i.e., if and only if
sup(o (A)) = 00).

Next, one checks that the unique classical solution of the ACP

Y(t) = GaoY (1), t >0,

Y(0) = (ig ) € dom(G 4.0). (5.33)
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is given by
Y() = eO10Y(0), 120, (5.34)
with
Gaor _ [ cosr)  A7'sin(th)
‘ B (—A sinkh)  cos(er) ) T 0. (5.35)

Similarly, the classical solution of ACP,

i) + A2u(t) =0, t >0,
u(0) = ug € dom (A?), (0) = u; € dom(A), (5.36)

is given by
u(t, 1) = cos(th)ug(r) + 2~ sin(tMuy(h), >0, A > 0. (5.37)

Hence, if one chooses Y (0) € H© & HD with support in (0, 1) (such that automatically,
Y(0) € HY @ HP), then the first component of Y (¢) will solve ACP, if and only if
yo € H©. In particular, there are classical solutions of ACP which to not correspond to
classical solutions of ACP; if inf(a(A)) = 0.

Concerning conserved quantities in connection with the abstract wave equations, we now
mention the following result.

Lemma 5.9 Let Hj, j = 1,2, be complex separable Hilbert spaces and assume that A :
dom(A) € Hy — Haisadensely defined, closed, linear operator. Let B : dom(B) € ‘H; —
‘H1 be some closed operator which commutes with |A| in the sense that B|A| C |A|B. In
addition, let R be a densely defined, closable operator in H; satisfying dom(R) O dom(A).
Suppose u is a classical solution of

ii +Ru+ A*Au =0, (5.38)

such that B|Alu(-) € C'([0, 00); H1), Bit(-) € C'([0, 00); H;) and Rii(-) € dom(B). Then
d ) . .
o 1Bl + I ABully, ] = ~2Re(Bii, BRi)w,. (5.39)
In particular, the right-hand side of (5.39) vanishes if R = 0, that is, in the absence of
damping, and hence [||Bl,'t ||%_£] + |ABu ”%'ll:l represents a family of conserved quantities for
i+ A*Au =0.

Proof One computes

% [IBitll3,, + IABuliy, ] = % [IBitll3,, + 1AIBullz, ]

= 2Re ((Bit, Bii)y, + (|A|Bu, |A|Bit)3,)

= 2Re ((Bit, BI—Rit — |APPul)y, + (Bu, |AI* Bi)y, )

= 2Re (—(Bit, BRit)3, — (Bil, [BIA]* — |AI*Blu)n,)

= —2Re ((Bit, BRi)y,) . (5.40)
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One observes that the special case B = Iy, in (5.39) is usually associated with the energy
of the abstract wave equation i + A*Au = 0 (resp., it + Ru + A* Au = 0). Typical examples
for B would be B = |A|*, @ € [0, 1].

Remark 5.10 More generally, let « € R if B*B > el3, for some ¢ > 0 and a > 0 if
inf (o (B*B)) = 0. Assuming that u satisfies

ii + Rit +[(B*B)* + C*C(B*B)*]u =0, (5.41)

and assuming additional appropriate conditions on u, i, R, B, C, one obtains

d .
& [11BI“al3, + 1B ullz, + 1CIBI*ull3, ]
= —2Re(|B|“Ru, |B|"‘u)H1. (5.42)

Again, the right-hand side of (5.42) vanishes if R = 0, that is, in the absence of damping.
A situation equivalent to the special case « = 1 has recently been studied in [62] in
the concrete context of plate equations. In this connection we recall that |||C [|1B|*u ”%ﬂ =

ICIBull3,,, etc.
Sketch of proof of (5.42).

d .
3 LNBI%all5e, + IBI™ 2wl + 1ICIBIull,, ]

=2Re ((|B|“ii, |B|*i)2¢, + (IBI* i, | B P2u)py,
+(ICI|BI* i, |C||B**u)n,)

=2Re ((|B|*[—Rii — |B[*u — |CI*| B**ul, | B|*l),
+(IB1* i, |BI*Puyy, + (ICI|BI* i, |Cl|BI*u)y,)

=2Re (—(|B|"i, | B|*Ri)z, — (|B|*|C*|BI**u, |B|“t)x,
+(CIIBP*1, |C||B[**u)3,)

= —2Re(|B|*Rit, | B|*it), - (5.43)

6 Equipartition of energy for supersymmetric Dirac-type operators and abstract
wave equations

In this section we briefly revisit the notion of asymptotic equipartition for abstract wave
equations (in the absence of damping) and show that it implies the same phenomenon for a
class of supersymmetric Dirac-type operators.

