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Abstract. Let L = —A + V be a Schrédinger operator on R?, d > 3, where V is a non-
negative compactly supported potential that belongs to L? for some p > d/2. Let {K;}i~0
denote the semigroup of linear operators generated by —L. For a function f we define its
HLl-norm by ||f||Hi = || sup,q | K¢ f(x)] 21w Tt is proved that for a properly defined

weight w a function f belongs to H}‘ if and only if wf € H'(R?), where H' (R?) is the
classical real Hardy space.

Mathematics Subject Classification (2000). 42B30, 35J10, 42B25
Key words. Hardy spaces — atomic decomposition — Schrodinger operators

1. Introduction
Let
(1.1) L f(x) = —Af(x) + V(x) f(x)

be a Schrodinger operator on RY, d > 3, where V is a non-negative potential.
Throughout this paper we shall assume that the potential V is compactly supported,
say supp V C B(0, 1) = {x : |x| < 1}, and belongsto L?(R?) for some p > d/2.1t
is well known that — L generates a semigroup {K,},~o of linear operators acting on
L' R, 1 <r < oo. By the Feynman—Kac formula the integral kernels K, (x, y)
of the semigroup {K,},~¢ satisfy

(1.2) 0<Kix,y) < Pi(x—y),

where P, (x —y) = (4mt)~¥? exp (— %) are the integral kernels of the classical
heat semigroup { P, },~o. Let

K* f(x) = sup |K, f(x)]

>0
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be the maximal operator associated with the semigroup {K,};o. We say that an
L'-function f belongs to H; if its norm defined by

I gy = 1K Sl

is finite.
Define
(1.3) w(x) = lim K 1(x).
S—>00

The limit in (1.3) exists because the function s — K 1(x) is monotonic. Indeed,
by (1.2),

(1.4) 0 < Ky 1(x) = KoK 1(x) < K1(x) < 1.

We shall show that there exists a constant 0 < § < 1 such that § < w(x) < 1. The
following theorem is the main result of the present paper:

Theorem 1.5. There exists a constant C > 0 such that
(1.6) C gy < sl eay < Clfllg -

where (gl g1 ray = | SUpso | P18 ||| L1 (4 iS the norm in the classical real Hardy
space H'(R?).

We say that a function b is an Hz—atom if there exists a ball B(yg,r) = {y €
RY : |y — yo| < r} such that suppb C B(yo,7), |bllre < |B(yo,7)|”", and
J b(»)w(y) dy = 0. The atomic norm ”f”Hl is defined by

atom

(1.7) 1707} atom = 0E D 151,
J

where the infimum is taken over all representations f = Y j*jbj, where b; are

H| -atoms.
As a consequence of Theorem 1.5 we have

Corollary 1.8. There exists a constant C > 0 such that

(1.9) Ty < 1S Vi) awom < C1f Nl -

Let us mention that in contrast with the one-dimensional case or in the case of
V satisfying a reverse Holder inequality (cf. [1]-[4]) the atoms for H, considered
in the present paper are not variants of local atoms.

Finally we would like to remark that if V s V are compactly supported L”-
potentials, p > d/2, then the corresponding spaces H} and H % do not coincide.
We shall discuss this property at the end of the paper.

Acknowledgement. The authors wish to thank the referee for valuable remarks.



Hardy spaces H' for Schrédinger operators with compactly supported potentials

317

2. Properties of the weight w

Let

oo

[o.¢]
2.1) I'tx,y) = / Ki(x,y)dt and Ty(x,y) = —/ P(x —y)dt
0 0
be the fundamental solutions for L and A, respectively. Obviously,

0 S F(-x9 Y) = F(y9 x) S _Fo(xv )’) = —FO()’, x)'

The perturbation formula asserts
t
(2.2) Pt = K["‘/ Pt,SVKSdS.
0

Hence, by (1.3),

—>00

/ V(x)T(x, y)dx = lim / // P_s(z —x)V(x)K(x, y) dz dx ds
0

(2.3)

tl_i)rgo/(Pt(z -y — Ki(z,y))dz
— 1 —w(y.
Lemma 2.4. The function w(x) has the following properties:

(2.5) lim wx) =1,

|x|—>o00

(2.6) |wx) —w| =< Cylx—y|”, provided 0 <y <2—d/p, vy <1.

