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Abstract

We introduce the non-commutative subset convolution—a convolution of functions
useful when working with determinant-based algorithms. In order to compute it effi-
ciently, we take advantage of Clifford algebras, a generalization of quaternions used
mainly in the quantum field theory. We apply this tool to speed up algorithms counting
subgraphs parameterized by the treewidth of a graph. We present an O*((2% + 1)'%)-
time algorithm for counting Steiner trees and an O*((2¥ + 2)"*)-time algorithm
for counting Hamiltonian cycles, both of which improve the previously known upper
bounds. These constitute also the best known running times of deterministic algorithms
for decision versions of these problems and they match the best obtained running times
for pathwidth parameterization under assumption w = 2.

1 Introduction

The concept of freewidth has been introduced by Robertson and Seymour in their work
on graph minors [13]. The treewidth of a graph is the smallest possible width of its tree
decomposition, i.e., a tree-like representation of the graph. Its importance follows from
the fact that many NP-hard graph problems become solvable on trees with a simple
dynamical programming algorithm. A similar idea of pathwidth captures the width of
a graph in case we would like to have a path decomposition. Formal definitions can
be found in Sect. 2.2.

Having a tree decomposition of bounded width allows to design efficient algorithms
using fixed-parameter tractability. An algorithm is called fixed-parameter tractable
(FPT) if it works in time complexity f(k)n?(") where k is a parameter describing
hardness of the instance and f is acomputable function. We also use notation O* (f (k))
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that suppresses polynomial factors with respect to the input size. Problems studied in
this work are parameterized by the graph’s pathwidth or treewidth. To distinguish
these cases we denote the parameter respectively pw or tw.

It is natural to look for a function f that is growing relatively slow. For problems
with a local structure, like VERTEX COVER or DOMINATING SET, there are simple
FPT algorithms parameterized by the size of the solution with a single exponential
running time. The basic idea is to store ¢’* states for each node of the decomposition
and take advantage of the Fast Subset Convolution (FSC) algorithm [2] to perform
the join operation in time O*(c""). As a result, time complexities for pathwidth and
treewidth parameterizations remain the same. The Fast Subset Convolution has proven
useful in many other problems, e.g., CHROMATIC NUMBER, and enriched the basic
toolbox used for exponential and parameterized algorithms.

Problems with connectivity conditions, like STEINER TREE or HAMILTONIAN
CYCLE, were conjectured to require time 2w 102/%) ynti] the breakthrough work
of Cygan et al. [8]. They introduced the randomized technique CUT & COUNT work-
ing in single exponential time. The obtained running times were respectively O* (3'")
and O*(4™). Afterwards, a faster randomized algorithm for HAMILTONIAN CYCLE
parameterized by the pathwidth was presented with running time O*((2 + v/2)7%)
[7]. This upper bound as well as O*(37") for STEINER TREE are tight modulo subex-
ponential factors under the assumption of Strong Exponential Time Hypothesis [7,8].

The question about the existence of single exponential deterministic methods was
answered positively by Bodlaender et al. [4]. However, in contrast to the Cut &
Count technique, a large gap has emerged between the running times for pathwidth
and treewidth parameterizations—the running times were respectively O*(5P"),
O0*(10"") for STEINER TREE and O*(6”%), O*(15'") for HAMILTONIAN CYCLE.
This could be explained by a lack of efficient algorithms to perform the join opera-
tion, necessary only for tree decompositions. Some efforts have been made to reduce
this gap and the deterministic running time for STEINER TREE has been improved to
0*((2&)71 34+ l)tw) [9]

The algorithms proposed in [4] also count the number of Steiner trees or Hamil-
tonian cycles in a graph by expressing the value in question as a sum of squared
determinants of a particular family of submatrices of the graph incidence matrix. Very
recently, Curticapean et al. [6] pointed out limitations of this technique even with
respect to pathwidth parameterization. Namely, they proved that an algorithm count-
ing Hamiltonian cycles intime O* ((6—¢€)?") would contradict the Strong Exponential
Time Hypothesis.

1.1 Our Contribution

The main contribution of this work is creating a link between Clifford algebras, objects
not being used in algorithmics to the best of our knowledge, and fixed-parameter
tractability. As the natural dynamic programming approach on tree decompositions
uses the Fast Subset Convolution to perform efficiently the join operation, there was
no such a tool for algorithms based on the determinant approach.
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Our first observation is that the FSC technique can be regarded as an isomorphism
theorem for some associative algebras. To put it briefly, a Fourier-like transform is
being performed in the FSC to bring computations to a simpler algebra. Interestingly,
this kind of transform is just a special case of the Artin—Wedderburn theorem [1], which
seemingly is not widely reported in computer science articles. The theorem provides
a classification of a large class of associative algebras, not necessarily commutative
(more in “Appendix A”). We use this theory to introduce the Non-commutative Subset
Convolution (NSC) and speed up multiplication operations in an algebra induced by
the join operation in determinant-based dynamic programming on tree decomposition.
Animportant building block is a fast Fourier-like transform for a closely related algebra
[11]. We hope our work will encourage researchers to investigate further algorithmic
applications of the Artin—Wedderburn theorem.

1.2 Our Results

We apply our algebraic technique to the determinant approach introduced by Bod-
laender et al. [4]. For path decomposition, they gave an O*(57")-time algorithm
for counting Steiner trees and an O*(67")-time algorithm for counting Hamiltonian
cycles. The running times for tree decomposition were respectively O*(10’%) and
O*(15"). These gaps can be explained by the appearance of the join operation in tree
decompositions which could not be handled efficiently so far.

