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Abstract Bilevel programs (BL) form a special class of optimization problems.
They appear in many models in economics, game theory and mathematical physics.
BL programs show a more complicated structure than standard finite problems. We
study the so-called KKT-approach for solving bilevel problems, where the lower level
minimality condition is replaced by the KKT- or the FJ-condition. This leads to a spe-
cial structured mathematical program with complementarity constraints. We analyze
the KKT-approach from a generic viewpoint and reveal the advantages and possible
drawbacks of this approach for solving BL problems numerically.
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1 Introduction

In the present article we consider bilevel problems (BL) of the form:
Ppyp : r;u)n flx,y) st(x,y) e Mpr (1.1)

where x € R", y € R™ and the feasible set is given by
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310 G. B. Allende, G. Still

Mpr = [(x, y) € RV

gi(x,y) =0, jeJ={l,...,q}and
y is a global minimizer of Q(x) ’

The so-called lower level problem

0(x) : myind)(x,y) st.yeY@ ={yeR"|vi(x,y) =0, iel={l,....1}}

represents a parametric program. Throughout the article we assume (f, g1,...,84) €
[CZ]JLJ:,’" = C2(R™™ R'*9) and (¢, vy, ..., v) € [C3],11fm. Note that we consider

local minimizers in the upper and global minimizers in the lower level.

Bilevel problems form an important class of mathematical programs. They appear
for example in equilibrium models, in Stackelberg Games (cf., [2]), and in semi-infinite
programming (see [19,20]). The bilevel structure makes BL difficult to solve. Even
for the feasibility check, obviously, a finite program (in y) has to be solved. During
the last 20 years, books and many papers are dedicated to this topic, see e.g., [2,6,13]
and the references therein.

Also from a topological viewpoint, BL is more complicated than standard finite
programming. The feasible set of a BL may for example not be closed (see e.g., [20]).
This phenomenon arises when the feasible set Y (x) of the lower level problem does
not depend continuously on x, and non-closedness can even be stable with respect to
(wrt.) small, smooth perturbations of the problem functions.

An appealing way to deal with general BL’s is the so called Karush-Kuhn-Tucker
(KKT) approach where the lower level constraint, that y is a global minimizer of the
program Q(x), is firstly relaxed to the condition that y is a local minimizer of Q(x).
The latter condition is then replaced by the KKT-conditions

1
Vyp(x, y) = D hiVyvi(x, y) =0,
i=1 (1.2)
A >0, vi(x,y) >0, i=1,...,1,
Aivi(x,y) =0, i = 1,...,1.

In this exposition, we more generally replace the lower level constraint by the Fritz-
John (FJ) (necessary) conditions

1
MVyp(x,y) = D A Vyvilx, y) =0,

i=1

A >0and A; >0, vi(x,y)>0, i=1,...,1, (1.3)
/\,-v,-(x,y)=0, i:l,...,l ’
1
Z,\,- =1
i=0
Then instead of Pgy, we consider the program
Peyg, )lrnyni flx,y) st(x,y,A) € Mg, (1.4
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Solving bilevel programs with the KKT-approach 311

where My, = {(x, y, ») € R"™H+1 | (1.3) holds and g;(x, y) = 0, j € J}. Sim-
ilarly we define the program Py Wwith corresponding feasible set My =
{(x,y, %) e R*"m*+ | (1.2) holds and g;(x,y) > 0, j € J}. Note that each mini-
mizer y(x) of Q(x) necessarily has to solve the FJ-conditions (1.3), so that the inclusion

MBL C MFJBL|R”><R’” (15)

must hold. Here, M, |rn R denotes the projection of M, into the space R"” x R™.
So, the main purpose of the KKT-approach is to find (local) minimizers of the
original BL program by computing (local) minimizers of the relaxation Py, .

Remark 1.1 Note that in case, the lower level problem Q(x) is convex and satisfies
a constraint qualification, y is a global minimizer of Q(x) iff the KKT-condition (or
equivalently the FJ-condition) is satisfied. So, under this condition, Ppy and Py,
(as well as Py ) are equivalent.

However, in general, (since (1.4) does not guarantee that y is a solution of Q(x))
Pp; and Py are not equivalent. So, the genericity results on Py, in this paper do
not (directly) allow conclusions on the generic structure of bilevel programming.

By (1.5) however, Py does yield a valid relaxation of the original problem Ppy .
We emphasize that in general a solution of Q (x) does not necessarily satisfy the KKT-
conditions (1.2). So, the inclusion Mp; C Mg |RixRm 1S Ot true in general. It is
therefore preferable to consider Py instead of Pyyrp . Note that in [12] it has been
shown (for n = 1) that the inclusion M p; C Mg IR &R holds generically.

Both problems Py, P, represent specially structured mathematical programs
with complementarity constraints (MPCC). These MPCC problems have a less com-
plicated structure than the original BL. In particular the feasible sets M yrg, M
are always closed. For literature on MPCC we refer the reader e.g., to , [4,5,7,14]
and [16]. To solve Pygrp, Prs. numerically, we can e.g., apply a smoothing procedure,
where the complementarity constraints A;v; = 0 are replaced by the perturbed rela-
tions A;v; = t with small ¢ > 0. In this way , we obtain a perturbed problem Py (7)
or Py () which can be solved with methods from standard nonlinear programming.
This approach has been successfully applied to the numerical solution of semi-infinite
programs (see [21]).

The aim of the present article is to analyze this KKT-approach for solving BL. For
that purpose the generic structure of the MPCC problem Py, is studied. It appears
that some of the difficulties of BL disappear in the KKT formulation Py, , but a part of
the singular behavior also persists in Py.. A main result of our paper (Theorem 3.2),
however, reveals that at a local solution of BL where the KKT approach leads to
a singular system, generically, the minimizer can be computed by a (non-singular)
reduced system. This suggests a (conceptual) computational approach which is able
to overcome the singular behavior of the original BL. We emphasize that our genericity
analysis exhibits the intrinsic structure of the KKT approach and precisely describes
the situations any generic solution method for Py should be able to deal with.

The article is organized as follows. In Sect. 2 we sketch the results on MPCC prob-
lems needed later on. Section 3 considers the MPCC program Py and analyzes the
generical properties of its feasible set and the critical points. The consequences of
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these results in terms of the original BL problem are discussed in Sect. 4. The whole
investigations lead to an algorithmic approach for solving BL which is described in
Sect. 5 along with some numerical experiments.

2 Preliminaries

In this section, we sketch concepts and results on MPCC needed later on, such as sta-
tionarity, optimality conditions, the smoothing method and certain genericity results
(see [3] for details). Let us firstly recall some definitions for standard finite programs:

. hi(x) =0, kekK
. — n
(P): rrk]n fx) st xeM:= [x e R" | gi(x) =0, jelJ 2.1
where K = {1,...,q0}, J = {1,...q},and f,h1,... . hyy. 81,....84 € C2. For

example, the active index set Jo(x), the Lagrangian function L (x, A, ;) with Lagrang-
ian multipliers (A, @), the LICQ- and MFCQ-condition, the tangent space 7y M, the
Karush-Kuhn-Tucker condition as well as SC (strict complementarity) and the second
order condition (SOC), (V)%L(x, A, |1, M is regular). We refer the reader to [10],
[3] for details. We like to notice that in this section we use the symbols f, g; to denote
functions in a different context than in the other sections.

