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Abstract The convergence of spectra via two-scale convergence for double-porosity models
is well known. A crucial assumption in these works is that the stiff component of the body
forms a connected set. We show that under a relaxation of this assumption the (periodic) two-
scale limit of the operator is insufficient to capture the full asymptotic spectral properties
of high-contrast periodic media. Asymptotically, waves of all periods (or quasi-momenta)
are shown to persist and an appropriate extension of the notion of two-scale convergence
is introduced. As a result, homogenised limit equations with none trivial quasi-momentum
dependence are found as resolvent limits of the original operator family. This results in
asymptotic spectral behaviour with a rich dependence on quasimomenta.

Mathematics Subject Classification 35J70 - 35B27 - 47A10

1 Introduction

The model problem to study time-harmonic waves, with frequency w, in media with
microstructure is
—div(as($)Vu) =0’ inQ

where the wave u represents the information being propagated, such as pressure in acoustics,
deformation in elasticity or electromagnetic fields in electromagnetism.! The microstructured
nature of the media is characterised by periodic coefficients a,:>

U'n elasticity and electromagnetism the wave equation describes certain polarised waves: e.g. Shear polarised
wave in elasticity or Transverse Electric and Transverse Magnetic polarised waves for the Maxwell system.

2 The implied non-trivial dependence of @ on ¢ is deliberate and, as we shall see, important.
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Fig. 1 A typical schematic of some three-dimensional composite media with period microstructure

— als(y)v y € Q]7
as(y) = {aOa(y), y € Qo,

where aog, a1, are (the square-root of) the wave speeds of the individual constitutive mate-
rial components, see Fig. 1. The parameter ¢ represents the ratio between the size of the
microstructure and the observable length scale, and is typically taken to be small. From the
point of view of applications, it is important to study the asymptotic behaviour of these waves
in the limit of vanishing ¢.

A classical approximation, provided by the homogenisation theorem,? states that for fixed
frequency w the microstructured media can be approximated by an ‘effective’ homogeneous
media whose wave speed a"°™ is constant and determined directly from the ‘local periodic’
behaviour of the problem. The intuition behind why the homogenisation theorem holds is that
the ‘wavelength’ of u is long with respect to the microstructure: variations in u appear over
much longer distances than the media’s period. Mathematically, this is ensured by assuming
that a, are taken to be uniformly bounded and elliptic with respect to ¢, for example

aije = ap, dage = do, for bounded elliptic ag, a;.

It has been known for some time now that interesting effects appear when the above elliptic
conditions are not uniform. This happens for example in so-called high-contrast media. In the
context of waves, high-contrast media of particular interest are the so-called double porosity
models which admit the ‘critical’ scaling:

2
aje = ay, dpe = €4g.

Physically, this critical scaling corresponds to the wavelength of « remaining ‘long’ within the
media Q1 but in media Qg the wavelength is at the ‘resonant’ scale, i.e. of the same order as
the size of the microstructure. Thus violating the underlying intuition for the long-wavelength
approximation.

The mathematical analysis of high-contrast problems has given rise to rigorous descrip-
tions of various scale-interaction phenomena such as memory effects and other non-local
effects (e.g. [5,7-9,14,17,28]). Within the context of wave propagation, an important fea-
ture of high-contrast problems is that they contain spectral gaps (cf. [18,30,31]): frequencies
at which no wave can propagate through the underlying medium. Such gaps are important

3 Also called the long-wavelength or quasi-static approximation depending on the community.
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from the point of view of wave-guiding applications such as photonic crystal fibres. An
important initial work in the study of the spectrum of high-contrast elliptic operators was
undertaken by Zhikov [30,31]. Therein, the homogenisation theory for double porosity-type
problems was developed within the framework of the so-called two-scale convergence of
Nguetseng—Allaire [1,27]. Using this theory, Zhikov derived two-scale limit spectral equa-
tions that contain a non-trivial coupling between micro- and macro-scales. Such a coupling
leads to an eigenvalue problem with a highly non-linear spectral dependence, described by
a function B. The convergence of spectra (in the appropriate sense) was proved and, by
doing so, demonstrates that this 8 function provides an explicit description of the asymptotic
structure of the spectrum. Such an explicit description of the limit spectral behaviour via
two-scale homogenisation has made way for mathematical studies of high-contrast media as
wave-guides: in [20] using multi-scale asymptotics and supplemented with analysis based
on two-scale convergence in [10].

Moreover, the Zhikov B function was later independently discovered by Bouchitté and
Felbacq [6] in the specific context of TM-polarised electromagnetic wave propagation in a
dilute dielectric two-dimensional photonic crystal fibre; therein the authors made the interest-
ing interpretation of the g-function playing the role of effective negative magnetism. Later,
in the context of elasticity, a matrix analogue of the 8 function is derived and plays the role
of frequency-dependent effective density [3,4,32]. Such works demonstrate that the unusual
phenomena observed in high-contrast media can be described by non-standard constitutive
laws provided via two-scale homogenisation.

The idea that high-contrast media can result in the appearance of non-standard constitutive
laws and give rise to composite media with complex wave phenomena near micro-resonances
has prompted a recent energetic pursuit of such laws in the contexts of elasticity (e.g. [24])
and electromagnetism (e.g. [12,22]). Applications can be found in areas such as cloaking
(e.g. [25,26]). It was shown in the work of Smyshlyaev [29], building on related ideas in [14],
that the two-scale homogenised limit of various anisotropic elastic media contain not only
the temporal non-locality (as described by the Zhikov g function) but also exhibit spatial
non-locality. The presence of which leads to the phenomena of ‘directional’ localisation: the
number of admissible propagating wave modes depends not only on the frequency but on
the direction of propagation. Such a feature is important for cloaking applications. These
motivating works have led to recent systematic study containing rigorous asymptotic and
spectral analysis of general mathematical constructions containing ‘high-contrasts’ [21].
Analysis based on the work [21] has led to the demonstration that the two-scale convergence
is insufficient to fully study the spectrum of general high-contrast problems, see [15, Chapter
5], [11]. The reason for this inconsistency is due to the presence of quasi-periodic micro-
oscillations that persist at leading-order in general high-contrast media.

In this work we appropriately develop homogenisation theory to study quasi-periodic
micro-oscillations. This is achieved by extending the two-scale convergence framework to
admit such oscillations. We explain the (lack of the) role these micro-oscillations in the
numerous previous works on high-contrast problems. Then, we apply this theory in the
spectral analysis of a novel class of high-contrast media. In particular, we shall show that
by relaxing the geometric assumptions in the double-porosity model leads to multi-scale
homogenised models that contain a new feature: the effective wave speed depends on the
quasi-momenta in a highly discontinuous fashion. Specifically, the non-standard constitutive
equations for such high-contrast media exhibit spatial dispersion. The presence of this novel
feature is related to the contribution of the quasi-periodic waves on the microscale.
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Notations

We end the introduction with some words on the notation used in this article.

Vectors and vector-valued functions are represented by lower-case boldface symbols with
the exception of the co-ordinate points. {e, e, e3} denotes the Euclidean basis in R3. For a
vector u € R3, we denote by u; its component with respect to e;, and write

3
u=(u,up,u3) =) uie.

i=1

Points in R? will be denoted by the symbol x and points in the unit cell O := [0, 1)3 will
be denoted by y. The notation 9; will be used to denote partial differentiation with respect to
the i-th coordinate variable, and we shall replace the suffix i with x; or y; when we wish to
emphasis the macroscopic or microscopic variable. Similarly, the notion div,, divy, V,, and
V,, are used for the divergence or gradient of a function in terms of x or y.

Throughout € is a domain in R?, d > 1, 0 := (0, )¢ and # € [0, 27)?. All of the
functions, even if real-valued, are considered to take values in the complex field.

The space CZ°(0J) denotes the usual space of smooth [-periodic functions. Whereas,
Cg°(0) shall denote the space of smooth functions ¢(y) whose functions and derivatives
are 0-quasi-periodic with respect to y: ¢(y + ;) = exp(if ;)¢(y) for each y € [J and each
Euclidean basis vector e;, j = 1, ..., d. Equivalently,

CP@D) =gl =y, ¢ € C2(O)).

Note that Cf)’o (0) = €z°(0) and use the latter to avoid confusion with the notation for the
space compactly supported smooth functions.

The Sobolev space H#1 (O) is the usual Sobolev space of H' O-periodic functions. Whereas
H; (OJ) is defined as the closure of C go (OJ) with respect to the H ! norm, or equivalently as

Hy (D) == (e uy | ug € HY (D). (1.1)

Also, we note HOl @ = Hé () and, in this situation, we use the latter to avoid confusion
with the Sobolev space of zero trace H' functions.

For subsets {S;}; and S of R? we say that S, converges to S in the Hausdorff sense if the
following conditions hold:

1. Forevery A, € S such that A, converges to some Xg, then 1o € S.
2. Forevery Ao € S there exists A, € S¢ such that limg A, = Ap.

We shall use the notation lim, S = § when a sequence of sets S, Hausdorff converges to S.
The Einstein summation convention will not be used in this article, that is we do not sum
with respect to repeated indices.