By performing NSC in time complexity O* (2%) we partially solve an open prob-
lem stated by the FPT community.! Our further results may be considered similar to
those closing the gap between time complexities for pathwidth and treewidth param-
eterizations for DOMINATING SET by switching between representations of states
in dynamic programming [14]. We improve the running times to O*((2° + 1)'*)
for counting Steiner trees and O*((2® + 2)'™) for counting Hamiltonian cycles,
where @ denotes the matrix multiplication exponent (currently it is established that
w < 2.373 [15]). These are not only the fastest known algorithms for counting these
objects, but also the fastest known deterministic algorithms for the decision versions
of these problems.

Observe that the running times for pathwidth and treewidth parameterizations match
under the assumption @ = 2. Though we do not hope for settling the actual value of
w, this indicates there is no further space for significant improvement unless pure
combinatorial algorithms (i.e., not based on matrix multiplication) are invented or the
running time for pathwidth parameterization is improved.

1.3 Organization of the Paper

Section 3 provides a brief introduction to Clifford algebras. The bigger picture of the
employed algebraic theory can be found in “Appendix A”. In Sect. 4 we define the
NSC and design efficient algorithms for variants of the NSC employing the algebraic
tools. Sections 5 and 6 present how to apply the NSC in counting algorithms for

! It can be found on the list of open problems from 2014 FPT school (http://fptschool.mimuw.edu.pl/opl.
pdf) stated as different convolution.
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STEINER TREE and HAMILTONIAN CYCLE. They contain main ideas improving the
running times, however in order to understand the algorithms completely one should
start from Sect. 4 (Determinant approach) in [4]. The algorithm for HAMILTONIAN
CYCLE is definitely more complex and its details, formulated as two isomorphism
theorems, are placed in “Appendix C”.

2 Preliminaries

We will start with notation conventions.

1. AW B =C standsfor (AUB =C) A (AN B = ).
2. AAB = (A\B) U (B\A).

3. [«] equals 1 if condition « holds and 0 otherwise.

4. For permutation f of a linearly ordered set U

sgn(f) = (_1)\{(a,b)eUxU Na<bA f@)>f®B)

5. For A, B being subsets of a linearly ordered set

IA,B — (_1)\{(a,b)€A><B/\a>bH' (1)

Let us note two simple properties of 1.

Observation 1 For disjoint A, B
Inplp.a = (—DAIEL
Observation2 For ANB =@andCND =0
Taus.cup = Ia.cla.plp.clB.p.
2.1 Fast Subset Convolution

Let us consider a universe U of size n and functions f, g : U 5 7.

Definition 1 The Mdbius transform of f is function f defined as

fXO =) fA.

ACX

Definition 2 Let f * g denote a subset convolution of f, g defined as

(f*)X)= Y f(AgB).

AWB=X

Theorem 3 (Bjorklund et al. [2]) The Mdbius transform, its inverse, and the subset
convolution can be computed in time O*(2™).
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2.2 Pathwidth and Treewidth

Definition 3 A tree (path) decomposition of a graph G is a tree T (path P) in which
each node x is assigned a bag B, € V(G) such that

1. for every edge uv € E(G) there is a bag B, containing # and v,
2. for every vertex v the set {x | v € B,} forms a non-empty subtree (subpath) in the
decomposition.

The width of the decomposition is defined as max, |B,| — 1 and the treewidth (path-
width) of G is a minimum width over all possible tree (path) decompositions.

If a graph admits a tree decomposition of width ¢ then it can be found in time
n-200) [3] and a decomposition of width at most 47 + 1 can be constructed in time
poly(n) -2°® [10]. We will assume that a decomposition of the appropriate type and
width is given as a part of the input.

Definition 4 A nice tree (path) decomposition is a decomposition with one special
node r called the root and in which each bag is one of the following types:

Leaf bag a leaf x with B, = ,

Introduce vertex v bag a node x having one child y for which B, = B, W {v},
Forget vertex v bag a node x having one child y for which By = B, ¥ {v},
Introduce edge uv bag a node x having one child y for whichu, v € B, = B,
Join bag (only in tree decomposition) a node x having two children y, z with
condition By = By = B,.

M NS

We require that every edge from E(G) is introduced exactly once and B, is an empty
bag. For each x we define V, and E, to be sets of respectively vertices and edges
introduced in the subtree of the decomposition rooted at x.

Given a tree (path) decomposition we can find a nice decomposition of the same
width in time 7 - rw?® [8,10] and we will work only with these. When analyzing
running time of algorithms working on tree decompositions we will estimate the bag
sizes from the above assuming |B,| = tw.

2.3 Problems Definitions

STEINER TREE

Input: graph G, set of terminals K € V (G), integer k

Decide: whether there is a subtree of G with at most k edges connecting all
vertices from K

HAMILTONIAN CYCLE

Input: graph G

Decide: whether there is a cycle going through every vertex of G exactly once
In the counting variants of problems we ask for a number of structures satisfying

the given conditions. This setting is at least as hard as the decision variant.
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3 Clifford Algebras

Some terms used in this section originate from the advanced algebra. For better under-
standing we suggest reading “Appendix A”.

Definition 5 The Clifford algebra Cl, 4 (R) is a 279-dimensional associative algebra
over aring R. Itis generated by x1, x2...,Xp14.
These are rules of multiplication of generators:

1. e is a neutral element of multiplication,

2. x?:efori =12,...,p,

3. x?:—efori=p+1,p+2,...,p+q,
4. xixj = —)ijl' if i ;é J

All products (with respect to the ordering of elements) of 2P %4 sets of generators
form a linear basis of Cl}, ,(R) and e is treated as a product of an empty set. We provide
a standard addition and we extend multiplication for all elements in an associative way.