Moreover, there exists a constant § such that
2.7 0<d<wkx) <l.
Proof. From (2.3) we conclude

V(y)
y|d_2 dy S |x|d_2 ”V”L]a

(2.8) Ofl—w(x)fC/
|x

for |x| > 2, which gives (2.5).
In order to prove (2.6), let us note that

(2.9 w(x) = lim K;K;1(x) = K;w(x) forall ¢t > 0.
§—>00

Let g¢;(x, y) = Pi(x — y) — K;(x, y). Since

lw(x +h) — wx)| = Isl_iggO//(Kl(x+h,y)—K1(x, V) K (y.z) dz dy|

S/IKl(erh,y)—Kl(x,y)Idy
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and
/ IPix+h— ) — Py, )l dy < C, AT,

it suffices to verify that

(2.10) /|q1(x+h,y)—ql(x,yndyscyw.

By the perturbyation formula
[l ey - e iy

1
=///(Ps(x+h—z)—Ps<x—z)>V(z>K1_s(z,y>dzds\dy

<[ [ ln (5

7 ) — P (%)‘ V(2) dzds
[ ([l ()

=< CylhV,

p/ 1/p/
dz) IVIe ds

which completes the proof of (2.6).

Clearly, (2.6) implies that the function w is continuous. Therefore, according
to (2.5), the estimate (2.7) will be proved if we show that

(2.11) w(x) >0 forall x.

On account of (2.9) and (2.5) we shall have established (2.11) if we prove that there
exists # > 0 such that K,(x, y) > 0.

Lemma 2.12. Foreveryt > 0
(2.13) K,(x,y) > 0.

Proof. The lemma is well known. For completeness of the paper we present the
proof. By (1.2), (2.2), and the Holder inequality we have

0< gy < f f Poy(x — V(D) P(z — ) deds
0

e/2
= C 87‘1/2 Viee |l Ps 1 ds
(214) - /(; d ” ”L[ ” S ”Lp

£
+ / 1Pocsll o 1Vl Cae™ " ds
g/2

= Cle2eCr=D 0|y ||,
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Clearly, there exists ¢y > 0 such that

(2.15) P.(x —y) > coe~9* for |x — y| < +/%.

From (2.14) and (2.15) we conclude that there exists &g > 0 such that

2.16)  Ke(x,y) > 62—08*‘1/2 provided |x — y| < V&, 0 <& < &.
Applying (2.16) and the semigroup property we get

(2.17) Kpe(x,y) > 0 for |x —y| < «/en, & < &.

Now (2.13) follows by taking n > max(@, %) ande = m~'. O
Corollary 2.18. There exists a constant § > O such that

IVL™ fllgr <A =8N flipr-

Proof. The corollary is an immediate consequence of (2.7). Indeed,

VL™ < Sup/ VOI(x, y)dx =1 —w(y) <1 — 6. O
y

3. Estimates of maximal functions

Since the compactly supported function V belongs to L?(R?) for some p > d/2
and A™' 1 L'(RY) — LI (RY) for every ¢ < d/(d — 2), we get that VA~ is

loc
bounded on L' (R?). Moreover, direct calculations show that

(3.1) I-VLHYU-vAahH=g—-vaha-vLH=1

Here and subsequently L~! and A~! are the operators with the integral kernels I’
and Iy, respectively (cf. (2.1)).
Using (2.2) we get

t o0 o0
Pt = K{"‘/ (Ptfs —Pt)VKde—/ PtVKde—F‘/\ PtVsts
0 t 0
t o0
=K, +f (P_y — P)VK,ds — / P, VKds + P,VL™".
0 t
Thus

t [e)e)
P(I—VL™h =K, —/ (P, — P,_,) VK, ds —/ P,VK,ds
(3.2) 0 :

