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Abstract The proof of Lemma 10 in [Awanou, G.: Quadratic mixed finite element
approximations of the Monge-Ampere equation in 2D. Calcolo 52(4), 503-518 (2015)]
is not correct. The purpose of this erratum is to give a correct proof of the main result
therein under the assumption of elliptic regularity.

1 Introduction

In [1, Lemma 10], we claimed a strict contraction property of a mapping T} in the H'
seminorm. Unfortunately there was a mistake at the end of the proof of the lemma.
It was stated that ”Since y < 1, and o = h*+2 for h sufficiently small, Ch +
Cahl||cof Qllyr+i(g;,) + Ca < 1 —y”. However y also depends on &, see [1, p. 6].
Moreover 1 — y — 0 at a rate higher than &, and thus the argument as stated is not
correct. As a consequence, the strategy which consists in rescaling the equation does
not work.

In this erratum, using the same notation as in [1], we give a proof of the main
result therein under the assumption of W27 elliptic regularity. Our approach consists
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282 G. Awanou

in adapting the proof in [3]. The main ingredient is a W ? discrete elliptic regularity
proved in [13].

The elliptic regularity assumption is known to hold if the domain is smooth. We
refer to [14, Remark 3.2] and [13] for the formulation of the method with the weak
imposition of the Dirichlet boundary condition using Nitsche’s method and the use of
curvilinear coordinates near the boundary. The arguments given here can be extended
to that setting.

On the other hand, W27 elliptic regularity holds for the Poisson equation on a
cube [17, Remark 9.1.1]. It is therefore reasonable to expect that one can prove a
W27 elliptic regularity result on cubes for second order equations in divergence form
with smooth coefficients using an antisymmetric extension as in the proof of [17,
Proposition 9.1.2]. We wish to address this issue, following the W27 elliptic regularity
approach in [11], in a separate work.

2 Preliminaries

We use the standard notation W*?(2) for the Sobolev spaces and the notation |.|yx«,p

for its semi norm. We recall that Wé P (Q) is the subset of W17 () of elements with
vanishing trace on 92. We will need the following mesh dependent norm on Vj,

1—
10120z, = N0l iy + 1177 D 1DV gy P =2

KeT,
We have by scaling
I0ll2.0(z;) < ClIvlwzrcz), Yo € Vi @1
oll20(z) < Ch M Iollwip. Vv € Vi 2.2)

Moreover, there exists an interpolation operator I, such that for m € WKtL-P(Q) N
W (), Tym € Vi 0 Wy'? () and

lm = Lim|l a.p iz, < CH*Vimlyirn (2.3)

lm — Iym|lyip < Ch*\m| it (2.4)

The proofs are essentially the same as the ones given for [4, Lemma 1], [4, Lemma 2]
and [4, Lemma 4]. It is important to note that the constant in the above inequalities are
independent of p. This follows from the fact that the constant in the Bramble-Hilbert

lemma [5, (4.3.9)] is independent of p.
We recall the scale-trace inequality

_1 1
lwllLrox)y < Ch P vllLrky < Ch™2vllLrk), p =2, (2.5)

with a constant C independent of p.
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We also recall that if w is in the Sobolev space W/t (Q),1 < p <o00,0<1<d
[|lw — Ihw”Wk»p(ﬂ) = Chl+]7k|w|wl+l,p,

for k = 0, 1, 2. The constant C is shown to be independent of p using [5, (4.4.5)] and
shape regularity.
We will often use the inverse estimates

s—t+min(0,2 -2
walls, p.7;, < Ch ( ’ ")Ilwhlls,q,fh, (2.6)

forO<s <t,1<p,q <ooandw, € V). As stated in [5], the constant C in (2.6)
depends on p and g because the first step of the proof is to use a norm equivalence
on the reference element. However, inspection of the proof of the equivalence of
norms in a finite dimensional space reveals that the constant does not depend on g.
Moreover, it only depends on p through the W’:? norm of the basis functions of the
finite dimensional space on the reference element. The latter are bounded by a scalar
multiple of their W’* norm. We conclude that the constant C in (2.6) can be chosen
independent of p.
Next, let ¢p be the solution of

