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Abstract. In this paper it is shown that the unique multiplicative
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0. Introduction

The study of solution flows of deterministic dynamical systems is a
well developed topic. Given N vector fields 4y, ..., Ay on the euclidean
space IR?, we consider a differential equation:

N
dv, =) A(Y)dX; Yy=x, (1)
i=1

where X; = (X!) is a continuous path in R" as a driving force. If the
path ¢ — X, is smooth and each 4; € Cgo(le), then Eq.(1) possesses a
unique solution, denoted by F;(X,x). We call the map X — F.(X,-) the
It6 map associated to vector fields Ay,..., A4y, although the name
usually has been used only for semimartingale paths.

If we fix a smooth path X and regard the unique solution F;(X, x) as
a map
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F(X, )R- R x— F(X,x) , (2)

then a fundamental theorem in the theory of ordinary differential
equations asserts that the map F(X,-) is smooth, its tangent map
Fi(X,-) % (x) is non-degenerate, and therefore (F;(X,-)) is a flow of
diffeomorphisms. A similar result has been established for some sto-
chastic dynamical systems. For example, if 7 — (X/) is an N dimen-
sional Brownian motion, then there is a solution flow (F(X,x)) to
Eq.(1). Indeed such results have been established for more general
stochastic processes, see Elworthy [2, 3], Ikeda and Watanabe [4], and
Kunita [5, 6] for more details and more references.

The present paper aims to describe a new approach to constructing
a (stochastic) flow of diffeomorphisms. In fact what we show is that
the unique multiplicative functional solution to a differential equation
driven by a geometric multiplicative functional constructed in Lyons
[9] forms a flow of local diffeomorphisms. If the driving path X; is a
Brownian motion (or more generally, a continuous semimartingale),
then we provide a precise version of the solution flow to a stochastic
dynamical system. However our result can be applied to a more
general rough path.

We next describe the setting of this paper. The concept of a mul-
tiplicative functional as a genuine rough path has been proposed in
Lyons [7, 8, 9], and a calculus for multiplicative functionals has been
established in [9].

Note that Itd map F;(X,x) obtained by solving Eq. (1) depends
essentially on the interpretation of a differential dX we give to a path
X. For example, if X is a Brownian motion, then It6 differential and
Stratonovich differential lead to totally different Itd6 maps.

Let X be a continuous path in a vector space V. If we are going to
define a kind of path integral of a I-form o« along the path X,
Ja(X) dX, it seems reasonable that one can also define iterated inte-
grals X!, of X:

Xi%z/ Xy ® - @ dX, . (3)
S<t <<ty <t

In fact it suffices to define X¥, k < p, where p is a constant relating to
the roughness of the path X, the higher order iterated integrals are
uniquely determined by X*, & < p, and therefore one may define
Ja(X)dX for any o which is smooth enough. For example, if X is a
continuous and piece-wisely smooth path, then Xg, =X, — X, and
consider X¥, (k > 2) to be the conventional iterated integrals. That is,
X is recursively defined by
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X]S{t N m(lglloz ZX“/ 1 ® {/ i (4)

1 i+j=k
ij>1

where D = {s =1y < --- < t, = t}, and we regard Xift as a tensor in the
tensor product ¥#. Therefore we only need to know X!, that is, the
path ¢ — X; itself. Moreover, such choices of X lead to the following
scaling control:

supZ]X” l,,}<oo, k=1,2,..., (5)

where sup takes over all finite dissection D of s, 7].
An advantage of using tensor form of X* is that the basic property
of any reasonable integral can be expressed via K. T.Chen formula (see

[1D:
Xst®Xtu:Xsu7 VOSSStSM’ (6)
where we set

X, = (1,X!

sty "t

LX), 0<s<r,

and regard it as an element in the truncated tensor algebra T (V):
= Zn:@m’“, VO =R .

It is easily seen that if X, = (1,X!,...,
condition (5) and the algebralc relation (6), then Xft,...,
uniquely determined by th, that is, by the path ¢ — JX; itself.

However, most rough paths we are interested rarely satisfy the
analytic condition (5) even for X!. For example, almost all sample
paths of a Brownian motion do not satisfy (5). On the other hand,
almost all Brownian motion paths X are l-Holder continuous for any

p > 2 (but not for p = 2), and therefore

supZ‘Xn . '< o0 .

X?,) satisfies the analytic
X}, are

Hence if X is a rough path, if we were able to define a kind of path
integral, and therefore the iterated integrals Xft make sense, then by
scaling property we expect that X’S‘t satisfy a weaker analytic condition
that

sup Z’Xn m} < o0 (7)

for some p > 1, even (5) does not hold.
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It is shown in Lyons [9] that if X, = (1,X! ..., X") satisfies (6) and
(7), then X! (k > [p] + 1) are uniquely determined by X;t,...,XLI,’].

Moreover, given X! (that is, a path ¢ — X;), then there are many
different choices of Xft, . ,XSD?], such that X;; = (l,Xslt7 . ,XSD?]) sat-
isfies the algebraic relation (6) and analytic condition (7).

Following Lyons [9], a genuine rough path is a combination
(th, - XE;]) satisfying (6) and (7). We call such a combination a
multiplicative functional with finite p-variation by an obvious reason
(see section 1 below for a precise definition).

The paper is organised as following. In Sect. 1, we collect several
results about multiplicative functionals and establish notations as
well. Also we add several new results about multiplicative functionals.
In Sect. 2 we show that the procedure of iterating the integrals of a 1-
form gives the unique solution to a differential equation driven by a
multiplicative functional. In the final Sect. 3, we prove that the unique
multiplicative functional solution of a differential equation driven by
a geometric multiplicative functional is smooth in initial date, and
forms a flow of diffeomorphisms provided the vector field is smooth
enough.

