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Abstract Let F(x) = ]_[Zozo(l — xzn) be the generating function for the Prouhet—
Thue-Morse sequence ((—1)*2("),cn. In this paper we initiate the study of the
arithmetic properties of coefficients of the power series expansions of the function

Fi(x0) = F)' =) faOx".
n=0

For t € N} the sequence (f;,(¢)),en is the Cauchy convolution of ¢ copies of the
Prouhet-Thue—Morse sequence. For ¢t € Z_( the n-th term of the sequence ( f;, (t))neN
counts the number of representations of the number 7 as a sum of powers of 2 where
each summand can have one among —¢ colors. Among other things, we present a
characterization of the solutions of the equations f,(2¢) = 0, where k € N, and
fn(3) = 0. Next, we present the exact value of the 2-adic valuation of the number
fn(1 — 2™)—a result which generalizes the well known expression concerning the
2-adic valuation of the values of the binary partition function introduced by Euler and
studied by Churchhouse and others.
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1 Introduction

Let n € N and by s2(n) denote the sum of (binary) digits function of n, i.e., if
n= kazo ek 2K with g € {0, 1}, is the unique expansion of n in base 2 then s> (n) =
Y ko €k Next, let us define the Prouhet-Thue-Morse sequence (the PTM sequence
for short) on the alphabet {—1, +1} as t = (#,),en, Where 1, = (—1)2(". The
sequence t satisfies the following recurrence relations: o = 1 and

p =1y, hpy1=—Iy

forn € N. The PTM sequence has many remarkable properties and found applications
in combinatorics on words, analysis on manifolds, number theory and even physics [1].
One of the striking properties of the sequence t is the simple shape of the generating
function F(x) = Z;O:O t,x" € Z[[x]]. Indeed, from the recurrence relations we easily
deduce the functional equation F(x) = (1 —x)F (x2) and in consequence the identity

o0

Fo =] (1 —xZ”).
n=0

The sequence b = (b,,), <N of coefficients of the related power series
1 = 1 >
= —_— = b n
F(x) 1_[ 1 — x2" Z nX
n=0 n=0

has also a strong combinatorial property. Indeed, the number b,, counts the number of
representations of a non-negative integer » in the form

k
n= Zé‘izl,
i=0

where k € N and ¢; € N. One can easily prove that the sequence b satisfies: by =
b; =1 and
b2n = b2n—1 + bn» b2n+1 = bZn

for n > 1. The above sequence is called the sequence of the binary partition function.
It was introduced by Euler and was studied by Churchhouse [5] (one can also consult
the papers [6,11,13]).

From the discussion above we see that both t and b are sequences of coefficients
of the power series expansion of F;(x) = F(x)' fort = 1 and t = —1, respectively.
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Arithmetic properties of coefficients of power series. . . 309

It is quite natural to ask: what can be proved about sequences of coefficients of F;(x)
for other integer values of #? This question was our main motivation for writing this
paper.

Let 7 be a variable and consider the sequence f(f) = (f,,(¢)),en of coefficients of
the power series expansion of the function F;(x) = F(x)’, i.e.,

R =] (1 —x2")t =3 fax".
n=0 n=0

From the definition of f(z) we see that for any given ¢t € Z the sequence f(¢) is
a sequence of integers. In the sequel we will study three closely related sequences.
More precisely, in Sect. 2 we present some properties of the sequence f(¢) treated
as a sequence of polynomials with rational coefficients. This is only a prelude to our
research devoted to the values of the polynomials f; at integer arguments. Section 3
is devoted to the study of the sequence

ty = (tn(n))nen,

where m € Ny is fixed and t,,(n) = f,(m), i.e., t,,(n) is just the value of the
polynomial f, at t = m. We prove several properties of the sequence #,, for certain
values of m. In particular, in Theorem 3.3 we characterize the 2-adic valuation of the
sequence t,, for m being a power of 2 and m = 3. In the second part of this section
we concentrate on the study of arithmetic properties of the sequence t,, for m = 2
and m = 3. It is a simple observation that the sequence #, is closely related to the
values of the Stern polynomials at —2. Moreover, we prove that the set of values of
t; is just Z\{0}, which is the statement of Theorem 3.17 and that our sequence is
log-concave, i.e., for each n € N we have 1(n)? > tr(n— Dt2(n+ 1) (Theorem 14).
We also characterize the set of those n € N such that #3(n) = 0 (Theorem 3.13). This
allows us to prove that there are infinitely many values of n such that the polynomial
Jfn(t)/1 is reducible (Corollary 3.14). Section 4 is devoted to the study of the sequence
by, = (by(n))nen, where m € Ny is fixed and by, (n) = f,(—m), i.e., b, (n) is just the
value of the polynomial f, at t = —m. The sequence b,, has a natural combinatorial
interpretation. More precisely, the number b,,, (n) counts the number of representations

k
n = Zé‘izl,
i=0

where ¢; € Nfori € {0, ..., k} and each ¢; can have one among m colors. We present
several results concerning this family of sequences. In particular, we study the 2-adic
valuation of b,, (n) and give a precise expression for v2(b,x_; (n)), which allows us to
deduce that the congruence by« _;(n) = 0 (mod 16) is impossible (Theorem 4.6). We
also study more closely the family of polynomials (%; k., (x)), withk € N,0 <i < 2k,
m € N, which appear in the computation of the expression for the generating function
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hi,k,m(x)
(1 — x)km

o
Hig(0) = Hion () = Y b (20 +1) 2" = Fo(0).
n=0

The obtained results allow us to prove several congruences of various types for certain
sequences b,, (Theorems 4.10, 4.13). We also prove that for fixed k € N and 0 <
i < 2K the sequence (h; k,m(x))meN is a linear recurrence sequence of order < 2k
(Theorem 4.18).

In Sect. 5 we present some other results, questions and conjectures concerning
sequences t,, and b, for various values of m € N. We hope that the problems stated
in this section will stimulate further research in the area.

Finally, in the Appendix, written by A. Schinzel, the proof of Conjecture 3.18 from
Sect. 3 is presented together with other material concerning non-vanishing of #,, (n).

2 Arithmetic properties of the coefficients of F;(x)

We start with the computation of a recurrence relation satisfied by the sequence f () =
(fn())nen and then introduce a related family of polynomials which will the main
object of our study in this section. Let us put

o0

Fx) = F)' =] (1 - xz")t =3 fulox".
n=0

n=0

During this paper we will treat all the power series formally, without considering their
region of convergence. The function F (¢, x) satisfies the following functional equation
F;(x) = (1 —x)!' F,(x?). This functional equation allows us to find a pair of recurrence
relations satisfied by the the sequence f(¢).

We start with the following simple

Lemma 2.1 We have the following identity

o
1— 2v2(n)+1
log F(x) = Z—x”, (D
n

n=1
where vy (n) is the 2-adic valuation of the integer n and
o0

log(1+x) = Z

k=1

(_1)k7]xk
k
Proof We use the expansion of the function log(1 — x) to obtain
00 00 00 xznk
log F(x) = Y log (1 - ") = - Al
r =Y og(1-x) ==L

n=0 k=1
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m

)x ol (2v2(m)+1 _ 1)
—_—X

v (m

oo
m=1 [=0 m=1 mn

]

Remark 2.2 Using exactly the same type of reasoning, one can prove the following
identity

logﬁ( ) i 1 — kox(m+1 o
n=0

n=1
where @ (n) is the highest power of k which divides n.

As an application of the above lemma we get the following recurrence relation for
the sequence f(¢).

Lemma 2.3 Let F;(x) = ZZOZO fn (X", Then fo(t) = 1 and for n > 1 we have

n—1

fu® =237 (1=22070%1) . @

k=0

Proof We have the identity log F;(x) = tlog F(x). Taking derivative of both sides
with respect to x and using the expansion (1), we get

Ft/(-x) > ( _
— 1 — 2v2(n)+1> ol
Fy(x) r;

Multiplying both sides by F;(x) = > o, f,(#)x" and replacing n by n+ 1 in the sum
on the right side and in F(x) we get

DD furi(Ox" =1 (Z (1 2meener) x") (Z fn(l)x")
n=0 n=0
_ ,i( n (1 _ 2U2(n—k+1)+l) fk(t)> o
k

Comparing now the coefficients on both sides of the above equality and replacing n
by n — 1, we get the identity from the statement of our lemma. O

Using other functional equations satisfied by F;(x), we can deduce other recurrence
relations.

Lemma 2.4 The sequence f(t) satisfies the following recurrence relations:
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1 fo(t) =1and

n—1
—k—1
fiy==Y" (t " )fkm + 1) fi 1),

k=0 k

where x>(n) = (1 + (=1)")/2;
() fo(t) =1and
L5]

—2%k—1-—
hL =) (n I t)fk(t),

k=0

Proof In order to prove the first recurrence relation for the sequence f(z) we rewrite
the functional equation for the function F;(x) in the following form:

1
R = i o) = (Z (”” ) ) (Z fna)x”)
n=0

= i (Z <I+Z:IZ— 1>fk(l)) A

However,

F(?) =) fux™ =) xo(n) fy (03",
n=0

n=0

and thus comparing the coefficients near x” in the identity F} x%) = (1—x)"'F,(x)and
performing simple manipulations we get the first recurrence relation for the sequence

f(r).

In order to prove the second recurrence relation we compute

—t 00 00 00
Fi(x) = ( ) Z fax™" = (Z (” _; - t)x”) (go Xx2(n) f (r)x")

n=0

Z (Z ( B t)m(k)f; (t)) "

Vl

S (S

n=0

Comparing now the coefficients on both sides of the above identity, we get the second
recurrence relation from the statement of our lemma. O
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Lemmas 2.3 and 2.4 show us that if we fix n € N, then the expression f; (¢) is a
polynomial with respect to . The first terms of the sequence ( f;(¢)),en are:

fo) =1,

f1@) = —t,

fat) = %(f =3,

f3(t) = —ét (t2 — 9 + 2) ,

fa(t) = %t (z3 1812 4+ 35 — 42) :

1
f3(0) = =5t (r“ — 3063 + 155¢% — 2701 + 24) .

As a consequence of the recurrence relation for f(7), we get the following properties
of the sequence f (7).

Lemma 2.5 We have:

(1) deg fu(t) = n;
(2) fo(0) =1and f,(0) =0 forn > 0;
(3) Let us write

fa®)y=>"ali, ',
i=0

Then a(0,0) = 1,a(0,n) =0 forn € Ny and fori € {0, ...,n — 1} we have

n—1

aGi+1,n) = %Z(l —2”2("*f>+‘)a(i,j). 3)

j=i

In particular we have the following equalities:

1"
a(n,n) = ) ,
n!
(_1)n+1
an—1,n) = —3, n>2,
21(n — 2)!
G
an —2,n) = ——QRTn—73), n=>3,
4!(n — 3)!
1 — 2v2(m)+1
a(ll,ny)=—, n>1.
n
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(4) The sequence f(t) satisfies the following addition formula:
n
i+ 0) =Y filt) far(t2),
k=0
where t, t, are variables.

Proof The first and the second statement follow immediately from Lemma 2.3.
In order to prove the third statement we use Lemma 2.3 one more time. For n > 1
we have the following equalities:

n n—1 j
. t ) .
fn(t) = Za(i’ n)tl - E (1 N ZVZ(n_/)+1) Za(i’ ,])tl
i=0 j=0 i=0
1 n—1 fn—1
=YX (122 ag, jy | !
n i=0 \ j=i
1 n n—1
= — Z Z <1 _ 2U2(Vl—1)+l)a(l' _ 1’ ]) tl.
n-

i=1 \j=i—1

By comparing the coefficients of the polynomial f,(#) and the polynomial given by
the last expression, we get the result (after the change of variables i — i + 1).

In order to prove the expression for a(n, n) we use Lemma 2.3 one more time. We
immediately deduce the equality

1 1
a(n.n) = - (1 - 2“2<"—<"—1>>+1)a(n —ln—1)=—-an—1,n—1).
n n

Using simple induction and the identity a (0, 0) = 1, we get the expression for a(n, n).
Next, we have a(1,2) = —3/2 and for n > 2 by (3) withi = n — 2 we get

a(n—l,n)=—§a(n—2,n—2)—la(n—Z,n—l)
n n
3 (=" 1
__;(r(z—)2)' ——an—2,n—1).

Using now simple induction, we easily get the expression for a(n — 1, n) presented in
the statement of our lemma.

Because exactly the same technique as used for the proof of expressions for a(n, n)
and a(n — 1, n) can be applied in order to compute a(n — 2, n), we omit the proof and
leave the simple details for the reader.

Finally, in order to get the addition formula we notice that it is a simple consequence
of the formal identity Fy, (x) Fy, (x) = Fy 44, (x). O
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Arithmetic properties of coefficients of power series. . . 315

Remark 2.6 Although we were unable to find the general formula for the coefficients
a(n —k,n) forallk > 4and n > k + 1, it is an easy (but tedious) exercise to prove
that for fixed k we have

-ty = — " k4
an = = o — k= 1y K =R

where Wy € Z[n] is of degree k — 1.

