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Abstract Let P, be a homogeneous Poisson point process of rate A in the Clifford
torus 72 C E*. Let (fo, fi, f2, f3) be the f-vector of conv P, and let ¥ be the mean
valence of a vertex of the convex hull. Asymptotic expressions for E f1, E f>, E f3
and E v as . — oo are proved in this paper.
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1 Introduction

Recently Poisson—Voronoi tessellations became an object for extensive investigations.
The first non-trivial result concerning Poisson—Voronoi tessellations belongs to J. L.
Meijering. His paper [6] shows that a typical cell of a Poisson—Voronoi tessellation
of the three-dimensional Euclidean space FE> has an expectation of number of facets
equal to

4872 _
S5 +2=155354....

A survey [9] contains a number of further results concerning Poisson—Voronoi
tessellations.

It is possible to consider Voronoi tessellations of a sphere or a hyperbolic space
of constant curvature as well as Voronoi tessellations of a Euclidean space. Given a
locally finite set A in a sphere, Euclidean space or a hyperbolic space of constant
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curvature, it is possible to consider an associated Delaunay triangulation. It is known
(see, for example, [7]) that the following statements are equivalent.

1. A subset B C A spans a face of Delaunay triangulation.
2. A set of points equidistant to all points of B contains a face of Voronoi tessellation
associated with A.

Therefore, the notions of Voronoi tessellation and Delaunay triangulation are dual
to each other.
Consider a finite set A of points in general position in the sphere

ST =&, ) CEM il v e+ el =)

A subset B C A determines a face of the Delaunay triangulation associated with A if
and only if conv B is a face of conv A.

N. Dolbilin and M. Tanemura (see [3]) studied convex hulls of finite subsets of the
Clifford torus 72 embedded in E*. Since T2 C $° 5 this case can be considered as an

additional restriction for a finite subset of Sffz generating the Delaunay triangulation

(or the Voronoi tessellation). For a special class of point sets in 7% called regular sets
[3] completely describes the combinatorial structure of the convex hull.

In addition, the convex hull of the Poisson point process within 7% has been explored
by numeric methods. Dolbilin and Tanemura considered the average number f of
2-faces of a cell in the corresponding Voronoi tessellation of S?, which is exactly
the average degree of a vertex in the Delaunay triangulation. A strong linear relation
between f andlog 1NN =4n 2).is the average number of points) has been observed,
and the obtained regression formula was

F ~ —2.419308 + 9.9719151og, N.

In other words, the simulation has shown that the mean valence of a vertex of the
convex hull (or the mean number of hyperfaces of a Poisson—Voronoi cell) is likely to
have an expectation O*(In 1), as the rate of the process A tends to infinity.

Here and further F; = O*(F>) means that

lim sup max (} ﬂ!,

F:
A—00 2

P

7 ) < .

N. Dolbilin suggested the author to prove the conjecture on the logarithmic growth
of the mean valence of a vertex.
In this paper this conjecture and several related results are proved.

2 Notation and Main Results

In the four-dimensional Euclidean space E* consider the two-dimensional Clifford
torus

T? = {(cos ¢, sing, cos,siny) : —w < ¢, ¥ < m}.
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Clearly, T2 is a submanifold of the three-dimensional sphere
Sy ={¢16.5.6) & +&5 +& +5 =2}

T2 has a locally Euclidean planar metric and, consequently, the natural Borel mea-
sure mesy, where mesz(Tz) =472,

Consider a random point set P C T?2. For every Borel-measurable set A C T2
define a random variable

n(A) = np(A) = [P N Al

Denote by Pois(v) the Poisson distribution with rate parameter v, i.e. the distribution
of a random variable ¢, such that

J
P({Uzj):e_vvf' for ]20,1,2,
]

Say that P = P, is the (homogeneous) Poisson point process of rate A > 0 if
the random variable n(A) is distributed according to Pois(A mes) (A)) law for every
Borel-measurable set A C T2.

Call a polytope in E* generic if it is a simplicial 4-polytope, or a simplex of dimen-
sion at most 3, or an empty polytope. Remind the notion of f-vector of a 4-polytope
and extend it to the cases of other generic polytopes.

The f-vector of a 4-polytope P is a 4-vector (fo, f1, f2, f3), where f; is the
number of i-faces of P fori = 0, 1, 2, 3. By definition, set the f-vectors for the three-
dimensional simplex, the two-dimensional simplex, the segment, the one-point set and
the empty polytope as (4, 6, 4, 2), (3,3,1,0), (2,1,0,0), (1,0,0,0) and (0, 0, 0, 0)
respectively.