1. Integration

In this section we recall several basic facts about multiplicative
functionals, and establish notations as well, for more details, see Ly-
ons [9]. Given a T > 0, we will use / to denote the interval [0, 7], and
A to denote the set {(s,7):0 <s <t <T}.

A continuous function w on A\ with values in IR is called a control
function if

(s, t) + o(t,u) < o(s,u), VYV (s,1),(tu) e,

and o is regular, that is, w(s,s) =0 for all s € I.
Given a real and separable Banach space V, we use 7 (V) to
denote the truncated tensor algebra over V of degree n:

n
Ty =>"aer®*, rP=R.
k=0

Each V%" (k < n) is endowed with any but fixed compatible Banach
tensor norm.

We say a map X: A — TU)(V) is of finite p-variation controlled by
a regular control function w if X, = (1,X},,...,X%), X!, € ¥®F and

st?
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X< P& hen, i=1,..n, (8)
5(;)

where f is a fixed positive constant depending only on p. For the
precise value of f3, see Lyons [9]. Such a function X is called an almost
multiplicative functional with finite p-variation controlled by w if in
addition n > [p] and

(X @ Xa) — X0 | < Kioo(s,0)’, V(s,0)€d, i=1,....[p] (9)

for some constants K;, 0 > 1.

A functional X: A — T)(V) is called a multiplicative functional (of
degree n) if Xy, = (1,X!,...,X") and X satisfies K. T. Chen formula
(see [1]),

Xst ®Xtu = Xsua V (S7t)7 (tv I/l) € A . (10)

If X:A— T(")(V) is a multiplicative functional of degree », and
Xy = (1,X),...,X"), then we say X' is the first level path, X? is the
second level path and etc. In this case, we use either X, or X! to denote
X;,» unless otherwise specified.

A calculus for multiplicative functionals has been established in
Lyons [9]. Here we recall several results in [9] we need later.

Let X: A — T™ (V) be a multiplicative functional of degree .

Then

X]S(’:Z< l- 1l1+zxst11®xh m)v k=1,....,n,

=1 i+j=k
ijz1

for any finite dissection D = {s =1ty <1, <--- <t, =t} of [s,1].
If in addition X is of finite p-variation and n > [p], then it is shown
in Lyons [9] that the following limits exist,

Xk = hm ZZX“H X, o V() €N k=[p+1,...,

[ 1 i+j=k
ij>1

m(D) = max,(t; — t;—1). Moreover

Xy = (1,X!

sty

- X5

is the unique extension among those X which satisfies K.T.Chen
formula and possesses finite p-variation for each n > [p], and the ex-
tension X — X is continuous in the following sense: if X,Y are
two multiplicative functionals with finite p-variation controlled by w,
and
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X, = Y| <eo(s, o), Y ()€l i=1,..[p (1)

for ¢ < g, where g > 0 is a fixed constant depending only on p, then
the inequality (11) remains true for any i.

The following is a result in Lyons [9] which shows how to construct
a multiplicative functional from an almost one.

Theorem 1 (Lyons [9]). Let X: A — T"(V) be an almost multiplicative
functional with finite p-variation (so that n > [p]). Then there is a unique
multiplicative functional X with finite p-variation, such that

X, - X[ < Kool V(s en =1l

for some control function w, constants K, 0 > 1. Moreover, the map
X — X is continuous in the following sense: if X,Y are two almost
multiplicative functionals with finite p-variation controlled by w and if

‘Xit—Yit‘ <ew(s,t), YV (s,0)eNji=1,...,[p] ,

then

i A

~ V| S KK(o(s, 0, V(e i=1... [,

S i
X st

St

for some constants K(¢) depending only on p, 0 and ¢ > 0 such that
lim,_ K(¢) = 0, and K5 depending on p, max w, 0.

Indeed X" can be obtained by the following recursive definition:

ok . ) Ny
Xst = m(lgillo z : {Xfllll + z :Xsl/fl ®Xt/1t/}7 v (S, t) € A I (12)
l i+j=k
ij>1

k=1,....]p].

Definition 1. 1) A multiplicative functional X: A\ — T"(V) is called a
classical multiplicative functional, if t — X; = X(l), is continuous and
piece-wisely smooth, and

xf,:/ dX! @ ®dX, |
S<t <<t <t

where the right hand side is in the sense of the conventional integral.

2) Let X: A — TY"(V) be a multiplicative functional with finite p-
variation. We say it is geometric if there is a control function w such that
X is of finite p-variation controlled by w, and for any ¢ > 0 there is a
classical multiplicative functional X (g): /N — T" (V) which is of finite p-
variation controlled by o, and
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X (), — X0,| < ea(s,0), Vs, )€, i=1,...,[p] .

It is easily seen that if X is a geometric multiplicative functional, then
the symmetric part of X/, is ,(Xl )®’ for each i.

Example 1 If W is a continuous semimartingale on a probability space
(Q, P), then we can prove that

Wio), = (1@l Wia))

is a geometric multiplicative functional with finite p-variation for any
2 < p < 3 and for almost all ¢ € Q, where Wslt = W, — W, and

W, :/ odW, ® odW, ,
s<thi<n<t

where the right hand side is in the sense of Stratonovich’s integral.

Let V, U be two real, separable Banach spaces. Then we will use
hom(V,U) to denote the Banach space of all continuous linear op-
erators from V to U endowed with the usual operator norm. A map
f:V — U is called a Lip(r) map, if all j-th derivatives f/ up to degree
[r] exist and

Pl ) = Y )6 @ v) + Ry, x)(v), Yoe v

i+j<[r]
P <M, Ry p)| < Mx =y, (13)
for j=0,...,[r], and any smooth path ¢ — x,, where M is a positive

constant (called Lipschitz constant of f), and

k
xst:/ dx[l®~~®dxtk7k=1,...,
s< <<t <t

where the right hand side is in the sense of the conventional iterated
integrals.

