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Abstract In the present paper we provide a broad survey of the regularity theory for
non-differentiable higher order parabolic systems of the type

m—1
/ u-@—A(z,u,Du,...,D"u) - D"pdz = /Z B*(z,u, Du, ..., D"u) - Dkgodz.
Qr Qr k=0

Initially, we prove a partial regularity result with the method of A-polycaloric approxima-
tion, which is a parabolic analogue of the harmonic approximation lemma of De Giorgi.
Moreover, we prove better estimates for the maximal parabolic Hausdorff-dimension of the
singular set of weak solutions, using fractional parabolic Sobolev spaces. Thereby, we also
consider different situations, which yield a better dimension reduction result, including the
low dimensional case and coefficients A(z, D" u), independent of the lower order derivatives
of u.
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1 Introduction and statement of the results

Let © be a bounded domain in R” and Q7 the parabolic cylinder Q2 x (—T7,0) over Q
with T > 0. In the following we consider weak solutions u € Lz(—T, 0; Wm'z(Q; RN)),
N, m > 1 of higher order parabolic systems of the form
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62 V. Bogelein

/ (u - — A(z, u, D™u) - D’"qa) dz = / B(z, 8u, D™u) - 8¢ dz (1.1)
Qr Qr

for all ¢ € C3°(Qr; R™). Here and in the following we write z = (x,1) € R O = 0
denotes the derivative with respect to the time-variable ¢, whence Du, respectively D¥u
denote the derivatives with respect to the space-variable x and Su = (u, Du, ..., pm-l u)

|or]=k

is the vector of lower order derivatives. We note that DXy = {D%u;};_; y is an ele-

.....

ment of the vectorspace O (R”, RV) of k-linear functions with values in RY, which can
n+k—1

be identified with RV ("% ), Throughout the whole paper we shall use the abbreviations
N = N("+Zfl), M= N(”;TII) = Z":_Ol M, where ), = N(n+11§71)’ which allows us
to write D"u € R, D*u € R“% and Su € R~

We consider coefficients A: Q7 x R x R*Y — Hom(R-", R) such that (z, £, p) —
A(z,&, p) and (z,§, p) — 03,A(z, &, p) are continuous on Qr x R x R and B =
(BY, ..., B" 1y with B¥: Q7 x RZ x RY — Hom(R“”k,R) fork=0,...,m—1.We
assume the following ellipticity and growth conditions, withO < v <land 1 < L < oo:

pAE, )PP =vIpP (1.2)
Az, &, p)l < L(1+|pl), (1.3)
|B(z, &, p)| < L(1+|p)), (1.4)

forall z € Qr, & € R# and p,DE R-". Moreover, considering minimizers of function-
als it is usual to assume growth conditions on the second derivatives of the functional, see
for instance [1]. In the case of elliptic, respectively parabolic systems this corresponds to
a bound on 9, A. Here, we shall assume 9, A to be—not necessarily uniformly—bounded.
More precisely, we assume that for given M > 0 there exists ks, such that

10pA(z, &, p)| = L kum, (1.5)

forall z € Q7, &€ € R and p € R such that |£| + |p| < M. With respect to the vari-
ables (z, &) we will put only a Holder-continuity assumption on the coefficients. Since our
parabolic system is of order 2m, the natural parabolic metric in R"t! is

do(z,20) = VIx —x02" + |t — 10, where z = (x, 1), 20 = (x0, f0) € Rt

We assume the mapping (z, §) +— A{ifpf ) to be—not necessarily uniformly—HGolder con-

tinuous with respect to the parabolic metric d gz, with Holder exponent 8 € (0, 1), i.e.
|A(z. &, p) — A(z0. 0. )| < L O(I&] + |&0l. d (2, 20) + 1§ — &) A + [p),  (1.6)
forall z, zo € Qr, &, & € R? and p € R*Y with

6(y,s) = min{l, K(y)sﬂ},

where K : [0, 00) — [1, 00) is non-decreasing. This will be enough to prove our partial

regularity result, i.e. to show that D" u is of class C# 2 outside a set of £ !-measure zero,
the so called singular set.

Theorem 1.1 Suppose that u € L2(=T,0; W"2(Q; RM)) is a weak solution of the para-
bolic system (1.1) in Qr under the assumptions (1.2)—(1.6). Then

D"u e CPHi (Q\Z: RY),

where Qr\X is an open subset of Qr with full measure, i.e. |X| = 0.
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Higher order parabolic systems 63

To prove regularity results for higher order parabolic systems, there had to be developed
new techniques, in particular to overcome the difficulties arising from the lack of regularity
of the intermediate derivatives Du, ..., D" 1y with respect to the time variable ¢. For non-
differentiable second-order parabolic systems without any a priori regularity assumptions
on the solution, regularity results were initially achieved by Duzaar and Mingione [19] and
Duzaar et al. [20], see also [3] for systems with non-standard growth.

With regard to regularity theory it is essential to have a suitable Cacciopoli inequality
at hand. In order to come along with the non-uniform bound of 9, A in (1.5) we will need
very fine estimates in the proof. Considering higher order problems, we also have to treat
integrals of intermediate derivatives Du, ..., D"~ !u. Since the general Poincaré inequality
is not applicable for weak solutions of parabolic systems, we cannot estimate them in terms
of D" u. Instead, we use an Interpolation-Theorem on the annulus (see Lemma 2.4), which
preserves the right scaling.

After proving that the in terms of Cacciopoli’s inequality rescaled solution is approxi-
mately a solution of a linear system, we can apply the so called A-polycaloric approximation
lemma, which allows us to approximate the weak solution of a non-linear system by a solu-
tion of a linear system with constant coefficients. This is a parabolic analogue of the classical
harmonic approximation lemma of De Giorgi (see [13,35]). The technique has its origin in
Simon’s approach to Allard’s regularity theorem [34,35] and was used to obtain regularity
results for non-linear elliptic, respectively parabolic systems in [16—19]. This technique will
allow us to approximate weak solutions of the original problem with solutions of a linear
parabolic system with constant coefficients. Subsequently, we can exploint good estimates
for solutions of linear systems

The application of the A-polycaloric approximation lemma then leads us—after an itera-
tion procedure—to an excess-decay estimate in points where a certain smallness condition is

fulfilled. In those points we conclude C#: 7 -regularity of D™ u by an integral characteriza-
tion of Holder continuous functions due to Campanato and therefore obtain a characterization
of the singular set in Theorem 3.7. But contrary to the elliptic case we cannot directly con-
clude that the singular set has .#"**!-measure zero. This is due to the fact that we cannot
apply Poinaré’s inequality to weak solutions of parabolic systems, since they are a priori
only L2-functions with respect to the time variable ¢. Therefore, we prove a sort of Poincaré
inequality for weak solutions in Lemma 3.12, which exploits the absolute continuity in time
of weighted means of the weak solution.

In the following we denote by ¥ the singular set of u, i.e. we have D"'u € Cﬁ’% (Qr\
%; R“"). Then, from Theorem 1.1 we know that T is a set of .#"*!-measure zero. But how
“large” can ¥ be? To answer this question we firstly need a quantity to measure the size
of X. For elliptic systems, estimates of the singular set are usually expressed in terms of
its Hausdorff-dimension. To get the analogous results in the case of parabolic systems, one
has to express the estimates in terms of the parabolic Hausdorff-dimension. In our situa-
tion of 2mth order parabolic systems, it is convenient to work with the following parabolic
Hausdorff-dimension

dimg (F) =inf {s > 0: 2°(F) =0} =sup{s > 0: 2°(F) = o0},

where F ¢ R**! and

oo oo
P5(F) Efl)ig})inf[pr : FC U 0, (zi), 0<p;i < p]

i=1 i=1
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denotes the parabolic s-dimensional Hausdorff-measure of F, with s € [0, n + 2m]. Here,
the supremum is taken over all parabolic cylinders of the form Q, (z;) = B, x (t; — piz’", ti).

In order to prove our dimension reduction result, i.e. to show better estimates for the
Hausdorff-dimension of the singular set, we have to slightly reinforce our assumptions in the
sense that 9, A is uniformly bounded:

10pA(z. 6, p)| = L, (1.7)
forallz € Qr, & € R4 and p,DE R+ and
|A(Za é! p) - A(Z()v %.07 p)' =< L g(dg(zv ZO) + |§ - Eol)(l + |p|)a (18)

for all z,z9 € Qr, £,& € R and p € R+, where 0: [0, 00) +— [0, 1] is a bounded
continuous concave function, such that

9(s) <sP, s>0. (1.9)

Under these slightly stronger assumptions, the result of Theorem 1.1 can be improved to the
following

Theorem 1.2 Letu € L2(—T, 0; W™2(Q; RN)) be a weak solution of the parabolic system
(1.1) in Qr under the assumptions (1.2)—(1.4), (1.7) and (1.8) and let X denote the singular
set of u. Then there exists § = §(n,m, N, B, L/v) > 0, such that

dimgp(X) <n+2m —§.

Remark 1.3 We can quantify § in the last theorem by § = 1’1—‘;, where o is the exponent
gained from the higher integrability of | D" u| (see Theorem 4.1). Therefore we see that
imé=0 and Ilim &§=0.
BN\O L/v—o0
The estimate for the singular set from Theorem 1.2 can still be improved for simpler

systems, where the coefficients A do not depend on the intermediate derivatives §u, of the
following type

/ (4@ — Az, D™u) - D"¢) dz=0 forall ¢ € C;°(Qr; R"). (1.10)
Qr

Then, we have

Theorem 1.4 Let u € L2(—T,0; W™2(Q; RN)) be a weak solution of the simpler system
(1.10) in Qr under the assumptions (1.2), (1.3), (1.7) and (1.8) and denote by X the singular
set of u. Then there exists § = §(n,m, N, B, L/v) > 0, such that

dimg(X) <n+2m -2 —4.

The main idea in proving this kind of dimension reduction results for non-differentiable
systems is to show that D" u lies in a certain fractional Sobolev-space. The result then follows
from Giusti’s lemma. This method was introduced by Mingione in [30] and [31] for elliptic
systems. Moreover, for elliptic systems, the dimension reduction result could be improved
also in the case that the coefficients depend on u, under the additional assumption that u is
Holder-continuous with some arbitrary Holder exponent.

Regarding our parabolic problem, this suggests that we can improve the estimate for the
Hausdorff dimension of the singular set from Theorem 1.2 under the assumption that the

@ Springer



Higher order parabolic systems 65

solution u and its derivatives up to the order m — 1 are Holder continuous. Then, it turns
out, that in fact the stronger estimate from Theorem 1.4 holds, although the coefficients A
depend on Su.

Theorem 1.5 Leru € L2(—T,0; W™2(Q2: RY)) N €™~ 1% 3 (Qr; RY) with & € (0, 1) be
a weak solution to the parabolic system (1.1) in Q7 under the assumptions (1.2)-(1.4), (1.7)
and (1.8) and denote by ¥ the singular set of u. Then

dimg (X)) <n+2m—2p.

In the case of homogeneous systems, i.e. B = 0 this inequality is strict, i.e. there exists
8§ =38(n,m, N, B,L/v) > 0 such that

dims(T) < n+2m — 28 — 6.

A main ingredient in the proof is an Interpolation-Theorem which ensures better inte-
grability properties of a function by interpolation between fractional Sobolev spaces and
Holder spaces. In the elliptic framework, this interpolation result goes back to Campanato
[8, Teorema 3.I1I]. Therefore, we will first show a parabolic version of this Interpolation-
Theorem (see Theorem 5.7). It will be exploited to improve the fractional differentiability of
D™u in each step of a finite iteration process in the proof of Lemma 6.9.

Finally, we want to point out the main difficulties appearing in the parabolic case. Since
we only know that weak solutions are L>-functions with respect to 7, we cannot estimate
finite differences of D*u,k = 0, ..., m — 1 in terms of d; D¥u. Therefore, we have to exploit
the parabolic system in Lemma 6.1 to infer a suitable similar estimate for the LZ-norm of
finite differences of D¥u. Since this estimate is not good enough for the purpose of Theorem
1.5, we will consider second finite differences in Lemma 6.6, for which we can show better
estimates. These estimates can then be carried over to first finite differences, applying a result
of Domokos [14], used for the treatment of sub-elliptic equations in the Heisenberg-group.
Moreover, additionally to the L2-norm, we will also need estimates for L2t?-norms (b > 0)
of finite differences of D¥u. In order to transfer our estimate to a “larger” L?-norm, we will
use the Hardy-Littlewood maximal function and the sharp function in Lemma 6.5.

The assumption concerning the Hélder continuity of D™~ 'y in Theorem 1.5 indeed is
fulfilled in particular situations. In small dimensions, i.e. in the case n < 2 for second-order
systems (m = 1), we know due to a result of Campanato [10, Theorem 8.1I], that u is
Holder continuous on a set of full &2 -measure. More precisely, there exists an open subset
Q) C Qr and A € (0, 1) such that u € C*3 (Qo; RY), where 2"(Qr\Q0) = 0. This
yields the following

Theorem 1.6 Letn <2, m = 1landu € L2(—T, 0; WI’Z(Q; RN)) be a weak solution of the
system (1.1) in Qr under the assumptions (1.2)—(1.4), (1.7) and (1.8). Then for the singular
set ¥ of u there holds

dimg () <n+2-—28.
In the case of homogeneous systems there there exists § = §(n, N, B, L/v) > 0 such that
dimgp(X) <n+2-28-34.

The present paper is part of the PhD-Thesis of the author. Our intention is to provide a
broad overview over regularity theory for this kind of nondifferentiable higher order para-
bolic systems. For this reason, and for sake of brevity, we shall concentrate here on those
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points containing the most important technical innovations of the paper, confining ourself
to giving only a sketch of those proofs that are closer to the ones for second-order systems,
and that can be found scattered in the literature. The full proofs can be nevertheless retrieved
from [5].

2 Notation and preliminary material

As basic sets for our estimates we usually take parabolic cylinders. If not differently men-
tioned we denote Q,(z0) = B, (x0) x (fo — p¥" . 10), where zo = (xo, 19) € R, p > 0
and B, (xp) is the open ball in R" with center xo and radius p. If zo = 0, we abbreviate
Qp = 0,(0) and B, = B,(0). Moreover, for an integrable function v: Q,(z0) — R,
k € N we write (v),,, = UCQp(zo) v dz for its mean-value on the parabolic cylinder Q,(zo).
We now summarize some conclusions of our assumptions on the coefficients that will
be used in several points of the paper. From the ellipticity (1.2) of d,A we infer that A is
monotone with respect to p, i.e. forall z € Qr, § € R and p,DE R-"" there holds

(Az, &, p) — Az, & D) - (p—p) = vIp— P~ 2.1)

Moreover, we will use that 6 from (1.6) is a concave function with respect to s and

0(I&1 + 1£0l, d (2, 20) + I& — &ol) < K(2l€0l + 1) (d (2, 20) + 1§ — Sol)ﬂ, 2.2)

which can be seen by considering the cases |£ — &y| < 1 (then |§]| + |&p| < 2|&p| + 1) and
& — &| > 1 (then the term on the right-hand side is > 1; the one on the left-hand side is
always < 1). We further set

H(s)=KQ2s+1) (1 +s).
Then, combining (1.6) and (2.2) we have

|A(z,&, p) — Az0, &0, p)| < L H(M) (d(z,20) + € — &)’ (23)

provided that |§g| < M and |p| < M. By virtue of the continuity of d,A there exists for
each M > 0 a modulus of continuity wy: [0, 00) — [0, 1] with limg\ o wp(s) = 0 for
all M > 0, such that M +— wys(s) is non-deceasing for fixed s > 0 and s +— wp(s) is
non-decreasing and s — wy (s)? is concave for fixed M > 0, with the property that

10pA(z, &, p) — 8,A(20, &0, po)| < 2L kp oy (A (2, 20)* + |& — &> + |p — pol?)
2.4)
forall z, zo € Q7. &, & € R and p, py € R with |&] + |p| < M and |&] + |po| < M.

2.1 Estimates for polynomials

In order to treat regularity problems for elliptic respectively parabolic systems one usually
needs to control oscillation quantities of the solution to measure in a weak sense its regularity.
In any case polynomials, especially the mean value polynomials and the minimizing polyno-
mials, will play an important role. Now, we will establish the basic facts and estimates used
throughout the paper. The first lemma is an immediate consequence of Taylor’s expansion
[5, Lemma A.2].
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Higher order parabolic systems 67

Lemma 2.1 Let P: R" — RN be a polynomial of degree < m and B,(xo) C R" with
p < 1. Then

I8P (x) — 8P (x0)| < c(m) p (8P (x0)| + |[D"P|)  forall x € By(xo).

For instance we can attain c(m) = 2m./m.

We can represent any polynomial by its mean values on balls, [15]. This representation
allows us to estimate our polynomial in terms of these mean values [5, Lemma A.1].

Lemma 2.2 Let P: R* — RN be apolynomial of degree =m and B, (xo) C R". Then for
all 0 < k < m — 1 there holds, with (DI P)y, , = fB'_(xo) D/ Pdy:

m
ID*P ()| < ctn,m) D~ p/ (DI P)yy | forall x € B,(xo).
Jj=k

2.2 Technical Lemma
In some places, i.e. in the proof of the Caccioppoli inequality we will “absorb” certain inte-

grals of the right-hand side. For this we will need the following lemma, which is standard
and can be found for instance in [23, p. 161].

Lemma23 Ler0 < ¥ < 1, A,B >0, ¢ > 0andlet f > 0 be a bounded function
satisfying

f@O <0fs)+AGs—0)*+ B
forall0 <r <t <s < p. Then there exists a constant ciech = Ctech (@, ¥), such that

S(r) < ctech (A(,O - +B)-

2.3 Interpolation Lemma

We now state an interpolation lemma for intermediate derivatives on the annulus, similar to
[4, Theorem 4.14]. For our purpose the “right” scaling on the annulus will be essential. We
refer to [5, Lemma B.1] for a detailed proof. Later, we will apply this lemma several times
on the horizontal time slices.

Lemma 2.4 Let B., Bg C R" be two balls with the same center and radius r, respectively
R, where 0 <r < R < 1 andletu € W"-P(Bg) with p > 1. Then for any 0 < k <m — 1

and 0 < & < 1 there holds
' Dfu|p k ulP
/ _ Dl” dx <e¢ / |D"u|? dx + c(n, m, p) &~ m—* / _ dx
(R —rypm
Br\B, BRr\B;, Br\B

(R — r)P(m—k)

2.4 Steklov-means

Since weak solutions u of parabolic systems possess only very weak regularity properties
with respect to the time variable 7 (i.e. they are not assumed to be weakly differentiable), they
are in principle no admissible test-functions (also disregarding boundary values). In order to
be nevertheless able to test properly, we smooth the function u in the time direction ¢, using
the so-called Steklov-means. This also enables us to work on the time-slices R” x {t}, even
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68 V. Bogelein

if u is only an L2-function with respect to ¢. Given a function f € L'(Q7)and0 < h < T,
we define its Steklov-mean by

t+h

l/f(x,s)ds, te (=T, —h),

[flnx, ) =1 h (2.5)

t
0, t€(=h,0),

respectively
t
1
i n=1h /h fr9)ds, 1e (T +h0),
z‘_
0, t < =T+ h.
Then [f1, — fand[f]; — fash \ 0a.e.in Q7 and
[ fln(x, 1) = %(f(x,t—i—h) —fx ), I flx,t) = %(f(x,t) — = h)).

