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Abstract. In this paperwe addressthe problemof drawingplanargraphswith circular
arcswhile maintaininggoodangularresolutionandsmalldrawingarea.We presenta lower
boundon theareaof drawingsin whichedgesaredrawnusingexactlyonecirculararc.We
alsogiveanalgorithmfor drawingn-vertexplanargraphssuchthattheedgesaresequences
of two continuouscircular arcs.The algorithmruns in O(n) time andembedsthe graph
on the O(n) x O(n) grid, while maintaining6(l/d(v» angularresolution,whered(v) is
the degreeof vertexv. Sincein this casewe usecirculararcsof infinite radius,this is also
the first algorithmthat simultaneouslyachievesgoodangularresolution,small area,and
at mostonebendper edgeusing straight-linesegments.Finally, we show how to create
drawingsin which edgesaresmoothC1-continuouscurves,representedby a sequenceof
at mostthreecirculararcs.

1. Introduction

The studyof methodsfor renderingplanargraphsis centralin thegraphdrawingliter
ature.In planargraphdrawings,verticesarerepresentedby distinctpointsin theplane
andedgesaredrawnascontinuouscurvesthatdonotcrossoneanother[1]. An important
characteristicof a graphdrawing is its readability,and someof the essentialqualities

• A preliminaryversionof this paperappearedin theProceedingsofthe7thAnnualSymposiumonGraph
Drawing, 1999.The first authorwaspartially supportedby ONR GrantNOOOI4-96-1-0829,the otherthree
authorswerepartially supportedby NSFGrantCCR-9732300andARO GrantDAAH04-96-I-0013.
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thatdeterminereadabilityincludethefollowing:

1. Edgesmoothness:edgesshouldbedrawnwith "smooth"curves.Ideally,weprefer
straight-linesegments.If someotherconsiderationspreventthe useof straight
lines,thenedgesshouldbedrawnassimplesmoothlow-degreecurvesorpolylines
with few bends.

2. Area: verticesandbendpointsshouldbeplacedat integergrid pointsin assmalla
box aspossible.Ideally, verticesandbendpointsshouldbeplacedon an 0 (n) x
o(n) grid, wheren is thenumberof verticesin thegraph.

3. Angularresolution: for eachpair s andt of curvesrepresentingtwo consecutive
edgesincidentonavertexv, theanglebetweenthetangentof s atv andthetangent
of t at v shouldbelarge.Ideally,we would like themeasureof eachsuchangleto
be8(l/d(v)), whered(v) denotesthedegreeof v.

Thus, we are interestedin a studyof methodsfor drawingplanargraphswith smooth
edges,smallarea,andidealangularresolution.Theparticularemphasisin thispaperis to
considermethodsfor drawingedgeswith polylinessuchthateachpieceof thepolyline
is drawnwith a circulararc. This is a strictgeneralizationof the usualpiecewise-linear
polylines [8], [11], sincea straight-linesegmentcanbe viewedasan arc of a circle of
infinite radius.In thispaperweaddressthefollowing questions:Whatareais achievable
for drawingswith goodangularresolutionthat usesinglecircle arcsfor edges?What
areais achievablefor drawingsthat useat most two circular arcsper edgeand have
goodangularresolution?What is the fewestnumberof circulararcsneededto achieve
O(n) x O(n) area,goodangularresolution,andCI-continuityfor edges?

1.1. Prior RelatedWork

Thereis a rich bodyof knowledgethathasbeendevelopedfor drawingplanargraphs.
EarlyworkbyWagner[15], Fary[4], andTutte[14] focusedondrawingsofplanargraphs
usingstraight-lineedges,without muchattentionpaid to otheraestheticor complexity
issues.Indeed,the drawingsproducedusingtheseearly techniquescanin manycases
requireexponentialarea.LaterdeFraysseixetal. [3] andthenSchnyder[13] showedthat
onecandraw a planargraphwith straight-lineedgesandverticesplacedat grid points
in an O(n) x O(n) integergrid. Still, the drawingsproducedfrom thesealgorithms
havea weakness,which is notasprevalentin thealgorithmsbasedonTutte'sapproach:
namely,thearea-efficientstraight-linedrawingscan producevery smallanglesbetween
consecutiveedgesincidentuponthesamevertex(poorangularresolution).In fact, it has
beenprovenby Malitz andPapakostas[12] that thereexist graphsthatalwaysrequire
exponentialareafor straight-lineembeddingsmaintaininggoodangularresolution.