Since f/ € hom(V®/, U) is symmetric, so that we can replace x/, by
its symmetric part 1 (x1,)” in (13). Hence we have

Proposition 1. If f:V — U is a Lip(r) map, and X: A\ — T"(V) is a

geometric multiplicative functional of degree n, n > [r], then

= ) X)X, @) + Ri(X, X)) (v), VeV

i+j<[r]

for j=0,....[r]. (14)
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In the sequel, for simplicity, we will assume that 2 < p < 3. Ex-
ample 1 shows that our next discussion can be applied to almost all
sample paths of a continuous semimartingale.

Proposition 2. Let /:V — U be a Lip(r) map, and let r > 2. Then

F0) = 1@ = W) =2 = Fep) (v -07) |
and

f10) = /1) = G, y) (v —x)
for any x,y € V, where

F:V®V — hom(V*?* U),
GV @V — hom(V, hom(V,U))

are two Lip(r — 2) maps.

A map o: V' — hom(V, W) is called a W-valued 1-form on V. We
make the following convention. Be the definition, o is a map from V
to hom (V' hom(¥, W)) which we identify as hom(V®(+!) W), and
we regard of as a map (and use the same notation) which takes values
in hom(V(+1) W) by

d(X)(& @ ® &) =L X)(E)(E® @ &) -
Given a multiplicative functional with finite p-variation
X: A — T®)(V), and a 1-form a: ¥ — hom(V, W) which is of Lip(r),
r>1. Then following Lyons [9] we define a functional
Y: A — TO(w) by

Yl (X (Xy,) + o' (X)) (X3)
Y; = o(Xy) ® a(X)(X3,) -

It is shown in Lyons [9] that if % > 1, then Y: A — TO(W) is an
almost multiplicative functional with finite p-variation. The associated
multiplicative functional Y is called the integral of the 1-form o
against the multlphcatlve functional X, and denoted by [ a(X 5X For
simplicity we will use [7 (X )5X to denote ([ «(X)oX),, and f X)oX!
to denote the i-th component (J o(X)0X); respectlvely

= (LY, Y2),
o

st?

Proposition 3 (Lyons [9]). There is a Ky, > 0 depending only on M ,r, p,
where "1 > 1, such that if «:V — hom(V, W) is a Lip(r) map with a
Lipschitz constant M, if X: N — T3(V) is a geometric multiplicative
functional with finite p-variation controlled by w, and if o < 1 on A\, then
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[Kyeo(s, 1))

]

The following two propositions are crucial in our next development.
In what follows, we will use K (with or without a lowerscript) to
denote a constant which may be different from line to line.

, Yis,)en, i=12. (15

/S[ac(X)(SXi‘ <

Proposition 4. Let X, X: A — T3(V) be two geometric multiplicative
functionals with finite p-variation controlled by w, and let o:V —
hom(V, W) be a Lip(r) 1-form, p <r < 3. If

X, — X | <eo(s,tf, YV (s,0)€N, i=12,

i
st

where ¢ < 1, then

Ze2 2, -2, - [(Za 2 2)' - 2,,]

< K& 2o(s,u)r (16)
and
'(/ta(x)axl - z;,) - </[oc(/\~’)5)~(l - th)
S < K& 2o(s, 1) S (17)

for (s,t), (t,u) € A, where K is a constant depending only on max w, p,
r, and Lipschitz constant, and Zy = (1,7, 72,),

Zslt = O‘(XY)<Xslz) + ocl(XS)(Xi),

Zfz = O‘(XV) ® O‘(XV)(th) )

and similarly to Z.

Proof. A simple calculation shows that
(Zo ® Za)' = 2, = [2(X)) — 2(X;) — o' () (X)) (X],)
+ [0 (%) — o' (X)] (X7
and a similar equality for Z, so that
{(Zst ® Ztu)l - Z;u} - {(Zst ® Zsu)l - Zlui|
= (H - H)(X,,)
~ ~ ~ ol o1

+ a8 - oK) — o (R)(X,)] (X, — X,

+(E—E)(X2) + [(X) — o' (R)] (X5 —X,) . (18)
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where for simplicity, we have used the following notations:
H = o(X;) — o(Xy) — o' (X)(Xg,),
E=do'(X) - (X)) |

and similarly for A, and E. We first estimate the first term of the right
hand side in (18). By Prop. 2 we let

aly) = o(x) = £ () v = x) = F3) (3 = 07)
where F: V' & V' — hom(V®% hom(V, W)) is a Lip(r — 2) map. Since
X, X are geometric multiplicative functionals, so that

H = F(X,, X,)(X2,), (19)

i =F(%, %)(X) .
However,
F(X, Xi) — F(X,, X)) = Re((X,, X0), (X, X0)) (20)

where Ry denotes the remaining term of Lip(» — 2) function F. Similar
notation is applied to other Lip functions. Hence

IF(X,, ) — F(X, %)) < K (e t)i)”z . (21)
Note that
H —H = (F(X,,. X,) = F(X. %)) (X])
P X)X - X)
so that

(H — H)(X;,) = [F(X,X) — F(X, X)] (X, © X,,)
+ PG (2 - X)) @ X],) -
Using (21) we get that
(H — H)(X))| < K& 2w(0,0)7 w(s, u)
+ Kew(s, u)§ . (22)
Since
a(X) = (X)) - o (F)(X,) = R(K,. )
where

r—1
[Ro, )| < Mlx =y,
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so that
1

[ — o) = o (R) (X)X, - X,)

< Ko(s,1)7 eor(t, u)?
Now we estimate the third term in (18). Let

ol (v) — o' (x) = O, y) (v —x)

101

where Q: V @ V — hom(V, hom(V*2, W)) is a Lip(r — 2) map, so that

‘Q(Xs‘u)(l) - Q(XSVXN})} = |RQ((X'S7‘X;!)7 (Xw)(t))‘
< K((sa)(O,z‘)r%)r_2 .
Hence we have
|E — E| < (00X, X)) — <XS,X,
+ 10X, X3) (X,
r—2
< K(aw(o,t);) (s, 1)