2 Quasi-periodic two-scale convergence

In this section we introduce an appropriate notion of convergence that will account for the
presence of microscopic oscillations that are quasi-periodic in nature. This convergence will
turn out to be a natural extension of the standard (periodic) two-scale convergence introduced
by Nguetseng—Allaire [1,27]. In particular, we aim to use this extended notion of two-scale
convergence to study the spectral properties of operator families in homogenisation theory
in a similar vein to that first introduced by Zhikov [30,31].
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2.1 Motivation

We shall motivate the notion of quasi-periodic two-scale convergence here. This motivation is
based on the principle goal of characterising the spectral asymptotics of high-contrast elliptic
operators.

Let ¢ be a sequence of positive real numbers with limit zero. Consider the differential
operator A, : D(Ag) C L*(RY) — L?(R%) whose action is given by

Acu = —div(ag(é)Vu)

and domain D(A,) consists of « for which A,u € L2(R?). Here a, are [-periodic measurable
functions, that are bounded and elliptic: vy, v > 0 such that

vil < a. <wvl.

In this article, we focus on a, that are uniformly bounded, i.e. v» is independent of &, but
a, may degenerate in the sense that v; = v(e) with lim; vi(e) > 0. We are interested in
analysing the structure of the spectrum o (A;) of A, in the limit of ¢. The strategy of the
study is to establish the existence of some operator Ag such that o (A.) Hausdorff converges
to o (Ap); i.e. the following conditions hold:

1. Forevery A; € o (A;) such that A, converges to some Ao we deduce that 1o € o (Ap).
2. Forevery Ao € 0(Ap) we find A, € 0 (A¢) such that limg A, = Ag.

A crucial question is how to determine the operator Ag. For example, in classical and
semi-classical high-contrast problems, Ao turns out the be the strong two-scale resolvent
homogenised limit of A, cf. [16,30,31]. To develop some intuition on what to expect in the
general case, let us recall an important result from the spectral theory of elliptic operators
with e[J-periodic coefficients: the Floquet-Bloch decomposition (see for example [23] for
more details). This result states that the following characterisation of o (A) holds:

oA = |J o(A(O))
ee[o,%”)d
where A, (®) : D(A:(®)) C L?(e0) — L%(¢0), describe a family of densely defined self-

adjoint operators with compact resolvent given by the action that A,(®@)u = f € L*>(0) if
u e H# (e) solves

—div(ae(f)Veie'xu) =@ f(x), xesl.
Taking the above into consideration we see that 1, € o(A,) if, and only if, there exists
0. <0, %”)d and non-trivial u, € H,} (¢0J) such that
—div(ag(g)Veie'xug) =A@ up(x), x €l
By a change of variables y = x /¢ and § = ¢©, we see that w.(y) := eio‘yug(ay) solves
—div(e72a,(y)Vwe) = rewe(y), yel, 2.1)
and w, belongs to the space of H'(0J) functions that satisfy the condition
iz

we(y +2) = e we(y), yel, zeZd,

for some @ < [0, 27)“. This condition is typically referred to as the Bloch or quasi-periodic
condition and @ is known as the quasi-momentum. Note that # = 0 is the usual periodicity
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condition. The Sobolev space of H'((J) #-quasi-periodic functions coincides with H6,1 ()
which, we recall, is be defined as

H}(O) := (Y uy |up € HY (D).

The general principle to observe here is that if we wish to study the asymptotic behaviour
of the spectrum o (A;) we need to keep track of the eigenfunctions that are #-quasi-periodic
on micro-scale y := x/e, for all € [0,2)?. The notion of quasi-periodic two-scale
convergence, introduced in Sect. 2.2 below, performs such a task.

We note here that in the case of the whole space, as discussed above, one need not
refer to a notion of quasi-periodic two-scale convergence to study the asymptotics of the
spectrum; one may study the norm-resolvent limits of the operators A, (6) to study spectral
asymptotics, cf. [18] where the point-wise (in #) limits or [13] where the uniform limits were
considered in the double-porosity setting. That being said, for boundary-value problems, the
Bloch decomposition does not hold; nevertheless, the whole space (or Bloch) spectrum is
expected to contribute asymptotically to the bounded domain spectrum and the precluding
discussion is still relevant. It is this setting that the quasi-periodic two-scale convergence will
be particularly useful.

Finally, we comment that the above discussion leads to the natural question: why in
previous cases considered was it sufficient to consider the standard (periodic) two-scale limit
of A; to ensure spectral convergence? Or put another way, when in the asymptotic limit of
& do we need consider all quasi-periodicity and not just # = 0. This shall be explained in
Sect. 2.3.

2.2 Definition and basic properties

This section is dedicated to the introduction of the notion quasi-periodic two-scale conver-
gence and an exposition of results that are appropriate to homogenisation theory.
Recall CZ°(00) denotes the usual space of smooth [J-periodic functions and

CPD) = {1 =y, ¢ € CR(O)).

The following mean-value property will be important: For every ¢ € Cg°(0J) and every
¢ € Cy°(2) the following convergence

tim [ Jocoe (5) ar = [ [ 16toemr 22)
£—> Q QJO

holds. This fact follows by noting that the assertion holds for elements in Cg°((J), see for
example [1, Lemma 1.3], and observing that multiplication by exp(—if - y) defines an iso-
morphism between Cg°([J) and C°(0J) that preserves absolute value. Indeed, ¢ belongs to
Cg° (0 if, and only if, exp(—if - y)¢ belongs to Cg°(0)) and |¢| = |exp(—if - y)¢| in 0.

We remark here that because C,°([J) is isomorphic to C2°(J) = Cg°(0J), with isomor-
phism exp( —i6 - y), then the results presented in this section* are immediately established
for each 6 < [0, 271)3 if proved for @ = 0. We shall demonstrate this with the first result of
the section and omit the remaining proofs which follow in a similar manner.

Definition 1 Let u, € L2(2) be a bounded sequence and u € L2($2 x O). Then, we say ug

2—6
(weakly) @-quasi-periodic two-scale converges to u, denoted by u, — u, if the following
convergence

4 The results in this section can be established by first principles making no reference to such an isomorphism.
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lim/ e ()P (x)g (%) dx
e—0Jo

= / /Du(x, M x)e(y)dydx, V¢ e C5° (), Yo € Cg°(0) (2.3)
Q
holds.
Remark 1 Notice that for § = 0, this is the standard notion of two-scale convergence.

The next important result states that bounded sequences in L2 (£2) are relatively compact with
respect to quasi-periodic two-scale convergence.

Proposition 1 If u, is bounded in L*(Q2) then, up to a subsequence, u, weakly 8-quasi-
periodic two-scale converges to some u € L*(Q2 x [).

Proof The result has been established previously for the case # = 0, see for example [1,27,
30]. Let us consider 6 # 0. Note that the function i7, = exp(—i6 - y)u, is bounded in L* and
therefore by the assertion for @ = 0, up to a discarded subsequence, i, (0-quasi-periodically)
two-scale converges to some U € L*(Q2 x Q). Now, the result follows from this fact and
noting that for fixed ¢ € Cg°(0J) one has

/Q e () (Xp(H) dx = /Q e () (exp( — 10 - £)g(X) dx,

/Q fD exp(i6 - y)ii(x, )PP dydr = /Q /Q 7 (x. )9 (rrexp( — 10 - y)p(y) dydx.

2-0 -
and that exp( — i6 - y) is a smooth periodic function. Hence u, — exp(ifl - y)i. |

An important result from the point of view of homogenisation theory is that the test functions
¢ in (2.3) can be taken to be quasi-periodic elements of L2(0), i.e. the following result holds.

Proposition 2 Ifu, € L*(Q) 0-quasi-periodic two-scale converges tou € L*(Q2 x [J), then
the following convergence

lim / w9 ¥ () dr = / f u(x, POV dydx
e—0 Jq QJO

holds for all ¢ € CSO(Q), and for all ¥ € L2(0) such that Y (y +e;) = exp(fd ) )¥ (y) for
almosteveryy € Jand j = 1,...,d.

Remark 2 If Q2 is a bounded domain, as in this article, then additionally the test functions ¢
can be taken to be elements of C(2).

The following results are of interest.

Proposition 3

1. Foru, € L*(Q) 0-quasi-periodic two-scale converging to u € L%(Q2 x O) one has that
exp(—if - %)ug(x) — / exp(—if - y)u(x, y)dy weakly in LZ(Q).
O

2. Forus € L*(Q) 0-quasi-periodic two-scale converging to u € L3(Q2 x O) then
lim inf/ lue(x))? dx > / / lu(x, y)|* dydx.
e—0 Q Q D
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A result of particular interest in high-contrast homogenisation problems is the following.
Proposition 4 Let u, € H' () satisfy

sup [|uellp2q) <00, suplleVugl|p2q) < 0.
& &

Then, there exists u € L2(2; H(,1 () such that, up to a subsequence, the following conver-
gences hold:

2—60 2—6
ug =~ u, &Vuy, — Vyu.

Recall here that H‘g1 (O is given by (1.1).