Moreover, we have

t+h
//|[f]h| dxdr < / /|f| dxdr and //|[f]h| dx dr < //lfl dx dr
n n —h Q

(2.6)
for =T < t; < tp < —h, respectively for =T +h < t; < o < 0. Rewriting system (1.1)
with Steklov-means [u];, of u, we obtain the following system on the time-slices 2 x {}

/a,[u]h(., 1)@+ [AC.1,8u(, 1), D"u(-,1))], - D" pdx
Q

—/[B(~, t,8u(-, 1), D"u(-, 1)), - Spdx 2.7)

Q

forall g € WJ"*(2; RY) and for a.e.  in (— T, 0).

3 Partial Regularity
3.1 A-polycaloric approximation

Our main tool in proving partial regularity is the lemma of A-polycaloric approximation,
stating that whenever a function « is in a certain sense approximately a solution of a linear
parabolic system, then there exists a solution g of this linear system which is in some sense
“near” to u.

Lemma 3.1 Given ¢ > 0 there is a constant § = §(n, N,m,v, A,e) € (0, 1] with the
following property: Whenever A is a strongly elliptic bilinear form on R-" with ellipticity
constant v > 0 and upper bound A, i.e. v|p|*> < A(p, p) and A(p, p) < A|pl||p| for
p, b e RY andu € L*(ty — p™™, to; W™2(B,(x0); RY)) with

m 2
Z f ‘ m—k
=0

dz <1,
0,(20)
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Higher order parabolic systems 69

is approximately A-polycaloric in the sense that

(- @ — A(D™u, D)) dz| <8 sup |[D™g|, forall ¢ € C(Qy(z0); RY),
0, (z0)
0, (z0)

then there exists an A-caloric function g € L*(tg — p*™, ty; Wm’z(Bp (x0); RMY), i.e.

/ (6-01 — AD"g. D"g)) dz =0 forall ¢ € C§*(Qp(z0): BV,
Qp(ZO)

such that

m—1

key —
Z ][‘ _gk dz <1 and Z ][ ‘D(u g)’ dz <e.

Q/) (z0) Qp(ZO)

Proof We will only sketch the proof and refer the reader to [5, Lemma 3.3], for a detailed
proof. Without loss of generality we may assume that zo = 0 and p = 1. Otherwise we
rescale u to Q1(0) via v(x, ) = p "™ u(xg + px, to + p>"¢). Thus it is enough to show the
assertionon Q = 01(0) = B x (—1,0).

Supposed the conclusion of the lemma were wrong, then there would exist ¢ > 0 and
a sequence (A ;) jen of bilinear forms on R with uniform ellipticity constant v > 0 and
upper bound A and a sequence of functions (v;) jeny with v; € L2(—=1,0; W™2(B; RMY),
such that

1
][|Dkv Pdz<1 and ‘][(vj-got—Aj(Dmvj,Dm(p)) dz| < — sup|D"¢|
k=0 J e
0
(3.1
forall g € C5°(Q; RY) and j € N, but

][Ivj—g|2dz>8 (3.2)

for all A j-caloric functions g on Q with >7}" JCQ |D¥g|?dz < 1. By the uniform bounded-

ness of || D¥v jllg2 for O < k < m there exists a subsequence (also labelled with j), a function
v E Lz(—l, 0; Wm*z(B; ]RN)) and a bilinear form A, such that

Dkvj — DFy Weaklyian(Q;R/”k) forall 0 <k <m,
Aj— A as bilinear forms on R+ .
Since v > ZT:O TICQ |D¥v|2 dz is weakly lower semicontinuous, we get from (3.1) that

2o o |D¥v|?dz < 1. Due to the convergence A; — A, the weak convergence of v;

and D"v;, the uniform boundedness of [D"v;| in L2(Q) and (3.1), i.e. the fact that vj is
approximately A j-caloric, we can show that v is an A-caloric function on Q, i.e.

/ (v-¢ — A(D"v, D"¢)) dz=0 forall ¢ e CC(Q;RY). (3.3)
0

In order to derive the contradiction in (3.2) we have to show strong convergence of D¥v j to
D¥v in L?2(Q; R%) for 0 < k < m — 1. The compactness argument which is applied in
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70 V. Bogelein

this situation in the elliptic case, cannot be used, since v; is possibly not differentiable with
respect to ¢. Instead, we use a different argument. Exploiting the fact that v; is approximately
A j-caloric, we can show that
—h
1 k . — . 2 —
fim [ 1D (0ot 40 = 03 0) 123 =0
A 1

uniformly with respect to j for all 0 < k < m — 1. Since we also know that (D*v j)jeN is
uniformly bounded in L ll oe(—1,0; L? (B)), Theorem 3 in [33] ensures the existence of a subse-
quence (v;) jen (also labelled with j), converging strongly in w12 je for0 <k <m—1
there holds

Dkv_/ — D*v  stronglyin  L?(Q; R,

From (3.3) we know that v is an A-caloric function. In the following we will derive the
contradiction by constructing suitable A ;-caloric functions. For this, let w; € C([—1, 0];

L*(B,RN)) N L2(—1,0; WJ"*(B,RY)), d,w; € L2(—1,0; W—™2(B, RY)) be the weak
solution of the initial value problem:

/(wj c@r—Aj(D"wj, Dmgo)) dz= — /Aj(Dmv, D"p)dz, forall ¢ € C5°(Q, RV,
0 o
and w; (-, —1) = 0. Then, testing the system with ¢ = w;, we can infer that

1 v .
sup *”wj(',f)”iz(g)+*/|mej|2dz—> 0 as j — oo. (3.4)
re(-1,0) 2 2 ;

Wenowdefineg; =v—w; € L2(—1, 0; Wm’z(B; RN)). Then, g; agrees with v on the para-
bolic boundary (B x {—1})U(dB x (-1, 0)) of Q, since w; vanishes there. Furthermore g; is
A j-caloric and from (3.4) we infer that ||g; —v ||L2(Q) +11D"(gj—v) ||L2(Q) — 0Oas j — oo.

This implies g; — v in L%(—1,0; W™2(B; RM)) and therefore, ZZI:O fQ |Dkgj|2dz is
bounded. Letting g; = i—i, bj =max{l, >}, [, ol D¥g;|? dz} we finally obtain the con-
tradiction, because g; is A j-caloric, kazo fQ |Dk§j |2dz < 1 forall Jj € Nand

~ 1
/|Dk(v—gj) |2dz§2/|Dk(v—gj) |2dz+2(1—b—)/|Dkgj|2dz—>O
J
(9] o o

as j — oo, for0 <k <m — 1, since Dkgj — D*yin L? and bj — 1. This is the desired
contradiction to (3.2), because we also know that D¥v; — D¥vin L. o

3.2 Caccioppoli inequality
As usual, the first step in proving partial regularity is a suitable Caccioppoli inequality.
Lemma 3.2 Suppose that u € L2(=T,0; W"2(Q; RM)) is a weak solution of (1.1) in

Q7 under the assumptions (1.2)—(1.6) and let Q,(z0) € Qr, with 0 < p < 1. Then for
M > 0, and for all polynomials P: R" — RN independent of t of degree < m, fulfilling
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[6P(x)| + |[D™P| < M for x € By(xo) there holds

1) — P?
sup ][ de—i— ][ D" (u — P)|>dz

2m
_ 2 2m’ p
1e(t0—(p/2)*" 10) B,)2(x0) Qp/2(20)

lu— P

o 2m

< CCac +p* dz,
Qp(ZO)

where ccqc depends onn, v, L, M, H(M), kp41.
Proof Without loss of generality we can assume that zg = (xo, o) = 0,1.e. Q,(z0) = Q) =
B, x (—p?™, 0). We choose two cut-off functions 7 € Cy°(By) and ¢ € CY(R) with the
properties

n=1inByp, 0<n=<1, |[Vnl<c/p;

¢=lon (=(p/2)™,00), ¢=0o0n(—00,—p™), 0<¢<1, 0<¢ <2/p™.
Choosing the test-function ¢, = n%¢2(up — £), where uy, denotes the Steklov-mean of

u defined in (2.5), in the Steklov-formulation (2.7) of the system, we obtain for a.e. T €
(=p2™, 0) that

/ (3uun - on + [AC, -, u, Du)ly, - Dgy) (-, T)dx = 0. (3.5)
By

Noting that 9; P = 0, we infer for a.e. t € (—pz’", 0) that

t t
1
/ /at[u]h -y dxdt = / /(5 O (Iluln — PI*¢%) n — Iluly — P|2n§§’) dxdt

,p2m Bp *sz Bp

t

1 2 2 2 /
= E/I[u]h(nt)—Pl ng @) dx — / /I[u]h—Pl ngg dxdr.
By

*,02"’ Bp

Therefore, integrating (3.5) over (—p>", t), using the previous identity and passing to the
limit 2 \ 0 yields for a.e. t € (—p*™, 0) that

t
%/|u(-,t)—P|2n;(t)2dx+ / /A(~,8u,Dmu)-Dm(u—P)ng“zdz
By

_p2m Bp

t
= / / (—A(, 8u, D™u) -LOT¢? — B(-, 8u, D™u) - 8¢ + |u — P*n¢¢’) dz,
_p2m Bp

where we have denoted dz = dx dr and ¢ = n¢%(u — P) and

m—1
D" = ;2(DV”(M - P+ (Z’)Dk(u - P)O D’”_"n).
k=0

=LOT

@ Springer



72 V. Bogelein

Furthermore we have

t
/ /A(-,Su, D"P)-D"(u — P)nc*dz

_pZm Bp

t
= / /(A(-,Su,DmP)-Dmgo—A(-,Su, D"P)-10T¢?) dz
_p2m Bp

and

t
/ /A(O,SP(O), D"P).D"pdz =0.
_p2m Bp
Combining the previous identities, using the monotonicity (2.1) of A, i.e. that (A(-, §u,

D™u) — A(-, 8u, D™ P)) - D" (u — P) > v| D" (u — P)|* and noting that y = 1 on B,, we
getforae.r € (—p?™, 0):

t
%/Iu(-,t)—PIZC(t)deJrv / /IDm(u—P)I2§2dz

By, —p?m Bp,

t

_pZm Bp

t
- / /(A(.,(Su,DmP)—A(.,ap,DmP))~D’"godz

7p2m B/7

1
- / /(A(-,SP,D”‘P)—A(O,SP(O),D’”P))-D’”godz

—p2m By,
t t
— / /B(~,8u,Dmu)-8<pdz+ / /lu—P|2n§C’dz
—p2m By, —p2m B,
=hLh+b+L+ 1L+, (3.6)

with the obvious meaning of /1 — Is. We now derive estimates for /1 — I5s. Thereby we take
e € (0,1].
Estimate for /;. We once again decompose I1 = 1,1 + I12 + I1 3, where

I

t
- / /(A(-,Su,Dmu)—A(-,SP,D'"u))~LOT§2dz,

_p2m Bp

t
Iio=— / /(A(-,sp, D"u) — A(-, 6P, D" P)) - LOT ¢ dz,
—p2" By
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1
Iis=— / /(A(-,(SP, D" P) — A(-, 8u, D" P)) - LOT {2 dz.
,ern B/7

To estimate /7 1 we use (1.6) and the assumption | D™ P| < M. Then, we exploit our assump-
tions on 6, namely, for the term involving 1 + M we use (2.2), (note that |§ P(x)| < M for
X € B, by assumption and that H (M) = K(2M + 1)(1 + M)) and for the term involving
|[D"™(u — P)| we use that 6 < 1. Also applying Holder’s inequality in the last line we infer
that

111l <L / 0 (|6ul + 8P|, |6u — S P]) ((1+M)—|—|Dm(u— P)|) lLoT|¢? dz
O

<L / (1 + M)K@2M + 1)|su — §P|F + D™ (u — P)]|) [LOT|¢? dz

Opy
% %
SL(/ (H(M>2|8u—6P|2ﬂ+|D’"(u—P)|2);2dz) (/ |LOT|2§2dz) _
O Oy

To estimate /1 > we decompose Qp, = S| U Sp, where S| = {z € Qp, : [D"(u — P)| < 1},
S> ={z € Qp, : |ID"™(u — P)| > 1} and rewrite I > as follows

o< / A 8P, D™u) — A 8P, D" P)| |LoT| % dz
sz

:/() dZ+/() dZEIl,Z,l‘i_le’z,
S1 S2

with the obvious labelling of I 5,1 and I 2 2. For 11 2,1 we use (1.5) and Holder’s inequality
and note that |§ P (x)| < M for x € B, and that |[D" P +s(D"u — D" P)| < M +1onS;
to obtain

lLoT| ¢% dz

1
dA
Lo 5/‘/—(z,SP,DmP—i-s(D"’u—D”’P)) (D"u — D™ P)ds
)%

0

S

< LKM+1/|D'"(u ~ Pyl Lot ¢ dz
N

1 1

sLxM+1(/ |D'"(u—P>|2<2dz)2(/ |L0T|242dz)2

2] Qp,
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For 1> » we use the growth condition (1.3) instead of (1.5), the assumption | D" P| < M, the
fact that |[D™ (u — P)| > 1 on S, and Holder’s inequality to obtain

liao < L/(2+M+ [D™ul) |LoT| ¢%dz < 3L (1 —I—M)/ |D™(u — P)||LOT| £% dz

S S
1 1
§3L(1+M)(/ |D’"(u—P)|2§2)2(/ |LOT|2§2dZ)2.
” 2

To estimate /1 3 we use (2.3) (note that [§P(x)] < M and |[D™P| < M) and Holder’s

inequality
3 3
11,35LH(M)(/ |8u—8P|2ﬂ§2dz) (/ |L0T|2;2dz) )

2] Qp,

Together the previous estimates result in

1 1
Ilch(/ (|D’”(u—P)|2+|8u—8P|2ﬂ)§‘2dz)2(/ |LOT|2§2dz)2, (3.7)

2] Qp,

where ¢ depends on M, H(M) and kjs1. With Young’s inequality we infer that

L2
1158/ |Dm(u—P)|2§2dz+c—/(|L0T|2+|5u—5p|2ﬂ)g2dz.
&

Om Qp,

Estimate for /. We use the Holder-continuity (1.6) of the mapping & > Afi‘gpf ) in the

form (2.3), (which is applicable since we know |§ P(x)| < M for x € B, and |[D" P| < M).
Applying Young’s inequality afterwards yields for ¢ > 0

|L| < L H(M) / 18(u — P)|P (|D™(u — P)| + |LoT]) £ dz
Q,D2
< / D" (u — P)[>¢2dz + / (|L0T|2 + LM 50 P)|25) £2dz.
Qp2 Qp2

Estimate for /3. Exploiting once again the Holder-continuity (2.3) of coefficients and the
fact that | P(x) — §P(0)| < cp M for x € B, (by Lemma 2.1) we infer that

I3 < ¢ LHM) (14 M)PpP / (ID™(u — P)| + |LoT|) ¢* dz
Qp2

2
< e/ |D™ (u —P)|2§2dz+8/ Lot dg 4 S HOD) L7 HE(M))L

Op, Qp,

0P 10,l.
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Estimate for 1. From the growth (1.4) of B and the fact that | D™ P| < M we find that

|I4|§L/(1+M+|D’"(u—P)|) |8¢|dz

Q;OQ
2L 8((u— Pyn)?
<o [ ina-ppees 2 [ ROCDI R g e,
Q,D2 Q,D2
2 2
Estimate for /5. For Is, we only note that |/| < pz,n < e

We insert the estimates for /1 — I5 into (3.6), take the supremum over t € (—(p/ 2)2m ()
in the first term on the left-hand side and take r = O in the second-term and note that n = 1
on B, to infer that

1
— sup /|u(~,t)—P|2dx—|—v/ D" (u — P)|>¢%dz
1e(=(p/2?".0)
I3

O,
538/ |D"(u — P)*¢%dz
Q;OQ
) P)n)|? - P)?
ve [ (ome 4 PSP s pipre+ M2 o
02 (2 — p1)
)
+cp?? 10,

where c = c(n,m, L, M, H(M), kp1+1, 1/¢). Now we will observe bounds for the terms of
lower order. Firstly we note that the integrand in the subsequent estimate differs from zero
only on the annulus By, \ By, , due to the fact that D"y =0on B, for0 < k < m. Apply-
ing the Interpolation-Lemma 2.4 “slicewise” on the annulus B,,\B,, for a.e. t € (—p*", 0)
we obtain for 0 < u < 1 that

ol D@ — P)P?
/'LOTM dZ<CZ / / (p2 — p1)2m= =y &4

Qﬂz —,02'” 302\301
— P2
/|Dm(u P)?¢2dz + c(n, m, 1/@/%
1

Opy ”

I A

Noting that p; — p; < p we get similarly

_ 2 _p2
/M; dz <N/ |Dm(u P)|2§2dz+c(n m, I/M)/%dz
(o2 = pD)™"

Q/72 Qﬂz Q/>2

Furthermore we need the following estimate for the terms of lower order which result from
the modulus of continuity of A. Using Young’s inequality and the same arguments as before
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2B(m—k)
and noting that pp < p < landp F < pzﬁ fork <m—1,wegetfor0O<pu <1

— |D¥(u — P)|? 2Bm—b)
[ 18—yt az < Z(/ i +10,1p 7
k=0

2

<M/ D" (u — P)[*dz + ¢ /' dZ+CPZﬁ|Q;0|
Qp2

where ¢ = c(n, m, 1/p). Inserting the previous estimates above, choosing in turn p and &
small enough and dividing by v we infer that

0
sup /|u( 1 —P*dx + / /|Dm(u—P)|2;2dz

1e(=(p/2)™", 0) bon B
- ol

u — P|?
/ /|Dm(u P)|2§' dz+c¢ (,02— )2m dZ+Cp2ﬁ|Qp|,
*ﬂszﬂz

where ¢ = c(n,m, v, L, M, H(M), kp+1). Applying Lemma 2.3, we can “absorb” the first

term of the right-hand side. Finally, noting that £ = 1 on (—(p/2)?", 0) we get the desired
Caccioppoli inequality. O

Remark 3.3 In the case of simpler systems of the type (1.10), where A does not depend on
du, the weaker assumption | D" P| < M on P suffices, since in this case (1.6) has the simpler
form |A(z, p) — A(zo, p)| < Ldw(z,20)?(1 + |p|) and the terms I 1, I1 .3 and > do not
appear in the above proof of the Caccioppoli inequality.

3.3 Linearization

Given a polynomial P: R" — RV of degree < m and zgp € Q7 and a parabolic cylinder
0,(z0) € Qr with 0 < p < 1. We define

lu— P

p2m

®u(20, p, D" P) = ][ |ID"u — D" P|>dz and v, (20, p, P) = dz.

Qo (20) 0, (z0)

The conclusion of the following lemma is, that every weak solution of (1.1), fulfilling a
suitable smallness condition, solves approximately a linear parabolic system. This property
is needed to apply the A-polycaloric approximation lemma later.

Lemma 3.4 Suppose that u € L2(=T,0; W"2(; RY)) is a weak solution of (1.1) in
Qr under the assumptions (1.2)—(1.6) on A. Then for all M > 0, Q,(z0) € Q7, with
p =<1 ¢ e C0,(z0): RY) and each polynomial P: R" — RN of degree < m with
[8P(x0)| + |D™P| < M for x € B,(xg) we have

A
‘ ][ ((u —P)-¢ — 5 (ZO,SP(xO), DmP) D" (u— P)- me) dz
P
0y (z0)

< cuu (0u1 @OV + o+ v+ 0" ) sup D",
0)y(z0)
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where ¢y, = ¢y (20, p, D" P) and ¥, = Yy (20, p, P) and cgy is of the form cg, =
Lcn,m, HM), kp+1).