We now consider MPCC problems of the form

hi(x) =0,ke K
gj(x)>0,jelJ

. 3 — n
(Pce) : min fx) st. xeMcec=1qx € R ri()si(x) = 0.7 € 1 2.2)
ri(x),si(x) 20,0 €l
with I = {1, ..., }. For this class of programs the standard concept has to be adapted

as follows (see e.g., [13,15]). For a feasible point X € M ¢ we introduce the active
index sets

Jo(x) ={jlg;(¥) =0}, Irs(X) ={i|ri(x) = si(x) =0},
(X)) ={iri(x) =0, si(x) > 0}, Li(X) ={i]si(x) =0, ri(x) > 0}.

The Lagrangian function of FJ-type (near X) is given by:

q0
L(x, o, b s p,0) = pof (1) = D 1jgj(x) — D Mih(x)
jedo(X) k=1

- Z piri(x) — Z 05 (x).

i€l (X)Uls(X) i€l (X)Uls(X)
We say that MPCC-LICQ holds at X € M if the vectors Vi (X ),k € K, Vg;(%),

J € Jo(X),Vri(x),i € [;(X)Ul5(X),Vsi(x),i € I;(x)Ul5(X) arelinearly inde-
pendent. In the sequel, i, g, r and s stands for (hy, ..., hyy), (g1, ..., 8¢), (1, ..., 11)
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Solving bilevel programs with the KKT-approach 313

and (sq, ..., s;) respectively. For y € R™ and some index set Iy C {1,...,m} we
use the abbreviation yy, to denote the subvector (y;, i € Ip) and write Vs, instead of
[Vs;i,i € Ip).

Definition 2.1 Letx € Mcc.

e We call X a critical point if MPCC-LICQ is satisfied at X and with (unique) multi-
pliers (A, i, p, o) the relation V. L(X, 1, A, i, p, o) = 0 holds.

e We call X a strongly stationary point if there are multipliers (A, i, p, o) satisfying
ViL(x,1,A, u,p,0) =0and u > 0aswell as o;, p; > 0,Vi € I,;(X).

Note that in the MPCC literature mostly the concept of weakly stationary points is
used (“critical points that need not to satisfy MPCC-LICQ”).

Proposition 2.1 (cf. [8,15]) If X is a local minimizer where MPCC-LICQ is satisfied,
then X is a strongly stationary point.

Other first and second order optimality conditions can be found in [4] and [15].

Definition 2.2 Let x be a critical point of Pcc with associated multiplier (1, A, i, p,
o). We say that the MPCC-strict complementarity condition (MPCC-SC) holds if

wj #0,Vjeo(x), pi#0,0i #0,Viel(X). (2.3)
The MPCC-second order condition (MPCC-SOC) is satisfied if

VfL(f, LA, i, 0,0 eMec = VTV)%L(Y, 1,A, u, p,o)V isnonsingular.
2.4)

V is a matrix with as columns a basis of the tangent space TxMcc = {d |
Vhi(Xx)d = 0,k € K,Vgij(x)d = 0,j € Jo(X),Vsi(x)d = 0,i € I;(x¥)U
L(X), Vri(x)d =0,i € [,(X) U I;(X)}.

A critical point x € Mcc such that MPCC-LICQ, MPCC-SC and MPCC-SOC hold
is called a non-degenerate critical point in the MPCC-sense. We say that the problem
Pcc in (2.2) is regular in the MPCC-sense if for any feasible point x € Mcc the
MPCC-LICQ condition is satisfied and each critical point is non-degenerate in the
MPCC-sense.

If X is a non-degenerate critical point in the MPCC-sense, such that u; >0, j €
Jo(X), pi, 0i > 0,i € I,;(x) are fulfilled and the matrix V)%L()_c, LA, u,p,0)

|7- M 18 positive definite, then it can be seen that X is a local minimizer of Pcc.

Remark 2.1 To show that our MPCC program Py in Sect. 1 generically satisfies
MPCC-SOC we will need the following fact: It is well-known (see e.g., [9]) that

_( O BY\. . vigv = Qlker(pTy 1s nonsingular
M= (BT o) 1s nonsingular < and B has full rank
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314 G. B. Allende, G. Still

If MPCC-LICQ is fulfilled, then it is easy to see that MPCC-SOC holds (at
(x,1,A, i, p,0)) for Pcc if and only if the following matrix is non-singular
(Jo := Jo(x) etc.):

VIL(%, 1, A 1, p,0) Vhg(X) Vgu(X) Vsgun(¥) Vryun, (X)

[Vhg ()T 0 0 0 0
(Vg ()" 0 0 0 0
[Vsiur,, (317 0 0 0 0
[Vriun, ()17 0 0 0 0

We also recall some basics in genericity theory. To denote the space C* (RN, RM)
we use the shorthand notation [C¥] % . This space can be endowed with the so-called
strong Cg-topology (T < k) (see [10] for details). We say that a property is gener-
ically fulfilled in [C* ]ﬁ,’[ wrt. the Cg-topology if there is a set Py C [C* ]%I such
that the property holds for all functions in Py and where Py = N2, P; with subsets
P CIC "]AN’I which are open and dense sets wrt. the Cg-topology. By identifying the
MPCC program with its problem functions (f, &, r, s, g) the set of MPCC’s can be
identified, e.g., with the set [C?] ,lz+q0+21+q. We now give genericity results for MPCC
in two different forms:

Theorem 2.1 ([4,17]) Fix (f, h,r,s,8) € [Cz],l,+q0+2l+q. Then for almost all
(b, Cp,dp, Cr,dy,, Cy,dy, Cq,dg) € RTaONTa0FINFIFINF I an+a the problem defi-
nedby (f +bTx, h+Chx+dp, r+Crx+dy, s+Csx+ds, g+ Cox+d,) is regularin
the MPCC-sense (almost all is to be understood in the sense of the Lebesgue measure).

Moreover, generically in [C 2],1*‘10*2”‘1 wrt. the Cg—topology, the problems Pcc
are regular in the MPCC-sense.

The second statement is proven in [17] (and [4]) based on the genericity results of
Jongen-Jonker-Twilt for standard programs (see e.g., [9]). The first statement can be
shown by using
Lemma 2.1 (Parameterized Sard Lemma, cf. [9]) Let F(z, u) be in [C¥ ]f1 +p with
k > max{0,n —1} and z € R*, u € RP. Let us assume that 0 is a regular value
of F (i.e, Y(z,u) : F(z,u) =0 = V; , F(z,u) has rank ). Then for almost every
u € RP?, 0 is a regular value of the function I:"u ‘R > R ]:"u (z) = F(z,u).

Finally, we consider the smoothing approach for solving the MPCC problem, where
instead of (2.2), we solve the perturbed program P,

hy(x) =0, ke K
P;: min f(x) st xe&M;:= gj(x) =0, jeJ

xeR" | s =t iel
ri(x),si(x) >0,i el

(2.5)

where T > 0 is a (small) perturbation parameter. We refer to [4] for convergence
results for P, T — 0.
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Solving bilevel programs with the KKT-approach 315

3 Genericity analysis of the KKT approach

We now consider the KKT formulation Py (cf, (1.4)) of the bilevel problem Pp .
Since it is a complementarity constrained program with a special structure, the gene-
ricity results of Theorem 2.1, valid for generic MPCC programs, have to be adjusted
to the special structure of Py, .

Remark 3.1 Note that in [18] a genericity analysis wrt. MPCC-LICQ has been done
for a program (MPCC'’s with stationary constraints) similar to the KKT formulation.
However, our FJ approach leads to a program with a (slightly) different structure so
that (unfortunately) a separate genericity analysis is needed. Besides, our approach
does not lead to an (artificial) condition (¢, v, g) € [CY, ¢ > max{1, n} asin [18].

