Probab. Theory Relat. Fields 112, 565—-611 (1998)
Probability
Theory i

© Springer-Verlag 1998

Growth and Holder conditions for the sample paths
of Feller processes

René L. Schilling*

The Nottingham Trent University, Mathematics Department, Burton Street,
Nottingham NG1 4BU, United Kingdom. e-mail: rls@maths.ntu.ac.uk

Received: 21 July 1997/ Revised version: 26 January 1998

Abstract. Let (4,D(A4)) be the infinitesimal generator of a Feller
semigroup such that C>°(R") C D(4) and 4|C°(IR") is a pseudo-dif-
ferential operator with symbol —p(x,¢) satisfying ||p(e, &)|| <
c(1+ |€]]) and |Im p(x, &)| < co Re p(x, &). We show that the associ-
ated Feller process {X;},., on R” is a semimartingale, even a homo-
geneous diffusion with jumps (in the sense of [21]), and characterize
the limiting behaviour of its trajectories as ¢t — 0 and oco. To this end,
we introduce various indices, e.g., f :=inf{i>0:limjg_
SUp| <y [P0 OI/NENT =0} or &% :=inf{A > 0: liminfje_
infjy<a/)¢) SUPyer<1 [P( 1€/ N1E]IF = 0}, and obtain a.s. (IP*) that
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1 Introduction

The aim of this paper is to characterize the global growth properties
and local Holder behaviour for the trajectories of a large class of Feller
processes. Our investigations were very much influenced by the paper
[27] by W. Pruitt on The growth of random walks and Lévy processes,
which are particularly simple examples of Feller processes. In terms of
their infinitesimal generators, Lévy processes belong to operators with
constant coefficients whereas we are interested in general Feller pro-
cesses admitting generators with variable coefficients. The results,
however, are quite similar: the limiting behaviour of the process as
t — 0 or t — oo is governed by the limiting behaviour of the symbol of
the generator in the co-variable as ||| — oo or ||| — 0. The latter is
usually expressed by certain indices, first introduced by Blumenthal &
Getoor [4] for Lévy processes, see [28] for an up-to-date survey. Ad-
mittedly, our approach is technical and lacks the elegance of the ar-
guments in [27], but the fact that we do allow variable coefficients
seems to require semimartingale techniques on the one hand, and
methods from the theory of pseudo-differential operators on the other.

A Feller process {X;},., with state space R”" is a strong Markov
process such that the associated operator semigroup {7;},-,, defined
on the continuous functions vanishing at infinity via -

Tu(x) = E'(u(X;)), ue€Cx(R"), t>0, xelR", (1.1)

enjoys the Feller property, i.e., is a Feller semigroup. We can always
choose a cadlag version of the process, and we will do so without
further notice. Note that (1.1) establishes a correspondence between
Feller processes and Feller semigroups.

A Feller semigroup is a one-parameter family of operators
T; : Cx(R") — Cx(RR"), such that T; o Ty = Ty, limy o || Tu — u|| o, =
0, and 0 < T;u < 1 whenever 0 <u < 1. As usual, the (infinitesimal)
generator (A,D(A)) is given by the strong limit

Tiu—u

Au = lim
t—0 t
on the set D(4) C Coo(R") of those u € C(IR”) where this limit exists
in norm sense. We will call (4,D(A4)) Feller generator, for short.
Write a(¢) := (2n) "> Jgr € ¥ u(x)dx for the Fourier transform.
Under the assumption that the test functions C.°(IR”) are contained in
D(A4), Ph. Courrege [6] — see also the closely related papers [36] by W.
von Waldenfels and (in a somewhat different context) [5] by J.-M.
Bony, Ph. Courrége, and P. Priouret — proved that the generator A
(restricted to C2°(R")) is a pseudo-differential operator,
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Aulx) = —p(x, D)u(x)
= —(2n)_"/2/ e px, E)a(¢)dé, ue CX(R") , (1.2)

with symbol p: R" x R" — €. The symbol is locally bounded in
(x, &), measurable as a function of x, and for every fixed x € R" it is a
continuous negative definite function in the co-variable. This is to say
that it enjoys the following Lévy-Khinchine representation,

p(x, &) = alx) —ib(x) - <+ &- O(x)¢

1— *iy-é_ﬁ N(x,d 1.3
+/y¢o< ¢ 1+!!y!!2> o) 1)

where (a(x), (x), O(x),N(x,dy)) are the usual Lévy characteristics, i.e.
a(x) >0, {(x) € R", O(x) € R"™" positive semi-definite, and a (mea-

surable) kernel N(x,.) on R"\{0} such that [, ]J‘ly”f”zN (x,dy) < .

Equivalently, “p(x,0) > 0> and ¢+ e?(¢) is positive definite” (in
the usual sense) could have served as definiton. This shows that Lévy
processes — they are given by convolution semigroups — are exactly
those processes which are generated by constant-coefficient pseudo-
differential operators. Their symbols are obviously given by the
characteristic exponents (i.e., logarithms of the characteristic func-
tions) of the Lévy processes.

This relation is no longer true for general Feller processes. But, if
the domain of the generator is sufficiently rich (e.g., contains the test
functions) we still have

d —i(X;—x)-& n
GEE I = plxe), xEeR”,
t=0

1.e., the symbol can be interpreted probabilistically as derivative of the
characteristic function of the process. Under some mild additional
assumptions, this is proved in [17], for the general case see [31, 33].
Many properties of negative definite functions and convolution
semigroups are discussed in the monograph [3] by C. Berg and G.
Forst. We will mention only two further facts, the — at most — qua-
dratic growth of negative definite functions, which reads in our setting

p(xo, &)| < 2 sup plxo, ) (1 +[|E]), EE€R", xeR", (14)

llell<1

and the generalized Peetre inequality

(1 + |p(xo, € £ m)]) < 2(1 + |p(xo, )1 + [p(x0, 1)),
E&neR" xpe R" . (L.5)
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Both are simple consequences of the subadditivity of &+— \/|p(xo, &)|
as is true for any negative definite function. In this form, Peetre’s
inequality is due to W. Hoh [8].

Two other assumptions on the symbol turn out to be important for
our study,

1P( &)l < c(1+11E)7), and sometimes also
|Imp(xa €)| < ¢y Rep(x, é) :

The first of them should be read as there are only bounded coefficients
(compare in this context Lemma 2.1), whereas the second reminds of
some kind of sector condition (cf. [2] in the constant-coefficient case).
We conjecture that there is a strong link between the latter estimate
and the analyticity of the semigroup generated by such an operator
—p(x, D). Probabilistically, this estimate means that there is no dom-
inating drift term.

Recently, several authors investigated the converse problem:
which (additional) assumptions on the symbol —p(x, &) are sufficient
in order that —p(x, D) (without dominating quadratic part, say) ex-
tends to a Feller generator? Purely analytic constructions are given
in [23, 13, 14, 25, 15, 10, 22], while the papers [1, 35, 8, 9] rely on the
martingale problem approach sketched out by Stroock [34]. A good
survey on these topics is given in [16]. Since we do not need these
constructions explicitly, we will not state the conditions imposed on
p(x, &) in greater detail. However, we should like to mention that
almost all of these papers do assume our conditions (1.6), which are
thus not too restrictive to produce no interesting or only trivial
examples.

Let us give a brief outline of how our paper is organized. Section 2
deals with the size of the domain of the (extended) Feller generator.
Essentially, Theorem 2.6 states that C2 (IR") C D(4) and that 4 ex-
tends reasonably to C2(R"). Theorem 2.7 exhibits another large
subset of D(4) which is interesting on its own. It can, however, also be
used to show that our results on trajectories of Feller processes ob-
tained in [31, 32, 30] do hold in greater generality than originally
stated there. In Section 3 the results of the previous section will be
used to show that the Feller process {X;},., generated by (4,D(4)) is a
homogeneous diffusion with jumps (in the sense of Jacod & Shiraev
[21]) and that its semimartingale characteristics coincide — essentially —
with the Lévy characteristics of the symbol.

The main results of the paper are contained in Theorems 4.3 and
4.6 of Section 4. We use classical Borel-Cantelli techniques in order to
characterize the limiting behaviour of expressions of the type

(1.6)
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lim ionf/lim sup ¢t~ !/* sup |Xs —x|| and
—0

lim 1nf/11rn supt- 1/‘ sup I|Xs — x|| -
t—00
(Sharp) bounds for the exponent A are given in terms of various in-
dices “f, 0" (see Definitions 4.2, 4.5) which are determined by the
asymptotics of the symbol in the co-variable. An application to first
passage times, Theorem 4.7, is included. Much nicer descriptions of
the indices are obtained in Section 5 where it is also shown, that our
p’s and 0’s are really generalizations of the Blumenthal- Getoor and
Pruitt indices. For stable-like processes with symbols ||£]|“™ in the
sense of Bass [1], all indices describing the local Hoélder properties
coincide and equal a(x).
The last section is rather technical. There we prove the key Lemma
4.1 used in the fourth section:

IPx<sup X, — x|| > R) < cutH(x,R) and
s<t

C
]Px(su X, —x|| < R)
up | | e R)
where H and & are functions that are given in terms of the symbol
p(x,&). Our proof requires semimartingale techniques which are ac-
cessible through the results of Section 3. Strictly speaking, Lemma 4.1

should be viewed as the main technical result of this paper.

Notation. C.(IR"),Co(R"), Cp(IR") denote the continuous functions
with compact support, which vanish at infinity, or which are bounded,
and B,(IR") are the bounded Borel measurable functions superscripts
refer to differentiability propertles ué) = [e ~y(x)dx is the Fourier
transform, dx:= (2n)" "2dx means normahzed Lebesgue measure,
d,(dx) the Dirac measure (unit mass) at y, and [E*(.) = [.dIP* stands
for the expectation; the superscript x indicates that the process starts
a.s. at x. When dealing with random variables we often suppress .
We write a A b and a V b for the minimum and maximum of a, b, and
a ~ b means that the ratio of the two sides is bounded above and
below by finite, strictly positive constants. All other notations are
standard or should be clear from the context.