Proof Without loss of generality we may assume that SUPQ, (z0) |[D™@| < 1 and that zg =
(xo0, t0) = 0. Noting that pr Py, dz = 0 (since P does not depend on the time variable ¢)
and T)CQp A(0,8P(0), D™ P) - D" ¢ dz = 0, we obtain from (1.1)

dA
][ ((u —P) ¢ — W (0,8P(0), D" P) D™ (u— P) - Dm<p) dz

2

][<4(0 3P(0), D"u)—A(0,8P(0), D" P)— Bp (O SP(0), D" P )Dm(u—P)).Dm
Q/)

+][ (A(z, 8u, D"u) — A(z, 8P, D"u)) - D" ¢ dz
0

+][ (A(z, 8P, D"u) — A0, P(0), D)) - D" dz + ][ B(z, 8u, D™u) - $¢ dz
(o)) 0p
=L+ L+ 6L+ 1,
with the obvious meaning of I — I4. In the following we will derive estimates for I} — I4.

Estimate for /;. In order to use the modulus of continuity @ from (2.4), we decompose
Q,into S ={z€ Q,:|D"(u—P)| <1}, Sr={z€ Qp:|D"(u— P)| > 1} and write

1
L = — d — dz=1 1
1 |QP|S/( )Z+|Qp|/( Ddz=ha+ o
1

For the integrand of 17,1 we write

|A (0,8P(0), D"u) — A (0,8P(0), D" P) — 3,A (0,8P(0), D" P) - D" (u — P)|
< / | (3,A (0,8P(0), D" P + sD" (u— P))—d,A (0,8P(0), D" P)) - D" (u — P)|ds

< 2Lky+1 oyt (ID" = P)P) D™ — P),
where we have used (2.4), the fact that [§ P(0)| + |D" P + s(D"u — D™ P)| < M + 1 on
S1and [6P(0)| + |D™P| < M + 1. Thus, using Holder’s inequality and Jensen’s inequality

(note that w%/[ 41 is concave), we get

1

[l = 2LKM+1(][CUM+1 (ID" (- P)P%) ) (][ |D™(u — P)| dZ)

Qp
< 2L kprv1 @op+1(u) v/ u-
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We estimate the integrand of /1 7 by the use of (1.3) and (1.5), noting again that |§ P (0)| +
|[D™P| < M,aswellas |D"u — D" P| > 1on S,
|A (0,8P(0), D"u) — A(0,8P(0), D" P) —d,A(0,8P(0), D" P) - D" (u — P)|
< LA +[D"ul) + L(1+[D"P|)+2Lkp+1|D" (u— P)|
< 2L (I +kp1 + M) [D™(u — P)?,

which directly implies
12l 2L (14 kp+1 + M) @y

Estimate for /. We use the modulus of continuity (1.6) of the mapping & — Al(jf]’)f’ )
and (2.2) and note that [|§ P(x)| < M on B, by assumption. Subsequently we apply Young’s
inequality and the Interpolation-Lemma 2.4 to estimate the integral involving the interme-
diate derivatives |8(u — P)/p|* in terms of |D"(u — P)|> and |(u — P)/p™|* and observe

that

Su—py|
|| < LK(2M+1)pﬂ][‘#‘ (1+M+|D"(u— P)|) dz
P

2
+ pPdz

IA

2L H(M) ][|D’”(u _ PP+ ““”‘P)
Qp

IA

c(n,m) L H(M) (¢u + Vu + 0P) .

Estimate for /3. We once again use the modulus of continuity (1.6) of the mapping

(z,8) > Afi‘gpf ) and (2.2), the assumption on P, Lemma 2.1 and Young’s inequality

|I;] < LKQ2I8P(0)| + 1) ][(2,0 + 18P — 8PP (14 |D™ul) dz
Qs
<28p0P L H(M) ][ (1+M +|D™(u— P)|) dz < 4L H(M)* (p” + ¢u) .
o

Estimate for I4. From (1.4), the fact that |D" P| < M, |8¢| < cp (note that |D'¢p| <
cp™Ffor0 <i <m — 1since |[D™¢| < 1) and Young’s inequality we infer that

Iy < L][(l + |D™ul) 8¢|dz < c p ][ (1+ M+ |D"(u— P)|) dz
Qp 9y
<c@m,m,L, M) (¢u + p)-
Combining the estimates for /; — I4 we finally conclude the desired inequality. O

Remark 3.5 If A does not depend on Su, then the weaker assumption | D™ P| < M for P is
sufficient, because then /1 does not appear in the above proof and in the estimates of / and
111 we do not need any restriction on |§ P (xo)]|.

Givenafunctiong € L2(—=T, 0; W™2(2; RY)) and Q¢ (z0) € Q7 withO < o < 1.Then
Pg.rpo: R" — RY denotes the mean value polynomial of degree < m, which is uniquely
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defined by f,, . D¥gdz =y (. D*Pyz o dx forall 0 <k <m and we write

1
Ve (20, 0) = Yg(20, 0, Poizyo) = —— ][ lg — Pgoro 12 dz,

o2m
Qo (20)

when using this polynomial.

In order to get suitable excess-estimates for the weak solution # we will exploit good esti-
mates for solutions of linear systems, which are stated in the next lemma, see [7, Chap. 5],
or [5, Lemma 4.5].

Lemma 3.6 Let Qr C R and g € L2(—T, 0; W™2(2; RY)) be a weak solution of the
linear parabolic system

/ (g ¢ — A(D™g, D"p)) dz =0, forall ¢ € C°(Q2r; RY),
Qr

where A: R x R — Risa bilinear form fulfilling

A(p,p) = vipl>,  A(p,p) < AlplIpl,
forall p, p € R Then g is smooth in Qr and for 0,(z0) € Qr there holds the following
estimate:

Vg (20.0p) < cpa(n, N.m, AJv) 0> Yrg(z0, p)  forall 6 €(0,%).  (3.8)

3.4 Characterization of regular points

In this Chapter we will establish a first characterization of regular points, i.e. we show that
a regular point cannot lie in the set ¥o U X5, where Xg and X, are defined in the statement
of the next theorem. However this characterization does not directly imply that the singular
set has 2"+ !-measure zero. The Lebesgue theory then in fact ensures that |Z,| = 0, but for
3o we cannot directly conclude this property - in contrary to the elliptic case. The problem
in the parabolic case is that we cannot apply Poincaré’s inequality, since u is a priori only an
L>-function with respect to 7. Therefore we will prove a Poincaré type inequality valid for
weak solutions in Chap. 3.5.

Theorem 3.7 Suppose thatu € L2(—T,0; W™2(2; RN)) is a weak solution of (1.1) under
the assumptions (1.2)— (1.6). Then

B
D"u e CP i (Qr\Z:; RY).
Moreover ¥ C Xo U Xy, with

~

Yo = [Zo e Qr: liminf,o_zm ][ ]u - PM;ZO,p‘ZdZ > 0],
PN\O
0, (z0)

m
Yr=1q120€Qr: limsupZ|(Dku)z0,p| =00,
PNO k=0

where 13\,4;10,,,: R" — RN is the unique polynomial of degree < m, minimizing P >
o, 14 = PI*dz.
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Remark 3.8 For simpler systems of the type (1.10) with coefficients A(z, D™ u), which are
independent of du we actually have ¥ C ¥y U X, where X is defined above and

¥ =120 € Qr : limsup [(D™u) )| =00} .
PN\O

We will prove the theorem in three steps. In the first step we will use the A-polycaloric
approximation lemma to show that—under certain smallness assumptions—the excess Y
of u fulfills a suitable growth estimate when we enlarge the cylinder by a constant factor.
Afterwards we iterate this excess estimate by showing that the smallness assumptions are
also fulfilled on the smaller cylinder (under the condition that they are fulfilled on the larger
cylinder). From this we conclude an excess-decay estimate for D" u, which will finally,
in the third step—using the integral characterization of Holder continuous functions from
Campanato—provide the Holder continuity of D" u, in those points zg, where the smallness
assumptions are fulfilled.

Proof of Theorem 3.7 Let zg = (xg, tp) € Qr with 0 < p < 1, such that Q,(z0) € Q7 and
let P: R" — R" be a polynomial of degree < m. We define

‘ZM(ZO, 0, P) =v,(z0, p, P) + :02'8-

Step 1: Applying the A-polycaloric approximation lemma we show

Lemma 3.9 Given M > 0 and o with f < a < 1, there exist ¥ € (0, %) and § € (0, 1],
depending onn, N,m,v, M, H(M), Lk +1 and o, such that if

w%/[.H (&u(ZOv P, Pu:zo,p)) + IZM(Z()v P, Pu;z(),p) = %82

and
3mﬂ (|8Pu;z(),p(x0)| + |DmPu;ZO,,0|) <M, (3.9

on Q,(z0) € Qr with0 < p < 1. Then there holds

%(Zo, vp, Pu;zg,z?p) = U 1Zu(ZOv P PM:ZOYP) +c3 /02’3
with ¢z = 1482, There we have denoted by I/’\u;m,p and ﬁu;zo,ﬂp the polynomials of degree <
m minimizing the mapping P +— JCQp(zo) lu—P|? dz, respectively P jCQW @0) lu—P|? dz.

For simpler systems of the type (1.10), it is enough to require the weaker assumption
D" Py.2o. 0l < M, instead of (3.9).

Proof Wlthout loss of generality we assume that zog = (xo, to) 0 and we abbreviate
P, = Py, Weset g, = ¥, (0,p/2,P ) and ¥, = 1//,, (0,p, P ) and observe the follow-
ing monotonicity property

Y = v (0, p/2, Py) < 2" 4,(0, p, P,) < 2" . (3.10)

Note that from Lemma 2.1, the fact that tp < 1 and the assumptlon (3.9) on the polynormal Pp
we find for x € B, that |8Pp(x)| < |8Pp(x) — éPp(0)| + |6Pp(0)| <2my/mp (|6Pp(0)| —+
ID" By)) + 18P, (0)| < 3my/m (I8P,(0)] + |DmP |) < M. This allows us to apply the
Caccioppoli inequality, i.e. Lemma 3.2 with P = P to conclude that

du = du(0, p/2, Pp) < cCac (][ '”_ dz+p2ﬁ) = cCac Yu- (3.11)
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Applying Lemma 3.4 to the function v = u — P on the cylinder Q,/> (which again is
permitted since |8Pp(x)| < M forx € B,), using (3 10), (3.11) and the fact that wps11 (cs) <
cwp+1(s) for ¢ > 1 (since s — wyr+1(s) is concave and wys41(0) = 0) we obtain

‘ / ( (0 8P,(0), DmPp) Dmu.D"’<p) dz

Qp/2

<c (wM+1 (V) W + Y +pﬂ) sup [D"¢|,

Qo2

for all p € C8°(Qp/2; RM), where the constant is of the form ¢; = L c(n, m, L/v, M,
H(M), kpr41)-
Now we define the bilinear form

_ . 3A ~ ~ . _
A(p,p) = PP (0,8P,(0), D"P,) (p, p),  with p,p e R,

and from the conditions (1.2) and (1.5) and the fact that |81§p(0)| + |D™ ﬁpl < M by
assumption we find that <7 (p, p) < L1 |pl|pl, «(p, p) = v|p|? forall p, p € R,
i.e. o fulfills the conditions of Lemma 3.1 about A-polycaloric approximation with v and
A=1L KM+1-

For some given ¢ > 0, which will be chosen later, we determine § = §(n, N, m, v,
Lkp+1,¢€) € (0, 1], to be the constant from Lemma 3.1. Furthermore we define

w= y_lv = y_l(u - I”\p), where y = 4c1\/1pu(0, 0, ﬁp) +872p2B,

Then, for the function w we have

(wM+1 (F) +/T + a) sup | D"

1
/w @ — o (D"w, D"g)) dz| < —
—4 Qo2

Qpn2

1
- - 12\2
= (w%/Prl (‘ﬁu)"“/’u*‘ifsz) sup |[D" | <§sup|D"¢p|
Op2 Qo2

for all ¢ € C°(Qp)2; RM) provided we assume that w%/1+1 (Ju) + 1% < %62. Further
applying the Interpolation-Lemma 2.4 and the Caccioppoli inequality, i.e. Lemma 3.2 we

infer that
2
21D w? ‘ﬂ‘ d
][‘(p/2)”"‘ ][ D5l e ol

Qo2 Qp/2

&
IA

28 2c c
(2¢Cac +©) Yu +2)0 < Cac;' <
1% 16¢7

IA

— 4

for ¢; > 1 big enough, depending onn, m, v, L, M, H(M) and kp41.

Therefore, we can apply the Lemma about A-polycaloric appr0x1mat10n (i.e. Lemma 3.1)
to the function w on the cylinder Q2. provided we assume that w3, | (V) + Yu < < 387
and condition (3.9) is fulfilled. The application of Lemma 3.1 then ensures the existence of a
function g € Lz(—(p/2)2’”, 0; W’”’2(Bp/2; RM)), which is «/-polycaloric in Q> and has
the following properties
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o dz§1 an /’ p”
; ][ ‘(p/z) * (p/2>

" Qpp2 Qpp2

<e. (3.12)

Next we use the excess-estimate (3.8) for the A-polycaloric function g in order to get an
estimate for the excess v, of u. We abbreviate Py,/2 = Pg.0,6p/2: R" — RY for the mean
value polynomial of degree < m with the property that (D¥ Pop2)0:60p/2 = (D¥ 8)0;0p/2 for

k=0,...,m.First,using Lemma 2.2 and (3.12) we get an estimate for the L2-norm of Py
m
JALEREr Z )" | 10 Pl iz
Qp/Z QP/Z
2o\ 2k p\2m
< Z DFg|?dz < (—) )
e X (5) [ wterase (3
k=0 0
p/2

Together with the excess-estimate (3.8) for g and the first inequality in (3.12), we get for all
0<6 <4
2

9,0 —2m
(7) ][ |g—P9p/2| dz<cpa92( ][|g Pp/2| dz<cg92,

Qop/2 Qpn2

where ¢, = cg(n, N, m, L kp41/v). From (3.12) we conclude the following excess estimate
for w

9/0 —2m
(2)" [ e

Qop/2

9[) —2m
<2(2) (9‘"“”’ f|w—g|2dz+ ][ |g—P0p/2|2dZ)

Qpn2 Qop/2
<2 (67" e +67).

Rescaling to u via w =y~ (u — }A’p) this implies

op\ " ~
(710) ][ = Py =y Pappa|* dz < 2e0 v (07" +62).
Qop/2

This estimate then also holds for I?p + vy Pyp 2 replaced by f’gp /2, Where 139,) /2 denotes the
polynomial of degree < m, minimizing the mapping P +— erﬂ/z lu — P|?dz. Using the
definition of y we infer

Op
(7) ][ lu — Poppl>dz < 2 (67" 4+ 6%) (¥ (0, p, P,) +872p%F)

Qop/2

where c; is of the form L c(n, N, m, Lky41/v, M, H(M)). Now we choose & = §"+4m+2
to obtain
Vu (0,00/2, Popja) < 2¢2 6% (¥,(0, p, P,) +82p*F) . (3.13)

@ Springer



Higher order parabolic systems 33

For o with 8 < o < 1 we choose 0 < 0 < % depending onn, N, m, v, L, M, H(M), kpr+1
and o, such that 2142 ¢, 92 < 92 Thisalso fixese = e(n, N, m, v, L, M, H(M), kpr41, @)
and§ =d8(n, N,m,v, L,M, H(M),kp+1,a) € (0, 1]. Putting 9 = % in (3.13), we conclude
the first assertion of the lemma.

The second assertion, stating that for simpler systems of the type (1.10), the condition
|D'”I3\u; 20,01 < M instead of (3.9) is sufficient, can be concluded from Remarks 3.3 and 3.5
after Lemma 3.2 and Lemma 3.4, as condition (3.9) is only needed in those two points of the
proof. O

Step 2: We iterate Lemma 3.9 to obtain

Lemma 3.10 Given M > 1 and o with 8 < a < 1, there exist constants ¥ € (0, %), 17/'0,
po and c4, depending onn, N, m, v, L, M, H(M), ky4+1 and «, such that for all parabolic
cylinders Q,(z0) € Q7 the conditions

() 3mym (18P,(x0)| + D" P,l) < M,

(i) P = po,
(iii) Yu(p) < ¥o
imply
(), Vu (9 p) < 92 4, (p) + ca (97 )P,

(ID); 3mym (I8Py;,(xo)| + D" Pyj ) < 2M,

for all j € N, where for given 0 < r < 1 we denote by f’, = EA;@J the pglynomiaiof
degree < m, minimizing the mapping P > UCQr(zo) lu — P|? dz and Y, (r) = ¥, (zo, r, Pr).
Furthermore the limit

— 1 m .
Iy, = jlin;o(D u)zo,i”p

exists and for 0 < r < g there holds the estimate

2u
][ |D"™u —Ty*dz < ¢ ((%) Yu(p) +r2ﬁ),

0r(z0)
where ¢ depends onn, N,m,v, L, M, H(M), kp+1,« and B.

Remark 3.11 For simpler systems of the type (1.10) it is enough to require the weaker
assumption | D™ P,| < M instead of (i) and |D™ Pyj,l < 2M instead of (II) ;.

Since the iteration procedure from the previous lemma is quite standard we only sketch
the proof here, see [5, Lemma 4.9]. The lemma can be shown by induction. Initially, with the
help of Lemma 3.9, the assertion is shown in the case j = 1. Subsequently, for fixed j € N
we suppose that (/) and (/1) hold k =1, ..., j — 1. This enables us to apply Lemma 3.9,
and hence deduce (/); and (/1) ;. Thus, having shown the first part of the lemma, we then
consider the sequence ((D™u)y;, /) and show that it is a Cauchy-sequence with limit I',.

Step 3: Here we use the integral characterization of Holder continuous functions due to
Campanato and Da Prato to show the Holder continuity of D™ u on Q7\ 2.

Given Q,(z0) C 7, then i’\u;zo,p: R" — RN denotes the polynomial of degree < m,
which minimizes the mapping P +— UCQ/)(zo) |u(x,t) — P(x)|2 dx dr. Let zg = (x0, 1) €
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Q7\(Zg U X3). Then we can find My > 0and 0 < p < Po(Mo) wlth 025(20) € Qr
such that 3m./m (|8Pu 2.p(X0)| + | D™ P“p|) < Mo and ¥, (20, ps Puizg.p) < Y0(Mo)
holds, where po(My) and I/IO(MO) are the constants from Lemma 3.10. As the mappings
Z+— (D"u); p and z = wu(z 0, Pu -,p) are continuous, there is 0 < R < 2,0, such that
3my/m (|5Pu,z,p(x)| + D" u,zo,p|) < Mj and wu(za P, Pu,z,p) < l/fo(Mo) for all z =
(x,1) € Qr(zo). Moreover Q,(z) C Q2,(z0) C Qr. Therefore we may apply Lemma 3.10
for all z € Qr(zo) and infer that the limit I'; = lim;_, oo (D" u) exists, with 0 < % =

¥ (2My) < % and for 0 < r < 4 there holds

2o
][ |D"u — T, 1> d7 < ¢ ((%) Yz, p>+r2ﬁ),

0,(2)

where ¢ dependsonn, N, m, v, L, My, H(My), kpy+1, o and B. This implies (see e.g. [12])
that the Lebesgue representative z +— I'; of D™u is Holder continuous on Qr(zo) with
respect to the parabolic metric with Holder exponent 8, which completes the proof of
Theorem 3.7. ]

z9ip

Until now we have shown a first characterization of the singular set, which—as men-
tioned above—does not directly imply that the singular set is a set of Lebesgue measure zero.
To conclude this assertion we need a Poincaré type inequality, which is proved in the next
chapter.