We will be mostly interested in Cl,, ¢(Z) 2 and its natural embedding into Cl, o(R).
As g = 0, we can neglect condition 3 when analyzing these algebras.

For A = {aj,ay,...,ar} C [1...n] where a1 < ap < --- < ai let x4 =
XayXas - - - Xg, - Each element of Cl,, o (R) can be represented as ZAQ[I n] GAXA, where
a4 are real coefficients. Using condition 4 we can deduce a general formula for mul-
tiplication in Cl, o(R) :

Z AAXA Z bpxp | = Z Z aabplap | xc  (2)

AC[l..n] BC[l...n] cCll..n] \AAB=C

where the meaning of /4 p is explained in (1).

Since the Clifford algebra over R is semisimple, it is isomorphic to a product
of matrix algebras by the Artin—Wedderburn theorem (see Theorem 11). However,
it is more convenient to first embed Cl, o(R) in a different Clifford algebra that is
isomorphic to a single matrix algebra. As a result, we obtain a monomorphism ¢ :
Cly o(R) — Mo (R) (see Definition 10) where m = % + O(1) and the following
diagram commutes (* stands for multiplication).

¢
Cln,O(R) MZ’" (R)
b * | 3
¢
Clyo(R) Mo (R)

Thus, we can perform multiplication in the structure that is more convenient for us.
For a,b € Cl, 0(Z) we can treat them as elements of C/, o(R), find matrices ¢ (a)
and ¢ (b), multiply them efficiently, and then invert the ¢ transform. The result always
exists and belongs to Cl,, o(Z) because Cl, o(Z) is closed under multiplication. The

2 Clifford algebras with ¢ = 0 appear also in geometric literature as exterior algebras.
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monomorphism ¢ : Cl, o(R) — Mo (R) can be performed and inverted (within the
image) in O*(2") time [11]. However, the algorithm in [11] is analyzed in the infinite
precision model. For the sake of completeness, we revisit this construction and prove
the following theorem in “Appendix B”.

Theorem 4 The multiplication in Cl, o(Z), with coefficients having poly(n) number
of bits, can be performed in time 0*(2(»7").

In order to unify the notation we will represent each element of Cl, o(Z), that
is ZAg[l...n] aasxa, as a function f : pllnl 7 f(A) = as. We introduce ©g
convolution as an equivalence of multiplication in Cl, o(Z) . The equation (2) can be
now rewritten in a more compact form

(fos)(X)= > [f(AgB)as. “

AAB=X

4 Non-commutative Subset Convolution

We consider a linearly ordered universe U of size n and functions f, g : 2V — Z.

Definition 6 Let f © g denote Non-commutative Subset Convolution (NSC) of func-
tions f, g defined as

(fodX)= Y f(A)g(B)las.

AYB=X

Theorem 5 NSC on an n-element universe can be performed in time 0*(2%).

Proof Observe that condition AWB = X isequivalentto AAB = X A |A|+|B| = | X|
SO

Fo= Y Y f@[lal=i]g®][IBI = j]las.
i-{—j;|é(| AAB=X
1,]=

Alternatively, we can write

(fo)X)= > (fiosgNX),
ij=IX]
l,]Z

where f;(X) = f(X )[|X | = i] and likewise for g. The ¢g convolution, introduced
in (4), is equivalent to multiplication in Cl, o(R) . This means we reduced NSC to

0(n?) multiplications in CI,, o(R) which could be performed in time O*(2 E ) accord-
ing to Theorem 4. O

Remark 1 The technique of grouping the sizes of sets with polynomial burden in the
running time will turn useful in further proofs. We will call it size-grouping.
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In our applications we will need to compute a slightly more complex convolution.

Definition 7 When f, g are of type 2V x 2V — 7 we can define f o, g (NSC2) as
follows
(for)X,Y)= Y f(X1,YDg(Xa2, Y2)Ix, x:1v, v,

X1WXr=X
Y WY,=Y

Theorem 6 NSC2 on an n-element universe can be performed in time O*(2°").

Proof Let us introduce a new universe U’ = Uy U Uy of size 2n consisting of two
copies of U with an order so each element of Uy is greater than any element of
Ux. To underline that X C Uy, Y C Uy we will use & notation when summing
subsets of Uy and Uy. In order to reduce NSC2 to NSC on the universe U’ we need
to replace factor Iy, x,ly,,y, With Ix sy, x,wy,. The latter term can be expressed
as Ix, x, 1y, . v,Ix, v, 1y, x, due to Observation 2. As all elements from X; € Uy
compare less to elements from Y; € Uy then Ix, y, = 1 and Iy, x, depends only on
the sizes of Y| and X,. To summarize,
Ix, X, Iy, v, = Ixyoy,, xouy, (= D!T1IX2L

To deal with factor (—1)!"1!1X2l we have to split the convolution into 4 parts for different
parities of |Y1| and |X3|. We define functions f', £, f{, g &¢- &} : 2V 5 Zas

f[Xwy) = f(X.7),
fiXWY) = f(X,Y)| Y| =0mod 2,

[
fx oy =rn)|

§XWY) =g(X,Y),

gH(XWY) =g(X,Y)||X| =0mod 2|,

]
Y| =1 mod 2],
]
]

gl(XWY) = g(X, Y)[|X| =1 mod2]|.
Now we can reduce NSC2 to 4 simpler convolutions.

(for)X, V)= Y f(XiWY)g (X2WY2)lxur rux,(—DMI* =

X1WX=X
Y WY,=Y

= (f0080)(XWY) + (fpogDXWY) + (f{ogn)(XWY) — (f{og(XWY)

We have shown that computing NSC2 is as easy as NSC on a universe of size twice
the original universe size. Using Theorem 5 directly gives us the desired complexity.
O
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5 Counting Steiner Trees

We will revisit the theorem stated in the aforementioned work.