)(X,,)]

)
X,

==

+ Kew(s, t)/l’ ,
so that

(£~ E)(X2)| < K& 20(0,0)Fols,uf + Keols, u)

It is easily seen that

[ (8) = o (R)] (X2, = X,,)| < Keoo(s, )

Combining (22)—(25), we finally get that
[Ziez)' -2.] - [Z402.) - 2]
< K& 20(0,0) 7 ofs, u)? + Kea(s, u)?
+ Keo(s, 1) + K& 2w(0, t)%w(s, u)ﬁ

+ Kew(s, u) + Kew (s, u)r
< K& 2a(s, u)r

(24)

(25)

(26)

Thus we have proved (16). Now we prove (17). For simplicity, we

denote by p = ¢ 2. By (12), we have

t
/oc(X)éXlz lim 75

(D)—0
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where we denote by

m
D __ § 1
Zst - Zl‘/,]tl )
=1

fD={s=1t <t <---<t, =t}isa finite dissection of [s, ¢]. Similar

notation used for X. Let #; € D, and let D' = D — {#;}. Then we have
y 1
ZS - Zg = (me ® Zfﬂm) - Zl

-1ty °

Using the estimate (16), we obtain that
, ~D 5D r
(25-28) - (27 - 23))| < Kpooler 1, 1)
Choosing t; € D such that

1 .
co(tl_l,t,H) < mw(s, t), ifm>3 |
= w(s,t), ifm=3, (27)

we have
/ ~ ~D 1 , r
(z5-28) - (20-27)| < ko <m>"w(s,t)p .

Repeating the same procedure and using the fact thatl—r7 > 1, we finally
get that

(25 -7)) - (2 - Z,)| < Kpools, 1 . (28)

Letting m(D) — 0 to get (17).

Proposition 5. Keep the same assumptions and notation as in Prop. 4.

Then
- . 2 -2
) [(Kst ® Ktu)z_Kzu] - [(KS[ ® K’”) _KAW:|
< K& 2w(s,u) (29)
and
t P2 &2
H / 2(X)0X> —Kf,] - [ / 2(X)oX —Kst]
< Ks”za)(s, t)/5 , (30)
where

t
Kst:(l,Zslt,th), Zslt:/ oc(X)éXl )

and similarly to K.
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Proof. It is easily seen that

Ky @ Ky) — K2, = 22 + 22, - 22, + 2, © 2,
= [1(X) ® o(X;) — a(Xs) ® (X)) (X2,)
+ 2, Z,, — 2(X,) ® a(X,) (X}, ©X],) .
However

A1 Al
7,27, —oX;)® “(XV)(X;[ ® Xllu)
A1 ~ 1 o 1
= (Zst - Zit) ® Zlu + OC(XY)(X;) ® (Zlu - Ztlu>

A1
+o! (X)(X}) © Z,

+ a(X) (X ) (X)) (X3,)
+ (X)) (X)) ® H(X},)
+a(X) (X)) ® o (X)X}, ® Xy,)

and similarly for X, where
H = a(X;) — a(X,) — o' () (X{,) -

Hence we have
Ky @K — K2, | = [(Ry @ Ko)* ~ K,

By (14), we have

< Kpo(s,u) .

t
X)oX? = lim Y?
/Soc( ) i Y

St—1

D _ ) 51 51
YSt - ZZU—M +Z ® ZfI-llz :
!

However it is clear that

Yg - Yg - (Ktl—]t/ ® Ktﬂm)z - K2

t-1tip1
so that a similar argument as in the proof of Prop. 4 leads to the
inequality (30).

Corollary 1. Let o: V' — hom(V, W) be a Lip(r) 1-form, p < r < 3, and
let X,X: A — TO(V) be two geometric multiplicative functionals with
finite p-variation controlled by w. If

‘Xit —)N(it‘ < ew(s, t)li’, Vis,t)ye N i=1,2,
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[ (X)X — / ()oK

<K& 2w(s, 0, YV (s,0) €N, i=1,2, (31)

e <1, then

where K is a constant depending only on p,r,max w and the Lipschitz
constant of o. In particular, if o is a Lip(r) 1-form, r > 3, then

t t . .
/ a(X)oX! — / a()?)ai"gm(s,zﬁ, V(s,t) e Ni=1,2, (32)

for some constant K depending only on p,r,max w and Lipschitz con-
stant M of o.

Proof. 1t is easily seen that

ad INr=2 1
]Z;t — ZM < K(ew(0,5))" “a(s, b,
so that by (17), we have

/S toc(X)éXl - / t 2(X)0X'

< K& o(s, t)ll’ .

Using above estimate, we have

zw(s, t)%

K?t - Ki < K(sw(O,s)ll’)r_

+ K& 2o(s, t)% :
By (30) we deduce that

/Stoc()()éX2 - /Stoc()?)éfiz

< K& 2w(s, t)% .

2. Differential equations

Suppose that ¢t — x; is a smooth path in V', and f: W — hom(V, W) is
a V-valued vector field on W. We consider the following differential
equation,

dy, = f () dxi, o=2 . (33)
By setting y;; = y; — ys and xi = x; — x;, (33) can be written
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t
Y = / (24 300) dous i ==+ 300 - (34)

Note that

t
= / dro, . (39)

Combining (34) and (35), and letting Zy, = (x4, Vsr), We can rewrite (33)
to be

t
Zy = / O‘;’(ZOu)dZOM ) (36)
where o7 V@ W — hom(V & W,V & W) is a l-form on V & W de-
fined by
o (6, 0) (&) = (& f(z2+2)(8), Yx,p),(EmeVvew . (37)
Note (36) has a meaning for a multiplicative functional of any degree.

