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Summary. For lattice models on Z“, weak mixing is the property that the
influence of the boundary condition on a finite decays exponentially with
distance from that region. For a wide class of models on Z?, including all
finite range models, we show that weak mixing is a consequence of Gibbs
uniqueness, exponential decay of an appropriate form of connectivity, and a
natural coupling property. In particular, on Z>, the Fortuin-Kasteleyn ran-
dom cluster model is weak mixing whenever uniqueness holds and the con-
nectivity decays exponentially, and the g-state Potts model above the critical
temperature is weak mixing whenever correlations decay exponentially, a
hypothesis satisfied if ¢ is sufficiently large. Ratio weak mixing is the property
that uniformly over events 4 and B occurring on subsets A and T, respec-
tively, of the lattice, |P(4 N B)/P(4)P(B) — 1| decreases exponentially in the
distance between A and I". We show that under mild hypotheses, for example
finite range, weak mixing implies ratio weak mixing.

Mathematics Subject Classification (1991): Primary 60K35, Secondary
85B20

1. Introduction

For lattice models of all types, a fundamental question is as follows:
how do events in one region of the lattice influence the probabilities
for events in another distant region? When these “regions” are single
points, the influence is quantified by the two-point function — the

Key words and phrases: Weak mixing — Gibbs distribution — Random cluster model — Potts
model — Ising model
*Work supported by NSF grant DMS-9504462.



442 K. S. Alexander

covariance in spin systems, and the connectivity in percolation mod-
els. Even when this two-point function has good behavior — expo-
nential decay as a function of separation distance — it is not at all clear
that for large regions similar exponential decay must hold; one cannot
simply sum the two-point function over all pairs of sites, one from
each region, to measure the influence of one region on the other. This
motivates the study of mixing — the quantification of dependence
between distant regions.

We will focus here on weak mixing, defined as follows for lattice
models. Let the single-spin space be a finite or countably infinite set S,
and let o, denote the spin at site x. Let Var(-,-) denote total variation
distance between measures and let | - | denote the ¢! norm. Let P be a
measure on SZ° and let Py, denote the distribution of the conﬁgurd-
tion oo = {0y, x € A} under P given the boundary condition 5 € SAC.
Following [24] we say that P has the weak mixing property if for some
C, A >0, for all finite sets A, A with A C A,

sup{Var(Py,(cs € ), Pay(oa € ) : . € S}
<C D> exp(—Ax—yl) . (1.1)

xeA,yeA’

Roughly, the influence of the boundary condition on a finite region
decays exponentially with distance from that region. Of course this
implies that P is the unique distribution with conditional probabilities
{Pry:AC Z¢ finite,n € SAS }. Weak mixing has been given various
names in the literature- it is the ““Very Strong Decay Property” in [12],
and it is a special form of the y-mixing of [14].

A completely analogous definition can be made for percolation
models, with A, A replaced by sets of nearest-neighbor bonds and
distance between bonds measured by ¢! distance |- | between their
midpoints.

For the Ising model a seemingly different definition of weak mixing
appears in [26]-only A = {0} is required in (1.1). But in the Ising case
this is readily shown to be equivalent to the above definition (see [21],
proof of Theorem 2, 1st Step.)

Let d(4,B) :=min{|x —y|:x € 4,y € B} and write d(x,4) for

d({x}, 4).

A related important property of measures on SZ' is strong mixing
for cubes, also examined in [24] and [25]. Roughly, strong mixing for
cubes says that when A is a cube, if two boundary conditions #, #’
differ only at a single site z, then the influence of this difference decays
exponentially in d(z,A), instead of exponentially in d(A°,A) as in
(1.1). This means roughly that the influence of the change at z cannot
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propagate along the boundary of A, whereas weak mixing only
guarantees that the influence cannot propagate through the bulk of A.
In three and higher dimensions, there are examples due to Shlosman
[27] in which weak mixing holds but strong mixing for cubes fails,
essentially because the influence of a single site does indeed propagate
along the boundary. But in two dimensions, it was shown in [25] that
for finite-range spin systems, weak mixing is actually equivalent to
strong mixing for squares, as well as being equivalent to several other
useful properties, such as exponential convergence to equilibrium of
the associated Glauber dynamics, and the Dobrushin-Shlosman
uniqueness condition of [12]. Unrestricted strong mixing (with A ar-
bitrary) is not equivalent — it is a very strong property, not necessarily
satisfied for common systems such as Ising models; see the example
due to Schonmann described in ([24], p. 458-459.)

In arbitrary dimension, Dobrushin and Shlosman showed in [6]
that weak mixing holds whenever their uniqueness condition is satis-
fied. For the Ising model in two dimensions, weak mixing is known to
hold throughout the uniqueness region, other than at the critical
point. For all supercritical temperatures and arbitrary external field,
this was proved by Higuchi in [21] (in fact for arbitrary dimension.)
For sufficiently low temperatures and arbitrary nonzero external field,
weak mixing was proved in [24]. For sufficiently large fields at arbi-
trary temperature, weak mixing holds because the Dobrushin-Shlos-
man uniqueness condition is satisfied. For the remaining temperatures
and external fields in the uniqueness region, weak mixing was proved
in [26]. For the g-state Potts model in two dimensions with sufficiently
large ¢, weak mixing above the critical temperature was proved in [28].
In this paper we will establish weak mixing for a very wide class of
two-dimensional models, which includes the Ising model throughout
the uniqueness region. For the Fortuin-Kastelyn random cluster
model (abbreviated to “‘the FK model”) in two dimensions, we will
show that weak mixing holds everywhere in the uniqueness region
where the connectivity or dual connectivity decays exponentially. For
a Potts model in two dimensions above the critical temperature, we
will show that weak mixing holds provided correlations decay expo-
nentially, as is believed to always be the case. For general finite-range
models we will show that weak mixing is a consequence of uniqueness,
exponential decay of an appropriate form of connectivity, and a
natural coupling property.

Let 0,7, etc. denote generic configurations in SZ'. We say a func-
tion f on SZ* is determined on A C Z if f(a) = f(v) whenever o, = v,
for all x € 4; an event A4 is determined on A if its indicator function d 4
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has this property. An event is local if it is determined on some finite A.
Let §, denote the o-field of all events determined on A. An event
A € &, may be viewed as a subset of either S* or SZ; we will use these
interpretations interchangeably, without serious rlsk of confusion.