Theorem 7 (Bodlaender et al. [4]) There exist algorithms that given a graph G count
the number of Steiner trees of size i foreach 1 <i <n—1in O*(5°%) time if a path
decomposition of width pw is given, and in O*(10'") time if a tree decomposition of
width tw is given.

Both algorithms use dynamic programming over tree or path decompositions. We
consider vertices in a particular decomposition-based order and fix vertex v; € K,
where K is the set of terminals. Let A = (ay,¢)vev,cce be the incidence matrix, i.e.,
fore = uv, u < v we havea,, =1, a,, = —1, and a,, . = 0 for any other vertex
w. For K C Y let Ay x be a submatrix of A withrowsin Y \ {v;} and columns in X.
The value of | det(Ay x)| turns out to be 1 if the subgraph G(X, Y) forms a tree and
0 otherwise. The main idea of the algorithm is to express the number of Steiner trees
for terminal set K with exactly i edges as

> > det(Ay x)°.

KCYCV,|Y|=i—1, ECE(Y,Y), |X|=|Y|-1

We consider partial sums representing summands belonging to the subtree of a
decomposition node x. We exploit the permutation formula for determinant and intro-
duce functions s1, s to control the image of permutations (there are two permutations
in each summand since we expand a square of determinant) within the bag B,. We
also introduce function sy indicating which vertices belong to ¥ N By. For node x of
the decomposition we define function A, with arguments 0 <i <n —1, sy, sy, s €
{0, 1}B~ as

Z Z Z sgn(f1)sgn(f2) 1_[ afi(e),edp(e)e (3)

reve  XSE(DNE Sl o) eeX
(KNV)SY AX S s 0
YNB,=s; (1)

Then the number of Steiner trees with exactly i edges becomes A, (i+1, @, 3, @) [4].
As observed therein, condition sy (v) = 0 implies that either s;(v) = s2(v) = 0 or
A (i, Sy, s1, s2) = 0. This means there are at most n - 5’ triples for which A, returns
a nonzero value.

For a node x of type introduce vertex, introduce edge, or forget vertex, with a
child y, the function A, can be computed from A, in linear time with respect to the
number of non-trivial states. This observation leads to a proof of Theorem 7 for path
decompositions. The only thing that is more difficult for tree decompositions is that
they include also join nodes having two children each. Here is the recursive formula’

3 As confirmed by the authors (private communication with Marek Cygan), the formula in [4] for the join
node is missing the first argument to the A, function tracking the number of vertices of a Steiner tree, hence
we present a corrected version of this formula.
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for A, for a join node x with children y, z.

Ay(iy, sy, S1,y,82,y)Az(iz, Sy, S1.z, 82,7)
; Yy ’ ) ¥ Z\tz» L ) ,Z
Ac(i,sy,s1,8) = E 7 ! (6)
-1 —1 —1 —1
by izt 157 (D) STy st sy L sy )
S1,y+S1,z=51
§2,y+82, ;=52

The next lemma, however not stated explicitly in the discussed work, follows from
the proof of Theorem 7 (Theorem 4.4 in [4]).

Lemma 1 Assume there is an algorithm computing all nonzero values of Ay given by
(6) with running time f(tw). Then the number of Steiner trees of size i in a graph G
can be counted in O* (max(f (tw), 5')) time if a tree decomposition of width tw is
given.

We will change notation for our convenience. Each function s; will be matched with
sets;” 1 (1). Let us replace functions Ay, Ay, A, with h;, f;, g; having first argument
fixed and operating on triples of sets. In this setting, the convolution can we written as

hi(A,B,C)= Y fi (A By.C)gi(A B, Clg plc,c.. (1)

iy+i=i+|Al
B,WB.=B
CyWC,=C

Observe that size-grouping allows us to neglect the restrictions for i, iy, i,. Hence, we
can work with a simpler formula

h(A,B.C)= Y f(A, By, Cy)g(A, B..Co)lp, 5.1Ic,.c.. (8)
ByWB.=B
CyWC,=C

The only triples (sy(v), s1(v), s2(v)) allowed for each vertex v are (0,0, 0),
(1,0,0), (1,0, 1), (1,1,0), (1,1, 1). In terms of set notation we can say that if
f(A,B,C) # Othen BUC C A.Let fa : 24 x 24 — Z be f with the first
set fixed, i.e., fa(B,C) = f(A, B, C).

Lemma 2 For fixed A all values h(A, B, C) can be computed in time o* (214,

Proof We want to compute

ha(B,C)= Y fa(By,Cy)ga(B:, C)Ip, b.Ic,.c. = (fa ©284)(B, C),
ByWB.=B
CyWC,=C

what can be done in time O*(2¢!4l) according to Theorem 6. O

Lemma 3 The convolution (7) can be performed in time O*((2% + 1)™).
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Proof We use size-grouping to reduce the problem to computing (8). Then we iterate
through all possible sets A and take advantage of Lemma 2. The total number of
operations (modulo polynomial factor) is bounded by

tw
PIPEEEDY (’Z)zwk =@+ D™
k=0

ACU
]

Keeping in mind that (6) and (7) are equivalent and combining Lemmas 1 and 3, we
obtain the following result.

Theorem 8 The number of Steiner trees of size i in a graph G can be computed in
O0*((2% + 1)) time if a tree decomposition of width tw is given.

6 Counting Hamiltonian Cycles

Likewise in the previous section, we will start with a previously known theorem.