2 The domain of a Feller generator and the extended generator

Let (4,D(A4)) be the generator of a Feller semigroup. As we have seen,
the condition C°(R") C D(4) ensures that the restricion 4|C°(IR") is
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a pseudo differential operator —p(x, D) with symbol —p(x,¢). The
function p: R"” x R" — C is locally bounded (in both variables),
measurable as a function of x, and, for fixed x € IR", continuous
negative definite, i.e., has a Lévy-Khinchine representation (1.3).

As in the constant-coefficient case, cf. [3, Corollary 7.16], the
subadditivity of the function &~ /|p(x, &)| implies

@@fHSZFﬁim@wNU+WGV)- (2.1)

We will frequently assume that sup,cgs supy, <1 [p(x,n)| < oo, ie.,
that (2.1) holds uniformly in x. The following Lemma gives a condi-
tion for this in terms of the Lévy characteristics of p(x, £).

Lemma 2.1 Let p: R" x R" — € be given by the Lévy-Khinchine for-
mula (1.3) with Lévy characteristics (a(x),?(x), Q(x), N(x,dy)). Then

sup |p(x, &)| < c(1+|€)%), ¢eR", (2.2)

x€lR"

if and only if

el + Wl + 1+ | - 'y"|'yH Ned)| <o @3)

Proof. By Taylor’s formula we get for [|y|| <1

l_e—iy‘f_ ly.gz S’l_e_lyé_lyé‘—i_ yé-—yé
L+ ol i
L, 2 HJ’H 1<]] IylI? 2
< S IIFIEN" + y < s (ISl + M€
2 + |yl L+ vl
and for ||y|| > 1,
: 2
_ei_ W 52§2 Alel Hﬂ’;@+”ﬂ)-
1+ Iy 1+HN 1+ |yl

This gives

. 2
. 1v -

cevin e foy DI e, seerr . 4
T+ bl

It is easy to see, cf. [20, Lemma 5.2, (5.4)], that

2
|M|2=/‘0—©%waAmm1 (2.5)
1+ [yl £0
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is a continuous negative definite function whose Lévy measure has the
density

1 o0
gn(n) 25/ (2mp) e IO gp  peR" . (2.6)
0

Obviously, g,(n) possesses all moments.
Assume that (2.5) is satisfied. Using (2.5) we see

2
Y
/ %N(x,dy)—/ / (1 —cosy-n)gn(n)dnN(x,dy)
20 1+ |1y]] y#0/n7#0

= /7'&0 (Rep(x,n) —a(x) —n- Q(x)n)g.(n) dn

< / Re p(x,1)g.(n) dn
n#£0

<e / (1 + [n]12)g () diy < o0
n70

uniformly for all x € R". Moreover, a(x) = p(x,0) < ¢ and from (2.4)

we get

)¢l < mpte )|+ |1m [ (1= -2 v
70 1+ |yl

2

§<c+{/ —MiﬁNuﬂw)u+nm%

o T+ ]

uniformly in x € IR", thus ||¢||, < oco. Finally,

- Q)2 < [plx. )]+ () + 465) ¢
D e 2
4 e e e

and ||Q||, < oo follows with the preceding calculations.
Conversely, let (2.3) be valid. From ||a|| ., + |||, + Q]| < oo we
get

a(x) —ib(x) - E+ - Q(x)E| < (1 + €]

sup
xeR”

and (2.4) gives

/ 1 —e - Li N(x,dy)
V40 L+ [y

2

Y

<af P a1+ 1)
y£0 1+ ||y

uniformly in x € IR”.
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Remark 2.2 The statement of the above Lemma has an obvious ext-
ension for uniform convergence on compact sets. Note that in this case
the condition [|p(s, &)|l. < (1 + ||€|]*) can be replaced by “(x, &) —
p(x, &) is locally bounded” because

sup [p(x,&)] <2 sup sup [px,n)[(1+ [€]%) < er(1+ I[P -
Il<k I+I<R <1

In order to study the domain D(4) of the Feller generator 4, it is often
useful to rewrite —p(x, D) as integro-differential operator. Using the
Lévy-Khinchine representation (1.3) for the symbol we get for
ue C*(R")

—plx, D)u(x) = / [M(X) E—alx) - ¢ 0(x)¢

n

- 1—iy-é_&>;v an |t a
/#0( R ) A A

— 0(x) - V) — a@ul) + > gu()0,0u(x)

Jik=1

—iy-& lyé/ A Ty £
e — 1 _— g déEN d
+/y760/]R” (e Ty Hsz)u(f)e SNy

where the change of the order of integration is justified since
u € C°(R") and by the estimate (2.4). Thus, —p(x, D) = I(p)|C2°(R")
where /(p) is given by

I(pJu(x) := — a(x)u(x) + £(x) - Vu(x) + i 4k (%) 0;Oku(x)

jk=1
y - Vu(x)
+ /y#o (u(x —y) — M(.X) +TH)/2H>N(x7dy)7
ue Ci(R") . (2.7)

The next Lemma shows that —p(x, D) determines the Feller generator
(4,D(A4)) on a large subset of Coo(R"). In general, C>°(IR") is not a
core for 4, i.e., there can be many extensions of —p(x, D) to a Feller
generator. One of those is, of course, (4,D(A4)).

Lemma 2.3 Let (4,D(A)) be a Feller generator such that C°(IR") C
D(A) and A|CX(R") = —p(x,D). Assume that the symbol satisfies
(e, Ol < (1 +||EP). Then —p(x,D) can be extended to a Feller
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generator and for any such extension, say, ( — p(;,\ﬁ),D(p():B))) one
has

C2(R") € D(p(x, D)) . (2.8)
Moreover,
(-, D)l < ¢ (107wl (2.9)
o] <2

holds for u € C*(R") and extends for 1(p) to C3(IR").

This Lemma seems to be some kind of folklore, at least if one
claims C2°(IR") C D(4), see [29, VII (1.13) & notes to Chapter VIIJ;
however, no proof is given there.

Proof. Since —p(x,D) C A, —p(x, D) does have extensions to a Feller
generator. Now (2.8) follows from (2.9) since any such extension, say
—p():B), is a closed operator: for every sequence {uy}, . trx € C°
(R") C D(p(x, D)) such that u; — u in C2,(IR"), the functions —p(x, D)
ur(x) = —p(x/,\l/))uk( ) are by (2.9) a Cauchy sequence (w.r.t. uniform
convergence), hence u € D(p(x D)) by the closedness of —p(x D) and

2 (R") = Cr(R) == 1"~ ¢ pip(x, D)) |

For the proof of (2.9) we may assume thata =0,/ =0,and Q=0 in
the Lévy characteristics of p(x, £). By (2.7) and a Taylor expansion we

have for u € C*(R")
0 <u<x ) (o +y'v—“(x2>zv<x, &)

x,D)u(x)| =
p(x, D)u(x)| T

y#

ulx —y) —u(x - Vu(x
S/o<|y|9<“ ¥) — ulx) + - Vu(x)|

- Vu(x) )N(x, )

14|yl
-V
[ =) -t L2V e )
Iy >1 1+ ||yl

n
< / S 110,k il
o<lylI<1

Jk=1

— - Vu(x)

”y|'|' vl ) (x. dv)



574 R.L. Schilling

I
-/ (2Huum+—uwuw N(x, dy)
=1 14 {2

2
<e 1l [ AT e ay

a]<2 20 1+ [y

By Lemma 2.1 the latter expression is uniformly bounded in x € R”,
and the assertion follows. L]

In fact, the above proof shows p(x, D)|| H”O]Cgo(Il{") =
p(x,D)|C2 (R"). Since on C*(R") the operators —p(x,D) and I(p)
(given by (2.7)) coincide, we obtain the following corollary.

Corollary 2.4 In the setting of Lemma 2.3 any extension —p(xf,\ﬁ) of
—p(x,D) to a Feller generator satisfies —p(.,D)u=1I1(p)u for
u € C2(R"). Here, I(p) is the integro-differential operator given by
2.7)

Lemma 2.5 Let (4,D(A)) be a Feller generator such that C*(R") C
D(A4) and A|C°C(]R”) = —p(x,D). Assume that the symbol satisfies
1p( )ll.. < (1 + I€2). Denote by —p(x, D) any extension of —p(x, D)
to a Feller g generator. Then every sequence {uy} .o such that

Ug € Cg(]l{n% SUPkeN ZMSZ ”CK)aukHoo <0 (2 10)
limy—oo ux = u  locally uniformly in C3(R") )

satisfies SUp s SUPgen [P(x, D)u(x)] < 00 and  limy_o plx, D)ty (x)
exists.

Proof. Corollary 2.4 shows that —p(ij))u = I(p)u on C2(R"). From
(2.10) we deduce the boundedness and convergence of the local part,

—a(s)ux + 0(.) - Vuy + 2”: qij(+) 0: 01

jk=1

— —a(Yu+ () - Vu+ Z qij(+) 0:0u
I

as k — oo. In order to see the convergence of the integral term we use
dominated convergence. Note that by Taylor’s theorem

1+H H I 2
y +vllI” 5=

and that the right-hand side is uniformly bounded for all £ € N. For
fixed x € IR” we find

ug(x — ) — ug(x) +
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/ (uk(x —y) — u(x) _}_JM) N(x,dy)
140 L+ yll

— u(x —y) —ux +7y- u(x) x,d
/y()( (x =) (x) 1 ||y||2)N( ,dy)
as k — oo.