If P = convP,, then P is almost surely a generic polytope, and therefore
(fo, f1, f2, f3) is a well-defined random vector.

Call the event n(Tz) < 4 adegenerate case and the complementary event n(Tz) >
4, respectively, a non-degenerate case.

Remark The reason to choose f3 = 2 for a three-dimensional simplex is the con-
venience to treat it as a polytope with 2 hyperfaces equal to this simplex. The other
components were chosen to satisfy Dehn—Sommerville equations (see, for example,
[1]). The f-vectors for other polytopes occurring in degenerate cases were chosen
rather arbitrarily according to the common idea of simplices in dimensions lower
than 3.

The main results of this paper are below.

Theorem 2.1 The number of hyperfaces of conv P, has a magnitude of expectation
O*(A1n L) as A tends to infinity.

Theorem 2.2 The numbers of 1-faces and 2-faces of conv P, both have magnitudes
of expectation O*(A1n L) as A tends to infinity.
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In addition, one can easily observe that the value of fj (i.e. the number of vertices)
for the polytope conv Pj, is exactly n(T?). Therefore

E fo = En(T?) = 4an?,

as n(T?) is Pois(4rm?)-distributed (expectations of Poisson random variables are
computed, for example, in [8]).

Remark For a random polytope conv P, the asymptotics of the expectation of
f-vector as .. — oo is now completely described.

The other combinatorial characteristic of a polytope is mean valence of its ver-
tices. More precisely, given a polytope P in E* (possibly, empty) with f-vector
(fo, f1, f2, f3), consider the value

2f1 -
s=iop)=1 7> TSo#0,

0, if fo=0.
Then v is called the mean valence of vertex of P.If P = conv P;, then v = v(conv P;)
is a random variable.

Theorem 2.3 The expectation of the mean valence of a vertex of conv Py,_has asymp-
totics Ev = O*(In A) as X tends to infinity.

Remark Theorem 2.3 provides an answer to the problem proposed by Dolbilin and
Tanemura.

Here and further the designations of all combinatorial characteristics apply to the
random polytope conv Py.

3 Integral Expressions for E f3 and E v

Let (T%)* be the fourth Cartesian power of T2 with natural measure mesg. Let X C
(T2)4 be the set of all points x = (x1, x2, X3, X4), where x; € T2 such that points
X1, X2, X3, x4 are affinely independent in E*

For every x € X denote by p(x) a hyperplane spanned by points x1, x2, x3, x4. Itis
obvious that X is open in (72)*. Moreover, it is easily seen that (72)* \ X has a zero
measure.

Denote by IT7(x) and I1~ (x) the two half-spaces determined by p(x) for every
x € X.

The sets

CT(x)=T>NMT(x) and C (x) =T> NI (x)

are called caps.
Without loss of generality, assume that for every x € X

mes (C(x)) < mesy(C™ (x)).
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Let G : X — R be a function determined by
G(x) = mesz(CT (x)).

Clearly, G(x) is continuous on X.

The integral expressions for E f3 and E v will be obtained using the famous
Slivnyak—Mecke formula. This formula was proved for the first time in [5], and in
[2] it is stated as follows.

Proposition 3.1 (Slivnyak—Mecke formula) Let X be a space with measure ji. Sup-
pose Ny is a space of all locally finite point configurations in X. Consider a Poisson
point process Py, within X corresponding to the measure ji. Then for every measurable
function F : X5 x Ny — [0, 00) holds

#
E > F(xp,x2, .0 x0, Pu\ {x1, %2, ..., X))

{Xl,xz,-.-,Xx}C'Pu (1)
:/E(F (x1.x2, ..o, x5, Pu)) di(x)dp(x2), - . .. dp(xy).
X5

The sign # here stands for summation over all s-tuples of distinct points.
Throughout the proofs of Lemmas 3.2 and 3.3 A is assumed to be a fixed positive
real number.

Lemma 3.2

1
Efy= o )\4([*6()‘) _’_ef)n(47127G(x))) dox. )
(T2)*

Proof Apply the Slivnyak—Mecke formula (1) for
X:Tz, s=4, u=2»Xx-mesy
and
F(xy, x2, x3, x4, X) = Lo+ (oynxcactx) + le-wnxcac- -

If n(T?) > 4 and x1, x2, x3, x4 are distinct points of P, then it is not hard to see
that almost surely

F (x1, x2, x3, x4, Py \ {x1, x2, X3, X4})
| 1, if x1, x2, x3, x4 span a hyperface of Py,
~ | 0, otherwise.