Theorem 9 (Bodlaender et al. [4]) There exist algorithms that given a graph G count
the number of Hamiltonian cycles in O*(6P") time if a path decomposition of width
pw is given, and in O*(15'™) time if a tree decomposition of width tw is given.

We again consider vertices in a particular decomposition-based order and fix an
arbitrary vertex v;. For a subset S € E let Ag be the submatrix of the incidence
matrix A (see previous section) with rows from V \ {v;} and columns from S. We
express the number of Hamiltonian cycles as

% > > det(Ag)

XCE SCX, |S|=n—1
s.t.Vyeydegy (v)=2

We again consider partial sums representing summands belonging to the subtree of
a decomposition node x and introduce functions s1, 52 to keep track of permutations’
images within the bag B,. The function s4.¢ controls the degree of a vertex within
By . The notation is analogous to (5). For each node x of the decomposition function
Ay is defined with arguments s1, 52 € {0, I}BX and sg.¢ € {0, 1, 2}BX as

> > > sen(fsen(f2) [ [as@.cape.e ©)

XCE SCX , -1 . ces
Vue(Vx\Bx)de;X(v)zz S1:5 = Vi\{vi\s; (0)

VoeBy degx (V)=5deg (v) F:85 Vs 1 0)
The number of Hamiltonian cycles can be then expressed as A, (4, @, #)/n.

As observed in [4] we can restrict ourselves only to some subspace of states. When
Sdeg(v) = 0 then all non-zero summands in (9) satisfy s1(v) = s2(v) = 0. When
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Sdeg(v) = 2 then we can neglect all summands except for those satisfying s1(v) =
so(v) = 1.

This time there are at most 6’ triples for which A, returns a nonzero value. We
again argue that introduce vertex, introduce edge, and forget vertex nodes can be
handled the same way as for the path decomposition and the only bottleneck is formed
by join nodes. We present a formula for A, if x is a join node with children y, z.

Ay (s, Sy, 52 y)A,(s S1.z,52.7)
y\Sdeg,ys S1,y,52,y)Az\Sdeg,z> 51,2, 52,z
Ar(Sdegrs1.82) = Y ; | (10)
Sdeg.y+Sdeg.:=Sdeg spy (s 1D sy L (D,s5 (D)
S1,y+81,z=51
§2,y+82, ;=52

Analogously to the algorithm for STEINER TREE, we formulate our claim as a
lemma following from the proof of Theorem 9 (Theorem 4.3 in [4]).

Lemma 4 Assume there is an algorithm computing all nonzero values of A, given by
(10) with running time f(tw). Then the number of Hamiltonian cycles in a graph G
can be counted in O* (max(f (tw), 6'Y)) time if a tree decomposition of width tw is
given.

The only allowed triples of (sdeg(v), s1(v), sz(v)) for each vertex v are (0, 0, 0),
(1,0,0), (1,0, 1), (1,1,0), (1, 1, 1), (2,1, 1).

Lemma 5 Assume the Eq. (10) holds. Then it remains true after the following trans-
lation of the set of allowed triples (sdeg (v), s1(v), sz(v)).

0,0,0 — 0,0,0
1,0,0 — 1,0,0
1,0,1 — 1,0, 1
1,1,0— 0,1,0
,1,1 — 0,1,1
2,1,1 —1,1,1

Proof The I factors do not change as we do not modify the coordinates given by
functions s1, s2. Triples that match in (10) translate into matching triples as the trans-
formation keeps their additive structure. This fact can be illustrated by rewriting the
addition table from [4] with the new coordinates. O
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000 100 101 110 111 211
000 000 100 101 110 111 211
100 100 X X X 211 X
101 101 X X 211 X X
110 110 X 211 X X X
111 111 211 X X X X
211 211 X X X X X

000 100 101 010 011 111
000 000 100 101 010 011 111
100 100 X X X 111 X
101 101 X 111 X X
010 010 X 111 X X X
011 011 111 X X X X
111 111 X X X X X

Therefore we can treat function s4., as a binary one. We unify the notation by
representing functions s; with the corresponding sets s;” Y1), we replace functions
Ay, Ay, A; with their counterparts /4, f, g operating on triples of sets. For example,
expression Ay (Sgeg, S1, 52) gets transformed into h(sgelg(l), sfl (1), s;] (1)). In this
setting, the convolution looks as follows.

h(A,B,C)= Y f(A1, Bi,C1)g(As, By, C)Ip, 3y lcyc, (1)
AlWA=A
B1WB>,=B
C1WCr=C

Performing convolution (11) within the space of allowed triples involves more
sophisticated techniques than those in Sect. 5. Therefore the proof of the following
lemma is postponed to “Appendix C”.

Lemma 6 The convolution (11) can be computed in time O*((2% + 2)').
This result, together with Lemmas 4 and 5, leads to the main theorem of this section.

Theorem 10 The number of Hamiltonian cycles in a graph G can be computed in
O*((2® + 2)"") time if a tree decomposition of width tw is given.

7 Conclusions

We have presented the Non-commutative Subset Convolution, a new algebraic tool
in algorithmics based on the theory of Clifford algebras. This allowed us to construct
faster deterministic algorithms for STEINER TREE, FEEDBACK VERTEX SET, and
HAMILTONIAN CYCLE, parameterized by the treewidth. As the determinant-based
approach applies to all problems solvable by the Cut & Count technique [4,8], the
NSC can improve running times for a larger class of problems.
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The first open question is whether the gap between time complexities for the deci-
sion and counting versions of these problems could be closed. Or maybe one can prove
this gap inevitable under a well-established assumption, e.g., SETH?