We start with our basic hypothesis.

Hypothesis 6.1 Let 7{;, j = 1,2, be complex separable Hilbert spaces and assume that
A :dom(A) € 'H| — H, is a densely defined, closed, linear operator.

Assuming Hypothesis 6.1, we introduce the supersymmetric Dirac operator (also known

as “supercharge”) by

0= (2 fz)*) , dom(Q) = dom(A) ® dom(A™) C H| & Ha. 6.1)

(For simplicity, we now use the simplifying notation Q rather than the symbol Q4 ¢ in
previous sections.) As discussed in Appendix A, Q is self-adjoint in H; & H.
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A number of Dirac operators, including the free one (i.e., one without electromagnetic
potentials), one with a Lorentz scalar potential, one describing electrons in a magnetic field,
one describing neutrons in an electric field, and the one modeling particles with anomalous
electric moment in a magnetic field can all be put in this form (cf. [78, Section 5.5] for
details).

The solution of the corresponding time-dependent Dirac equation

d
iE‘IJ(t) =QU(), V()= W10, ¥2()" €dom(Q), t € R, (6.2)
is given by
W) =e'2W(0), 1reR, (6.3)

with e 779"t € R, a unitary group in H; & Ha.
One of the principal aims in this section is to prove the following result.

Theorem 6.2 Assume Hypothesis 6.1.  Suppose V(1) = e 10" (0)  with
() = (W1(0), v2(0)T,t € R, and W(0) € Hy & Ha arbitrary. Then, the following
assertions

(i)-(iv) are equivalent.
(@) 1im o0 [V OI5;, = WO, g4, /2. T = 1. 2.
(i) w-limy_, o0 e =79 = 0.
(iii) w-lim;_ o e /1A = 0.

(iv) w-limy_ o cos(|A]t) = 0.

Similarly,
t
tim © [ ds 1B, = 2 19O By J=1.2
(=400 t J H; 2 H1®H, [ d]
0
if and only if 0 is not an eigenvalue of Q. (6.4)

Proof First of all, one notes that neither (i)—(iv) nor (6.4) can hold if 0 is an eigenvalue of
Q. Hence, we assume without loss of generality that

ker(Q) = ker(A) @ ker(A™) = {0}. (6.5)

Moreover, since (e712)" = /O it suffices to study the limit 1 — oo in Theo-
rem 6.2 (i) and (6.4). Next, we recall (A.2)—(A.9), (A.30), (A.31), the polar decomposition
A = V4|A|, A* = (V4)*|A*| where, due to our assumption ker(A) = ker(A*) = {0} and
hence, V4 € B(H1, H>) is unitary. In addition, we use the notation H; = A*A, H, = AA™
(cf. Appendix A for details). Then, by the spectral theorem applied to Q,

e = cos(|Q|r) —isin(|Q|N)Vp, tER, (6.6)
and by (A.31), one obtains

—iQt _ cos(|Alr) —isin(|A]t)(V4)*
c T (_i sin(JA*[1)Va cos(|A*|r) ) teR. (6.7)
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Taking scalar products of e 72" with vectors of the type (£, 0)T and (0, g) T, then shows that

w-lim e 719" = 0
—00

- 1 — _ M * —
if and only if [W lim;— o0 cOs(|A]t) = 0, w-lim;_,so cos(|A*|t) =0, 68)

w-lim;_, o sin(|A|t) = 0, w-lim;_, o sin(|A*[¢t) = 0.