Despite the exponential speed of the convergence given in (1.1),
weak mixing does not give enough independence between distant
events for certain applications. For example, for m > 0, consider the
following events for a bond percolation model P on the square lattice
having exponential decay of connectivity:

A,y = [(m,0) < (m+m?* 0) by a path in the square
{(x1,x2) :m <x; <m+m?, —m?* )2 < x; < m?*/2}]

B, :=[(—m,0) < (—m — m?*,0) by a path in the square
{(x1, %) : =m —m? < x; < —m, —m*/2 < x; <m*/2}] .

Then P(4,,) decays exponentially in m?, and one would like to know
that P(A4,,|B,,) also decays exponentially in m?>. The weak mixing
property (1.1) can be re-expressed as

sup{|P(4|B) — P(4)| : A € Fy,BEF} <C > exp(—ilx—y]) ,

xeAyerl’

so weak mixing only ensures that P(4,,|B,,) decays exponentially in m,
which is much weaker. The difficulty may be avoided if, instead of
knowing that differences in probabilities under different boundary
conditions are exponentially small as in (1.1), one knows that ratios of
such probabilities are exponentially close to 1. Problems of this type
(with added complications) arise when one wishes to decompose a
long open path in a percolation model, or a contour in the Ising or
Potts model, into a number of segments, and express the probability
of the path or contour as approximately the product of the proba-
bilities of the segments, as in [2], [3], [5], [7] and [11]. We say that a
measure P on SZ' has the ratio weak mixing property it from some
C,2 >0, for all sets A, T c Z¢,

sup{|P(4 N B)/P(A)P(B) — 1| : A € F,, B € Fp, P(A)P(B) > 0}

<C > exp(=ik—y)), (1.2)
xeAyell

whenever the right side of (1.2) is less than 1. Ratio weak mixing
appears considerably stronger than weak mixing when the event 4 has
probability much smaller than the right side of (1.1). However, we will
show that in fact, in all dimensions weak mixing implies ratio weak
mixing for a large class of spin systems and percolation models. An
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analogous result for strong mixing (for general A, not restricted to
squares) was established by Dobrushin and Shlosman [13] using
completely different methods.

2. Background and definitions

Spin systems. A spin system with single-spin space S = {1,...,4} and
range  is specified by an interaction U = {Ur I' c 7%, diam(T) < r}
where Ur is a real-valued function on SZ' determined on I'. We as-
sume U is translation invariant: if 740 is given by (740),,, = o, then
Uryi(tr0) = Ur(o). Let (on), (or just (an) if no confusion is likely)
denote the configuration which coincides with ¢ on A and with 5 on
A we will call such a configuration a blending of o and 5. The
Hamiltonian, or energy, of a conﬁguratlon g on a finite A subject to
a boundary condition 7 € SA s given by

Hay(on) = Y Ur((on),) -
TNA#¢
The interaction U may depend on one or more parameters py, . .., Px.
The corresponding Gibbs measure on S at inverse temperature f is
given by

Payp(an) == exp(—PHp(0A))/Zanp

where

Znnp =Y, exp(—PHp,(04))

GAGSA

is the corresponding partition function. We say (Gibbs) uniqueness
holds (at (p1,...,px)) if there is a unique limiting Gibbs measure as
A7

The FKG property and FKG ordering. If S is {—1,1} or {0,1} then S*
has a natural partial ordering. A measure P on S* has the FKG
property if for every pair f, g of bounded nondecreasing functions on
SA, the covariance of f and ¢ under P is nonnegative. P satisfies the
FKG lattice condition if for every finite subset I" of A, every 5 € SA\T,
and every g,0’ € SA,

Pry(oVd)Pry(ocNd') > Pr,(o)Pr,(d) .

The FKG lattice condition implies the FKG property [17]. We say P
dominates Q (in the FK G sense) if for every nondecreasing function f,

[rav= [rao.
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There then exists a coupling P of P and Q such that P({(c,d’) :
oy > o) for all x}) = 1.

Potts and Ising models. The g-state Potts model, with external field 4
applied to spin 1 is a spin system with § = {1, ..., ¢} and Hamiltonian

HA11 GA Z 5 [(an) A (x)=(an) hzé[o =1] > (21)

(xy)y:xeA xeA

where the first sum is over all nearest-neighbor bonds (xy), i.e. un-
ordered pairs with |x —y| = 1. We denote the corresponding Gibbs
distribution on S* by P, 4 -

Let #° denote the configuration with every site having spin s, and
define p* similarly for bond configurations.

The model with free boundary condition is obtained by including
only x,y € A in the first sum in (2.1). Alternatively, one can allow # to
be an element of {0, 1,...,q}A ; there is effectively no interaction of
o with those sites x € A© where #, = 0, which we call empty sites.
(Note we allow empty sites only in the boundary condition; we are not
considering site-diluted models here.)

For each ¢ and d there is a critical point 0 < fi-(q,d) < co such
that, for ~ = 0, uniqueness holds when f < fi-(¢,d) and not when
ﬁ > ﬂC(Qa d)

The Ising model with external field # has § = {—1,1} and Hamil-
tonian.