—div ((cof D*u)D¢) =rinQ, ¢ =0 on IQ. (2.7)

We make the following assumption

Assumption 2.1 Forr € LP(RQ), p > 2, the weak solution ¢ of (2.7) is in W>P ()
and

lollw2r = Cpliriice. (2.8)

The result is known to hold for smooth domains, c.f. [14] and the references therein.
As suggested in [16, (1.7)] the linear dependence in p of the constant in (2.8) follows
by tracing constants in the proof given in [11]. Once can trace constants in the proof
of [11, Theorem 9.14] and use the maximum principle [11, Theorem 9.1]. See also
[7].

As pointed out in the introduction, it is reasonable to expect that the result also
holds for cubes.

We will refer to the result of the following lemma as discrete elliptic regularity.
The result is given as [13, Lemma 4.1]. For the convenience of the reader, we give the
proof.

Let Py : Wol’p () — VN W(}’p (£2) be the projection defined by

/[(cof D?>u)D Pyv]-Dwdx = / [(cof D*u)Dv]-Dwdx, Yw e Vy,NWy"(Q).
Q Q

We have the approximation property

llw — Pyw||yip < ChMJw]yicip. (2.9)
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The result is a consequence of the stability of the Ritz projection, [15] and [12, Corol-
lary 5.6]. Since || Pow| 1., < Cllw]ly1.p forw € W&’p(Q),using Pylyw = Ihw, we
obtain

lw — Phwllyty < ||lw = Thw|lyip + [[Ihw — Powl|y1p
= |lw — Iywl|lyip + [|Prlpw — Pyw||y1p
< ChMlwlyisrp + [iw — wlyp

< Ch*|lwlyesip,

which proves (2.9).

The independence of the constant C in p may be traced through the proof given in
[12]. Alternatively, the independence of the constant C in p can be obtained through
an interpolation argument we outline.

Let]l < p < ocand 1 < g < oo. Using a notation similar to the one used in
[9], we denote by W*7-4 () the interpolation space (W*1(), Wk*OO(Q))l,l/P,q’K
between W 1(Q2) and WX (Q) as defined in [6, Definition 3.2.4]. The letter K, and
also K’ to be used below, refers to the function norm [6, (3.2.9)]. We note that it is
assumed in [9] that the domain €2 is a minimally smooth domain, also known as a
Lipschitz domain.

By [6, Theorem 3.2.23], Wk-P4(Q) is an exact interpolation space of order 6 =
1 — 1/p as defined in [6, Definition 3.2.22].

Moreover, by [6, Corollary 3.2.13 (a)], W&22(Q) ¢ Wk2°°(Q). Thus since
Wk2:2(Q) is of order 6; = 1/2 and Wk°°(Q) is of order 6, = 1, by [6, Proposi-
tion 3.2.16 (a)] and the reiteration theorem [6, Theorem 3.2.20],

whkrda (@) = (Wh22(Q), W Q) _p)p gk 1 <q < o0.

On the other hand, itis shownin [9, p. 595] that WkP(Q) = WkP-P(Q) with equivalent
norms. It can be seen from [9, Theorem 1] that the constants in the norm equivalence
are independent of p. We conclude that W*7/2(Q) is an exact interpolation space of
order 1 — 2/ p between Wk’z(Q) and W5>°(Q). By [6, Definition 3.2.22], this means
that since Py, is a bounded linear map from W2 () into itself with norm M, and also
a bounded linear map from Wk-2°(Q) into itself with norm Ma, then Py is a bounded
linear map from W*-7/2(Q) into itself and its norm is bounded by M 11 —2/p M22 /p ,which
is easily seen to be bounded above by a constant independent of p.