Using this observation one can compute polynomials Wy (n) for several values of
k:

Ws(n) = 45 (9n2 — T30+ 176) ,

Wa(n) =7 (1215n3 — 1971002 + 1216851 — 266398) ,

Ws(n) = 945 (243n4 — 6570n° + 74165n% — 394878n + 805440) ,
We(n) = 165 (45927n5 — 1862595n* + 330702751 — 3103595811

+ 14973910140 — 2916611728).

We introduce the family of polynomials g(t) = (g, (t))nenN, Where

gn(t) = n!f,(1).

As a consequence of the recurrence relation for f(7), we get the recurrence relation
satisfied by the sequence g(¢) in the following form:

n—1
o =1 =1y (1-2200) LD

k!
k=0

In particular g, (¢) € Z[t] for eachn € N.
We have the following result concerning the factorization of g, () modulo p, where
p is a prime number.

Theorem 2.7 Letn € N. Then

gn(®) Egnmodp(l‘)(t_l‘p)L%J (mod p).

Proof Let p be a prime number. We proceed by induction on n. Our factorization is
clearly true forn < p—1.1fn = pthen p | g,(j) forany j € Z. Since g, (t) € Z[t],
deg g, (1) = p and the leading coefficient of g, (¢) is (—1)”, we thus have

p—1
g =D [t —ay=t—1" (mod p).

a=0
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Let us consider the case n = pm + i for some i € {1, ..., p}. Observe that
n—1!
k!
(pm+i—1)! 0, ifk < pm-—1
D R STy jefo1,. . i—1y (modp)
. Tv —pm+]7]€{7 seeesl— }
We have the following chain of congruences mod p fori € {1,..., p — 1}
pm—+i—1 .
o (pm+i—1)!
g =gpmriy =1 Y. (1=220m ) B g 0)
k=0 ’
pm—1 .
_ ~ on(pmti—h+1) (pm i — D!
=1 ; (1 2 )—k! e (t)
pm+i—1 .
i —1)!
D I I e G
k=pm :
pm~+i—1 .
; —1)!
=t Y (1 - 2”2<P'"+’*")“) (pm:—:)gk(t)
k=pm ’
i—1 .
o — 1!
= ’Z (1 _ 2V2(t*])+1) (lT)g,/(l)(f — tPym
j=0 '

i—1 .
=@ —t""ty (1 - 2Vz<i—j)+1> (i ;'1)!&,0)
j=0 '

= gi (Ot —1")" = g mod p()(t — PP (mod p).
If i = p then in the same way we obtain
gn (1) = gp ()t — ")) = ¢ =)' (mod p).

Our result follows. O

3 Arithmetic properties of the sequence ( f;,(¢)),en With £ € N

In this section we consider the sequence ( f,, (f)),en With a fixed positive integer . We
thus write + = m for m € N, and define

tm(n) == fn(m).

Moreover, we putt,, = (£,,(n))nen. Inparticulart; = (t;(n))peny = ((—1)2M),en =
(th)nen is the Prouhet-Thue-Morse sequence. It is clear that t,, is the sequence
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Arithmetic properties of coefficients of power series. . . 317

obtained from the convolution of m copies of the Prouhet-Thue—-Morse sequence,

ie.,
()= Y (DT, @)
iitiz++im=n

3.1 Results concerning the computation of the 2-adic valuation of #,, (n)
This subsection is devoted to the presentation of the results concerning the explicit
computation of the 2-adic valuation of the sequence t,, for m = 2% and m = 3.

From the functional equation for F;,(x) we easily deduce the following useful
result.
Lemma 3.1 Let m be a positive integer. Then t,,(0) = 1, t,,(1) = —m and

18], =)
tn(2n) = ]X_(j) (2j>tm(n — ) tm@n41)=— ;0 (2]. N l)rmm -0

where we put t,,(n) = 0 forn < 0.

Proof Let us expand Fy, (x) using the functional equation F,,(x) = (1 — x)" F, (x2).

Fp(x) = (1 = x)" Fp(x?) = Z(’f) (=1)/x/ (Zrm<k)x2k>

j=

12 s

m 2j ( ) 2j+1 (oot (k) 2k>
L)X m(K)Xx
LG G0 (5
Lm—lJ

j=

agl

m . 2n+1
t —
(2]. + 1) m(n—j) | x

=) Z( )rm(n DI RS

n=0

Comparing coefficients of the first and last expression, we obtain the recurrence rela-
tions in the statement of our lemma. O

Lemma 3.2 Let m be a positive integer. Then F,,(x) = (1 4+ x)™" (mod 2). In

particular,
1
t(n) = (" tom ) (mod 2) )
m—1

foreachn € N.
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318 M. Gawron et al.

Proof In order to prove our result let us recall the identity [, (1 + ¥y =4 we

1—x
thus have

F(x) = ]O_O[ (1 +x2")m = (]O"O[ (1 +x2”)>m

n=0 n=0

n=0

This proves the first part of our lemma. In order to get the second part we compare
the coefficients (modulo 2) of x” on both sides of the first and last term in the above
congruence. Our result follows. O

We can strengthen the result above for m = 2*, k € N. Namely

Theorem 3.3 Let k € N. Then va(tyc(n)) = v ((";szfl)) for each n € N. In other

words,

k—v(j)+va(n+1) whenje{l,....,2x—1}

6
0 when j =0 ©

vty (2 + j)) = {

forn e N.
Proof Let us note that

@n+j)+25—1\\ _ km+1D+j—1
() == (CRET)
B 2k (kK + 1)+
-=(F("%")

=k—v(j)+s2 (2") + 52 (an + j) — 5 (Zk(n + 1)+ j)
=k—v(j)+1+s2n) +520) —s2(n+ 1) —52(j)

. n+1 .
=k—120j)+wn << " ))=k—vz(1)+v2(n+1),

where we used Legendre’s formula vy (n!) = n — sp(n) (see [12]). By the above
equality and the fact that each nonnegative integer can be represented in the form
2kp + jforsomen € Nand j € {0, 1, ..., 2k 1}, it suffices to show by induction on
2%n + j € N that equality (6) holds (we recall that #,,(n) = 0 for n < 0). Clearly the
statement is true for 21 + j < 1. Let us compute the 2-adic valuation of the numbers
1K +2j) and £ (2 'n +2j + 1), wheren € Nand j € {0,1,...,2F — 1}
and 2t1n 42 > 2. By Lemma 3.1, we have

k=1 X

o @F 4 2j) = (;)W (2n+j—i) ()

i=0
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If j € {0, 2%~} then only the summand for i = j is odd, thus 1 2+ 4-2j) is odd.

Let j ¢ {0, 251} Then we compute 2-adic valuation of each summand of the sum in
k

(7). We start with the 2-adic valuation of @z)

2\ 2k 2k -1
2((3)==(GG20)
:k—l—vz(i)-f-sz(Zi—l)+sz<2k—2i)—s2(2k—1)
=k—1—w@G), i>0

By the above equality and the induction hypothesis, we obtain

2k
vy (( ,)zzk(z"nJrj —i))
2i

k—v(j) +va(n+1), ifi =0

2k =10 —n(—)+wnn+]l), ifo<i<j

k=1 -wn()), ifi =j '
2k — 1 — v (i) —va(j — i) + va(n), ifi > j

Let us notice that
k—=va(j)+v2n+1) <2k — 1 =) — v —i) +rn+1), (®)
when 0 < i <2 landi # j. Indeed, the inequality (8) is equivalent to
va(i) + v — i) <k =1+ (). ©
Ifv2(i) < v2(j) then (9) holds, since 0 < |j —i| < 2¥ and in consequence V2 (j —i) <
k—1.Ifv2(i) > v2(j) then va(j —i) = v2(j) and v2(i) < k—1,since 0 < i < 2k~ 1,

Now we see that the jth summand of the sum in (7) has the 2-adic valuation less than
any other summand. Indeed,

k—=1—=v0) <k—v()+vo@+1)<2k—1-v0@)—vn({—-i)+nrn+1)
and

k—1—=w(j) <k—v20)+v2n) <2k —1—v20) —v2(j — i) +v2(n).
We thus infer that v (#5« QI 42))) = k—12(2j) = k—12(2j) +1v2(2n+ 1) when
0 < j <21 If j > 25~1 then by (8) we know that the Oth summand of the sum in
(7) has the least 2-adic valuation. It suffices to check for whichi € {1, ..., 2"’1} the
ith summand has the same 2-adic valuation as the Oth one, or, in other words, we have

equality in (9). Equality in (9) holds only if i = 2~ ori = j — 2¥~!. Hence in the
sum in (7) there are three summands with minimal 2-adic valuation. As a consequence,
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vtk 2K n 4+ 2j)) = k — v (j) +va(n + 1) = k — 12(2j) + v2(2n + 2). We are
left with the computation of #,« (2¥1n 25 4 1). By Lemma 3.1, we have

2k=1_1

I (2k+‘n F2j+ 1) = (21'24]; 1>t2k (an +j— i) (10)

i=0

k
We start with the 2-adic valuation of (212 +1) when 0 <i < 2K-1,

2((5) == EH04)

=k —nQi+1)+5Q0)+5 (2" —2i - 1) — 5 (2" - 1) — k.
By the above equality and the induction hypothesis we obtain

2k —va(j—i)+wvo(n+1), if0<i<j

2k x . L
v2<<2i+1>t2k<2n+1—1)>— k, if i =

2k —va(j — i) + va(n), ifi>j

Since 0 < i,j < 2%, thus for i # j we have 0 < |j — i| < 2K. This implies
v (j —i) < k and hence k < 2k — vo(j — i). This means that for j < 2¢~!
the jth summand in (10) has the 2-adic valuation less than any other summand and
V(R I 427 + 1) =k =k — v (2j 4+ 1) + v2(2n + 1). If j > 2¥~! then the
j — 2¥=1th summand in (10) has the 2-adic valuation less than any other summand
and Vz(tzk(2k+1n +2j+ 1) =k+1+v(n+1)=k—1v22j+1)+102n+2).
This finishes the proof. O

Corollary 3.4 For each k € N the sequence (v2(tyx(n)))neN is 2-regular, i.e.,
the Z-submodule of VAl generated by sequences (v (tyk (21n 4+ ))nen, [ € N,
j€{0,1,...,2 — 1}, is finitely generated (see [2]).

Proof Tt suffices to show that the sequences (1),en and (va(n + 1)),en lie in
the Z-submodule of ZN generated by sequences (V2 (tpk @'n + e, | > k,
j e {0,1,...,2 — 1}, and generate these sequences. Obviously, (1),eny =
2tk 20 4+ 1))pen — 20tk 20 + 2))pen and (v2(n + 1))nen can be writ-
ten as (V2 (fok kn + 2"’1))),1EN — (1)yen. Now, we prove by induction on [ > k that
(V2 (tpk (21n+j)))n€N is of the form («+ Bv2(n+1)),en, Wherea € Nand 8 € {0, 1}.
This statement is true for [ = k by Theorem 3.3. For [ > k we write j = 2/~1s + j/,
where s € {0,1} and 0 < j’ < 2/~! — 1. Then by induction hypothesis we get the

following
(12 (2 (1 47))) o = (2 (2 QO 00 47)),
= (@ +Bn@n+s+ D)yeny = (@ + Bs + Bsva(n + D)pen,
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where the last equality holds because v,(2n 4+ s+ 1) = s +sv(n+ 1) forn € Z and
s € {0, 1}. m|

We can also describe the 2-adic valuation of the numbers #3(n), n € N. We start
with the following simple lemma.

Lemma 3.5 For each n € N we have
13(4n+2) =8:3(n — 1), t3(4n+ 3) = 8t3(n),

where t3(—1) = 0.
Proof 1Tt suffices to use the recurrence for the sequence (3(1)),eN twice.

B@En+3) = =3C2n+ 1) —32n) =93(n) + 3301 — 1) —13(n) — 33(n — 1) = 813(n),
f3(4n +2) = 32n + 1) +313(2n) = —313(n) — 1300 — 1) + 313(n) + 93(n — 1) = 813(n — 1).

Proposition 3.6 For each n € N the following equalities hold:

v2(13(4n)) = va(13(4n + 1)) =0,
v2(13(4n +3)) = va(3(4n + 6)) = 3 +12(13(n)),

where in the second equality we assume that t3(n) = 0 forn < 0.

Proof The numbers #3(4n) and #3(4n + 1) are odd by Lemma 3.2. For the proof of the
equality v (13(4n + 3)) = v (13(4n 4 6)) = 3 + v2(t3(n)) we use Lemma 3.5. O

One can prove by induction on n € N, that every positive integer n can be
uniquely written in the form n = Z?:O 4jaj, where a; € {0,1,3,6} for j < d
and ag € {1, 2, 3, 6}. Then the 2-adic valuation of #3(n), n € N can be described in
the following way.