Hayn(oa) == Y (om),(x)( )=hY oy,
(xy):xeA xeA
which is equivalent to the Potts model with ¢ = 2 and external field 24.
The FK model. The facts given here, with additional details, may be
found in [1], [16] or [19]. For A C Z% let #(A) denote the set of all
nearest-neighbor lattice bonds (xy) with x,y € A, and let Z(A) denote
the set of all nearest-neighbor lattice bonds (xy) with x or y in A. Define

OnA :={x € Z¢ : x € A,x adjacent to AC},
Oex\ :={x € Z¢ : x ¢ A, x adjacent to A},
A= AUOLA ;
here adjacent means separated by distance 1. We call A the closure of
A. We let 1 and 0 stand for the open and closed states, respectively, of

a bond so the configuration space for the model with set ¢ of bonds is
{0,1}?. The notation (wp), applies to blendings as for 31te models,

for € C 9. For A finite, p € {0, I}Z(A and o € {0, 1}% let N , (o)
denote the number of clusters (that is, connected components) in
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(wp)7s) Which intersect A. Let B(w) denote the number of open
bonds m the conﬁguratlon w. We can construct an independent
measure Ppa A, on {0, 1}#) by taking each bond to be independently
open with probability p, that is,

Pgap(®) = pB(‘“)(l _p)l—%‘(/\)\fB(w)

For ¢ > 1 and p € [0, 1] the FK measure Py 4, on {0, 1}’73(1\) is given
by

Prpap(©) = Paaap(@)gd"™ ) [ Zp g, @ € {0,117

where Za 4, is the partition function. When p is p' or p° we some-
times write w or f, for wired or free, in place of p! or p® respective-
ly. The set {0, 1}#(A) endowed with this measure is called the FK model
on B(A) with parameters (q, p) and boundary condition p. The measures

on {0, 1} ) exist for x = w; or f, and are translation-invariant FKG
measures. The set {0, 1} together with the measure P, ,, (resp.
Py ) forms the FK model with parameters (q,p) and wired (resp. free)
boundary condition. Gibbs uniqueness holds for this model if and only
if P,y = Prqp. The measures P, , , satisfy the FKG lattice condition.
The FK model with external field. An external field can be introduced
into the FK model as follows. Let 2 > 0. We append to the integer
lattice a single ghost size z, connected by an external bond (xz) to each
site x of Z?. The bonds of %#(Z?) are called internal bonds. Under the
independent measure, denoted Png a5, €ach external bond is open
with probability 1 — (1 — p)", and each internal bond is open with
probability p. Let &(A)denote the set of all external bond with an
endpoint in A C Z“. For A finite, in a slight abuse of notation we let
A denote the complement of A in Z9, that is, excluding the ghost site.
For p € {0, 1}7")YA) and o € {0, 1}%(/\)“ N Jet Ny () denote the
number of clusters in (pw) ¢\ sac) Which intersect A and do not
contain z. We then have a correspondlng FK measure

PAp.gpn(©) = Pind A pa(® )‘I e [ZApapny @€ {O’I}E%(A)UX(A) .
As for A = 0, the measures
Pogpn =My ,zaPA:qpn

on {0, 1}”7%) (29982 exist for + = w or f
The marginals on internal bonds of FK measyres with an external
field are described as follows. For p € {0,1}”) and w € {0,1}”"*
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let €(A, p, ) denote the set of clusters of (pw) ¢, which intersect A.
For C a connected subgraph of the integer lattice, let

Wy pu(C) =1+ (g —1)(1—p)" |

where |C| denotes the number of sites in C. The marginal on Z(A)
under boundary condition p is then

Py (@) =Rnd,A,p<w>Hcmpw>wqph< C)/Znpgpn @ € {0,137
The marginal on {0 1}u ) of P, 4 pn 1s denoted Pflqph,
or f The set {0, 1} together with the measure P‘nqph (resp. Pfqph)
forms the FK model with parameters (q,p,h) wired (resp. free) boun-
dary condition. Gibbs uniqueness holds for this model if and
only if P = P, ,»» In which case we omit the w or f from the
notation.

Lemma 2.1. The FK model with parameters (q,p,h)(h > 0,q > 1) sat-
isfies the FKG lattice condition

for x =w

in
wqph

Proof. Fix A finite, o, o’ € {0, 1}'%(’\), and a boundary condition p.
We write P for P‘“pqph. Let 7 :={be B(A):w=1,0), =0},

={bec BA):wp=0,0, = 1} and # := B(A)\(F U 4), so that
for a conﬁguratlon o€ {O 1} Z(A) we can write o = (o7, 0, 00). Note
oy = o',. We wish to show that

PloV o)/P(w) > P(o)/P(o A o) (2.2)

so it is sufficient to show that

flaz) == P((aq,pz,w//))/P((oco;,py wy/)) is an increasing func-
tion of az, as (2.2) is equivalent to f((p') ) > f((0°)+). When an
open bond b is added to a4, there are three possibilities:

(i) the end points of b are in a single cluster, in both (a7, p ) and
(OC/’ ,05, OJ/)

(i1) the endpoints of b are in distinct clusters C and D in (o7, p Oy ),
and in distinct clusters £ and F in (o, py Ox),

(iii) the endpoints of b are in d1st1nct clusters C and D in (o7, p Oy ),
and in a single cluster in (o, p ).

Under (i), adding » does not change the value of f. Under (iii) f gets
multiplied by the factor ¢(C,D):=,,,(C),,,(D)/Y,,, (CU
DU {b}). Since ¥, ,,(C) is a decreasing function of |C|, this factor is
at least 1. Under (i1) f gets multiplied by the factor g(C,D)/g(E,F). It
is easily checked that g(C,D) is a decreasing function of (|C|,|D|).
Since |E| > |C| and |F| > |D|, this shows the factor is again at least 1.

(]
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The FK model with parameters (g, p, #) dominates Bernoulli bond
percolation at density p/(p + (1 — p)g) on internal bonds, that is, for
every A and p and every bond b € 4(A),

Prpgpi(@p = 1|oe,e #b) > p/(p+ (1 —p)g) as.  (2.3)

Let [x < y] denote the event that x is connected to y by a path of open
bonds, and [x <> o] the event that there is an infinite path of open
bonds starting at x. (Throughout this paper, by a path we always
implicitly mean a self- avoiding one.) For each ¢ > 1 there is a critical
point 0 < pc(g,d) < 1 such that P, ,,(0 < o0) is 0 for p < pc(q,d)
and positive for p > pc(q,d), for both %= f and *=w. For
p < pc(q,d) we have P, 4, = P g,

For bond configurations, in place of (1.1) a suitable definition of
weak mixing requires that

T C
sup{Var(PAm(w_%(A) S -)aPA7pr(w$(A> €)) :p,p' € {o, 1}.4(/\ )}
< CZyenyene exp(—Ak =) - (2.4)