Proof Let ¢ and W denote respectively fixed arbitrary elements of C§°(€2) and Cg° ((J; C9).
By Proposition 1, there exists u € L%(Q x O) and X € L%(Q x O; C¢) such that, up to a
discarded subsequence, the following convergences hold:
2—6 2—6
Uy, — U, eVu, — x. 2.4)

Note that, since u, is bounded in L2(2), then su, strongly converges to zero in L2(Q)
and from Proposition 3 part 2. we conclude that

eu, =20, 2.5)

Let us prove that u € L2(S; H‘,1 (Q)). Using the convergences (2.4) and (2.5) we pass to the
limit in the identity

9 Q
:_/ ug(x)mdx
Q

—/ U (x)¢ (x)div, W () dx,

Q

to deduce that
[ [y aew0rarar = - [ [ uee,»acod, w0 dyar.
QJO QJO

Therefore, for almost every x, the functions x (x, -) and u(x, -) are related by the identity
[ xn) ¥iay = = [t @ ¥y, v e GrET),

Itis clear that C§° ((0, l)d) C Cy°(M)andsou € H'(O) with Vyu = x.Itremains to show
u belongs to Hel (OJ). This follows from noting that after performing integration by parts in
the above identity we arrive at

/u(x,y)\lt(y)-vdS(y)zo, Y e C(O; ).
od

Setting ¥ = YWy above, for arbitrary smooth [-periodic Wy, demonstrates that
ug(x, ) 1= e y(x, ) is an element of H'(0) that satisfies periodic boundary conditions
with respect to y. That is, ug(x, -) € H# () and so [see Definition (1.1)] u(x, -) € Hal (@O.

o
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We end this section with aresult that is illuminating when it comes to studying the convergence
of spectra for parameter-dependent operator families. It readily provides a one-sided justifi-
cation for the Hausdorff convergence of the high-contrast spectra to the spectrum associated
to quasi-periodic two-scale limits. This result is based on the following definition, which
extends the notion of strong resolvent two-scale convergence first introduced by Zhikov
[30,31].

Definition 2 Fix € [0,27)?, and let A, and A be non-negative self-adjoint operators
respectively defined in L?() and H a closed subset of LZ(Q2 x (). We say that A, strong
resolvent @-quasi-periodic two-scale converges to A if for every f,(x) € L?(2) that #-quasi-
periodic two-scale converges to f(x, y) € L*(2 x (), the following convergence

2—60
ue=(Ac+ D7 fo = u=(A+D""Pf ase >0
holds. Here, P is the orthogonal projection onto H in L2(Q x O).

Here, we state an important consequence of such resolvent convergence. The proof, omitted
here, follows standard spectral theoretic arguments, see for example [30].

Proposition 5 If A, strong resolvent 0-quasi-periodic two-scale converges to A then the
spectrum o (A) of A is related to the spectrum o (A;) of Ag in the following sense:

For every ) € o(A) there exists A, € 0 (A;) such that A, converges to A as € tends to
zero.

2.3 On the relevance of quasi-periodic two-scale convergence in spectral
asymptotics

Proposition 5 informs us that, in principle, one should consider all strong quasi-periodic
two-scale limits of an operator A, to fully characterise its limit spectrum (in the Hausdorff
sense). Yet, clearly this is not always the case: such a notion of convergence has not appeared
previously, nor was it needed, to study the spectral asymptotics of classical and particular
double-porosity operators. The reason for this shall be elucidated here. Moreover, at the end
of this section we shall argue when quasi-periodic convergence is necessary via a model
problem that we later study in detail in this article.

2.3.1 Classical homogenisation

Consider the resolvent problem: For fixed f € L3(Q) find u, € HO1 (£2) such that
—div(a(X)Vue) +ue = f, (2.6)

where the symmetric matrix-valued function a is [-periodic, elliptic and bounded: Jv > 0
such that

Vg <a(y)E-E<vlg?,  VEeC? aeyell
The following homogenisation theorem is classical.

Theorem 1 (Classical homogenisation theorem) Let € be a sequence with limit 0, and f; €
L*(2) a sequence such that f, weakly converges in L*() to some fq as € tends to zero. Then
Ug € HO1 (2) the solution to (2.6), for f = f¢, converges weakly in HO1 (2) (and strongly in
L3(Q)) to ug € HO1 (R2) the solution to

—div(a™™Vug) + uo = fo.
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ho

Here a™™ is the constant symmetric homogenised matrix determined by a:

a™Mg . £ .= min /a(VN—l—?,—‘)~(VN+$), vE € RY.
NeHj (D) JO

It is well-known that the homogenisation theorem implies the Hausdorff convergence of
spectra (cf. [2, Section 2]):

limo (A,) = o (AM™).
&
Let us study the quasi-periodic two-scale limits of u.

2—6
Proposition 6 Fix 0 € (0,27)¢ and consider f, € L*(Q) such that f. — fo. Then,

2—6
Uy € H& (R2) 0-quasi-periodic two-scale converges to zero; that is u; — 0.

Remark 3 1. Proposition 6 informs us that for the classical resolvent problem (2.6), the non-
zero quasi-periodic micro-oscillations at leading order do not contribute to the spectral
asymptotics. So one need only study the § = 0 quasi-periodic oscillations, i.e. the
standard two-scale limit. It is well-known that the (periodic) two-scale limit coincides
with the classical limit provided by Theorem 1, see for example [1,30].

2. The part of the spectrum corresponding the #-quasi-periodic micro-oscillations, for 8 #
0, actually resides in an £ ~2 neighbourhood of infinity; this can be formally seen from
the considerations of Sect. 2.1: for a, independent of ¢, the eigenvalues A, in (2.1) are
clearly of the order £~2. To study such ‘high-frequency’ spectrum one can consider
the re-scaled operator ¢2A,, that is consider coefficients of the form a, = &2a. The
precise study of such high-frequency spectra was performed in [2] for a broader class
of moderately contrasting locally periodic coefficients. Therein, the authors provide a
rigorous description of the high-frequency spectral asymptotics in terms of non-trivial
quasi-momenta €. This was done by introducing an appropriate notion of “Bloch wave
homogenisation”. For the reduced setting of (globally) periodic coefficients, the Bloch-
wave operator-limits determined therin can readily be shown to be equivalent to the
0-quasi-periodic two-scale limits.

Proof of Proposition 6 The sequence f, weakly converges, cf. Proposition 3 part 1., and so
is bounded. Multiplying (2.6) (for f = f;) and integrating over €2, and using the ellipticity
of a, produces the a-priori bound

luel?s o + VIVUelZ s o) < I fell?aio < C < 0.
L2(RQ) L%(Q) L*(R)

Applying Proposition 4, we deduce that there exists u € L?(; Ha1 (4J)) such that, up to a
subsequence, the following convergences hold:

2—0 2—60
Ug — U, eVu, — Vyu.

Let us show u = 0: Vu, is a bounded sequence and so ¢ Vu, strongly converges to zero in
L?. Therefore, by Proposition 3 part 2., we deduce Vyu = 0. As (J is connected it follows
that u is constant. Yet u, € Hé,1 () and there are no non-trivial constant #-quasi-periodic
functions for @ # 0, see (1.1). Hence, u = 0. O
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2.3.2 Double-porosity model

Consider the resolvent problem: For fixed f € L3(Q) find u, € HO1 (£2) such that
— div(ag(f)Vug) 4 u, = f. 2.7

Here
) a(y), yeQi,
ae(y) = {82610()’), y € Qo,

where Qg is a smooth compactly contained subset of (I such that, for Q1 := [\ Qy, the
periodic extension

Fi={J@i+2
z€74

forms a connected set in R?. The functions a;, i = 0, 1 are taken to be real-valued, elliptic
and bounded on Q;. The following homogenisation theorem is established in [30, Theorem
5.1].

Theorem 2 Suppose f = f. in the right-hand side of (2.7) two-scale converges to some

2—0
fo, that is fo — fo for @ = 0. Then, the sequence of solutions u. two-scale converges to
up(x,y) = u(x) + v(x, y), where (u, v) belongs to

Vo = H () @ L*(2; Hy (Qo))

and uniquely solves
[y Vigtias+ [ [ a¥ou - Vipt ) dds
+/Q/D(u(x)+v(x,y))-(¢>(x)+<p(x,y))dydx

=L/Dfo<x,y>-<¢<x>+¢<x,y)) dydx, V¢ € Hy(Q), Yo e L*(Q; Hy(Qo)).

(2.8)
Here, agzm is the constant symmetric and positive homogenised matrix for perforated domains
determined by a; :

a(}l‘;ms.g: min / al(VN‘i‘S)(VN—i-S), VéG]Rd.
NeH}(Q1) J 0,

This result informs us that A, strongly two-scale converges to the operator A, defined
in L2(Q x [J), associated to the above two-scale limit resolvent problem. Therefore, by
Proposition 5 for @ = 0, the lower-semicontinuity of the spectral convergence is ensured. In
fact, Zhikov proved in [30, Theorem 8.1], under the condition that Fj is connected in RY,
the stronger result

limo (Ag) = 0 (Ap).
&
Let us determine the strong resolvent quasi-periodic two-scale limits of A,.

Proposition 7 Fix 0 € (0, 27)¢. Suppose f = f in the right-hand side of (2.7) such that

2—6
fo = fotosome fy € L2(2 x O). Then, the sequence of solutions ug 0-quasi-periodically
two-scale converges to vo(x, y) € LQ(Q; HO1 (Qo)) the solution to
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/ / ao(y)Vyvo(x,y) - Vyp(x, y)dydx
QJO

+//U(X,y)'mdydx
QJ0
:/Q/‘Dfo(x’y)‘mdydx, Vo € L?(2 H()I(QO))- (2.9)

Remark 4 1. Note that Ag = A is independent of @ for § # 0, and its spectrum is the
point spectrum given by the operator whose action is u +— —div(agVu) with domain
{u € Hy(Qo)| — div(agVu) € L*(Qo)}.