The asserted equi-boundedness of p(xf,\l/))uk(x) in k and x follows
with exactly the same calculations that were used to obtain (2.9). []

Let (4,D(A4)) be the generator of a Feller semigroup {7;},.,. Fol-
lowing Ethier and Kurtz [7, p. 23] we call the subset EX(4) C
Bb(IRn) X Bb(IRn),

EX(A) := {(f,g) € By(R") x By(R") : T,f — f = /O[T}gds} (2.11)

the extended generator of {T;},-,. Clearly, the graph of 4 is contained
in EX(4),
(f,Af) € EX(4) for all feD(4) .
Note that EX(4) is closed under bounded pointwise limits (bp-lim, for
short), which are defined by
u= bp-klim wp if  sup|luk||, < oo and u(x) = lim u;(x), x€R" .
—00 keN

k—o0

Theorem 2.6 Let (4,D(A)) be a Feller generator such that
CX(R") € D(4) and A|C*(R") = —p(x,D). Assume that the symbol
satisfies ||p(+, &)||., < c(1+ ||€]|?). For every extension —p(xiT)) of
—p(x, D) to a Feller generator C2,(R") C D(p(x/,\l/))) is satisfied. If 1(p)
is given by (2.7), we have —p(x/,\lS)|C§o(IR") =I(p)|C2% (R") and

(u,1(p)u) € EX(=p(x,D)), ueCHR") (2.12)

where EX(— p(x,D)) denotes the extended generator.

Proof. The first two claims follow from Lemma 2.3 and Corollary 2.4,
respectively. In order to see (2.12), choose a sequence {y; },€ N of cut-
off functions, x;, € C°(R"), 15,00) < 1 < 1p,(0)- For u € C3(R") the
sequence uy; := uy; satisfies the conditions (2.10) of Lemma 2.5,
therefore

(urs —p(x, D)) = (ug, I(p)uz) € EX( — p(x, D))
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and, again by Lemma 2.5, and dominated convergence
bp- lim (uy, —p(x, D)) = (f,9), g =1(p)f-
Since the extended generator is bp-closed, (f,g) € EX( — p(xf,\ﬁ)) 0
Theorem 2.6 allows us, in particular, to obtain a semimartingale
decomposition of the Feller process {X}., generated by some
—p(x,D) (or A) — see Section 3 below. In order to obtain good esti-

mates for the moments of {X;}.,, the next theorem will be quite
helpful.

Theorem 2.7 Let (4,D(A)) be a Feller generator such that C(R") C

D(A) and A|CX(R") = —p(x, D). Assume that ||p(-, &)|| . < c(1+ (&)

for some fixed continuous negative definite function y : IR" — R. Then
{ue Co(R") : (1+y)a e L' (R")} C D(p(x, D))

for every extension (—p():l/)),D(p(xf,\l/)))) of —p(x,D) to a Feller gen-
erator.

Proof. Let y be a cut-off function satisfying

1€ CERY), g0 < x <l 2(x) = 2(—x).

The sequence y,(x) := y(x/k) converges to 1 as k — oo, and the

Fourier transforms satisfy y, (&) = k"7 (k¢).
Write o7 := {u € C(R") : (14 )i € L'(R")}. As a first step we
claim

ue o implies w = (21) " (7 )y € A (2.13)

By the convolution theorem we get

| vl = [ 1+ v@lis i@l d

S/W/n(”lﬁ(i))lik(n)lxk(én)lﬁ(én)dndé

- /,R/ (L dn/k+ ) (E)la(€)| @ dn

<2 [ (+wo)

x (19 (n/l)a(m | (E)]a()| dé dn



Growth and Holder conditions for the sample paths of Feller processes 577

where we used Peetre’s inequality (1.5) in the last step. Since
L+ y(n/k) < ey (1+ [In/kI1P) < ey (1+ [nl)
and 7 € (R"), we find
U+ )il < eyl (T +)afl < oo

and (2.13) follows as u; € C°(RR").
We claim now that for u € .o/ and u; as above

Uy —u  inL'and ae. (2.14)
Since u € .o/, we have it € L'(IR"). Write
i — iy = (1 — 2r) ") + 2n) " Piox (1= i)

The first member of the right-hand side converges to 0 in L'-norm —
this is a well-known mollifier technique see, e.g., Kumano-go [24,
Theorem 1.2.7]. The second member satisfies

s (= 200) | < [ I = e = nlate =l

- /]Rn(l —m(é))lﬁ(é)ldé/w
_ / (1 - 2l @)Ia(@)| de] 7], — 0

as k — oo as is easily seen be dominated convergence. Passing to a
subsequence, if necessary, we may assume that u; — @ almost every-
where.

The calculations leading to (2.13) and yet another application of
dominated convergence now imply

Tim [[(1+ )il = 11+ )al - (2.15)

Since (1 + )iy, € L'(IR")and (1 + )i € L'(R") such that (1 + )iy —
(1 + )i almost everywhere, we get even (1 + )iy — (1 +y)ain L',
and thus

A ()l dn

lp(+, D)uj = p(s; D)usll o, = sup / e <p(x, &) (1t (€) — i(£))aE
xeR” "

< eyl | (1 + ) (0 —aii)||,, — 0

as j,k— oo .

We have thus shown that for every u € o/ there is a sequence
ur € C(R") C D(p(x,D)) such that u;y — u uniformly (since u; — i
in L') and {p(+, D)us};cn is @ Co(IR")-Cauchy sequence. From the
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closedness of —p(;,\ﬁ) we deduce that u € D(p():B)) and —p(., D)uy
— —p(x,D)u. O

Remark 2.8 (1) We may replace (&) in Theorem 2.7 by ||p(., )| if
this function satisfies a Peetre-type inequality. Then

{ue Co(R") : (14 [p(-, &) )it € L'(R")} € D(p(x, D)) (2.16)

whenever |[|p(., £)||, is finite.

In general, &— ||p(., &)||, will not be negative definite. However,
the proof of Theorem 2.7 still works if ||p(., £)|| ., satisfies a Peetre-type
inequality. For fixed x and all &, € R"” we know from (1.5)

(1 +plx, €+ m)]) < 2(1 + |pCx, N1 + [plx, m)])

since &+ p(x, &) is negative definite. Passing to the supremum over all
x € IR” yields the desired inequality.

(2) The set o := {u € Cx(R") : (1 +y)i € L'(R")} appearing in
Theorem 2.7 fits nicely into the scale of spaces 4, introduced in [11,
Section 10.1]. In this notation one has, in fact, o7 =% 4N
Coo(R™). This is, from a structural point of view, quite interesting.
Further results in this direction can be found in the forthcoming book
[18] by N. Jacob.

(3) The result of Theorem 2.7 allows to extend previous results on
conservativeness, Hausdorff dimension, and Besov embeddings (cf.
[31, 32, 30]) to the class of Feller processes considered in this paper.

3 The semimartingale nature of Feller processes

An n-dimensional Feller process (Q, &, IP*,x € R", {X;},~0, {&,}>0
R”, B) is a strong Markov process with the additional properties that
x—E(u(X;)) is in Cx(R") and lim, E*(u(X;)) = u(x) whenever
u € C(IR"). It is well known that there is a correspondence between
Feller semigroups {7;},., and Feller processes {X;},., which is ex-
pressed by - -

Tiu(x) = E' (u(X;)), ueCpy(R"), t>0, xeR". (3.1)
In particular, 7;, originally defined on C,(R"), extends onto C,(IR")
and B,(R").

In this section we want to study the structure of Feller processes.
As before, we assume that the generator of {7;},., be some extension
—p(x,D) of the pseudo differential operator —p(x, D) with symbol
—p(x, &) given by (1.3). Our main objective is to show that {X;},., is a
semimartingale and that its semimartingale characteristics (in the
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sense of [21]) are determined by the Lévy characteristics of the
symbol.

We will frequently use the notion of (pre-)stopping of a process. Let
7 be some stopping time for {X;}.,. Then the (pre-)stopped processes
X7 and X[~ are given by -

Xf(w) = X,/\T(w)(w) and
X7 (0) == X(0) 10 2(0)) () + Xe()— (@) V()00 (2)

The following Lemma is taken from Protter [26, Theorem II.6]. It
shows essentially that a prelocal semimartingale is already a semi-
martingale.

Lemma 3.1 Let {X;},., be a cadlag adapted process with values in R,
{t }ren be a sequence of positive random times which increase a.s. to 0o,
and let {Xj;},~o,k € N, be a sequence of semimartingales such that
X% =X for all k € N. Then {X,}~, is a semimartingale.

Rather than using the more appropriate notion vector of semi-
martingales, we will call an n-dimensional process semimartingale, if its
component processes are semimartingales. Note that this is in line
with the notation of [21]. Without further mentioning we will under-
stand the semimartingale property always w.r.t. the family {IP*} _p.. In
order to simplify things, we will assume that the life-time { of the
process is a.s. infinite. Otherwise, the statements below remain valid,
but on the set {w : {(w) < oo} only. A necessary and sufficient con-
dition for { = oo (a.s.) is that p(x,0) =0, cf. the discussion at the
beginning of Section 4.

Lemma 3.2 Let (4,D(A)) be a Feller generator such that C*(R") C
D(A4) and A4|C>*(R") = —p(x, D) with symbol —p(x,&) given by (1.3),
1p(e, Ol < (1 +||E1P), and p(x,0) = 0. Every (n-dimensional) Feller

process {X}~, generated by some extension —p(x, D) of —p(x,D) to a
Feller generator is a semimartingale (under any P*, x € R").

Proof. 1t is well known that for any cadlag Feller process and all  in
the domain of —p(x, D) the process

M, = u(x,)—u(XO)+/0lp(213)u(x)\x_&ds, t>0,  (32)

is a martingale. Pick for j = 1,...,n sequences d)i € C*(R") such that
$iIBi(0) =x;,  d;|B5(0) =0, and |}l <k+1 .
Clearly, ¢/(. — x) € D(p(x, D)) C D(p(x,D)), and under IP*
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t
= 806 =)+ [ p0-DIOL =)y b
are martingales for every k € N and j = 1,...,n. Since

MO)| < (B}l + 2]p(s D)} < o0

M; V) is even an L2 .-martingale. The above inequality shows also that
the 1ntegral term 1n the decomposition of M U is a process of bounded
variation in finite time intervals. By the canomcal decomposition of
semimartingales (cf. e.g. [26, Theorem III.1]) we conclude that the
processes

W = 00 =0 = M) = [ (Dl )

are semimartingales.
Set 7 =1} :=inf{r > 0: ||X; —x|| > k}. Then 1, are stopping
times converging a.s. to co. By construction, we have

()™ = (B =)™ = (XD —x))"

For ¢ < 7 this equality is straightforward, if ¢ > 1, it is easily seen
from

(1 (X —x)" = ¢ (X —x)

= lim ¢}(X —x)
r<tp,r—Tg

= lim (X(’)—x) X(/) —X; .
r<tp,r—Tg

Now Lemma 3.1 applies and shows that {X;},., is a semimartingale.