However, since (e‘iml )* = /1T for any densely defined closed operator T, one actually
infers that

1—00

w-lim e '2" = 0 if and only if {w-lim cos(|Alt) =0, w-limcos(|A*|t) = 0} (6.9)
11— 00 11— 00
if and only if [w—lim eIl — 0, welim e~i1ATI = 0] . (6.10)
t—00 1—00

Finally, since H} = A*A and H, = A*A are unitarily equivalent (recalling (A.16) and the
fact that Pyer(a) = Prer(ax) = 0), this actually yields that

w-lime €' = 0 if and only if w-lime 141" = 0 if and only if w-lim cos(|A|r) = 0.
t—00 1—>00 t—00

(6.11)
Given W(0) = (Y1, ¥2) | € H; @ Ha, one then computes

113, = llcos( Al — i sin(| Al (Va) Yall3,
= % H [ei\Alz _|_efi\A|z] v+ I:ei\Alt _ efi|A|t:| (VA)*%H;
1
- % ” [eziwz n IHI] v+ [eZiIAIt _ IHl] (VA)*WZH;,

= 1l = vt + @ + il
1

1
=4Iy = (Va)*yollly, + 1

e 1y + (Vi a1

2
Hi
5 Re (11— Vo vl @ + (V) vn)

5 1 A 21, 1 A 2 ,

1
=5 (91134, + 1V ¥2li3,,)

1 * 2i|Alt *
+2Re(([w1 — Vvl P+ (Vayal)
1 1 :
=5 (W13, + 1¥213,) + 5 Re ((wfl — (V) *yal, 214y + (vA)*l/fz]) )
Hi
1 1 :
= S IO g90, + 5 Re ((wn = (Vay gl 4y + (Vay i) ) - (6.12)
Hi
Thus, w-lim; o0 e 71411 = 0 yields lim, oo Y1 (1) |7, = 2 W (0)[I3;, g7, and hence also
lim; oo [[Y2() 3, = 5119 (0) |3, gy, since e Q" 1 € R, is unitary on H; & Ha.

Conversely, choose ¢, ¢ € H; and set Y1 = (¥ + ¢)/2 and Yp = Va(p — ) /2. Then,
(6.12) shows that lim; oo Y1 ()17,, = %||l1/(0)||;{1@,{2 implies

: 2i|Alt _
lim Re ((w,e ¢)Hl) —0, Y,peH. (6.13)
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In particular,

lim Re ((w ez”/"%p) ) = lim (¥, cosQ2|A|DY)y, =0, ¥ € Hi. (6.14)
t—00 Hy 1—00

By polarization for sesquilinear forms, this is equivalent to

lim (¢, cos2|Alt)p)r, =0, V¥, ¢ € Hy, (6.15)
11— 00
and thus by (6.11) also to
lim (\y e"Q’w) =0, WeH @M, (6.16)
—00 H]®H2

proving the equivalence of (i)—(iv).
Applying von Neumann’s mean ergodic theorem in the weak sense (cf., e.g., [13, Corollary
5.2], [29, Theorem 1.8.20]) to (6.12) yields the Cesaro limit

t
.1 2 1 2
Jin [ ds IO, = 5 1% O 1o,
0
1 1 t
wRe( tim < [ ds (10— Vvl @ + (V) va)
0

1

1 1
= SI¥ O e, + 5 Re ((¥1 = (V) vl Ey(ODIY1 + (V) val) )

1
b1 LA QU (6.17)

if E4/({0}) = 0. (Here, we used the notation Eg(-) for the strongly right continuous spectral
family associated with the self-adjoint operator S.) Conversely, choose again ¢, ¥ € H; and
set 1 = (¥ + ¢)/2 and Yo = V(¢ — v¥)/2. Then, (6.12) shows that

1

1 1
Jim / ds 19193, = 5 1Y O3, g, (6.18)
0
implies
t
Re [ tim + [ ds (w ez”Alfgo) =0, Y,peH (6.19)
=00 1 ) Hl 5 5 1- .
0
In particular,
s t
1 2ilAls _ fim L _
Re | lim ds (v, 21y = lim ds (¥, cos(2|A|s)¥)x, =0,
t—00 Hy t—00
0 0
v € Hi. (6.20)