If n(Tz) = 4 and x1, x2, X3, x4 are the four points of P, then almost surely

F (x1, x2, x3, x4, Py \ {x1, x2, x3, x4}) = 2.
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Finally, if n(T?) < 4 then there are no quadruples in P, and the left part of (1) is
an empty sum.
Therefore, in every case

#
> F(xixp.x3, x4 P\ (x1, X2, 33, x4)) = 24 f3, 3)

{x1,%2,%3,x4}CPy

since the quadruple (x1, x2, x3, x4) can be ordered in 24 different ways.
Moreover, by definition of a Poisson point process,

ElC"’(x)ﬁXCaC"'(x) — e—)vmesz(c+(x)) — e—)\G(x)’

Ele-onxcoc—( = e M€ ) = g=hér’=Gw) @

Substitution of (3) and (4) into (1) gives the statement of Lemma 3.2. m]

For v > 0 let ¢, be distributed as Pois(v). Denote
S .
1 J _
ho) =E gty = e ®

Jj=0

Direct computation of the sum in (5) gives

hwy=14-3 +§ 66—, (6)

Obviously, i(v) is continuous for v > 0.

Lemma 3.3
Ei=1% / W e MW h(4an? = 26 (x)) + e T HCOR (G (x))) dx

(1)}
+2 —P(n(T?) =2) —2P(n(T?) < 2). @)

Proof The Dehn—Sommerville equations [1, Sect. 1.2] hold for conv Pj_almost surely
in non-degenerate cases as well as in the case n(T?) = 4. These equations imply
f1 = f3 + fo. Therefore, in these cases

v=2

>

+ 2. ®)
Apply the Slivnyak—Mecke formula (1) for
X:Tz, s=4, u=Ai-mes
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and

F(x1, %2, %3, X4, X) = (Le+mnxcact ) + Le-wonxcac—)
1
X .
[X U {x1, x2, x3, x4}

The substitution gives the following identity:

24E(% | n(T?) > 4) - P(n(T?) > 4)

= / W e OWR(dar = 2G(x)) 4+ e FTHCORG.G(x))) dx. (9)

(T2)4
According to the law of total probability,

Ed = 2E(L [ n(T?) = 4) - P(n(T?) > 4) + 2P(n(T?) = 4)
+2P(n(T?) = 3) + P(n(T?) =2). (10

By (9), the first summand at the right-hand side of (10) is equal to the integral in
(7). Further,

P(n(T?) <2) + P(n(T?) =2) + P(n(T?) =3) + P(n(T?) > 4) = 1,
therefore

2P(n(T?) > 4) +2P(n(T%) = 3) + P(n(T?) =2)
=2—P(n(T?) =2) —2P(n(T?) < 2),

so the remaining parts of the right-hand sides of (7) and (10) are equal as well. O

4 Estimates for the Measure Function

To proceed we need two statements about the caps. Both of them are proved by a fairly
simple computation, so the proofs are given in the Appendix.

Lemma 4.1 The following statements hold:

1. For every cap C*(x) (respectively, C~(x)) there exist a, b > 0, ¢y, Vo satisfying
a>+b%>2and —m < b0, Yo < 7 such that

Ctx) ={(@,y) € T? : a’ sin’ @ + b2 sin? 2500 < 1},
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and, respectively,

C™ () = {(@, ¥) € T? : a® sin® 252 4 b7 sin? @ -

where y1, y2 > 0 and do not depend on x.
2. Foreverya,b > 0, ¢g, Yo satisfying a’>+b%>2and -7 < b0, Yo < 1 the sets

{(¢7 ¥) € T? : a*sin’ @ + b?% sin? ¢*2¢0 < 1}
and
{(@,¥) € T? : a®sin® 252 4 p?sin® 2520 > 1}

are caps.

Remark a, b, ¢y, ¥ can be now considered as functions a(x), b(x), ¢o(x), P¥o(x) of
the argument x € X.

Lemma 4.2 There exist positive constants yy, ya such that for every x € X holds
y1 < (a(x) + D(bx) + DG(x) < y2.
For every t € R define

M(t) = mesg{x € X : G(x) < t},
N(t) =mesg{x € X : G(x) < t and min(a(x), b(x)) < 100},
L(t) = mesg{x € X : G(x) < t and min(a(x), b(x)) > 100}.