Theproblemof drawingplanargraphswith goodangularresolutionwasaddressed
by Formannet al. [5], GargandTamassia[6], andKant [9]-[11], who showedthatone
could in fact simultaneouslyachieveO(n) x O(n) areaand an angularresolutionof
8(l/d(v)) for eachvertex v, by drawinga planargraphusingpiecewise-linearpoly
lines with at mostthreebendseach.GutwengerandMutzel [8] improvedthe constant
factorsfor suchdrawings,establishingthatonecoulddrawann-vertexplanargraphin a
(2n - 5) x (3n/2 - 7/2) grid with at least2/dmax angularresolutionusingpiecewise-
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linearpolylineswith at mostthreebendseach,wheredmax is themaximumdegreeof the
graph.GoodrichandWagner[7] showedthat onecould in fact achieve0 (n) x 0 (n)
areawith an angularresolutionof E>Old(v» for eachvertex v, usingpiecewise-linear
polylineswith only two bendseach.Theyalsoshowedthatonecouldachievethe same
areaandangularresolutionboundsusingsmoothdegree-3(Bezier)curves.

1.2. Our Results

In this paperwe provide answersto the questionsposedabove.Specifically, we show
thefollowing:

• Thereexistsann-vertexplanargraphG thatrequiresareaexponentialin n for any
drawingof G thatusessinglecirclearcsfor edgesandhasgoodangularresolution.

• We candraw an n-vertexplanargraphG in an O(n) x O(n) grid with angular
resolutionE>Old(v» for eachvertex v in G using at most two circular arcsper
edge.In fact, in this casewe usecirculararcsof infinite radiussothatthepolylines
are piecewiselinear with at most one bend each,while still maintaininggood
angularresolutionand O(n) x O(n) area.

• We can draw an n-vertexplanargraphG in an O(n) x O(n) grid with angular
resolution E> (lid (v» for eachvertex v in G using C1-continuouscurves that
consistof at mostthreecirculararcs.

Our lower-boundproofis basedon a nontrivial analysisof a circular-arcdrawingof the
well-knownnested-trianglesgraph.Ouralgorithmis basedon a carefulmodificationof
theincrementalapproachtoplanargraphdrawingutilizedbydeFraysseixetal. [3] similar
to the approachusedby GoodrichandWagner[7]. We describethe main ideasbehind
theseresultsin thesectionsthat follow, beginningourdiscussionwith the algorithm.

2. Algorithm

We now describean efficient algorithm,OneBend,to embedany planargraphon an
O(n) x O(n) grid whilemaintaininggoodangularresolution,E>Old(v»,for eachvertex
v, andusingat mostonebendperedge.Following themethodsof deFraysseixetal. [3]
and Kant [11], we insert verticessequentiallyby their canonicalordering,generating
subgraphsGI, G2, ... , Gn in theprocess.Recallthatin thecanonicalorder,verticesare
labeledVI, V2, ••• , Vn andgraphGi is definedto be thesubgraphinducedonthevertices
VI, V2, ... , Vi. GraphGi is 2-connectedandits externalfaceis a cycleC. Furthermore,
in graphGi+I, thenewvertex, Vi+I hasall of its neighborson the externalfaceof C.

In themannerof GoodrichandWagner[7], we useabox aroundeachvertexof size
proportionalto its degreebutguaranteethateachedgedrawncontainsat mostonebend
ratherthan the previousbestknown methodusing two. To generatea subgraphGk+I

from Gk by insertinga vertex Vk+I and its associatedbox, we needto performa few
operationsandmaintaina few sets.Let WI = VI, W2, ... , Wm = V2 betheverticesof the
exteriorface Ck of G k in order.For a particularsubgraphGk andvertexVk+I, we refer
to WI andWr asthe leftmostandrightmostneighborsof Vk+l on Ck; seeFig. 1.
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Fig.I. GraphGk+l afterinsertingVk+l. Theshadedpartis Gk andall unfilled verticesarepartof theshifting
setMk+l (Vk+l).