It appears that also for Py generically MPCC-LICQ is satisfied at all feasible
points. But for the local minimizers (X, y, 2), the situation is more complicated than
for general MPCC problems. We will show that in the generic situation the conditions
MPCC-SC and MPCC-SOC may fail at local minimizers (X, y, ) Of Pepy.

With respect to a feasible point (X, y, ) of problem Py, we introduce the active
index sets:

Joo(%,y) ={i e I'|vi(x,y) =0}

Ty)=1{j (TT) — Jo(x, v, 1) ={i € I|vj(X,7)=0,2%; > 0}
JOg(x,y{())}— i{fJXG il(()s’/(x,y) = 0} JAN(E, ¥, 0)={i e I |vi(F,7)=% =0}
‘])»02[ " otherwi Ao(X, 3, %)= {i € I'vi(%,y) > 0, %, =0}

&, otherwise
(3.1)

Note that Jo, (X, y) = Jo(X, Y, A) U JA(X, v, 2 ) does not depend on A We begin
by showing that, MPCC-LICQ is generically fulfilled for Py . The density part is
proven by applying the Sard Lemma 2.1 to an appropriately chosen perturbation of
(fixed) problem functions b, i, gj of a given BL program. We define perturbations
of these functions:

B0, y) = e, ) +xTIChly + 052 4 gy

T
O vy = G +xTICy + 2 ) v di, el
8j (e, y) = g;(x, y)+CT,(x y)+dg,, jed.

)[C]v

The matrices Cjj, C; € R™, the m x m symmetric matrices C;,Ci eR 2 and

the vectors dg € R™, b} € R", b} € R".d; € R;Cy; € R"™ d,. € Rin (%)
define the perturbations. So, (x) defines perturbed problem functions depending on
the parameters

Q :=(Cy,Cy.dy, CF, C) b}, b} dizi € 1,Cy;,dy;, j € J) € RN where
Nepy = nm + w +m +l(nm + w + n+m+1) +qgmn+m+1).
Theorem 3.1 Let (¢, 01, ..., 0) € [CP1LT and (g1, ..., &,) € [C*1L,,, be fixed.

n—+m

Then for almost all parameters Q € RNws the condition MPCC-LICQ holds at all
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316 G. B. Allende, G. Still

points of the feasible set M, defined by the perturbed problem functions (¢, v, g) =
(¢a v]a-~-7vl’gla"-7gq)'
Moreover, generically inthe set {(¢, v, g)} = [C3 I+ [c?4 wrt. the C; X Cé-

n+m n+m’

topology, MPCC-LICQ holds at all points of the feasible set M.

Proof In [3] this result has been proven for My, . However, since in the proof for
M. additional (non-trivial) technical difficulties appear we give the first part of the
proof in detail. This first part is shown by using the Parameterized Sard Lemma. To do
s0, we consider a feasible point (X, ¥, A ) of the problem P, defined by the problem
functions (¢, v, g). There is a partition Jy = Jo(X,y,A), JAg = JAo(X,y, 1),
Ao = Ao(X,y,A)of I ={1,...,1} and aset Jog = Jog(X,¥) C {l,...,q}, such
that (X, y, A ) solves the feasibility conditions:

l
(1) AVyd(x, y) = D A Vyvi(x, y) =0,
i=1

) vi(x,y) =0, i€JgUJAo,
(3) Ai=0, i e JAgU Ao,
3) Ao = 0, in this case J;, := {0}, 3.2)

or Jo, :=0if Ao #0

1
) D=1,
i=0
(5) gj(x, ) =0, j € Jog.

Let us fix a (possible) active index set (Jo, J Ag, Ao, Jog, Ji,). For any solution
(x,y,A) of (3.2) the MPCC-LICQ fails, if and only if there is a vector 0 #
(a,B,u,v,p) € R,k = m+ |JoU JAg| + |Jogl + [JAo U Agl + |5yl + 1
such that (x, y, A, @, B, i, ¥, p) solves the equations:

i=1

I a1
(6) |:)\0V(x,y)[vy¢(x’ T — ZMV(x,w[Vyvi (x, y)]T:| :
(07

m
+ D BiVayui@, )+ D 1V gi(x, y) =0,
ieJoUJ Ao Jj€Jog
o]
Vil I | 2 | +w+p=0, (0 #0= 1 =0)
U (3.3)
o)
(7) —Vy[vi(x, y)]T +10 = 0’ l € JOa
Um
oy
—Vylwie, DI | ¢ | +vi+p=0,i€JAgUAo,
U
and (3.2)
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To apply the Sard Lemma we have to show that for all solutions of (3.3) its Jacobian
(wrt. the variables and appropriate parameters) has full row rank. In order to simplify
the analysis we consider different cases.

Case ¢ =0: If « =0, then p =y =0, and thus the gradients Vx y)&s, V(x,y)ViUJ A
must be linearly dependent at (x, y). In other words, LICQ fails in the feasible
set MO,

vi(x,y) =0,i € JoUJAy,

MOZ , eRn+m ;
[(x Y) gjlx,y) =0, j € Jog-

But MY is the feasible set of a standard nonlinear program, and it is well-known (see
[10]) that for almost every linear perturbation of (0 ,u7 A, &J; g), the LICQ condition
holds for all (x, y) € M. So, for almost every (b7, b, d;;i € 1, Cgndg;nj € )
there is no point (x, y, 1) in the feasible set My, (defined by the perturbed func-
tions (¢, v, g)) where LICQ fails at a (nontrivial) solution (e, 8, i, y) of (3.3) with

a =0.

Case o # 0: Without loss of generality (wlog.) we assume «; = 1 in (3.3). Note that

now the system (3.3) only depends on the variables (x, y, A, o2, ..., &tm, B, L, ¥V, P) €
RrtmHtk=1 We define the following vectors and matrices: y = [y;(1|a)+
©, y2,...,ym)]
—(l,an,...,0) O ... 0
0 (1,ap,...,a,) 0... 0
A= .
0 0 w0
0 0 o (Lag, ..o o)
e RUFDxm+1),
—Ai +Bivi ... —Aioy + Biym
Aé =1o 0 c Rmxm’
0 0 =X+ Biy
yroy2 ... Ym
0 y 0... 0
Y = c Rmxm’
0o o 0
0 0 Y1
-y 0 . 0
Yl = 0 Y 0 0 c R(Z+1)Xm(l+1)’
0 o0 0
0 O v
and for a matrix A we put A(A) = (MA, —AMA,...,—NA), O(A) =

(B1A, ..., BIA).

Sub-case p # 0: The Jacobian of the system (3.3) (o1 = 1) with respect to the vari-
ablesz = (x, y, A, @2, ..., an, B, 1, v, p) and the parameters u = (dy, biy, di;iel,
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318 G. B. Allende, G. Still

Cg;.dyg;, j € J) (¢f, Lemma 2.1) is (in the sequel ® denotes matrices of appropriate
dimensions and (6), (7) etc. indicates the derivatives of the corresponding equations
in (3.2), (3.3)):

doeyn) g p By Bayldpy By, dc,, O,
(6) ® ® 00 0® 0 wilnm-tglngm O
1
(7 ® ® I ® —A 0 0 0
1
(1) ® 0 0 0 A(lp) 0 0 0
) ® 0 00 ®  L1jusngl0 0 0
) ® 0 00 0 0 ® 15,10
3) 0|1\1A0UA0UJAO\ 0 00 0 0 0 0
@] OJ1,...,1 0O 00 0 0 0 0

By checking the rows of this matrix and using the fact that by Zf~=0 Ao =1, (at
least) one of the numbers A;,i = 0, ..., [, is non-zero, we can see that the Jacobian
has full row rank.