Theorem 3.7 For each n € N there holds

+oo, ifaq=2andaj € {3,6}forj<d
n(t3(n)) = { 3k, if k=max{l e{l,...,d+ 1} :a; € (3,6} for j <} .
and (ag #2o0rk <d)

Proof The proof will be performed by induction on d. If d = 0 then n < 6 and we
check the statement of our theorem one by one. If d > 0 then we write n = 4n’ + ay.
Thenn' = Y 92(4/b;, where b; = a1 for j € {0,....d — 1}.If ag € {0, 1} then
by Proposition 3.6 the number #3(n) is odd and our assertion follows. If ag € {3, 6}
then we use Proposition 3.6 and the induction hypothesis to obtain the following:
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v (13(n)) = 3 + va(13(n"))
{+m, ifbg_1 =2and b; € (3,6} for j € {I,....d — 1}

343k, ifbs1#2andk =max{l/ €{0,...,d}:b; € {3,6}for j <}

+oo, ifag=2anda; € {3,6}forj <d
3k, ifag #2andk =max{l € {1,...,d+ 1} :a; € {3,6} for j <1}’

m}

3.2 Unboundedness of t,, for m = 2% and m = 3

As an application of Lemma 3.1 we get:

Theorem 3.8 If m € N>, then we have
tn(n) = O(n?)

foreachn € N.

Proof We will prove by induction that

m
2 .

[t (n)| < mn

Clearly, the above inequality holds for n € {0, 1}. If n > 1 and is even then we write
n = 2n’ for some n’ € N. We use Lemma 3.1 and the induction hypothesis (we recall
that t,,,(n) = 0 forn < 0).

L5 m L%)
[tm(n)| = |tm(2n/)| = <2 .)tm(n/ - DI =
J

j=0 j=

(SRS

L5
< (m,>m(n’)g' =m@2n)T =mn?.
Jj=0 2J

NN

If n > 1is odd then we write n = 2n’ + 1 for some n’ € N and by Lemma 3.1 we
obtain the following:

L5 L5

[t (n)| = |[m(2n/ + Dl = Z (2;:_1)%1(”/ - D= Z <2JW—1}_ 1>|tm(n/ vl

j=0 j=0

125 )
< Z (Zjn:— 1>m(n/)rf =m@2n)? <mn?.

j=0
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Let us observe that the crude estimation using the fact that |t;(n)| = 1 gives only
the equality #,,(n) = O(n™). The above result shows that there is a lot of cancellation
in the sum defining #,,(n) and it is quite natural to ask whether the sequence t,, is
bounded or not. Unfortunately, we were unable to answer this question in general but
we believe that the following is true.

Conjecture 3.9 For each m € Nxp we have limsup, , . tn(n) = +oo and
liminf,— o0 i (n) = —o00.

The next result shows that if the sequence t,, is unbounded on one side then it is
unbounded on both sides.

Lemma 3.10 Let m > 2. If lim sup |t,,(n)| = 400 then limsupt,,(n) = 400 and
n—oo n—o0

liminf ¢,,(n) = —o0.

n—od

Proof Suppose that lim sup #,, (n) = +00 and #,, (n) > —C for some positive constant

n—oo
C. We have that

(2

C>—t,2n+1)= Z (21,”_:_ l)fm(n — 1)

i=0

Therefore,

e (’")> ('")z( )+ C) = mtm(n) + C
+ < \2i+1) = 2i 4 1)Imr =D+ ) = mltn () +C)

[m—l
N .
The number C+C Z 241 is a constant independent of n. From our assump-
1
i=0
tion lim sup,,_, o, m(t, (n) + C) = 400 so we get a contradiction.
One can prove our lemma in the remaining case liminf,_, « #,(n) = —oc and
tm(n) < C for some positive constant C, by replacing t,,(n) by —t,, (n). O

Using the expression for v (t,« (n)) presented in Theorem 3.3 and the above result,
we immediately get

Theorem 3.11 The Conjecture 3.9 is true for m = 2¥ and m = 3.

Proof Apply Theorem 3.3 in the case of m = 2* and Theorem 3.6 in the case of
m = 3.

In the case of m = 2, 3 we can give more precise result. Let

Max,, (k) = max{t,,(n) : n € [0, 2]},
Min,, (k) = min{t,,(n) : n € [0, 2F]}.
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Theorem 3.12 Let k € N3. We have the following equalities:

Max, (k) = 2215 — 24 ),
ket ket
Mina (k) = I el f (ﬂ L 1),

Moreover, form = 3 and k € N we have
Maxs (2k) = 23K,
Maxs 2k + 1) = = (2 - 1) +k = 0],
3
Min; 24) = — (23’<+1 + 5) ,
Minz 2k + 1) = =3 - 2%,

and
|
Max3 (k) = 13 <2k -3 (1 + (—1)k)), k=1,
1
Mins (k) = 13 (2" -5 (1 _ (—1)")) .

Proof We start with the case of m = 2. First, let us observe that 1, (28 — 1) = (—=2)¥
for each k € N1.. We will prove by induction on k € N3 the following statement:

Itn e {0,...,2"} \ {2"—1 1,2k — 1} then |t(n)| < 2¢~! and
sgn 1 (Zk - 2) =sgnn (2") = —sgnt (Zk — 1) .

Clearly, our statement is true for k = 3. Let us assume that the statement holds for
some k € N3. We will show that it holds for k + 1. If n < 2¥ and n # 2K — 1 then
obviously | (n)| < 2X. Hence it suffices to prove the statement for n > 2X. Let us
consider the case n = 21. If [ ¢ {25 — 1, 2K} then | (n)| < | ()| + | — 1)| < 2%,
since |2(1)| and |r2(I — 1)| are less than 25~1. If I = 2% — 1 then we use the facts
that 0 < |1 (2% —2)| < 21 < | (2% — 1) and sgn (2K — 2) = —sgn L (2K — 1)
to obtain (2Kt — 2)| = LK — 1) + (2K — 2)| < |L@K — 1)| = 2% and
sgn (21 —2) = sgn (2K — 1) = sgn (=3 — 1)) = —sgn (2! - 1).
Analogously we prove that | (25T1)| < 2% and sgn 1, (2KT!) = —sgn (25! — 1).
We are left with the case n = 20 + 1. If n = 21 +1 # 2%+ — 1 then ! # 2% — 1. Since
1 <2k, by induction hypothesis we have | (n)| = 2| ()| < 2k,

Summing up our discussion, if kK € N3 andn € {0, ..., 2%} then 12(n) takes on
extremal values for n € {2k=1 — 1,2k — 1}.

In order to get expressions for Max3 (k) and Min3 (k) we introduce some notation.
Let F1 (k) (respectively F;(k)) be the right side of the expression for Maxs (k) (respec-
tively Min3(k)) from the statement of our theorem. In the sequel we will need the
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following fact: if k € N and n € {0, ..., 2% — 2}, then

1 1
3 F2(k) < 13(n) < SF1(K). (11)

One can easily check that 2Fj(k) < Fi(k + 1), 2F>(k) > Fa(k + 1), —2F(k) <
Fi(k+1)and —2F(k) > Fo(k + 1) fork € N.
The proof follows by simple induction on k. Indeed, the statement is true for

k = 0,1,2,3. Suppose that our inequalities hold for some k > 4 and take
nelo,..., k41 _ 2}. We consider two cases: n even and n odd.
If n = 2n' thenn’ € {0,...,2K — 1}. If n’ = 2K — 1 then a simple computation

reveals that
1
B = 12n) = 13 (2"“ — 2) =3 (1 n (—1)k) 2%

and that the inequalities (11) are true in this case. If n’ € {0, . .., 2F — 2} then applying
the recurrence relations and the induction hypothesis, we get

1 3
50) = 132n') = 13(0) + 330" = 1) < SFIK) + SFIK) = 21 K) < Fyk + 1),
Similarly,
, , 1 3
B(n) = 13(n) + 3600 = 1) > S Fak) + S Fak) = 2F2(k) > Fatk+ 1),
If n is odd then n = 21’ 4 1 for some n’ € {0, ..., 2%¥ — 2} and then

t3(n) = 3020 +1) = -3n3m) — 30 — 1) < —%Fz(k) — %Fz(k)
= 2R(k) < Fi(k + D).

Similarly
, p 3 1
B3(n) = =363(0) —13(n" = 1) > =2 Fi(k) = Sk (k) = =2F1(k) > Fa(k + 1).

In order to finish the proof it is enough to observe the equalities

Fik) =13 (2" (1t (—D")) L R =1 <2k (- (—1)"))

and thus Fi(k) = Max{ts(n) : n € {0,...,2"}} and Fr(k) = Min{tz(n) : n €
{0,..., 2"}}. Our result follows. O
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3.3 Vanishing of #3(n) and more properties of t;

In Theorem 3.3 we have found the explicit formula for 2-adic valuation of #,« (n).
Because the computed numbers are finite for each n € N, as a consequence we get
that the equation 75« (n) = 0 has no solution for each k. Because 13(2) = 0 it is quite
natural to ask about a precise description of the sequence (ai)ren, defined by the

property
13(n) =0 <= n = g for some k € N;.
Although a description is given in Theorem 3.6 in terms of the expansion of the integer

n in base 4 with digits from the set {0, 1, 3, 6}, we present a different one in terms of
recurrence sequences. More precisely, we have the following.

Theorem 3.13 We have t)x(n) # 0 for all k, n € N. Moreover, t3(n) = 0 < n = ai
for some k € N, where the sequence (ar)ren, Satisfies the recurrence relation:
a =2and axc = 4ax + 3, a1 =4ar +6

fork =1

Proof The first part of our theorem is very easy. Indeed, we have vy (tx(n)) =

k_ . k_
v ((";{2_1 1)) Since (";,3_1 1) # 0, thus 5 (n) # 0.
In order to prove the second part of our theorem we use the results obtained in
Lemma 3.5 and Proposition 3.6, namely

3(4n) =1 (mod 2),
3(4n+1)=1 (mod 2).

and
t3(4n + 3) = 813(n), t3(4n 4+ 6) = 813(n). (12)

In particular #3(n) # O forn =0, 1 (mod 4).
The equalities in (12) show that if A3 = {n € N : 3(n) = 0} then

neA3s<=4dn+3 e Azand4n + 6 € Aj.
We have 13(0) # 0, 13(1) # 0 and #3(2) = 0 and thus
Az ={2,11,14,47,50, 59, 72, 191, 194, 203, .. .}.

We prove that A3 = A}, where A} := {a1, a2, a3, ...}, where a9 = —1 and for
k > 1 we have

axe =4ax + 3, ax41 = 4ai + 6.

From the equalities given in (12) and the fact that a; = 2, we get ay € A3. Let us
suppose that A3 # {aj, a», ...} and let b be the smallest element of Az such that

@ Springer



Arithmetic properties of coefficients of power series. . . 327

b # ay for k € N. It is clear that b > 10. However, this implies that b» = 2 or 3
mod 4. If b = 4n + 2 then 0 = 13(b) = t3(4n + 2) = 8t3(n — 1) and thus, from
the minimality of b, we get n — 1 = a; € A for some k € N,. We then have
b=4n—1)+6=4a,+6 = axy € A’3—a contradiction. Similarly, if b = 4n +3
then 0 = 13(b) = 13(4n+3) = 83(n) and thus we getn = a; € A’3 for some k € N,..
Then b = 4n + 3 = 4a; + 3 = ay € Aj—a contradiction. O

The above result has an interesting consequence.

Corollary 3.14 Let us consider the sequence of polynomials £(t) = (f,(t))neN

defined as the coefficients in the power series expansion of the series F;(x) = F(x)’,

where F(x) = ]_[2020 (1 — xzn). If n = ag, where the sequence (ax)ken, is defined in

Ju ()
‘

Proof If n = ay, then f,(3) = f4, (3) = t3(ax) = 0 foreach k € N,. O

Theorem 3.13, then the polynomial is reducible as a polynomial in Q[t].

We expect that the vanishing of certain terms of the sequence t3 is an exception and
believe that the following is true

Conjecture 3.15 [fm € Nx4 then the equation t,,(n) = 0 has no solution in positive
integers.

Now we turn our attention to the behaviour of the sequence ty and prove that its
values cover the set Z \ {0}. Before we present our result let us also note that the
sequence t; is known as sequence A106407 in [17] and it is closely related to the
sequence of the Stern polynomials (B, (?)),en defined by the recurrence relation:

Bo(1) =0, Bi(t) =1, Bu(1) =1Bu(t), Bopt1(t) = Bu(t) + Bpy1(0).

The Stern polynomials were introduced by KlaZar et al. [10]. Arithmetic properties of
these polynomials were investigated in [18,19] and also in [8]. The connection of t,
with the Stern polynomials is clear: we have

12(n) = Bys1(~2).