Lemma 2.2 Assume that Assumption 2.1 of elliptic regularity holds. Let
relLP(Q),p>2andletv e V,N Hol(Q) solve

/[(cof D*u)Dv] - Dwdx =/ rwdx, w € Vi, N Hy (). (2.10)
Q Q
Then

llw2r g,y < CplirlLe. (2.11)
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Proof With these notation the solution v of (2.10) is given by v = Py¢. Let
we VN H& (£2). We have by (2.2) and (2.3)

||U||W2‘p(77,) = ||Ph¢||v72,p(77,) < |IPnop — ¢||W2,p(7;l) + ||¢||W2,p(77,)
= ¢ — ndll2r (g + 11nd — Padlljor (g, + 1Ol520 (75
< Clgllwzr + Ch7 ' |lnp — Pudpllyrr + 11115207 -

By (2.9) and (2.4)
1Th¢ = Pugllwrr < 11Ind = Bllwrp + 116 — Padllwrr < Chligllyop.
Using (2.1) we conclude by elliptic regularity that
0ll§2r(z) < Clidllwr < CplirliLr.

This proves (2.11). O

Lemma 2.3 Letr € Vy,. Then for p > 2

7, Z 1 1
||r||Lp§CSup|( )l —+-=1.
=0 1zl p g
zeVy
Proof We have
[(r, w)l
Irller = sup ———.
w0 lwllLe
weld

Let Py, be the L? projection into Vj,. The projection is known to be stable in L7 [10],
i.e. forw € LY(2)

1Py wlie < Cllwllze, 0 = ‘1 - g‘-

Since p > 2, —1 < 1 —2/q < 2 and hence the constant C? is bounded uniformly in
q.Since r € Vp, (r, w) = (r, Py,w) and therefore

W) _ N0 Pyl _ 0 2)]
lwliLe =  NPy,wlee = ;20 lzllLe
z€V)
This concludes the proof. O
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286 G. Awanou

3 Error analysis of the mixed method with the elliptic regularity
assumption

For this erratum the mapping 7 : V), x ¥, — V), x Xy is defined by
T (wp, nn) = (T1(wh, nw), T2(wn, 11)),
where T (wp, ) and T> (wy,, np) satisfy

(Mn — To(wp, np), T) + (div 7, D(wy, — T1(wp, nr)))
—(D(wp — T1(wp, np)), Tn) = (M, T)

+ (div 7, Dwy) — (Dwp, tn), Y1€ X, 3.1

((cof D*u)D(wy, — Ty (wp, ny)), Dv) = (f, v) — (detnp, v), Y v € Vi N HY (Q)
(3.2)
wp — Ti(wp, np) =0 on 9RQ. 3.3)

It is shown in [3, Lemma 3.4] that a fixed point of (3.1)—(3.3) with w;, = g5, on 92
solves the nonlinear problem [1, (3)].
For this erratum we define

Bi(p) = {(wn, mn) € Vi X Zp, Nlwp = Inutlly2ee(zy < 05 lmn — Ino |l < p}.

Recall that B, (p) = Bh(p) N Zp, with Z;, defined on [1, p. 7].

Lemma 3.1 For a positive constant Cy and p = Coh*~!, we have By, (p) £ 40.
Proof Ttisshownin [3, Lemma 3.5] that there exists n, € X, suchthat (Iyu, ny) € Zj.
We estimate ||, — 1,0 ||L~. We have

(np — Iyo,t) = (0 — Iyo,t) — (div T, D(Ipu — u)) + (D(Ipu — u), tn).

Let p > 1 and g such that 1/p 4+ 1/q = 1. We have by Lemma 2.3

[(nn — Ino, 7)|
Inw — InollLr < C sup —————
T£0 lTllLe
TEL),

By Cauchy-Schwarz inequality, the scale-trace inequality (2.5), inverse estimates and
approximation properties of [j,
| — Ino, T)| < llo — Lo llizelitlice + 1D UTpu — w)llzrlldiv ]2
+ ClIDUpu —wllLraolitlizeee)
< llo — hiollelltlize + Ch™ I DThu — w)l| < |7 Lo
1
+ Ch 2| D(pu — u)l| e lTllLe
< (CH* 4+ ChDitliLe < e,
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We conclude that ||, — Io ||z < Ch*~!. By an inverse estimate
_2 ~2
Imn — IholiLe < Ch Plinp — IpollLr < Ch Ph™ .