O

Let us briefly recall the notion of characteristics of a semimartin-
gale, see [21]. Let y = yz € C°(IR") be a cut-off function such that
lBR(O) < < lBZR(O)’ R > 0 fixed. Set

S = (1= AX)AX,,  Xi(z) ==X — Ji(x) (3.3)
s<t
and observe that {Xt(X)}zzo is a semimartingale with bounded jumps,
hence a special semimartingale admitting the unique canonical de-
composition

Xi(1) = Xo +My(x) + Bi(2) (3-4)

where M;(y) is a local martingale and B,(y) is a previsible process with
paths of finite variation on compact intervals.
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Definition 3.3 Let {X;},.,, X, = (X,(I), . ,)(',<")), be a semimartingale
and y = yx be as above. Moreover, let B, = B,(x) be the previsible
process appearing in (3.4), X’ be the continuous martingale part of X;,
and v(w, ds, dy) the compensator (i.e. dual predictable projection) of the
Jjump measure

M((D,ds,dy) = Z 5(S,AX(S,(D))(dSady)
s:AX,£0
of the process {X;},,. Denote by C.= (CH)},_, the quadratic
co-variation matrix C* := (xU)< x®<) for {x¢ }iso-

Then (B,C,v) is called (a version of) the characteristics of the
semimartingale {X:} . (relative to y).

It is obvious from the definition of characteristics that (B,C,y - v)
is a version of the characteristics of {X,},, of (3.3), (3.4).

One could equivalently define (B,C,v) (relative to y) by the re-
quirement that for all f € C7(IR") the process

M = £(X) — f(Xo) — / Z@f ) dBY

/}:mw ) dCF

[ [ 0 = 1) 0y Tl )
(3.5)

is a local martingale, cf. [21, Theorem 11.2.42].
The characteristics admit the following canonical representation of
the semimartingale {X;},,

X :XO+Xtc+/0tx(y)y(ﬂ’((.,dS,dy) — (e, ds, d)) +Ji(x) + Bi(7)

=X(0) +J(x) - (3.6)

The integrals are to be understood componentwise.
The next definition is again taken from [21]

Definition 3.4 A semimartingale {X,},- is called homogeneous diffusion
with jumps if its characteristics have the form

B @) = [ B0 ds

0
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Clf(w / (X,
v(w, ds,dy) = N(X;(w),dy)ds ,

where bY), ¢/* . R" — R are measurable functions, ¢ = (cjk); iy IS a
positive semidefinite matrix, and N (x,.) is a Borel transition kernel such
that N(x,{0}) =0.

The notion diffusion process with jumps can be a bit misleading:
every Lévy process is a diffusion with jumps, even a pure jump process
without continuous martingale part (e.g. a symmetric a-stable process)
can be a ““diffusion” with jumps.

Theorem 3.5 Let (4,D(A)) be a Feller generator such that
C>(R") € D(4) and A|C*(R") = —p(x, D) with symbol —p(x, &) given
by (13), [ples ). < (i + EIP), and plx,0) = 0. Denote by (X} .,
the Feller process generated by any extension —p(x, D) of —p(x, D) to a
Feller generator. Then {X;},., is a homogeneous diffusion with jumps
and its semimartingale characteristics (B, C,v) with respect to y = yg
are determined by the Lévy characteristics (¢(x),Q(x),N(x,dy)) of
p(x,&):

B9 (0 / 0
/ / < xR(y)y;>N(Xs(w),dy) ds
v \ 1+ [ly]?

d%w—zjqﬂ () ds
V(wvdsady): N(Xs(w), —dy) ds

where y = yg is the cut-off function introduced in Definition 3.3.

Proof. Since for suitable constants

c il Iijl
e Iv?

J’jéj
2
1+ |yl

|y]’
1+ [lylf?

(B,C,v) from above are well-defined. By Lemma 3.1, {X,},., is a
semimartingale, and it remains to check that (3.5) is a local martingale
for all £ € C3(R"). From Theorem 2.6 we know that (f,(p)f) is in
the extended generator EX( — p(x,D)), thus — cf. [7, Proposition
IV.1.7] — the process

)il < ¢ — 1Ryl <
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Ml = 1% 1) - [ 1)) ds

isa martlngale Using the explicit representation (2.7) of I(p), we may
rewrite M in the following form

M/ =f(X) - f(Xo) - /0 t [ﬁ(Xs)-

y
S, d
+/¢0<1+Hy” x<y>>< V)

/(Zq]k )OO (X )

+ /#O(f(Xs— —y) —f(X) +x)y 'Vf(Xc—))N(Xc,dy)> ds

-V (Xs-) ds

which is but (3.5). ]

Let us, for further reference purposes, emphasize the following
observation made in the proof of Theorem 3.5.

Corollary 3.6 Let (4,D(A)), —p(x,D), {X;},5¢ be as in the preceding
Theorem. Then the process

M = £(X) — f(X0) — /0 1(p)f (X ds

is for every f € C3(R") an L}

ioc-martingale.

Proof. The martingale property of Mf has already been established in
the proof of Theorem 3.5. Since the estimate (2.9) carries over to /(p),
we have that M is a bounded random variable for ¢ varying in com-
pact sets, hence square-integrable. ]

4 Asymptotic behaviour of X; for t — 0 and t — oo

Let {X;},-, denote an n-dimensional Feller process as in the preceding
section. We are interested in the limiting behaviour of X; under IP*, i.e.,
for which A > 0

lim inf /% P sup [1X; —
t

sup ||[X; — x|| or limsupt¢
s<t t s<t
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are finite or infinite as t — 0, t — 0o. We will determine bounds for A
in terms of the symbol —p(x, &) of the infinitesimal generator. For
Lévy processes, i.e., in the constant-coefficient case p(x, &) = (&),
similar criteria were given by Pruitt [27]. Our exposition is heavily
influenced by this paper; we adopted, in particular, the idea to use
Lemma 4.1 which has its analogue in [27, p. 949, Lemma]. To our
knowledge, the only studies for non-constant coefficients are the pa-
pers [25, 22] by Negoro and Negoro & Kikuchi, containing some
short-time asymptotics for stable-like processes. We should like to
mention that these results are encompassed by our theorems, see the
examples at the end of Section 5.

When studying the long-term behaviour we will have to assume
that {X;} ., has a.s. infinite life-time. The semigroup equivalent would
be to assume that the associated Feller semigroup {7;},, is conser-
vative. A sufficient (and in fact also necessary, cf. [33]) condition for
this is that the symbol —p(x, &) satisfies p(x,0) = 0, see [31, 33], that is
to say that

plx, &) = —ib(x) - ¢+ & Q)¢ + / . (1 et m)N(x’ &) .
y

(4.1)

The key ingredient for our investigations are estimates of the distri-
bution function of the maximal process,

(X, —x); = sup X — ]| - (4.2)

For Lévy processes the following Lemma is due to W. Pruitt [27]. In
our situation the proof is much more involved and we will postpone it
until Section 6.

Lemma 4.1 Let (4,D(A)) be a Feller generator such that C*(R") C
D(A4) and A|CX(R") = —p(x,D). Assume that the symbol —p(x, &) is
given by (4.1), satisfies ||p(+, &), < (1 + IEl1%), and that {Xi} 5 is the
Feller process generated by some extension of —p(x,D) to a Feller
generator. Then the following estimates hold true:

P*((X. —x); >R) <c,tH(x,R), t>0, R>0, (43)

where ¢, is a constant depending only on the space dimension, and

H(x,R):= sup sup </_OO Re p<y,%>g(p)dp+‘p(y,§)‘> :

[ly—x[I<2R [|e[| <1 00

(The density g(p) = g1(p) is given by (2.5), (2.6).)
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If, in addition, | Im p(x, &)| < ¢y Rep(x, &) for some absolute con-
stant ¢y > 1, then

JPX((X,—x);‘<R)§th(i"R), t>0, R>0, (4.4)
P*((X, — x)} < R/2) < #2) t>0, R>0, (4.5)

where the constant c,. depends only on k = (4arctan (2170))_l

h(x,R) :== inf sup Rep(y,ﬁ) .

[y =xlI<2R ¢ <1

, and

The growth of the sample paths at ¢t = oo is governed by the fol-
lowing indices which are generalizations of the Blumenthal-Getoor
index f§ and the Pruitt index ¢ for Lévy processes, cf. [4, 27]. Recently,
indices of this kind have attracted renewed interest, see e.g. the paper
[28].

Definition 4.2 Let h(x,R) and H(x,R) be as in Lemma 4.1, and set

h(R) := ir}lg h(x,R) and H(R):= sup H(x,R) .
xeR”

xe€R”

Then the quantities

P := sup 0 : limsup R*H(R) = 0} ,

R—00

vz
B, := sup {/1 hmmfR) H(R) = 0} ,
{2

0y := sup : lim sup R*A(R) = 0} ,

R—o00
— Tim inf R _
0 := sup {/1 >0: h?lgffR h(R) = 0} ,
are called indices of {X:}, (or p(x, &) at the origin.

From the estimates

p(r. 8 > Rep(x, &) > / (1 - cosy - ON(x,dy)

[y-¢[<1
> / - &N (x,dy)
[y-¢[<1

it becomes immediately clear that all of the above indices are well-
defined and that f8y, B, 9o, do € [0,2]. A moment’s thought shows
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Bo < B, < and Bo < 60 <o -

In Section 5 below we will give alternative characterizations of these
indices and explain their relation with the classical indices of Blu-
menthal and Getoor for Lévy processes.