Definition 2. Let f: W — hom(V, W) be a Lip(r) vector field, r > 1,
and let X: N — TO(V) be a multiplicative functional with finite p-
variation. Then a multiplicative functional with finite p-variation
Z: N\ — T3 (Vo W) is called a solution of the differential equation

oY =f(Y)oX, YYo=z, (38)
if ny(Z) =X, and
zZ - / E(Z)OZ. | (39)
where o7V & W — hom(V & W,V & W),

G En) = (G SEHDQ), Yy Emeraew ,  (40)

and mty (resp. my) is the lift map over T®(V @ W) of the natural pro-
Jection Ve W — V (resp. Ve W — W). In this case Y = ny(Z) is
called a multiplicative functional solution of Eq. (38).

The following proposition is obvious.
Proposition 6. If Z: A — T?(V & W) is a solution of Eq. (38), then
Y =y (Z): A — TO(W) is a multiplicative functional with finite p-
variation.

The following theorem has been established in Lyons [9].

Theorem 2. Let X: A — TO(V) be a geometric multiplicative func-
tional with ﬁnite p-variation, and let f: W — hom(V, W) be a Lip(r)
vector ﬁeld 5> 1. Then for any z € W, there is a unique solution
Z:N\ — TC (V ® W) to the differential equation
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SY = f(Y)OX, Yy=z. (41)

Moreover, if X is of finite p-variation controlled by w, then Z. is of finite
p-variation controlled by K, where K is a constant depending only on p,
r, max w and Lipschitz constant of f.

In this case, we call Y = 7y (Z) the unique multiplicative functional
solution of Eq.(38), and denote it by F(X,z). The map X — F(X,z)
for any fixed z € W is called the It6 map associated with the vector
field f.

Furthermore, the It6 map X — F(X,z) is continuous. More pre-
cisely, we have

Theorem 3 (Lyons [9]). Let [+ W — hom(V,W) be a Lip(r) vector
_ﬁeld > 1.IFX, X: A — TO(V) are two multiplicative functionals with
_ﬁmte p-variation controlled by w, and if

i
Xst -

(Svt);) V(Svt)EAv l:1)2 )
then
|F(X,2),, — F(X,z2)}| <KK(E)o(s, 0, Y (s0)en, i=12.

Where K (¢) depending only on p, r, max ® and the Lipschitz constant
M, and lim,_o w(e) = 0.

The first goal of this paper is to show that if /" is a Lip(r) map,
r > 3, then the sequence of multiplicative functionals obtained by it-
erating the integrals of 1-form o} against a geometric multiplicative
functional X converges to the unique solution Z of Eq. (38). More
precisely, define a sequence of multiplicative functionals
Z(n): A — TO(V @ W) recursively by

Zn+1)= /oc}(Z(n))éZ(n), n=0,1,... , (42)
and

7(0), =(1.2(0),,, 2(0)%).
Z(0)! =(X1,0), Z(0)2 = (X2,0,0,0) , (43)

st? N

then we shall prove that Z(n) converges to the unique solution Z of
Eq. (39).
In order to simplify our notations, we will suppress the uperscript z
in o, and simply denote o by o (as z will be fixed as an initial value).
Define a sequence of almost multiplicative functionals Z(n) as
follows,
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Z(n+ 1)y = (L, Z(n+ 1), Z(n +1),),
Z(n+ 1), = 2 (Z(n))(Z(n)y)) + 2y (Z(m) )(Z(n);),  (44)
Z(n+ 1), = oy (Z(n),) © oy (Z(n) )(Z(n);,) -
To estimate Z(n) and Z(n), we need a decomposition of
TAW @ W). Let
H ={(v,0) e Ve WveV},
H,={0,w)eVaeWweW} .
Then we have
VoW =H ®H,, HH=V, H,=W (45)

by obvious identification. Now consider (V & W)“?. It is obvious that

(u,0) ® (&n) = [(u,0) + (0,0)] ®[(&,0) + (0,n)]
= (“70) ® (é, 0) + (Oa U) ® (5’0)
+ (u,0) ® (0,1) + (0,v) @ (0,7) .

Let
Hyy = span{(u,0) ® (£,0):u, & € V} = V®?
H{, = span{(u,0) ® (0,n):u € V.n e Wy =V W,
H, = span{(0,0) ® (§,0): (€ Vve W2 W RV,
Hgy = span{(0,0) @ (0,n):0,n € W} = W2 .

Then (V & W) has a direct sum decomposition
(Ve W) = Hy & H), & HY & Hy . (46)

Under this decomposition, if K: A — TG)(V' @ W) is a functional,
X = ny(K) and Y = 7y (K), then we write

K;z = (Xslt?Yl )
K?x = (Xfﬂ Kslto’ K(s)tl’Yz) : (47)

By definition, it is easily seen that

ar(x,y): Hy — (0,0), V(x,y)eVaeWw,
and

op: V& W — hom((V & W) Vaw)

o (2, 9)[(E 1) @ (u,0)] = (0, 11 (2 + ») (&) (v)), (48)
for any (x,y), (&,1), (u,v) € V @ W. In particular we have
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oc}(x,y):Hgo ® Hf, & Hy, — (0,0),

o (x, ) [(1,0) @ (0,m)] = (0,11 (z+ )W) (n)) - (49)
Proposition 7. For any { € (V & W)*%, we have
ch(x’y) ® O‘f(x7y)(c) = O‘f(x’y) ® O‘_f‘(xay)(ﬂ(C)) ’ (50)
and
Lot (x, ) @ o7 (x, )] (0)
= (n(0), 1 ® f(z+1)(=(0),f(z+») @ 1(ny(0)),
fz+y) @ fz+2)(n(0))) (51)
where

1Qfz4y) VP2 = VOW, u®v—ud f(z+y)(v),
fE+y) @1V =WV, udv— flz+y)(u) v,
fe+n)@f+y) V2 = W2 uo— fz+y)w) @ fz+)() .
Proof. Let (é,1) @ (u,0) € (V & W)®*. Then we have

Loy (x, ) @ o (x, )] (€, 1) @ (u, 0)]
= (& f(z+»)(&) ® (u, (Z+y)( )
[ xy ®chxvy]( O))’

and

(& fE+2)(9) ® (u, /(2 +y)(u))
=[(£0) + 0,/ (z+»)(] @ [(u,0) + (0,1 (z + y) (u)]
= (£,0) ® (,0) + 0,/ (z +»)(&) ® (,0)
+(60) @0,/ (z+2)w) + (0,/(z+)(<) @ (0,f(z +y)(w)) -

All conclusions follow immediately.