Choosing p such that | In k| < p < 2|Inh|, we obtain ||, — Iyo ||~ < Ch*~!. This
concludes the proof. O

Lemma 3.2 The mapping T does not move the center (Iyu, I,0) of the ball B, ()
too far, i.e. for h sufficiently small

1 Ipu — Ty (Tpu, 1h0) |l yaoo ;) < CrhF (3.4)
I — Ta(Ipu, 10) || 1o < Coh*~!. 3.5)

Proof By [1, Lemma 2.1], on each element K
1 1
| det({po) — deto|lLek) < CIIEIW + EU”LOO(K)”IhU — ol

By approximation properties || /,0 — o || k) < Ch*1, so | Iho || < Cllo| L,
and
|| det(Ipo) — deto‘”Loc(K) < Cl| o — a||L°°(K) < Chk+l. 3.6)
By (3.2), (3.3), discrete elliptic regularity and (3.6)
I Ihu = Ty (Inu, 1o || j2p 7y < Cplldet o — fllLp = C|| det Iyo — det D*ul| Ly
< Cplldet Iyo — det D?u||z~ < Cp h**1.

Choosing p such that |In 2| < p < 2|1n k|, we obtain by an inverse estimate

_2
I Ihu — Ty(Ipu, Ino) w200 ¢,y < Ch Pl pu — Ty (Ipu, 1h0) w2 (73

_2
= Ch 7| lpu — Ti(Ipu, 1ho) y2.p (7,
< Clliwu = Ty(yue, 10) || j2.p (7 < CHE | In .

We conclude that (3.4) holds.
Let p > 1 and g such that 1/p 4+ 1/q = 1. We have by Lemma 2.3

1no — To(Ipu, Iyo)||Lr < C sup |(Ipo — To(Ipu, Iro), ©)|/ltliLa. (3.7
T#0

TEL)

Moreover by (3.1) and using

(o,t)+ (div t, Du) — (Du,tn) =0, Vr1e HI(SZ),
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288 G. Awanou

we get

(Ino — Th(Ihu, Ino), t) = —(div t, D(Iyu — T1(Ipu, Ir0)))
+(D(Ipu — T\ (Ipu, Iy0)), Tn)
+(po — o, 1)+ (div 7, D(Ipu — u))
—(D(Ihu — u), tn). (3.8)

By Cauchy-Schwarz inequality, an inverse estimate, the trace-inverse inequality and
approximation properties, we have

|(Iho — 0, 7) + (div 7, D(Iyu — u)) — (D(Iyu — u), Tn)| < (CH o |l yrrie
+CH  ullyist.oo + CHE 7l i) 1Tl e < CEE M ullyass ol 7] 0.
(3.9)

Moreover
—(div v, D(Upu — T1(Ipu, 110))) + (D(Iyu — T1(Ipu, 140)), Tn)
= > (z, D*Upu — Ti(pu, o))k — D (DUpu — Ti(Iyu, [10)), Tn)ak
KeTy, KeTy,

+(D(Ipu — Ty (Ipu, I0)), Tn).