3.5 Poincaré type inequality for weak solutions

Due to the fact that weak solutions are a priori only L? functions with respect to the time
variable ¢, we cannot apply Poincaré’s inequality. To get nevertheless some sort of Poincaré
inequality for weak solutions, we consider the space- and time direction separately. We know
that our weak solution is weakly differentiable with respect to the space variable x. This
allows us to apply Poincaré’s inequality in x-direction. For the time-direction we will exploit
the fact that the weighted means (u);(¢)—defined below—of a weak solution u to system
(1.1) are absolutely continuous with respect to the time variable 7.

Letv: Qp(z0) — RN be integrable on Q,(z9) € Q7. Moreover, let i) € Cgo(Bp (x0))
be a non-negative weight-function, with f B, fidx = 1. For a.e. € (tg — p™, tp) we define
the weighted mean of v by

()j(1) = / v(-, 1) fdx. (3.14)
B (x0)
Lemma 3.12 Given M > 0. Letu € L*(—=T, 0; W™2(§2; RN)) be a weak solution of(1.1)in
Q7 under the assumptions (1.3)—(1.6). Let Q ,(z0) € Q7 with0 < p < land Py., ,: R" —
RN denotes the mean value polynomial of u of degree < m, defined by (D Pu:zo.0)x00 =
(D*u)xy,pfork =0, ..., m. Then, under the condition that |8 Py:y, p (x)|+|D™ Py.zy p| < M
forall x € B,(xp) there existsc =c(n, N,m, L, M, K(2M + 1), kpr41), such that

][ |u — PM;ZU,p|2dz <cp™m ( ][ }Dmu — (D"1Lt)z(w|2 dz + pzﬁ).

0, (20) 0, (20)

Remark 3.13 For simpler systems of the type (1.10) the conclusion also holds if we replace
our condition on Py, , by the weaker condition |D™ P,.,; ,| < M. This is due to the fact
that (1.6) then has the simpler form |A(z, p) — A(z0, p)| < Ld(z, 20)P (1 + lpD-
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Proof Without loss of generality we assume that zop = 0 and we abbreviate P = Py, ,.
We choose a weight-function 7 € C§°(B,), such that pr ndx = 1 and ||D£ﬁ||Lz(Bp) <

c(n,m)p_(%+m) for0 < ¢ < 2m.Foranyi € {1..., N} we take ¢: Rt RN with
¢;i = nand ¢; = 0 for j # i as test-function in the Steklov-formulation (2.7) of the
system and obtain for the weighted means of [u;];,, defined in (3.14) (note that [u], =
([u1ln, - [unlp)) forae. s, r € (—p>", 0),

13
(il
(i1 (0) = (uiln)z(s) = / % i

t
://([A,-(-,su, D™ w)ly - D"i+[B; (-, Su, D"w)ly - §7) dxde.  (3.15)
s B,

Letting 7 \( 0, enlarging the domain of integration if necessary and noting that
A(zo, 8 P(xg), D™ P) is constant, we find

@) () — W ()] < / |AC, 8u, D"u) — A(, 8u, D™ P)| D"l dz,
Qp

+/ |A(:, 8u, D" P) — A(-, 8P, D" P)| |D"™ij| dz
Qp

+/ |A(-, 8P, D™ P) — A(z0, 8 P(x0), D™ P)||D™1j| dz
Qp

+/|B(-,5u,D’"u)||5ﬁ|dZ
2
=h+hLh+ 1+ 14
with the obvious meaning of I} — I4.
Estimate for /;. We can treat this term similar to the integral ; in the proof of the

Caccioppoli inequality, i.e. Lemma 3.2. Proceeding this way (with D™ 7 instead of LOT) we
end up with the following analogue of estimate (3.7):

2
I < Le(M, H(M), ky+1) ||D’”ﬁ||Lz(Qp)(/ (ID" (= P)P* + |8u — s P|*F) dz) :
Qp

Estimate for /,. Similarly to the estimate of /> in the proof of the Caccioppoli inequality
(with D™ instead of D™ ¢) we obtain with the help of (1.6) and Holder’s inequality that

1
2
L<L / |$u —8P|1P|D"fj|dz < L ||Df”ﬁ||Lz<Qp>(/ |$u — 8P*F dz) :
O Q
Estimate for /3. We can once again proceed similar to the estimate of /3 in the proof of

the Caccioppoli inequality (with D™ 7 instead of D™ ¢) to find that
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hze L+ M [ 1D"1dz < et HOD) LID" 300, 57101
Qp

Estimate for /4. From the growth assumption (1.4) on B, the fact that |[D"™ P| < M and
Holder’s inequality we infer

1
. 2 2
L <L ”577”L2(Qp)( / (1+ M+ D" (u— P)|) dz) )
[
Combining the estimates for /1 — I4 and summing overi = 1, ..., N we arrive at:
1
~ 2 28 28 :
(@50 = @i < 1Dl 20, ([ (D" @ = PP + 18u = 5PPF + p?) dz
Q)

1

2
Qp
where ¢ = c¢(N, L, M, kpr41).

We get an analogous estimate for the weighted means of D¥u, k = 1, ..., m, by taking
D*7 instead of 77 as test-function in (2.7), where « is a multiindex with |«| = k. Then, by inte-
gration by parts (k-times) we find that (D%u); (1) = (— l)k(u)Du;, (1). Replacing 1 with D%7
in the previous estimate and noting that || D71l ;2(g ) = p" I D%l 12,y < c(n)p™ p~ (310
for 0 < £ < 2m we obtain

1
2
|(D*u)7(1) — (DX u)7(s)| 5cp'"*k(][|Dm(u—P)|2+|6<u—P>|2ﬂ dz+p2ﬁ) , (3.16)
Qp

where c = c(n,m, N, L, M, kp+1).
Moreover, starting once again from (3.15), but using only the bounds (1.3) and (1.4) to
estimate the right-hand side, we find that

|(DXu); () — (DXu);()I* < c(n,m, N, L) p*™" =0 ][ (14 |D"ul?) dz. (3.17)

9

Our next goal is to obtain a suitable estimate for the term involving éu — § P in (3.16).
For 0 < j < m — 1 we consider the following decomposition

0
][|Di(u—P)|2dz§3 ][ ][]Dj(u—P)—(Dj(u—P))ﬁ‘zdxdt
Qp _sz B/’

0 0

2 0 2
+ ][ ' ][ ((D-/u)ﬁ(t)—(D-/u);,(s)) ds dt—i—‘ ][(Dju);,(s)ds—(DjP);,
,pZm 7p2m *,02'”
=3(J1 + 12+ J3), (3.18)

with the obvious meaning of J; - J3.
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Estimate for J;. Applying the Poincaré inequality “slicewise” to D7 (u — P)(-, t) we infer

0
Ji <c(n) p? ][ ][|D/+1(u — P)*dx dr.

_p2m Bp

Estimate for J3. Here we exploit the fact that UCQ,, D/(u — P)dz = 0 to bound J3 in
terms of Jp, yielding that

0
J3s < Ji <cn) p? ][ ][|D/+1(u — P)*dx dr.
_p2m Bp

Estimate for J,. To estimate the second integral we use (3.17) with k = j to find that

b <c(n,m, N, L) p>m=D ]Z (1 + |Dmu|2) dz.
Qp
Joining the estimates for J; — J3 with (3.18) yields for 0 < j < m — 1 that

][ D) (u — P)|*dz < ¢ p? ][ D/ (u — P)>dz + ¢ p2m—D ][(1 +|D"u)?) dz,
Q/) Qﬁ Q/’

where ¢ = c(n,m, N, L). Starting with j = k and then iterating this estimate for j =
k+1,...,m—1,weobtainforO <k <m—1

][|D"(u — P)|*dz < cp“"’*")[][ |D™ (u — P)|*dz + ][(1 + |D’"u|2)dz], (3.19)
Qp 0Op (o)

where ¢ = ¢(n, m, N, L). Summingoverk = 0, ..., m—1andnoting that D" P = (D"'u),
| D™ P| < M by assumption and p>"" =% < p? since p < 1 we find

][|5u —8P*dz <c(n,m,N, L) p2|:][ |D"u — (D" u),|* dz + 1]

2 Qp

Inserting this estimate in (3.16) (after an application of Holder’s inequality) and noting
once again that D" P = (D™u),, we arrive at

1
2
|(Dku)ﬁ(7)_(Dku)ﬁ(S)|SCPm_k(,Ozﬁ‘i‘ ][ \D’”u—(D’"u)pyzdz) . (3.20)
o

where ¢ depends onn,m, N, L, M, K2M + 1) and kps+1.

Now we are in a position to consider the integral we initially wanted to estimate. For
0 < k <m — 1 we once again use the decomposition from (3.18) and estimate the integrals
J1 and J3 as we did before. But now, for the term J, we can use the better estimate (3.20)
instead of (3.16) and we finally come up with the desired Poincaré inequality. O

Remark 3.14 From the proof of the previous lemma, in particular from (3.17), we infer
the following estimate in time for the weighted means of D*u: Suppose that Q,(z0) €
Qr and 7 € C§°(B,(xp)) is a non-negative weight-function with |, B, (x0) ndx = 1 and
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”DZHHLZ(B,J(XO)) < cp’(%H) for 0 < £ < 2m. Then for 0 < k < m and for a.e. s, €

(to — p?™, 19), the difference in time of the weighted mean of D¥u, defined in (3.14) can be
estimated by

[(D*u)7(1) — (DXu);(s)* < c(n,m, N, L) p*™=® ]Z (1+|D™ul?) dz
0, (20)

3.6 Proof of the partial regularity result

The regularity result of Theorem 1.1 finally follows from the next theorem, since we can
conclude from the Lebesgue differentiation theorem that |X1| = 0 (with ¥ defined below).

Theorem 3.15 Suppose thatu € L2(=T,0; W™2($2; RN)) is a weak solution of (1.1) under
the assumptions (1.2)— (1.6). Then ¥ C X1 U Xy, where ¥ is as in Theorem 3.7 and

¥ = [ZO € Qr : liminf 71 ID"™u — (D™ u), > dz > 0].
PNO
0,(z0)

For simpler systems of the type (1.10) there even holds ¥ C X1 U %o, where 5 is as in
Remark 3.8.

Proof We will show that Q7\ (X1 U ) C Q7 \(Zg U X,), where X is as in Theorem 3.7.
Then the assertion can be concluded from Theorem 3.7.

Let zo € Q7\(21 U X3). Then lim supp\0(|(8u)zoﬁp| + [(D"u)z,pl) = M < o0, and
therefore we find some pg such that [(§u);, | + (D" )z, o] < M +1forall p < pg. Hence,
with Lemma 2.2, we find for the mean value polynomial Py, ,: R" — RN of degree < m
of uon Q4 (z0) that |8 Py, p ()| 41D Py 79, p| < ¢ (163 Puszg.p)z0.p 1 + (D™ Puszg.p)z0.01) =
¢ (1(6u)zo,pl +1(D"u) 7y, pl) < c(n, m)(M 4 1) = cp. Therefore we may apply the Poincaré
inequality, i.e. Lemma 3.12) for all p < py and conclude that

_ 2
pm ][ |u—Pu;ZO,p|2dz§c( ][ |Dmu—(Dmu)ZO,p| dz—}—pzﬂ),

0p(z0) 0, (z0)

where ¢ = c(n,m, N, L, M, K (2cy + 1), k¢,,). Since zg ¢ X the first term on the right-
hand side vanishes as p “\ 0. But this estimate certalnly also holds for the mlnlmlzlng
polynomial Pu 200" R" — RY and therefore it implies p~ ij oy 14— Puszo, p| dz—0
as p N\ 0. Hence, we have zg € Q7\(Zo U X») and by Theorem 3.7, z¢ is a regular point.
For the second assertion about simpler systems we recall Remark 3.13, which allows us to

replace the condition on Py, , by the weaker condition | (D™ u) 9.0l = D" Py. 700l < M+1
in the proof above. Therefore Qr\(X; U 22) C Qr\(Xo U 22) and the assertion can be
concluded by Remark 3.8. O

4 Higher integrability
Up to now, while proving partial regularity of D" u, there was no higher integrability of

D" u needed. This tool will become essential when we want to show better estimates for the
Hausdorff-dimension of the singular set in Chap. 6. So here is just the right place to analyze
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higher integrability properties. For that purpose we put our focus on parabolic systems of the
type

/(u-(p,—A(z, D™u) - D"™gp) dz:/ > B'(z.D"™u)-D'pdz (4.1)

Qr Qp =0

forall ¢ € CgO(QT; RN), where A : Q7 x RY — Hom(R‘/V, R) and Bl Qr x RY —
Hom(R/”" ,R) fori =0, ..., m with

|B'(z.p)| < L|pl+bi, fori=1,....m—1 and |B"(z.p)| < bn. (4.2)

forall z € Qr and p € R, where bi: Qr — Ry,i =1,...,m. Contrary to the rest of
the paper, here, we do not indicate the dependence of the coefficients on the intermediate
derivatives u, since there is no hypothesis put on the modulus of continuity with respect to
du, in the sense of (1.8). Moreover, we consider a sligtly more general right-hand side. This
enables us to present the natural scaling with respect to the radius, coming from the fact that
the inhommogeneity counts as a derivative. The main result of this Chapter is the following

Theorem 4.1 Suppose that u € L2(=T,0; W™2(2; RN)) is a weak solution to the par-
abolic system (4.1) under the assumptions (1.2), (1.3), (4.2) and b; € L2400 (Qr) with
oo > 0 fori =0,...,m. Then there exists 0 = o(n,m, L/v) with0 < o < oy, such that
|[D"ul| € L]2£i+n)(QT) and for Q2,(z0) € Qr there holds

140 m
][ | D" u20+9) 4z < c( ][ |D’”u|2dz) +ecte ][ > (" b)) dz,
0p/2(20) 03,(z0) 03(z0) =0

where c = c(n,m, N, L/v) and limy ;0 = 0.

For second-order parabolic systems higher integrability was shown by Giaquinta and
Struwe [25]. Note that higher integrabiliy results and Calderén-Zygmund estimates for more
general p-Laplacean type systems were achieved in [2,28]. As usual, when showing such a
higher integrability result, the main ingredients are a Caccioppoli and a Poincaré inequality.
In the next lemma we state the Caccioppoli inequality, which is suitable for our purpose.
Contrary to Lemma 3.2, it deals with polynomials of degree < m — 1. The proof is simi-
lar—but simpler — since now we can directly use the growth assumption (1.3) to estimate
the terms involving A on the right-hand side, instead of the Holder continuity assumption
(1.6). For a detailed proof (in the case of more general parabolic p-Laplacean type systems)
we refer to [5, Lemma 7.1].

Lemma 4.2 Suppose thatu € L*(—T, 0; W™2(Q; RN)) is a weak solution of the parabolic
system (1.1) in Qr under the assumptions (1.2)—(1.6) and let Q,(z0) € QLr, withQ <r < 1.
Then for all polynomials P: R" — RY of degree < m — 1 there holds

1) —PJ?
sup ][ de—i— ][ |D"u|*dz

te(to—(r/2)2 1o) ram
0 7 By 2 (x0) 0,/2(20)

lu—PP> <o
Scca fo gt 201
Qr(ZO) =0

where ccqc depends onn,m and L /v and ccqe — 00 as L/v — 00.
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The next lemma is a sort of Poincaré inequality. It can be proved similar to Lemma 3.12
[see in particular (3.19)], i.e. by applying the Poincaré inequality in x-direction and using
estimates for differences in time of weighted means of u, respectively D*u, 0 <k <m—1.
Therefore we only state the lemma without proof and refer the reader to [5, Lemma 6.4], for
a detailed proof (in the case of more general parabolic p-Laplacean type systems).

Lemma 4.3 Suppose thatu € L*(—T, 0; W™2(Q; RN)) is a weak solution of the parabolic
system (1.1) in Qr under the assumptions (1.3)—(1.4) and let Q,(z0) € QLr, with0 <r < 1.
Then fork =0, ...,m — 1 and for all y € [1, 2] there holds

m
D (u — P)|” dz < c(n.m. N, L, y) p? =" ][ (|Dmu|y +> b+ 1) dz,
0y (z0) 0r(z0) i=0

where Pg: R" — RN is the mean value polynomial of u of degree < m — 1 defined by
(8PQ)xg,r = (81t)zg,r-

Now, we have collected all the preliminaries in order to prove our higher integrability
result:

Proof of Theorem 4.1 Without loss of generality we can assume that zo = 0 and p = 1.
Otherwise we consider the function v(x, 1) = p ™ u(xy + px, to + p>"t), which is a solu-
tion of the parabolic system v, + (—1)"div" A(z, D"v) = 31" (= 1)'div' B! (z, D"v), with
A(x,t, p) = A(xo + px, 1o + p*™t, p) and B (x, 1, p) = p"~ B! (xo + px, to + p*"t, p)
on Q1 and infer the general result by rescaling to Q ,(zo).

Let 0»-(Z) € Q) be a parabolic cylinder. We define y = max{
Gagliardo-Nirenberg’s inequality [see e.g. [5,29,32], Theorem B.6]:

Y
DX(u — P)IY )
cr’™ ][ E ][ ! (yu(m k))| dx( ][ |u—P|dx) dr
r

w+om 1} and apply

][ lu—Pl>dz <
0r(2) i— r2m Br (%) By (X)
Dk~ P 3
< c(n,m) r"v ][ dz( su ][M—de)
o Z e te(ffrrz)”’,f) | |
00,3 By (%)
=1 ()8
with the obvious meaning of /1 and /5.
Estimate of 7. Applying the Poincaré inequality from Lemma 4.3 foreachk =0, ..., m,
we infer

m
I, <cn,m,N,L) ][ (|Dmu|V + b+ 1) dz.
0.0 i=0
Estimate of I5: In turn, we apply the Caccioppoli inequality from Lemma 4.2 and the
Poincaré’s inequality from Lemma 4.3 to find that

2m lu — P|2 S 2
L<cr o +Zbi+1 dz
02,(2) i=0
m
<c(m,m,N,L/v) r*" ][ (|D"’u|2+2bi2+l)dz

053 i=0
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Inserting the estimates for /1 and I, above, dividing by r2m

we obtain for ¢ > 0 that

and using Young’s inequality,

2
mr_zinfpdzfs ][ |Dmu|2dz+c( ][ |Dmu|ydz)y
0,@) 02 @) 0:()
m
+c ]l (beﬂ)dz,
0y =Y

where ¢ = c(1/e,n,m, N, L/v). We estimate the L%-norm of D™u, using in turn the
Caccioppoli inequality from Lemma 4.2 and the above estimate with the choice ¢ = ﬁ

m, 2 u—PP <2
|D I/l| dZSCCaC T‘i‘zbl +1 dz

0,2 0, i=0
1 v =z
Y
<3 ][ |Dmu|2dz+c( ]l IDmulydz) —I—c][ (beﬂ)dz,
02,3) 0, 0y =0

where ¢ = c(n,m, N, L/v). This is a Reverse-Holder inequality, valid for any parabolic
cylinder Q,(z) with Q2,(z) € Q. Therefore we can apply Gehring’s Theorem (see e.g.
[23, Chap. V, Proposition 1.1]), which ensures the existence of ¢ = o (n, m, N, L/v), such
that |D"u| € lelf: +”)(Q1) and moreover, the asserted estimate holds.