Sub-case u = 0, B # 0: Denoting by C ('ZO and Cl.yo the first column of C ‘; and
C Iy , respectively, the Jacobian matrix wrt. the given variables and parameters reads:
((6X), (6y) represent the equations (6) in (3.3) corresponding to the partial derivatives
wrt. the variables x, y, respectively)

dcyiap) oy Doyl o ONCRR by,
(6x) ® 0 0 0 O,) 0 0
1l o 1 1
6y) ® 0 oy )AL abolU) 0 0 0
1
@) ® 15 -y A0 0 0
1
1) ® 0 AY) Alw) O 0 0
&) ® 0 0 0 0 0 15,10
(2) ® 0 0l® 0|® ® Lijpusagl0 0
(3) [0H1sAuagu 10 O 0 0 0 0 0
@ | 0o,..., 110 0 0 0 0 0 0

We now show that the rows of this matrix are linearly independent (1.i.). Obviously, the
rows corresponding to row-block 5,2 are 1.i. with respect to the other rows. As B # 0,
also matrix ® (I,,) in the first block has full row rank. To show the linear independence
of the row blocks 6y, 7, 1 we show that the sub-matrix formed by row blocks 6y, 7, 1
and columns corresponding to the derivatives with respect to p, qubo’ Cl.yo, dy, b; has
full row rank.

Let us suppose that this does not hold. Then there is a vector (a, b, ¢) # 0 such
that for the corresponding combination of the rows we find:
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X0 (; (I))a +bo9 +r¥Te=0 [A)Ta—bi§—rYTc=0

| | 3.4
(a)bo—l—)\()czo ,Bia—(a)bi—)\iczo

and (see column 9,) >, b; = 0. Taking the first equation of each system in (3.4)
yields

ajro + y1bo + Aocryr =0 (A + Biyar — yibi — y1Aici =0

bo + Aoc1 =0 Biar — bj — Xicy =0 (3-5)

Multiplying the second row by y;| and subtracting from the first, we obtain A;a; = 0, Vi
and 25:0 A; = 1 implies a; = 0. So from (3.5) we get

bo+roc1 =0 b +Xric;y =0.

Summing up, using Zf':o A = land > ;b = 0, we find ¢y = 0 and then
bi =0foralli =1,...,I. So, the system (3.4) reduces to

roaj +hroyic; =0 —Aiaj + fiyia; —Aiyicj =0

Aroc; =0 Biaj — Aricj =0 (3.6)

for j = 1,...,m. By repeating the same trick, we multiply the second row by y;
and subtract it from the first and obtain: Apa; = 0, —A;a; = 0. Finally using
25:0 Ai = 1 again we conclude a; = O for all j and analogously ¢ = 0, contradicting
(a,b, c)#0.

So, we have shown that row blocks 6y, 7, 1 are L.i. with respect to the other blocks.
Now the independence of blocks 3, 4 is a consequence of part 9;,.

Sub-case ;n = 0, B = 0: Here we consider the Jacobian

ey a0 Doy dcgldcs Dol gl Do,
(6,) ® 0 Al) 0 0 0 0
1o
(6y) ® 0 0 A (0 1) 0 0 0
1
9 ® el ® ®  —A 0 0
1
(D ® 0 (29 ® A(ly) 0 0
(2) ® 0 0l® 0|® 0l® jusnel0 O
(5) ® 0 0 0 0 0 Ilog|0
3) 0|I|jA0UAOU‘])LO‘|O 0 0 0 0 0 0
@ OlL,....10 0 0 0 0 0 0

Again the blocks 5, 2 are linearly independent. Next we take a combination (b, c)
of blocks 7, 1 wrt. columns 8[) ds o This yields
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1
bi(a)+/\ic=o Vi, Zb,:o (3.7)

i

Summingup andusing >, A; = 1,2 ; b; =0gives >, b; ((i) +c¢ = ¢ = 0.Reconsid-
ering the first equations b; + A;jc; = 0 of system (3.7), implies ; = 0. So, row block
7,1 are linearly independent with respect to the other rows. The independency of block

6y is clearly a consequence of the fact that the matrix A (01 I ¢ ) has full row rank since
m—1

(011;71 fll) is non-singular and 25:0 A; = 1. The same holds for 6,.. Block 3,4 are now
evidently independent and we can conclude that the whole matrix has full row rank.

Soin all cases the hypothesis of the Sard Lemma 2.1 are fulfilled and thus for almost
every perturbation u = (C}, qus’ dy,CY,C],bY, b, disi €1, Cy;.dg;. j € J) the
sub-matrix of the Jacobian with columns corresponding to the variables z = (x, y, A,
az, ..., 0y, B, 1, v, p)alsohas full row rank. Consequently, the number £ = n+m+
[+14+m+[JoUJ Agl+1J AgUAo|+1+] Ty, |+]Jog| of rows (equations) cannot exceed
thenumber V = n+m+I1+1+m—1+4+|JoUJ Ag|+1+|J5 [ +[Jogl+[J AgU Ag| of
columns (variables) leading to the inequality 1 < 0, which is impossible. So, for almost
every parameter, there is no solution of the system (3.3) with; = 1 (i.e., witha # 0).

The perturbation arguments hold for any choice of active index sets Jo, J Ag, Ao,
Jyo» Jog- By considering the (finite) intersection of all corresponding parameters
(Cy, Cyody, CF, C7 b} by dis i € 1,Cy;,dy;, j € J) such that MPCC-LICQ holds
for (3.2) we obtain our first statement.

We only give a sketch of the second general genericity statement. (See [3] for the
complete proof for My, .) It is firstly shown that for any fixed N € N, the set of func-
tions (¢, v, g) where MPCC-LICQ holds at all feasible points (x, y, 1) of My, with
IAl < N,isopenanddensein [C3],11fm x[C? ., wrt.the Cg x Cg-topology. The den-
sity part of the statement follows, as usual, directly from the perturbation result above.
(For details we refer to [17] where such a genericity result has been proven for another
class of programs). The openness property is shown by using stability arguments. If
we finally consider the intersection of the open and dense sets for N = 1,2, ..., we
obtain the generic set of functions where MPCC-LICQ holds at all feasible points. O

We now study the structure near the critical points (cf., Definition 2.1) of problem
Py (see (1.4)) in the generic case. Note that by Theorem 3.1 generically MPCC-LICQ
holds for Py, . The critical points (x, y, A) are feasible points such that with multipli-
ers (a, B, i, v, p) (corresponding to the constraints Ag[Vy¢]— Z§=1 AilVyvi] = 0,
v; >0,8; >04; >0and Zé:o A; = 1) the vector (x, y, A, a, B, i, ¥, p) solves the
system:

Vanfe ) = D0 BiVayui@.y) = D 1V gi(x, y)

ieJoUJ Ao jeJog
l
—Vi,y) [Kovy¢>(x, DEE inv),v,-(x, y)Ti| =0,

i=1

=V, (x, Wla—p—9y=0, where Jhy=9=>pw=0
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Vyvix, e —p=0, ielo,
Vi, ) a—y; —p=0, ieJAgUAg (3.8)

with Jo, J Ao, Ao, Ji,, Jog, the active index sets at (x, y, 1), as defined in (3.1). Note
that, as generically MPCC-LICQ holds, generically, any solution of (1.4) must satisfy
the KKT conditions (3.8). For numerical purposes, it would be desirable that the con-
ditions MPCC-SC and MPCC-SOC hold at critical points. MPCC-SC for (3.8) means
nj #0,j € Jog, Bi,vi #0foralli € JAop. Unfortunately, as the following example
shows, MPCC-SC may fail for Py even in the generic situation.