The second question is if it is possible to prove a generic theorem so the lemmas
like 3 or 6 would follow from it easily. It might be possible to characterize convolution
algebras that are semisimple and algorithmically construct isomorphisms with their
canonical forms described by the Artin—Wedderburn theorem.

The last question is what other applications of Clifford algebras and Artin—
Wedderburn theorem can be found in algorithmics.
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A Associative Algebras

This section is not crucial to understanding the paper but it provides a bigger picture of
the applied theory. We assume that readers are familiar with basic algebraic structures
like rings or fields. More detailed introduction can be found, e.g., in [1].

Definition 8 A linear space A over a field K (or, more generally, a module over a ring
K) is called an associative algebra if it admits a multiplication operator A x A — A
satisfying the following conditions:

L. Va.bcea albe) = (ab)c,
2. Yyp.cea a(b+c) =ab+ac, (b+c)a =ba+ ca,
3. Va.bea.kek k(ab) = (ka)b = a(kb).

Aset W C A is called a generating set if every element of A can be obtained from
W by addition and multiplication. The elements of W are called generators. It is easy
to see that multiplication defined on a generating set extends in an unambiguous way
to the whole algebra. We will often abbreviate the term associative as we will study
only such algebras.

Definition 9 The product of algebras Ay, Aj, ..., Ay isanalgebra A;® A ®---Q A,
with multiplication performed independently on each coordinate.

Definition 10 For algebras A, B over a ring K, function ¢ : A — B is called
a homomorphism of algebras if it satisfy the following conditions:

L. Vapea ¢la+b) =¢(a) + ¢ (D),

2. Vapea ¢(ab) = ¢p(a)¢ (D),

3. VaeA,keK ¢ (ka) = k¢ (a).

If ¢ is reversible within its image then we call it a monomorphism and if additionally
¢ (A) = B then we call ¢ an isomorphism
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Monomorphisms of algebras turn out extremely useful when multiplication in
algebra B is simpler than multiplication in A, because we can compute ab as
qb_l(d) (a)d)(b)). This observation is used in Theorem 4 and Lemmas 6, 7. For a
better intuition, we depict the various ways of performing multiplication on diagrams
(3, 14).

Definition 11 A subset M of algebra A is called a simple left module if

1. Yacapem ab e M,
2. Vocemb+ceM,

and the only proper subset of M with these properties is {0}.
The next definition is necessary to exclude some cases of obscure algebras.

Definition 12 An algebra A is called semisimple if there is no non-zero element a so
for every simple left module M C A the setaM = {ab|b € M} is {0}.

The theorem below has been stated in full generality for algebras over arbitrary
rings but we will formulate its simpler version for fields.

Theorem 11 (Artin—-Wedderburn [1]) Every finite-dimensional associative semisimple
algebra A over a field K is isomorphic to a product of matrix algebras

A= Mnl(Kl) & an(KZ) ®--® Mn,,l (Km)»

where K; are fields containing K.

The related isomorphism is called a generalized Fourier transform (GFT) for A.
If we are able to perform GFT efficiently then we can reduce computations in A to
matrix multiplication. For some classes of algebras, e.g., abelian group algebras, there
are known algorithms for GFT with running time O (nlogn) where n = dim A [12].

If the field K is algebraically closed (e.g., C) thenall K; = K and ) /-, ni2 equals
the dimension of A. If the algebra A is commutative then all n; = 1 and A is isomorphic
to a product of fields. This is actually the case in the Fast Subset Convolution [2], where
the isomorphism is given by the Mobius transform.

B Proof of Theorem 4

Proof The transformation ¢ can be computed and inverted (within the image) in time
0*(2"") assuming infinite precision and O (1) time for any arithmetic operation [11].
In order to compute ¢ accurately in the RAM model, we need to look inside the paper
[11]. The formulas therein are based on the work of Cnops [5].

Transformation ¢ can be represented as ¢ = y o v where v is a monomorphic
embedding into another Clifford algebra and y is an isomorphism with the matrix
algebra. We modify the commutative isomorphism diagram (3) to illustrate these
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mappings in more detail.

Cloo(Z) < Clpo(R) - Clym(R) - Mom(R)
d * d * J * 4 *
Clyo(Z) = Clyo(R) =5 Clym(R) - Mon (R)

We begin with embedding v : Cl,, o(R) — Clj, n (R) where m = % + O(1) (see
Definition 4.4 in [11]). Transformation v is just a translation of basis so no arithmetic
operations are involved.

For the sake of disambiguation, we indicate the domain of the function y with a
lower index: yi : Clg x(R) — M« (R). In the k-th step, we construct a matrix rep-
resentation of y € Cli x(R). Let yT, y~ denote the projections of y onto subspaces
spanned by products of respectively even and odd number of generators.* Of course,
y =yt 4+ y~ and »(y) = y(yT) + vk (y7), since the mapping is linear. Such an
element y can be represented as y = a+bx_ +cX4++dx_x4 forx,, x_ being the gen-
erators with indices 1,k (we have Xi =e,x2 =—¢)anda,b,c,d € Cli—1 k-1 (R).
Now we can apply the recursive formula from Theorem 5.2 in [11]:

+ + - -
o at —dv, -b” —c¢
yk(y ) - kal ([_b _ Ci, a+ +d+ }) )

() = a” —d-, =bt +c¢T
Yy ) = V-1 bt +ct, —am —d- ,

where yx_1 (M) stands for a block matrix with y,_1 applied to each element of M.
We see that computing (yk(y+), Vi (y’)) can be reduced to computing 4 analogous
pairs for k — 1 and combining them using addition and subtraction. Hence, the coef-
ficients of the obtained matrix will also be integers with poly(n) number of bits and
the total number of arithmetic operations is O (m4™) = O (n2").
The inverse transform y ~! is also computed in m steps and we continue using lower
index to indicate the domain alike for the forward transform. Let Y € M« (Z) and

Y1 Yo ~1
Y = |:Y21 Y22:|’ Yij = Vi1 (Yij).
Then from Theorem 7.1 in [11] we know that

_ L, . R R R
v (¥) = 5(()’22 +y11) 4+ 021 — yi2)X— + (031 + yi2)X4 + (V32 — yi1)X—X4),

where § = yT — y~ and the rest of notation is as above. We can reduce computing
yk_l to 4 queries from (k — 1)-th step so the total number of arithmetic operations is
O(m4™) = O (n2").