Because the maximal size of o depends on ¢ and ¢ increases with L /v, we observe that
o \{ 0as L/v — oo. This behavior of o is described e.g. in [6] and [36], providing an
explicit specification of 0. O

5 Parabolic fractional Sobolev spaces
5.1 Preliminaries

In the case of differentiable or Lipschitz continuous coefficients one usually applies the dif-
ference quotient method in order to show that D™ u is weakly differentiable with respect to
x and ¢. Then bounds for the dimension of the singular set can be obtained with the help of
Giusti’s Lemma. Since the considered coefficients A are not assumed to be differentiable or
Lipschitz continuous with respect to (z, ), we cannot apply the difference quotient method
here. Instead we use fractional difference quotients, and hence we will show that D" u lies
in a certain fractional Sobolev space. In this secton the definitions and basic properties about
fractional Sobolev and Nikolskii spaces are given.
Let f: R"! — R¥, k € N. We define the finite differences in space direction 7, (f) by

(T 1) = flx +hes, 1) — f(x, 1),

for |h| > 0, x € Q with dist(x, 0R2) > |h| and I < s < n where {e;}|<s<, is the standard
basis of R”. Similarly the finite differences in time direction 7, (f) are defined by

(@ fHx, 1) = fx.t4+h) = f(x,0),
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for |h| > O0and t € (—T + |h|, —|h]). Then, we have the following estimate: For f €
LP(Q2 x (t1,t2 + h)), where Q C R", t; < tp and h > 0 there holds

t t+h
//|Thf|”dxdt§2//lflpdxdt, (5.1)
n Q n Q

and also the analogue for & < 0.

The proof of our dimension reduction result will be based on showing that D™ u admits
better fractional differentiability properties. We now define the class of fractional Sobolev-
spaces, which are suitable for our purpose. Suppose that v € L”(Q7; R¥) with 1 < p < oo,
k € N. Then, v belongs to the parabolic fractional Sobolev space W%V P (Q7; RY) with
a,y €(0,1),if

0
_ [v(x, 1) —v(y, D)7
[U]a,y;p; Qr = // |x _y|n+0£p dx dy dr
-T Q Q

lv(x, 1) —v(x, DI

i 7 drdr dx < oo.
-7

\o

[l

The local variant, i.e. the space Wloé’c’/; P(Qr: R¥) is defined as usual. This means that v €
WV P(Qr; RY), if v € WY P(Q; R¥) forall 0 € Q7.

The well known relation between fractional Sobolev-spaces and Nicolskii-spaces can be
adapted to the parabolic framework (see [5, Lemma 10.9]).

~

Lemma 5.1 Letv € LP(Qp; RN, 1 < p < 0o, k € N. Moreover, let Bg(xg) € Q and
(t1,12) € (=T, 0).

(i) Suppose that there exist A1, c1 > 0, such that for all 0 < |h| < min{T + 11, |t2|, A1}
there holds

n
ltpv|? dtdx < ¢y |h|PY  forsome 7y € (0,1).
Bgr(xo) 11
Then, there exists c1 = ci1(p, v, V., A1, c1, T + 11, |t2l, t2 — t1, IV 2P (B (xo) x (11.12)))>
such that

15

2 I
,t - ’ P ;s v
/ / |v(x|t)_f|11)$;pr)| drdrdx <1 forall y € (0, ).

Br(xp) 11 1

(i) Suppose that Big(xg) € 2 and that there exist A> > 1 and cy > 0, such that for all
0<|h < A% ands € {1, ...,n} there holds

1
ltyvlPdxdr < co |R|PY  for some « € (0, 1).

1 Bag(xo)
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Then, there exists ¢ = c2(n, p, R, o, &, Az, 2, , 1V L (Bg(xo)x (t1.12)))» Such that

5]
1) — H|?
// / e ) =V DITy gvdr < forall @ e 0,a).

lx — y|n+5p
11 Br(xo) Br(xo)

The next lemma is a Poincaré type inequality for functions lying in a fractional Sobolev
space (see [5, Lemma 10.10]).

Lemma 5.2 Let Q,(z0) C R"" be a parabolic cylinder. Suppose that v € WY P
(Qp(z0); Rk), withy € (0,1), 1 < p < 0o andk € N. Then there holds:

— p vp P
/Iv W)zg.pl" dz = c(n. p) P7EIVE, 1oy

0y (z0)
In Chap. 6.1 we will derive the required estimates only for second differences of D¥u,
0 <k <m—1(ie. for 7, (t, D*u)). With the help of the following lemma we can conclude
from bounds for second differences to similar bounds for first differences. This reasoning

was introduced by Domokos in [14] for the treatment of sub-elliptic equations in the Heisen-
berg-group (see also [22,5, Lemma 10.11]).

Lemma 5.3 Let f € L3(=T,0), (f1,1) € (-=T,0),0 <a < land0 < hy < %min{|t2|,
T + t1}. Suppose that there exists M > 0 such that

9]
/lth(rhf)|2dt <M*h** VYO0 < |h| < ho.
1

Then
[5)

ho
[ 0P ar < ctaho) (4 + 151z ro) 0P Y0 <1< 22,

1

The final estimate for our dimension reduction result will be concluded with the help of
the following lemma. The proof is based on a measure theoretical argument, a parabolic
version of the so called Giusti Lemma [5, Lemma 10.13].

Y .
Lemma 5.4 Letve W, 2 " (Qr; R¥) withy € (0, 1), p > 1, k € N. For the sets

loc

A= [z() € Qr : liminf ][ [v— (V)z,pl7 dz > 0],
ANO
Q) (20)

B = [zO € Q7 :limsup [(v)z, | = oo}
PNO

there holds

dimgp(A) <n+2m—yp and dimgp(B) <n+2m—yp.
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5.2 Interpolation for parabolic fractional Sobolev spaces

In this chapter we want to establish a parabolic version of an interpolation theorem of S.
Campanato (see [11, Theorem 2.1], [9, Lemma 2.5]). It ensures better integrability proper-
ties of a function by interpolation between parabolic fractional Sobolev spaces and Holder
spaces. The first version of this interpolation theorem can be found in [8, Teorema 3.1III], in
which the interpolation between Sobolev and Holder spaces is considered.

In this chapter we use parabolic cubes instead of parabolic cylinders. For p > 0 and zg =
(xo, fp) € Rt the associated parabolic cube is denoted by 2, (z0) = C) (xo) X (to— 27" 10),
where C,(xg) = {x € R" : |[x — xolloo < p} is the euclidean cube of sidelength 2p > 0 and
with center xop € R”.

The next lemma is an interpolation result between the function spaces L> and W !7¢:2
in R". It will be applied later on the time-slices. For a proof we refer to [11, Appendix,
Lemma 1], or [5, Lemma 10.14].

Lemma 5.5 LetC,(x9) C R", p > 0be a cube and suppose that u € w ity Z(Cp (x0); RY),
with y € (0, 1), k € N. Then we have

y
2 T+y
/|Du|2dx§c[Du]}l,;+g;Cp(xo)( / |u|2dx) +cp_2 / |u|2dx,

Cp(x0) Cp(x0) Cp(x0)
where ¢ = c(n, y).
The next lemma is a parabolic version of Lemma 2 in [11, Appendix].
Lemma 5.6 Let 2, = 2,(z0) C R p > 0 and suppose that u € L2(tg — p*™, to:
WI2(C, (x0): RO NW 352 (19 — p" tg: LX(Cp (x0): BY)) and Du € W 3572(2,: ™),
for some y € (0, 1), k € N. Then
2
/ |Du — (Du)gp|2 dz < c(n,y) ([Du]%%;z; 2,t [M]O,I;—my;z; Qp)m
2,

X (/ lu — (u)gp|2dz) Hy.
2,

Proof Without loss of generality we can assume that zg = (xo, o) = 0. Let £,: R" — R¥
be the affine function minimizing € jf 2, lu(x, 1) —£(x)|? dx dr. To bound the considered
integral we firstly exploit the fact that (Du) 2, minimizes a +> JC,@,] |Du(z) — a|*dz, for
a € R™ and apply Lemma 5.5 “slicewise” to D(u — £ p) (note also that D£,, is constant)

/|Du—(Du)£zp|2dz§/|Du—DZ,,|2dz
2 2

13 P
0
% 2 % -2 2
<c / [Du(-,t)]y;g;cp /|u(~,t)—£p| dx dt +cp /lu—€p| dz
_pZm Cp Qﬂ
% 2 2 ﬁ 2 %
Sc([Du]y,(;z;gp-i-,O_ (/IM—EpI dz) )(/Iu—£p| dz) , (5.2

2 2
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where we have used Holder’s inequality with respect to ¢ in the second last line. Note that
¢ = c(n,y). To bound the second integral on the in the right-hand side we exploit the
minimality property of £, and infer that

/|u—zp|2dzs/|u—<u)gp—<Du)gp-x|2dz

2, 2,

0 0
52/ /|u<x,r>—(u>cp(z>—<Du>gp-x|2dxdt+2|cp| /|(u>c,,<t>—(u>gp|2dt

,pZm Cp *,02'"
=2(I + D), (5-3)

with the obvious meaning of /; and 5. To estimate /1 we apply in turn Poincaré’s inequality
“slicewise” for a.e. t € (—p>", 0) and the Poincaré inequality for fractional Sobolev spaces
from Lemma 5.2 to infer

hzco [1Du=us, Pz < ey 2 DUl o

3> 2
2,

For I we use the fact that |t — s|~! > p~=2" fort # s € (—p>", 0) to obtain

0

0
/ ][/W('»l)—u(-,t)lzdxdrdt

_p2m _ Zme

2(1+J/)/ / / |u( 1) —u(, T)|2 dtdtdx:p2(1+)/) [u]

14
|1+ 0, an 2,2,

Cp* 2m7 2m

Combining the previous bounds for /1 and /> with (5.3) we arrive at

2
— 0.2 2(1+y)
/ |M £p| dZ S C(na y) p ([Du]}/,ﬁ;z; Q@p + [u]o’l;im}/;z; Q/)) )
Ql’

Using this estimate to bound the second integral on the right-hand side of (5.2) and exploiting
once again the minimality property of £, we obtain the desired estimate. O

Now we are in a position to prove the main result of this chapter.

Theorem 5.7 Let 2,(z0) C R™ be a parabolic cube and u € L*(tg — p*", to; W12
(Cp(x0): R N W3 219 — o2, 193 LA(Cp(x0); RY) N CH 35 (2, (20); BY) and Du e

Wy’ﬁ;z(gp(z()); R") withy € (0,1),0 <A < 1, k € N. Then |Du| € L*(2,(z0)) for all
2(n+2m)(1+y)

P o with the estimate

l<s<gqg=

/ Du— (Duyy 1" dz < cln,m. v, g, 8) A® 12, (o) 5
2,(z0)

Proof We consider a family of parabolic cubes (ij (zj)) jen, which are pairwise disjoint
and with 2, (z;) C 2,(z0) for j € N. We abbreviate 2, = 2,(z0) and 2; = 2, (z;)
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for j € N. From Hélder’s inequality and Lemma 5.6 we infer for each parabolic cube 2;,
J € N that

1
2
/IDM—(DM)Q,Idz < |£j|%(/|Du—<Du),@,|2dz)

2 2
1

1 T+y
0) .
¢ 1217 (1Duly. g2 0, + 1y 1505, )

2 2(111/)
X (/ lu — (u) 2, dz) , 54
2j

where ¢ = c(n, y). Now we want to exploit the Holder continuity of u to bound the last
integral on the right-hand side. Let z € 2;. Since dist%(z,z) < c¢(n,m)p; forz,z € 2;,
we observe that

IA

lu(z) — u(z)|

distr Gz, 2 40 =) o Wl 2,

*2m

Iu(z)_(u)QjISJZ lu(z)—u(z)|dz < (Cp_,')'\
2 2;

Integrating over 2; and noting that p; = (27"]|2; L/ (+2m) e obtain

o
[ o PP g, , =com (2T L, ,
Q]
We will use this estimate to bound the last integral on the right- hand side of (5.4). Therefore,

the resulting exponent of |2} | is % + 2(%%)(1 + n+2m) =1- 3 where ¢ is defined in the
statement of the theorem. Hence, we deduce from (5.4) that

[ 1w Duyoyldz < 12,

2j
with
. .
Aj= ([D”]V,%;Z; 2; [ul,, Lirio; 9, )HV [M]A]T:im;,@p’
where ¢ = ¢(n, m, y). Summing over j = 1, ..., co we infer

Z|3 I! q(/lDu—(Du) IdZ) <c(n,m,y)! ZAq <c(n,m,y) A,

j=1

where we have also used the fact that ¢ /(1 + y) > 1 and
1

v
T+ T+y

A= ( D 9. )
lulg, e 0; 0, T [PUly o2 2, ], 500,

Taking the supremum over all families (2;) jen of disjoint parabolic cubes with 2; C 2,
for j € N we conclude that

o0

q )
K9(Du) = suplzp@ﬂl*q (/ |Du — (Du)gjldz) 12, C U Q,-] <c? A9,

Jj=1 2; Jj=1
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An application of John-Nirenberg’s Theorem in a parabolic version ([27, Lemma 3],
[26, Lemma 2.3], in the elliptic case) then yields for any p > 0 that

A q
|{Z € 2, |Du(z) — (Du)g,| > u}| <cm,m,y,q) (ﬁ) .

For M > 0 we therefore obtain

o0

/ |Du — (Du) o, |’ dz = s/m—1 (z € 2,1 1Du() — (D)o, | > p}ldu
2, 0

M oo
=s/...d,u+s/...d,u

M

o0

0

. . CcS
< M*|2,]| +cs/A" W dp = M| 2,| + quq M,
M

1
where ¢ = ¢(n, m, g, y). Choosing M = A|2,| 4 we infer the desired estimate. O

Remark 5.8 At this stage we want to mention that the result of the previous theorem can also
be applied on parabolic cylinders. But then we end up with a smaller radius. More precisely,
let O, (zp) be a parabolic cylinder, such that the assumptions of Theorem 5.7 are fulfilled on
0,(z0). Then we can conclude that [Du| € L*(Q,/2(z0)) forall 1 <s < g.

6 Dimension reduction

Since the coefficients A of our system are not assumed to be Lipschitz continuous with respect
to (z, du) we cannot expect to derive estimates for difference quotients of D" u. The best
we can hope for is to controll the fractional difference quotients of D" u with denominator

hP in x-direction, respectively h¥r in t-direction, where g is the Holder exponent of the
coefficients in (1.8). The method to consider fractional difference quotients was developed
by Mingione in [31] and [30] for elliptic systems. In order to derive estimates for the finite
differences in time 7, D™u of D™ u we will have to consider finite differences 7, (A) of the
coefficients A. Thereby we will often use the following decomposition
T [AC, - u(, ), D"u(, )] (x. 1)
=A(x,t+h,du(x,t+h), D"u(x,t+h)) —A(x,t+h,du(x,t+h), D"u(x, 1))
+A (x,t+h,Su(x,t +h), D"u(x, 1)) — A (x,t + h, du(x, 1), D" u(x, 1))
+A (x, 1+ h,du(x, 1), D"u(x, 1)) — A (x,1,8u(x, 1), D"u(x, 1))
= ./ (h) + #A(h) + € (h). 6.1)
Furthermore, we denote
1

9A
o (h)(x, 1) :/a— (x,t4h,Su(x,t +h), D"u(x,t) + 91, D"u(x, 1)) dv
p

(D™ u)(x, 1)
= o/ (h) - (D™ u)(x, 1), (6.2)
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with the obvious meaning of o/ (h). The conditions (1.2) and (1.7) imply the following
ellipticity and boundedness properties of <7 (h)

dmp-p=vipl, |1dh)|<L, 6.3)
for p € R“" and consequently
|7 ()| = |/ (h) Ty(D™w)| < L |7(D™u). (6.4)
The Holder continuity of A in (1.8) provides the following bound for % (h) and % (h)
~ B
|B(h)| < L6 (|Jta(Sw)) (14 |D"ul), € (h)| < L2 (14 |D"ul). (6.5)

Similarly, we can decompose the differences 7, (A) of A in the space directions e;, s =
1,..., n. Since the proofs of the fractional differentiability of D" u in Chapts. 6.2 and 6.3
for the space direction are similar—but simpler—then the ones for the time direction, we
will not accomplish the details there. We will only sketch the differences and refer to [5] for
a detailed proof.

6.1 Estimates for finite differences

We first consider the derivatives D¥u, 0 < k < m — 1 of lower order of a weak solution u
of system (1.1). Since u € L*(—T, 0; W™2(2, RV)) we know that D¥u is weakly differen-
tiable with respect to the space-variable x. Therefore, we can estimate finite differences of
DFu,0 <k <m —1by

153 15}
//|rg(D’<u)|2dxdr5c(n)|h|2/ / | DMy % dx de, (6.6)

11 Bg(xo) 11 BR|n| (x0)

whenever Bgy ;) (xo) € @ and (¢, ) € (—=T,0). But D¥u is not necessarily weakly dif-
ferentiable with respect to the time variable ¢. To obtain nevertheless a similar estimate, we
will exploit the parabolic system. Roughly speaking, each space derivative corresponds to a
5, th time derivative”. We know that u is m times weakly differentiable with respect to the
space variable x. This suggests that u is “% times differentiable” with respect to 7, and D¥u
respectively % times”. In a certain sense this is the conclusion of the following lemma,
where we derive suitable estimates for |ty u|.

Lemma 6.1 Suppose that u € L*>(—T,0; W™2(2; RN)) is a weak solution of system (1.1)
under the assumptions (1.3) and (1.4) andlet (t1, 7)) € (—T,0), By, (x9) € Qand0 < r < 1.
Then for all 0 < |h| < % min{|fz|, T + t1} the following estimate holds

19}

15}
|r M|2 |h| m m
/ / |hh| dz <c(n,m,L) (l—i-m)/ / (1+[|D ”|]h+|fh(D M)|)2 dz.

1 By (xo0) 1 Bar(x0)

Proof Without loss of generality we can assume that xo = 0 and we show the assertion for
h > 0, since the proof in the case 4 < 0 is similar, with [u]}; instead of [u];, where [u]; and
[u]y denote the Steklov-means of u defined in (2.5). ThereforeletO0 < h < % min{|t2|, T +11}.