Theorem 4.3 Let (4,D(A)) be a Feller generator such that C*(R") C
D(A4) and A|CX(R") = —p(x,D). Assume that the symbol —p(x, &) is
given by (4.1) and satisfies ||p(-, &)l < c(1+ [|€]*) and | Tm p(x, &)| <
co Re p(x,&). Then the Feller process {X;},, generated by any ex-
tension of —p(x, D) satisfies -

lim £~ VAX, —x)f =0 as. (PY) forall A< p, (4.6)
1itngg1ft—1/f“»(x_ —x); =0 as. (P) forall By<i<pB, (47)
lirtnsup VX, —x)f =00 as. (PY) forall do<i<dy (4.8)
tll)rgo VX, —x)f =00 as. (PY) forall > (4.9)

Proof. In order to prove (4.6) we assume that 4 < ff; and pick 4 < o,
<oy < fy. By (4.3) we see

PY((X. —x); > '7%)
< eptH (x, 1117) < cptH (1) < e (e'/2) ™ = (gl =/=

where we only used the definition of f, and the fact that «; < f3,. For
the sequence # := 2%, k € N, we obtain

ZIPX x* >tl/oc2 <ec, szl al/xz)<oo ,

k=1

and the Borel-Cantelli Lemma shows that IP*(lim sup;_., {(X. —x),
> tl/“z}) =0, hence (X,—x), < 1/ for “eventually all” keN.
Choose ¢ € [tk, tr+1), and observe that for every o and sufficiently large
k (depending on w)
* * 1/ o o
(X(0) —2); < (Ku(w) —x); | < <2Vmile
Therefore, for A < oy
VX, —x)f <2Vmd/emlE L0 as. (PY)as 1 — oo .

The proof of (4.9) is similar: choose dy < a; < a» < 4 and observe that
(4.4) and the definition of ¢y imply
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P((X, —x) <f/m) <Ko O ol
(( *), )_th(x,tl/az)_th(tl/az)—C’C ( )

Again we take # := 2%, k € N, and find

o
ZIPX r <) < Y 2Kl <o
k=1

and by the Borel-Cantelli Lemma we deduce that (X, —x), > tk/ “ for
“eventually all” k. If & is sufficiently large and ¢ € [tk, tit 1)

X.(o) —x)" > (Xo(w) —x)" > /% > Vmgl/n
X.(@) =x); > (X(0) —x), >4

[ —
for every w, and, since 4 > o,
VAKX, —x)f > 27l oo as. (IPY) as £ — oo

For the proof of (4.7) and (4.8) we assume that 1> ¢ > d, and
U<t< ﬁo and choose sequences such that

klim ttH(t) =0 and klim sph(sg) = oo.
By Lemma 4.1 (4.4) we see
P*((X. —x)5 < i) <

Cc

syh(sk)

—0 as k— o0,

and Fatou’s Lemma implies
0= lll?lg)lfIPx((X, —x)g < Sk)
=1 — lim sup IP*((X, —x);‘Z > sx)

ko0
Zl—IPx(hmsup{ >Sk}>

k—o0

which is but to say that
IP*((X. —x)g = s . 0.) =P (s; ' (X. —x)g > 1 o) =1

X3

— “1.0.” stands for ““infinitely often”. Hence,

lim sup fl/"(X, —x);>1 for a<i,
t—00
and (4.8) follows. The proof of (4.7) is similar, with sy, o replaced by
U, T. Ol

In the proof of Theorem 4.3 we did not always need the condition
[Im p(x, &)| < ¢ Re p(x, £). An important special case is covered by the
next Corollary.
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Corollary 4.4 Let (4,D(A)), —p(x,D), and {X,} ~, be as in Theorem 4.3,
but assume that the symbol —p(x,&) given by (4.1) satisfies only
1p(e, Ol < (14 ||E||P). Then (4.6) and (4.7) remain valid and one has,
in particular,

sup | X (0) —x|| < co(1+ 0" as. (PY) forall i< fy (4.10)
s<t
with an a.s. finite constant c,,, IP*(c, < o0) = 1.

We will now investigate the behaviour as ¢ — 0. Other than for the
long-time asymptotics, one should expect a strong dependence on the
initial value Xy = x of the process.

Definition 4.5 Let h(x,R) and H(x,R) be the functions introduced in
Lemma 4.1. The quantities

B :=inf {2 >0:limsup R"H(x,R) = 0}

0o *

R—0
B = inf{1>0: llgljglfR H(x,R) =0}

S =inf {1 > 0:limsup R*A(x,R) =0}
R—0
X L 13 . A _
&, =inf{A>0: ll?jglfR h(x,R) =0}
are called indices of {X;},5 (or p(x, <)) at infinity.

Clearly, |[|p(-, )|l < c(1+[|€]*) guarantees B, .05, 8% €
[0,2], and one has

X
o SB, < B and & <0, < B -

For a thorough discussion and concrete examples of these indices we
refer to Section 5.

Since the proof of the next Theorem parallels Theorem 4.3 (using
the indices at infinity of Definition 4.5 instead of the indices at zero of
Definition 4.2), it is not necessary to provide details of the proof.

Theorem 4.6 Let (A,D(A)) be a Feller generator such that
CX(R") € D(4) and A|C*(R") = —p(x,D). Assume that the symbol
—p(x, &) is given by (4.1) and satisfies |p(-,&)||,, < c(1+[|¢]°) and
IIm p(x, &)| < co Re p(x, ). Then the Feller process {X;},~, generated
by any extension of —p(x,D) satisfies at every starting point x € R”"

lim VX, —x)E =0 as. (PY) forall 1> p (4.11)
—
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liminfs A(X, —x); =0 as. (PY) forall B >7i>p (412)

t—

limsup s V4(X, —x)f =00 as. (PY) forall & >2>5 (4.13)

t—0

lim V4X, —x)f =00 as. (PY) forall )<d, (4.14)

t—0

We will conclude this section with another application of Lemma
4.1, the calculation of the expected first passage times op :=
oy :==1inf{t > 0 : || X, — x| > R}.

Theorem 4.7 Let (A,D(A)) be a Feller generator such that
C*(R") C D(4) and A|CX(R") = —p(x,D). Assume that the symbol
—p(x, &) is given by (4.1) and satisfies ||p(., &) < c(l+ 1€]]%) and
IIm p(x, &)| < coRe p(x, &). Then the first passage time og of the Feller
process {X;},~, generated by any extension of —p(x, D) satisfies
c
H(x,R)

< IEX(O'R) < M

with absolute constants c,C depending only on the space dimension n
and cy.

(4.15)

Proof. Observe that

{(X.—x); <R} C{or >t} C{(X.—x); <R} . (4.16)
holds. Using (4.5) we find for any & > 0

E*(0z) = /OOCIP"(JR >t)dt < é+/;CIP"((X, —x); < 2R)dt

2 dr 1
<) = e

Minimizing over ¢ > 0 gives an upper bound in (4.15) with C = 2¢,. and
h(x,4R). The assertion follows using the subadditivity of &— +/p(x, &)
with C = 32¢,. Similarly, by (4.16) and (4.3) we get for any & > 0

¢
IE*(oz) / ]P"aR>t)dt>/ P*((X. —x); <R)dt
0

4
=¢— / >R)dt>¢f—cn (x,R)/O tdt

Maximizing this expression in & gives the lower bound in (4.15) with

c=1/(2¢y). O
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Remark 4.8 Combining Theorem 4.7 with Lemma 5.1 below easily
shows the somewhat sharper inequality

Cn

Cx
< IE*(og) <

€ €
Rep(x.7) inf , sup. Rep(y 27
Hxs—jls)zk PR Hy—lgﬁQR f;hlg P iR

lell<t

(4.17)

with k = k(co) from Lemma 3.1. Note that only ¢, depends on the
space dimension.

5 Applications, examples, and characterizations of the indices

The indices introduced in Definition 4.2 and 4.5 are modelled on their
constant-coefficient counterparts, the Blumenthal-Getoor index ff and
the Pruitt index o, see [4, 27]. It is not hard to see (using Lemma 5.1

below) that, if p(x, &) = (&),
ﬁO = 50 and EO = 50
and, since there is no x-dependence,
Boo =B =0, and b = =0 .

In fact, a little more holds true (as will be clear from the Lemmata
below): f, equals Blumenthal-and-Getoor’s f,

o) ()
= f . =
f:=in {/L >0 Hzlﬁgloc izl 0} )

and for f, one has the analoguous formula

Y T (O
Po = sup{A >0: H?HIEO Hin = 0}

The indices 0., 09 are just Pruitt’s ¢ (in the respective settings).
In order to give similar characterizations for the general, i.e.,
variable coefficient case, we need an auxiliary result.

Lemma 5.1 Let &— p(x, &) be for every x € R" be a negative definite
function given by (4.1), and assume that g(p) = g1(p) is the density
introduced in (2.5), (2.6). Then

sup/ Rep(x,%)g(p)dpéc sup Rep(x,g) : (5.1)

fel<t /=00 llell<1

with a constant ¢ > 0 depending on the density g(p).
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Proof. For every e € R” such that ||e]| < 1

1

/_OO Rep( ,%)g(p)dp < ﬁﬁg Rep(x,g) /_lg(p)dp

pe
+ Rep(x,— dp .
/,,>1 p( z )g(p) p
Set p = [p] + {p} such that [p] € Z and {p} € [0,1). Using the sub-
additivity of ¢— /Re p(x, &) we find

Rep(x,%) = Rep(;g@)

<2{pPRen(ag) e 1))

R

and thus
o pe €
Rep(x,—>g(p) dp <2 sup Rep(m—) X
- R lel<1 R

(/Zg(p)dp+/: P2Q(P)dp> :

Passing to the supremum over ||e|| < 1 on the left-hand side finishes
the proof. L]

The above Lemma and the definition of H(x,R) (cf. Lemma 4.1)
show that H(x,R) ~ supj<; Supj_ <2z [P(y; €/R)|; the comparison
constants do not depend on x.