This time the coefficients at each step are given as sums of elements from the
previous step divided by 2. We do not need to prove that they remain integer at all

4 For example, for y = 1 4+ x| + 2x1x3 — 4x1x2x3 we have y© = 1 4+ 2x1x3 and y~ = x| — 4x1x2x3.
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steps because we can postpone the division until the last step. As long as y ~'(Y) is a
product of two elements from Cl,, ,,(Z), it is guaranteed that the numbers in the last
step are integers and our variables are divisible by 2”*. What is more, if we know that
y‘l (Y) € v(Cl, 0(Z)) then we can revert the v transform and obtain ¢>_1 Y).

We have proven that we can switch representation between Cl,, o(Z) and My (Z)
in time O*(2"). The multiplication in Mpm (Z) for inputs of poly(n) size can be
performed in time complexity 0*(29") = 0*(2%) and the resulting matrix also
contains only poly(n)-bits integers. This proves that the multiplication in Cl, ¢(Z)
admits an algorithm with running time O* 2%). O

C Proof of Lemma 6

This section reduces the algorithm for HAMILTONIAN CYCLE to two isomorphism
theorems and we suggest reading “Appendix A” first. Our goal is to compute values
of h for the allowed triples assuming that non-zero values of f, g also occur only for
the allowed triples.

h(A,B,C)= Y [f(A1, B1,Cg(As, B, Co)I, pylcic,  (12)

AlWA=A
B1WB=B
C1WCr=C

Taking advantage of the size-grouping technique (see Observation 1) we can replace
condition A} W A» = A with A U A> = A and focus on the following convolution.

(fOQA, B C)= Z (A1, B, C1)g(A2, By, Co) Iy By Icy e, (13)

A1UA=A
B|WB,=B
C1yCr=C

Let Ham be a subspace of 2V x 2V x 2V — 7 given by functions admitting
only the allowed triples (see Lemma 5), i.e., f € Ham A f(A, B, C) # 0 implies
AN (BAC) = C\B. Observe that Ham 1is closed under the ©® operation so it can
be regarded as a 6'”-dimensional algebra. Let Hp be an algebra over space 2U\P x
2P x 2P — 7 with multiplication given by the @ operator defined as

(fOQE.B.C)= > f(EL Bl C)g(Ez. By Co)Ig, gy lcy,c,(— D) ENIBIFICD,

E\WE,=FE
B1WB=B
C1WCr=C
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We want to show that Ham is isomorphic (see Definition 10) with a product of all Hp
for D C U (see Definition 9). In particular, diagram (14) commutes.

T

Ham X Hp
DCU
%O, lo (14)
T
Ham X Hp
DCU

where tp : Ham — Hp is given as

(tpf)E,B,C)=1Igrlce ) f(A,BUE,CUE).
ACD

Lemma 7 Transformation t and its inverse can be performed in time O*(6').
Corollary 1 Transformation t is reversible.

Lemma8 Given f, g € Hp we can compute f @ g in time O*(2¢IP121U\DIy,
Lemma 9 Diagram (14) commutes, i.e., T is a homomorphism of algebras.

Since 7 is a reversible homomorphism of algebras of the same dimension 6'¥ we
obtain the following corollary.

Corollary 2 Transformation t is an isomorphism of algebras.

As for the Clifford algebras, we can switch the representation of the algebra to
perform multiplication in the simpler one, and then revert the isomorphism to get the
result. The most time consuming part of the algorithm is performing the @ convo-
lutions. Total number of operations modulo polynomial factor can be bounded with
Lemma 8 by

tw

Z 2w|D\2\U\D| — Z (t;:)>2wk2twk — (2(,() + 2)l‘w (15)

DU k=0
The rest of the appendix is devoted to proving Lemmas 7, 8 and 9.

Proof of Lemma 7 For fixed sets B, Clet H = BNC, F = BAC, By = B\C, C; =
C\ B. Observe that every allowed triple (A, B, C) must satisfy AN F = Cy. Therefore
we can represent Ham as a union of sets

Ts,.c.1 = {(A1 UCy, BiUH,C1UH)| A CU\(B ucl)}

for all pairwise disjoint triples By, C;, H € U. Functions over T, ¢, n canbe param-
eterized with only the A argument. Consider following transformation over function
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space on Tg, ¢, H-

(vgy.c.u YA = Y f(AgUC1, BiUH,C1UH)
ApCA

Transform yp, ¢, n is just the Mobius transform, therefore it can be performed
and inverted in time O*(2!U\(BIUCDI) (see Theorem 3). Values of y f correspond
directly to values of 7 f, thatis, after computing values (¥, c,.m f) (A1) forall allowed
arguments we can read all values (tp f)(E, B, C) and vice versa. We check this by
unrolling the formulas.