Relations between FK and Potts/Ising models. Edwards and Sokal [15]
observed that it is possible to construct both an FK model and the
Potts model with boundary condition #, with the same value of ¢, on a
single probability space, when

p=1—¢F.
The construction, adapted here to general # > 0, can be done via the

&

joint site-bond measure on S* x {0, I}Q(A)U N given for a boundary

condition 7 by

PAJ?»%I’-,}I(G? a)) = indﬁAap-,h (w)éD(Aa’7)(a7 w)/ZAJ]J[p,h ?
where the event

D(A, ) :={(0,») € S x {0, 1}7NEN)

0y = 0 for all (xy) € Z(A) with (an),(x) # (on),(¥),
and .y = 0 for all external bonds (xz) € §(A) with o, # 1}

prohibits open bonds with differing states at the two endpoints (here
we are implicitly assigning state 5, = 1 to the ghost site), and ZA,n,q_p,;,
is the partition function. The marginal of IsA,,,,q_p,h on SA is then
P 4.1 the g-state Potts model on A with boundary condition # at
inverse temperature f and external field 4. The marginal on
{0, 1}7WMWEA) g P ot apn(-[A(A 1)), where A(A,n) is the event that
no two sites x,y € JexA U {z} with 5, # 5, are connected by a path,
entirely within #(A) U &(A), of open bonds. Let
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K(A,n,w):={x € A :x > y for some y € OexA with 5, # 1}|,
Do(A,n):={w € {0, 1}V ;
Wy =0 for all (xy) € B(A) with (on),(x) # (o1, ()} -

The marginal of P, ,» on internal bonds is the measure

i Ao
P/I\n,n,q,p,h(w) = BndJ\;p(w)(l _p)hK( 1 )500(/\,17) ((,L))
X HCGW(A,pl,w) lpq,pﬁ(c)/le,p,q,p,h’
w e {0,1}7W

The internal bonds together with this measure from the conditioned
FK model on #(A) with parameters (q, p, h) and boundary condition 1.

Remark 2.2. The measure P/i\“_,7 gps 18 the wired-boundary measure
Pj\‘fp, aph conditioned on Dy(A, ) (a decreasing event) and weighted by

(1 - p)hK(A’”") (a decreasing function), so it is dominated by the wired

boundary measure. When y = !, it is equal to the wired boundary

measure. When n = °, Pi 1s the free-boundary measure P\" .
V5 Ang.ph A,p%,q.p,h

One could similarly construct a joint measure corresponding to
nonnegative external fields applied to several spins simultaneously in
the Potts model, or apply a negative external field to some spin i by
applying the opposite positive field to every j # i, but we will not
consider these variations here.

All of this may be interpreted in terms of constructions of the FK
model from the Potts model and vice versa, as follows.

Cl. Construction of the Potts model from the conditioned FK model.
Given A C Z¢, an integer ¢ > 2, a boundary condition 5 on A€ for the
g-state Potts model, an inverse temperature f > 0 and an external field
h > 0 applied to spin 1, first construct a realization of the conditioned
FK model with parameters (g, p, #) and boundary condition 7, where
p=1—eF Foreach C € (A, p', ») which contains a site y € IxA
with 5, =1, we assign spin i to each site x € CNA. For each
Cc%(A,p',w) with CNOxA = ¢, select independently a spin in
{1,..,¢}, with probability proportional to 1 for spin 1 and to e ¢
for each spin i > 2; assign this spin to each site x € C. The resulting site
configuration is the g-state Potts model on A with boundary condition
n, inverse temperature f and external field 4 applied to spin 1.

C2. Construction of the conditioned FK model from the Potts model.
Suppose 0 <p <1, h>0,9>1 is an integer and # is a boundary
condition on A€. Define by p = 1 — e~#. First construct a realization
of the g-state Potts model on A at (f, ) with boundary condition #.
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Then do independent bond percolation at density p on all bonds in
#(A) for which the states at the two endpoints are equal. The re-
sulting bond configuration is the conditioned FK model on Z(A) with
parameters (g, p, ) and boundary condition .

Covariance versus connectivity. As is well known, it follows easily from
Cl that when Ai=0and p=1— e h,

7°c0V7 .51 (86,—1], Ojo,—1) = (g — NP, (x = ¥) (2.5)

where covy 4 55 denotes covariance for the g-state Potts model on the
full lattice, with parameters (f3, /)

Exponential decay of comnectivity. By a path from x to y in a site
configuration we mean a sequence of distinct sites x = x¢,xq,..,X, =¥
such that x; is adjacent to x;,; for each i. Let / C S. An I-site is a site
at which the spin is an element of 1. An I-path is a path consisting of
I-sites. We write [x <>, y] for the event that there is a I-path from x to
y. The I-cluster C;(I',o) of a set I' of sites in a configuration ¢
consists of those sites which are connected to I' by an I-path. If Pis a
measure on SZ° for which there exist positive constants C and 4 such
that

Plx <7 y] < C exp(—Alx —y|) for all x,y ,

we say P has exponential decay of I-connectivity

The boundary coupling property. A coupling of two measures P; and P
on S” is a measure P on S* x S with marginals P; and P, (in order).
The set of all such couplings is denoted x(P;,P,). If P, and P, are
conditional distributions of some P given boundary conditions 7, and
1, we also say P is a coupling of #, and 1, under P; we write kp(N1,12)
for the set of all such couplings.

Let s € S and let I be either {s'} or S\{s'}. We say that a measure P
on SZ’ has the boundary coupling property with respect to I if for some
s € 1, for every finite A and every boundary condition # on A€, there
exists a coupling P € xp(i7,°) with the property that

P[{(c,d') € S* x S* : 6, = &, for every
x € ANCr(0xA, a) N Cr(OxA, 6} =1 . (2.6)
For bond models, we say that a measure P on {0,1}”%) has the

boundary coupling property if for every finite A and every boundary
condition p on Z(A°), there exists a coupling P € xp(p, p') with the
property that
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P[{(w, ') € {0, I}Q(A) x {0, I}Q(A) : w, = o), for every
e € C(OuxA, ) N C(OxA, )Y =1, (2.7)

where C(JexA, @) denotes the boundary cluster in , that is, the union of
the connected components of the sites of Jx A in the configuration w.