It is easily seen that M (1) = N(t) = L(t) =0fortr <Qand M(t) = N(¢t) + L(¢)

forevery ¢t € R.
The main goal of the present section is to estimate M (¢). We estimate N (¢) and

L(t) separately in Lemmas 4.3 and 4.4.

Lemma 4.3 There exists y3 > 0 such that
N@) <yt

1
Jorevery0 <t < 5.

Lemma 4.4 There exist ya, y5 > 0 such that
yat’|Int| < L(t) < yst’|Int]

1
Jorevery0 <t < 5.

Before the proofs we give an estimate of M (f) as a corollary.

@ Springer



208 Discrete Comput Geom (2013) 49:200-220

Corollary 4.5 There exist positive constants yg, y7 such that
ver’|Int| < M(t) < 73| Int|
forevery 0 <t < %

Proof of Lemma 4.3 Introduce the functions

Ni(t) = mesg{x € X : G(x) <t and a(x) < 100},
No(t) = mesg{x € X : G(x) <t and b(x) < 100}.

Obviously, N1(¢) = Na(t) and N(t) < N1(t) + Na(?).
Suppose

Y1
0 <7 = 15007

Leta(x) < 100 and G(x) < t. Lemma 4.2 implies

Y1 Y1
b = riewm — 1> 200

By Lemma 4.1, cap C*(x) is described by the inequality
a(x)?sin® @ + b(x)? sin’ w <1

From the last inequality follows that every point of C* (x) with coordinates (¢, 1)
satisfies

VYo | o 1 _ 200r

sin 5= < 3 "

Hence
Ctx) c{@.¥) e T?: | sin w| < %} = S(t, x).

Aset S C T2 is called a strip if there exist ¥ € (—m, 7] andd € (—1, 1) such
that

S={(@.¥) e T?:cos(y — Y1) <d}.

The centerline of § is the line ¥ = 11, and 2 arccos d is the width of S.
S(t, x) is obviously a strip of width

w(t) = 4 arcsin % < %

and the centerline of S(z, x) is described by the equation ¥ = .
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Let

2
k=k(t) = (W’g) .
Consider k strips S1, S2, ... Sk C T2 of width 2w(7) each such that S j has centerline
_ 27 j
It is obvious that S(z,x) C S;, where j is the nearest integer to ]%:") and
So = S.
Let x = (x1, x2, X3, x4), Where x; € T2. Obviously, every x; € dCT (x), therefore

X € S?.

Finally,

Ni(t) = mesg{x € X : G(x) <t and a(x) < 100}
k
< mesg( | J()S]) < k@mw@)* < @n)’wn)’ <y,
j=1
Then
N(t) < 2Ny () < 2yit°.
The case
0 <1t = T5007

is proved completely.

Suppose
Tohom <! < 3.
Obviously,
N(t) < mesg((TH?) = 25678,
Then
N (1) < 256m®(1007)%3,
and Lemma 4.3 is now proved completely. O

Proof of Theorem 2.1 Suppose min(a(x), b(x)) > 100. Assume
x = (x1, x2, x3,x4), where x; = (¢;, Vi) € T? for i= 1,2,3,4.

Let

() = 750 B =5
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By assumptions, 0 < a(x), B(x) < ﬁ,

Lemma 4.2 easily implies that there exist y;, y5 > 0 such that

yia(x)B(x) < G(x) < ppa(x)B(x). (11)
Since x; = (¢;, ¥;) € dCT(x) fori = 1,2, 3, 4, then

S1n2 ¢t ¢O s1n2 wt 1wb()

az + ,32 =L

Therefore, we can define parameters —m < 6; < & fori = 1, 2, 3, 4 such that

sin "”;‘1’0 =acosf; and sin w’ = Bsin6;.

It is not hard to see that every point x € X parametrized by 8 numbers
(o, B, 90, Yo, 01, 62, 63, 04)
can be uniquely parametrized by another 8 numbers

(@1, Y1, P2, V2, P3, V3, a4, Ya).

Since there are two parametrizations of a point x € X, consider a Jacobi matrix
between these parametrizations. The elements are computed as follows:

24—, iy

d¢o d¢o

i _ Wi _

o =00 age =

dpi __ _2cosb; . i =0:

doa T ¢z </>0 a

;. —0: % _ 2sin6; .