This is interesting to note that B,(2) = n and {B,(1) : n € N} = N
Moreover, the Stern sequence, i.e., the sequence (B, (1)),en, , can be also used to
enumerate the positive rational numbers. More precisely, the values of the sequence
(Bny1(1)/By(1)pen, cover Q. without repetitions.

We will show that B,,1(—2) = t»(n) has a similar property.

First, we show that if f,(n) = k has a solution then there are infinitely many
solutions.

Lemma 3.16 Let m be a positive integer m > 3. Then the following equalities hold

H@8n+4) =62"n+4), HBn+6)=16R2"n+0),
1 (8n) =0p2"n+2"-18), Hh@n+2)=0602"n+2" —06),

for each positive integer n.
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(27 _1)
(-1,-2) (4,-1)
(—3,4) (2,-3) (3,2) (—8,3)

Fig. 1 Binary tree rooted in (2, —1)

Proof We prove the first equality. We have

nQ2"n+4) =62 " n+2)+ Q2" n+ 1)
=60Q2" 20+ 1)+ 62" %n) — 262" 2n)
=-262"3n) — 2" ) —HLQ2" 3 - 1)
=-3602" 3 — 62" -1
= 32" * 4+ 602" * = 1)+ 202" = 1)

= 362" ) — Q" = 1)

= —-31(n) —t(n—1).

Thus the value of #,(2"n + 4) does not depend on m, and our equality holds. One can
prove the other equalities in the same manner. O

Theorem 3.17 For each k € Ny the equation ty(n) = k has infinitely many solutions
in positive integers (Fig. 1).

n(n+1)

1 (n)
for each pair of co-prime positive integers x, y where x is odd and y is even one of the
fractions ;—‘,, )XC, — %, —)\i, is in our sequence. This is a generalisation of the well-known
property of Stern diatomic sequence observed by Calkin and Wilf [4].

Let us consider the following four infinite binary trees of pairs of integers. In the
root we put one of the pairs (2, —1), (=2, 1), (1, —=2), (—1, 2). In the left child of
(x, y) we put (x + y, —2y) and in the right child we put (—2x, x + y). We will prove
that each pair of co-prime non-zero integers such that one of them is even is in exactly
one of our trees.

Suppose that there is a pair of co-prime non-zero integers (a, b) such that one of
them is even which is not in one of our trees. Let us choose such pair (a, b) with

smallest |a| 4 |b| and in case of a tie with smallest |a + b|. Without loss of generality

Proof Let us consider the sequence of rational numbers ( ) N We prove that
ne
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(t2(1
(t2(2),t2(1)) (t2(3),t2(2))

2N N
VANANNANYAN

Fig. 2 The above tree in terms of the sequence (1 (1)), eN

(a,b) = (2x,y) (when b is even we proceed in the same way). Let us consider the
pair (—x, x + y). Of course gcd(—x, x + y) = ged(x, y) = 1, moreover exactly one
of the numbers —x, x + y is even. We have that | — x| + |x + y| < x| + |x]| + |y| =
|2x| + |y| and equality holds if and only if x and y have the same sign. In that case
2x +y| > | —x+ (x + y)| = |y|. So from our assumptions either (—x, x + y) is in
one of ourtreesorx +y =0.Ifx +y =0thenx = +1, y = F1 and (2x, y) is one
of the roots—a contradiction. So (—x, x + y) is in one of our trees but its right child
is (2x, y), again a contradiction.

Let us observe that the tree with the root (—a, —b) can be obtained from the tree
with the root (a, b) by multiplying all numbers in tree by —1. Moreover, the tree with
root (a, b) can be obtained from the tree with root (b, a) by swapping the left and
right child of each node and swapping the numbers in each pair. We can see that for
each valid pair (x, y) at least one of the pairs (x, y), (—x, —y), (¥, x), (—y, —x) isin
the tree rooted in (—2, 1). Moreover, from our recurrence relation we get that when
we read nodes of that tree row by row from left to right then we get the sequence of
pairs ((r2(n + 1) (),

Suppose that some odd integer —(2n + 1), for n # 0, 1, is not contained in our
sequence. Let us look at the pair (—2, 2n + 1); from our observations we get that one
of the pairs (—2,2n+ 1), 2, —(2n + 1)), 2n + 1, =2), (—(2n + 1), 2) is contained
in the tree rooted at (—2, 1). We know that it has to be (—2,2n + 1) or 2n + 1, —2)
because —(2n+ 1) is not a member of our sequence. Let us assume that (—2, 2n+1) is
in our tree. Then its parent is (1, 2n). The parent of (1, 2n) is (n + 1, —n). The second
child of (n + 1, —n) is (—2(n + 1), 1) and one of its children is (—2n — 1, —2). We
get that —(2n 4 1) is one of the terms of our sequence—a contradiction. The second
case when (2n + 1, —2) is contained in our tree can treated in the same manner.

Therefore for each odd integer kK we can find an n such that t,(n) = k (Fig. 2).
Using now Lemma 3.16, we get the statement of our theorem for odd integers k. As
every even number can be written in the form (—2)¢(2n + 1), our theorem holds for
even integers as well. O

Based on numerical computations, we observed a striking symmetry in the set of
values of #;(n). More precisely, we expect that the following is true
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Conjecture 3.18 Foreachn € Nandm = t(n) the following identity holds: t;(n") =

—ty(n), where
72112(»1)
n/ =n+ (_1)v2(m)+’;v2(m)+l 2v2(m)+1.

The above conjecture is true as was proved by A. Schinzel. The proof is given in the
Appendix.
We expect that Theorem 3.17 is an exception and believe that the following is true:

Conjecture 3.19 Let m be a positive integer > 3. Then the set of those k € Z such
that the equation t,,(n) = k has no solution in positive integers is infinite.

3.4 Log-concavity of t;

In this subsection we will see that, as in the Prouhet-Thue—Morse sequence, there are
no three consecutive terms of the sequence t; of the same sign. In order to prove this
we will show two interesting inequalities concerning three consecutive terms of the
sequence t;.

Proposition 3.20 For each n € N4 we have |t2(n)| > w
for n even.

with equality

Proof The statement of the lemma is true for n = 1. Assume now that the statement
is true for some n. We will show that it is also true for 2n + 1. We have the following
equivalences:

[t2(2n) + 1 (2n + 2)|

l(2n + 1)| > >
=2l = 20D “tzz(”) + 020+ D
PR S CAC i Gl 1)) + 4t2(n): +46() (b — 1) + (n + 1))
31 (n)? = (h(n = 1) + iy(n + D)° + 6 (hn—1)+6m+1))

4

By the induction hypothesis |t (n)| > w thus

_ 2
(n)? > (h(n—1) -;tz(n +1)) (13)

and
26(n)? = )| - | — 1) + 6+ D). (14)

The last inequality together with the fact that , (n) # 0 implies that

2nn@m)| = o =1 +n@+ DI
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The inequalities (13) and (3.4) imply the last inequality in our equivalences, hence the

inequality |1, (2n + 1)| > w is true. Now we prove equality |tr(2n)| =
[t 2n—1D)+1(2n+1)|
Hee——o = We have

n(2n — 1) + (2n + 1)]

l12(2n)| = > = |nm) + 00— 1)
_ =200 1) - 2n@m)|
2
and as the second equality is true, the first one holds. O

We apply the above result in order to get the following

Theorem 3.21 The sequence (t2(n)),en is log-concave, i.e., for each integer n > 1
the following inequality holds

H(n)? > 6 — Dia(n + 1). (15)

The above inequality is optimal in the sense that t) n:=tm—-Dnnr+1)+ 1 for
infinitely many positive integers n

Proof We present two different proofs of the inequality (15).

First proof. The inequality (15) holds for n = 1. Assume now that (15) is true for
some n € Ni. We will show that (15) holds for 2n + 1. We have the following chain
of equivalences:

H2n + 1)? > n(2n)n(2n + 2)
= dnm)? > (- 1) +6n) (L) + Hn + 1)
= 4nm)’ > nm—Dom+ 1)+ 60+ n0) (m) +Ho+ 1)
< 3nm)?>nn—Dnom+ 1) +n0) (0) +nm+1)).

By the induction hypothesis #» n)? > n(n — Dia(n + 1) and by Proposition 3.20
we have 26, (n)? > |1(n)| - |2(n) + r(n + 1)| > tr(n) (f2(n) + tr(n + 1)). These
two inequalities imply the last inequality in the above chain of equivalences. We thus
obtain the inequality > (2n + D? > 12n)n2n + 2). Now we prove the inequality
1 (2n)? > 1n(2n — D (2n + 1). We have the following equivalences:

H2n)? > 12n — Di(2n + 1)
= () +nmn—1)*> 40— Dnn)
= () — b —1)*>0.
The last inequality holds since #;(n) and t>(n — 1) have different parity. Hence we
have n(2n)2 > tr(2n — D n + 1).

It remains to prove that #, (n)? =t(n—Drnm+1)+1 for infinitely many positive
integers 7. We will show that this equality holds for n = 2% — 4, where k is any
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positive integer > 3. By simple induction we prove that ,(2F — 2) = 1 (1 — (—=2)¥)
and (2K — 1) = (=2)* for any k € N,. Finally we compute for k > 3:

t (2" - 4) =1 (2’6‘1 - 2) +0 (2’<—1 - 3) _ <2k—2 - 1)
+6 (272 —2) — 2 (22 - 2)
=5 (22 —1)—n (22 -2) = % ((-2¢-1)).
() = ()2~ - )

=1—t2<2k—4>,
f (2k — 3) — 2 (2k—1 — 2) - % (—2— (-2)") ——l-n (2k —4).

We thus obtain #,(2F — 5)2(2F — 3) = £2(2% — 4)> — 1 and our theorem follows.
Second proof of the inequality (15). Let us define a(n) = t(n — 1). The sequence
a(n) satisfies the following recurrence relations a(l) = 1, a(2n) = —2a(n), and
a(2n+ 1) = a(m + 1) + a(n). It is enough to prove our inequality for the sequence
a(n).
Let n = 2K(21 4+ 1) and I > 1. Applying the recurrence relations k + 1 times we
get

a(n) = (=2)Ka) + a + 1)),
a(n —1) = (b(k) — 2) a(l) + bkya(l + 1),
a(n+1) = (bk) —2)a(l + 1) + bk)a(l),
where b(k) = —1/3 - ((—=2)F — 1). We compute:
a(n? = a(n = Datn +1) = (2% = bE BE - ) (a)* +al +1)%)
+ (2241 = b0)? - bk — 2)?) ahall + 1)
and observe that it is enough to prove that 222 —b(k)(b(k) —2)) > |(22k+l — bk)?

—(b(k) —2)%) | It is not hard to see that the last term is positive when k > 0 because
|b(k)| < %(2" + 1). Let us compute the difference

2 (22’< — b(k) (b(k) — 2)) - (22’<+1 — b(k)? — (bk) — 2)2) =4

When k = 0 we get a(n)> —a(n — Da(m+1) = (a(l + 1) —a(l))?> > 0. It cannot be
zero because a(/) and a(l 4 1) have different parity. Therefore our inequality holds.
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Finally, let n = 2k Tt s easy to see that (a(n — 1),a(n),a(n + 1)) =
(b(k), (=2)%, b(k) — 2). Moreover,

a(m)? —a(n + Hamn — 1)
=22 — (b(k) — 2)b(k) = 2% —1/9 (Zk T 1) (2k + 3)

—1/9 (22k+3 _ok+2 _ 3> -0

and our theorem follows. |

We are ready to prove that none of three consecutive terms of the sequence
(t2(n))nen have the same sign. Let us note that the same property holds for t;—the
Prouhet-Thue—Morse sequence.

Theorem 3.22 For any positive integer n the numbers to(n — 1), t2(n), tr(n + 1) do
not have the same sign.

Proof The statement of our theorem is true for n = 1. Assume that 1, (n — 1), t2(n),
t2(n + 1) do not have the same sign and consider the numbers # (2n — 1), ©2(2n),
t2(2n+1).If (2n—1) and t2(2n + 1) have the same sign then #; (n — 1) and £, (n) have
the same sign, since to(2n—1) = =2t (n—1) and,(2n+1) = —2t,(n). However, the
sign of #(2n — 1) and 1o (2n + 1) is different from the sign of #, (n — 1) and 7> (n) while
the sign of 1, (2n) = tr(n — 1) 4 t2(n) is the same as the sign of t,(n — 1) and 2 (n).
Consider now the numbers 1> (2n), t2(2n + 1), t,(2n + 2) and suppose that they have
the same sign. Then sgn 2 (1) = sgn (—%tz(Zn + 1)) = —sgn (2n). Since t,(2n) =
th(n — 1) 4+ tp(n) and sgn 1r(2n) = sgn 1, (2n + 1), thus sgn rr(n — 1) = —sgn tr(n)

and |[tp(n — 1)| > |t2(n)]. Analogously we conclude that sgn #5(n + 1) = —sgn 1 (n)
and |to(n + 1)| > |t2(n)|. Thus Hh(m)? < n(n — Dr(n + 1), which contradicts the
inequality (15). O

4 Arithmetic properties of the sequence ( f(n, 1)), eny With ¢t € Z -

In this section we consider the sequence (f;(¢)),en With a fixed negative integer ¢.
We thus put t = —m for m € N and we write

b (n) := fu(—m).