But by Cauchy-Schwarz inequality and the trace-inverse inequality

| = D (DUpu — Ti(lyu, 10)), Tn)ax + (D(yu — Ty (I, [,0)), Tn)]

KeT,
< > UDUnu — Ti(Iyu, 1,0)), Tn)ok |
KeT,
_1 1
< Z I~ a D(Inu — T1(Thu, Ino D lLrox)llhd Tnll L@k
KeT,

1
L P
< c( D h e IDUpu — Ti(Iyu, Iha»n’g,,(aK)) l17llLa-
KeTy,

Therefore by Cauchy-Schwarz inequality

| = @iv 7, DUpu = Ti(Ipu, 140))) + (DUpu = Ti(Iyu, 140)), Tn)|
< C (Mpu = Ty(Inu, 1n0) w2 (T,

+ D2 AP ID U = Ty, o) oy | | NEllze. (3.10)
KeT,
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We conclude from (3.7), (3.8), (3.9) and (3.10) that
(o = Ta(yu, 1), )] < (CH*™! + CllIyu — Ti Iy, 1i0) | gp g )Tl o
Thus using (2.1)

|(Ino — Ta(Ipu, o), ©)| < (CH*™ + CllIyu — Ty (Tnu, 1) llyw2.p (7)) 1Tl 2o
< (CH*' + Cllyu — Ty (Tpu, 1h0) ly2oo 7)) 1 7l 2o

Choosing p such that | In | < p < 2|In k| and using (3.7), we obtain

2 2
1o — T2 (Inu, 1,0)|| e < Ch™ 7 | Iyo —Ta(Ipu, Iho)||Lr < Ch™ 7 hE=1 < ChF=L,

This concludes the proof. O

Lemma 3.3 Let p > 0 and (w1, n1) and (wz, n2) in By(p). We have

T2 (w1, m) — Ta(w2, n2)||e < C3l|T1(wi, n1) — Ti (w2, m)|lwaee(g,), (3.11)
for a constant C3 > 1.

Proof For (w1, n1) and (w2, n2) in By (p). We have using (3.1)

(T2(wi, m) — Ta(wz, m2), 1) = —(div 7, D(T1 (w1, n1) — T1 (w2, n2)))
+(D(T1 (w1, n1) — T1 (w2, n2)), Th)
= > (x, DX(Ti(wi, m) — Ty (w2, ;))&
KeT,

- Z (tn, D(T1 (w1, m) — T1(w2, m2)))ok
KeT,

H(D(T1(wr, 1) — Ti (w2, 12)), Tn).

Let p > 2and g suchthat 1/p + 1/g = 1. We have

> (x. DX(Ti(wi, m) — Ty (w2, m))k
KeT,

< C||T1 (w1, m)

= Ti(wz, m)|lw2r g T llLa
= Cl|Ti(wr, n)
— T (w2, n)llw2eo (g lTlize.
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290 G. Awanou

Moreover by Cauchy-Schwarz and the scale-trace inequality (2.5)

‘ - Z (tn, D(T1 (w1, n1) =T (w2, n2))ak +(D(T1 (w1, m)—Ti(w2, 2)), Tn)

KeT,
< D len, D(Ti(wi, m) = Ti(wa, 1))k |
KeT,
1 _1
= > [hitn,h” 1 D(Ti(wi, m) — Ti(wa, m))ax| < ClltlLa
KeT,

1
A P
x( > h q||D<T1(w1,m>—Tl(wz,nz))nﬁz(a,o) :

KeT,
Since —p/q = 1 — p we obtain
((Ta(wi, 1) — Ta(wa, m2), D] < ClITi(wi, 1) — Ti (w2, m)||gap ez 1T o
And thus using (2.1)

|(T2(wi, m) — Ta(w2, m2), T)| < Cl|Ti (w1, m) — Ti(wz, n2)lw2r ezt L
< ClITi(wi, m1) — Ti (w2, n2) w20z 1Tl La-

We conclude that

2
Iho — Ta(Iqu, Ino)||Le < Ch™ 7 || Iyo — To(Ipu, Ino) | Le
_2
< Ch 7 sup |(Ino — Th(Ipu, Iyo), )|/lITllL9e
T#0

TEX),

_2
= Ch »[|Ti(wy, n) — Ti(w2, n2)llw2e(7;)

where we used Lemma 2.3 and choose p such that [Ink| < p < 2|Inh|. This
concludes the proof. O