The boundary coupling property says the two configurations can
be made to coincide outside the combined I-clusters of the boundary
in both configurations. For the Ising model with 7 = {1} or {—1}, this
property is a well-known consequence of the FKG and Markov
properties of the model; in fact the two configurations can be made to
coincide outside the I-cluster of the boundary in ¢’ alone. Similar ideas
carry over to other models, as we summarize in the next lemma, which
includes the Ising model as a special case.

d
Lemma 2.3. For a measure P on {0, 1}Z , suppose that

(i) for every finite A, every pair of boundary conditions n,n' on A with
n <, and every x € A,
Ppy(ox=1) < Pry(o,=1) ;

(ii) for every finite A, and every boundary condition n on A withn, =0

for all x € O\,
Pry =P(-|n, =0 for all x € OxA) .

Then P has the boundary coupling property with respect to I = {1}.

Proof. Order the sites of A = {xj,..,x,} in such a way that x precedes
y in the ordering if d(x, A) < d(y, A®) (for example, spiraling inwards
if A is a cube.) We select the pairs (oy,, 0, ) one at a time, as follows.
Let Ry = ¢ and suppose some set R, of sites has been selected, and the
corresponding values (ay,0’) chosen, by time n. Suppose also that
oy <o, for all x e R,. At time n+ 1, if R, =T we let i be the least

index, if any, such that

site x; has not been selected and some site adjacent to x; is connected
to xA in ¢’ by a {1}-path of previously selected sites. (2.8)

We then have (¢, 0r) < (ifc, o), so from (i),
PA.n(Gx,- - 1|Jx7x S F) = PA\F,(nAC,Jr)(Gx,- - 1)
S PA\R(”L\C’J/F)(O-XI = 1) = PA’,7/(0';1_ = 1‘6;,)6 € F) . (29)
Let p and p’ denote the probabilities on the left and right sides of (2.9),
respectively. Then let (o, 0} ) be (0,0) with probability 1 —p/, (0, 1)

with probability p’—p and (1,1) with probability p. Let t be the first
time at which there are no longer any sites satisfying (2.8). Then R, is
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necessarily the closure 6{1}(86)(/\, d'), so or=0.=0 for all
x € 0cxCy1}(0ex/A, ¢’). But then by (ii), the inequality in (2.9) becomes
an equality from time T onward. But this means the coupling we have
constructed satisfies

o, = a. for every x € AN C(9xA, 0)" |
which establishes the boundary coupling property. O

The analog of Lemma 2.3 for bond models if as follows; the proof
is the same.

Lemma 2.4. For a measure P on {0, l}g(zd), suppose that

(1) for every finite set 4 of bonds, every pair of configurations p, p’ on
£ with p < p', and every e € g4,

P(w, = lw,c = p) < Plw, = lo,c = p') ;

(ii) for every finite T, every configuration p on B(A)< with Py = 0 for
every x € OpA and y € O A,
P(- |0z = pype) =P(low, =0 for every xe€duA and
Y € OexN).

Then P has the boundary coupling property.

For a spin system, a natural way to create a coupling which es-
tablishes the boundary coupling property is to first create a similar
coupling for a graphical representation of the model. This is exactly
what Lemma 6.2 below does for the Potts model and its graphical
representation, the FK model. In [4] the same method is applied to
establish the boundary coupling property with respect the set / of all
“nonempty” spins in the Potts lattice gas. For a wide class of spin
systems, there is a graphical representation in which the probabilites
of bond configurations are given by weights which are products of
weights of individual clusters; see [6], [10]. The FK model is an ex-
ample of this, with the weight of an individual cluster C being
q(p/(1 — p))B(C), where B(C) is the number of bonds in C. It is easy to
see that assumption (ii) of Lemma 2.4 holds for any such model.
Assumption (i), however, is essentially a special case of the FKG
property, so it will hold less generally. When Lemma 2.4 cannot be
used due to the failure of assumption (i), an alternative is to create a 3-
way coupling P of Ppp, Py i, and a third measure P* which has the
FKG property and which dominates both Py , Py 1, For example, for
graphical representations of spin systems with group symmetry, P’ can
be an FK model with parameters chosen as in ([16], Proposition 1.)
The 3-way coupling should satisfy
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PH{(w,0,0"): © <" and o < 0"}) =1

and should be such that the three configurations coincide outside the
boundary cluster of the largest configuration, w”. This coupling does
not quite establish the boundary coupling property as such, but its
existence can be substituted for the boundary coupling property e.g. in
our Theorem 3.1, provided that P’ has exponential decay of connec-
tivity.

Uniqueness of distributions with given specification. We say uniqueness
holds for a measure P on SZ* if P is the onlg/ measure with conditional
distributions {Pp, : A C Z* finite, n € S* }. If P is quasilocal and
uniqueness holds, then for each finite A,

sup{Var(Pa,(oa € ), Pay(oa €)): mf €S} =0 asA /27 ;
(2.10)

this follows from ([18], Theorem 4.17.) Conversely (2.10) implies that
uniqueness holds. We will refer to (2.10) as boundary negligibility. For
finite-range spin systems, then, boundary negligibility is equivalent to
uniqueness of Gibbs distributions.

Bounded influence per site or bond. For A C Z¢ and r > 0 let

AN ={xecZ:dx,A)<r} .

We say that the measure P on SZ' has bounded influence per site if
there exist » > 1 and ¢ > 0 such that for every n > 1, every finite
A C Z% every n,if € SA® which differ at atmost # sites in A"\A, and
every A € F 4,

Ppy(d) < €"Pry(4) . (2.11)
The most obvious bond analog is not satisfied by the FK model due to

lack of finite range, so for bond models we make a diﬁerent definition
as follows. Fix » > 1 and A finite. For p, p’ € {0, 1}”) Jet

Ra(p) = [{x € OexA : x = Oex(A”) in B(A)}|
and
Das(p,p') = {e € BIN)N\B(A) : p. # p.}]

We say that the measure P on {0,1}” @) has bounded influence per
bond if there exist » > 1 and ¢ > 0 such that for every finite A C z°,

/ A(AC) a
every p,p' € {0,1} ,and every A € F 4,
Prp(A) < exp(c[Das(p, p') + Ras(p) + Rar(P)))Payp(4) . (2.12)