Proposition 5.2 Let p(x,&) be as above, in particular, |p(.,&)| <
c(1+ |[E||?). Then the following formulae hold

By =supd 4> 0: lim PreR” p(x, &)l 0
' B [1E)—0 HéHA

B, < supd i >0 liminf PR PN
N =0 e

su . :
=inf{A>0: Pl—y<2)¢] p(v, )| _ O}

{ L R
2o

A>0:liminf pfoyHQ”fHTl rG, O =0
Iel—oo Ek
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Replacing |p(.,.)| by Rep(.,.) and sup by inf gives the analoguous
formulae for the “0”-indices of Definition 4.5.

Proof. We will only prove the assertion for f_, the other proofs are
similar or easier. From Lemma 5.1 it follows that

B —inflis0: tim S Plesl=d s PG licliol _
> léll—oo 1N

SUP -y <2ljé]| " e, [1€1D)] _ 0
I¢l=0 IE(1°

> inf{i >0:

Now assume that A > « and choose 4 > A’ > a. Then

sup |p(y, [I<lle)] < cllel|” [€]1" < cll¢lI”  whenever €]l - [|<] > 1
le—yli<2lie) ™

Thus
spsup PO g as g o
lx-vli<2lel ™ el <pel<t 1€
Since for ||| — oo
wp sp PRI el
e—vli<2el nei<part <] e—yli<2fe~ <t €]

we have limjg_q SUP <2t SUPef <1 W =0, therefore
A < B, and—A > o being arbitrary — o < . ]
Remark 5.3 In the above formulae for ﬁ and /3 a ‘="’ sign cannot be

expected. The supremum over all dlrectlons ce Bl(O) causes an av-
eraging of the directional limiting behaviour. Clearly, the /imit exists if
and only if it exists for every coordinate direction ||&]|*|p(y, [|€]le;)]
(this is easily seen by the subadditivity of &+— +/p(x, £)). This is clearly
not the case for the limit inferior.

The results of the preceding Section 4 suggest also a nice stochastic
interpretation: the limit inferior of the weighted vector-valued process
can be different from the vector of the liminf’s of the weighted coef-
ficient processes. Note, however, that this interpretation is based on
the assumption that p(x,¢;e;) is close to the symbol of the jth coor-
dinate process. This picture is certainly correct for Lévy processes, but
it is still an open question in the general case.

In the absence of a quadratic form in the Lévy-Khinchine formula
(4.1), i.e. if there is no continuous martingale part in the representa-
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tion of the process {X;},.,, we can characterize the indices in terms of
the Lévy kernel. Results of this type are known for Lévy processes and
were, in fact, used to define the indices for appropriately normalized
processes, see [4] for a thorough discussion. By normalization one
understands removing a dominating drift and/or diffusion part of the
process. While this can be done for Lévy processes without any harm
— the drift being necessarily deterministic, the diffusion independent of
the pure jump part — it is not possible for a general Feller process.
Thus we have to assume that, a priori, there is no diffusion part and that
there is no dominating drift. We can express this by saying that
O(x) = 0 and [Im p(x, &)| < coRe p(x, ).

Proposition 5.4 Assume that R" > £ p(x, &) is for every x € R" con-
tinuous negative definite with Lévy characteristics (0,4(x),0,N(x,dy)),
Ip( E)lle < (1 + [I€]1%), and such that |Tm p(x, &)| < ¢o Re p(x, &) for
some constant cy. Then

By = sup {/1 >0 : sup/ Hy||AN(x,dy) < oo}
[lyl[>1

xeR”

3o = sup {z >0 inf VN (x, dy) < oo}

n
XER™ Sly)|>1

pi. <infinf {150 sup / Iy (z.dy) < o0
r>0 <1

lbe—z<r

B > inf{i >0: / Iv|I*N(x, dy) < oo}
[yll<1

o, < inf{l >0: / IvII*N (x, dy) < OO}
Iyl<1

3. > sup inf{i >0: inf IVI’N (2, dy) < oo}
>0 Ix=zll<r Jyp<1

Proof. Since the arguments for the above formulae are quite similar,

we will only detail the proofs for the indices at the origin.

By our assumption on the symbol, Rep(x,¢) <
Ip(x, &)| < (14 ¢o) Rep(x, &), and there is no need to distinguish be-
tween the modulus and the real part.

Assume that 2 < f, and choose 4 < A’ < f§;. By Proposition 5.2,
Rep(x,n) < cHnHJ‘ uniformly in x and (at least) for small values of
lln]|. Denote by k; (1) the density satisfying

/n(l —cosy-mk(n)dn=|y|’, yeR",
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and observe that k(i) ~ ||| ™", see [3, 111.18.23]. Then
[ ey = [ (= cosyenkn du )
IvlI>1 lyl>1 JR"
<o [ (Replrun) A NGBS (0)) "
< [l
llnll<1

+é, / Il dnN (x, B (0))
llnl>1

uniformly for all x, since by Lemma 2.1
sup N (x, B{(0))

x€R”

2
<2sp [ ey < 2 [0+ IaPneds < oo
xeR" Jiy|=1 1+ [|y]| R’

This shows that 4 <sup{1>0:sup, g ny\|>1 IV|*N (x, dv) < 0o},
and since A<, was arbitrary, also B, <sup{l>0:sup, g
=1 ||y||AN(x,dy) < OO} )

Replacing in the above calculations f, by Jdp and Rep(x,¢&)
by inf.er" Rep(x, &) proves 0y < inf{i > 0 :infiere fl\y|\>1 Il
N(x,dy) < oo}.

Conversely, assume that 4 < 2 is such that
inf [ DIV < sup [ NGy < oo

[yl>1 [Iyl>1

xeR” xeR”

Then, since we are only interested in small values of ||£||, say ||&]| < 1,

Rep(x, &) = / (I —cosy-&)N(x,dy)

y#0
2 2 Vi /.
< / PN G )] + / AN G, )]
0<|lylI<1 [lyl>1
n 1—COSy'€j 2-)
< — - I N(x.d ’
- ]Z:/yg —cost ol

+ AN (x,dv) | |1€]1*
/W NG y>)u l

gc(ZRep<x,e,->||é||H+ / IIyIIAN(x,dy))IIélli
j=1 [ly>1]|

uniformly for all x. By Proposition 5.2, 2 < y and 4 < f,.
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The inequalities for B, and J.  are easily derived from the in-
equalities

/ PN G dy) < ¢ / Re p(e, ) gl =" dy + ¢
[Iv[I<1 [ln]|>1
and
) i
Rep(x, &) < c; / DNl
y||<

which are proved as those used above. Note that ¢; and ¢’ are inde-
pendent of x. O]
Let us conclude this section with some examples.

Example 5.5 (1) Lévy processes p(x, &) = (). In order to evade all
normalization problems we assume [Im /()| < ¢ Re (&), but we do
allow a Gaussian part. In this case we have

ﬁO = SOa EO = 50a ﬁoo = ﬁzo = Szov and 500 - 5};0 - E);o

Because of Proposition 5.2 f is the Blumenthal-Getoor index, and
f~ and f, can be calculated via

B =inf{7>0: lim MZO} :

lel=ee &)1
. Rey(é)
o= sup{ >0: ||fl\|r207||§||)” —O} .
and
S = inf{i >0 liminfw - 0} :
leli=oeJ|&]*

dp = sup {A >0 : liminf Rey(¢) = O} .
G

In particular, Theorems 4.3 and 4.6 become trichotomies and distin-
guish properly between the various modes of limiting behaviour:
convergence, oscillation, and divergence. This is just the case con-
sidered by Pruitt [27].

Note, that for symmetric a-stable processes all of the above indices
coincide and equal o.

(2) Stable-like processes: long-time behaviour. A Feller process
whose generator has a symbol of the form p(x, &) = ||&[|**™, x, & € R”
is called stable-like. This notion seems to be due to Bass [1],
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constructions of such processes were given by Bass [1], Tsuchyia [35],
Negoro [25], and Kikuchi &Negoro [22]. We will assume that the
exponent function is uniformly bounded, i.e. that 0<ay <
a(x) < as < 1 — this is a quite common assumption in the existing
literature.

Clearly, we have

ﬁO:EOZaO and 50:5026100 .

Replacing the modulus ||¢|| by an arbitrary real-valued continuous
negative definite functions v, y(0) = 0, leads to symbols of the type
p(x, &) = (1 +y(E)™ — 1~ y(&)*™. Such symbols were considered
e.g. by [22]. In this case one has

Bo = Po(W)ao, o = do()ace ,
where B,(1), do(\) are the indices for . Similar statements hold for
B,y %o-

(3) Stable-like processes: short-time behaviour. Let us assume that
P, &) = y(&)*™  (or, alternatively, = (1 + ()™ —1) where
Y :R" — €, Y(0) =0, is continuous negative definite such that
Im y(&)| < coRey(&). The exponent function a: R” — (0,1) is as-
sumed to be uniformly bounded, 0 < ayp < a(x) < a, < 1.

Note that under these assumptions

[tm p(x, &) = [Im g (&)™ = Y(&)™™|sin (a(x) arg ¥ (&))|
< e ()" cos (alx) arg ¥(8)) = eRey (&)
= cRe p(x, &)
because we know |[sin (a(x)argy(&))| < [sin  (axargy($))] <
ccos (ax argy(&))) < ccos (a(x)argy(¢))) with a constant ¢ de-
pending only on the bounds of the exponent function a(.) and the
constant cg.
If, in addition, a(.) has locally a modulus of continuity of order
~ o(|1/logh|), (h — 0), we have
Br =0 = BW) -alx) and ' =05 =dx(¥)-alx) (52)
where B (W), 000 (W) stand for the indices of (&), see Example (1).