Proposition 8. 1) For any n,

w(Z(n) =X, wy(Z(n) =X . (52)
2) For any (s,t) € A,
Z(n+ 1), = ay(Z(n),) ® oy (Z(n)) (X3, 0,0,0) . (53)
3) For any n and (s,t) € A,
1y(6,9) (Z(n+ D)y = Z(w),) = 0 . (54)

The proof of Prop. 8 is an easy calculation.
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It is easy to check that
Z(l)l :( ltﬂf( )( l))
Z(1); = (X210 f(2)(X3), /() @ 1(X3), /() ® f(2)(X3))

To show that Z(n) are uniformly bounded, we need a scaling estimate.
If ¢,y € R, then we use I'(e,y) to denote the second quantisation of
the linear map (u,v) — (eu,y0): VoW -V o W.

(55)

Lemma 1. If Z: A — T3 (V @ W) is a multiplicative functional, then so
is I'(e,7)Z.

Proposition 9. Let Z: A — TO(V @ W) be a multiplicative functional
with finite p-variation, and let f: W — hom(V, W) be a Lip(r) vector
field, ’;71 > 1. Then for any ¢ € R,

I'(e,¢) </ ocf(Z)5Z) = /ocf(l“(s, 1)Z)oI (e, 1)Z . (56)

Proof. By definition, the integral [o(Z(¢))0Z(e) is the associated
multiplicative functional of K(¢) (see Prop. 7), where

K(e)y, = oy (Z,(e)(Z(e)y) + o4 (Z(2) )(Z(e);),

= (X3, el (%) (X}) + 1 (B)(Z(e) ),
= (X5, 210 f()(X3), 2 () @ 1(X3),
Ef (%) ® f(%)(X3)

X =ny(Z) and Y = ny(Z), and for simplicity, we denote I'(¢, 1)Z by
Z(¢). Hence

K(2);

K(¢) =T'(e, e)K |

where K = K( 1). However [o,(Z)0Z is the associated multiplicative
functional of K, so that

ro)( [ w202) = [ 2r6v0r6 12

Lemma 2. For any real numbers y # 0 and &, we have
C(1,y "(g,9) = T(e, 1) . (57)

Proposition 10 (Lyons [9]). Let Z: A — T®(V @ W) be a multiplicative
functional with finite p-variation, and let X = ny(Z). If
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. £ K B
X, < 280 g KOG Ly eniot2,
() (6
then ,
K,w(s, 1)
\w@waykﬁfmfﬂ,vgﬁea,ﬁﬂg, (58)
A(3)
where
K, =max {1,77K:1 <k<j<2} . (59)
In particular if y < K7, then
. 1)
]@@w%ﬂgw“),V@oeAJ:Lz. (60)

5G)

In the sequel we fix the following data:

1) The constant Kj; > 1 is determined by Prop. 3, which depends
only on max w, p and Lipschitz constant ]2\/[ of 1.

2) Let y > 0 be a constant such that y < KA_/_’.
3)Lete=7y""'>1.

Theorem 4. Under above conditions, we have
(s, 1)

4o

for @ = w on an interval 1, such that & <1 on I.

|(T(e, 1)Z(n)),| < Y (s,nen i=1,2, (61)

Proof. Note
I'(e,e)Z(0) =T(e,1)Z(0), YVeec R ,
and 1
Te )2(0)) <20
(3!

Let @ = ¢w and choose 7 such that @ < 1, so that

@(s, 1)

4o

T, DZ(0);,| <

, V(s,0)eN, i=1,2.
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Now we use induction. Assume that

@(s, 1)

(e, VZ(n)},| < , V(s,0)en, i=1,2.

Let
Kn+1)= /OC]'(F(S, 1)Z(n))oI' (g, 1)Z(n) .

Then by Prop. 3, we have

K+ 1), < Kol

]

so that by Prop. 10, we have

‘r(lﬁ’)K(” + l)iz’ =

However by Lemma 1,
Kn+1)=T(e,e)Z(n+1)
L(e,y NZ(n+1) |

so that
I(Ly)Knr+1)=T(D)Zn+1) .

Therefore

V(s,0) e, i=1,2 .

Corollary 2. There are constants T > 0, K depending only on p,r, max o
and Lipschitz constant M, such that Ko (0,T) < 1, and

Ka(s, 1))
Kols.OF s nen, i=1,2, (62)

where I =[0,T|, and & = {(s,t):s < t,s,t € I}.

Now we can prove the following proposition.

Proposition 11. If' f: W — hom(V, W) is a Lip(r) map, r > 3, then
there is a positive constant T depending only on max w, p,r and Lips-
chitz constant M of f, such that
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|Z(n+ 1), — Z(n).,| < Ko (Kco(o, T),l,>"w(s, 1y, Y (s,£) €10,T] ,
(63)
forn=1,2,..., where Ky, K are constants depending only on p,r, max @

and Lipschitz constant M.