For the FK model with parameters (g, p, ) this property is an easy

consequence of the fact that for @ € {0,1}#?®™ and » > 1 we have
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INAp (@) = Npp(@)] < Das(p, p) + Rar(p) + Rar(p) - (2.13)

Controlling regions. For P a measure on SZJ, A C Z¢ finite, n € SAC,
we call Q C A€ a controlling region for A and 7 if for every ' € SA°
such that n = ' on Q, we have Py, = Py . We say P has exponentially
bounded controlling regions if there exists constants C, 4 > 0 such that
for every choice of finite sets A and Q C A€,

P({n € SA Qs nota controlling region for A and 7})
<C X exp(—4ix—y]) .
xe€AYEQ\A
(These definitions adapt straightforwardly to bond models.) In finite-
range models A"\ A is always a controlling region, where r is the range.
It follows easily from uniqueness of the infinite cluster (which is
proved in [8]) that for the FK model on %(Z‘) there is a.s. a finite
controlling region for a given A, but this region is not uniformly
bounded. However, it is easy to see that for

Q={ye A :x < yforsomex € IxA} ,

A(Q) is a controlling region (see the proof of Theorem 4.1 below.)
Therefore the FK model has exponentially bounded controlling re-
gions whenever the connectivity decays exponentially. In two dimen-
sions, it is also sufficient that the dual connectivity decay
exponentially.

3. Statement of main results

Our first main result covers general two-dimensional models. The
proof will be given in Section 4.

Theorem 3.1. (i) Suppose S is finite or countably infinite, s € S,I = {s} or
S\{s}, and P is a measure on N for which boundary negligibility,
bounded influence per site, exponential decay of I-connectivity, and the
boundary coupling property with respect to I all hold. Then P has the
weak mixing property.

(i1) Suppose P is a measure on {0, 1}%(22) for which boundary negligi-
bility, bounded influence per bond, exponential decay of connectivity,
and the boundary coupling property all hold. Then P has the weak
mixing property.

For a finite-range spin system, boundary negligibility is equiva-
lent to Gibbs uniqueness, so we have the following corollary.
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Corollary 3.2. Suppose S is finite or countably infinite, s € S,1 = {s} or
S\{s}, and P is a Gibbs distribution on sz’ of a finite-range spin system.
If Gibbs uniqueness, exponential decay of I-connectivity, and the
boundary coupling property with respect to I all hold, then P has the
weak mixing property.

The next result strengthens the conclusion of Theorem 3.1 for
many models of interest. Note that it is not restricted to two dimen-
sions. The proof is in Section 5.

Theorem 3.3. Suppose S is finite or countably infinite and P is a measure
on SZ' or {0, 1}5 @ \ohich has the weak mixing property and expo-
nentially bounded controlling regions. Then P has the ratio weak mixing
property.

The remaining results in this section are for specific models. The
proofs are in Section 6. We begin with the FK model. For the Potts
model we assume the external field, if any, is nonnegative and is ap-
plied to spin to 1 only. Being finite-range spin systems, Potts and Ising
models (i) have exponentially bounded controlling regions, (ii) are
quasilocal so that uniqueness of Gibbs distributions implies boundary
negligibility, and (iii) have bounded influence per site.

Theorem 3.4. If the FK model on #(Z*) with parameters (q,p,h) and
wired boundary condition has exponential decay of connectivity, then it
has the ratio weak mixing property.

Remark 3.5. It follows from the definitions that in two dimensions,
weak mixing for the FK model with parameters (g, p) is equivalent to
weak mixing for the corresponding measure on dual bonds, which is
just the FK model with parameters (g,p*), where p* is dual to p.
Therefore for # = 0, exponential decay of dual connectivity under free
boundary conditions is also sufficient to yield ratio weak mixing.

Our next result, for the Potts model without external field, will be
proved using Theorem 3.4 and the fact that exponential decay of
correlations in the Potts model corresponds to exponential decay of
connectivity in the FK model.

Theorem 3.6. For the g-state Potts model on Z* without external field at
inverse temperature < Bo, weak mixing holds if and only if correla-
tions decay exponentially.

When a positive external field is applied to one of the spins of the
Potts model, exponential decay of correlations for the Potts model no
longer corresponds to exponential decay of connectivity for the FK
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model, so Theorem 3.4 cannot be used. However, we can substitute
the hypothesis of exponential decay of I-connectivity, as follows.

Theorem 3.7. Suppose that for some g > 1,5 >0 and h > 0, the g-state
Potts model on Z? at inverse temperature 3, with external field h applied
to spin 1, has either exponential decay of 1-connectivity or exponential
decay of {2,...,q}-connectivity, and uniqueness holds at (f,h). Then
ratio weak mixing holds at (f,h).

For fixed f5, as & varies one expects a sharp transition at some
critical point A¢(f5,q) > 0 from exponential decay of 1-connectivity to
exponential decay of {2,...,g}-connectivity, with Ac(f,q) =0 for
B > Bc(gq), where f-(g) denotes the critical point above which there is
phase coexistence when 4 = 0. This has not yet been proven except for
g =2 ([9], [19]), but if it is true then Theorem 3.7 gives ratio weak
mixing for all (f,4) with & > 0, except where & = hc(f,q).

For the Ising model on Z2, Chayes, Chayes and Schonmann [9]
established exponential decay of (—1)-connectivity in the plus phase,
and of I-connectivity in the minus phase, for # = 0 and > f. Since
the model with 2 = 0 dominates the model for fixed # < 0 in the FKG
sense, the 1-connectivity also decays exponentially when 2 < 0 and
p > Bc. If follows from Lemma 1 of [26] that for 2 < 0 the model at
(B, h) is FKG-dominated by the model at (f3, #’) for some 4’ < 0 and
B > B¢, so exponential decay of the 1-connectivity also holds when
h <0 and f = f. The results for # > 0 are symmetric. For the Ising
model on Z“, weak mixing when f§ < 8, with & arbitrary, was proved by
Higuchi [21]. Thus we obtain the following from Theorems 3.7 and 3.3.

Corollary 3.8. For the Ising model at (B,h) on Z¢, ratio weak mixing
holds provided p < . For d = 2, ratio weak mixing also holds when-
ever h # 0.