Proof. Because of the particular modulus of continuity we find for
every x some & = h(x) such that

la(x) —a()| < de(llx =) forall y e By(x)

for some monotonically increasing function ¢.(.) satisfying
limy, o ¢, (k) log + = 0 for every x € R". For all £,x,y € R” we have
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(] |1 — (&) 00|
< [ ( “)}( + 1 +¢(g)\la<y>—a<x)\)
| “)}( +\1+¢(5)‘¢x(lx—y\)) ‘
If HX—J’H <cRand &= e/R ||6H <1, we get
¢, (1))
‘1 (R> T <o (¢x(c'R)log (cy(1 + R )

< exp (20 (R oe ("))

(&)@ — (&)™)

N

c'R
= exp <2(f)x(C/R) [log(c’\/ﬁ) + log (1/(0’R))D
— 1
as R — 0. Thus,

i o o) ppelo ()"

R—0 =yl <c'R R—0

according to A > B (¥)-a(x), resp., 4 < B (¥)-a(x). This shows

P = Boa(x) = o,
Lemma 5.1 (applied to (&) rather than p(x, £)) and [Imy(&)| <

co Rey(<) give
")

sup Relp(£> ~ sup
<o [ [ o (R Yt s eu ()
=9

lell<1 <1
() - a(x). This,

=0, resp., o

hence J._ = ﬁ" and it remains to check that o7
however follows immediately from

o)) ~ gt (s (Rew(5))")

( lim inf <R;/“(x) sup Rey <R ) ) “ )

R=0 e <1

liminf (R” sup
R=0 lell<1

(note that argy(.) € [6 — 5,5 — §] for some 6 = 6(cp) > 0), and we are
done. O]

If we choose, in particular, (&) = ||€]]* we get .. (¥) = S () = 2
and the above calculations show that

Bro =0 =L =% =2alx) ,



598 R.L. Schilling

and Theorem 4.6 specializes to the short-time asymptotics for stable-
like processes treated by Negoro [25, Theorem 2.1]. Note, however,
that our assumptions on the exponent a(x) are less restrictive than in
[25].

(4) General Feller processes. Assume that the symbol —p(zx, &) is
given by (4.1) and that it satisfies [|p(., )]l <c(1+4]¢|I7) and
[Im p(x, &)| < coRe p(x, &). By U = U(x) we denote some neighbour-
hood of x € IR” that may depend on the particular choice of x. If either

for all x there exist continuous negative definite functions v,
such that sup..; (14 |p(x,&)]) ~ 1+ (&), EeR”
or

x> p(x, &) is Lipschitz continuous such that locally

» Ip(x, &) —p(», O < cov(I+yy(O)lx—yll, yeU

holds for (locally) fixed continuous negative definite
functions v, satisfying f. (V) <1

or

x— p(x, &) is Lipschitz continuous such that locally

p(x, &) —p(», O < cu(T +y(O))x—yl, yeU

(¢)q holds for (locally) fixed continuous negative definite functions v,

Yu(d)

such that ¢
€]

< 1+4p(x,&) for large ||

or
1+ p(x, &) ~ (1 + ||€|1*)*™ with an exponent function a(x) which is

(d)4 bounded 0 < ag < a(x) < a,, < 1 and has locally some modulus

of continuity of order ~ o(|1/logh|) as h — 0
1s satisfied, then

g = 5’;Czinf{2>0: Rep(’“’f)zo} :

m ——
EE=
0 = B =inf¢A>0:liminf sup M’Héne):o .
L lel—=oe <t 1€l

Note that (d) encompasses the results by Kikuchi & Negoro [22,
Theorem 3.9].
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Proof. The sufficiency of condition (a) is trivial, (b) and (c) follow
easily from Proposition 5.2 and the observation that for ||x — y|| <R

and e € R”, |le|| <1
€ , € €
N RP(g) —pleg)]
p<xR>‘+ P\ R) PR
<R’

o) reor ! (evu(z))

The conditions (b), (¢) ensure that the second member on the right is
finite as R — 0.
For (d) we use
P %)

o) ol 5) =) (1228

and, by the continuity property of the exponent, (see Example (3) for
details)

Flp(r )| <
P J’R =

R/l

)
)

=

r(»,

—1 as R—0. O]
p(x,

<c(i+ ]2

=

6 Proof of Lemma 4.1

We will now present the proof of Lemma 4.1. Since the proof is rather
lengthy we split it up into several steps.

Throughout this section, R > 0 will be a fixed constant and we will
use the following notations without further notice: y = y; is a cut-off
function satisfying

1€ C?O(IRn)> 1BR(O) < X < 132R<0)7 X(y) = )C(_y) : (61)

Let AX, := X, — X,_ denote the jump at time . We need the following
stopping time for § > 2R > 0

o:=05:=inf{r>0:]X —x|>S}, (6.2)
the usual notation for the maximal process
(X, = )] == sup |, — x| (6.3)

and similar *-expressions which should be self-explanatory.
Let us start with the proof of (4.3).
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Lemma 6.1 Let (4,D(A)) be a Feller generator such that C*(R") C
D(A) and A|CX(R") = —p(x,D). Assume that the symbol is given by
(4.1), has Lévy characteristics (0,4(x),Q(x),N(x,dy)), and satisfies
1p(e, o < (14 ||E|1P). Then for all S > 2R > 0 and with ¢ of (6.2)

P*((X7 —x); > 2R)

< ~Rep(n g )atords + (5 )
< cntlyS_quls:”lg( /_ N Rep(y, ag ) 9P)dp + Py, 55
with an absolute constant ¢ > 0 and the function g(p) = gi(p) from
(2.5), (2.6).

Proof. Since {X;},., is a homogeneous diffusion with jumps (see
Theorem 3), its jump measure u* (., ds,dy) has N(X;, —dy)ds as com-
pensator. The semimartingale property is preserved under stopping,
hence X7 is again a semimartingale, and its characteristics (w.r.t. the
cut-off function y = y) are given by

- oAG # B )
B¢ —/0 [E(XS)—i_/y;éO(l—"Hsz X(y)y>N(XS7dy)]d’

oAO
v =2 / OLX)ds:  10(s)N (X, —dv)ds
0

(to be read componentwise). This can be easily checked using the
criterion in [21, Theorem I1.2.21].

Observe that for the stopping time tg := inf {r > 0 : ||AX/|| > R}
of the stopped process X’

P*((X7 —x); > 2R) <P*((X7 —x); > 2R, 15 > t) + IP*(12 < 1)
(6.4)

Beginning with the second member, we will estimate the terms of the
right-hand side separately. Choose some strictly increasing function
1: R — [1,2] and set

L 12/0 /yl>Rl(||y||)MX(->ds,dy)= > laxy)

5,AX>R

Note that the integral is well-defined, since a.s. only finitely many
jumps of a fixed size occur in finite time. On the set {tz < ¢} at least
one jump of size > R occurs during [0, tz) N [0,¢], thus I/ > 1(R). This
shows
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1 tN\o
P <) <P 2 R) < B ([ [ b s
(R) - \Jo Jiyi=r

1 . t\o l 2
L (/0 /y>R (IvIN (X, dy) d)

< 2F*( sup N(XS,BE(O))>

s<tNo
<2t sup N(y,B%(0))
ly—xll<s
< ¢yt sup (Zn:/ (i)zN(y dZ))
T eliss \ S S0 1+ (%)
< Gl Sup Sup/ Rep( ,%)q(p)dp : (6.5)
y=xll<S [lell<t / —oc

where we just used the properties of the compensator of a random
measure and applied the technique of Lemma 2.1, (2.5), (2.6) with
g9(p) = g1(p)-
Let us now turn to the first summand in (6.4). Recall that
X=X —Ji=X =Y (1 - 7(AX,))AX,
s<t

from (3.3) is a semimartingale with bounded jumps. Thus X° has the
semimartingale characteristics

. LY % . .
B; —/0 [E(XSH/#O (71+Hsz x(y)y>N(Xs,dy)] d:

YAV

C.a =2 o Q(XV) ds; X(y)l[o,o'](S)N( S _dy) ds

(to be read componentwise). Therefore, for all u = (uy,...,u,), where
u; € C2(R) depends only on x; (we will write, however, u;(x), u(x)

X J
rather than the clumsier u;(x;), -<u;(x;),...) the process
7

tINo
M, = u()f't‘7 —x) — / N, ds
0

where

0 .— [pU) Vi . .
N V (Xo)+ /#0(1 N /c(y>y,/>N(Xc,dy)}
Xl (Xy — x) + q(Xs)uff (X, — x)
4 [ = x=3) = 0 =) + 20— )
y#0

X 1(V)N (X;, dy)
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is a local martingale. Since u; € C;(R), one can estimate |[NY)| by
expressions of the form const.(|lu;|| + [lujll + [|u][|5), see e.g. the

calculations leading to (2.9). Thus, M, is an L - martzngale, see [26,

Theorem 1.47]. Let us now fix a u = (uy,...,u,) that satisfies also
u € Gi(R"), u;(0)=0, |u;(x) —w;()| <|j—pl, 1<j<n.
(6.6)

We will have to distinguish two more cases. Set

tho(w)
B:=qweQ :/ INs(w)|lds < Ry .
0

Then, by the triangle inequality, and the fact that X’ =X’ on
{’L’R > t},

P ((u(X? —x))j > 2R, 1 > ;B)

<P ( <u(X —x) - /0 " Nsds>

< IP*(M;,

tA\o

*

>R, 13 > t;B)

t
1 .
>R) < o B (7))

where we applied Kolmogorov’s maximal inequality to the martingale
M? = u(X? — x) IMNS ds.

Since ¢+ f N ds is a continuous process with paths of finite
variation in finite time, we get for the quadratic variation (cf. [26,
Section I1.6, Theorems 11.22, 25]) (to be read componentwise!)

WL, ML) = [ ) /Ndsu ) — /O'Nsdsr

= [u(X, —

+2[u()?. )/Nds} +[/Nds/Nds}
= [u(X. —x),u(X, — x)]°

The functions u; are Lipschitz, hence we get from the very definition of
the quadratic variation of a semimartingale, cf. [26, Theorem I1.22]

MO MO} = (= ), =] < 9,80

Taking §Xpeqtat10ns and  observing that IE"(HM“H )
E (30, [MY), MY 17). e.g. [26, p. 66 Corollary 3], yields
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IPX((“(XJ )) > 2R, 1 >tB Z]Ex X(J X(/] ).