2. Itis easy to see A C Ag [by noting that setting u = ¢ = 0 in (2.8) gives (2.9)] and so

Joap) = o) ca(Ay).
00

The set

o0,

0740

is the limit spectrum arriving from quasi-periodic micro-oscillations.

3. Therestriction of the limit spectrum o (A) to | £00 (Ap) is achieved by considering the
purely macro-scopic component u(x) (of eigenfunctions) to be zero. For this reason, we
coin this spectrum to be pure Bloch spectrum. In the simplified setting of double-porosity
the pure Bloch spectrum is point spectrum (due to the fact Ag = A is independent of 6
for @ # 0). In general, we expect this spectrum to have band-gap structure, and the gaps
have only contracted to points here due to the geometric constraint that F is connected
in R, This expectation is verified in Sect. 6.

4. Even though the strong resolvent #-quasi-periodic limit of A, exists, it has trivial depen-
dence on @, 8 # 0 and more importantly is a restriction of the two-scale limit Ag. Hence,
one need only consider Ag, and this explains why in this setting one is to expect Zhikov’s
result lim, 0 (Ag) = 0 (Ao). In general, the limit Ao will not be sufficient to capture the
full spectral asymptotics.

Proof of Proposition 7 Let us consider a; (respect. ap) to be extended by zero into Qo
(respect Q1), and consider v > 0 to be the constant such that

ay+ap = v.

The solution u, solves
f(a1<§)+azao(§>>Vua~W+/ ug$=/ feb. V¢ € Hy(Q). (2.10)
Q Q Q

Setting ¢ = u, in the above variational problem and using the fact that a; + a9 > v, we
deduce the a-priori bound (for ¢ < 1)

e 1720y + VIEViel}aiq) < 1 fell}oq) < € < oo
Additionally, we have the bound
IVar () Vuelya g < I1fellf2q) < € < oo

Indeed, a; > 0 and

/ a1 () Vuy - Vg < f @1(2) + e2ag(£)Vu, - Vg + / e = / foii.
Q Q Q Q
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By Proposition 4 it follows that, up to a discarded subsequence,

2—6 2—6
ug — vo, and &Vu, — Vyu, 2.11)
for some vy € L2(; Hol(Q)).
Let us show that vo € L*(Q; Hj (Qo)). By Proposition 2 it follows that

2—6
Vai(9)eVue, — Jai(y)Vyvo.

Yet /ai (%)sVug strongly converges to zero in L?(£2). Therefore a1 (y)Vyvo = 0, which
is equivalent to Vyvg = 0 on Q (recall a; is positive on Q; and zero on Qp). As Qj is
connected then v is constant in Q. Now, since the periodic extension F; = |_J cezd (Q1+2)
forms a connected set then vy is constant in Fj. Yet, vy € Hé,1 (O) for @ # 0 and consequently
this constant is zero, cf (1.1).

It remains to prove vg solves (2.9). This can easily be deduced by passing the the #-quasi-
periodic limit in (2.10) for test functions ¢ (x) = ¥ (x)@(%), ¥ € Hy (), ¢ € Hy(Qo) and
using convergences (2.11). O

2.3.3 An example with non-trivial quasi-periodic limits

Let us provide an example which demonstrates that in general the family Ag, of strong
resolvent #-quasi-periodic limits to A, are not restrictions of Ay.
Suppose, we consider (2.7) for coefficients

as = aj + ezao,

and q; are real-valued [J-functions such that @; > 0 and a; + a9 > v > 0. Let f, be a
bounded sequence and u, solve (2.7) for f = f,. Arguing as in the proof of Proposition 7,
we see that u, to solution to (2.7) will satisfy the a-priori bounds

lute 172 gy + VleVuelFa g + IVa () Vuslga g < 1 fll72 g < € < oo
In particular, Proposition 4 informs us that up to a subsequence

2—6 2—6
ug — ug, and eVuy — Vyug,

for some ug € L2(2; HJ (Q)). Moreover, by an application of Proposition 2 we deduce that
JaiVyug =0.
Denoting by Vj the closed linear subspace of Hé,1 (OJ) given by’
Vo = {v e Hy (D) | /arVyv = 0}.

Suppose we show an example where Vjp is not a subset of Vj for some non-trivial Vy, 8 # 0.

Then, for such examples we should not expect that A is an extension of Ag, nor should we

expecto (Ag) C o(Ap). Letus provide such an example. The conjectures (stated immediately

above) based on this example will be proved rigorously in the remainder of the article.
Suppose Q) is the cylinderical domain

01 :=10,1) x [1, 3],

5 The space Vj was first introduced in [29] and coined the space of microscopic oscillations. We have appro-
priately extended this notion to #-quasi-periodic oscillations here, 6 # 0.
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and

1
a(y) = {0’ iii g(l)

Notice that Fy := |, 73 (Q1 4+ 2) the periodic extension of Q1 into R consists of infinitely
many mutually disjoint cylinders C; := R x [% +1, %+lz]2, VI € 7Z?.Thatis, the assumptions
of Sect. 2.3.2, and in particular [30,31], do not hold.

Now v € Vy if, and only if, v € H‘,l (d) with v = ¢ for some ¢ € C on Q. This implies,
cf (1.1), that

v(l, y2,y3) = €M0(0, y2.y3).  (y1.y2) € (0. )%, j € {1,2,3},
(in the sense of trace). Then, for (y7, y3) € (%, %)2 we arrive at the condition

c=e%c.

Therefore, if 6; # 0, then the above condition only holds if ¢ = 0. That is v must necessarily
be zero on Q. On the other hand, if ; = 0 then any H(,l (0J) function that is constant on Q)
belongs to Vp. In particular we see that Vj does not belong to Vj for all § € (0, 2m)3.

Remark 5 Note that if Q1 contains a connected subset which joins two opposite faces of the

square [J then the space Vg non-trivially depends on #. Consequently, non-trivial limit Bloch
spectrum is expected for @ aligned orthogonally to these faces.

The remainder of the article is dedicated to determining the strong quasi-periodic two-
scale limits of A, for such fibre-like inclusions. Moreover, we demonstrate that indeed Ag
are not restrictions of Ag and that o (Ag) form non-trivial subsets of lim, o (Ag).

3 Problem formulation and homogenisation

In this article we are concerned with the asymptotic analysis of the resolvent problem

{ Find u, € HO1 (£2) such that

3.1
—div(ae(2)Vue) +ue = fo  inQ G-D

where ¢ < 1 is a small parameter, $2 is a smooth open bounded star-shaped domain® and
fe € Lz(Q) known. The coefficient a, is given by

_ ) an(y), y €01, -1 00/ . C .
ag(y) = {82[10()7), y € Qo, Ofalaai € L™(Qi), ai=00nQ;-;,i=0,1,
(3.2)

and the regions Qg and Q1 are described as follows (cf. Fig. 2).

Geometric assumptions For j = 1,2, 3 we consider smooth domains S; compactly contained
in (0, 1)? that have mutually disjoint closures. We denote by C j the cylinder aligned to the
Jj-th co-ordinate axis with cross-section S, i.e. C1 := {y € (0, 3 ]y e (0,1) x S},
Cr={y e 0Dy =(2z2)z€01)xS$HadC; :={y € (0,1)°|y =
(z3,21,22),z € (0, 1) x S3}.

Then, for a given non-empty subset Z of {1, 2, 3}, we consider Q1 = U;c7C;. We denote
by =9C\oQ andI"' = ;.7 i =901\90.

6 All the results and proofs follow through in an identical manner for the case where 2 is the whole space.

@ Springer



Page 150f 33 76

Quasi-periodic two-scale homogenisation and effective spatial...

{€ 7 ‘1) = Z "9'1 ‘SUONOAIIP SJBUIPIO-0D [[ UT SUIPUIXS SIOPUI[AD JutofSIp A[femnu jo s)s1suod [ 3 *{¢ ‘1} = 7 *9°T “Ex pue * [x SUOTIOAIIP SJBUIPIO-0D JY) UT SUTPUIIXD
SIOPUIAD JUI0[SIP 0M) JO $Is1SU0D [ Juauodwiod Jns oy, q {1} = 7 o1 ‘uonoanp lx ayy ur Surpua)xa 1) repurj£s auo jo Sunsisuod G jueuodwods pns ojdwexs uy e g S

=

Ty <

£x

Ix

£X

Ix

£X

X

(e)

pringer

Qs



76 Page 16 of 33 S. Cooper

Under this geometric assumption we determine for each @ € [0, 277)? the strong resolvent
0-quasi-periodic two-scale limit, cf. Sect. 2, of the self-adjoint operator A, associated to
resolvent problem (3.1). That is, for a fixed # € [0, 27)3 and a given bounded sequence

fo € LA(Q) such that f, = f,ie.
lim / )P () dr
e—0 Jo
= /Q/Df()ﬁ)’)d’(x)@(y)dydxv Vo € C3°(R), Vo e CO)

we aim to determine the #-quasi-periodic two-scale limit behaviour of the solution u, €
Hy(Q) to

/ (ar(2) + 2ap(2)) Vuue (x) - Vo(x) dx + / e (1) B (x) dx
Q Q
= /Q fe()px)dx, Vo € C(RQ). (3.3)

As f. is bounded in L2(£2), upon setting ¢ = u, in (3.3) we deduce that the sequences

lIWai () Vuellp2:.c3ys  11eVuellzo.c3), and [luell2q)s (3.4

are bounded. Let us describe the #-quasi-periodic two-scale limit, referring to Sect. 4 for the
details.