By polarization for sesquilinear forms, this is equivalent to

1

lim 1/azs (W, cos2|Al8)@)1, =0, V. € Hi. 6.21)

t—o0 t
0
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Since generally, as a corollary of von Neumann’s weak ergodic theorem (cf. [34])
t

1
Jm = [ ds (. cos(|Al)@)n, = (F, Ejai(0De)n,. .9 € Hi, (6.22)
0

(6.21) yields E|4/({0}) = 0. The same computation with v/ (-) replaced by v (-) then proves
that

t

1 1 . .
Jim — / ds [V2) 3, = S 1% O) I, g, if and only if Ejasi(0) = 0. (6.23)
0

proving (6.4) (cf. (A.24)). m}

We note that

—ilO|t .. e~ilAll 0
e =cos(|Q|t) —isin(|Q[t) = 0 oAt ) teR, (6.24)

and hence, (6.11) also yields that
if ker(Q) = {0}, then w-lime "¢’ =0 if and only if w-lime /12" =0. (6.25)
t—00 —>00
Remark 6.3 The proof of Theorem 6.2 is similar in spirit to the proof for equipartition of
energy for abstract wave equations [9] (see also [27,28], [29, Theorems 7.12 and 7.13],
[31,33,35-37,39—-41,74], and the references therein). In fact, since the two problems are

unitarly equivalent, one follows from the other. For the benefit of the reader, we decided to
provide the proof in the context of supersymmetric Dirac-type operators.

For completeness, we finally recall the corresponding result concerning the asymptotic
equipartition for abstract wave equations in the absence of damping, which motivated the
derivation of Theorem 6.2.

Consider the initial value problem

ii(t)+A*Au(t) =0, teR,
u(0) = fo € dom(A*A), u(0) = f1 € dom(A). (6.26)

Introducing kinetic and potential energies, K, (¢) and P, (), associated with a (strong) solu-
tion u(-) of (6.26) at time t € R,

Ku() = l6)ll7,,.  Put) = lAullzy, = Alullz,. te€R, (6.27)
one recalls conservation of the total energy (cf. Lemma 5.9)
K,(t)+ P,(t) = K,(0) + P,(0), reR. (6.28)
Moreover, the initial value problem (6.26) is said to admit asymptotic equipartition of energy
if
Jim Ky () = lim Pu(t) = %[Ku 0 + P, (0)]. (6.29)

Asymptotic equipartition of energy has extensively been discussed in the literature, and we
refer, forinstance, to [1,27,28,30—41], and [74]. In particular, the following theorem appeared
in Goldstein [29, Theorems 7.12 and 7.13].
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Theorem 6.4 Assume Hypothesis 6.1 and let u(-) : R — Hj be a solution of (6.26). Then,
the following assertions (i) and (ii) are equivalent.

(1) limy oo Ky (1) = limy s +00 Py (1) = [K,(0) + P, (0)]/2.

i BE —i|Alt _
= .
(i) w-lim;_ o0 € =0

Similarly,

t

t

. 1 . 1 1

t_l)lgloo;/ds Ky(s) = t_l)ninoo;/ds Py(s) = E[Ku(o) + P, (0)]
0 0

if and only if 0 is not an eigenvalue of A. (6.30)
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Appendix A: Supersymmetric Dirac-type operators in a nutshell

In this appendix we briefly summarize some results on supersymmetric Dirac-type operators
and commutation methods due to [14,24,77], and [78, Ch. 5] (see also [46]).
The standing assumption in this appendix will be the following.

Hypothesis A.1 Let H;, j = 1, 2, be separable complex Hilbert spaces and
T :H; 2dom(T) — H»> (A.1)
be a densely defined closed linear operator.