=Kt—Rt—Qt~

We shall show that the maximal operators associated with the families {R;};~o and
{Q:}:~0 are bounded on L' (R?).
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Lemma 3.3. There exists a constant C > O such that

(3.4) I sup IR fOO N L1 ary = CllLf Nl
>

Proof. Let R,(x, y) denote the integral kernel of the operator R,. Put 8§ = §/9.
Then for t > 2 we have

t P t
Ri(x, y) =/ /(Pz(x—Z)—Pz—s(x—Z))V(Z)Ks(z,y)dzd3=/ +/ﬂ
0 0 t

= R"(x.y) + R (x. y).

Clearly for every 0 < ¢ < 1 there is a non-negative function ¢ that belongs to
the Schwartz class 8(R¢) such that

(3.5) |P,(x) — Py(x)| < ;qﬁ,(x) for 0 < s < ct,

where ¢, (x) = t~?¢(t~'/%x). Hence there exists ¢ € $(R?), ¢ > 0, such that for
t > 2 we have

B
&)< [ aa-ove [ Kedsd
0
< [ g0 - vl -y d
Since sup,_, t#71¢;(x —z) < C(1 + |x — z|) 4"+, we get

/Sup |RM (x, )| dx < ff (4 |x —z)) " Pz — y1*9V(z) dz dx
>2 |z]<1
(3.6) <C||V|.r <C.

We now turn to estimate R,[Z]

R (x, )| 5fﬁfP,<x—z>V<z>Ks(Z’y>dzds

t
(3.7) + /,3 / Pr_s(x —2)V(2)Ky(z, y) dz ds

= RV, y) + R (x, y).
For s > t# we have K,(z, y) < Ct=P4/2_ Therefore
0<RrR(x,y)<C f Pi(x — 2)V(2)t' P2 gz
and, consequently,

(3.8) || sup RPN )| 1 = €.
>



Hardy spaces H' for Schrédinger operators with compactly supported potentials 321

Likewise,

t
0<RPx,y) < / , / Pi_s(x — 2)V(z)t P dz ds
1
t
< cr PP / / Py(x — 2)V(z) dsdz
0
S C/t_ﬁd/2v(z)|x _ Z|2—de—c|x—z|2/t dZ.

Since sup,. » 1=Pd2=cl=32/t < C(1 + |x — z[) 4, we obtain

l sug) R (x, y) ||L1(dx) < C/f(l +x — z)Px — 2174 V(z) dz dx
>

= ClVIlp-

(3.9)

The lemma follows from (3.6)—(3.9). |

Lemma 3.10. There exists a constant C > 0 such that

(3.11) I sup [R: fOll 21wy = Clf Nl

0<r<2

Proof. Fix y € R,

t/2
Ri(x,y) = / / (Pi(x —2) — P_y(x — 2))V(2)K (2, y) dz ds
0
+ / / (Pi(x —2) — Py(x — 2))V(2)K,(z, y) dz ds
12
= R, y) + R, ).

Similarly to that what was done above there exists ¥ € 4 (R, Y > 0, such that

1
|RP(x, )| s/o /Wx—z)V(z)Ks(Z’y)dW
(3.12)

< /%(X —)V(2)|z — y|* 4 dz.

Let us note that for any fixed r, 1 < r < dp/(dp + d — 2p), the function
7z > |z — y[*79V(z) is supported by the unit ball and its L"-norm is bounded
by a constant independent of y. Then, by using standard methods, we obtain

(3.13) [ sup R 1y = €
<
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To estimate R,[4], we observe that for 27"~ <t < 27" we have
t
IR (x, y) < / / (Pi(x = V(@) (z — ¥) + Pros(x — DV (z — y)) dzds
t/2

<C / (tPi(x = 2) + v — 2P V() i (2 — y) dz

—m —m(2— |x —z| - —c2"|x—z|2
sc/(z Pyon(x —z) 27702 <—2—m/2 el

X V(2)pp-m(z — y) dz,

where ¢ is a non-negative Schwartz class function. Therefore applying (3.14) and
the Holder inequality, we obtain

/ Osup2 |RE4](x, y|dx < Z / sup |RE4](x, )| dx
<t<

m>—1Y 27 l<<2m

<C Y 27"V lligan G )

m>—1

<ClVpr Y 27mtmer

m>—1

<ClIVIr.