B~ 0 B %2%

0¢i _ —2asinb; . M _ _2Bcos; . d¢i __ Vi -0
391'_ ¢z 4)0’ 90 % 1//0’ 0, — d0; T 7

Therefore

J = D(@1,Y1,92, 92,03, V3,P4,V4)
| D(o,¥o,x,B,01,62,03,04)
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1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
2 cos 6 0 2 cos 6 0 2cos 63 0 2cos 6y 0
cos 21 ;¢° cos ¢2;¢° cos 3-%0 cos ¢4;¢0
0 2 sin 0y 0 2sin 6y 0 2 sin 63 0 2sin 6y
cos U ;Wo cos 711/2;‘//0 cos 1113?1/0 cos 1//4;//0
_ | —2asinf; 2Bcosb 0 0 0 0 0 0
cos 91 ;(ﬁ() cos vl ;‘/’0
—2asinfr 2P cosby
0 0 2 0 0 0 0
cos 225%0 ;(ﬁo cos ¥2-Y0 ;1110
—2asinf3 2P cosb3
0 0 0 0 R O 0
—2asinfy 2P cosby
0 0 0 0 0 O 4
cos @ cos %

Direct computation shows that

1
‘Pm %o

J= > 64sign(i jko’p —
Gjkl) Hm:l COs =5
b — o Y — lﬂo
coS ,

2 2

cos L Y0 wm Yo

X COS> 0; cos 0; sin? Ok sin 6; cos

where (i j k) runs through all permutations of (1234).
From (11) easily follows that

meSg{x € (T2)4 ra(x)B(x) < L, and max(«x(x), B(x)) < ﬁ} < L(t)

< mesg{x € (TH*:a()B(x) < L andmax(a(x) B(x)) < m}

Therefore

/ dey dyry dgn dry dds dirs depg difrs < L(t)

max(«, ﬂ)< 00

t
af<—;
7

< / Ay dyy Ay dy des dvprs ds ds.

1
max(a,ﬂ)<—100
t
af<-+
By

In variables («, B, ¢o, Vo, 01, 62, 63, 04) the last inequality can be written as fol-

lows:
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/ / |J|dadB doodyrodO) dor dO3 dOs < L(t)
maxo(t;,f)<m ¢o0, lﬁ(fe(( Jj‘f[?;fr]]
< / / |J|dadB doodyrodO; dOr dOs dby.

max(a,ﬁ)<m gﬁozf(iee(( 7;7;]

ap<L ”
Let
/ 1
J1 = Z 64sign (i jkl) - -
* ﬂ (@ jkD Hm 1 COS ¢”12 $0 cos Lm_Y0 w’ﬂ Yo
x c0s” 0; cos 0 sin” 6 sin ) cos 2 ; il cos i ; wo- (12)

Then J; can be considered as a function Jq («, B, ¢o, Yo, 01, 02, 63, 64).
Obviously, with y = y| or y,

/ / |J|da dB dpodiyrodby dbr dbs dby
ax(a, B) < s 0. YoE(—m, 7]
mdxs};ikmo 102 (LE( —m,7]
= / a’B?da dp / |J1| do dpo dOy dO> dB3 dBs. (13)

max(a. )< 15 ¢0,Yo€(—m,7]

t 01,23,4€(—m,m]
af< v

. 1
Since max(«, B) < T00° then

i Pm—do L i Ym—vo L
‘sm 5 < 10 and |sin 5 < 700
form=1,2,3,4.
Hence
¢m {0 4999 ¢m Yo 4999
cos 5 > o and cos “4+0 > 5506
Consequently,
cos? 6; cosb; sin® @ sin 6; cos 22 ¢’ 90 o5 Y0 11’0

— cos? 0; cos0; sin? Orsinf;| < 5000
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Applying (12), we obtain the following sequence of inequalities which are inde-
pendent from «, B:

J1 > 64| Z sign(i jkl) - cos® 0; cos 0 sin? 6 sin 0 cos ¢j;¢0 cos Vi ; Yo |
(i jkl)
> 64 kil 9 0; 20, 6| —64-24.
’ z sign (i j k1) - cos” 6; cos6; sin” O sin 1| 3000°

(@ jkD
Let0,, = (m — 2)x/2. Then
| Z sign(i jkl) - cos? 0; cos 6 sin® Ok sin01| =4,
(i jkl)

Consequently, there exists some neighbourhood of point (7%, 0, 5, 7r) in coordi-
nates (61, 62, 83, 04) such that | /1| > 64 in this neighbourhood, and the neighbourhood
is independent from «, B, ¢g, Vo.