Example 3.1
min —x —y s.t. y solves Q(x) : min y
st. vi(x,y):=—x+y >0, 3.9)
va(x,y):=—y>0.

It can easily be seen that the point (X,y) = (0, 0) is the minimizer of this bilevel

problem and that at y with Vyv1(X,y) = —Vyv2(%,y) = 1 the condition MFCQ

fails for Q(x ). The solution (X, y ) can be found as the solution of the relaxation:
min—x—y st vix,y)=—x+y>0, vx,y)=—-y=>0

by computing the unique solution of the equations:

vi(x,y) =—x+y=0, wvx,y)=-y=0.

The KKT approach leads to the program Py of the form

min—x —y s.t. —x+y >0, -y >0,
AM—Ar+A2=0, Ao, A1,A2 >0,

3.10

(=x+y)A1 =0, —yi = 0. (3.10)

A+ A+ A =1,

The points (x, y, Ao, A1, 22) = (0,0, A0, 1/2,1/2 — Ap), 0 < A9 < 1/2 are the
global minimizers of (3.10). If we choose ' 1= (0,0,1/2,1/2,0), the associ-
ated multipliers (see (3.8)) are « = y = p = 0O and B = 1, B = 2. As
JAo(z") = {2}, MPCC-SC is violated at z!. For a minimizer z = (0,0, A) with
A = (Lo, A1, A2) > 0, MPCC-SC holds (J Ag(z) = @) but the condition MPCC-SOC
fails. To see this, note that 7, My, is generated by the vector (0, 0, —1, 0, 1) while
V%x’y!A)L(O, 0,1,1,2,0,0) = 0, so that V(Zx’y’k)L(O, 0,2, 1,2,0,0)|7. Mygrs 1S @
singular matrix.

To show that the failure of MPCC-SC is stable against any small smooth per-
turbation we consider (small smooth) perturbations f(x,y) = —x — y 4+ €1(x, y),
¢ (x,y) = y+ea(x, y),vi(x,y) = —x+y+e3(x, y),v2(x, y) = —y+es(x, y) of the
problem functions in (3.9). The unique intersection point (x*, y*) of the constraints,

vix,y)=—x+y+ex,y)=0 and wv(x,y)=—y+ex,y) =0
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is still the unique minimizer of the perturbed BL-problem and the corresponding FJ-
condition in (3.10) is >*; A; = 1 and

d ad ad
ro (14 52y = a (14 520 y) =2 (—14+ 5207 ) =0

and allows different solutions (x*, y*, X9, A1, A2) of (3.10). If we choose again a solu-
tion z* = (x*, y*, A§, AT, A3) with Jo(z*) = {1}, JAo(z*) = {2} Ao(z*) = @ we see
that z* is a solution of (3 8) with corresponding multipliers o* = y* = 0 and
B* = (B1, B2) is given as the unique solution of the equation

—1+ 26y “4(x ) (ﬂl): LR )
353(36 ) - 354(}6 YAV —1+ 5L,y

Note that for small %, % the system matrix is non-singular. So again, in view of

JAo(z*) = {2} (y» = y* = 0) at the solution (z*, ™, y™*, B*) of (3.8) MPCC-SC is
violated.
The next result describes the generic properties of the critical points of Py, .

Theorem 3.2 Given (f,$,01,...,0) € [CP112, (81,....8,) € [C*1L,,,, let us
consider the perturbed problem functions f = f +bT(x,y), ¢ = ¢A>(x, y) + cgy,
v, = U + cgl_y +dy, g =8 + dg;. Then for almost every (b, cg, ¢y, dy, dg) €
ROFmFmymltltq - gr gll solutions (X,5, A, a, B, 1w, y, p) of the corresponding sys-
tem (3.8) (i.e, (X,7, ) is a critical point of the MPCC program Pry, in (1.4)) the
following holds: MPCC-LICQ is satisfied and depending on the cases:
BL-1: If « # 0, MPCC-SC and MPCC-SOC are fulfilled so that (X,y, ) is an
isolated non-degenerate critical point of Py, (in the MPCC-sense).
BL-2: If a = O, then the multipliers 1, B; associated with g;(X,y ), vi(X,y), j€
Jog(%,5),1 € Jo(X,y), are not equal to zero and the inequality
[Jo(X,7,A)] = m + |5, (%, Y, A)| holds. If A is such that

Vyvs w53 — —
rankl Jo(xyIA U{O};J NESNDN [Jo(%, 5, 2) U {0ON\J5, (X, 5, 1) =

m + 1 (where vy stands for ¢), then MPCC-SOC holds.

Moreover, (glven the critical point (X, 7, A)) there always exists a vertex
solution X" (of (3.14) below) such that (X,y, A ) is a critical point of Pryy,
satisfying

Vyv, — -5 == 7* — —
rank( ’ fo(wﬁlk >U{°}\11xs<x’y’k >): [ Jo(%, 5, A7) U {00\ 5 (X, 3,27

=m+ 1. (3.11)
Proof We sketch the proof and refer to [3] for the detailed analysis for Pyyry.

(Recall that by Theorem 3.1, MPCC-LICQ generically holds on the whole feasi-
ble set.) Let us now consider a critical point (x,y,A) of (1.4) with multipliers
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(o, B, 11y v, p) (cf- (3.8)). The following system describes the critical point condi-
tion together with the possibility that some of the multipliers are equal to zero,
say Bi,Vj, ik = 0,1 € JAEk)ﬂ C JAg, J € JAE;V C JAo U Jyy, k € Jékg C
Jogi

Bi =0, ie]AéﬁCJAo,
(3.8),(3.2)holdsand y; =0, je€ JAZ;V C JAo U Jy,, (3.12)
ur =0, ke ](Tg C Jog-

Here, we again skip the arguments (x, y, A). With this setting, MPCC-SC means that
Jé*g = JA(";ﬂ = JA(*;y =o.

We consider solutions (x, y, A, «, B, ¥, i, p) of (3.12) for the perturbed functions
f. ¢, v;, g; and distinguish between the two cases, « = 0 and « # 0.

Case a # 0: For fixed N € N we consider solutions of (3.12) with [J«| > % and
apply the Parameterized Sard Lemma as in the proof of Theorem 3.1 as follows. We
compute the Jacobian of the system (3.12) wrt. the variables (x, y, A, «, 8, i, ¥, p)
and the parameters (b, ¢y, Cy, dy, dg). This gives a matrix similar to the Jacobian
matrices in the proof of Theorem 3.1. It can be checked that this Jacobian has
full row rank. The Parameterized Sard Lemma then implies that for almost every
(b, cg, cv, dy, dg), the Jacobian matrix of the system (3.12), with respect to the vari-
ables (x, y, A, a, B, v, U, p), has fullrowrank E :==n+m +1+ 1 +m + |Joy| +
[J Aol + [Aol + 1+ [J5, | + [Jogl + |JA(*;[3| + |JA3V| + |J0*g|. But this rank cannot
exceed the number V :=n+m+ 1+ 1+ m+ |Jo| + |J Aol + |J Aol + |Ao| +
|JX0| + |Jogl + 1 of involved variables. So, in view of Jo U JAg = Jo, we must
have

[T Al + 1T A, |+ G| = 0,

i.e. MPCC-SC holds. With similar arguments, using the full rank condition for the
Jacobian, one shows that for almost all parameters (b, ¢y, ¢y, dy, dg) MPCC-SOC
and MPCC-LICQ holds (the last also follows more generally from Theorem 3.1). In
particular this implies that the critical point (X, y, 1) is an isolated non-degenerate
critical point of Py, .