(tpf)E,B,C)=1Igglce Y f(A,BUE,CUE)

ACD

=Ipplce Y f(A,BIUHUE,CiUHUE)
ACD

=IpelcE Z f(ApUC,BJUHUE,CtUHUE)
AoCD\F

Ip.Elc.E(YB,c;,HUE [)(D\F)

(vBr.couf)AD) = Y f(AUCi, BiUH,C1UH)
ApCA|

Z f(Ap,BIUH,C1UH)
ApCAIUC,

= 3 f(Ae.ByU(H\A), C2U (H\A)
ApgCAUC
= (ta,uc; IE, B2, C2)Ip, Elc, E

where E = H\A1, Bo = BiU(HNAy), Co =C;U(H N Aj) are valid arguments
of TAUC -

To estimate the total number of operations consider all choices of F. The partition
into F = B; W C; can be done in 2!¥! ways, the set H can be chosen in 21U\F ways,
and for such triple we have to perform the yp, ¢, n transform (or its inverse) what
involves O*(2IU\F1) operations. Hence, the total running time (modulo polynomial

factors) is
rw
tw
2|F|4|U\F\ — 2k4tw7k — 6”“.
> 2

FCU k=0

O

Proof of Lemma 8 Applying the size-grouping (see Remark 1) allows us to neglect
factor (—1)IE1IUB21+1C2D and replace condition Ey W E» = E with E; U E» = E.
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Therefore it suffices to perform the © convolution on Hp (the same as in (13)).

(fOQ(E.B.C)= Y f(E\. B, C1)g(Ea, By, C)Ip, 5,1c,.cs-

E\UE,=E
B1WB,=B
C1yCr=C

Let us denote

(uef)(B,C) =Y f(F,B,O).

FCE

Transform p and its inverse can be computed using Mobius transform (see Theo-
rem 3) in time O*(2!Y\P!) for all E and a fixed pair of sets B, C. We perform it for
all 4/P! such pairs.

It turns out that p is an isomorphism between (Hp, ®) and a product of all algebras
given by images of g for E € U\ D (see Definitions 9, 10) with multiplication given
by NSC2,i.e., (g f) o2 (nEg) = we(f ©g). We can again switch the representation
of the algebra, multiply the elements on all coordinates given by E, and then revert the
isomorphism. The computations below show that  is a homomorphism of algebras
and we know already that p is reversible.

((uef) o2 (neg))(B,C) = > (uef)(Bi, C1)(upg)(Ba, C2)1s, ey .c)

B1WB,=B
C1wCr=C

= Y [f(E1, Bi,C1)g(Ez, Ba, C2)Ip, 5,1cy

E,E2CE
B1WB,=B
C1WCr=C

=Y > f(Ei Bi.C)g(Ex, By, Co)lg, 5, 1c,.c,

FCE E\UE>=F
B1WB,=B
C1yCr=C

= (ne(f ©8)(B,0)

To perform multiplication of (a) and w(b), where a, b € Hp, we have to perform
NSC2 (0*(2“"D |) time complexity, see Theorem 6) for each E C U\ D, what results
in desired running time. O

Proof of Lemma 9 We need to show that foreach B,C € D, DNE = @itis (tp(f ©
g)(E,B,C) = ((tpf) @ (tpg))(E, B, C). Let us start with unrolling the formula
for tp(f © g). Keeping in mind that BN E = C N E = ) we can see that

(tp(f © Q)(E, B,C)

= Y (fOQA,BUE,CUE)Ipclck
ACD
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_ Z f(A1, BiUE|,C1UF)g(Az, B UEy, C2 U Fy) (16)

AL ARED IB,UE,BUE, Ic U R IB.EIC E-

BIWE,=B
E\WE,=FE
C1wCr=C
FlYyF=E

On the other hand, we have

((tp f) @ (tpg))(E, B, C)

= Y ()Er Bi, C)(tpg)(E2, By, C2)Ip, b1, cy (—1)FHIBIFICD

E|\WE,=FE
B1WB,=B
C1WCr=C

Z f(A1,BIUE|,CiUE)g(A2, By UE>, Co U E)

(17)
IB[,lecl,Clel,Ellcl,El IBz,EZICZ,Ez(_l)lEl‘(‘Bz‘+|cz‘)-

A1,A2CD
E\WE)=E
BiWB,=B
C1yCr=C

We want to argue that all non-zero summands of (16) satisfy E; = Fy, E;» = F>.
Indeed, let us assume v € Fi\E;. Asv € Esov ¢ D D A, B,C and ([v €
Ail,[ve BiUE], [v e C; UFl]) = (0, 0, 1) which is not a valid triple what implies
f(A1,BIUE;,C1UFp) =0.

Assumption v € Ej\Fj leads to ([v € A1l,[lve BUE(],[ve Ci U F1]) =
0,1,0)butv € E = EfWEy) = F1 U F> so ([U € Az],[v € B UEj], [v e
CrU Fz]) = (0,0, 1) and g(A2, B, U E>, C2 U F1) = 0. The same arguments can be
used if v € ExAF;.

Now we just need to prove that for E1 = F, E, = F> the I factorsin (16) and (17)
are equivalent. We apply Observation 2 to Ip,uE,,B,UE, IC,UE,,CoUE,. We can omit
factor 11251 g, = Laswellas I, ,Ic, c, appearing also in (17). What is left to prove
is that

)\E1||32|7
)\E1IIC2|'

I, ,E>IE By IB,E = 1By E 1By, E, (—1
ICl,EzlEl,CZIC,E = IC],E] ICZ,EZ(—l

According to Observation 1 we can replace Ig, p,(—1)/E1I1B2l with I, g, what
reduces the formula in the first row to Observation 2 for B = BiW By, E = E1 W E>.
Applying analogous transformation to the second row finishes the proof. O
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