The limit of u.(x) will be a function u(x, y), of two variables x € Q, y € Q, that is
0-quasi-periodic with respect to the second variable y, cf Proposition 4. Furthermore, due to
the fact that in each cylinder C;, i € Z, the gradient of u, is bounded, the limit « necessarily
belongs to the (Bochner) space L>($2; Vg) where

Vo :={v e Hel(Q) | v is constant in C; for each i € 7}. 3.5)

It follows from this [see (1.1)] that u is non-zero in cylinder C; if and only if the i-th
component 6; of @ is zero. If 6; = 0, then we determine that u; is not only non-trivial but it
is actually more regular in the x;-th coordinate direction: dy,u; € L3(Q).

More precisely, for 79 the subset of indexes T C {1, 2,3} given bon ={ieZ|6; =0},
we denote by C? the closed subspace of C3 spanned by {e;} ieTd ,” and show that the function
u belongs to the set

Ug = {u € L*(Q Hy(Q)) |u = u; on @ x C;,

(3.6)
for some u € L2(Q; C?) with 8;u; € L*(2) and u;v; = 0 on aQ},

which is clearly a Hilbert space when endowed with the inner product

(u, v)y, = Z/Qaiu,»(x)a,-v,»(x)der/Q/Q Vyu(x,y) - Vyo(x, y) dydx
0

iez?

+//u(x,y)v(x,y),dydx.
QJO

Here, v is the outer unit normal to 0€2.

7 Note that C? is either the whole space, a plane or a line in 3.
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For each fibre C; there corresponds an effective constant material parameter alh"m >0
given by

@™ = /C ar ([, N (y) + 11dy, 3.7

where N e Hj (Ci) := {u € H'(Ci)|uis 1-periodic in the variable y;} is the unique
solution to the cell problem

/C WM[VNO ) +e]- To0dy =0, Vg e HY(C,

[ wo=o
Ci

Then, for each 6 € [0, 271)3, the #-quasi-periodic two-scale limit problem is formulated as
follows: For f € L%(2 x Q) find u € Uy such that

(3.8)

Z/ ayomax,-ui(X)ax,-qbi(x)der// ap(Vyu(x, y) - V,é(x, y) dydx
i) e Joo
3.9)
+/fu<x,y>¢(x,y)dydx=f f Fa P dydx, Ve U,
QJo QJO

As a}‘om are positive numbers and a;, le L*>(Qy) it follows that the left-hand side of the
above problem defines an equivalent inner product on the space Uy, and consequently the
existence and uniqueness of solutions u to (3.9) are ensured by the Riesz representation
theorem.

Setting ¢ = 0 on Q in (3.9) gives the equation

—diVy(ao(y)Vyu(L y)) +u(x, y) = f(xv y)7 x € Q, y € 0o,

and a subsequent integration by parts in (3.9) leads to the variational formula

> / afo™ by, u; ()0 fi (x) dx + Y f ( / ao(y)vywx,y)-n(y)dy) i (x)dx
iez0 ' ¢ jezo 7 T

+Y |c,-|/ i (x)¢h; (X)dx = Z/ (f f(x,y)dy> ¢i (x)dx,
ieZ? & ieZ? @G

for all ¢ € L%(Q, C?), such that 9;¢; € L2(). For each fixed j € 7% we set ¢ =9,
¢ € CP(Q) and ¢; = 0 for i # j, above. This leads to the #-quasi-periodic two-scale
homogenised system of equations.

—a?(’mafiuj(x) +7juw) +[Cjluj =(f)j(x), x€Q,
foreach j € 7? : —divy(a0(Y)Vyu(x, ) +u(x,y) = f(x,y), x€Q,ye Qo
up=u; onQ xTI;, ujv;j =0 onodQ,
and ugp=0 onQ x I}, fori eI\Io.
(3.10)
Here

Tj(u)(x) =/_ao(y)Vyu(x,y) n(y)dsy),  (f)j0) = /c fx,y)dy,

J

for n the outer unit normal of I'; = 0C;\0 Q. We now state the main result of the article.
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2—6
Theorem 3 Consider f, € L*(2), f € L*(2 x Q) such that f, — f, and u, the solution
to (3.3). Then u, converges, up to some subsequence, in the 0-quasi-periodic sense tou € Up
the unique solution to (3.9), equivalently (3.10).

An immediate consequence of Theorem 3 is that for each 6 € [0, 271)3, the operator A,
strong resolvent #-quasi-periodically two-scale converges to the operator A2°m associated to
problem (3.10), see Definition 2 in Sect. 2. Consequently, Proposition 5 informs us that the
lower semi-continuity of the spectra in the Hausdorff sense is ensured:

forevery s € | J o(Af"™) 32, € o(A,) such that lim i = 1.
0€[0,27)3 o
The structure of the limit spectrum | o (Agom) is analysed in Sect. 6 and described in

0e[0,27)3
Proposition 10.

Remark 6 A seperate issue, not explored here, is the so-called spectral completeness state-
ment, i.e. the question of whether or not the remaining criterion for Hausdorff convergence
of spectra is satisfied: does it follow that

for every A, such that lin}) Ae = A, then A € U o(Agom)?
o 0€[0,27)

In general this will not be true due to the presence of the boundary, and the fact that Qg
intersects the boundary. This leads to the expectation that there exists non-trivial spectrum
due to surface waves asymptotically localised near the boundary, cf. [2] for analoguous results
in the context of classical locally periodic media. For the case of Q being the torus or the
whole space the above assertion is expected to hold and will be explored in future works.

4 Proof of the homogenisation theorem

This section is dedicated to the proof of Theorem 3. To do this, we shall develop an appropriate
quasi-periodic two-scale variation of a powerful method first introduced in [21] in the context
of standard (periodic) two-scale convergence, i.e. #-quasi-periodic two-scale convergence for
6 = 0.In whatfollows ¢, ¢ and ® will denote respectively fixed arbitrary elements of C§°(£2),
C5°(Q) and C3°(Q: C).

4.1 Technical preliminaries

The following results will be of importance in the proof of the homogenisation theorem.

Lemma 1 Let B be the closure of a smooth domain and let By be a smooth bounded domain
such that B C By and A = B1\B is a connected set. Then every u € H! ((0, 1) x A) can be
extended to (0, 1) x By as a function il € H! ((O, 1) x Bl) such that

/ |Vm25c/’ VP,
(0,1)x By 0,1)xA

/j |m2§c/ .
0,1)x By 0,1)xA

where ¢ does not depend on u € Hl((O, 1) x A).

4.1)
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Proof Supposeu € H'((0, 1) x A). Then, by Fubini’s theorem, for almost every x; € (0, 1)
the function u(x, -) belongs to H'(A) and let Eu(x, -) be the Sobolev extension of u(x1, -)
into By given in [19, Lemma 3.2, pg. 88]. In particular, one has

/ |V/Eu(x1,-)|25c/ IV u(x1, )%,
B A

/ |Eu(x1,->|25c/ lu(xy, )2,
B A

where ¢ does not depend on u nor x;. Here, V' denotes the gradient vector (0, dy,, dx; ).
Consider u given by

4.2)

—

u(xy, ) := Eu(xy, -), ae.x; € (0, 1). 4.3)

Then V' u?x\l_,/-) = V’'Eu(xy, -) and from assertion (4.2) it follows that

/ IVEP? <c / IV/ul?,
(0,1)x By (0,1)xA

/ lil* < ¢ f |u)?.
(0,1)x By 0,1)xA

To prove (4.1), it remains to demonstrate that d,, % € LZ((O, 1) x Bl) and

1 1
/ / 8, 2|7 (x1, x') dx’dxy < c/ / |8, 2] (x1, x") dx'doxy. (4.4)
0 JB 0 JA

For each t € R, the difference quotient is given by

- w(xy +t,x") —u(xy, x’
Dru(m,x’)::( i ( ),

where we have extended # trivially by zero into R\ (0, 1). Notice that D,;ii = E D;u, i.e. the
extension into Bj of the function w = D;u(x1 +t, -), and consequently

1 1
/ / | D% (x1, x") dx'dx; < c/ / [Dyu|*(x1, x') dx'dx;.
0 B 0 A

Since D;u converges strongly in LZ((O, 1) x A) to dy, u, it follows that D, is a Cauchy
sequence in L? ((O, 1) x Bl) and this limit can be identified, using the fact that (D,u, ¢) ;2 =
(W, D_;p) 2 for ¢ € C(C)’O((O, 1) x Bl), as Oy, u. Furthermore, passing to the limit in the
above inequality yields (4.4). O

Proposition 8 Fix 6 < [0, 27)3. There exists a constant C = Cy > 0 such that

inf |lu — < CyllVarV . Yue Hy(Q).

vleV9||u U||1101(Q) = CollvarVulli2g) u 9 (Q)
Here Vg = ker,/a1Vy = {u € H)(Q) | Ja1Vu = 0}.
Proof Foreachi € Z, let S; be the cross-section of the cylinder C;. Since S; are compactly
contained in (0, 1)> and have mutually disjoint closures then there exists open A; such that

Si Cc A; c (0, 1)2 and A; are mutually disjoint. Let x; € Ci°(A;) be smooth cut-off
functions that are identity on S;, we extend y; by zero to (0, 2.
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Now using Lemma 1, let i; be the extension of u|c, € HY(C)) to HY(D}), where D; is
the cylinder whose axis is parallel to y; with cross-section A;. Note that since u is 6;-quasi-
periodic in the variable y;, then the extension will be also, see (4.3). By Lemma 1 it follows
that

/lVMNIIZSC Vi P @.5)
D; I

For 6; # 0, the following Poincaré inequality

J

/|L7,»—<m>|25c/ VP @)
D; ;

i

P < |9i|—2/ VP 4.6)
D;

i

holds® For 6; = 0, one has

for some C > 0. Here (if;) := D%-fD; i;.