2.1. VertexJoint Box

We associatewith everyvertex v E V ajoint box centeredaroundv, rotated45°, and
havingwidth andheight4d(v) + 4 units, seeFig. 2. For notationalconvenience,if v is
clearfrom thecontext,thenweused to denotethedegree,d (v), of v. Thus,if v is located
at position(i, j), thefour comersof thebox are(i ± 2d + 2, i) and(i, j ± 2d + 2). We
breakthebox into two typesofalternatingregions,jreeregionsandport regions.Foreach

o

-90

M d+1

180

Fig. 2. Thejoint box for a vertex,v, in thedrawing.Notice the shadedregionshighlighting the threefree
regionsandthepresenceandlocationof portsinsidetheport regions.
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Fig.3. Theedgefrom u to v hastwo edgesegments.Thefreeedgesegmentconnectsu to MI. Theport edge
segmentconnectsv to MI.

freeregionthereis atmostoneedgepassingthroughit to v. Eachport regionconsistsof
acollectionof d portsandeveryedgeinsidetheportregionpassesthroughauniqueport.

We defineandnamethe free regionsusingangularcoordinatesclockwisearoundv:

• FreeregionM lies between-450 and45°.
• Freeregion R lies between90° and135°.
• FreeregionL lies between-135° and-90°.

In betweeneachof theseregionsaretheportregions.Forreference,we labeltheports
betweenL and M upwardas L j , ••• , Ld and similarly betweenR and M. The ports
betweenL and R arelabeledM j , M2 , ••. , Mu in counterclockwiseorder.

Thealgorithmdrawseachedgein E by "routing" it througha port in thejoint box of
oneof the two endpoints.Eachedgeconsistsof two connectededgesegments.Thefirst
edgesegment,theport edgesegment,connectsa vertexwith oneof theportsof its joint
box. The secondedgesegment,thefree edgesegment,connectsa vertex to oneof its
neighbor'sports.Forexample,for anedgee = (u, v), if we routee throughport M j in
v'sjoint box,wewoulddrawtwo line segments,seeFig. 3. Thefreeedgesegmentwould
passfrom u to M j andtheport edgesegmentwouldpassfrom v to Mj. This methodof
constructionenablesus to guaranteethatthereis at mostonebendperedge andthatthe
free edgesegmentsalwayspassthroughfree regions.

2.2. The Invariants

In order to constructour embeddingincrementally,we maintain invariantssimilar to
thoseof de Fraysseixet al. [3] andGoodrichandWagner[7] with two differences,a
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slight changein invariantthreeanda newinvariantfour:

1. The verticesandtheportsof thejoint boxeshaveintegercoordinates.
2. Let WI = VI, Wz, ... , Wm = Vz be the verticesof the exterior face Ck of Gk in

order and let X(Wi) be the x-coordinateof vertex Wi. Then x(wd < x(wz) <
.. , < x(wm).

3. For 0 < i < m thefree edgesegmentof the edge(Wi, Wi+I) hasslope± 1.
4. For everyvertex V thereis at mostone (free) edgesegmentcrossingeachof its

free regions,seeFig. 2. All otheredgesegmentsareport edgesegments.

Noticethatif invariantfour holdsfor theembeddingGk , by thedefinitionof thejoint
boxandlocationof theportregions,Gk hasangularresolutionnoworsethane(l / d (v)),
for eachvertexv.

2.3. TheShiftingSet

Duringeachinsertion,we mustcreatespacefor thevertexjoint box to "see"its leftmost
andrightmostneighborswithout the box touchingany of the neighborsalongthe face
in between.To do this, we needto shift the verticesalongthe externalfaceby a certain
amount.However,in orderfor theinvariantsandplanarityto beguaranteedothervertices
mustalso be shiftedat the sametime. As in de Fraysseixet al. [3] andGoodrichand
Wagner[7], we define the shifting set for a vertex Wi on the externalface of Gk as
Mk(Wi). For any graphGk, we defineMk(Wi) S; V suchthat the following conditions
hold:

1. Wj E Mk(Wi) if andonly if j 2: i.
2. Mk(WI) :::l Mk(W2) :J .,. :J Mk(Wm ).

3. Foranynonnegativenumber010 02, ... , Om if we sequentiallytranslateall vertices
in Mk(Wi) with distance0i to the right (i = 1,2, ... , m), thenthe embeddingof
Gk remainsplanar.I

Recallthatfor avertexv = Vk+I, WI andWr aretheleftmostandrightmostneighborsof
von Ck. Startingwith theinitial shiftingsetatk = 3, we constructMk+1 (Wi) recursively
asfollows:

• Mk+1 (Wi) = Mk(Wi) U Vk+lo for i ::s I.
• Mk+l(Vk+l) = Mk(WI+d U Vk+I·
• Mk+I(wj) = Mk(wj), for j 2: r.