(3.14)

This ends the proof of the lemma. O

Lemma 3.15. There exists a constant C > 0 such that

I Su0p|QIf(x)|”L1(dx) =Clfligr-
>

Proof. We shall show that [ sup, o Q,(x, y)dx < C with C independent of y,
where Q,(x, y) denotes the integral kernel of Q. Let us note that

0< Q,<x,y)s// P,(x — V() Py(z — y) ds d

V(2)
< C/ Pi(x —2) I r——— dz.

(3.16)

Fix y € R?. Then

/ sup Q;(x, y)dx < C / f supt@= D2 p,(x — 2)V(z) dz dx

>1 t>1

< C//(l + |x — 2" V()dz dx
<C|Vlr.

To deal with sup,_,; Q:(x, y), let us observe that for 0 < 7 < 1 we have

0/(x.y) < C / Pox. V()2 — v dz.
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Thus we can repeat the same arguments as we used for the estimation of R,[S] in
the proof of Lemma 3.10 and obtain

I sup O (x, Ml L1awy < C-

1<l
This completes the proof of the lemma. O

As a consequence of (3.2), Lemmata 3.3, 3.10, 3.15, and Corollary 2.18, we
get:
Corollary 3.17. A function f belongsto H] ifand onlyif (I —VL™") f € H'(R?).
Moreover,

1A g ~ I = VL™ fll 1 o

4. Proof of Theorem 1.5

Before we start the proof of Theorem 1.5 we recall some basic facts from the theory
of the classical Hardy spaces H L(R?) (see [6]). Let 1 < q < oo. We say that that
a function a is a (1, g)-atom if there exists a ball B(yg, ) such that

4.1) suppa C B(yo, 1),
4.2) /a(x) dx =0,
4.3) lallze < 1B(yo.1)]7".

The atomic || f]| H )-norm is defined by
q
(4.4) /11, = inf 311,
J

where the infimum is taken over all representations f = ) jAjaj, where a; are
(1, g)-atoms. This is well known that for every 1 < g < oo there exists a constant
C; > 0 such that

(45) Co A Ny, < 1 iy < Call Fllg -

Proof of the second inequality in (1.6). In order to prove the second inequality in
(1.6) it suffices to show, by (3.1) and Corollary 3.17, that for every abeing a classical
(1, oo)-atom the function wb belongs to H'(R?), where b = (I — VA™")a, and

(4.6) Wbl g1 gy = lwa — wVA™ all g1 g, < C

with a constant C independent of a. Let a be a (1, oo)-atom associated with a ball
B(y9, r). Then, by (2.3) and (3.1),

4.7 / w(x)b(x) dx = 0.

We shall consider three cases. We would like to remark that we shall use only the
estimate |To(x, y)| < C|x — y|>~¢ for the fundamental solution I'y of A.
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Casel. r > 1, |yg| < 4r.
Then suppb C B(yo, 5r). Moreover,

(4.8) A" a(x)| < cr*d/ Ix —y|>4dy < cr¥ .

[y|=5r
Therefore, setting ¢ = d/2 and using (2.7), we get
—1 —d+2 L
(4.9 wblre = lwd = VA alLe = Cr = C[B(yo, 5|4 .

We conclude from (4.7) and (4.9) that wb is a multiple of a (1, g)-atom associated
with the ball B(yy, 5r). Hence (4.6) holds.

Case 2. r = 1, |yo| > 4r.
We write

w(xX)b(x) = (wx)a(x) — cow(x) xB(y.n (¥))
(4.10) + (cow(x)xg(yoqr) (x) — w(x) V(x)A_la(x))
= a1(x) + ax(x),

where ¢y = (fB(yO’r) w(x) dx)il(f w(x)a(x) dx).
Obviously,

|A™ a(x)| < Clyol*™ for |x] < 1.