For (wp, 1) € Z, we define
I = ((cof Du) : np, v) + ((cof D*u)Dwy, Dv). (3.12)
We have the following analogue of [3, Lemma 3.7]

Lemma 3.4 Let (wy, ny) € Zp,. Then

1
|((cof D?u) : ma, v) + ((cof D*u) Dy, D) < Ch [|wpllg2.p g llv]]La,
(3.13)

forallve VyNH(Qand p>2,1/p+1/q = 1.
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Proof Denote by Py, the L? projection into the space ¥j. Put A = cof D?%u. It is
proven in the proof of [3, Lemma 3.7] that for v € V, N HOl ()

=- Z (div (Pg, (vA) —vA), Dwy)k + ((Pg, (VA) — vA)n, Dwp)yq.
KeT,

We have

I = > (Py,(vA) —vA, D*wp)k — D ((Ps,(vA) — vA)n, Dwp)ik
KeTy, KeTy,

+((Pg, (VA) —vA)n, Dwp)sq. (3.14)

By Cauchy-Schwarz inequality

> (Pg,(wA) — vA, D*wy)k
KeT,

< 1Py, WA) —vAllLallwnllw2p (7)., (3.15)

and by Cauchy-Schwarz and the trace inequalities

’ — D {(Pg,(vA) — vA)n, Dwp)sk + ((Pg, (vA) — vA)n, Dwy)sg

KeT,
< D 1{(Pg,(wA) — vA)n, Dwp)ax|
KeT,
1 _1
= D> (he(Ps,(vA) —vA)n, h™ 4 Dwy)sk|
KeT,
1 _1
<C D |hi(Pg,wA) —vA)llLa@r) I~ 7 DwallLr k)
KeT,
1
1 _ P
< Ch4 || Ps, (vA) — vA||W1.q( Z h! P||th||§,,(a,<)) . (3.16)

KeT,

Arguing as in the proof of [14, Lemma 4.4] we have form = 0, 1
|IPs, (vA) — vA|lwnma < Ch'™™|[v]|La. (3.17)

This follows from the stability in LY and W4 of the L? projection [8], i.e. for
ve Whi(Q),v=00n09Q, || Ps, (vVA)|lwna < CllvA|wma.

As in the proof of Lemma 2.3, the constant in the L7 stability of the L? projection
is independent of ¢. For the W' stability, the independence in ¢ of the constant is
obtained by tracing constants in the proof of [8, Theorem 4 and Theorem 3]. More
precisely, constants in the interpolation estimates and inverse estimates used therein
are independent of ¢, c.f. Sect. 2. In addition, the constant « in [8] is equal to 1 for
quasi uniform triangulations, making the constants in the estimates independent of g.
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292 G. Awanou

Since Py, I (vA) = I (vA),

l|Pg, (WA) — vAllwma < ||Px,(WA) = I (vA)|lwma + |[In(VA) — vAllwm.a
= ||Px),(WA) — Px, [(vA)[lwma + [[1n(vA) — vA[[wma
< CllInA) = vAlwma < CHF vl [arng

= CH* M u] kg < CRY™ ]2,

where in the last steps, we note that v is a piecewise polynomial of degree k and use
an inverse estimate. It therefore follows from (3.14)—(3.16) that (3.13) holds. O

The mapping 77 has a fixed contraction property, i.e.

Lemma 3.5 For h sufficiently small, we have for (w1, n1) and (w2, n2) in By (p)

1
NT1 (w1, m) — T (w2, mllwaeg,) = EHU)I — wa2llw2. ()

1
— 4+ Cllnh — i .
+(4C3+ [ In Ip) ln —m2llL
(3.18)

Proof The proof is a variant of [3, Lemma 3.10] and [3, Lemma 3.11]. Using (3.2)
we have