Recalling, 7% = {i € 7|6; = 0}, we set i = e xi(ui — (7)) + ZieI\I" Xill;, here
xi are taken to be constant in the variable y; and as above the complementary directions. It
follows that & € H(,1 (Q) and u — & € Vj. Note that, by construction and inequalities (4.6),
and (4.7), one has

~112 ~112
11310y < c0 Vi3,
iel

Now, the positivity of a; on Q; and (4.5) imply that the element v := u — U of Vy is such
that

llu = w1139y = N3y < Co /Q a|Vul?,
and the result follows. O

4.2 Proof of Theorem 3

Consider the sequence u, of solutions to (3.3), i.e.
[ @)+ a0 Vuetn o ar + [ uewisen ds
Q Q

= fg fr()p(x)dx, V¢ e CF(Q). (4.8)

2—60
for fo — f,and recall, cf. (3.4), that
sup (I1va1 () Vuellp2.03) + lleVuell 2.3+ uellr2q)) < oo (4.9)
&

Consequently, Proposition 4 informs us that a subsequence of u, 6-quasi-periodic two-scale

2-9
converges to some u € L2(S; H(}(Q)), and moreover eVu, — V,u. Let us study the
structure of this limit u further.

8 This follows from noting the lower bound on the spectrum of the laplacian on the space of H 19(D;) functions
that are 6; -quasi-periodic in direction y;.
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We begin by introducing the densely defined unbounded linear operator ,/a;Vg
H(} (0) C L%2(Q) — L?*(Q; C3) which is given by the action

w > JaiVw, forw € Hol(Q).

We now argue that a generalised Weyl’s decomposition holds, which was first introduced and
proved for the case # = 0 in [21].

Lemma 2 Let (\/ai Vg)* denote the adjoint of \/a1V ¢. Then, the orthogonal decomposition

L*(Q; C*) = ker((v/a1Vg)*) ® Ran(y/a1 V)
holds.

Remark 7 Lemma 2 is a generalisation of the well-known fact that (periodic) divergence-free
vector fields are mutually orthogonal to gradients of (periodic) potentials in L2. In fact, this
classical result can be deduced from the above lemma by (formally)? setting \/a; = I on [J.

Proof of Lemma 2 By the Banach closed ranged theorem, this result will follow if we demon-
strate that the range of ,/a; Vg is closed, and this fact is implied by Proposition 8.

Indeed, suppose u, € Ran(,/a;Vg) converges strongly in LQ(Q; C3) to some u as n —
00, i.e. thereexists w,, € Hol (Q) such that . /a1 Vw, converges strongly in L2(Q: CHtou. By
Proposition 8, the sequence wnl, where w,f denotes the orthogonal projection of w, onto the
orthogonal complement V(,J- of Vp in Hgl (Q), is a Cauchy sequence in H(,1 (Q) and therefore
converges, up to some subsequence, to w € H(,1 (Q). In particular, \/a;Vw, = J/aiV w,J;
converges strongly in L?(Q) to J/a1Vw and, consequently u = ,/a; Vw. Hence, the range
of /a1 Vy is closed. O

Let us now describe u in detail.

Lemma 3 The function u belongs to the Bochner space L*(S2; Vp).
Proof Recall that
Vo = {v € Hy(Q)|Vv=0in 01} = ker(/a1 Vy).

and so we aim to show that ,/a;Vgu = 0.
On the one hand we deduce from (4.9) and (2.2) that

lim e/ ar(3)Vue - ¢(x)®(3)dx = 0.
=0 Jq
—0
Yet, on the other hand, Proposition 2 and the assertion eVu, = Vyu imply
lim 8/ a1 ()Vug - p(x)®(X)dx = lim / eVug - p(x)ar(2)®(2)dx
=0 Jo ¢ ¢ e—0Jq € €
~ [ [ a)Vute - 580y
QJo

Therefore, as finite sums of ¢ (x)®(y) are dense in L2(Q2x Q; C3) it follows that a; Vyu=0
and since \/chl € L°°(Q) we find that u € L%($2; Vp). O

9 In fact, as expected the proof of this statement for / is much easier as / is positive where as ,/aj is
non-negative.
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The following result is of fundamental importance in characterising the (f-quasi-periodic)
limit of the flux a;(;)Vu, in terms of the limit u of the function u.. Put another way, this
identity is crucial for determining the homogenised coefficients.

Lemma 4 There exists & € L3(Q2x Q; C3) such that, up to a subsequence, /ai(;)Vu, 20
&. Moreover, & belongs to the Bochner space LZ(Q; ker((JcT]Vg)*)) and the pair (u, &)
satisfies the identity

/Q/QS(x,y%fi)(x)‘I’(y)dydx=—/Q/Q«/E(y)u(x,y)fob(x)~‘I’(y)dydx,

V$ € CP(Q), ¥ € ker((Ja1Ve)*).

(4.10)

Proof By Proposition 1 and (4.9) there exists & € L%(Q x Q; C3) such that, up to a subse-
quence that we discard, one has

JarHvu, 2 g, @.11)

To prove § € L*(Q;ker((y/a1Vg)*), we take in (4.8) test functions of the form
8¢(x)g0(§), ¢ € CP(Q), ¢ € C°(Q), and use (4.9), (4.11) to pass to the limit in & and
deduce that

/Q /Q JAMEE, ¥) - FEOV390) dydx =0,

Therefore, for almost every x € €2 one has
[Q«/a(y)é(x, ¥)-Vye()dy =0, Ve Hy(Q),

and, hence by Lemma 2 it follows that & (x, y) € L? (Q; ker((@Vg)*).

Let us now prove assertion (4.10). Henceforth, we consider W € ker((,/a;Vg)*) to be
0-quasi-periodically extended to R3. We shall prove below the following “integration by
parts” formula:

fQ AV (x) - WD) dx = — /Q AT (e (1) V2 p () W (E) d.

Vo € C®(Q), ¥ € ker((y/a1Vg)™).

(4.12)

2—-60
Using Proposition 2, (4.11) and the convergence u, — u, we pass to the limit in the above
formula to readily arrive at (4.10).
To prove (4.12), it is sufficient to prove the following: for every w € H'(R?) one has

/RS Var(HvVw(x) - w(E) dx = 0. (4.13)

Indeed, (4.12) follows from utilising (4.13) and the following facts: for ¢ € C°*°(2) then
ug¢ belongs to Hé (2), as ug € HO1 (R2), and can be trivially extended to H 1(R3), and that

/Q\/a(g)wg(x) YD) dx

=/QJaT<§)V(uE$><x>-wg)dx—fﬂﬁ(f)ug(xwm(x)-W(g)dx.
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Let us now prove (4.13). For fo) = ]_[?=1 e(zi,zi + 1), z € Z3, it follows that

/M Vai(H)Vw(x) - W) de =)

z€73

/Qm Jar(H)Vu(x) - W(E) dx

— &3 Z / Jai()Vw(ey + €z) -md)”
0

z€73
where the last equality comes from the change of variables x = ¢(y + z) and recalling that

ai(y) is periodic and W is #-quasi-periodic. By noting, for w € H'(R?), that

we(y) == ) wley +eexp(—if-2), v € Q.

7€Z3
is an element of Hol (Q), and that
Vwe(y) :=¢ Z Vw(ey + ez)exp(—if - z), yeQ,
773
the identity (4.13) follows. ]

We are now ready to describe the properties of the macroscopic part of # and express the flux
& in terms of u.

Lemma5 Let (u,§), u € L*(Q; Vp) and § € L*(Q: ker((a1Vg)*), be a pair which
satisfies the identity (4.10). Then, u € Uy, see (3.6). That is, for every for i € 7 ={i e
Z16; =0}, one has u = u; on Q x C;, where d;ju; € LZ(Q) with u;jv; = 0 on 0%, for v the
outer unit normal to 0Q2. Furthermore,

£ y) = Var(») Y dui)Le,MIVyND () + ¢l xeQ.ye Q. (4.14)
ieT?
Here, N solve (3.8).
The following result immediately follows from the above lemma.

Proposition 9 For every fori € I%, one has

/ Jay(»E(x, y)dy = alhomaxiui(x)ei, for almost every x € Q.
Ci

hom

Here, a™™ are given by (3.7), i.e.

ahm = / a1y, NV () + 11dy > 0,
forN® e H#li (C)) = {u € H'(Cy) | u is 1-periodic in the variable y;} is the unique solution
to the cell problem

/ aMVND () +¢]-Vo(dy =0, Vo € HJ.(Cp,
Ci (4.15)

N® =o.
Ci
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Proof Equation (4.14) implies
fc Jar ()&, y) dy = By (x) /C IV, ND () + e]dy.