By taking all finitely many possible combinations of active index sets into account,

we conclude that for almost every linear perturbation of ( f , ¢AS, v, £), the solutions
of the system (3.12) with ||«| > % are non-degenerate critical points of Py, . Tak-
ing the intersection Nycn of all these function sets, we conclude that for almost
every linear perturbation the non-degeneracy condition holds at all critical points with
o #0.
Case a = 0: For a solution of (3.12) this assumption implies p =0 and y; =0, i €
JAp U Ag (see (3.8)). As the set Jo,(X,7) = Jo(X,y,1) U JAy(X,y, ) does
not depend on the particular choice of A, the critical point condition for (X, y, A)
decomposes into a system in (x, y, 8, 1),
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Vi) = D BiVuix,y) — D u;Veilx, y) =0,

i€Joy J€Jog (3.13)
vi(x,y) =0, ieJyUJAg

gj(-x’y):()a JGJOg

and for fixed (X, y) a system in A,

WVy(FT)= D MVwi(EN=0, > k=l A4z0. (14
i€Joy(X,y) i€Joy(%,5)U{0}

Note that any solution (X, y, A, B, ) of the system (3.13), (3.14) yields a critical point
(x, ) of the standard program,

min f(x,y) st vi(x,y) >0, i=1,...,1,

. 3.15
gilx,y) >0, j=1,...,q, (3-15)

with corresponding multipliers 8 and w. So, for almost all d,,d,; the point
(¥,y) is a non-degenerate critical point of (3.15), i.e., B;, u; # O for all i, j
and the Hessian of (3.13) (V denotes V() and we again skip the arguments

(x, ¥)),

Vif— Z Bi V2 — Z 1 V28 Vvsuing Ve,
A= ieJoUJ Ay J€Jog (316)
V00780 0
VTglog 0 0

is nonsingular. This follows by the genericity results for standard programs (see [10]).
We now define

Ly=f — Z Bivi — Zujg,- and Lo = AioVyo — Z,\,-vyv,».

ieJoUJ Ag J€Jog ieJoy

The application of the Sard Lemma to the system (3.13), (3.14) implies that, for almost

every (b, dy,, ... ,dy,dg, cy, Cy, ..., Cy), the matrix
V2L, 0 Vg, Ve,
VT, 0 0 0
V7T g1, 0 0 0
VLo Vy¢,Vyvy, O 0 (3-17)
0 L...,1 0 0
0 0] IJAOUJXO 0 0

has full row rank which in particular yields (by comparing the number of rows and
columns)

m+ S5 | = [Jol. (3.18)
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Note that by Charatheodory’s Lemma, for any given critical point (X, Y, ) we can
choose a solution A" of (3.14) such that (X, Yy, A ) is a critical point satisfying (3.11)

(cf, (3.18)).
Now we wish to prove that MPCC-SOC is fulfilled if

VyVuiop\s,

k
) ran ( Lol

) =|JoU {0}\JXO| =m + 1 (full rank).

Recall that vgp = ¢. Using Remark 2.1, as MPCC-LICQ holds, we only need to prove
the regularity of

V2L, 0 VLo Vg, Vg, 0 0
V;vo
1 0
V\TUI .
0 0 ’ 0 0 :
Vivl 1 IJAOUJXOUAO
M= Y
V10070 0 0 0 0 0 0
VTgJOg 0 0 0 0 0 0
VTLQ Vyvo, Vyvy, ..., Vyur 0 0 0 O 0
0 1,...,1 0 0 0 0 0
0 0] IJAOUJXOUAO 0 0 0 0 0
(3.19)
Here we assume that the vectors Vyuvg, Vyvy, ..., V,v; are ordered according to

the index sets Jo U {0}\]10, JAgU Jio’ Ag. Now if (x) holds, then the columns
of

V; vo 1 0

V; v 1 :

Lo 0

VyT v 1 IJAOUJXOUAO
are Li. Hence, the corresponding columns in M are Li. of the other columns in M.
Using (x) we see that the number of these columns is:

m+14|J Ao| + |JXQ|+|A0| = |Jo| + {0}] — |JXO|+|JA0|+|JXO|+|A0|=Z+ 1.

Deleting these [ + 1 columns ([c1, ..., c;+1]) in M we obtain a matrix M (with N
rows and N — [ — 1 columns) that contains the matrix (3.17) as submatrix and has
additional / + 1 zero-rows. Since (3.17) (as shown above) has full row rank the matrix
M has row rank N — [ — 1 and the same column rank. By adding again the / + 1 1.i.
columns [cy, ..., ¢;41] it follows that the matrix M in (3.19), has full rank N. O

Remark 3.2 Note that in the case where (%) (see proof above) is satisfied the vector x
is a vertex of the polyhedron (3.14).
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Remark 3.3 For the special case that Q(x) does’nt contain any constraints, i.e., Q(x)
is an unconstrained problem, then Py = Pyyry reduces to a standard finite program
(with constraint Vy¢ (x, y) = 0) and the genericity results for standard finite programs
in [10] can directly be applied to find that Py generically satisfies LICQ, SOC and
SC.

Remark 3.4 An important subclass of critical points are the so called C-stationary
points, see [11] (i.e., critical points such that 8;y; > OVi € JAg). Cases BL-1 and
BL-2 will appear (generically) even for this class and corresponding genericity results
can be similarly obtained.

We combine the generic properties of Theorems 3.1, 3.2 in a definition.

Definition 3.1 A bilevel problem Ppy is called KKT-regular if its corresponding FJ-
relaxation Py has the regularity properties of the generic class in Theorems 3.1,
3.2.

Obviously, this definition directly yields

Corollary 3.1 For almost all perturbations of (f, ¢, vi,..., v, &1, ..., 8q), linear
in(f g1,....8¢) € [CZ] and quadratic in (¢, vy, ..., V) € [C3],the corresponding
problems Ppy are KKT-regular.

From Theorem 3.2 we conclude that generically Py (see (1.4)) may have singular
critical points only for solutions with &« = 0. We now describe the possible singular
behavior at critical points (X, 7y, X) in this case « = 0 in Theorem 3.2, case BL-2,
more precisely. In this case (generically) the lower level problem partially vanishes.
By (the proof of) Theorem 3.2, (X, ) is a critical point of the nonlinear program
(3.15) (with the upper and lower level constraints). Moreover A must be a solution
of system (3.14) (for (X, y)). Recall (see proof of Theorem 3.2), that for (X, y, )
we can construct a critical point (X, 7y, . ) of Py which also satisfies (3.11). For
this particular critical point, (generically) one of the following sub-cases will hold in
BL-2:

Case 1: iy # O then Jo(X, 3, 2 ) C Jo(X, ¥, &) and rank (qus, lvyvfmic,y,x*)) =
|Jo| + 1 = m + 1. The following subcases can occur.

(a) in case |Joy(x,y )| = m: LICQ holds at ¥ for Q(x) and A = A*is the unique
solution of system (3.14). The point (X,7, A) is an isolated non-degenerate
critical point of Py in the MPCC-sense, i.e., MPCC-SOC and MPCC-SC are
fulfilled.