Moreover, in order to shorten the notation we write
o0
Hyn(x) i= Fo(x) = ) b (m)a".
n=0

In particular by (n) = b(n) is the well known binary partition function introduced
by Euler and studied by Churchhouse [5], Rgdseth [16], Gupta [9] and others. It
is sequence A018819 in [17]. Also the sequence (b(2n)),en can be found in [17],
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namely as sequence A000123. It is clear that b,, (n) is the convolution of m copies of
the sequence (b(n)),cn. We thus have

bumy= > []eGo.

i1 izt +im=n k=1

From the above expression we easily deduce that the number b,,(n) has a natural
combinatorial interpretation. Indeed, b,, (n) counts the number of representations of
the integer n as the sum of powers of 2, where each summand can have one of m
colors.

We start with the proof of the recurrence relations satisfied by the sequence

(b (M) pen.

Lemma 4.1 Let m be a positive integer. Then the sequence (b, (n))neN Satisfies
b (0) =1, b,,(1) = m and for n > 1 we have

m—1
bn(2n) =) ( M 1)(—bem(zn —j =D +bu(n),
=0 M T

m—1

bu@n 4 D=3 (JT 1)(-1)117,,,(2” .

j=0

Moreover, the sequence (b, (n)),eN satisfies the following recurrence relations:

"2 —j -1
bm(zn)=2< o )bm(j),

j=0

bnCn4+1) =3 (2(”,;1) +’”)bm<j>.

J=0 !

Proof The function H,, satisfies the functional equation (1 — x)" H,,(x) = H,, (x2).
In consequence we have

j=

(1—2)" Hy (x) = Z(".’)( 1)/x) (Zb (n)x)

J

(’?)(—nf'bm(n — D)X =) bwm)x
n=0
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Comparing now the coefficients on both sides of the above identity we get the two
equalities:

Z(])( DI by(2n +1— j) =0, Z(]>< /by 2n = j) = by (1),
j=0

Jj=0

From the first equality we get the expression for b, (2n + 1). From the second relation
we get the expression for b,, (2n). Finally, replacing j by j + 1, we get the relations
given in the statement of our theorem.

In order to get the second part of our Lemma we use the same technique. From the
functional equation for H,, (x) = (1 — x)™" H,, (x2) we have

1
l—x)m+(1+x>m>

H,, (xz).

D b m)x™ = %(Hm(x) + Hyp(—x)) = % ((

n=0

A quick calculation reveals that

1 1 = (m+2n—1\ ,
E(U—x)m <1+x>m> ;( )

and thus (after the substitution x — /x) we have

me(Zn)x” _ (Z <m + in — 1>x2n> (Z bm(n)xn)
n=0 n=0 n=0
(5

n=0 \j=0

Comparing now the coefficients on the both sides of the above identity and using
the symmetry property of binomial coefficients, we get the first identity given in the
statement of our lemma.

Using exactly the same type of reasoning and the identity

= 2l _ 1 1 2
nX:(:)bm(zn_’_l)x (H xX)—H;(—x)) = ((1 x)™ (1+x)m>an(X)

we prove the second identity. We leave the details to the reader. O

4.1 Some inequalities involving b,, (n) form =1, 2
In the previous section we proved that t» n)2—=nm—Dnm+1) > 0. Using recurrence

relations for the numbers b, (n), we can easily compute the sign of the expression
by (n)? = by (n — Dby (n 4 1) form € {1,2}.

@ Springer



336 M. Gawron et al.

Proposition 4.2 For n € Ny the following equalities hold:

b1(2n)% — b1(2n — Db1(2n + 1) = b1 2n)by (n),
b1(2n — 1)> — by (2n — 2)b;(2n) = —b(2n — 2)b; (n),

j=0

2
br@n) = by@n — Dby(@n + 1) = (szm) ,

2
by(2n — 1)* — by(2n — 2)br(2n) = (Z bz(j)) —by(2n = 2)by(n).
j=0

In particular, we have
(=" (b = b1 = Dby(n + 1)) > 0

form = 1and eachn € N,.

Proof We perform direct calculations using the first part of Lemma 4.1. If m = 1 then
b1(2n) = b1(2n + 1) for each n € N. We thus have

b1(2n)? — b1(2n — Db (2n + 1) = b1 (2n)* — b1 (2n — 2)b1 (2n)
= b1(2n) (b1(2n) — b1(2n —2)) = b1 (2n)b1(n).

Similarly,

b1(2n — 1)* — by (2n — 2)b1(2n) = b1 (2n — 2)* — by (2n — 2)b1(2n)
=b1(2n —2) (b1(2n = 2) — b1(2n))
= —b1(2n — 2)b1(n).

For m = 2 the computations are more complicated:

ba(2n)? — by(2n — Dby(2n + 1)

2
= (Z @)+ 1>b2<j)) - (sz - j)bz(j))

j=0 j=0

j=0

x (Z Q=i +2) bz(j))

= (Z [eo =)+ 1?20 )2 — ) +2)] bz(j)z)

j=0
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+ Z FQn—j)+1,2(n — k) + 1)ba(j)ba(k)

0<j<k<n

2

=D M|+ D 2kt | = | D ba(i)
=0 j=0

0<j<k=<n

In the equality between the third and fourth expression in the computation above we
applied the identity F(x,y) = 2xy — (x — Dy + 1) — (x + D(y — 1) = 2 for
x=2m—j)+landy =2(n —k) + 1.

Remark 4.3 The first to prove the first equality in Proposition 4.2, was D. Knuth, as
was pointed out by Reznick in [15].

We also have the identity:

2
n—1
ba2n = 1% = b2 = ba@n) = [ S ba(i) | = ba2n — Do),
=0

Indeed, we have the following chain of inequalities:

by(2n — 1)2 —by(2n —2)by(2n)

n—1 2 n—1 n
(Z 2(n — j)bz(j)) — (Z Qo —j) - l)bz(j)) (Z Q-+ l)bz(j))

j=0 j=0

Jj=0

n—1

Yo [ew-p?-eu-p-nen-i+n]ni?
j=

0
n—1
+ Y Gen—p+ 1200+ Dha(ba ) | [ 3 @0— i)~ D b2 | b2

0<j<k<n-—1 j=0

2
n—1 n—1
= (Z bz(j)z) + ( > 2b2(j)b2(k)) —by(2n —2)by(n) = (Z bz(j))
Jj=0 j=0

0<j<k<n-—1

— by(2n — 2)by(n).

In the equality between third and fourth expression in the computation above we
applied the identity G(x,y) = 2xy —(x — D(y+ 1) — (x + DH(y — 1) = 2 for
x=2m—j)and y =2(n — k). O

It seems that in this case by(2n — 1)% — by(2n — 2)by(2n) < O foralln € Ny, but
we were unable to prove this statement.

4.2 Some congruences involving b,

In this subsection we present several congruences involving the sequence b, for
various values of m. We are mainly interested in the congruences (mod 2¥) for
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various values of k. In particular we give a precise description of the 2-adic valuation
of the elements of the sequence by« _; for k € N, thereby generalizing the result of
Churchhouse.

First we prove a simple lemma concerning the characterization of parity of the
number b,, (n).

Lemma 4.4 Let m € N be fixed and write m = 2% (2u + 1) with k € N. Then:

(1) We have b,,(n) = (7:) + 2kl (r::ZZ) (mod 2%t2) for m even;
(2) We have by, (n) = (r:) (mod 2) for m odd;
(3) For infinitely many n we have b,,,(n) £ 0 (mod 4) for m odd.

Proof To prove the first part, we write m = 2¥(2u + 1). Let us observe that for
i =0,1,...,2% 1 — 1 we have (by Legendre’s formula for the 2-adic valuation of a

factorial) uz((zfjl)) =5(2i + 1) + 552K — (2i + 1)) — 1 = k. Thus the following
congruence holds

2/(71_1 2k71_1

2k . .
A0 — (-0 =2 Z (2. A 1>x21+1 — okt Z (20
l
i=0

i=0
=2 (1 4+ 0272 (mod 2¢+2).

Using simple calculations we get the following equality:

00
n n n —Qu+1)
_ l_[ (1 +x2)2 4 22" (¢ 4 1) (2k—2)))
n=0
o0 —
= 1_[ ((1 +x2”)m + 2k+1x2"(1 +x)2"(ﬂ172))
n=0
00 xzn -1
= G I G R L . S—
rg)( (1 +x)2n+l
o0 xzn 71
=1—x)" 142y ——
nX:(:) (1 +x)2n+l

=1 —x)" 421 —x)m!
= (1 +x)m + 2k+l)€((1 +x)m—l + (1 +x)m—2)
= (1 +x)m + 2k+1x2(1 +x)m—2 (mOd 2k+2)’
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and comparing the coefficients of x” on both sides of the above congruence we get
the result.
For the second part; let us observe that

H, (x) = ]o_o[ (1 —x2") - ]o_o[ (1 +x2")_m =1 4+0)" (mod2).

n=0 n=0

—m

For the third part; let us observe that (1 + x) = (1 — x) 4+ 2x (mod 4). Using
analogous computations as before we get

on

2 x
H,(x)=({-x)" (1 +2 —,,) (mod 4).
nX:(:) 1+ x2

We let A denote the set of those # € N4 which end with even number of zeros in
binary expansion. We have

271

PIRESED o) SEC D ISR

n=0 n=0m=1 neA

If we had b,,,(n) = 0 (mod 4) for n large enough, then (1 + x)"&(x) would be a

polynomial in > [[x]]. But thisis impossible, since £ satisfies the formula§+£- = 2 L

I+x
(in Fo[[x]1).

O

In the sequel we will also need the following simple observations concerning the
binomial coefficients modulo 2 and 8.

Lemma 4.5 Let m be a positive integer > 2. Then

m __
2 1
< )El (mod 2), for k=0,1,...,2" —1,

k
and
1 fork=0,2"
(2:> =1 }CZ:’; - 52:?’3_2%2 (mod 8), for k=0,1,...,2"
0 in the remaining cases

Proof Foreach j € {1,...,2" — 1} we have v, (2™ — j) = v,(j). Hence v (2™ —
D-...- 2" —=k)) = vp(k!) fork € {1,...,2" — 1}. We thus have

m Q" —1)-...-Q2" —k)
() ()

which means that (2'"k—1) is odd.
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Obviously, () = () = 1.
We have

2m _ 2m _2’”-...-(3-2m_2+1)_4(2m—1)~...~(3-2m_2+1)
om=2 - 3.m=2 - -

2m=2] Qm=2 — 1)
m
- 4( )
m=2 _ |

Since (,n-2 ') is odd, thus (,n2) = (33m-2) =4 (mod 8).
Letus write (,201) = [ T2, zm;ﬁ Each j € {1, ..., 2™} can be written in the
form j = 2k for some k, i € N, where i is an odd number. If k < m — 4 then

om—1 +j B om—1 —‘,-Zki B om—k—1 4

=1 d 8).
T 2ki i (mod 8)

We thus obtain

(6r)

m—1

2 om—1 +j B 5. om=3 3. om=2 7. om=3 om
l_[ ] = 2m—3 ’ 2m—2 ’ 3. 2m—3 ’ 2m—l
j=1

7
5-3:5-2=6 (mod ).

If va(k) < m — 3 then

2m _2m-...-(2’”—k+1)_2’" Q" -1 -...-Q"—=k+1
k k! ok (k — 1)!
om om _ 1
= —. =0 d 8
k <k—1) (mod 8)
and our lemma follows. O

One of the main results of this paper is the following result concerning the compu-
tation of the 2-adic valuation of the members of the sequence (b« _; (1)) nen With fixed
positive integer k. Our next theorem can be seen as a generalization of the identity

%”n =2ty 1 +tho|, ifn>2

w(bi(n)) = {O, ifn € {0, 1}

obtained by Churchhouse (however, in a slightly different form). Here, #, is the n-th
term of the Prouhet-Thue—Morse sequence.

Theorem 4.6 Let k € N be given. We then have the following equality
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V2 (bzk_l (2k+2n + l))

vy (byr_y (2520)) = v2(b1(8n)), for i=0,1,...,2k -1,

L for i=2K2k4 1, . 2k,
2, for i =2kt 2kl 3.2k,
1, for i =3-253.2k41, ... 2Kk2 1,

for n € N. In particular vy (byx_;(n)) € {0, 1,2} and va(byr_(n)) = 0 if and only if
n<2k—1.