For each j € {1, 2, 3}\{i}, we set ¢ = y; in (4.15) to determine that

Ci

f aiM[VyND () +e] - Vy;(y)dy = / aiM[VyND(y) +¢]dy-e; =0.
G ;
Hence, it follows that

/C Va (&, y) dy = By (x) /C a IV, ND () - e + e dy
= af™dy,u; (x)e;,

for almost every x € . Finally, from (4.15) it follows that

f ar(MIVyND () e + 11 = / arMIVyND(y) +e] - ¢

Ci Ci

= / ar(MIVyND () +e1- [VyNO(y) + e].

Ci

hom

Then, the positivity of @™ can be seen by the inequality

/ aiMIVyNO () +e1- [V,NO () + €1 = llay 7% 0, / IV, (NO ) + i) P dy,
i Ci
and noting that the right-hand side of this inequality can not be zero for this would contradict
the periodicity of N in the y; variable. O

Proof of Lemma 5 As u € L2(2; Vi), see Lemma 3, then u is constant in each fibre C;,
i € Z.Now if 6; # 0 then u is necessarily zero in C;. On the other hand, if 6; = 0,1i.e.i € 7,
thenu(x, y) = u;(x) forx € Q,y € C;. Thatis, u = u; on Q x C; for some u € L3(Q, Co),
where we recall that C? is the closed subspace of C3 spanned by {e;} ieTh-

Let us now demonstrate that u belongs to the Hilbert space Uyg. By substituting u = u;
on 2 x Cj,i € Z,into (4.10), we deduce that

//§(x,y)-¢(x)\1'(y)dde=—Zf/ Var(yui () V¢ (x) - ¥ (y) dydx,
QJ0 ieTt QJC;

Vg € C®(Q). ¥ € ker((1/arVe)*).
' (4.16)
For fixed j € Z?, we will show directly below that there exists a function W ¢/ )ker((\/aT Vg)*)
such that

/ Jawy) =0 i#j, and Ja ¥ =e;. (4.17)
Ci Cj
Therefore

S w0V /C MU () dy = uj (), §0).  ae.x €,

iez?
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and consequently substituting /) into (4.16) gives

/ (/ E(x,y) ¥V dy) ¢ (x)dx = —f uj(x)dx; ¢ (x) dx,
Q ] Q
Vo cC®(RQ).

That is, axjuj(x) = fQ E(x,y)- w) dy e L2%(Q) and u;jv; = 0on d€2 where v is the outer
unit normal to L2, i.e. u € Uy if (4.17) holds.

To show (4.17), we note that under the geometric assumptions on cylinders C;, i € Z,
there exists a function

Xxi € C*°(Q) such that x; = 1 on C;, supp(x;) compactly contained in Q

_ (4.18)
and supp(x;) N Cy = W for k #i.

Then, for each j € 7! = {i € Z|6; = 0}, the function ¥/ = mxjej clearly

satisfies (4.17). Furthermore, v () belongs to ker((, /alV)*): Indeed, as 6; = 0, an element
¢ € Hé,1 (Q) is 1-periodic in the variable y;, and it follows

[ _ _
/Qﬁxjej \/aTVy¢—/(:j dy;¢ = 0.

Therefore, (4.17) holds.
Let us now demonstrate (4.14). For i € 7%, and almost every x € €2, notice that

Jayui(x) Y ejdg(x)
je{};ﬁﬁ}
JF

= Jai(y)Vy | u;i(x) Z Ox;@(x)yj |, ae.yedC,
jef1,2,3}
J#

and, by the geometric assumption of the cylinders, we can extend y; into Q such that the
extensions are elements of H{,1 (Q) and equal to zero on C;. Therefore, it follows that

/ / Vamu@ Y 06w dydx
@G el 23)
J#i

= / / VamVy [uitx) Y g0 )y; |- ¥(y) dydx =0.
270 el 23)
J7F

Consequently, (4.16) takes the form
I [ s s@wiavar == 3 [ [ Varomw om swwoayex,
eJo izt VG

Vo € C*(Q), ¥ € ker((1/a1Vg)™).
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Integrating by parts above, which is permissible since 8;u; € L?(£2), we deduce that
/ / E(x,y) - ¢(x)¥(y)dydx = E / f Var(y) oy ui (x)¢ (x)W; (y) dydx,
QJo —Jaltg
7

Vo € C°(Q), ¥ € ker((y/a1Vg)™).
That is, for almost every x, &(x, -) is the projection onto ker ((\/aT Vo)*) of the function
wix, ) = Jar() Y dgui ()L, (e
ieT?
For each i € 7%, let x; given by (4.18), and we introduce ]FVV’ € H'(Q) the extension into
0, given by Lemma 1, of the function N 0 ¢ H#Zl_ (C;) that solves (4.15). It follows that
D iert )(,-7\’\(_"7 belongs to H(,1 (Q) and

f a1 xi[VND +¢1-Vo= | ai[VND +¢]1-Vp=0
0 Ci

forall ¢ € Ha1 (Q). Thatis, \/ay x; [V?V—E;—i- e; ] belongs to ker ((\/aTVg)*). Obviously
w(x, y) = wix, y) +/ar(y) Y ui () xi (1) VyNO(y)
ieT?
—Var(y) Y dui () xi () VyNO(y),
iez?
and
Var VNG = JaiV (N D),
since y; is piece-wise constant on C. Consequently, as &(x, -) is the projection of w(x, -)

onto ker ((,/a1V)*), we have

ECey) = Wi ) +Var(y) Y. dqui () xi ()Y NO ()

ieT?
= Vai(y) Y dui()[Le, (e + xi (MVyNO ()],
iez?
Hence, (4.14) holds and the proof is complete. O

We now conclude with the proof of Theorem 3. That is, we show that u solves (3.9).
We being by stating that under the assumption that €2 is star-shaped, standard pull-back and
mollification type arguments prove that functions smooth in x are dense in the Hilbert space
Uy. Therefore, it is sufficient to show (3.9) holds for such test functions ¢. Let us take such a ¢
and consider the test functions ¢, (x) = ¢ (x, %), x € Qin (4.8). Utilising the convergences

2—60 2—0 2—0
ug =~ u, &eVug =~ Vyu,  Jar(;)Vu, — &,

we pass to the limit ¢ — 0 in (4.8) to deduce that

//ﬁ(y)é(x,y)-W(x,y)dydx +/f ag(Y)Vyu(x,y) - Vyg(x, y) dydx
QJC Q2 J Qo

+f/u(x,y>$(x,y>dydx=f/f(x,y>¢>(x,y)dydx.
QJo QJQ
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Then, as ¢ = ¢; on 2 x C;, with ¢ # 0 only if i € Z?, Proposition 9 implies that

//ﬁ(y)é(x,y)-W(x,y)dydx: Z/ </ \/E(y)é(x,y)dy)-Vmi(x)dx
QJC it Q Ci

=3 [ a0t g
Q

izt

and (3.9) follows.

5 Quasi-periodic two-scale limit operator

For 6 € [0, 27)3, we consider the subspace H which is the closure of Up in L3(Q % Q),ie.
H={uelL*(Qx Q) |u=uonQxC;
for some u € L*($2; (Ca)}.
Indeed, for f € H, we have f = f; on Q x C;, i € Z, and consequently we deduce that
11 22000 = 2 ICilll fill 2 gy
iez?

and therefore, H is closed in LZ(R3; L2(Q)). It is also straightforward to show that Uy is
dense in H. Defining on Up the form

Qg (u,v) := Z / alhomaxiui(x)f)xi v (x)dx + / / ao(y)Vyu(x,y) - Vyv(x, y) dydx,
pglie /o,

we find that, since a}“’m are positive constants and a;, le L*°(Q0), Qg is closed when consid-

ered as a form on H. Setting Al{}‘)m : D(Agom) C H — H to be the unbounded self-adjoint

operator generated by Qg, for f € L*>(R3?; Q) the #-quasi-periodic two-scale homogenised
limit problem (3.9) takes the form Agomu = Py f.Here, Py : L*(R3; L>(Q)) — H is the
orthogonal projection given by

Je, Fx.dy, yeCi,

Foflx.y) = {f(x,y), y € Qo.

An immediate consequence of Theorem 3 is that for each 6 € [0, 27)3, the operator A,
strong @-quasi-periodic two-scale resolvent converges to Af,}om, see Sect. 2 Definition 2.

5.1 Spatial operators

Introducing the notation

¥ 0 0 atem 0 0
D=0 9, 0], Abom . 0 agom 0 ,
0 0 0y 0 0 abom

we consider the Hilbert space

Hp = {u € L2(Q: C%) | Du e L3(Q), ujv; =00on 99, i = 1,2, 3] ,
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endowed with the inner product

(u,v)g ::/ Du - Dv,
Q

and the following bilinear form defined on H:

ap(u, v) = Z/a?‘)max,.ui-axivi :/ A" Du. Dy,  u,veH,.
ieT? @ @

Note that for 8 such that Z? = {i € 7|6; = 0} = ¥ then Hpy is zero and for such 6 we define
our ‘spatial’ operator Ag to be the zero map. Otherwise, oy is a positive form on Hp and
therefore has a positive self-adjoint operator Ag, densely defined in L2($2; C?), associated
with the form. The space H is compactly embedded!? into L2, and consequently the spatial
operator Ag has compact resolvent and therefore its spectrum is discrete.