Therefore, there exist positive constants y,, ys independent of o, B and satisfying

)/4{ < / |J1ldeo d g dBy dOr dO3 dO4 < )/5/ (14)
¢0,Yoe(—m,7]

012,3.4€(—m,7]

forevery 0 < o, B < 10L0'
Inequalities (13) and (14) together imply

Va - / o?Brdadp < L(t) < yi- / o?BrdadB.  (15)

max(a,ﬂ)<ﬁ max(oz,ﬂ)<ﬁ
1 L
aﬂ<y2, aﬂ<y1,
Ifr < 10000 then

/ 2B dadp = 93 21003 4 123 7).

1
max(a,ﬂ)<m
aff<t

Consequently, as + — 0, the main terms in left and right parts of (15) have order
3| In ¢|. Therefore, % is bounded from above and below in some interval (0, &)
by two positive constants.

In the segment [e, %] the functions L(¢) and t3| In¢| are continuous and positive.

Consequently, the quotient *I( ) 7 in this segment is also bounded from above and

below by two positive constants (but, probably, not the same as in the previous para-
graph). However, combining the cases ¢ € (0,¢) and ¢ € [g, %] allows to conclude
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L)
3] Int|

interval (0, %]. Thus Lemma 4.4 is proved. m|

that is bounded from above and below by some positive constants in the whole

5 Proofs of Main Results
Now proceed with the proofs of Theorems 2.1, 2.2 and 2.3.

Proof of Theorem 2.1 1t is obvious that

/ Ao PG gy / 24 (e—AG(x)+e—k(4n2—AG(x))) dx
(%)% (T?)*
<2 / Ae G gx.

(T2

Then, by Lemma 3.2,

E f3=0%( / Ae™H 0 gy).

(T)*

According to [4], the identity

e G gy — /k4e_xth(f)
(T)* R

holds, where the right-hand side is a Stieltjes integral.
Since G(x) is the measure of Ct(x), then 0 < G(x) < 272 holds for every x € X.
Therefore, M (¢) is a constant for r < 0 and for t > 272, Hence

272
e P00 gy = / Me M dM(1).
(T2 0
Thus
272
E f3 = O%( / e aM(1)). (16)
0
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Since M (1) is non-decreasing, e " is decreasing and continuous, then integration
by parts is possible and gives

27{2
/ e ™M dM (@) =AM e P
0
22 3
+2° / e—“M(z)dt+A5/e—“M(t)dt. (17)

1 0
2

Obviously, as A — o0,

272

MMerY)e 27 = o1), 25 | e M@)dt = o(1),

[SIE N\_\

1
2
)\5/e—“M(t)dt = 0*(x5/e—“r3|1m|dr). (18)
0 0
Letu = e~ then
1 d
- and dt = _a
A AU
Therefore
3 [
_at.3 [ In” u| %y —4
e Mt Int|dt = 7 -(InA —In(—=Inu))du = O* (A" " InA).
0 =k
e 2
Hence

1
2
AS/e—“M(t)dr = 0*(Aln)). (19)
0

Substitution of (18) and (19) into (17) gives

272
/ Ae M dM @) = 0*(M1nh).
0
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Thus, according to (16),
Efs=0"(A1n)),

which is the statement of Theorem 2.1. O
Proof of Theorem 2.2 From Dehn—Sommerville equations for a simplicial 4-polytope
follows that

fo=2f3+r and f1 = f3— fo+r,

where random variables r; and r, are errors of degenerate cases, i.e. 1| = rp = 0
almost surely if n(Tz) > 4 and r1, rp < 10 almost surely. Since

Jlim P(n(T?) <4) =0,
then
Eri =0(1), Erp=0(1), Efz=0%AXIni)
as A — oo by Theorem 2.1. Also,
E fo = En(T?) = 4arn?

since n(T?) is distributed as Pois (4A72).