For d =2, > ., and h # 0, this provides an alternative to the
proof of weak mixing given by Schonmann and Shlosman in [26].

Finally, using Theorems 3.3 and 3.6 we will give an alternate proof, and
an improvement, of the weak-mixing result of [28], as follows.

Corollary 3.9. Suppose q > 26. For the g-state Potts model on Z* without
external field, ratio weak mixing holds at all inverse temperatures

B < Bec.

4. Proof of Theorem 3.1

For simplicity of exposition we will consider only translation-invariant
P, but the proof works with no significant changes for general P.
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Further, we will only prove (ii), as the proof of (i) is similar but simpler.
For bond models, let us write Py for P(-|wzzc = pz(p)c)- (This no-
tatlon makes sense even if p 1s a conﬁguratlon on a set larger than
Z(AN)C.) Givend C S, ¢ € ST and x € Z¢ define 7,0 by (1,0 )y = 0yx
and let 7,4 := {0 : 1_,0 € A}. Let

AlLx):={yeZ’:|y—x| <L}, A(L):=A(L,0) .

We begin with a sketch of the proof. Consider a bond model P, and
A=A(L) for some L>0. For M <L the configuration in
BNL)\BAL - M )), together with the boundary condition on
@(A(L)) , acts as an “‘inner boundary condition” for events occurring
in B(A(L — )) We will show that, in the coupling of p!' and arbi-
trary p € {0, 1} ) promised by the boundary coupling property,
the inner boundary conditions seen by Z(A(L — M)) in the two cou-
pled configurations differ in a sense at only a small fraction of the sites
in 0, A(L — M), except with exponentially small (in L, the size of the
boundary) probability. This small probability is the first term on the
right side of (4.10)—(4.12). For any event 4 € FA(L—M))* condition-
ally on this similarity of inner boundary conditions, the probabilities
of 4 under P,(;) , and under P, ;) , (or under P) differ by a factor of at
most exp(lOScsL) for some constant ¢, by bounded influence per
bond. This yields (4.10)~(4.12). In particular, since P[0 < 0in(A(L/2))]
decays exponentially, by choosing ¢ small enough we can ensure that
the factor of exp(108ceL) does not destroy this exponential decay, so it
holds uniformly over all p — see (4.13). Form this and the boundary
coupling property one easily obtains weak mixing. Note it is essential
for this argument that the size of the boundary be of order no more
than L, which is what restricts us to two dimensions.

Thus suppose A = A(L) for some L > 0. Fix ¢ > 0; from expo-
nential decay of connectivity, there exists m >1 such that
P[0 < Oin(A(m))] < ¢/m. By boundary negligibility there exists M > m
such that

vy (0 = Bn(A(m))) < 2&/m for all p € {o 1}”<A<M)C> L)

We need consider only L > 4M. Fix p € {0, 1} ) By the boun-
dary coupling property there exists a coupling P € Kp(p p') such that
(2.7) holds. Then for 4 € 7 FAL-M))*

PA(L)»p( ) = /{O,I}EWL)) PA(L—M)y(poc) (A) PA(L)»/)(d“)

= Prirn (o) (4) Pdo X d 4.2
/{OJ}MW{OW)) sty o (A) Pldax dy)  (42)
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and similarly

Pay o1 (4) = /

P - 0y A Pd d . 43
{0,117A0) 5 £0,137A®) AL—M), (o) (A) P(do x dy) . (4.3)

Essentially (4.2) says that one can compute the probability of 4 under
Pa1),p by first choosing a realization (,7) on Z(A(L)) x Z(A(L)) of
the coupling of p and p', then throwing away both y and o)
then using the remaining portion of o« on #A(A(L))\B(A(L —M)),
together with p on B(A(L)%), as a boundary condition to calculate the
probability of 4; this procedure is averaged over the choice of («,y). If
we instead throw away both « and VBAL-M)> and use p! instead of p,
the resulting probability is under Py 15 this is (4.3). Let

Ta—mym() = {x € AL =M +m)\A(L — M) :
X On(x+A(m)) ina}| , oe{0,1}7AO)

Then from (2.7), with probability 1,
DALy m(%:7)
< |[C(OuA (L), ) U C(8exA(L), 7)) N B(A(L — M + m))\B(AL — M))|
< 2Ta@ -y m (%) + 2TA -2y m () (4.4)
and
RA@-sym(%) < Ta@—srym(®) (4.5)

and similarly for y. From (4.4), (4.5) and bounded influence per site,
for ¢ as in (2.12),

PA(L—b),(p2)(4)
< exp(c[Dag—sn)m(%,7) + Rag-srym(@) + Rag-snym(7)])
X Paz-m), () (4)
< exp (3¢ [Ta@—n)m(%) + Tag-rym(?)]) Pa—nr o (d) . (4.6)
With (4.2) and (4.3) this yields
Prpy p(A) < P(Ta-snym(®) + Taz—srym(y) > 36¢L)
+ exp(108ceL)Py(r) »1 (A)
< Paw),p (Taw—sym = 186L) + Pagr) pr (Ta—sym = 18¢L)
+ exp(108ceL)Py(ry ,1 (4) - (4.7)
Note that (4.6), and thus also (4.7), remains true if p and

p' are interchanged. Let us show that the first two terms on
the right side of (4.7) each decay exponentially in L. The set



460 K. S. Alexander
Q:=A (L—-M+m)\A(L— M) can be partitioned into 3Mm subsets
I'1,..., T3y, in such a way that |[I;| — |I';|| < 2foralli,j,|I';| > L/M
(since L > 4M gives |Q| > 4m(L — M)), and

x,y € I';,x # y implies |y — x| > 2M and hence d(A(m,y),x) > M .

(4.8)
Define the event
= [0 = O (A(m))]
and let
= ‘ri‘il Zéer
xel;
Since |Q| < 6m(L — M) we have
PA(L)7 (TA(L Mym = 188L)
< Papyp |19 ep > 3F/m]
xXeQ
< Z PawyplYi > 3e/m] . (4.9)
i<3Mm

By (4.8) and (4.1) we have
PA(L (TxElér)Evy € rz,y 75)(7) < 28/’" a.s.