Proof First of all, let us observe that the second part of Lemma 4.4 and the first part
of Lemma 4.5 implies that b,«_ () is odd forn < 2k — 1 and thus v» (byk_1(n)) =0
in this case.

Let us observe that from the identity H,x_;(x) = F1(x)H,x (x) we get the identity

by_y(n) =Y tajby(j). (16)
=0

where t, = 11(n) = (—1)2" is n-th term of the Prouhet-Thue—Morse sequence. Now
let us observe that from the first part of Lemma 4.4 and the second part of Lemma 4.5
we have

2k
bok(n) = (n) (mod 8)

forn =0,1,...,2% and by (n) = 0 (mod 8) for n > 2%, provided k > 2 or n # 2.

Moreover,
2 0
br(2) = (2> + 4<0> =5 (mod 8).

Summing up this discussion we have the following expression for by«_;(n) (mod 8),
where k > 2 and n > 2k.

byi_y(n) = Yt jbok ()
j=0

2k n
=Y tajbyr (N4 Y tajby())
j=0 j=2k+1
2k
= Zt,,,jbzk (j) (mod 8)
j=0

2k ok
= Zznj( ) (mod 8)
=
=ty + b, ok +4t,_sk—2 + 41, _3k—2 + 6t, o1 (mod 8).
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However, it is clear that 7, -2 +t,_3.k—2 = 0 (mod 2) and thus we can simplify
the above expression and get

byk_1(n) =ty +1, ok +6t,_ o1 (mod 8)
forn > 2% If k = 1 and n > 2 then, analogously, we get

ok
bi() =) tu—jby () = itn+5Sty—2+ 201 (mod 8)
j=0

and since t,_| = t,_» (mod 2), we thus conclude that
bi(n)=t, +t,_2+ 61,1 (mod 8).

Letus put Ri(n) = t, +t,_o + 61, k1. Using now the recurrence relations for z,,
i.e., fay, = ty, tay+1 = —t, we easily deduce the identities

Ri(2n) = Rp_1(n), Ri2n+1)=—Rr_1(n)

for k > 2. Using a simple induction argument, one can easily obtain the following
identities:
(R (2m + ) | = |Ri2m)] (a7)

fork > 2,m € Nand j € {0,..., 2k 1}. From the above identity we easily
deduce that Riy(n) # 0 (mod 8) for each n € N and each k > 1. If k = 1 then
Ri(n) =t, +6t,_1 +t,—2 and R1(n) =0 (mod 8) if and only if t,, = 1,1 = t,_3.
However, a well known property of the Prouhet-Thue-Morse sequence is that there
are no three consecutive terms which are equal. If k& > 2 then our statement about
Ry (n) is clearly true for n < 2% If n > 2 then we can write n = 28m + j for
some m € Nand j € {0,1,...,2%F — 1}. Using the reduction (17) and the property
obtained for k = 1, we get the result. Summing up our discussion, we have proved
that va(byr_(n)) < 2 for each n € N, since vp(b1(n)) € {0, 1, 2}. Moreover, as an
immediate consequence of our reasoning we get the equality

v (byy (29 + 7)) = (b1 2n)

for j €{0,...,2k—1}. Using the above identity and the properties of v (b1 (2n)) we
easily get the identities presented in the statement of our theorem. O

It is an interesting question whether we can say something non-trivial about 2-adic
valuation of the number b, (n) for m # 2% — 1. In order to do this in the sequel we
will need the following lemma concerning the form of the generating function of the
subsequence (bm(2kn ~+ i))neN, wWhere k € Nis given and i € {0, ..., 2k — 1}. We
have the following
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Lemma 4.7 Let m € Ny be fixed. Let i, k € N be given and consider the function
H; (x) = Hj  m(x) which is the generating function for the sequence (b, kn +
i)nen, where 0 < i <25 ie, Hip(x) = 320 by (25n + i)x". Then

hi x(x)
Hi(x) = mHm(x),
where  the  (double)  sequence  of  polynomials (Ri k(X)) peN,0<i <2*
= (hif,m (X)) pen,0<i<2k satisfies hoo(x) = 1 and for k € Ny and 0 < i < 2k
we have

3 (hi -1 (V) (1 + Jx)™*

Fhik—1(=/X) (1 — /x)"k), for i=0,1,...,2k1 -1
5o (hi a1 (VO + )

—hi g1 1 (=/x)(1 — XY, for i =2K1 . 2k —1

hix(x) =

Proof We proceed by induction on k. We have the obvious equality /g o(x) = 1. Let
us suppose that our result is true for k. We then have fori =0, 1, ..., 2k=1 _ 1.

Mg

Hijp1 (%) = b (2k+1n + i) x2"

3
Il
o

p”qg

b (2’<.2n+i) el

n=0
1
= E( ,k(x) + Hl k( .X'))
1 ,k(x) zk( X)
=5 <WHm(x) + 1+ Hm(_x))
_ 1 _hix) 1 hig(=x) 1 2
2 ((1 —x)mk 1—x)m + a —|—x)mk ( +x)’") Hy, (x7)

Hy(x?)

=3 ((1 + )" E D p (0 + (1 — X)m(k“)h,;k(—x)) (1 = 2y

 higa () 2
= (1 = x2ymlkD m(x).

It is clear that % (142" D, (x) + (1 — x)™*®+ D, (—x)) is an even func-
tion of x. Comparing now the first and the last expression from the above and replacing
x by X172 we get the statement of our lemma. If i = k=1 2k _ 1 then we write
i =254+ wherei’ =0,1,...,2x1 — 1, and perform analogous calculations.

o
Hig1 () = b (2410 ) 22
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o0

=3 bn (2k-2n+2k+i’)x2”
n=0

1 o
- Z (2" SQn+ )+ i/) X2+

x
1
2— (Hy x(x) = Hir kg (—x))
1 i" k(xX) hir k(=x)
= 5 (2 et = G (-0
_ L hia®) L hig(=x) 1 H,, ()
2\ A=)k (I—x)m  (I+x)m A4x)m) "
! m(k+1) mk+1) H,, (x?)
Z( +x) hi kg (x) = (1 =x) hi’,k(—x)> (1 —x2ymrD)
hi g1 (x%) 2
= —(1 _x2)m(k+l) Hm(x )
Replacing x by x %, we get the result. O

The above lemma is a useful tool which sometimes allows to get congruences
involving the (sub)sequence (b, (2%n 4 i))pen. We have the following results con-
cerning the behaviour of F; ;(x) (mod p), where p is a prime number, m = p* for
somes € Ny andk =1, 2, 3.

Lemma 4.8 Let p be an odd prime number and m = p* for some s € N,.
For k = 1 the following congruences hold:

ho,1(x) =1 (mod p),
hii() =x"T  (mod p).
For k = 2 the following congruences hold:

hoa(x) = 1+x"  (mod p),

m—1

X 2 +x% (mod p), ifm=1 (mod 4)

h12(x) =

2" (mod P, ifm=3 (mod 4)
hyo(x) = 2T (mod p),
Fm—1) e
2x4 (mod p), ifm=1 (mod4)
h32(x) =1 w3

T 4 X (mod p), ifm=3 (mod 4)

Proof Direct calculations give:

(1+x% +1—x%) =1 (mod p),

N =

1
ho.1(x) = = (I + V)" + (1= y0)") =

@ Springer



Arithmetic properties of coefficients of power series. . . 345

hii(x) = ((1-1-\/_)'"— — V)" )E—(l—i—x%—l—l—x%)

‘S
N

(mod p),
(ho,l WO+ VP 4 o (/D1 = V)"

VDM 4 (1= V0)™)

m 2 m 2 1 m m
1+ﬂ) +(1-2%)) = 5 (12t e 1o 2% a7

ho2(x) =

— N === =
’_‘+/—\/'\
= S

3

(mod p).
o (VO + /DM = o, (—V/D) (1 = VD))

h22(x) =

+ V)P — ﬁ)zm)

= (#
(0
((1+xz 1—x2>2>
7

1+2x2 + x™ —1—|—2x2 —X )

\ gl- S\ S\

2

m—

|

N

X (mod p),

(DA + VO™ + (=D = VD)

1

VDT 4 (0 (1= VD)

m—1 m\2 m—1 m\ 2
X (1 +x7) (=0T (1 —x7) )

1+2x% +x )+(—x)? (1—2x% +xm))

—1 Sm—1

+x 4 (mod p), ifm=1 (mod4)
= (mod p), ifm=3 (mod4)’

PO+ VDM = i (=51 = V)™

hia(x) =

oy
=

N

—
=

3

=
w.zs‘
3

—t— N = N = N =N =

[\]
‘ - ><
J

h32(x) =

[\
._‘S
=

(r
("5 0+ VO™ = (=0 (1 = V)

(xm4 (l +x2> — (—)c)m%1 (1 —x?)2>

()cm41 (1 +2x7 +x ) (—)c)m;1 (1 —2x? +xm)>

\S}
»—S
=

[\
.—{I
=

£
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m—3

E 4" (mod p), ifm=3 (mod4)

{2;5””4‘3 (mod p), ifm=1 (mod4)

As a consequence of the above lemma we get the following interesting
Corollary 4.9 Let p be an odd prime number and m = p° for some s € N,. Then

the following congruences are true:

by (n) (mod p) for i =0

bm(2n+i)—bm(2(n—m)+i)5{bm (n_mT—l) (mod p) for i=1 "

by (4n +i) —2b,(4(n —m) +i) + by, (4(n — 2m) + i)

by (n) + by (n —m) for i =0
b (0= 27) + by (n = 27L) for i=1 and s=0 (mod2)

_ | 2m(n - %) for i=1and s=1 (mod2) .
me(”_T) for i =2
2b,, (n — %(m — 1)) for i =3 and s=0 (mod 2)
bm(n—mT*)erm(n—%) for i=3 and s=1 (mod?2)

Proof In order to obtain the first congruence it suffices to compare the coefficients of
functions (1 — x™)H; 1(x) = (1 — x)™H; 1(x) (mod m) and h; 1(x)H,, (x), which
are equivalent modulo m by the previous lemma. For the second one we compare
the functions (1 — 2x™ + x2’”)H,-,2(x) = (1 — x)2’”Hl-,2(x) (mod m) and h; 3(x)
H, (x). O

Using a different approach we get the following:

Theorem 4.10 Let m € Nxo. Then for n € N the following identity holds:
n
nby(n) = m Yy (= Dbi(n — )by-10).
i=0
In particular, if gcd(m, n) = 1 then
by,(n) =0 (mod m).

Proof We have the following equality: x H/, (x) = x(H (x)")' = mx H'(x)(H (x))" !
= mx H'(x)H,,_1(x). Equivalently:

Z nby, (n)x" =m (Z nbl(n)x”> (Z by—1 (n)) = Z (m Z(n — )b (n —i)by—1 (i)) x".
n=0 n=0

n=0 n=0 i=0

Comparing now the coefficients on the both sides of the above identity, we get the
first statement of our theorem. The second one is immediate. O
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Remark 4.11 Let p be an odd prime number and m = p* for some s € N;. Let us
observe that for each n € N the following congruence holds:

b ((2n + 1)m) = b,,(2nm) (mod p). (18)

Indeed, we have ‘ ‘

Hps(x) = Hi(x)? = Hi(x”) (mod p)
and thus
0 (mod p)if n=#0 (mod p*)

b= {bl () mod p)if n=0 (mod ")

From the above congruence, we have b, (nm) = by(n) (mod p) for n € N. Since
b1(2n+1) = b1 (2n), we obtain (18). Actually, in the same way we can prove that for
r,s € N4, a prime number p and n € N we have

0, ifn£0 (mod p*)
brps (n) = n . _ o

b’(F) (mod p), ifn=0 (mod p*)
In particular, if m = p}' - - p}i" is the factorization of a given positive integer m,n € N
and p;" tnforeachi € {1,...,k}then p;--- pi | by (n).
Remark 4.12 The method used in the proof of Corollary 4.9 can be also used in order to
get some congruences involving sums of certain values of b,,, modulo primes p which

are co-prime to m. Indeed, the definition of the function H, x ,, and the corresponding
polynomials £;  , guarantees the identity

o
(U= 3 by (294 1) X" = it () Hi ()
n=0
and the congruence
o0
(U= 3 by (29 +7) X" = hion(¥) Hyy () (mod p),
n=0

where p is a given prime number. If we are lucky, the reduction A;  ,, (x) (mod p) is
simple, i.e., contains far fewer non-zero coefficients (mod p) than the non-reduced
polynomial, and we can deduce new congruences with i, k,m and p satisfying
gcd(p, m) = 1. Using this approach, one can find many congruences with few sum-
mands and, in fact, there are some instances of i, k, m and p such that &; § », (x) = cx*®
(mod p) for some ¢ € Z and s € N. In particular we get the following

Theorem 4.13 The following congruences are true:

8
D by(4(n—i)+1) = bs(n) (mod3), n=>8,
i=0

@ Springer



348 M. Gawron et al.

4
> byd(n—i)) =by(n) (mod5), n=>4,
i=0
4
D b4 —i)+2)=by(n—2) (mod5), n>4.
i=0

Proof The congruences given above are consequences of the following equalities

hia4(x) = 4Gx + 1) (3x3 +27x% 4 33x + 1) =1 (mod 3),

ho22(x) =5x*4+10x +1=1 (mod 5),
hy22(x) = x> +10x +5=x> (mod 5)

and the fact that (1 — x)® = 1—x’ (mod 3) and (1 — x)* = 1—x (mod 5). O

1—x 1—x

It is quite interesting to look at the family of polynomials (4; k ,» (x)) as an indepen-
dent object of study and to ask which members of this family are reducible. It seems
that this is a rather difficult question. Based on numerical observations, we state the
following

Theorem 4.14 We have
hok iy gy12(x) =0 (mod 8(x + 1)), ke Ny,
hokyo k41.4(x) =0 (mod 8(x + 1)), k € Nxo.