Finally,
Ef, =2Ef3+Ern=0*AXIn),
Efi=Ef3s—Efy+Eri=0*XIn)),
and Theorem 2.2 is proved. O

Proof of Theorem 2.3 Notice that

h(kG(x)) < % and ¢~ HTHIGW) < e,

These inequalities imply the estimate

e—4)»n2+kG(x)h()\G(x)) dx < 647-[86_2)“7T2 =o0(1)

(T2)*

as A — o0.
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Further,
2an? < dam? — LG (x) < Arr2.
Therefore, from (6) follows
h(4rm? —2G(x)) = 0* (7 h.
Consequently,
e (4an? — AG(x)) dx = O*(3° / e M dx) 0*(In ),
(T2)* (2t

as the integral in the middle part was estimated in the proof of Theorem 2.1.
Obviously,

P(n(T?) =2) = o(1), P(n(T? <2)=o(l).

Now Theorem 2.3 easily follows from (7) because every summand in this identity
was estimated. O
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Appendix: Structure of Caps

This section is devoted to obtaining analytical description and measure estimates for
the caps.

Proof of Lemma 4.1 Suppose

p(x) = (E1.&,83.£4) € B* : a1&) + andsy + b1&3 + bty = ¢}

where ¢ > 0.
Then

ACT(x) =3C~ (x)
={(¢. V) € T? :ajcos¢ +arsing + by cos ¥ + by sinyr = c}.

The equation for 9C*(x) can be rewritten as

a'cos(¢ — ¢o) + b cos(y — Yo) = c,

where a’ = ,/a%+a% and b’ = 1/b% +b§.
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Since

_ 02 O—
cos(¢p — ¢o) = 1 — 2sin~ *5=

and

— 02 U=
cos(Y — o) = 1 —2sin” Z52,

the previous equation is equivalent to
a’ sin’ ‘7’_2& + b sin’ @ = ‘%.
The set dC T (x) contains infinitely many points, therefore
O<c<d+d.

If ¢ = 0 then p(x) passes through the origin and, therefore, divides 72 into equal
parts. Consequently,

mesy ({(d), 1//) S T2 : a/ Sin2 @ + b’ sin2 1//_2100 < a’;b/ })
= mes) ({(qﬁ, V) € T2 - 4’ sin? % + b sin2 ‘//—21/f0 > a/;b’ }) )
Therefore, for ¢ > 0
mesp ({((]5, v) e T2 : asin? @ + b’ sin? @ < %})
< mesy ({(d’, V) € T? : dsin® —¢_2¢° + b sin? ‘#—21#0 > a’+§’fc}) .
Since mes> (CT(x)) < mes> (C~ (x)),
C+(x) = {(¢, V) € T2 ca SiIl2 @ + b sin2 w < %} .
Let
_ ]2 Y
a=72 wd b=/ 2
Then
Ctx)={(@.¥) € 72 : 4% sin? @ + b% sin? @ <1}
and, respectively,

C ) ={@.¥) e T? : a%sin® @ + b? sin? @ >

\
—_
Tf—'
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hence statement 1 of Lemma 4.1.

All the computations are obviously invertible, and performing them in the inverse
order gives statement 2 of Lemma 4.1.

Proof of Lemma 4.2 Without loss of generality assume ¢9 = o = 0.
Consider the case a = 0. Then

CT) ={(¢, ) e T? : p?sin® & < 1},

or, equivalently,

Ct(x) ={(¢,¥) € T*: [y| < 2arcsin } }.

Consequently,

(a+ 1)+ 1)G(x) =8 (b+ 1) arcsin %

Since ,% < arcsin% < % . % and b > /2,

87 < (@+ b+ DG(x) < 4r*(1+ */75),

and the case a = 0 is completely proved. The case b = 0 is similar.
Now suppose a > 0 and b > 0. Since

then the following inclusions hold:

C+()C) - {(¢, lﬁ) (S T2 : az(%)z < % and b2(£)2 < l}’
Cte) o {(¢.¥) e T 1 d?(L

2 2
)* < land B*(L)* < 1}.
Therefore

min (271, T) - min (271, %ﬁ) < G(x) < min (271, 27”) - min (271, 2—ﬂ)

It is easy to check that

min (27 2ﬁ) _ 1 - 1 _ 212
’ a - max(L a ) - ==+ a - 7'[04‘\/57
2722 2
. 2 2 _ 4n
min (277, 7) S T T ot
27 Tor
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and, similarly,

min (27, ¥) > f;:gi’
min (27r, ”Tﬁ) < 1;4%'

Finally,

- 27/2(a+1) 272+ 1)

8 .
T ma+V2 b+ 2

<@+ )b+ DHGx) < 1672,

which completes the proof of Lemma 4.2. O
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