We start with the Steklov-formulation (2.7) of the system. Due to the fact that tyu =
h 0;[uln, we can write o;[uly - ¢ = % - ¢ for the integrand on the left-hand side of (2.7).
Letr < r; < rp < 2r. We choose a cut-off n € C8°(Br2) with » = 1 on B, and
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|D/n| < c(ry —r1)~/ for 0 < j < m. Taking the test-function ¢ = 7 t,u, integrating over
(t1, 1), using the growth assumptions (1.3) on A and (1.4) on B and Holder’s inequality,
we get

n
/ |Tpul? d
n 1%

i By,

n
z//at[u]h-nfhudz

I By,

[5)
—//[A(~,8u, D"w)], - D" (ntpu) + [B(-. du, D"w)], - 8(n tpu) dz

Il By,

12 % P %
§c(m,L)(//(l+[|Dmu|]h)2 dz) (Z//|Dk(nrhu)|2dz) . (6
i B, k=03 g,

To bound the second term on the right-hand side we use that |[D¥ /5| < ¢ (ry — r)~*=9
for0 < j <k <m,n = 1on B, apply the Interpolation-lemma 2.4 and note that
D" (tpu) = 1,(D™u) and rp, — r; < 1. Thus, we obtain forO < k <m

|DJ (tu) |?
//Dk(mhu)| de = CZ/ / (ra — rp)2k= ])dz

By, J=01 spt Dk=ip
|thu)? 2
+ |t (D™ u)|"dz
//(rz T [7n ( )
where ¢ = c(n, m). Summing over k = 0, ..., m this yields a bound for the second term on

the right-hand side of (6.7). Recalling that n = 1 on B, and using B,, C By, and Young’s
inequality we therefore obtain from (6.7) that

t 5]
|Thul? 1// lthu)?
dz < = d
// n =2 3

I By I By,
n
+c |1+ _ / / (1+[ID™ul], + |r;,D’”u|)2dz
(ry =)™ " ’
1 By,
where ¢ = c¢(n, m, L). Applying Lemma 2.3 we infer the desired estimate. O

Corollary 6.2 Suppose that u € L*>(—T,0; W™2(Q; RN)) is a weak solution of system
(1.1) under the assumptions (1.3) and (1.4) and let (t;, 1) € (—T,0), By (x0) € Q with
0 <r < 1. Then forall 0 < |h| < %min{|t2|, T +t1,r*Yand all 0 < k < m — 1 there
holds
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100 V. Bogelein

t 9]
//|fh(D’<u)|2dzsc(n,m,L)|h|’"7’k/ / (14 [ID"ul], + lzn(D™w)))* dz.

1 By (x0) 1 Bar(x0)

Proof Applying the Interpolation-Lemma 2.4 “slicewise" on the ball B, (x) with the choice
&= Ihl%/r%m’k) (note that Ihlmn;zk/rz(’”’k) < 1 by assumption) we infer that

t %) 5]

/ /|Dk<rhu)|2dz5|h|%/ /|Dm<rhu>|2dz+c<n,m> |h|*%/ /Irhulzdz.

1 By (xo) 1 By (xo) 1 By (x)

From Lemma 6.1 we obtain a bound for the second integral on the right-hand side (note that
|A| /r2’" < 1 by assumption). Finally noting that DX (tpu) = 1,(D*u) we infer the asserted
estimate. O

Corollary 6.3 Suppose that u € L*(—T,0; W™2(Q; RN)) is a weak solution of system
(1.1) under the assumptions (1.3) and (1.4) and let (t1,t2) € (—T,0), By (x9) € Q2 with
O<r<1land0 < |h| < %min{|t2|, T + 11, r¥my. Then for 0 < k < m — 1 there holds

n t+|h|
/ / |th(D*u)|? dz < c(n,m, L) |h|% / / (1+ IDmu|)2 dz.
11 By (xo) t1—|h| By, (x0)

Proof The conclusion immediately follows from Corollary 6.2, since we can further esti-
mate the right-hand side with the help of (2.6) and (5.1) (and respectively their analogues for
negative h). O

Remark 6.4 Under the assumptions of Corollary 6.3 we conclude with Lemma 5.1 that for
0<k <m—1andforall y € (0, 1) we have

m—fk. Y=k .

32
Druew, = 2 (R,

We will also need a version of Corollary 6.2 where the exponent of |z, (D*u)| is larger
then 2. We will attain such an estimate by transferring the estimate from Corollary 6.2 to a
“larger” L”-norm with the help of the Hardy-Littlewood Maximal function and the Sharp
function.

Lemma 6.5 Suppose that u € L2(—T,0; W™2(Q; RN)) is a weak solution of system (1.1)
under the assumptions (1.3) and (1.4) and let (t1,t2) € (—T,0), By (x0) € Q with 0 <
r < 1. Furthermore suppose that |D™u| € leotb(QT) for some b > 0. Then there exists
c=c(n,m, L, b)suchthatforall0 <k <m—1and0 < |h| < %min{|t2|, T +11, 1} there
holds

lta (D*u)| > dz

1 Br(xo)
15}

(2+b)(m—k)
<clhl //(1+|D’"u|+[IDmul]h+|rh(D'"u)|)2+bdz.

1 Bay(x0)
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Proof We choose a parabolic cylinder O, (Z) = B, (X) x (i —p*™, 1) C By (x0) X (t1, t2) and
denote Q,, ,2n(Z) = B2y (¥) x (f — 0> 1). Now we distinguish the two cases p>” > |h|
and p¥" < |h|.

In the case p2" > |h| we can apply Corollary 6.2 to obtian for 0 < j < m — 1, with
c=cn,m,L):

][ |thju—(thju)g,p|2dz§2 ][ |thD"'u|2dz
0,2) 0,(2)

< clh" ][ (1+ [1D™ul], + I24(D™u)))* dz.

sz,pZm @)

In the case p?" < |h|, let 7] € C§° (B2, (X)) be a non-negative weight-function with
fsz@ ndx = .1 and ||De'ﬁ||Lz(Bp();)) < cp~ (319 for 0 < ¢ < 2m. Exploiting the weighted
means of 7, D/u defined in (3.14) we can decompose the integral similar to (3.18) in the

proof of the Poincaré type inequality. Then, applying the Poincaré inequality on the horizontal
slices B, (x) x {t} fora.e.t € (i — p*", ) we infer

t
][ ][ ltn D/u — (ty D7 u)z ,|* dx dr < e(n) p? ]Z ]Z |7, D/ u|? dx de
i—p¥m By(¥) i—p¥m By (%)
t t

+3 ][ |(th DY) (1) — (1 DIy ()| dr dr.

F—pm f—p2m
To estimate the integrand of the second integral we use the estimate for differences of weighted
means from Remark 3.14 on the cylinders Q,(Z) and Q, (X, + h). Noting that p" 7/ <
|h|mT_nj we obtain for a.e. f, T € (f — p*™, 1) that

|(th DY w)5(t) — (v DY u)(7)|
< (DY w)s(t + h) — (D! wyz(t + )| + (D w5(t) — (D w)j(v)|

2m

P
Scpm+j

][ (14 |D"u(x,t +h)| + |D"ul) dx dt
0,()

<c(n,m, L) b5 ][ (14 [z D™u] + D™ ul) dz,
0,2

where we have also used the fact that |D"u(x,t + h)| < |t D"u(x,t)| + |D"u(x, t)|.
Inserting this above, using Holder’s inequality and noting that p> < |h|m we arrive at

][ |thju — (thju)g,plzdz

0,(2)
<c|hlm ][ [ DI uP dz + b ][ (14 2D ul + D™ ul)” dz.
0,(2) 0,@)
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102 V. Bogelein

Combining both cases we conclude that for 0 < j < m — 1 and for all parabolic cylinders
0,(2) C By(xg) x (t1, ) there holds

][ |ThDju_(ThDju)z’p|2dZ
0,(2)
<c |l ][ [z DI P dz + c(n,m, L) |h| 7 ][ lwp|? dz,
0,() 0,, ,2n (@)
where

wy, = 14 D" ul +[|D"ul], + |ta(D"u)].

We denote Q¢ = B, (xg) x (t1, 1) and @0 = By, (xg) X (t1, t2). Our next aim is to derive a
bound for the sharp function of 7, D/ u, defined below. For this we consider a point 7 € Qg
and a parabolic cylinder 0, (z) C Qo withz € Q,(z). From Holder’s inequality and the last
estimate we infer that

2
(][ |thf’u—(thfu>z,p|dz) < ][ ltaD/u — (v, D u)z p|* dz
0,(2) 0,(2)

1 ; m=j ~
<clhlm M(1t D/ ulx0,) @) +c |h| M(|wh|2X§0)(Z)a

where ¢ = c¢(n, m, L) and M, M denote the maximal functions defined by

M(f)@) = sup ][Ifldz, M(f)@)= sup ][ |fldz
ZEQr(%) Qr(f) ZGQZ,JZm (2)

0,,.,2m (@)

for an integrable function f: R"*! — R and 7 € R"*!. Taking the supremum over all
parabolic cylinders Q,(z) withZ € Q,(Z) we find that for eachZ € Qg there holds

; € i 1 m-j ~ L
[t D/ ulp, @) < ¢ |h|7 M(l5 D/ ulx0,)* @) + ¢ |hl 7 M (Jwal’xg,)> @),

where ¢ = c(n, m, L) and fgo denotes the localized Sharp function of f:

fo,@ = sup ][If—(f)QIdz,
0CQo, €0 0

where the supremum is taken over all parabolic cylinders Q with zo € Q C Qp. Due to a
result of C. Fefferman and E. M. Stein, (see [21], Theorem 5, [24], Theorem 4.8) we know
that fgo € L?(Qp) implies that f € L?(Qp) (and vice versa) and for p > 1 the following
estimate holds

/|f—<f)Q0|szSc(n,p)/|f30|f’dz.
Qo Qo

We mention that in [21] and [24] the previous estmate is proved for a sharp function, where
the supremum is taken over cubes. But the proof can be adapted to the parabolic geometry
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with minor changes. Therefore, we infer for 0 < j < m — 1 that

/|‘L’hDju—(ThDjM)QO|2+bdZ <c /|[ThDJM]Q |2+b
Qo Qo
5cIhl%/M(Ith”‘uIzXQo)#dHCWW/M (nPxg,) &z
Qo
<c [ 10D P dz ke “/|wh|2+bdz
Qo

where we have also used the Hardy-Littlewood maximal theorem in the last line. Here ¢ =
c(n, m, L, b).Since we can bound the mean value |(t;, D’ u) g, | with the help of Corollary 6.2,
we find that

(2+h)(m /)
/lth’u|2+bdz <chE /|th/+lu|2+bdz+c|h| /lwh|2+bdz
Qo Qo

where ¢ = c¢(n,m, L, D). Starting with j = k and iterating this estimate for j = k +
1, ..., m—1 andrecalling the definitions of wy,, Qo = B, (x0) X (t1, t2) and Qo = B2, (xg) X
(t1, 1), we finally conclude the desired estimate. O

In the case that D™ u admits better differentiability properties, with respect to 7, we expect
that this also affects D¥u, 0 < k < m — 1 in some sense. More precisely, if D™ u is “y - times
differentiable” with respect to ¢ for some y € (0, 1), then we would expect that u is é +y
- times differentiable” with respext to ¢ (then D¥u is “”é—:ﬂk + y - times differentiable”). But
we do not get this property for first ﬁnite differences. In fact, the best we could get in the
proof of Lemma 6.1 is that u is “

3 + - times differentiable" with respext to ¢ [this can be
seen from (6.7)]. Therefore we turn our attention to second differences t_j, (tj, D¥u).

Lemma 6.6 Ler u € L2(=T,0; W™2(S:; RY)) be a weak solution of (1.1) under the
assumptions (1.4) and (1.7) and let (t1,t2) € (—T,0), Bor(xp) €@ QLand0 <r < R <1
and0 < |h| < %min{ltzl, T +11, [ta—t1|, r¥™). Moreover, suppose that |D"u| € L**?((t; —
|h|, t+h|)x Bag (x0)) for some b € (0, 2B) and su € CO* ™ ((1;—|h|, t+|h]) x B2g (x0))
for some A € (0, 1). Then for all 0 < k < m — 1 there holds

1)) m—k )
clh| m
[ [ esmptora: < ﬁ[//mmuﬁﬂuwmuﬁdz

1 B, I Bgr
12+|h]|
+ |h|ﬁ()n,3+b(l—’)) / / 1 + |Dmu|2+b dz]7
n—|h| Bag

where ¢ = c(n, m, L, [6u]o,/@2m))-
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104 V. Bogelein

Proof Without loss of generality we assume that xg = 0 and we show the assertion only for
h > 0. We start with the Steklov-formulation (2.7) of the system for [u]; instead of [u]y,.
Taking the difference at the levels ¢ + & and ¢t we obtain for a.e. t € (11, 1)

/fh (9 [ulz (. 1)) - @ dx
Q
= —/rh [AC. 1, 8u, D"w)]; - D" ¢ + 1 [B(.1,8u, D"u)]; - 8¢ dx

Q

forall p € Wé"’z(Q, RYM). We choose r < ri < r2 < Rand a cut-off function n € C§°(By,)
withO <n <1,n=1on B, and [D/n| < c(rp —r1)~/ for j = 0,..., m. Choosing
the test-function ¢ = n(r_, 1), integrating over (¢1, f;) and noting that d;[u]; = r:’;l",

we infer that

15}

2
—hT
// |z hhhul ndz

I By,

n
=_//Th(at[u]ﬁ)‘ﬁ(f—hfh”)dz

Il By,

1
= / / A, Su, D"uw)]; - D" (nr_ptpu) + w[B(-, u, D"u)l; - S(nt—pthu) dz.

1 B,2

With the notation from (6.1) we decompose 7;[A]; = [, Al; = [ (W], + [B(W)]; +
[€(h)]. With Young’s inequality we obtain from the above equation for & > 0 that

[5)

2
// |T—h;l'h’4| ndz

I By,

[5)
< / / el D" (nr_ptuw)* + L (1L ;1P + 1B + 1€ (W1;17) dz
1 B,
[5)
+// |t [BC, 8u, D" w)]; | [8(nT_pTau)| dz
n B,2

=811+é(12+13+14)+15, (6.8)

with the obvious meaning of I — Is.
Estimate for /;. We recall that D*~/5 = 0 on B,, for j < £ — 1. Applying the Inter-
polation-lemma 2.4 we obtain for 0 < j <m —1,j < ¢ <mandforall0 < pu <1

that
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/ / |DJ (t_pThu)|?
dz
(r2 =D

gl spth in
M 2m—)| pym 2, _°€ lt_nTpul?
=< 5 (ra—rp) D" (tptn)|” + —— ————5; dz
2 wtr (ra—r1)
i B, s
i (n, m)
cln,m T_nThu
gM//|thmu|2+|r,thu|2dz+ // kel '2 dz, (6.9)
(ra —rp)a"
I Bgr it By,

where we have also used the fact that (r, —r1) < 1, |h| < 1 and |[t_p1 f(1)| = |2f(z) —
f@+h)— f(t—h)l < |tn f(@)|+|t—n f(t)]. Using the assumptions on 1, i.e. that | D"~ inl <
c(ry —r1)~ =9 for 0 < j < m and the last estimate in the case i = 1 and £ = m we infer
that

I

IA

|DJ (t_pThu)|?
¢ z/ / (ry — r)20m=9) &

J=04 sptD™ =y

2

T4t
2m//|thmu| + |t_p D" u)? dz + c(n, m)// [Tt
(rz—rl)z’"

. Bgr I By,

IA

Estimate for /;. From (2.6), the bound (6.4) for <7 (h) and noting that |h| < |t — 11|
we get

t 5]
L < //Imf(h)lzdzst / /|rh(D'”u)|2dz
t

1—h Bg t1—h Bg

)
< Lz//|rh(D’"u)|2+|r_h(D'"u>|2dz.

1 Bgr

Estimate for /3. Similarly, using (2.6) and (6.5), (1.9), Holder’s inequality (with exponents
2th 2er) and noting that | D"u| € L>*? by assumption, we obtain

(][]

—h Bg t1—h Bg

b

b +5
dz .

We now exploit the Holder continuity of §u, i.e. the fact that |z, (Su)(z)| < |h| e [8ulo,n/c2m)
for all z € Bg x (t; — h, 1p), to diminish the exponent 23(2 + b)/b in the last integral to
2 + b. Taking into account that | D" u| € leotb we apply Lemma 6.5 (with 71, t, replaced by
t1 — h, 1) to infer that
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106 V. Bogelein

(] [rasmr )™

—h Bg
153 b

A2B—b) 2+b
< 1075 )l ”( / / |Th(5u)|2+bdz)

—h Bg
t b

| M2B=b)

24b 2+b
<c|h|zm I (//(l+|D’”u|+[|D’”u|]h+|tthu|) dz)

1—h Bag

nh+h

1(2B=b) 2+b
<c(n,m, L,[8ulo,/om)) |h|2'"+ 2m ( / / (1+|Dmul)2+bdz) .
t1—h BaR

Here we have used (2.6) and (5.1) in the last line. Inserting this estimate above we find that

h+h
I3 < cn,m, L, [sulo,n/@m)) |h|2m(w+b(l_ ) / / (1+ |Dm”|)2+b d
t1—h BIQR

Here we have used the fact that b < 28.
Estimate for 1. From (2.6), and (6.5), the facts that || < 1 and ﬁ(lﬂ +b(1 — %)) =

ﬁ()\(ﬂ b) +b) < m, since b € (0, 28) we obtain

5]
Iy < L? |3 #F+00-3) / /(1+|D’"u|)2
1—h Bg

Estimate for /5. From Young’s inequality we get for ¢ > 0

2m |h| .
//|5(nr_hrhu)| dz + //|z,, B(-,8u, D u)]h| dz.
2m|h|m

it By,

~
IA

Using the estimate (6.9) in the case u = |h]| i we infer for 1 < ¢ <m — 1 that

[5)
//|D‘<nrfhrhu>|2dz
13l B,2
| DI (r_ptyu)|?
ey [ e,

=0y sptD¢—Jip

2
=2m |h|”’//|Tthu| + |t D™ ul* dz + c(n, m)|h|’*// (|T nTh|

ry— rl)zm
t Bg

Inserting this above and using the growth (1.4) of B, (2.6), and (5.1) we obtain, with
c=cn,m,L)
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4]
|Thfhu|2
Is <e¢ o, D" ul* + |t Dmuzd—{——//
5—/ﬁh R AT A Ry T

1 Bg

| tb+h

+C|]/;|E / /(1+|Dmu|)2
t

1—h Bg

Combining the estimates for /] - /5 with (6.8) and noting that |Dul? < 1+ |Dul**?, we

arrive at
//mmw //th
|72] (rz —rl)z’" |72]

it By
¢ m, 2 m. 2
—l—g [t D" u|” + |t—p D" u|” dz

1 Bp
tr+h
¢ |nl2s B+b(1=5))
e 1] / /1+|Dmu|2+bdz,
—h Byg

where ¢ = c¢(n, m, L, [§ulo ;/2m)). We choose &€ = i(rz — rl)zm and apply Lemma 2.3 in
the case % = %, to infer the asserted estimate in the case k = 0.Inthecase 1 <k <m—1we

once again apply the Interpolation-Lemma 2.4 with (t_,tpu, 0, r, 2, (|h|/ r2my MT%) instead
of (u, ri, 2, p, €), which is possible since ||/r?" < 1 by assumption. This finally yields
the desired estimate. O

The following lemma is the starting point for the considerations concerning finite differ-
ences of D" u.