Thisconstructionallowsusto guaranteethattheabovethreeconditionsof theshifting
setsaremaintained.Intuitively, after a vertex Wi is removedfrom the externalfaceby
anothervertexVk+I, it alwaysshiftsexactlywith Vk+I. Duringanyshift, verticescanonly
get fartherapartin thex-direction.Note that in our algorithm,whena vertexis shifted,
its joint box is alsoshifted,that is, theportsmoveaswell.

I Note thatmanyverticeswill moveseveraltimes;e.g.all pointsin Mdw;)\MdwH}) will be translated
by 01 + 02 + ... + 0;.
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We first showhow algorithm OneBenditeratively constructsthe sequenceof graphs
GI , G2, ... , Gn • It is trivial to constructtheinitial casesof G I , G2, andG3, i.e., inserting
thefirst threevertices.Supposewe haveembeddedGk with exteriorfaceCk. Let Ck =
(VI = WI. W2• ...• Wm = V2) betheexteriorfaceofGk.To constructGk+I , let v = Vk+I
bethenextvertexin thecanonicalorderingandrecall that WI andw, are,respectively,
the leftmostandrightmostneighborsof V on thefaceCk. Let d. dl , d, betherespective
degreesof V, WI. andw,. Let PI bethefirst unusedRi port in WI'Sjoint box. Similarly,
let P, be the first unusedL i port in w,'sjoint box. Recallsinceeachport regionhasat
leastd portsavailablethereis alwaysanunusedport.

We insertv by shiftingall verticesin theshiftingsetMk(WI+I) by 2d + 2 positionsto
theright. Additionally we shift all verticesin Mk(W,) by anadditional2d+ 2 positions
to theright. This impliesall verticesin Mk(w,) actuallymove4d+4 positions.Finally,
weplacev at theintersectionof linesI andr whereI (respectivelyr) is theline through
PI (respectivelyp,) with slope+I (respectively-1). Weroutetheedgesbetweenv and
WI throughPI anddo thesamefor w,. To maintaininvariantsoneandthree,noticethat
if the intersectionpointhasintegercoordinatesthesetwo invariantshold. Otherwise,by
shifting Mk(w,) oneadditionalunit, we guaranteethatthe intersectionpointhasinteger
coordinates.

To completetheinsertionandthealgorithm,weneedto drawtheedgesbetweenv and
Wi. whereI < i < r. Let Wj betherightmostvertexwith anx-coordinatelessthanv. We
route theedgesfrom V to verticesWj whereI < i ~ j throughconsecutiveincreasing
portsfrom M I in v'sjoint box. Similarly, weroutetheedgesfrom v to verticesWi, where
r > i > j throughconsecutivedecreasingportsfrom Mu in v'sjoint box.

Lemma1. After shifting. anyfree edgesegmentin thefree region remainsin thefree
region.

Proof Wefirst lookatfreeedgesegmentsin theM regions.Noticethatthesesegments
arecreatedby a vertexv dominatinganothervertexw. In this case,W joins v's shifting
setandis only shiftedwheneverv is shifted.Therefore,the sloperemainsconstantand
thefree edgesegmentremainswithin M.

All otherfreeedgesegmentslie insideL andRfreeregions.Withoutlossofgenerality,
weexaminethecasewhena freeedgesegmentlies in theL region.This impliesthatthe
slopeof theline segmentis between0 and+1. Sinceshiftingonly movesverticesfarther
apartin thex-direction,the slopecangetcloserto 0 but it will alwaysremainpositive.
Thus the free edgesegmentwill alwaysremainin the L free region.The argumentis
similar for free edgesegmentsin the R free regions. 0

Lemma2. Afterinsertion,everyfree edgesegmentpassesthroughafreeregionwhich
containsno othersegment.

Proof After insertinga vertex Vk+I, there are two typesof edgesadded,the edges
betweenVk+I andthe outsideneighbors,WI and w,. andbetweenVk+I and Wi where
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I < i < r. In both cases,eachedgeis routedthrougha port creatingone free edge
segmentandoneport edgesegment.By construction,a free edgesegmentof the first
typeby constructionhasslopeeither+I or -1 andsoit lies insideVk+1 'sjoint box free
regionL or R. SinceVk+1 is a newvertex,thereareno othersegmentsinsidethesetwo
freeregions.