(b) in case |Joy(X,y)| > m: JAo(x,y,A*) # @& holds for the vertex solutions
A* of the system (3.14). So, MPCC-SC fails for (x,y, A*) since y; = 0, Vi €
JAo(X,y, A%).

—_ AV I
Case 2: if k; = 0 then rank( yll)JO(x'yi)‘ )) = |Jo| = m + 1. The following

sub-cases are possible:
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(a) in case |Joy(X,¥)| = m + 1: A = A* is the unique solution of system (3.14).
The point (X, y, A ) is an isolated non-degenerate critical point of Py, in the
MPCC-sense, i.e., MPCC-SOC and MPCC-SC are fulfilled.

(b) incase [Jou(X,¥)| > m+ 1: JAo(X,y, A™) # & holds for the vertex solutions
A* of the system (3.14). So, MPCC-SC fails for (x,y, A*) since y; = 0, Vi €
JAo(X,y, A%).

Remark 3.5 Only in the cases BL-1, BL-2 case 1(a) or case 2 (a) we can guarantee
that the solution (X, ¥, A ) above is an isolated, critical point of Py, .

4 Interpretation of the results in terms of Py,

In this section we analyze the relation between the original program Pgj and the
corresponding relaxation Py (or Py ) in the generic case, assuming that Ppgj is
KKT-regular (see Definition 3.1).

We begin with the case that (X, 7y, 2 ) is a local minimizer of P, which satisfies
the conditions BL-1 or BL-2 in Case 1(a), Case 2(a) above (see also Theorem 3.2).
Then, according to Theorem 3.2 the point (X, y, 2 ) is an isolated non-degenerate local
minimizer satisfying MPCC-LICQ, MPCC-SC, and MPCC-SOC. By the results in [4,
Theorems 3.3,3.4] generically (¥, 7y, 2 ) is an (isolated) local minimizer of Py, either
of order p = 1 or of order p = 2. This means that with constants ¢ > 0,k > 0O the
inequality holds:

f(x’ y’)\)—f(fayax)ZK”(x» y’)")_(fvyvx)”p for all (X, y7)\)€MFJBL (41)

satisfying || (x, v, 1) — (X, ¥, )| < &. Note that the point (X, y ) need not be feasible
for the original problem Ppy ,1i.e., y need not be a local minimizer of Q(x ). However,
if (x,y) is feasible for Pp;, then it is also an isolated local minimizer of Ppy . This
is stated in

Corollary 4.1 Let Ppy be a KKT-regular problem and let (x,7, ) be an (isolated,
non-degenerate) local minimizer of order p = 1 or p = 2 of the corresponding pro-
gram Py, in (1.4). Then, the solution A of (3.14) is uniquely determined. Moreover
under these conditions, if (X,y) € Mpy (feasible) then it is also a local minimizer of
Pp1 of (the same) order p = 1 or p = 2.

Proof Assume now, that (3.14) has two solutions A * . Then for § € [0, 1] also
(x,y,( — Hr + 5):) are feasible points of problem (1.4) with the same minimal
objective value f(Xx,¥). So, for small § > 0, (x,y, (1 — Hr + 8):) is a local min-
imizer of Py, contradicting the fact that (X, Y, X) is an isolated critical point of
Py,

Now, let (x,y) be feasible for Ppr, i.e., y solves Q(x), and consider any
(x, v, A) € My with (x,y) &~ (X,7). In view of the fact that A is the unique
solution of (3.14) a continuity argument shows that also A & A must hold. Hence,
in view of the inclusion (1.5), from (4.1) we can conclude that the point (X, ) is a
(locally unique) minimizer of Py of the same order p = 1 or p = 2. O
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Next, we consider the situation where (X, y, 1) is a local minimizer of P, such
that the condition BL-2, of Theorem 3.2 holds and MPCC-SC is not fulfilled (BL-2,
Case 1(b), Case 2(b)). In this case A is not the unique solution of (3.14). Let further-
more (x,y) be feasible for Pgy, i.e., ¥ is a solution of Q(x). In this situation we
cannot expect that around x the solution y(x) of Q(x) can be described by a smooth
function y(x) so that in this case, the original program Ppg; cannot be solved by
a reduction approach. We give an illustrative (generic) example for the case BL-2,
case 1(b).

Example 4.1
min y
min 3x; +x3+y s.t. x; >0, ysolves Q(x): st x1+y >0,
x2+y>0.

The solution y(x) of the lower level problem Q(x) is given by y(x) = —x if
x1 < xp and y(x) = —x» otherwise. So the function y(x) is not C! around ¥ = (0, 0).
The point (x,y) = (0,0, 0) is the global minimizer of the problem. Since Q(x) is
linear, wlog. we can consider the KKT formulation Py, instead of Py, , and the point
(x,y,A1,22) =(0,0,0, 1, 0) can be shown to be the minimizer of Py, With asso-
ciated multiplierso =0, u =1, 8 = (1, 1), y = (0,0) and | Jo, (X, V)| =2 > m.

Letus discuss the structure for the case BL-2, cases 1, 2 (b) further. We again analyze
only the first subcase, where at a critical point (X, y, 2) of P., we consider the solution
set of (3.14) with |Jo, (X, y)| > m. This solution set is a polyhedron of dimension d,
d < |Joy(X,y)| — m. We denote this polyhedron by R(X, y). For each A* € R(X, ),
the point (X, y, A*) is a critical point of Py . The vertices of R(X,y) are given by
those solutions A* such that rank(Vyv (x5, (%, ¥)) = [Jo(X,y, A*)| = m. In the
present situation the following bad behavior may occur: The points (X, y, ) with
A€ R(x,y)and JAo(X,y,A) = @ (i.e., A is in the relative interior of R(X, y)) may
be local minimizers of P , but for a vertex A of R(X,7y), the point (X, 7, X) is no
longer a local minimizer. This means, in particular, that the set of local minimizers
may not be closed. We give an example:

Example 4.2
min —x +y s.t. ysolves Q(x) :miny s.t. x >0,y >0.
The corresponding KKT relaxation Py, 1S
min —x +y st.1—Ai; =0, y >0,
x>0, A1,422>0,
yir =0, xiy = 0.
Obviously the points (x, y, A1, A2) = (0,0, 1, Ap), with Ap > 0, are feasible with

|Joy(x, )] = 2 > 1 = m and have the same objective value f(x,y) = 0. It is not
difficult to see that these points are local minimizers of Py . However, for the vertex
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solution (A1, A2) = (1, 0) of (3.14) (with A9 = 1) the corresponding point (0, 0, 1, 0)
is no longer a local minimizer. Indeed, the feasible points (x, 0, 1, 0), x > 0, have a
smaller objective value f(x,0) = —x.

The preceding example also shows that in contrast to the other cases (see Cor-
ollary 4.1) in these cases BL-2, subcases 1, 2(b), the fact that (X, 7, A) is a local
minimizer of Py, and that (X, ) is feasible for BL, does not imply that (X, y) is a
local minimizer of the original BL program. In these cases only a weaker statement
than in Corollary 4.1 can be proven (see [3] for details).