((cof D>u)D(Ty(wi, n1) — Ti (w2, 2)), Dv) = ((cof D*u)D(w; — wy), Dv)
+(det ny — detna, v)+((cof D?u) : (91 — 12), v)—((cof D?u) : (11 — 12), v),

for all v € V},. Using the definition of I, (3.12) with w, = w1 — w2, ny = N1 — N2,
and Lemma 3.4, we have

((cof D>u)D(Ty(wi, n1) — Ti (w2, n2)), Dv) = —((cof D>u) : (1 — 12), v)
+ (detn; —detny, v) + T,
(3.19)

for all v € V), with

1
IT| < A7 ||willgp g 101 o (3.20)

withp>2,1/p+1/g=1.
By [1, Lemma 1], on each element K we have

1 1
detny — detny = cof (Em + 5172) 2 (m —n2).
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Therefore on each element K

(cof D?u) : (11 — 12) — (det ny — detn2)

= ((cof D?u) — cof (1 +1 ) s(m —n2)
= S+ 5m) st —=m (3.21)
1 1
= cof (D% — =ny — =12 : (1 — o).
cof (D”u i 2772) (n1 —m2)
Let us define
A = (cof ! ! )i ( )
= o—=n—=m):(m—mn).
2771 2772 n Up

We have

1 1 1 1 1 1
S —m)=0-1 —1 —Iyo — | = -
o (2'71+2712) o h0+2h0+2h0 (2771+2772)

1 1
=0 —Ijo+ E(Iha —-n1) + E(Iha —n2).

We conclude that

1 1
o — (Em + 5772) o) = Mlo = Inolleo(k)

1 1
+ EHIW —nllLek) + §||Ih0 —n2llLe k)
< Ch*! + Cp.

It follows from (3.21) that

ll(cof D?u) : (1 — n2) — (detny — detn)|lr < (CH*TH + Co)lm — mall e,
(3.22)

Let us define the linear form L on V), by
L(v) = ((cof D*u)D(Ty (w1, m) — Ti(wa, n2)). Dv).

By the Riesz representation theorem, there exists r € Vj, with L(v) = (r, v) for all

v € Vj. Moreover by Lemma 2.3 ||r|[z» < C sup |L(v)|/||v]|Le. We conclude from
v#0
veV),

(3.19), (3.20) and (3.22) that

1
Irllr < Challwy — wallgapeg;, + (CHT 4 Cp) I — nall s
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By discrete elliptic regularity and (2.1)

1
1T1 (w1, n1) — Ti(w2, )|l g2.p(g;,) < Cphe llwi — wallg2p (g
+ (CH - Cp) plm — mallze
1
< Cphi|lwi — wally2eo(T;)

+ (CH* 4+ Cp) plim — mall e

Since p > 2and 0 < h < 1, we have hl/a < hl/z.Choosingp suchthat [Ink| < p <
2|Inh| we have ph'/? < C|Inh|h'/? < 1/(4C3) for h sufficiently small. Similarly
Ch**1|Inh| < 1/(4C3) for h sufficiently small. We conclude using an inverse estimate
that

_2
T (w1, m) = Ti(wa, m)llwaee(g;y < Ch P ITi(wi, m1) — Ti(wz, m2)llw2e (7,
_2
= Ch r[|Ti(wi, m) — Tv(w2, )| ly2.r (1)
= ClITi(wi, n1) — Ti(w2, n2)lj2r (7

1
< —lwy — wa||y2ce
_4C3|| 1 — wally2e(7y)

1
+ (4C3 +Clln Ip) ne —m2llz

This completes the proof. O

Lemma 3.6 Let p(h) = 2C4h* 1 where C4 = max(Co, C1, 2C>) with Cg the con-
stant in Lemma 3.1 and C1, Cy the constants from Lemma 3.2. Then T maps Bj,(p)
into itself for h sufficiently small.