We define the self-adjoint Dirac-type operator in H; & H»> by
0 T* «
0= 7 0 ) dom(Q) = dom(T) & dom(T™). (A2)

Operators of the type Q play a role in supersymmetric quantum mechanics (see, e.g., the
extensive list of references in [7]). Then,

0= (T;T T(;) (A3)
and for notational purposes we also introduce
Hy=T*T in Hy, H,»=TT* in Ho. (A4)
In the following, we also need the polar decomposition of 7" and 7*, that is, the representations
T =Vr|T| =|T*|Vr = V7 T*Vy on dom(T) = dom(|T), (A.5)
T* = V= |T*| = |T|Vrx = Vp=T Vr» on dom(T*) = dom(|T*)), (A.6)
|T| = Vp+«T = T*Vy = Vr«|T*|V7 on dom(|T)), (A7)
|T*| = VpT* = TVyps = Vp|T|Vy+ on dom(|T*), (A.8)
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where
IT| = (T*D)!2, |T*| = (1T, (A9)
Vs = (Vr)*, (A.10)
and
VrVr = Py = Py VeV = Py = Pancy- (A.11)

In particular, V7 is a partial isometry with initial set ran(|7'|) and final set ran(7"), and hence,
Vr+ is a partial isometry with initial set ran(|7*|) and final set ran(7"*). In addition,

vy — ‘ T(T*T)~12 = (TT*)~12T on (ker(T))*, (A.12)

0 on ker(T).

Next, we collect some properties relating H; and Hj.

Theorem A.2 ([14]) Assume Hypothesis A.1 and let ¢ be a bounded Borel measurable func-
tion on R.

(i) One has
ker(T) = ker(H;) = (ran(T*))*, ker(T*) = ker(Ha) = (ran(T))*, (A.13)
VrH"? = HY?Vr, n €N, Vré(H) = ¢(Ha)Vr. (A.14)

(ii) H; and H» are essentially isospectral, that is,
o (H)\{0} = o (H2)\{0}, (A.15)
in fact,
T*T I, — Prercr] is unitarily equivalent to TT*[I1, — Per(r)]. (A.16)
In addition,

f e dom(H)) and H f =A*f, » #0,

implies Tf € dom(Hp) and H>(Tf) = AZ(Tf), (A.17)
g € dom(Hy) and Hy g = i’g, p #0,
implies T*g € dom(H;) and Hy(T* f) = u>(T*g), (A.18)

with multiplicities of eigenvalues preserved.

(iii) One has for z € p(Hy) N p(H>),

Iy, + 2(Hy — zl34,) "' D T(Hy — zl3¢,) ' T, (A.19)

Ing, + z2(Hy — zl3) "' 2 T*(Hy — zl34,) 7' T, (A.20)
and

T*¢(Hy) 2 ¢(H)T*, TP(Hy) 2D ¢p(H)T, (A21)

Vr«¢(Hy) 2 ¢(H)Vr=, Vre(Hy) D ¢(Hy)Vr. (A.22)
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As noted by E. Nelson (unpublished), Theorem A.2 follows from the spectral theorem
and the elementary identities,

0 =Vpl0|=10|Vg, (A.23)
ker(Q) = ker(|Q]) = ker(Q2) = (ran(Q))L = ker(T) @ ker(T™), (A.24)
Irer, +2(0% — 2her,) ' = 0207 — 2hieny) ™' 2 Q0% — 2lnemy) ' 0,
z € p(0Y), (A.25)
06 (0% 2 ¢(0H0, (A.26)
where
{0 (vp)*\ _ (0 Vps
VQ_(VT 0 )_(Vr 0 ) (A27)
In particular,
ker(Q) = ker(T) @ ker(T*), Pier(g) = (Pkc(;(“ Pke?(T*)) , (A.28)
and we also recall that
03003 = —Q, o3 = (I"’(‘)“ _?H ) (A.29)
2

that is, Q and — Q are unitarily equivalent. (For more details on Nelson’s trick, see also [76,
Sect. 8.4], [78, Subsect. 5.2.3].) We also note that

vaon=("0" ) (A30)
for Borel measurable functions ¢ on R, and
[olo 1= (VOT <Vg>*) = Vg if ker(Q) = (0). (A31)

Finally, we recall the following relationships between Q and H;, j = 1, 2.

Theorem A.3 ([7,77]) Assume Hypothesis A.1.