Recall that the canonical representation of the semimartingale X7, cf.
(3.6), is

X7 =Xo+ B] + X[ + /0 / 1)y i, ds, dy)

where B, is a continuous finite-variation process (since X, is a diffusion
with jumps), X¢ is the continuous martingale part, and (., ds,dy) :=
¥ (s, ds, dy) — N(X;, —dy) ds is the compensated jump measure. By the
argument already used above for the quadratic variations we find (to
be read componentwise)

(X, X7 = e, X

| [ soviasa, /0 [ oitas.an|

Now observe that for every j = 1,.

“([[ o M//w ]
e[ reominone).

see, [12, p. 62 (3.9)] or [21, Theorem I1.1.33], and that by the defini-
tion,

(XU x ) =2 / 4;/(X.) ds

Combining these remarks, we have found

P ((u(X? —x)):z 2R,tg > t;B)

—RzZ]EX</ quj )dS) +IE"</OM/#0H;! v )N(Xs,dJ/)ds)
ssyE|[C(Growger [ () i) o]

€j e 1 — cos%Z
< X J A L —coszz » .
SZ]E [/0 (5055 [ FONC)) &
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where the elementary inequality «?(1 —cos1) < 1 —cosa for |« < 1
and supp y C Bar(0) entered in the last line. Recalling the Lévy-
Khinchine formula 4.1 for p(x, £) we find

P (((u(X7 ~%));= 2R, 0 > 1:B)

< th]Ex< sup Rep( ”2R>>

s<tNo

< cnt sup Rep(y7 2R) . (6.7)

lly—xl<s
llefl<1

We still have to handle the case when w € B¢. By the Markov in-
equality we find

17\
]Px((u(X." —%))> 2R, 7 > t;BC) < PY(B°) = 1P"</ N, || ds > R)
0

1 n NG .
il x ()
SRZIE (/0 ]st|ds> .
j=1
Adding this and (6.7) gives

P*((u(X? —x)); > 2R, g > 1) (6.8)

< cnt sup Rep(y, > ZIE"(/ J|NS(-f>|ds>

|ly—x|I<S
lell<1

Since the process N; is norm-bounded by const. 3, , [|0”ul| .., (recall
that the cut-off function y appearing in the cleﬁn'ition of N, has
compact support!) we can choose a sequence u* of functions satisfying
(6.6) and such that |uj‘ (x) — x;| decreases to 0 as k — oo while the first
and second-order derivatives stay bounded. Using dominated con-
vergence on the right-hand side of (6.8) and monotone convergence on
the left, gives

P*((X? — x); > 2R, 1 > 1) < cnt sup Rep(y,2R)

Iy—xl<s
[lefl<t

y
[ﬁ(Xs) +/y¢0 (Tuy”z - x(y)y> N(X;, dy)] -
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For all j =1,...,n and the unit directions e;

Y3k ¢
0(X;) - +/ ( AR —‘)
’ 2R Jyro [\ 1+ Iyl 2R

+ v 3R () - 1)x(y>]N(XS,dy)

.. Ly
(X, -—J—i-/ R sinm—2 |N(X,,d
T R PP R T A

. y-e 7y 4
(sin” =) N ()

2R

+

[ s e a)

< fmp(r o [ LI gy

In the last step, we used the relations
2

|sinoc—oc|§(1—coscc)glia2, lo| <1, and
2
o 1
1<5——, > =,
STy M>3

and observed that 1p,0) < x = 1z < 1g,(0)-
As in Lemma 2.1, (2.5), (2.6) we get

(X7~ x),; > 2R 70 > 1)

Scntflf_lgsOp(%i)’Jr/m R6p<y,2pR) (p)dp> :

00
lell<t

and patching together this estimate with the inequalities (6.5) and (6.4)
proves our claim. O

Corollary 6.2 In the situation of Lemma 6.1 we have
P*((X. —x); > 2R)

o
<cnt sup  sup (/ Rep(y,gR) (p)dp + ‘P Yo ‘
ly—x[I<3R [le]|<1 \/ —o0

Proof. Choose S = 3R in Lemma 6.1 and observe that for ¢ = o} of
(6.2) we have

{(X7 —x);> 2R} = {(X. —x);> 2R} .
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Since (X7 —x); < (X. — x);, the inclusion ““‘C” is obvious. Conversely,
assume that wy € {(X, —x);> 2R}. Then for every 6 > 0 there is a
so = so(wo, d) such that [|X; (wo) —x| >2R — 0. If so < a(wy),
X (@0) —2]| = 115y (@0) = xl| > 2R = 55 if 50 > a(wo)s X7 (@0) 3
= || X5(wo) —x|| > 3R, and — O being arbitrary — in both cases
Wy € {(X” —x)fz 2R}.

The assertion follows now directly from Lemma 6.1. O

In order to show (4.4) and (4.5), we have to assume that for some
absolute constant ¢

Imp(x,&)| <co Rep(x,&) forall x,&eR" (6.9)
is satisfied. Clearly, we may — and will! — assume that ¢y > 1.
Lemma 6.3 Let (4,D(A)) be a Feller generator such that C*(R") C
D(A) and A|CX(R") = —p(x,D). Assume that the symbol is given by
(4.1), has Lévy characteristics (0,4(x),Q(x),N(x,dy)), and satisfies
1p(e, Ol < (14 ||E|17) and (6.9). Then we have for all R > 0

2 1
P*((X, —x); <R) < _
( <R cosg. tinfj, <z supjq<i Rep(v,5z7)

where the constant k = (4 arctan ﬁ)fl depends only on the constant c

of (6.9).

Proof. Let 0 = oy be the first exit time from Bg(x) given by (6.2). Then

{sup IIXs — x| < R} C{o>t}C {sup IIX; — x| < R} ,  (6.10)
s<t

s<t

and ||AX;|| < 2R whenever s < ¢. In particular, ¢ < 1oz, if T2 :=
inf{z > 0 : ||AX;|| > 2R} denotes the time of the first jump > 2R. Thus
we find for an arbitrary e € R” with ||¢| < 1

IPx((X —x); <R) = IP"((X —x); <R, Tp > t,0 > t)
< PY(||X. — x||, < R,T2r > 1,0 > 1)

X, —x) - 1
§F<cos%zcos@7m>t,a>t> .

Here we used that cos is decreasing in [0,7/4) and that on the set
{6 > 1}

(Xt_x)'e<||Xt_x”< R —L—arctani<l<
4kR ~ 4xkR ~ 4kR 4k 2¢o — 2

T
7
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This yields

P((X. —x); <R) < P(COSM > cosi,a > t)

4kR 4k
(X7 —x)-c_ 1
= e s —_
P (cos AR > cos 10 o>t
1 X% —x) -
COS 7 4kR

Let I(p) denote the integro-differential representation for the gener-
ator p(x, D), see (2.7). Corollary 3.6 and a standard optional stopping
argument imply

P*((X. —x); <R)

(We skipped the simple but otherwise tedious calculation
e =<I(p)(e*°)(z) = —p(z, £)). By (6.9) and since ;- < Z we get

E* (/Ot/\o' sin <%> Imp(XS, ﬁ) ds)
< 1Ex</0m co) sin <(X‘;€;?e>) Rep(Xs,ﬁ) ds> ,

but for s < ¢t A ¢ we have || X; — x|| < R and therefore

cos—(XS_x).E— sini()(s_x)'6 >cosi— sinL
4kR €0 4kR - di €0 di
1
= cos4— — ECOtESIHI
1 1
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We have thus proved
P*((X. —x); <R)

1 1 1 NG c
1_7 7]Ex R Xsai)d
N D)

1 1 1 ! .
~ cos g <1 _ECOSEE (/0 Lii<o} ReP(Xs,m> ds>>

ax

1 t 1 €
< l —=cos— inf R ( ,—)IP’C >t .
- cosfx < ZCOS 4x Hygcll\SR epP\y 4kR (0> )>

IN

A

The last estimate required (6.10). Since

l—a<oa™ forall «a>0,NecN
holds, we get

N

N+1
cos@> <t infj,_y<r Re p(y,75) P (o > t)) ’

and a further application of (6.10) yields

P((X. —x); <R) < ( 1 1

N 1 N+1
[IPX(()(, —X);k < R)]N+1S : 2 /(COS4K) -
(tinfy, <z Rep(y,3%))

Taking roots and letting N — oo finally shows

N

ZNL“ N € R
P'((X. —x)' <R)) < ~#1( inf Re (—)
¢ *); )) < cos - <|y—x|SR P\Y 4xR )

2 . €
t inf Re ( ,—)
- cos 7- <||yx|<R PA\Y 4R >

This finishes the proof, since ¢ € R”, ||¢|| < 1, was arbitrarily chosen.

-1

]
Corollary 6.4 In the situation of Lemma 6.3 one has also
16 1 ’
P((X, —x)] <R/2) < .
( ’ ) c08? g \1infjcy<3r/25UP| <1 Rep (v zz)

Proof. The key to the modified estimate is the inclusion
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{sup X, —x < R/z}
s<t

C 9 sup [|X — x|l <R/2p 0 4 sup [[Xopyn = X <R
s<t/2 s<t/2

and an application of the Markov property

P*((X. —x); <R/2)
<E (1{<X. ~ip<h/2 Hsupocy 10 ,/2|\<R})

x X
=E (1{<X.fx>;;2<R/2}IE : (1{<X.—Xo>:/2<R})>

< | 1, ) |l )
| ly—xl|<R/2 {Xe—p); <R} | (o) <R/2)
_ 12
< | sup IEy(l - )
| ly—xlI<R/2 {(Xa=); <R} |
2
6 1

NI A :
cos’ gz |y <r/2 \Infy 2| <k SUP<1 Rep(z,35)

where we used Lemma 6.3. The assertion now follows from the tri-
angle inequality.

Lemma 4.1 is now easily derived: (4.3) and (4.4) are direct con-

sequences of Corollary 6.2 and Lemma 6.3, respectively, and (4.5)
follows from Corollary 6.4.
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