Lemma 6.7 Letu € L>(—T,0; W™2(Q: RN)) be a weak solution of (1.1) with (1.2)-(1.4),
(1.7) and (1.8) and suppose that (t1,t2) € (—T,0), Br(xg) € Qand 0 <r < R < 1.
Moreover let n € C3°(Br(xp)) and ¢ € CY(R) be two cut-off functions with 0 < 5 < 1,
0<¢<1n=1onB:(x0), Dyl < c(R—r)Ffor0O<k <mand =0on(—o0,1].
Then for 0 < |h| < L min{T + 11, |t2], 1} there holds

t 5]
//|rh(1)'"u)|2;2dz5c|h|%/ / (1+|D’"u|)2§2dz

B 1 Br(xo)
m—1 P
|ta (D*u)|?
/ Z — r)2m=k) £+ 18 llooltaul*¢ dz
i Br(xo)
n
+C/ / (1 + |Dmu|) 0 (|Th(5u)|)2 ;.2 dz
1 Bg(xo)

[5)
+c / / 7 [B(~, Su, Dmu)] ~8(n2mthu)§2dz ,
1 Bg(xo)

where ¢ = c¢(n, m, v, L).
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We mention that the analogue estimate also holds for finite differences 7, s = 1,...,nin
space-direction and the proof can be completely adapted.

Proof Without loss of generality we can assume that xp = 0. We choose 0 < |A| <
%min{T + 11, |2], 1}. Our starting point is the Steklov-formulation (2.7) of the system,
with X instead of %. Taking the difference of (2.7) at the levels ¢ 4+ & and ¢ and using that
75, (0;u;) = 0;(thu;,), we obtain for a.e. t € (11, 1)

/ (3 (Tululn( 1) - @+ [AC, 1, 8u, D"w)], - D) dx

Q

= / 7 [B(-, t,du, Dmu)]k -Spdx
Q

forall ¢ € W(')"’Z(Q, RY). We now choose the test-function ¢, = (t,[u],)n?"¢2, where 1
and ¢ are specified in the statement of the lemma. Noting that ¢ (¢;) = 0 we calculate for the
first-term on the left-hand side, integrated over (¢, 12):

/ 1 2m 2.2 7 2m 2 /
//3t (tnluly) - ordz = 5/" [tn[ulr (2217 ¢ (tz)dx—//n [tnlulnl” ¢S dz.
1 Q Q n Q

Now, we integrate the above system over (¢, f2) and insert the previous identity. Passing to
the limit A \ 0 and noting that the term involving ¢ (#;) is non-negative, we arrive at

t n
//rh [AC, 8u, D" u)] - D"pdz S//Th [B(,8u, D"u)] - 8¢ dz
n Q

//Ifhul2 ¥’ dz,

where ¢ = (tj,u)n?"¢2. With the chain rule we compute for 0 < j < m that D/p?" =
nm=J Zj(n), where Z;(n) € R%i and |-Z;(m)| < c(n,m) (R —r)~/. With this notation
we find that

m—1
D" = (Dm(l'hu) IR (’/;:) D (thu) © Fp—i () n* )42-
k=0

=LOT

Recalling the decomposition of 7;,(A) from (6.1), i.e. 7, (A)(x, t) = <7 (h) + B(h) + € (h),
we obtain:

%)
//,xz%(h) - D™ (tpu) n*" 2 dz

1 Bgr

[5)
5//(I%(h)+%(h)lle(rhu)lnz’”+|$27(h)+<%’(h)+<5(h)llLOT| ™) ¢*dz

f BR
’//‘L’h [B(, 8u, D"u)] - 8¢ dz //|thu|2 "¢ dz.
t1 Bg I Bg
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With the notation from (6.2) we write <7 (h) = o (W7 (D™ u) and infer from the ellipticity
(6.3) of o (h) an estimate from below for the integrand on the left-hand side of the above
inequality, i.e. 7 (h) - T,(D™u) > v|ty(D™u)|%. Also using the bound (6.4) for <7 (h), i.e.
|<7 (h)| < L|t, D™u|, Young’s inequality and 0 < n < 1, we obtain

//'th(Dmu)|2 2m§ dZ

1 Bg

5]
s//§|rh<Dmu)|2n2’"; +c(1BM)* + 1€ (h)1* + [LoT|?) ¢? dz

n Bp
[5)

+‘//rh [B(.,8u, D"uw)] - 8¢ dz //|rhu|2 n* ¢’ dz,
1 Bp 1 B

where ¢ = c(v, L). Now we estimate the remaining integrals on the right-hand side. The first
term can be absorbed on the left-hand side. For 2 (h) and ¢ (h) we use the estimates in (6.5)
and for the the terms of lower order we recall that |.%,,_;(n)| < c(n, m)(R — r)~ =k for
0 < k < m — 1. Finally, dividing by v/2 and noting that » = 1 on B, we obtain the asserted
estimate. O

6.2 Fractional estimates

In this chapter we show that D" u admits certain fractional differentiability properties. For
this we have to assume slightly stronger hypothesis for the coefficients A and a mild regularity
for §u. Our main strategy can be described in the following way. We first derive estimates for
fractional difference quotients in x- and ¢- direction. This implies that D" u lies in a certain
Nicolskii space. Thus, due to the embedding from Lemma 5.1 we can conclude the fractional
differentiability of D™ u in the sense of the W 2o spaces.

Lemma 6.8 Ler u € L2(—T,0; W™2(Q; RN)) be~a weak solution of (1.1) under the
assumptions (1.2)—(1.4), (1.7) and (1.8). Then for any Q € Q and (t1, 1) € (—T, 0) and for
ally < % there holds

D" —_ pn 2
///I u(x 1) ulx, 7)| dr dr dx
t|1+ﬁ

Q h n

D™u(x, 1) — D"u(y, t)|?
///l ux, 1) u@, dxdydt <c < oo,

lx — y|+2r

nQQ

where ¢ = c(n,m, N,v, L, B, v, dist($2, 9S2), 2, T + 01, Nlullp2—7,0:wm2q)) and 8 =
lﬂ+o’ where 0 = o(n,m, N, L/v) > 0 is the exponent from Theorem 4.1 about the higher
integrability of | D™ u).

Moreover; in the case of simpler systems of the type (1.10), the assertion holds for all

y < pB.

Proof Here we shall take symmetric parabolic cylinders, i.e. forzg € R"*!, R > 0 we denote
Or(z0) = Br(xg) x (fo — R, 1o+ R*™). Now, we will start with the time-direction, i.e. the
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first integral in the statement of the lemma. We choose a parabolic cylinder Qg(z9) € Qr
with R < 1. Without loss of generality we can assume that zo = 0; then Qr(z0) = Qr =
Br x (—R?", R?™). Moreover, we take 0 < || < (R/4)*". Let n € C5°(Bgy2) and
¢ € CH(—=(R/2)®™, (R/2)*™) be two cut-off functions with0 <n < 1,0 <¢ <1,np=1
on Br/a,¢ = lon (—(R/H*™, (R/H)*™),|D*n| < c R*for0 <k <mand|¢'| <cR™2".
With this particular choice of cut-off functions and with (R /4, R/2) instead of (r, R) we infer
from Lemma 6.7 that

m—1 k 2
8 [Th (D u)|
/lTh(DmM)IZdZ§C|h|”’ / (1+1D"ul) dz"'c/ Z R2m—h)

ORrya ORr)2 QR/z -

+c/ (1 1D"ul) 8 (1t Gu)])? dz
Or)2

+c / |t [B(-, 8u, D"w)] | 18(* " Tyue)| dz
Or)2
=c(h+hL+ L+ 1), (6.10)

with the obvious meaning of I} — I4 and where ¢ = c¢(n, m, v, L). Our aim is to show that
7, (D™u) lies in a suitable Nicolskii-space. For this we still have to consider the terms I, — /4.

Estimate for 7. Applying Corollary 6.3 with R/2 instead of r, which is possible since
|| < (R/4)*™ and taking into account that (R/2)*" +|h| < R*" we inferfor0 < k < m—1

/ T (D w)? dz < c(n.m, L) |h|’"';k/(l+ID'"ul2) dz. ©.11)
ORrp2 ORr
Since || < 1 this bound implies that I, < ¢ Ihlﬁ, where ¢ = c(n,m, L, R,

||I,{ ||L2(7T,0; W'”’Z(Q)))'
Estimate for /3. From Theorem 4.1 we know that |[D™u| is higher integrable, i.e. there

existso = o(n,m, N, L/v) > Osuchthat | D"u| € LI(HO)(QT) Moreover, using Holder’s
inequality and the fact that 6 < 1 and therefore 9( ) < 9( ) we obtain
1

|QR/2|( ][ ~ ) dz) 1+a( ][ (1+|Dmu|)2<1+a) dz) o

ORry2 ORr)2

I3

IA

IA

~ Tt
cn,m, N, v, L>|QR/2|( ]Z 7 (It (u))) dz) ][(1+|D'"u|)2 dz,
ORr)2 Or

To bound the first integral on the right-hand side we apply Jensen’s inequality to the concave
function 6, use the growth condition (1.9) on 6 and Holder’s inequality to infer that
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_ Tro _ T
(][9(|th(8u)|) dz) 69( ]Z |Th(8u)|dz)

Or)2 Or/2

IA

Bo

2(140)
c(n,m, L) ( ][ |rh(5u)|2dz) )

ORr/2

IA

Inserting this above and using the bound in (6.11) and that |h|% < |h|$ forO <k <m-—1
we arrive at

2 Z(fgijﬂ) 2 Bo
13§c(][ |7 (Su) | dz) ][(1+|Dmu|) dz < ¢ |h|70F)

ORr)2 Or

where ¢ = c(n,m, N, v, L, R, ull .2(_1.0,wm2 ()

Estimate for 1. We first apply Holder’s inequality. Then we use the growth assumption
(1.4) on B and (5.1) in the first resulting integral. To estimate the second integral we differ-
entiate n>" t;u with respect to x, taking into account that |[D/n| < ¢ R~/ for0 < j <m—1.
Finally, exploiting the bound in (6.11) we obtain

m—1 k

j 2 N2
I4§C(n,M)L(/( +1D"ul)? ) (ZZ / |DRz((Zhb3| dz) <clh|o,

. k=0 j=0,

where ¢ = c(n,m, L, R, |lull2(_7,0.wm2(0))-
Combining the estimates for I, — I4 with (6.10) and taking into account that |#| < 1 and
that I3 = I4 = O for simpler systems of the type (1.10) we obtain

P B L LA L
i (D" dz < ¢ (1h1% + 1417 ) + ¢ (1105 + 7))
ORy4
B __Bo
< cy|hlm + ca || 2%y (6.12)

where ¢; = ¢;(n,m, v, L, B, R, ||“||L2(—T,0; Wm,g(Q)) fori = 1,2 and ¢y = 0, for simpler
systems of the type (1.10). Since the constants ¢ and ¢, are independent of &, we can apply
Lemma 5.1 and conclude that

[D"ulo, 112 0ps < €1mov, Ly By R, ull 21, 0wm () forally < {= %
For systems of the type (1.10), the above statement even holds for all y < B, since in this
case we have co = 0 in (6.12). Since this bound is independent of the particular considered
cylinder, the desired local estimate on Qx (t1, 1) follows with a standard covering argument.

The proof for the spacial fractional differentiability, is essentially similar. Therefore, we
will only outline the differences. As starting point we use a spacial analogue of Lemma 6.7.
The terms appearing on the right-hand side can then be estimated similarly, apart from one
difference: Instead of applying Corollary 6.3 to infer (6.11), we now can exploit the fact that
Su has weak derivatives in L2 with respect to the space variable x, i.e. we can use the estimate
(6.6). Then, proceeding as above we can also conclude the fractional differentiability with
respect to the space direction. O

Under the additional assumption that Su is Holder continuous we can show D"u €

w il (Q7; RY) forall y < B, although the coefficients A depend on Su. This is proved

loc
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by an iteration argument in the following lemma. In each step of the iteration, the “order”
of fractional differentiability of D™ u can be improved. Within this procedure the Interpola-
tion-Theorem 5.7 plays an essential role.

Lemma 6.9 Letu € L2(—T,0; W"2(Q2; RV )) N C" 1% 3 (Qr; RV) with & € (0, 1) bea
weak solution of (1. 1) under the assumptions (1.2)—(1. 4) (1 7)and (1.8). Then forall y < B

we have D"u € W, ez (QT,R/V) and D" 'y € Wl ’ ( T, 0; L2(Q; R“n-1)). More-

loc

over for any Qe Qand (t1, 1) € (—T,0) there holds

[D’"u]y L2 B =€ <00, forally < B,
where c = c(n,m, N,v, L, B, A, y, dist(Q, 0Q27), ||u||L2(_T’O;Wm,2(Q)), [(Su])"%)'

Proof In the following, with C, respectively Cy, C v, C ¢ (with £ € N) we denote constants
dependingonn,m, N,v, L, B, A, |u| L2(=T,0:W™2(Q)) and [SM]L b We will only indicate the
additional dependencies of these constats. Moreover, we once againh take symmetric parabolic
cylinders, i.e. for zg € Rt R > 0 we denote Qg (z0) = Br(xg) X (tg — R¥™, ty + R¥™).
We choose such a parabolic cylinder Qr(z0) € Q7 with R < 1 and fix y € (0, 8). In the
following we will show that

D"u € WVY%; 2(QR/64E(ZO); R/V)’
D"l W2 (Qp i o) A1),
where £ = £(8, y, L) € N.
Without loss of generality, in the following we consider 4 > 0 as parameter for the finite

differences and we assume that zo = 0. Initiallay we define the sequence (by)¢cn of positive
real numbers

(6.13)

by =0, by = BA, b[+1:ﬂk+bl(1_%).

Rewriting by, = BA Zf;& 1- %)i , we see that by 7 28 as £ — oo. Furthermore we define
a sequence of radii py = R/64Z for £ € N and we set Q¢ = Q, and denote ¢ Q¢ = Qqp,
and a By = By, for o > 0. In the following we show by induction that for all £ € N, and
forall0 < h < ,0%’" there holds

b,
/ |z D" ul? + |1_p D" ul? dz < Cy |h| 7,

160
‘ (A¢)

n
> liD™ul*dz < Ce ",
160, s=1

LTRLIRY) Ve
where Cy = C¢(R, £). Moreover, we have D"u € W2 >an>~(8Q,; R ) forall ¥ € (0, 1)
and

[Dm’/l]ﬂgz 80, Ce(R, £, ). (Be)
Furthermore, we have |[D™u| € L*tb-1(Q,) and
/ |D™u|* -1 dz < Co(R, 0). (Co)

Qe—1
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We further note that Cy, ag and @ depend on R, but not on the special cylinder Qg = Qr(z0)
and that possibly Cy, Cy, Cy — o0 as £ — oo. Therefore we will stop the iteration at some
finite step €.

The case £ = 1. First we show that (A)1 holds. For this we will once again use the estimate
(6.10) from the proof of Lemma 6.8 with the same labelling for /; — /4. But here we treat
the term /3 in a different way. Since 6 (s) < sPfors >0 by (1.9) and due to the Holder
continuity of u we find that

B
I < / (1+1D"ul)? 7w dz < |h)™ [8ul’ / (1+D™ul)” dz.
°2m

Or)2 ORrp2

For the remaining terms /> and I4 in (6.10) we use the same estimates as before. Taking also
into account that by = B by definition and |h| < 1 we therefore conclude that

m, N2 £ 1 :28 1 by
(D) dz < ¢ (117 + 1kl + hI% + k]2 ) < C [l
ORr/4

with the asserted dependence of the constant. The analogue estimate for —# instead of A
can be shown similarly. Since Qr/4 = Q16p, = 1601, this shows the first bound in (A);.
Since the same reasoning can also be applied for the space-direction, we also infer the sec-
ond estimate in (A);. Together, this proves (A);. By Lemma 5.1 (A); now implies that
D"u e W%A'%;Z(SQU R forall & € (0, 1), i.e. (B); holds. For (C); there is nothing
to show, since | D"u| € L? by assumption.

Induction step £ — £+ 1. We now show (A)¢1, (B)e+1 and (C)g4 provided that (A),,
(B)¢ and (C), hold for some ¢ > 1.

First, we show (C)¢41. Applying Lemma 6.6 with (8 B¢, 16B¢, —(8¢)%", (80¢)*™, be_1,
m — 1) instead of (B, (xo), Br(x0), t1, t2, b, k) and using (A), and (C), we obtain (note that
M +be1(1—%)=bgand0 < h < pj™)

/|r,h (t, D" 'w)|? dz

80,
||
C m 1 A
< — /(|thmu|2 e D"l 4 1] 25 P 0D (1 D)) dz
PE 6o

< C(1/pg, Cg, Cp) ||mw ™2
Since t_pth f(t) = —tpf(t — h) and h < pgm this implies the same estimate for
75 (ty D™ u) instead of t_j(t, D™ 'u) on the smaller cylinder 4Q,. Applying Lemma

5.3 yields a similar estimate for the first differences, i.e. forall 0 < h < p%’” we have

m—1 12 Fy ) m et
|t (D™ w)|"dz = C(1/pe, be, Ce, Co) [R|m ™2 (6.14)
40
Therefore, we can apply the Lemma 5.1 with (%, %) instead of (y, ¥) to infer that

2+
4

m—1 0,7”)(;2 . AMm—1 m—1
D" 'ue W Tam 220 R )forall 9 € (0, 1) and there holds [ D u]O 2oby o0, <
e 200

= 9by Vb,
C(1/p¢, be, 9, C¢, Cy). Moreover, from (B); we know that D"'u € WT(’TJ;ZQQZ; R
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forall ¥ € (0, 1). Finally, by assumption we have that D"y e cr b7 (Q27; R“#n-1). There-
fore we can apply the Interpolation-Theorem 5.7 for u replaced with D"~ !y in the case y =
920 and infer that [D™u| € L¥(Qy) forall s < “E2EEIP) Now, we choose 9 € (0, 1),

n+2m—Aavby
(n+2m)(2+9by) n+2m
such that 2+ by < iImAvhy Note that we can take any T OTE < ¥ < 1. Hence,

we can choose v = ¥ (n,m,\) = % Then, we have |D™u| € Lz”"f(Qg) and the
bound in (C)¢41 holds, i.e.
/|D’"u|2+bf dz < C(1/pe, be, Ce, Cp, Cp) = Cer. (6.15)
O

Due to Lemma 6.5 this implies that |z, (D*u)| e L¥tbe (32Q¢41) for 0 < k <m — 1 (note
that § Q¢ = 32Q4) with the estimate

Q@-+bp)(m—k)
/ |Th(Dku)|2+bl dZ < C(b[) |h|l2# /(1 + |Dmu|)2+b[ dZ
320041 O
by
< C(be, Cey) || . (6.16)

where have also used (2.6) and (5.1) and the fact that || < p%’l.