Since, by (4.7) and (2.7),
}/w(x)a(x) dx} = |/w(x)V(x)A71a(x) dx| < C|y0|27d,

we have |co| < C|y0|2’d|B(yo, r)|~!. Therefore a; is a multiple of a (1, co)-atom
associated with the ball B(yo, r).

Next observe that a; is a multiple of a (1, %)-atom associated with B(yo, 2|yo|).
Indeed, suppax C B(yo, 2|yol),

/aQ(x) dx =0
and
lazll a2 < Cleol|B(yo, NI*? + Clyol>™ < Clyol*™.
Thus (4.6) is satisfied.

Case 3. r < 1.
Let us note that

(4.11) lw @) V) A a(x)] < CV(x)|x — yol* .
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Set s = [log, r~']. Then

wx)ax) = (wx)ax) = coxpey.nx))

s

4.12) + Z (CjXB(yO,er) (x) — Ci+1XB(yp,2/+1r) (x))
j=0

+ Cs+1 X B(yp, 25+ 1) (X)),

where
- N
co = |B(yo. )| /w(x)a(x) dx, cj=colB(yo, | B(y0.2r)| .
Applying (2.6), we obtain

(4.13) lcol < Cr71B(yo, NI, lejl < € |B(yo, 277)| .

We check at once that

(4.14) |lwa — COXB(yO,r)”Hl(Rd) <C,

(4.15) Z € XByo,2ir — Cit1XB(yg,2i+ 10 |1 Rey < Csr? < C.
j=0

Moreover,

(4.16) f (W) V) AT a(x) = cor1 Xy 2+15) dx = 0.

We easily observe, using (4.11) and (4.16), that
lesp1l < CL+ [yoh> ™.

Therefore if |yo| < 3, then supp(wVA’la — CS+1XB(y0,25+]r)) C B(0,5) and

(4.17) ||wVA_1a T CsH1XB(y. 25410 ”Lq =C
provided 1 < g < d+(¢‘571:2)p From (4.16) and (4.17) we see that
(4.18) |wva©a - Cs+1XB(y0,21n) ”Hl(Rd) =C.

If |yo| > 3, then supp(wVA‘la — cs+1x3(yoy2s+1,)) C B(0, 2]|yo|). Moreover,
4.19) ||wVA_la — Cs+1XB(yg. 2517 ”Lq = Cq|)’0|2_d,

with ¢ = % The estimate (4.19) together with (4.16) imply that the function
wVAla—csyy XB(yp,25+1r) 18 amultiple of a (1, 4y-atom. Therefore (4.6) is proved.
The proof of the second inequality in (1.6) is complete.
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Our task is now to prove the first inequality in (1.6). Assume thatwf € H'(RY).
Then wf = Zj kjaj, Y |Ajl = Clwfllyiga), Where a; are classical (1, 00)-
atoms. Thus f = > A;b;, where b; = a;/w are Hi-atoms. Hence it suffices to
verify that

(4.20) 161l = C.

for every b being an H} -atom. By Corollary 3.17 the proof of (4.20) reduces to
proving that

(4.21) Ib — VL™'b|l g1 (gay < C.

Let us observe that
(4.22) / (b(x) — V(x)L’lb(x)) dx = 0.

Since |T'(x, y)| < c|lx — y|>*~ and the function w;(x) = w(x)~' is Holder and
satisfies 1 < w;(x) < C, the proof of (4.21) goes by the same analysis as the proof
of (4.6). The details are omitted. O

We now turn to show thatif V # V are compactly supported L?-potentials, then
the corresponding H} and H 2 spaces do not coincide. Assume that H} = H % for

some compactly supported non-negative function V and V that belong to L?(R%)
for some p > d/2. Then Theorem 1.5 combined with (2.5) imply w = . Using
(3.1) and (2.3) we obtain

l=U-A""V)w,
1= —-A"V)w,

and, consequently,
0=A""((V-V)w).

Since (V — V)w is a compactly supported L?-function, we get V = V, by (2.7).
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