A free edgesegmentof the secondtype intersectsthe M regionof Wi'S joint box.
Sincethis canhappenat mostonce,asthevertexis now no longeron anexternalface,
therecanbeno otherfreeedgesegmentinsidethis freeregion.To seethat thesegment
actuallyintersectsthe M free region,notice that Wi is boundbetweenWI and Wr and
is alsoaddedinto a port on the propersideof Vk+J, i.e., the left or right side.Also, by
constructionWi is belowthe lowestport of Vk+1 'sjoint box. This implies thattheslope
is boundeitherabove+1 or below -1 and,therefore,thefree edgesegmentlies inside
the Wi'S M region. 0

Lemma 3. Ifinvariants 1-4holdforGb thentheyalsoholdforGk+1.

Proof By the natureof the shifting set, invariantsoneand two hold (see[7]). Note
thatbecauseshiftingavertexinvolvesshifting theentirejoint box simultaneously,after
everyshift operationall port edgesegmentshaveunchangedslope.Also, afterthe two
shifting operations,all free edgesegmentson the exteriorfacehaveunchanged,albeit
±l, slope,exceptpossiblythefreeedgesegments(WI, WI+I) and(Wr-I, wr ). However,
after insertion, thesefree edgesegmentsare no longer on the exterior face and are
insteadreplacedby two freeedgesegmentsbetween(WI, v) and(v, wr ) with slope±1.
Therefore,invariantthreeholds.

By LemmasI and2 andthefact thatportedgesegmentsneverchangeslope,we see
thatinvariantfour alsoholdssinceall edgesroutedin algorithmOneBendcreatedaport
segmentanda freeedgesegment. 0

Theorem 1. Givena planar graph G, algorithm OneBendproducesin 0 (n) time a
planarembeddingon the30n x 15ngrid with angularresolutionE>(ljd(v» andusing
any ofthefollowing typesofedges:polyUneswith onebend,or two circular arcs with
CO-continuityandoneknot,or threecircular arcswith C1-continuity.

Proof The original algorithm as statedproducespolylines with onebendper edge.
Thisby definitioncanalsoberepresentedby two circulararcs,straightlines,whichhave
adiscontinuityatthebend,orknot. Sincethepointsareembeddedonthegrid, thebends
may alsobereplacedby circulararcsof a relatively small sizeto ensureCI-continuity
aswell.

It hasbeenshownby ChrobakandPayne[2] how to implementthealgorithmof de
Fraysseixetal. [3] in lineartime.Theirapproachcanbeeasilyextendedto ouralgorithm.

It remainsto show that the drawingsproducedby algorithm OneBendfit on the
30n x 15ngrid. Everytime weinsertavertexVb weincreasethegrid sizeby 4d(Vk) +5
units. Summingoverall the degreesof the verticeswe get LVEV4d(v) + 5 = 4(6n 
12) + 5n < 30n. Thefinal drawingfits insidean isoscelestrianglewith sidesof slope
0, +1, -1. Thewidth of thebaseis 30n andsotheheightis lessthan15n. 0
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Malitz andPapakostas[12) showedthat someplanargraphs,drawn with straightlines
in the D(n) x D(n) grid, musthavesmall angles.More specifically,they found a class
of planargraphs,H, whosestraight-lineplanardrawingsrequireexponentialareaif the
angularresolutionis good.Supposewe relax theconditionthateachedgein a graphbe
drawnwith a straight-linesegmentsothateachedgeis drawnwith acirculararc (where
astraight-linesegmentis consideredanarcfrom acircleof radiusinfinity). Canwedraw
thegraphsin H with angularresolutionCi > 0 in an D(n) x D(n) grid?Surprisingly,as
long asCi is a constant,theansweris no.

Let H = {Hn , n 2: I} and HI be a cycle on three vertices PI, Q I, and RI. For
n 2: 2, the graphHn is constructedfrom Hn - I by addinga cycle on threenew vertices
Pn, Qn, Rn, andedges(Pn, Pn-d,(Qn, Qn-d,(Rn, Rn- I ) and(Pn, Qn~I), (Qn, Rn- I ),

(Rn, Pn-I), asshownin Fig. 4. It is easyto checkthatthe graphis planar,triconnected,
and,thus,hasa uniqueembedding.We showthatfor anyplanar,circular-arcdrawingof
Hn with angularresolutionCi > 0, thereexistsa constantc" > 1 suchthat the areaof
thedrawingis Q (c~).