In order to prove the above theorem, we will show three lemmas.

Lemma 4.15 Foreveryn, j € N we have 4 | (g’) - (2.”).

J

Proof We write

<4n)_(2n> _ <2n> ((4n—1)(4n—3)...(4n_2j+1) _1>
2j i) \J 1-3---2j -1
_(2”>(4”_1)(4n—3)~-~(4n—2j+1)_1.3...(2j_])

The factor (4n—1)(4n—3)---(4n—2j+4+1)—1-3---(2j — 1) is even, since numbers
4n—1)@4n—-3)---@n—2j+1)and1-3---(2j — 1) are odd. If j is even then
the products (4n — 1)(4n —3)---(4n—2j+1)and 1-3---(2j — 1) have the same
number of factors congruent to 3 modulo 4, hence they are congruent modulo 4 and
their difference is divisible by 4. If j is odd then

(7)== (G20 =
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Thus the numbers (21") and 4n—1)@@n—-3)---4n—-2j+1)—1-3---(2j — 1) are

even which implies that 4 | (4”) — (2J”) o

The lemma given below is well known and we omit of its proof.

Lemma 4.16 We will call a polynomial P(x) = Z‘;:S cjxj € Z[x], cs,ca # 0,
palindromic, if cq—j = cs4j for each j € {0, 1, ...,d — s}. Each palindromic poly-
nomial P € Z[x] of order s and degree d can be uniquely written in the form (we recall
that if P(x) = Z?:S ajxj, where ag # 0, then we define the order of polynomial P

as the number ord P = s)

]

P@)= ) as x4+

j=0
where asy;j € Z. Then ag = c5. Moreover, if polynomials Py, Pa, ..., P, are palin-
dromic and there exists ¢ € N such that ord P; +deg P; = cforeveryi € {1,2,...,r}

then the polynomial )";_, P; is palindromic.
Lemma 4.17 We have

k
hiio() =Y ajx/ 1 +0)* 2 keN,
j=0

k
hygrra(x) =Y bjx! (14 0% ke Ny,
j=0
where apx =2, box = 14,8 | ajr and 8 | bj i for j > 0.

Proof We proceed by induction on k. If k = 0 then &y o412(x) = 2. Assume now
that iy g+12(x) = ZI;-:O aj,kxf(l + x)%*=2J for some k € N, where aok = 2 and
8| ajy for j > 0. Then

M2 = 3 (04 VR0 450D + (1= VD012V
k
Z% (fj(1+f)4k 244 4 \/—)1(1_\/)—()4k—2j+4)_
- (19)
Foreach j € {0, 1, ..., k} the expression

laj (ﬁf (1 4 JOH2+ 4 (—yx)i(1 — \/E)4’<*2f+4) is a palindromic poly-
nomial in Z[x] of degree 2k — j + L J +2 and order ’V —I Hence the sum of degree and

the order of the jth summand is equal to 2k + 2 and by Lemma 4.16 the polynomial
hy k42,2(x) is palindromic. The degree of 11 k42,2 is 2k 42 and its leading coefficient
is equal to ap x = 2, thus by Lemma 4.16 this polynomial can be uniquely written in
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the form Ay g12.2(x) = leig) aj k4137 (14 x)%+272J 'where ag x11 = 2. It suffices
to show that 8 | a; 411 for j > 0. Since 8 | a;x for j > 0, the jth summand in (19),
J > 0, has no influence on the values a; 1 (mod 8), so we can skip them. Let us
consider the Oth summand in (19).

((1+ﬁ)4k+4+(1 )4k+4> 22k2+2 <4k+4> J

2k+1
sy (57 -(17)

j=1 /
2k
=2(1 + x)%**2 4+ 8x Zotjx/
=0

k
=2(1 4+ x)%*? +8x Za}xj(l + x)%,
=0

4k+4) _ (2k+2

where we use Lemma 4.15 to write (™ 77) = 4o and clearly oy = a;.

Finally, aj 41 = 8a kgl = =0 (mod 8).
The proof for polynomlals h3 k+1.4 1s analogous, so we leave its details for the
reader. O

Now we are ready to prove Theorem 4.14.
Proof of Theorem 4.14 Since the proof for polynomials /iyt 5 14 is completely

analogous, we will only present the proof for polynomials Ak, 441 2-
We compute hyk | g4 o using Lemma 4.17.

1
hot 41 k12 = NG ((1 + VOF 2Ry o (Vx) — (1 — «/)—C)Zk+2h1,k,2(_«/;)>

k—1

=> 3 faj et (VE U VM — (YD (1 D)

j=0

Itremains to show that4(x+1) | 5=~ (f/(l + /)2 (= x0T (1 + xR 2’)

foreven jandx + 1 | m (fj(l + /X)H2 (=) (1 + ) 2/> for odd
J.>since 2 | apx—1 and 8 | ajx—1 for j > 0.If j is even then

N N s e Y OV YU )
w2 (VOB — (4 Vo)

vl

1
NG
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is divisible by #; (A + vt = (1 = yx)*) =41 + x). If j is odd then

2\1/5 (V' (1 V% — (=R (14 )
= %x% (4 V¥ 4 (1 4 )
is divisible by 1 ((1 + /x)% + (1 — VX)) = 1 +x. O

Let i € {0,1} and observe that the generating function for the sequence
(B 1,m(x))men 1s rational. More precisely, we have

o0 o
1
Go1(x, 1) =D hoam@T" =3 —((1+ V)" + (1= VO"T"
m=0 m=0
B T -1
T x—-DT242T -1’
o0 o0 1
Gri@.T)= > hiw@T" =) 770 + V" = (1= Jx)™T"
m=0 m=0
B T
T = DT242T -1
This suggests that for any given k € Ny and i € {0,...,2F — 1} the sequence

(A k,m(x))men should satisfy a linear recurrence. We confirm this in the following
result.

Theorem 4.18 Letk € Ny andi € {0, ..., 2" — 1} and define

o0
Gik(x.T) =Y higm@)T".

m=0

Then the function G,y is rational (as a function in two variables x, T ). In particu-
lar the sequence (h; i m(x))meN is annihilated by the difference operator Vi defined
recursively in the following way:

Vi(x,0) = (x — DO? +20 — 1, Vig1(x,0) = Vi(Wx, (1 + 0" 0)
Vi(—/x, (1 — /x) ),

where 0 ((an)neN=,) = (@n—1)neN=p 4 -

Proof If k = 1 then the function G; 1(x, T) is rational with respect to variables x
and T fori € {0, 1}. Assume now that G; x(x, T) = g’li((’;?) for some k € N and
every i € {0, 1, L2k 1}, where Pk, Qi x € ZIx, T], Qi x # 0. Then we use the

recurrence from Lemma 4.7. We thus have fori € {0, 1, ..., 2k _ 1}:
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Gik1(x, T) =

¢

hi kg 1,m()T™
0

3
Il

Il
M2
N | —

(s VDY + VDD g (=D = SR T

[
Il
=)

= 2 (Gik (W, (L4 VOFIT) 4 Gir (=, (1 = VD1 T))
_! ( P>, (L+ VOMIT) | Pia(=v/x, (L= VOMIT) )
T2\ VE (4 VOMIT) T Qik(=/x, (1= X)HHIT)
_ P (5T

Oiir1(Wx, T)

N |

Gi+2]".k+l(x9 T) = Z hi+2k,k+1,m(x)Tm

m=0

o 1
=Y = (kom0 + V"D — by g (/D)0 = )" D) T
W; 2/x ( )

1
BV (Gi,k(«/)?, (1 4+ VOMIT) = Gip(—/x, (1 — ﬁ)k+17)>

1 Pa(Vx, (L+VOMT)  P(=x, (1 = )T
RN (Qi,k(ﬁs I+ VOIT) Qi (—/x. (1 - ﬁ)HlT))
_ Pyt jrt (WX, T)

- O a1 (WX, T

where

3 1
Pirnr (V5 T) =5 (Put/E, (L4 VO T Qia(—vE, (1 = VD' T)
+ P (V5 (= VO FIT) 0 (W, (14 VD))

. 1
Pro s W 1) =5 (P (V3 (L VO D) Qi (= V1T
— PV (= VOIT) 0 (V. (14 VD))
Oik+1 WX, T) =0 o 41 WX, T) = Qi k (Vx, (1 + /)FT)
X Qi k(—/x, (1 — /X)),
(20)

One can easily check that the polynomials f’,”kH, Qi’k+1, ﬁi+2k’k+1, Qi+2k,k+l €
Z[/x, T], treated as functions, are even with respect to the first variable. Hence

Pt (W, T) = Pijy1(x, T),
Isi+2",k+1(ﬁv T) =P ok jq1(x, T),
Qikr1 (WX, T) = Qipq1 (x, T),
Oisnisrt WX, T) = Qo (1. T)

2n
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P; ,T Pk 1 6. T)
and as a result G; g+1(x,T) = #(&T)) and G ok gy (x, T) = —FE00=.

Since deg P; o < deg Q; o for i € {0, 1}, by formulae (20) and (21) we conclude
that deg P,y < degQ;x forany k € Nandi € {0,1,.. L2k — 1}. Hence the
equality Q;x(x,T)G;x(x,T) = P;x(x,T) implies annihilation of the sequence
(hi (X)) men by the operator Vi(x,6) = Q;(x, 6). o

5 Questions, remarks and conjectures

In this section we present several questions and conjectures which appeared during
our work on this paper. We also present some related results.

We proved that the sequence va(f« (1)) is 2-regular. This result motivates the fol-
lowing

Question 5.1 Let m € N> be given. Is the sequence (va(ty (n))nen 2-regular?

Numerical computations in Wolfram Mathematica [20] make us state the following
conjecture on the 2-adic valuation of numbers 5t 1 (1), n € N, where k € N is fixed.

Conjecture 5.2 For each n € N we have the following equalities:

. v(n+1) .
v (ts(4n + j)) =4 [T—‘ —(n@+1) (mod2), je{0,1,23}
1
v (to(8n + j)) =5 [%—‘ —2(n(m+1) (mod2), je{0,1,....7}

In general, for each k € Ny there exists a strictly increasing sequence (Ak n)neN Of
nonnegative integers such that Ao = 0 and

oty 1120 + 1)) = Ak
foreachn € Nand j € {0, ..., 2%~ 1}.

Using Lemma 3.2 we can verify that U2(t2k+1(2kn + j)) = 0 if and only if n is
even.
We believe that the following more general statement is true.

Conjecture 5.3 Let m € Nxj be given and suppose that m is not of the form 2k 1
for k € N. Then the sequence (va(by, (n)))neN is unbounded.

We performed extensive calculations in the case of m = 2 and observed some inter-
esting phenomena concerning the solutions of the equation v, (b2(n)) = a, where a is
fixed positive integer. In order to investigate this equation we computed all polynomi-
als h x2(x) fork < 8andi < 2% — 1 and looked for these satisfying the congruence
hik2(x) =0 (mod 2%) in Z[x]. For any given polynomial of this type we immedi-
ately got the inequality vy (by(2¥n4-i)) > a foreachn € N. Then we checked whether
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the inequality is in essence an equality. In order to verify this it is enough to check
whether the following congruence holds

H; j2(x) hik2(x) 1
= = = H = — d 2).
24 2a(l -y 2 =1 (mod2)

However, H>(x) = (1 — x)? (mod 2) and thus it is enough to check whether

hik2(x) (mod 2) hik2(x)

= — 2k—3
20(1 — x)2G=1) = 1 — a = (1—x) (mod 2).