() Introducing the unitary operator U on (ker(Q))* by

U=2"12 ( In, (VT)*) on (ker(Q))™*, (A.32)
-Vr IHz
one infers that
A
vou' = (|0| _&*') on (ker(Q))*. (A.33)

(ii) One has

o ((C(Hy = )T TH(Hy — P pg) 7!
(@~ ¢huere) ‘(T(Hl—czmllrl (s — ) )

% € p(Hy) N p(H). (A.34)

@ Springer



Abstract wave equations and Dirac-type operators 671

(iii) In addition,

fi aAY_ (4
(fz) € dom(Q) and Q(fz) —n(fz), n #0,

implies f; € dom(H;) and H; f; = nzfj, j=172. (A.35)
Conversely,

f edom(Hy) and Hy f = \>f, A #0,

implies (A’{Tf) € dom(Q) and Q ()‘,{CTf) =A ()F{Tf) . (A.36)

Similarly,

g € dom(Hy) and Hy g = u’g, 1 #0,
—1* —1 % — 1
implies (M gT g) € dom(Q) and Q (M gT g) =/ (,u gT g). (A.37)

Appendix B: Adjoints and closures of operator products

The purpose of this appendix is to describe some situations in which equality holds between
(TS)* and S*T* and similarly, describe relations between (7'S) and T S.

We recall that if C : H 2 dom(C) — H’ is a closed operator (with H and H’ com-
plex, separable Hilbert spaces), then a linear subspace D of dom(C) is called a core for C if
Clp=_C.

Lemma B.1 Let H, H', H” be complex, separable Hilbert spaces, and introduce the linear
operators

S:HDdom(S) - H, T:H Ddom(T)— H. (B.1)
(i) Assume that T and T S are densely defined. Then S is densely defined and
(TS* 2 §*T*. (B.2)
(il) Suppose that S is densely defined and T € B(H', H"). Then
(TS)* = S*T*. (B.3)

(iii)) Assume that T and T S are densely defined. In addition, suppose that S is injective
(i.e., ker(S) = {0}) and S~ € B(H', H). Then S is densely defined and

(TS)* = S*T*. (B.4)

(iv)  Suppose that T S is densely defined, assume that dom(T) Nran(S) = H', and intro-
duce

T = T |dom(T)Nran(s)- (B.5)

Moreover, assume that S is injective and that S™' is a bounded operator. Then

dom(S) = H,ran(S) = H', S~! € B(H', H), and

(TS)* = (TS)" = 5*(T)" 2 $*T*. (B.6)
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Suppose, in addition, that T is closable. Then
(TS)* = S*T* ifand only if dom(T) Nran(S) is a core for T . B.7)

(v) Assume that S and T are densely defined, suppose S is closed, and assume in addition
that ran(S) has finite codimension (i.e., dim (ran(S)J-) < o0). Then TS is densely
defined and

(TS* = §*T*. (B.8)

Proof We refer to [85, Theorem 4.19 (a)] for a proof of item (7).

Item (i7) is a classical result, see, for instance, [15, Lemma X.I1.1.6] and [85, Theorem
4.19(b)].

Item (iii) is mentioned in [85, Exercise 4.18] and is a special case of item (iv) to be
proven next.

To prove item (iv), one can argue as follows. Since S is injective, dom(S~1) = ran(S)

is dense in H’, and S~! is a bounded operator, S —1 is closable and hence dom (F) =
dom(S—1) = H’ (cf. [85, Theorem 5.2]). Thus, S— € B(H', H) by the closed graph theo-
rem.