Proof Let (wp, nn) € Bp(p). By definition, [|lwy — Ihully2.00¢7;,) < p and [Iny —
Inol|Le~ < p. By (3.18) and (3.4), for h sufficiently small

T (wn, mn) — Tnullw2oo(,y < IT1(wh, nn) — Ti(Ipu, Ino)| w2007y,
HT1(Ipu, 1no) — Inullw2.cocT;)

1 _
< (Z + C|Inh|h* 1) i — Iho || oo

1
5 lwn = Tl g2 ;) + Cyh*

In addition, by (3.18), (3.11) and (3.5) and a similar argument we get

T2 (wp, np) — Ino ||
< Tz (wp, np) — To(Ipu, Iho)||pe + [ T2 (Tpu, I,0) — Ipo|| e

@ Springer



Erratum to: Quadratic mixed finite element approximations. . . 295

=< G3|ITi(wp, nn) — Ti(pu, Ino) |lw2.oo gy + 11 T2(Iput, 1ho) — Ino || Lo
1
< Z||’7h — Iyollre + ClInhlpllny — Iho|lL>
. k=1
+ 4||w11 IhM||W2OC(']7‘) + C2]’l
=p,

for h sufficiently small. By (3.1) (T1(wp, nn), To(wp, 1)) is in the space Zj. This
concludes the proof. O

We can now claim

Theorem 3.7 Let (u,0) € H*3(Q) x H'(Q)?*4 denotes the unique convex
solution of [1, (1)] with k > 2. Then the problem [1, (3)] has a unique solution in
By (p) C Vi, x Xy, for h sufficiently small and with p(h) given in Lemma 3.6.

Proof The proof follows from the Brouwer fixed point theorem. For £ sufficiently
small and for (w1, 1), (w2, 12) € Bu(p), by (3.18) and (3.11)

T (wi, m) — Ti(wz, n2)llw2eo(z;y + I T2(wi, m) — Ta(wa, n2)|lee
< ClITi(wi, m) — Ti (w2, n2)|lw2.eo(T;)
< Cllwy — wa|lw2ee(7;) + Clln — m2flLe.

Hence the mapping T is continuous in By (p). Since for /4 sufficiently small and the
choice of p(h), the continuous mapping 7" maps the closed ball By, (p) into itself, there
exists a fixed point (uj,, op,) in By (p).

Assume that (w}l, n}l) and (w%, n%) are two fixed points of 7. Then T (w}l, ’7}]1) = w}l
and T (w,%, n%l) = w,zl. By (3.18) we have

1 2 1 1 2 1 1 2
Nwy, — wyllw2eo (g, = 2_&”77}: = 0yl + Z”wh — Wy llw2oo (7
and so
b — wRllweeny < —lin) — nElle
h hINW=2(T),) = 3c3 h h
1 1y — 1 2 .2y .2
We also have T>(wy,, ) = n;, and Tr(wy,, ;) = n;,- By (3.11)
1 2 1 2 20 2
I, — miplle < Csllwy, — wjllw2eo (g < §||’7h = Ml 2

This implies n} = »? and so w} = w?. This proves uniqueness. |

The following error estimates hold
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Theorem 3.8 Under the assumptions of Theorem 3.7, the solution (up, o) of (3.1)—
(3.3) satisfies

lu = upllw2oogy < CH*! (3.23)
llo — onllLe < CREL (3.24)

Proof By the definition of the ball Bj(p), the existence of the solution (u,, oy,) in
By (p) with p = O(hF—1) given in Theorem 3.7, we have

Tt = unllyooog;) < CHE!

[1Ino — anllpe < CHFL.

The estimates (3.23) and (3.24) then follow from triangular inequalities and standard
interpolation inequalities. O

Remark 3.9 Since it is now known that 7 has a fixed point (uj, op,) with |lu; —
Ihol|lze < Ch*=1 it should be possible to derive a O(h*) error estimate in the H'
norm for u — uy by using [3, Lemma 3.10] and [3, Lemma 3.11]. Note that in the
proof of [3, Lemma 3.10] an inverse estimate, used to estimate ||u, — [0 ||~ from
lup — Ino || 2 can now be avoided.
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