This is easy (at least in the range we considered) and we were able to prove the
following

Theorem 5.4 The following equalities are true:

va(ba(4n + 3)) =3,

v2(b2(8n +5)) = 3,

vy(by(16n+1i)) =3 fori € {6,9,12},
v(by(32n+1i)) =3 fori e {8,17,26},

v (b (64n +1i)) =3 fori e {16, 33,50},
va(by(128n +i)) =3 fori € {32, 65,98},
V(b (256n +1i)) =3 fori € {64,129, 194},
v(by(32n+1i)) =4 fori e {4,30},

v (by(64n +1i)) =4 fori € {10, 56},
v(by(128n +1i)) =4 fori € {48, 82},
va(b2(256n +1i)) =4 fori € {96, 162},
V(b (64n +1i)) =5 fori € {20, 46},

v (br(128n +i)) =5 fori € {42, 88},
v(by(256n +i)) =5 fori € {18,240},
v(by(128n +1i)) =6 fori € {14,116},
V(b2 (256n +i)) =6 fori € {106, 152},
v (ba(256n +i)) =7 fori € {78, 180}.

We also expect that the following congruences are true.

Conjecture 5.5 Let m be a fixed positive integer. Then for eachn € Nandk > m +2
the following congruence holds:

bom <2k+1n> = bom (Zk_ln) (mod 2.
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Conjecture 5.6 Let m be a fixed positive integer. Then for eachn € Nandk > m+2
the following congruence holds:

bon_| <2k+1n) = by, (Zk_ln) (mod 2413 1-2).

In fact we expect the following.

Conjecture 5.7 Let m be a fixed positive integer. Then for each n € N and given
k > 1 there is a non-decreasing function f : N — N such that f (k) = O (k) and the
following congruence holds

by <2k+ln> =b, <2k_ln> (mod 2/®)y.
According to numerical computations we noticed that for m > 2 we have
tn(3n) >0, t,GBn+1) <0

for most values n € N. However, t,,(3n) < 0 for some n and similarly #,,(3n+1) > 0
for some n. Hence we have the following supposition.

Conjecture 5.8 Let m be a positive integer > 2. Let us define
Apj = {n € N:sgntn(Gn+ j) # (—1)1} . jefo ).

Then the sets Ay, j are infinite and they have asymptotic density equal to 0, i.e.,

. tIAm,,‘ﬂ{O,l,...,n—l}
lim - =

n—-400 n

0.

We also have seen that for initial values m, n € N4, m > 2, the numbers ¢, (n — 1),
tm(n), tyy(n 4 1) do not have the same sign, as well. Moreover we noted that ¢, n)? >
tm(n — Dtyy(n + 1).

Conjecture 5.9 Foranym,n € Ny, m > 2, the numbers t,,(n — 1), t,,,(n), t,,(n + 1)
do not have the same sign and ty,(n)* > ty(n — Dty (n + 1).

The above conjecture was proved in Sect. 3 for m = 2.

We stated that (—1)" (b (n)> — by (n — Dby(n + 1)) > 0 for m € {1,2} and
n € N.. We noticed that the behaviour of the expressions by, ()2 =byu(n—1)byu(n+1)
for m > 2 is different. Namely, we expect that following is true.

Conjecture 5.10 Ifm > 4 then bm(n)2 —by(n— Dby,(n+1) > 0foranyn € Ny.
Form = 3 there exists ng € N4 such that (—1)" (bg(n)2 —bs(n — 1)b3z(n + 1)) >
0 for n < ng and b3(n)* — b3(n — Db3(n + 1) > 0 for n > ny.
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6 Appendix by Andrzej Schinzel

Lemma 6.1 The sequence (t2(n)),en satisfies the following recurrence relation:
1©(0) =1,0(1) = =2 and for n > 1 we have

H(2n) =) +nHn—1), 6HR2n+1) = —-260n).

Proof We have by the formula (4) with m = 2

nm) = Y (~)h2@®, (22)

a+b=n

If n = 2ny + 1, then either a = 2ay + 1,b = 2by,a;1 + by = ny and s(a) +
s2(b) = sa(ay) + so(by) + 1 ora = 2a;,b = 2by + 1,a; + by = n; and then
s2(a) + s2(b) = s2(ay) + s2(b1) + 1, thus L (2n1 + 1) = =286 (n1).

If n = 2ny, then either a = 2a1,b = 2by,a; + by = ny and s3(a) + s2(b) =
so(ay) +so(by)ora=2a;+1,b=2b1+1,a1 +b; =n1 — 1 and s2(a) + s2(b) =
s2(ar) + s2(b1), thus 1,(2ny) = tr(ny) + n2(ng — 1). o

Lemma 6.2 Forn € Nwe have tp(2n) = 1 + 2n (mod 4).
Proof By (22) we have

n@n =2 > (=h2@te®) 4 (23)
a+b=2n,a<b

and clearly

S 2@t = (@, b)) eZxZ: 0<a<ba+b=2n)=n (mod2). (24)
a+b=2n,a<b

Lemma 6.2 follows from (23) and (24). O

We have the following result concerning the existence of solutions of the equation
tr(n) = m with fixed m.

Theorem 6.3 For all integersn > 0 and m if ty(n) = m, then ty(n) = —ty(n’), where

m_zvz(m)
W =n+ (_1)u2(m)+42\,2(m)+*1 pva(m)+1-

Proof First, we shall show that n” > 0. Assuming the contrary, we have n’ < 0,
thus n < 2"20M+1 and since by (22) n + 1 > |m], it follows that m = £220" » =
2v20m) 1 m = (=2)"20" and finally n’ = 2"20m+1 4 2v20m) _1 5 0, a contradiction.
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In order to prove that 7, (n) = —,(n’) we proceed by inductiononn.Forn = 0, 1, 2
the theorem is true, since 1, (0) = 1, (1) = =2, ©H(2) = —1, 1 (5) = 2. Assume now
that the theorem is true for alln < N with N > 3. If N is odd, we have by Lemma 6.1

—1 N —1
) , b(N)=-=21 < 5 )

and by the induction hypothesis it suffices to show that (%4)/ = % However,
12(N771) =—2. 1 (_%) = vy(m) — 1 and

N
n(N) = —2n (

,m,sz(m)*l e vy (m)
(_l)vz(m)_l+W2U2(m) _ % <(_1)V2(M)+2U22(m)+1 21)2(m)+l)

and our result follows in the case of N odd.
If Niseven, N = 2Ny, N; > 2 we have by Lemma 6.1 the identity #(N) =
t2(N1) + (N1 — 1) and by Lemma 6.2

HH(2Np)—1

N =N+ ((—1)"72 2=N+(-DM2.

Therefore, if Ny = 0 (mod 2) we have by Lemma 6.1
n(N') = 1(N 4+ 2) = (N1 + 1) + n(Ny),
which gives the equivalence

n(N) = —0(N') & (N1 — 1) + (N1 + 1) = =216(Ny)

N N
— 2 (71 - 1) — 2 (7‘) = —2(Ny)

Ny N1
<— n(N) =t (7) + 1 (7 — 1) .

The last equality is true by Lemma 6.1 with n = Ny /2.
If Ny =1 (mod 2) we have by Lemma 6.1

n(N) =n(N =2) =N — 1) + 6N —2),
which gives the equivalence

1(N) = —1r(N') &= 1(N1) + 12(N1 — 2) = =20(N; — 1)
Ny —1 N —3
<:>—2t2< 5 >—2t2< 5 >=—2t2(N1—1)

N; —1 N —3
— n(Ni—1)=n 2 + 1 2 .
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The last equality is true by Lemma 6.1 with n = % Our theorem is proved. O
Lemma 6.4 We have
g Z m! <n +m— 1)
1= N . T, s
(m =0 o)t ! m— 1

J1+2jpp+--+nj,=n
ht+jp+-+jn<m

where j, (1 < v < n) are non-negative integers.

Proof Consider the sum

So = Z 1,

i1+ tip=n
where i, (1 < u < m) are non-negative integers. Let v occur among i, exactly j,
times, thus S| = So. By Perron [14, Satz 18] we have Sy = (njn"iIl). O

Theorem 6.5 Ifm > % then ty,(n) # 0.

Proof We have
)= Y (==

it =n

and by the argument used in the proof of Lemma 6.4

n . |
tm(n) = Z (= 1)Xi=1 Jvs2() m

J1+2ja+Anju=n (m Z =1 ]V) cee n

The summand corresponding to j; = n is

n m! __nm
(l)m (1)<n>.

The sum of the absolute values of the remaining terms is by Lemma 6.4

(-0

Therefore, t,,(n) = 0 implies

thus

(m+n—1)!>2 m!
m—-10D! = (m—n)
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and on taking logarithms

n—1 —1
n—1 n—1
- > 1 1+ ———— | >1log2. 25
Zm—n+1+i_zog< +m—n+1+i>_0g (25)
=0 i=0
However,
! 1 ™o dt m n
Z _ < — =log < (26)
i:Om_n+1+l mn t m-—n m-—n
and for m > @ we obtain
n>—n
m—n >
log?2
and from (25) and (26) we get
log2 > log?2,
which is impossible. O

References

B w

10.
11.
12.
13.

15.

16.

Allouche, J.-P., Shallit, J.O.: The ubiquitous Prouhet-Thue—Morse sequence. In: Ding, C., Helleseth,
T., Niederreiter, H. (eds.) Proceedings of SETA 98 Sequences and Their Applications, pp. 1-16.
Springer, Berlin (1999)

Allouche, J.-P., Shallit, J.O.: Automatic Sequences: Theory, Applications, Generalizations. Cambridge
University Press, Cambridge (2003)

Andrews, G.E.: The Theory of Partitions. Cambridge University Press, Cambridge (1998)

Calkin, N., Wilf, H.: Recounting the rationals. Am. Math. Mon. 107(4), 360-363 (2000)
Churchhouse, R.F.: Congruence properties of the binary partition function. Proc. Camb. Philos. Soc.
66, 371-376 (1969)

de Bruijn, N.G.: On Mahler’s partition problem. Indag. Math. 10, 210-220 (1948)

Fogg, N.P.: Substitutions in dynamics, arithmetics and combinatorics. In: Berthé, V., Ferenczi, S.,
Mauduit, C., Siegel, A. (eds.) Lecture Notes in Mathematics 1794. Springer, Berlin (2002)

Gawron, M.: A note on the arithmetic properties of Stern polynomials. Publ. Math. Debr. 85(3—4),
453-465 (2014)

Gupta, H.: Proof of the Churchhouse conjecture concerning binary partitions. Proc. Camb. Philos. Soc.
70, 53-56 (1971)

Klazar, S., Milutinovié, U., Petr, C.: Stern polynomials. Adv. Appl. Math. 39(1), 86-95 (2007)
Knuth, D.E.: An almost linear recurrence. Fibonacci Q. 4, 117-128 (1966)

Legendre, A.M.: Théorie des nombres. Firmin Didot Freres, Paris (1830)

Mabhler, K.: On a special functional equation. J. Lond. Math. Soc 15, 115-123 (1940)

Perron, O.: Algebra, Band 1. Walter de Gruyter, Berlin (1951)

Reznick, B.: Some binary partition functions. Analytic number theory (Allerton Park, IL, 1989), pp.
451-477. Progr. Math. 85, Birkhéuser Boston, Boston (1990)

Rgdseth, @.: Some arithmetical properties of m-ary partitions. Proc. Camb. Philos. Soc. 68, 447-453
(1970)

. Sloane, N.J.A.: On-Line Encyclopedia of Integer Sequences. http://oeis.org/search?q=A000123, http://

oeis.org/search?q=A018819, http://oeis.org/search?q=A106407

@ Springer


http://oeis.org/search?q=A000123
http://oeis.org/search?q=A018819
http://oeis.org/search?q=A018819
http://oeis.org/search?q=A106407

360 M. Gawron et al.

18. Ulas, M.: On certain arithmetic properties of Stern polynomials. Publ. Math. Debr. 79(1-2), 55-81
(2011)

19. Ulas, M.: Arithmetic properties of the sequence of degrees of Stern polynomials and related results.
Int. J. Number Theory 8(3), 669-687 (2012)

20. Wolfram, S.: The Mathematica Book, 3rd edn. Wolfram Media/Cambridge University Press, Cam-
bridge (2003)

@ Springer



	Arithmetic properties of coefficients of power series expansion of prodn=0infty(1-x2n)t (with an appendix by Andrzej Schinzel)
	Abstract
	1 Introduction
	2 Arithmetic properties of the coefficients of Ft(x)
	3 Arithmetic properties of the sequence (fn(t))ninmathbbN with tinmathbbN+
	3.1 Results concerning the computation of the 2-adic valuation of tm(n)
	3.2 Unboundedness of tm for m=2k and m=3
	3.3 Vanishing of t3(n) and more properties of t2
	3.4 Log-concavity of t2

	4 Arithmetic properties of the sequence (f(n,t))ninmathbbN with tinmathbbZ<0
	4.1 Some inequalities involving bm(n) for m=1, 2
	4.2 Some congruences involving bm

	5 Questions, remarks and conjectures
	Acknowledgements
	6 Appendix by Andrzej Schinzel
	References