Proof. By Corollary 2, we can choose a T > 0 and a constant K
depending only on p, r, max w and M, such that X, Z(n) are of finite p-
variation controlled by Kjw on [0, 7], and K;®(0,7) < 1 on this in-
terval. Set

M M +2M
K; = 3max + \VA I

0 )
? p
and K3 = KJ. Let K4 = K be the constant appeared in (32). Now fix a
positive constant 7', such that
K4K3K1(1)(0, T) <1.
By (43) and (55), we have

Z(l);t - Z(O);t

< |f@)X)]
< M|X}|

<

and

Z(l)z - Z(O)i

st

< (2M + M) X

2M + M? 2
< ;w(s, e,

so that
Z(1),, — Z(0)},| < (Kzoo(s,0))p, ¥ (s,0) €D, i=1,2 .
By Corollary 1, we have
Z(1)}, - Z(0)},| < Ka(Kzor(s,0))r, ¥ (s,8) €D, i=1,2 .
Now we use induction. Assume that
|Z(n)!, — Z(n = 1)} < h(n =1, Tx(s, 1), ¥ (s,8) €D, i=1,2
(64)

n

where h(n, T) = Ky (K2cu(0, T)i>
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Using Prop. 7 and Prop. 8, we get

Zin+ 1)} = 2(n)}, = (2(0)} ) = o (200 - nﬂ(<m0
+ [#(z0n) - ‘(Z ;)] (z0n)
. +o<f<2(n 1))( () —Z(n— 1),
Zn+ 1)} = Z(n)} | < M|2(n)} = 200 = 1)}]12(m),
(n); = Z(n = 1)} | 2(n)},
+M)Z 72— 1)}

)Z c—Zn—1) s‘w s,t)/l’

()
s |z - 20 - ) ts.o

)

+M)Z —Z(n—1)
M

()
ih(n —1,T)w(0, t)r%co(s, t)z%

()

L M
p(3):
< Koh(n —1,T)w(0, T)ro(s, 1)p .

h(n — 1, T)w(0, O)rao(s, )7

h(n —1,T)w(s, t)r

Again using Prop. 7 and Prop. 8, we have
Z(n+ 1)}, = Z(n)}, =y (20)) ) @ o (2(n)))
— oy (200 = 1)) @y (200 - D} ] (X2,0,0,0)
which yields that
Zn+ 1) —Z(n)}| <

)s | I

(Z(n>

")

< Kyh(n—1,T)w(0, T)ia)(s, t)ﬁ :

hin—1,T)w(0, t)ﬂa)(s, t)zgz
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Thus we have proved that
Z(n+ 1)}, — Z(n)!,| < Kah(n — 1, T)o(0, Tyeo(s, 1)
for any (s,7) € A, and i = 1,2. Using Corollary 1 to get
|Z(n+ 1)}, — Z(n)',| < KaKoh(n — 1, T)o(0, Troo(s, 1)7

for any (s,7) € A,i=1,2. Now (63) follows immediately. Therefore
we have proved the proposition.
By Prop. 11, we know that there is a positive constant 7 depending
only on max w, p,r and Lipschitz constant M of f, such that
Z, = lim Z(n)., on[0,7] ,

st?

exists. It is easily seen that Z = (1,Z!,Z2) is a geometric multipli-

cative functional with finite p-variation controlled by w. Moreover we
have

7 = /OCf(Z)éZ y
1.e. Z is a solution of the differential equation
oY =1(Y)oX, Yy=z. (65)

It is routine to extend the solution Z to the original interval / by the
uniform estimates obtained above.

Theorem 5. Ler X, X: A — TO(V) be two multiplicative functionals
with finite p-variation controlled by w, and let f: W — hom(V, W) be a
Lip(r) vector field, r > 3. If

X;t_Xit st(s,t)é, V(S,I)EA, 121,2 y

then

7, - 7, < Keo(s,0p, V(s)en, i=12,  (66)

where Z (resp. Z) is the solution of Eq. (65) with driving multiplicative
functional X (resp. X), K is a constant depending only on max w, p, r and
Lipschitz constant M of f.

Proof. We use notations as before, and use K(n) and K(n) to denote
the corresponding sequences Z(n) and Z(n) obtained by replacing X
by X, so that

lim K(n)!, =Z, Y (s,0)el, i=12.
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We have

Z(n + I)A:t - K(n + l)Alt

= (2(n)}) (Z(n)})) = o (K ()} ) (K(m),)
o (20)) (Zn)2) = (K ()}) (K ())

= Mew (0, 5o (s, ) + Mew(s, £)?

< 4Mew(s, t)ﬁ .

Similarly

Z(n+ 1)} = R(n 4+ 1)} < 2M%00(s, 1)

for any n. By Prop. 4 and Prop. 5 we deduce that
[(Z(n 1), = Z{n + 1)) = (K(n 1), = K(n+ 1);,)| < Keoo(s.0)

st

for any (s,7) € A,i = 1,2, so that

A~

VY / §Ksco(s,t)!§, Vis,t) e A, i=1,2 .

i
st

Remark. Theorem 5 is a slight improvement of Theorem 3 in the sense
that the It6 map is in fact Lipschitz continuous in p-variation topol-
ogy if the vector field is Cj.

3. Flow of diffeomorphisms

In this section we assume that ¥ =R and W =R’ Let
X: A — T)(V) be a geometric multiplicative functional with finite p-
variation, and let f: W — hom(V, W) be a Lip(r) vector field, » > 4.
Let F(X,z) be the 1td6 map associated with the vector field f, i.e.
F(X,z) is the unique multiplicative functional solution of the differ-
ential equation

Y = f(Y)oX, Yo=z. (67)
Define
EX,):W =W, FXz) =z+FX,z), -

We also call F/(X,z) the 1td map associated with the vector field f.
For 1 € R™, 0, denotes the natural shift, i.e. if X: A — T?)(V) isa
functional, then 0,X: A — T3)(V),
(0.X)!, = X V(s,t) €N, i=0,1,2.