The fact that TS = TS, TCT (implying T* C ( T)*), and generally, S, T,TSall being
densely defined implies that (/T\S)* o §5* (/T\)* (cf. item (i)), (B.6) will follow once one
proves that (7)™ € §* (T')". For this purpose, let f € dom (( fS)*) and g € dom (T'S),
then

H H
=((577) (7s)" f.5¢ » (B.9)
Thus,
|(7:T58),0] = | (577) (F5)" 1], 15loe (B.10)

Since dom (?S) = S~ 'dom (f), one obtains that as g runs through all of dom (fS) , Sg

runs through all of dom (7"\) Hence, (B.10) implies that f € dom ((f)"‘) and thus (B.9)
yields

((7) £.s6),, = ((S7) (@) £.58), - (B.11)

Since (as a consequence of the hypothesis dom(7) Nran(S) = H’), ran(S) = H/, (B.11)
implies

(T)" f = (F)* TS f=(SNT f=6""TS"f  BI2

Here, we used that (A) * = A*if A is densely defined and closable (cf. [85, Theorem 5.3 (c)])
and that (B_l)* = (B*)~!if B is injective and densely defined with dense range (implying
injectivity of B*, cf. [85, Theorem 4.17 (b)]). Equation (B.12) yields §* (T)" f = (T'S)" f

*

and hence (T\S)* C §* (ﬂ .
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Next, assume in addition that T is closable (and hence (_)* = T*). Then, if dom(T) N
ran(S) is a core for 7, T = T yields

(7)" = (?)* = (1) =17, (B.13)

and hence, (B.6) implies (7'S)* = S*T*. Conversely, suppose that (ﬂ* = T*. Then,

=)l

= (7)) =ay =T (B.14)

proves that dom(7T') N ran(S) is a core for 7.

For a proof of item (v), we refer to [44,48,49,73], and [82]. In this context we note that
ran(S) is closed in H’ (since S is assumed to be closed and dim (ran(S)L) < 00, cf. [26,
Corollary IV.1.13]) and hence does not have to be assumed to be closed, and similarly, it is
not necessary to assume that 7 is closed as is done in some references. O

We note again that Lemma B.1 (iv) is a refinement of [85, Exercise 4.18], listed as item
(iii) in Lemma B.1; it may be of independent interest.

For additional results guaranteeing (7 S)* = S*T* (including the Banach space setting),
we refer, for instance, to [44,48,49,58,68], and [82] (in particular, the case of non-densely
defined operators is discussed in detail in [68]).

Next, we briefly consider situations which relate ST with S 7' (much less appears to have
been studied in this context).

Lemma B.2 Let H, H', H” be complex, separable Hilbert spaces, and introduce the linear
operators

S:H2dom(S) - H, T:H 2dom(T)— H". (B.15)

(i) Assume that S is bounded, S € B(H,H'), and that T is closed. Then T'S is closed,
implying that T S is closable and that

TSCTS. (B.16)
(i) Assume that S is injective with S=! bounded and S~ € B(H', H). Furthermore,
suppose T |dom(T)nran(s) is closable and
Tl gom(r)nran(s) E T ldom(T)nran(s)- (B.17)
In addition, assume that T S is closable. Then

TSCTS. (B.18)

Proof For the purpose of proving item (i), we suppose that { f,},en C dom(7'S) such that
s-lim, 00 fu = f € Hand TS f, = h € H”. By the definition of dom(7'S), this implies
that { f,},en C dom(S), and since S € B(H, H’), one concludes that s-lim,, ey S f, = Sf €
H’. Since s-lim,— 00 T(S f,) = s-lim,—oo TS f, = h, closedness of T implies that Sf
dom(T) and s-lim,_, o T (S f,) = T(Sf), that is, f € dom(T'S) and s-lim, 0o TS f, =
TSf.Thus, TS is closed.

Since T'S € T'S and the latter is closed, T'S is closable and

TSCTS=TS. (B.19)
To prove item (ii), let f € dom(TS)and g = TS f.Then, h = S f € dom(T) Nran(S), and
by assumption (B.17), we can find {/, },en € dom(T) Nran(S) such that s-lim, o0 b, = h
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inH’ and s-lim, oo Th, = Th = ginH". Since S~ ! is bounded, the sequence f, = S~ 'h,
converges strongly to S~1h = (5)7l h = f in'H, and by construction, T'Sf, = Thy,,n € N,
satisfies s-lim,_ o0 TSf, = g. Thus, f € dom(TS) and TSf =g=TSf. o

We note that closedness of 7'S in Lemma B.2 (i) has been noted in [20, Proposition B.2].
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