The previous considerations can now be exploited to infer better estimates for the finite
differences of D™u. We choose 16pp11 < ri <ry <r3 < 32pp41 withrp, = %(rl +r3).
Then 16Q¢11 C O, C O, C Q) C 32 QH] by construction. Moreover, we choose
cut-off functions 77 € C;°(By,) and ¢ € CO( r2 ,rz’") with0 <n,{ <1,n=1onB,,
{=1lon(— r ’”) |Dfn| < c(rg—rl) “kfor0 <k <mand|¢'| < c(ry—r1)~2". From
Lemma 6.7 w1th (B,, , By, r2 , rzm) instead of (B, (xg), Br(x0), 11, 1) and the fact that
=1lon(— r m) we obtain

k 2
mop2 8 m |Tn (D" u)|
/m,D ul*dz < C |h| /( + |D™ul) dz+c/ § (rZ—rl)%m o 42

Qr| Qrz

+C/ (1+1D"ul)* 8 (It (3u)))? dz
Qrz

+c’ / B(-, 8u, D"™u) - t_p, (§(*" tyu)?) dz
Qrz

=C (1}““ ) K 1;”“) , (6.17)

with the obvious labelling of I 1(“'1) 1 1) Note that in last term we have used “inte-

gration by parts for finite differences”, Wthh is apphcable since spt{ C (— r2 , rzm) and
3"+ k| < B2per))™™ + pity < (322 + Dty < pf™ and ry < 32pp41 < py; therefore
spt(B - T (8(*" tyu)¢2)) C Qp). We now establish bounds for 730 — {1

Estimate for 7\""": From the fact that Q,, C 32Q¢41, (r» — r1) < 1 and Corollary 6.3,
which is apphcable since |h| < Pe ' we infer that

2 m—1 / |h|%

(e+1) _ kN2 m, 2

Y 72 [T (D u)] dz§C7/1+|D ul?) dz

: (ry —rp)*" &= (ra —rp)m ( )
93204, O
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Estimate for 13(K+1). Using (1.9), the fact that Q,, C 32041 and Holder’s inequality we
obtain

2 by

2 28Q2-+by) )

13““)5( / (1+ 1D"ul)*"" dz) ( / Gl dz) .
32Q¢+1 320441

For the second integral on the right-hand side we use the Holder continuity of du, i.e. the fact
that |7, (Su)| < |h| I [Sul, 2 and (6.16) to infer that

b,

28(2+by) ‘2+[b7
[Tn (Bu)| P dz)

320041

by
2Fb;

b
< Cbe) 5+ [su ]2'3 be (/<1+|D'"u|)2+bf dz)

0]

Inserting this above and taking into account that by +A (28 —by) = BA+be—A(b¢—B) > boy
since B > by /2 we get

b
LY < Cbo) In /(1 + D" ul) P dz.
Q¢

Estimate for / ‘EHI). For the last term we obtain with Young’s inequality for ¢ > O that

L2
L < 8/ i (3" ) | dz + ?/(1 +1D"ul)? dze=e i+, (6.18)
(o] (o]

with the obvious meaning of J; and J>. To estimate J; we set w = 8(772’” tu) and compute:
l_nlw (O] < |wt —h) p O] + [—lw®)1 ().

Moreover, we have [t_4[¢(1)*]] = |¢(t — h) = EO|(& (& — k) 4+ ¢(®) < [ [loo(E (2 —
h) 4 ¢(t)) (note that ¢ > 0) and therefore, we infer that

Ji < |hP? ||c/||§o/ |8 (Pt t — ) | (£ = )? +¢(0)?) dz
[

+ / e (80"t 1) [P dz
Oy
=Ji,1 +J12-

First, we recall that || < c(r —r1) 2,0 < ¢ < 1,|D*n| < c(ra—r)) K <ctra—r)™"
for0 < k < m and spt¢ C (— r22'”, rz’”) Then we apply Corollary 6.3 (note that Q,, C
320041 = ng and |h| < pe+1 and |#| < 1) to obtain

m+|h|

J Cine_ - Droufdz <c — 1+ D"ul)?
M S (rz—rl)ﬁmz itz < € = | 1+ 12")

3" —|h| Bry Q¢
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For J1 » wenote thatspt(n¢) C O, andIDkn| <c(ra—r) % <c(ra—r)) ™ for0 < k < m.
Moreover, we apply Lemma 6.6 with (B,,, B,;, —rzz’”, r22m) instead of (B, (xg), Br(xp),

11, 1) (note that [h| < p}""; and AB + be(1 — %) = by41) to infer that

C ~
Jip < W Z / |T7hfh(Dku)|2dZ
r —ri =

m—1

b,
=25 ,)4,,,(/ |thmu|2+|r_hD’"u|2dz+|h|%/1+|D'"u|2+"ﬁdz).
3—n

k=0

r3 ¢
Now, we join the previous estimates for Ji 1 and Jj 2 with (6.18) and note that [h| < 1,
h|* < |h| R , 2(r2 — Vl) = (r3 —r1) and |D"u|®> < 1 4 |D™u|**?¢. Finally, choosing
& = (ry — r1)%" /(4c|h|n ) we obtain

C |h| 2
L < /|Tthu|2+|r_thu|2dz+%/14—IDmu|2+b‘ dz,
ry
Qt3 Ql

where we have also used that || < || % ,(r3—r)) <land |D"ul®> <1+ |D™u|?>tPe,

Combining the previous estimates for 12(@+1) — IfH) with (6.17) and noting once again
that |h] < 1, bzf;; < B (rs—r) <1rs—r =20p—r)and [D"ul> < 1+ |D"u|>*e
we arrive at

1
/|tthu|2dz§ Z/|r,,D'"u|2+|r_hD"'u|2dz

er Qr3
bty

|| 2

Cby) ——
+ (z)(3_ o

/1+ | D" | >0 dz.
Oy

We also obtain the analogous estimate for —/ instead of 4, and combining them yields:

1
/|tthu|2 +|t_pD"u?dz < 5 /|tthu|2 +|t_pD"u|? dz

er Qr3
bty
Clh| ™ / 2+b
+ ———n [ 1+ |D"u|*" dz,
(r3 —r)®m Pl ‘

Q¢
where C = C(b¢). Applying Lemma 2.3 and using (C)¢41, i.e. (6.15) we infer that

b1

h|2m
lTa D" u|? + |t_p D™ u|*> dz < C(by) | '6m /1+ | D™ | > dz

Pet1
16Q¢+1 * Q¢

~ b1
< C(1/pes1,be) Coyy [H| 2.

This proves the first bound in (A)¢1.
A similar estimate for the finite differences in x-direction can be obtained, when we start
with a similar estimate for the space-direction, instead of Lemmas 6.7. Then we estimate
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the right-hand side similar to the time direction. Once again, we can exploit the weak dif-
ferentiability of D¥u,0 <k <m — 1, i.e. the estimate (6.9) instead of Lemma 6.5 and 6.6
to infer also the second estimate in (A)¢1. This finishes the proof of (A)¢41. Finally, from
Lemma 5.1 we now conclude that (B),41 holds.

Since by ' 2B, we find for each y < B an integer £ = £(8,y,A) € N, such that
2y < by < 2p. Iterating up to the step ¢ we infer from (B); that D"u € W 2t

(QR/645; R"") (note that 8o7 = pj = R/64Z) Moreover from (6.14) we know that D"~y

W 2(QR/64‘57 R-#n-1). This shows the assertion (6 13).
Now let Q Q x (t1, 1) € Q7. We choose R = 5 mln{dlst(Q ), T +11, |t2|} and

cover Q by finitely many cylinders Q , /64l (zi),i =1,..., M, with center z; € Q Using
(6.13) on each cylinder Q R/641 (zi) and summing over i = 1, ..., M we finally obtain the
assertion of Lemma 6.9. m]

6.3 Proof of the results

Proof of Theorem 1.2 At first we will show that for k = 0, ..., m there holds

Dru e W/ @ R forall y <8/2, (6.19)

loc

where § = §(n, m, B, N, L/v) is specified in Lemma 6.8. For k = m this is exactly the

conclusion of those Lemmas. Furthermore for k = 0, . — 1 we know from Remark 6.4
—k, y(m—k) . 2

that DFu € Wloc 2N (Qp, R4 for all y € (0, 1). Therefore we conclude that (6.19)

is true.

Applying Proposition 5.4 yields that dimg(X1) < n + 2m — § and dimg(X7) < n +
2m — §, where X; and X, are defined in Theorems 3.15 and 3.7. From Theorem 3.15 we
know that the singular set ¥ of D™ u is contained in ¥ U X5 and therefore dim 4 (¥) <
dimg (X U X») < n+ 2m — §, which shows the assertion of Theorem 1.2. ]

Remark 6.10 Under the conditions of Theorems 1.4 or 1.5 we can use the better fractional
differentiability properties from Lemmas 6.8, respectively 6.9 to infer the better estimate
dimz(¥) <n+2m—28.

We shall see in the following that this estimate can be improved slightly in the sense
that the inequality is strict. This will be achieved by exploiting the differentiability of the
coefficients A with respect to the last variable in such a way that we can rewrite the system
as a linear system for the finite differences z;u respectively 7, u. From this linear system we

obtain the higher integrability of the ¢- derivative of D™ u of fractional order % and also of
the x-derivative of D™ u of fractional order 8 (see Lemmas 6.11 and 6.12). This leads us to
better estimates for the fractional difference quotients of D™ u. Therefore we can conclude
that D™ u lies in some slightly better fractional Sobolev space, which will lead us directly to
the dimension reduction statements of Theorems 1.4 and 1.5.

Lemma 6.11 Letu € L>(—T,0; W2(2; R¥)) N C" 143 (Q7: RY) with A € (0, 1) be
aweak solution of (1.1) in Qr under the assumptions (1.2), (1.3), (1.7) and (1.8) with B = 0.
Then there exists € = &(n,m, N, L/v) > 1, such that for all Q € , (t1,t2) € (—T,0) and

@ Springer



118 V. Bogelein

forall y < B there holds

D _ pn 2&
///I u(x,r) u(x, 7)| dr dr dx
1:|1+7

Q hon

|D™u(x, 1) — D"™u(y, )|
-l—/// PR dx dydr < oo.

nQQ

Proof In the following, with C we shall denote a constant depending on n, m, N, v, L, 8, A,
lwll 2 (—7,0;wm2(qy) and [Sul; 2 . We will only indicate the additional dependencies of C.

We fix parameters y and 6 such that

2(n+2m)(1 +vy)

0 d2+42 0
<y <pB an +28<0<gq 0t am —2hy

1ty
From Lemma 6.9 we already know that D" u € Wloc (QT, R+ Yand D"y e W, 2m

(=T, 0; L*(; R*/”'"*l)). Moreover, by assumption we have that D"~ ly ¢ CA 2m
(Q7; R“#n-1). Therefore we can apply Lemma 5.7 to the function D"~ 'u and find that
|[D™u| € Lloc(QT) forall 1 <s < g.In particular we have |D"u| € Lloc(QT)' Since the
result we are going to prove is of local nature, we can suppose without loss of generality that
|ID™u| € LY(Qr) and
/ |ID"u|? dz < C(y,0) < oo. (6.20)
Qr
We will start with the proof for the time-direction. Let Qe Q, (t1,) € (—T,0) and

0<|hl < %min{|t2|, T +t1, 1}. We set é =Qx (t1, 12). Replacing ¢ with 7_,¢ in (1.1)
we obtain after “integration by parts" for finite differences

/ (th(u) - @r — Th[A(, 8u, D"u)] - D" ) dz =0 forallp € C§° (O;RM). (621)
Qr

V\iith the notation introduced in (6.1) and (6.2) for ,QZ % and €, we rewrite 1,(A) =
A (h)tp (D™u) + AB(h) + € (h) and define

w=29 " Gay= 2N gy = T
2m

[k [k

Dividing (6.21) by |h|%, we see that vy, is a weak solution of the linear system
/ (vi - @r — o (h)D™ vy, - D™ ) dz = / (B(h) +€(h)) - D"pdz  (6.22)
Qr Qr

forally € C(T(é; RY).Dueto (6.3), the coefficients satisfy Jz?(h) p-p=vip? I,;z/~(h)| <L
and

~ B ~
\Z()| < LIh|~3 [myoul (1+|D"ul), €0 <L (1+D"ul).  (6.23)
In the following we will apply Theorem 4.1 in order to show that | D" vy, | is higher integra-

ble. For that purpose we firstly have to ensure that % and € fulfill the required integrability
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assumptions, i.e. that they are integrable with an exponent larger then 2. Indeed, by (6.20) we
know that % € L (27). Moreover, we set 1 + §; = % > 1 and show that # € L% for
all 1 <& <14 6;.Let Q, = Q,(z0) be a parabolic cylinder with 0>, € Qr. To estimate
the following integral we first use (6.23) and Holder’s inequality. Since 6 > 2&(1 + ) we
conclude from (6.20) that |[D"u| € L¥ 148 (Qr). Therefore we can apply Lemma 6.5 with
b = 2&p to estimate the first integral appearing on the right-hand side. Hence, we obtain for
1 <& <1+6 that

%
][ |B(h)PE dz < L7 [h| ( ]l |7 (8u) £ C+P) dz)

Qp Qp

T
x (][(1 + [ D™ ul) A dz)

2

<cC ]Z(1+|D'"u|+[|Dmu|]h+|rh1)mu|)25“+ﬂ) dz. (6.24)
Q2p

We note that, here and in the following it is important that all appearing constants are inde-
pendent of A.

Higher integrability of D™ vj. From the previous discussion we know that B.C €
L2048 Therefore we can apply Theorem 4.1 to infer that there exists &€ = £(n, m, N, L/v)
with 1 < & < 1+ 8, such that [D"vy| € L5 (Q) and for all parabolic cylinders Qu, =
04,(z0) € Q and 0 < p < 1 there holds

3
][ |D™ vy ¥ dz < C (][ |Dmvh|2dz) +C ][(L@Ff +161% +1) dz, (6.25)
Q,o/4 Q,o Qp

Note that we have used (6.24) in the last line.

In order to estimate the first integral on the right-hand side we choose two cut-off functions
neC(By)and ¢ € CLR)with0 <y <1,0<¢ < 1,n=1on B,, |D*n| < cp for
0<k<mandZ =0on(—o0, 1) — (2p)*),r = 1on (fo — p*™, 1) and 0 < ¢’ < ¢ p~2".
We use the estimate from Lemma 6.7 with this particular choice of cut-off functions, recall
the definition v, = tj,u/|h|#/?™ and the fact that 6(s) < sP to infer that

7,(D*u) |2
][|D’"vh|2dz <c ][ (1+1D"ul)® dz + C [n] "% Z ][ | "(z(m O 4

Qp QZp k=0 QZp
B
+C |h|™m ][(1+|Dmu|)2|fh(5u)|2ﬁdz
Q2p
=C 1+ DL+ DB, (6.26)

with the obvious meaning of I; — I3. In the following we will derive bounds for 7 and I5.
Estimate for ;. Applying Corollary 6.2 (note that 0 < || < % min{|t2|, T + 71, 1}) and
taking into account that |2| < 1, we obtain

L <Cp?nh ][ (1+ [1D"ul], + 1z D" ul)* dz
Q4p
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Estimate for /3. Here, we proceed completely similar to our estimate for 4, i.e. (6.24)
for & replaced with 1. This yields that

L<C / (14 1D™ul + [ID"ul],, + o D"ul)* P dz.
Q4p

Combining the estimates for I, and /3 with (6.26), we infer an estimate for the first integral
in (6.25). For the second integral we use (6.24) and (6.23). Applying also Holder’s inequality,
we finally arrive at

/ IDmth%dzsc/ (1+|Dmu|+[|Dmu|]h+|tthu|)2§(1+/3) dz
Qp/4 Q4p
= 1971+ C(r. 0, p),

where we have used (2.6), (5.1), the fact that 0 < |h| < % min{|tp|, T + t1, 1} and (6.20) in
the last line.

Since the choice of the cylinder Q4, € Q was arbitrary, we can cover any open sub-
set 7S Q by parabohc cylinders (Q,/4(z)), i = 1,..., M with Q4,(z;) € Q and p =
3 L min{dist(&, Q), 1}. Summingoveri =1,..., M ylelds abound of the considered integral
over the whole set @, i.e. for fﬁ | D™y, |% dz. Recalling the definition v, = rhu/lhlﬂ/(zm)
we therefore find that

94 . ~ 22

/ |zn (D™ u)|* dz = || / D™ vy * dz < Cly, 0, dist(6, 0)) |h|n,

0 0
forall A with0 < |h| < % min{|#;|, T +11, 1}. Applying Lemma 5.1 and noting that Q € Qr
was arbitrary, we finally conclude the asserted fractional differentiability in time direction.

The proof for the space-direction is very much similar to the one for the time-direction

from above and we will not accomplish the details. We can also write our parabolic system
as a linear system for v, = T}, (u)/|h|P. Then, applying once again Theorem 4.1 we can
show higher integrability of | D" v, |. The resulting terms are estimated essentially similar as
before. But now, we can use the weak differentiability of Drufor0 <k <m—1 [see (6.6)]

to estimate integrals involving r;l' (DFu) [instead of Lemma 6.5 in (6.24)]. Proceeding this
way, we also infer the second assertion of the lemma. O

Lemma 6.12 The conclusion of Lemma 6.11 also holds for weak solutions u € L>(—T, 0;
wm2(Q; RN)) of the simpler system (1.10) under the assumptions (1.2), (1.7) and (1.8).

Proof We will only outline this proof, since it is similar to the one of Lemma 6.11. Following
the proof of Lemma 6.11, the arguments leading us to (6.22) now yield

/ (vi - @ — S/ (H)D™ vy, - D™g) dz = —/‘g(h) -D"pdz forall g € C°(Q; RY),
Qr Qr

where v, = 7, (u)/|h| % and 7 (h) respectively F(h) = € (h)/|h|% are defined in (6.2)
respectively (6.1). Due to the higher integrability of D" u from Theorem 4.1 there exists 0 =
o(n,m, N, L/v) > 0, such that [D"u| € L;\**7)(Qr). Since |€(h)| < L(1 + |D™ul) we

infer that |(€(h)| €L, (Ha)(QT) Therefore Theorem 4.1 ensures the existence of & = &(n,
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m, N, L/v) with0 < & < 1 + o, such that for all parabolic cylinders Q4,(z0) € Q7 there

holds
) §
][ |Dmvh|25dz§c( ][ | D™ vy, | dz) +c ][ (1+|D"™u*) dz.
Qp/4(z0) 0, (z0) 0, (z0)

Using the estimate (6.12) from the proof of Lemma 6.8, (with ¢c; = 0) we can bound the
first integral on the right-hand side by a constant independent of 4. Whence, the second
integral can be bounded, using the higher integrability of |D"u|, we mentioned above. In
conclusion, we can bound the left-hand side independently of & and recalling the definition
vy, = thu/ |h|? we therefore obtain

2 2%
JomomoEa=mE [ Dl e < n e
0Qp/4(20) Qp/4(20)

where ¢ = c(n,m, N,v, L, B, R, T + 7o, ”u”LQ(fT,O;Wm-z(B4R(x0)))' Since the choice of the
cylinder Q4,(z0) € Q2 was arbitrary, we obtain the desired result with a covering argument.
]

Proof of Theorems 1.4 and 1.5 Due to Remark 6.10 we already know that the first assertion
of Theorem 1.4, respectively 1.5 holds, i.e. that dim 4 (X) < n 4+ 2m — 28. We can apply
Lemmas 6.12, respectively 6.11 to ensure that there exists & = £&(n, m, N, L/v) > 1 such
that
m Vo 26 N
D"u e W, (Qr,R7) forall y < B.

oc

Hence, we infer from Lemma 5.4 that dim g (X1) < n + 2m — 28 — § and dim»(%,) <
n+2m —2p — 8, where § = 20 in the case of Theorem 1.4, respectively § = 28(¢§ — 1)
in the case of Theorem 1.5. From Theorem 3.15 we know that the singular set X of D" u is
contained in X{ U X, and hence dim 4 (X) < dimg (X1 U X,) <n +2m — 28 — §, which
shows the assertion. O
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