Let r n bea planarcircular-arcdrawingof Hn with angularresolution0 < Ci :s Jr/3.
If (u, v) is anedgein Hn , thenwe referto thearc thatrepresents(u, v) in r n asuv,and
the line segmentthatconnectsu andv asuv. (Sometimesu or v may notbea vertexof
Hn but a point on somearc of r n' In this case,uv refersto the portion of the arc that
startsat u andendsat v.) If 5 is a setof arcsin r n that boundsa region, then we let
Area(5) be its area.

We nextdefineregions51.52,and53 asfollows:

We showin thenexttwo lemmasthattheregionenclosedby thethreearcsin 51 cannot

QIl Rn

Fig. 4. The graph Hn is constructedfrom Hn-l by addingvertices Pn, Qn, and Rn alongwith the edges
shownabove.The figure on the right showsHn drawnwith circulararcs.
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Fig. 5. Arcs;;andbpassthroughPn-I, 2n-l, andQn-l, 2 n-l, respectively.Theirtangentsform anangleu
with thetangentsof P~_I an~ -;Z;;--I. Theshapeof theregionboundedby;;andP;:i;;-I depends
on theconcavity/convexityof Pn-I Qn-I andu.

be arbitrarily small. If all the arcs in Hn are straightlines, this fact is easyto prove.
However,for circular-arcdrawings,we needto takeinto accountthatthearcscanhave
differentcurvatures.Therequirementthatthetangentsof two incidentarcsmustform at
leastananglea > 0 will allow usto showthatArea(Sdis proportionalto JPn-1Qn_I/2 .

Similarly, theareasof theregionsenclosedby thearcsin S2andS3cannotbearbitrarily
small.

Let Zn-I be the midpoint of Pn~-I' Considerthe two circular arcs that pass
throughPn- I andZn-I suchthatthetangentsof thearcsform ananglea with Pn~-I'
Letabethearc thatlies ontheoutsidefaceof Hn- I • Letbbethecorrespondingarcthat
passesthroughQn-I andZn-I. seeFig. 5.

~ --Lemma 4. Area(SI)::: Area({a, Pn-IZn-d).

Proof Let l be the perpendicularbisectorof Pn- I Qn-I. Without loss of generality,
assumethat Pn lies on l or on the samesideof l as Qn-I. Notice that if Pn =I- Zn-I,
~n is alwaysabovea exceptat its endpoint,Pn-I. Otherwise,theangularresolution
of r n is violated or Pn lies belowaandhenceon the wrong sideof t. Furthermore,
Q--::J>n cannotintersecta, exceptpossiblyat Zn-I. If it does,it crossesl andhasto
intersect~n aswell, contradictingtheassumptionthatr n is aplanardrawing.Thus,
both ~n and ~n do not crossa; amust lie in the regionenclosedby SI. By
symmetry,if Pn lies onthesamesideof l as Pn- I , thenbmustlie in theregionenclosed
by SI' Our resultfollows. 0

Lemma 5. Thereexistpositiveconstantska andk~ suchthat

(i) Area({a, Pn-::Z:--d) ::: kaJPn-1Qn_I12 and-- --(ii) Area({a, Pn-IZn-d) ::: k~ Area({Pn_1Qn-I, Pn- I Qn-d).

Proof. Without lossof generality,weassumethat Pn- I is on theorigin andQn-I is on
the positivex-axis. Theareaenclosedby a and Pn~-I dependson theconvexityor-- -- --concavityof Pn- I Qn_l.whenPn- I Qn-I is convexandwhen Pn- I Qn-I is concave.

We assumePn~-I is convex.Let y <rr be theangleformedbetweenPn-I Qn-I
and the tangentsof Pn~-I at Pn- I and Qn-I. When y S 2a, a is concave.Let
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f «(}) = «() - sin(}) /(1 - cos()). It is easyto verify that

• Area({a, Pn-1Zn-l}) = IPn_IZn_112f(2a- y)/4,
---- 2• Area({Pn_1Zn_l , Pn-1Zn-Il) = IPn-I Zn-I! f(y)/4,

• Area({a, Pn-:;Z;-Il) = Area({a, Pn-1Zn-Il) + Area({-=P-n--I=Z-n--l, P::Z;;--d).