5.2 Pure Bloch operators

Consider the space
Vo ={ve Hy(Q)|v=0o0nQ}, (5.1)

which is a closed subspace of Ho1 (Q), and therefore is a Hilbert space when equipped with
standard Hol (Q) norm. Define the sesquilinear form

Bo(u, v) :=/Q ao(Vyu(y) - Vyv(y)dy, u,v € Vy.
0

Since ay is positive and bounded on Q, and elements of Vp have zero trace on the part of the
boundary I' = 9 Q1, then by Poincaré’s inequality the form By is (uniformly in @) coercive
and bounded on Vy, i.e. there exists ¢ and ¢, independent of @ such that

1Boat, v)] < exllull gy llvll

2
Bo(u,u) = callully,
0

for all u, v € V. This implies that for every f € L?(Qy) there exists a unique solution
u € Vy such that

Bo (u, v) :/Q Fu(y)dy, Vv eVy.
o

Consequently, the unbounded self-adjoint linear operator By, defined in L?(Qy), given by
Byu = f, is positive and, moreover, by the Rellich embedding theorem has compact resol-
vent. Therefore the spectrum of By is discrete, and we order the eigenvalues in accordance
with the min-max principle. These eigenvalues can be shown to be continuous functions of
0, in fact the following result holds.

10 This follows from an application of Vitali’s theorem, which is permissible by noting that since «; has an
L2 weak derivative in the x;-th direction one can use the fundamental theorem of calculus to prove that any
bounded sequence in H is 2-equi-integrable.
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Lemma 6 For eachn € N, let M;n) denote the n-th eigenvalue of By as ordered according
to the min-max principle, i.e.

ug’ = sup inf /aow.ﬁ, 0 € [0,27)°, (5.2)
V], Un—1€Vg veVy, Qo
o1l 2(0g) ="
vlv;,Vi=l,...,n

where v L v; is shorthand for v is orthogonal to v; in LQ(QQ). Then, for each n € N the

function A, (0) := u;") is Lipschitz continuous, that is there exists a C, > 0 such that

Mn(a/) - )\n(e)| = an/ - 0|, v, 0 < [0, 27T)3.

The proof relies on an important observation that the spaces Vg, 6 € [0, 27)3, are mutually
isomorphic. Indeed, if 8, 8’ € [0, 27r)3 then it is clear that the isometric mapping /(8 8) :
L*(Q) — L*(Q) defined as multiplication by the function exp(i(0’ — ) - y) defines an
isomorphism between Vy and V.

Proof Letvbe L2(Q)-normalised element of Vy and consider v’ := U(0, 8")v = exp (i o' —
0) - y)v. Then, v’ is an L%(Qg)-normalised element of Vy and the following identity

/Q @V -V = fQ a0 ()Vo(y) - Vo(y) dy + f a0 ()V(y) - 10 — 0)u(y)dy
0 0

Qo

+ fQ a0 ()i(0 — 0)exp(i(6 — 8)y)v(y) - Vo (y) dy
0

holds. Therefore, one has
‘/ aon’-W—/ agVv - Vv
Qo Qo

, 12 172
< ||aO||1L/OO(QO)|0’—0| |:</‘Q aon-Vv> + (/Q aon’-Vv’) j|
0 0

Consequently, as the isometric mapping /(0, 6') : LQ(QO) — LZ(QO) is an isomorphism
between Vy and Vy, the above inequality and the min-max formula (5.2) implies that

A (8") = 2 (O)] < [laoll /= g,)10" — B1(An(8") + 1 (8)). (5.3)

Now, if we consider the self-adjoint Dirichlet operator in LQ(QO) associated with the form
Bp(u, v) :=/ aoVu - Vo, Yu,v € HOI(QO),
Qo

then, since Hol (Qo) is embedded in Vy for all @, one has

M(0) <y, = sup inf / apVv-Vv, VO €0, 271)3.
V11 €HL(Q0)  VEHG(Q0), S Qo
l10l1,2ggy=1-
vl Vi=l,...,n

Here 11, is the n-th eigenvalue!! of the operator Bp, defined in a similar manner as By above.
Hence, we deduce from (5.3) that A, (@) is Lipschitz continuous with a Lipschitz constant
bounded from above by 2||ag| |1L/°%(Q0)M"' ]

T The spectrum of Bp is discrete, which again is a consequence of the Rellich theorem.
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6 Quasi-periodic two-scale limit spectrum

In this section we study the spectrum

U o@gm.

0e[0,27)3

In particular we shall characterise the spectrum in terms of the spatial and pure Bloch operators
introduced in Sect. 5. This leads to an appropriate analogue of the Zhikov § function, cf.
[30].

Let us fix @ € [0, 27)3 and suppose that Ag is in the spectrum of Az“’m. Then, there exists
an eigenfunction ug € Vjp that solves the spectral problem

—divy (ao(y)Vyug(x. y)) = roug(x,y), x€Q,ye Qo,

ug(x,y) = ui(x), x e, yed(, ©.1)
where u; = 0if 6; # 0 or otherwise solves )
—al®™ 92 u; (x) + T; (ug) (x) = A|Cilu; (x), for x € Q.

Here, we recall that

Ti(ug)(x) = / ao(y)Vyug(x, y) -n(y) dS(y).
There are two subcases to study: when 8 € U; <7 T1;, for IT; := {0 € [0, 272)% | 0-¢; = 0},
and 6 € [0, 27)3\( Uez ;).

Pure Bloch spectrum 1f 0 € [0, 271)3\( UieT 1'[,'), then g, ug solves the problem

{ _diVy(ao(y)Vyuo(x, )’)) = )"0u0(-x5 y)7 X € Q? y € Q()’ (62)

ug(x,y) =0, xeQ, yel.
Therefore, setting ug (x, y) = ¢ (x)vg(y) for a sufficiently arbitrary ¢, we find that vg solves

[ —divy (ao()Vyvg(»)) = 2gve(»), ¥ € Qo,

ve(y) =0, yel. 6.3)

Therefore, the spectrum of Agom for 0 € [0, 271)3\( UieT l'[,-) consists of eigenvalues of
infinite multiplicity, and these eigenvalues coincide with the eigenvalues the pure Bloch
operator By introduced in Sect. 5.2. Lemma 6 implies that these eigenvalues are continuous
with respect to #, and by continuously extending € from [0, 271)3\( Uiez I ,-) to [0, 27)3 we
deduce that

oA > | ) o(By).

0¢[0,27)3
It is for this reason that we call U95[0,2n)3 o (Byg) the pure Bloch spectrum of Agom.

Spatial spectrum Let us now suppose that @ € U;c7I1; and L9 € o(Ap) is not a pure Bloch
eigenvalue, i.e. Ag ¢ U95[0,2n)3 0 (Bp). Introducing, fori € 7? the functions b((,[) € HJ Q)
that satisfy
~divy (a0(»)Vyby (1)) =0,y € Qo. 64)
b () = i), yeC;, j=1,2,3, '
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we represent ugy as follows
wp(x,y) = Y ui(¥)by (y) + va(x. y),
iez?

and substitute this representation into (6.1) to deduce that vg (x, y) € Vg, see (5.1), solves

—di v, — 4 =2 ()b Q

ivy(a0()Vyve(x, y)) — Agvg(x, y) = Ag Y ui(x)b,’(y), x€Q,y € Q. ©6.5)
iezf

Denoting respectively by /,L(m) and v;m) the m-th eigenvalue and orthonormal eigenfunction
of By, we perform a spectral decomposition of vg and bg) to conclude that

vp(x, ) = Y en® 00" (), by () = Y b Oy (7,

meN meN

for some ¢,, (@, x) and constants bf,? 0) = f 0o b(l) o . Substituting the spectral represen-
tations into (6.5) gives

cm(0,x) = T»\ Z ui(x)b,(,i)(O).
e iez?

Therefore, ug admits the form

wt = X 3 (@)@ o). xenye

ieZf meN

Consequently, we calculate

(11
T = 32 3 (=, Juioby) @) / aoVy v () - () dS().

ieZ® meN

Recalling that b;’) solves (6.4), v(m) solves (6.3), and utilising Green’s identity, we deduce
that

/r a0 0™ () - n(y) dS(y) = fr a0V 0™ () - n()BY (1) dS()

:_M§m>/ o0
Qo

= —1g"b; ).

Therefore

Tiup) ) ==Y 3 (4 ‘fﬁ:; ) @bl @),

ieZf meN
and for each i € 7? , u; solves the problem
—alh"mafiu,-(x) = Z ,B;i‘j)(kg)uj(x) x €Q, u;jvi =0on 9L,
jez?

for

BYI (1) = HCils + ( ‘f,g) i Vo) @)b) @), heR. (6.6)

meN
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Hence, we have demonstrated the following.

Proposition 10 The spectrum of | a(Agom) is the union of the following two sets:
0€[0,27)3

o The pure Bloch spectrum:

U oo=3 [, min ()., ma (7).

3 3
bel0am)? = Locroam) 0¢[0,27)

where /Lém) are the eigenvalues of By ordered according to the min-max principle.

e The spatial spectrum: {, € [0,00)| y(0)(A) € 0(Ag)}, where Ag is an operator with
compact resolvent. Here y : R® — S3 is for each 0 a (possibly) sign-indefinite symmetric
matrix defined by setting fori ¢ 1%, vij (@) =0 forall j, and y;;(0) = ﬂo(”) otherwise.
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