Corollary 4.2 Let (x,y) € Mpy, suchthat (Xx,Yy, ) isa critical point of Py, satisfy-
ing BL-2, subcases 1, 2(b). Assume that for all possible lower level multiplier vertices
A of (3.14), the condition ,BJAO(YV?) > O0and Alr-m > 0 holds (with A as in (3.16),

M the feasible set of (3.15)). Then (X, V) is a local minimizer of the bilevel problem.
Proof The proof is similar to that of Corollary 5.2.5 in [3] for the case of Pygps. O

Remark 4.1 For semi-infinite programs it is known that generically for a solution
(x,y) of the BL formulation the condition LICQ is satisfied at y wrt. Q(X ). So for
SIP we can restrict the KKT approach to Py and in Theorem 3.2 only the cases
BL-1 and BL-2 subcase 1(a) can occur.

5 A numerical approach for solving BL

This section deals with the numerical aspects of the KKT approach for solving the
original BL problem Ppy . In particular, we discuss the consequences of the preceding
genericity results for this approach. The results suggest that we have to distinguish
between the cases BL-1, BL-2 Case 1, 2(a) and the cases BL-2 Case 1, 2(b). At a
minimizer (X, 7y, 2) Of Py satisfying BL-1 (or BL-2,(a)) the regularity conditions
MPCC-LICQ,-SC,-SOC, are fulfilled so that this minimizer can be computed numeri-
cally with methods from MPCC, e.g., with the smoothing approach, where the problem
Pr, 1s replaced by the perturbed version (see (2.5)):

P(t) : program (1.4) with X;v; (x, y) =0 replaced by Ajv;(x, y)=t,i € I, (5.1)

where t > 0 is a (small) perturbation parameter. The program P(t) represents an
ordinary finite program and can numerically be solved by using software for standard
programs. From [4, Theorem 5] we obtain

Proposition 5.1 Let (X, 7, X) be a minimizer of Py, such that MPCC-LICQ,-SC,-
SOC hold. Then for any t > 0 small enough there is a (locally unique) minimizer
(X7, Y¢, Ag) of problem (5.1). Moreover the convergence ||(x¢, Yz, A¢) — (X, 7, M=
O (J/7), for t — 0, takes place.

At minimizers (X, 7, A1) of Py in cases BL-2,1(b), 2(b), a degenerate structure
occurs, so that for the computation of these minimizers the KKT approach may not
work. We give a generic example for the case BL-2,1(b) where the minimizer of Pyyrg,
cannot be approximated by minimizers of P (7).
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Example 5.1
y =0,
minx +y s.t. ysolves Q(x):miny st 1—y>0,
x > 0.

with corresponding problem Pyyry, :

minx +y st 1—Xi;+i; =0, y >0,
l—y=0, x >0,

A, A2,A3 >0, A1y =0,

M1 —y)=0, Ai3x=0.

This problem has the solution (X, y, 1) = (0,0, 1,0, 0) with multipliers 8y = p2 = 1,
A=Y=V =y = 0, and |JAo(Xx,y, A )| = 1. It can be shown (see [3]) that near
(X, 7y, A) there do not exist minimizers (even not critical points) of P () for (small)
T > 0.

However, fortunately our analysis in Sect. 3 has revealed that in case BL-2, generi-
cally, the corresponding minimizer (X, y ) of Pgy, can directly be found by computing
a minimizer (X, y) of the reduced (standard) problem (3.15) and then by checking
whether (¥, y) is feasible for Ppy, (i.e., y solves Q(X)). Recall that for minimizers
of Py in the case BL-2, 1, 2(a) both approaches are possible. The results obtained so
far suggest the

Conceptual method for solving Pp; (in the generic case): According to our analysis
a solution of a (KKT-regular) program Pp;, can be obtained as a solution of Py . The
latter is either a (nondegenerate) solution of (3.15) (case BL-2) or a nondegenerate
solution of Py (case BL-1). So we try both alternatives:

1. Try to compute the minimizer (X, y, ) of Py which satisfy BL-2 as a solution
(X, y) of the relaxation (3.15) (such that also (3.14) holds) and check whether y solves
Q(x).Ifso, (x,y) is a minimizer of Ppgy .

2. Try to compute a (nondegenerate) solution (X, y, A) of P.y by applying the
smoothing approach P(t) in (5.1) (or some other method) for solving the MPCC
program (1.5). In case the procedure converges to a nondegenerate solution (X, y, A )
(case o # 0), check whether y solves Q(x). If so, (X, ¥) is a minimizer of Ppy .

If the case o = 0 is detected, i.e., the method generates (xx, yx) — (X,y), ax — O,
we switch to step 1 (with last iterate (xi, yx) as starting point).

Remark 5.1 Note that not any solution (X,Y, X) of Py computed by the above
method need to lead to a solution (X, y) of Ppr. We have to additionally verify suf-
ficient conditions (second order conditions wrt. Q (X)) (see Corollary 4.1 for step 2,
Corollary 4.2 for step 1).

To illustrate our solution method we consider 3 (simple) bilevel problems (all
are taken from http://www-unix.mcs.anl.gov/~leyffer/MacMPEC). These problems
are solved numerically with the help of the corresponding program Pyyyy using the
smoothing approach P (7). The (standard) finite programs P (t) have been computed
with the MATLAB procedure finincon. In the following the numerical results are given
in 2 decimal places, i.e., 12.00009 is written as 12.00.
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The first example is due to Bard [1]:

min(x — 5)% + 2y + 1)?
st.x>0, y>0,
and y solves Q(x) : min(y — 1)> — 1.5xy
st. 3x—y—-3=>0,
—x4+05y+4>0,
—x—y+7>0.

The reported local minimizer is (¥,5, 1) = (1,0, 3.5,0,0). To solve the program
P(7) (corresponding to the MPCC problem Py ) We started with (xg, yo) = (0, 0)
and lower level multiplier A° = (1, 1, 1). We computed (in 0.2s CPU) the approxi-
mate solution (x, y, A) = (1.00, 0.00, 3.50, 0.00, 0.00) with error 0.39 ¢-06 for t =
1.00 e-06.

To study the dependence of the procedure on the starting point (xg, yp) we tried to
solve the same problem using 50 random starting points first in [—1, 5]* and then in
[—20, 20]%. Our smoothing approach succeeded for 33 starting points in the first and
for 16 in the second case.

The second example (see also [1]) is:

min —x% —3xy —4y1 + y22
st.x>0,y>0, —x7 —2x; +4>0,
and y solves Q(x) : min y12 — 5y
s.t. x12 — 2x1 —I—x% —2y1+y2+3>0,
x2+3y1 —4y; —4 > 0.
Here the reported minimizer is (X, 7, X) = (0,2, 1.875,0.9062, 0, 1.25). Starting
our KKT approach with (xq, yo) = (0,0,0,0) and multiplier A° = (1,1) we
obtained (in 33s CPU) the approximate solution (x, y) = (0.00,2.00, 1.88, 0.91),
A = (0.00, 1.25) of P(t). For t = 1¢-06 the error ||(x, y) — (X, Y )| was 4.97 e-05.
By choosing 50 starting points (xg, yo) randomly from [—1, 5]* and [—20, 20]* the
smoothing procedure succeeded 44 times in the first cases and 45 times in the second.

We end with a degenerate (non-generic) example, where MPCC-LICQ fails at the
solution point (cf., [7]). The problem is

min —x% —2x +x% —2x2+ y% + y%
st.x>0,y>0, —x; +2 >0,
and y solves Q(x) : min y12 —2x1y1 + y% —2x2y2
st. 25—y — D% >0,
25— (m—1Dr=>0.
In this case the minimizer is (.5,.5,.5,.5) and the lower level multipliers,

A = (0,0). At that point, MPCC-LICQ is not satisfied. Our approach behaved sur-
prisingly stable with error of order /T for T > 8.6736 ¢-19.
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