Thus,

~ ---- = IPn_lZn_112f(2a-Y4)+f(y)Area({a, Pn- 1Zn-d)

1
1', Q 12 f(a)

~ n-l n-l 16cos2(y/2)

--::-----::::- 2 f (a)
~ IPn-lQn-I! ~' (1)

where (1) follows from the fact that f«(}) is monotonically increasingwhen 0 <
() < rr and 0 ::s y ::s 2a. Furthermore,since y ::s 2a, the largestpossiblevalue of

-- 2Area({Pn_1Qn-l, Pn- 1Qn-Il) is IPn-l Qn-ll f(4rr /3)/4. Hence,

(2)~ ---- ---- f(a)
Area({a, Pn-1Zn-Il) ~ Area({Pn_1Qn-d)4 f(4rr/3)

If y > 2a, thenais convex.Again, it is easyto verify that

• Area({a, Pn-IZn-Il) = IPn-lZn-112f(y - 2a)/4.
-- ---- ----- -- --::-----=:--• Area({a, Pn-lZn-Il) = Area({Pn-lZn-l, Pn-1Zn-Il) -Area({a, Pn-lZn-Il).

Thus,

(3)

(4)

(y - 2a ::s ~ ::s y)

1
1', Z 12f(y) - f(y - 2a)

n-l n-l 4

--::-----::::- 2 2af' (~)
= IPn-lQn-11 16cos2(y/2)

-=----=- 2af'(0)
> IPn-lQn-ll -S-

--::----;::- 2 a
= IPn-l Qn-ll 24· (5)

The equality in (3) follows from the Mean Value Theorem,which statesthat f(y) 
f(y -2a) = f'(~) 2a wherey -2a ::s ~ ::s y. Sincef'«(}) is monotonicallyincreasing
when0 < () < rr, and2a < y < rr, (4) follows aswell.

It is easyto verify that

---- 2f(2y)
Area({Pn- 1Qn-I, Pn- I Qn-Il) = IPn-l Qn-I! -4-

and f(2y) cos2(y/2) ::s (2rr + 1)/Ssin2 a when2a < y < rr. From(3) we have

~ ---- ---- af'(~)
Area({a, Pn- 1Zn-Il) = Area({Pn-lQn-Il) 2 cos2(y /2)f(2y)

____ Sa sin2(a)
~ Area({Pn-lQn-Il) 6(2rr + 1). (6)
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When Pn~-l is concave,amustbeconcave.Using a similarargumentasabove,
we can show that there exist constantsra and r~ such that Area({a, p,:;z;;--d) 2:

2 ----- --ra IPn- 1Qn-t1 andthatArea({a, Pn- 1Zn-l}) 2: r~ Area({Pn- 1Qn-d).From(I) and(5)
and(2) and(6), thenwe have

k = min {f(a) ~ r }
a 16 '24' a ,

. {f(a) 8asin
2

a ,}k' = mm r .
a 4 f(47T/3) ' 6(27T + 1)' a

Sincea > 0, f(a) > 0 andsin2 a > O. Thus,ka andk~ arepositivenumbers. 0

We emphasizethat the constantska and k~ are not dependenton y and hencethe
resultcanbeextendedto theotherarcs,Q-;:;R;,-l andR;:;?;;-l. We arenow readyfor
the mainresultof this section.

Theorem2. Anyplanar, circular-arc drawing of Hn that hasconstantangular reso
lution a > 0 hasarea Q (cZ) whereCa > 1.



Drawing PlanarGraphswith CircularArcs

Area({Q~_I, Qn-IRn-!l) + Area({R;;:P;_I, Rn-IPn-d). Let Ca

min(ka , k~).

SinceA I is at leastsomeconstantal > 0, by induction,An 2: C~-I al.

4. Conclusionand OpenProblems
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In this paperwe provethat drawinga planargraphwith goodangularresolutionusing
onecircular arc peredgerequiresexponentialarea.We thenshowhow to draw planar
graphswith goodangularresolutionusingpolylineswith at mostonebendperedgeon
a grid of size30n x 15n. Reducingthe constantsseemspossiblebut this problemhas
not beenexploredyet.

The algorithmfor drawingwith onebendperedgeimmediatelyimplies thatwe can
draw planargraphsusing two circular arcswith CD-continuity,or using threecircular
arcswith Cl-continuity. However,it still remainsto show whetherwe candraw using
two circulararcs,or possiblytwo otherdegree-2curves,with C I-continuity.
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