S+T,0+77

It is clear that if X is a geometric multiplicative functional, so is 0.X.
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Proposition 12. If f: W — hom(V, W) is a Lip(r) vector field, r > 3,
and X: A\ — TO(V) is a geometric multiplicative functional, then

Fis(X,2) = F(0,X,F(X,2), Y (s,) € R .

Proof. Note that X — 6.X is continuous, i.e. if

Xl

(s, t) Vis,t)e i=1,2,
then
‘(HTX) — (0.X)! ’<8a)(s t)l’ V(s,0) e, i=1,2,

where @(s,t) = o(s + 1,1+ t). Now the conclusion follows from the
uniqueness of Eq. (67) and Th. 5.
The goal of this section is to show that (F(X,z)) is a flow of local
diffeomorphisms.
Suppose X is a classical multiplicative functional, then F;(X,z) is
the unique solution of the ordinary differential equation,
ay, = f(v) dx!, Yo==z,

so that (Fi(X,z)) is a flow of diffeomorphisms, provided that f is
smooth. If K, denotes the differential DF,(X,-)(z), then K, €
hom(W, W) and satisfies the following differential equation:
dFi(X,-) = f(F(X, ")) dX;,
dK; = af(Fz( )) o K; dX;,
(Fo(X,-),Kp) = (z,id) .
where Of: W — hom(V, hom(W,W)),

97 (x)(E) () = lim LEF ) = ()

h—0 h
Moreover, K, is invertible and K, I satisfies the following differential
equation:

, VxeW, ¢eV, new .

di(X, ) = f(Fi(X, ")) dX,
dK; ' = — K, o 0f (F(X,")) dX,,
(Fo(X,-),Ky") = (2, id ) .

Let H = W @ hom(W, W), and let 8'f,d'f: H — hom(V,H) be two
vector fields defined by

' f(v,u)é = (F()Ef W)(E) o),
I f (v, u)é = (f()&—uodf )(9)) ,
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for all (yv,u) € W @ hom(W,W),& € V. Then we can rewrite above
two equations as following:

dH, = 0'f(H,)6X,, Hy = (z,id) ,
where H, = (F/(X,-),K;), and

dH, = 0'f(H,)dX,, Hy= (zid) ,
where H, = (F,(X,-),K; ).

t

Theorem 6. Let X: A — T2 (V) be a geometric multiplicative functional
with finite p-variation, and let f: W — hom(V, W) be a Lip(r) vector
field on W, r > 4. F(X, z) denotes the Ito map associated with the vector
field f and let F,(X,z) = F(X,z), +z. Then

1) The It map F(X,:): W — W is differentiable, and the differential
DF,(X, -)(z) is invertible.
2) Let P, resp. Q, be the multiplicative functional solution of the dif-

ferential equation:
OP = d'f(P)6X, Py=(z id) , (68)

resp.
5Q =0'1(Q)0X, Qu=(z id) , (69)
respectively. Then
DF,(X,2) = id + Thom(w ) (P)os»
DF(X,z)"" = id + tpomw.m)(Q)y, - (70)

Proof. We prove the conclusions 1) and 2) together. Let X be of finite
p-variation controlled by w. Choosing a sequence of classical multi-
plicative functionals X(n): A — T®)(V), such that X(n) are of finite p-
variation controlled by w, and

‘X(n)él —Xit‘ < %w(s,t)é, (s,0) e N, i=1,2
forn=1,2,.... By Th. 5, we have
PO, — P < 3 Kools, 1)
QUY, — Q| < TKo(s, i, ¥ (s, €n, i=12

and

. . 1 i
|Z(n),, — Z!,| < ;Ka)(s, O, Y (s,0) €N, i=12,
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where K is a constant depending only on p,max w,r and Lipschitz
constant M of f. For each n,

P(n)y, + (z,id) = (F(X(n),2), DF,(X(n), )(2)),
Q(n)y, + (2id) = (F(X(n).2), DE(X(n), ) '(2))
so that
\Emmxa—ﬂmﬁngimmm&,
and

1
< —Kw(0, t)ll ,

DF,(X(n),-)(z) — <id + TChom(W,W)(P)(l)t> "

which yields that DF(X, -)(z) exists, and

DF(X,-)(z) = id + Thom(w.m) (P)}, -
Moreover,
(id + Tnom(w. ) (P (1)) (id + Tsom(w ) (Q(1))L)
— DF}(X(n),z)DE(X(n),2)71
=id
for each n, so that

id — (id + Tnom(wm) (P)g,) (id + Thom(w 1) (Q)o,)

1
< —Ka)(O,t)i, Von.
n

Letting n — oo to get
id + nhom(W.,W)(Q)(l)t = DFt(XaZ)71 .

Corollary 3. Let X,X: A — TO(V) be two geometric multiplicative
functionals with finite p-variation controlled by w, and let f-W —
hom(V, W) be a Lip(r) vector field on W, r > 4. If

X, — X, | <eols, 0, V(s,)€D, i=1,2,

i
st

then ) 1
IF(X,z2) — Fi(X,2)| < eKo(0, 1),

IDF(X, )(z) — DE(X,)(z)| < eKo(0,2)7, VieT

and
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DF,(X,)(z2) ' = DE(X,)(z)""| < eKw(0,2)r, Vtel

where K is a constant depending only p,r, max w and Lipschitz constant
M of f.

In particular, if X is generated by a Brownian motion (see Example
1), then Corollary 3 gives an answer to an open problem proposed by
Ikeda and Watanabe (see p.418 in [4]).

The following theorem follows from Th. 6 and Prop. 12 immedi-
ately.

Theorem 7. Assume that f: W — hom(V, W) is a Cy° vector field, and
that X: A\ — T@/(V) is a geometric multiplicative functional with finite
p-variation. Let F(X, z) be the Ité map associated with the vector field f,
and let F(X,z) = F(X,z)y, +z. Then

E(X’ )W_> W7 Z—>E(X,Z)
is smooth, and (F,(X,z)) is a flow of local diffeomorphisms.
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