Therefore |I';|Y; under Py(z) , is stochastically smaller than a Binomial
(|Ty],2¢/m) random variable, which we denote X;. Therefore by
Bernstein’s inequality (see [23]),

Pry plYs > 3e/m] < P|T:| ' X; > 3¢/m] < exp(—e|T1|/3m)
< exp(—¢L/3Mm) ,
which with (4.9) shows
Pr) p[Taz—ptym > 18¢L] < 3Mmexp(—eL/3Mm)

and similarity for p'. This and (4.7) show that for each ¢ > 0 there is
an M such that

Pa1),p(A) < 6Mmexp(—eL/3Mm) + exp(108ceL)Pp(z) 1 (4)

for all L > 4M, p € {0,1}”*") and 4 € 7 (4.10)

BA(L-M))
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As noted above, we can interchange p and p! in this argument; we
obtain that for each 6 > 0 there is an M such that for all L > 4M, and
all p and 4,

Py pr (A) < 6Mrexp(—0L/3Mm) + exp(108cOL)Pp 1) ,(4) . (4.11)
Averaging (4.11) over p under P we get
Py pr (A) < 6Mrexp(—0L/3Mm) + exp(108cOL)P(A) . (4.12)

Now we focus on the particular event 4 = A, := [0 < Jin(A(L/2))].
From exponential decay of connectivity we have for some C, A that
P(A4) < CLexp(—AL) for all L. Choosing 0 < 4/108¢ in (4.12) yields
that for some C; and /4,

Pryp(Az) < Crexp(—=41L) forall L .

We can now apply (4.10) with ¢ < 4;/108¢ to obtain that for some C,
and A,

Pr),p(0 <= Ocx(A(L))) < Paqryp(Ar) < Carexp(—42L) for all y and L .
(4.13)

Next let us consider arbitrary finite sets ACA, and
p € {0, 1}%(A R= T ) Let P € xp(p, p') be such that (2.6) holds.
We have using (4.4), for some C;

|PA(z).p(A) = Pagry p (A)]
< P[{(w, o) €{0, 1}5(/\) x {0, l}g(A) : w, # o), for some e € #(A)]
< Pl{(,0)€{0,117™ x {0,117V x = 0 A in o
or in o’ for some x € A|
< Pa@) plx < Oex(A(d(x, AS) — 1,x)) for some x € A]
+ Prpy pr [ > Oex(A(d(x, AS) — 1,x)) for some x € A]
<23 G exp(—/a(d(x, A€) — 1))

<G X exp(—hlx—y]),
xeA,yEAC

which proves weak mixing.

5. Proof of Theorem 3.3.

Define
AT, CA):=C X exp(—Ax—y|) .

xeA,yel’
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To prove Theorem 3.3, it is sufficient to establish (1.2) for A finite and
A consisting of a single configuration o, satisfying P(ga = aa) > 0. In
that case, if T'C is infinite we can apply the result for T' U A(L)€
place of I and let L — oo to see that it is sufficient to prove (1.2) when
"¢ (which we call A) is also finite. The problem is reduced to showing
that for some positive C and A, for all finite sets A C A, all ay € S
satisfying P(op = oa) > 0 and all , ' € SA

|PA7,7(O'A = OCA)/PAM/(O'A = OCA) — 1| S t(A,Ac, C, )u) s (51)

whenever #(A,A°,C,2) < 1 and at least one of the probabilities in
(5.1)1s posmve

Fix n,n € SA° such that at least one of the probabilities in (5.1) is
positive. Let P € x,(n, 1) and let (¢, ¢’) denote a generic configuration
in SA x SA. Suppose C, A, P and an event H C S* x S” can be chosen
so that C, A do not depend on 5,7 and so that, for r = t(A, A“, C, 1),
provided ¢ < 1 we have

P(or = op) > 0 and P(d)y = ap) >0 , (5.2)
P(HC|oa = ap) < 1/2 and P(HC|0 = o) < /2, (5.3)

and
H Cloa =0} . (5.4)

Then since (1 —#/2)"' < 1+1 for ¢ < 1, the quantity
Pry(oa = 0a)/Pay(oa = 0a)

= P(oa = aa)/P(d) = oa)

= P(Hﬂ [GA = OCAD (H|6A = OCA)/IS(Hﬂ [O'/A = aA])ﬁ(H|0A = OCA)

= P(H|ay = as)/P(H|oa = 2a)

18 betyveen 1 —¢/2and 1 + ¢, and (5.1) follows. Thus it remains to find
C, A, P and H such that (5.2), (5.3) and (5.4) hold.

Since we do not a priori assume (5.2) we cannot assume that
conditioning on the events in (5.2) is necessarily well-defined. Hence
for this proof we make the following conditioning convention: if u is a
measure on configurations and 4 is a local event with u(4) = 0, then
u(. |A) means p.

We divide the region between A and A€ into 3 “strips,” as follows.
Let

Q= {y € A\A:d(y,A)/d(y,A°) < 1/2},
Q:={yeA\A:1/2 <d(y,A)/d(y, A°) <2},
Q;:={y e A\A:d(y,A)/d(y, A°) > 2} . (5.5)
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Loosely, Q, contains those points which are between 1/3 and 2/3 of
the way from A to A®. By weak mixing there exist constants C; > |
and /; as in (1.1); in particular,

Var(PAw(agz (S )7PA-,71/(692 € )) <t := I(Qz,/\c, C],)q) . (56)
Therefore there exists a coupling O € k(Pa ,(0q, € -),Pry(0q, € -)) on
S x S such that

Olog, # 0o, <11 .

Note that the event R := [Q, is a controlling region for AU Q] C SA
is in #,. We now construct (g,a’) as follows:

(i) choose (dq,, dq,) under the distribution Q;

(i) choose o, under Py ,(-|0q,) and oq, under Pp,(-|og,) indepen-
dently;

(iii) choose gaug, under Pa,(-|oa,u0;,);

(iv) if 6q, = gq, and gq, € R then let 6 o = oaug,; otherwise choose
Oauq, under Py (. |og, ,), independent of cayg, -

Let P denote the resulting distribution of (4, ¢’) on S* x S, The fact
that P € kp(n7,n') follows from the fact that when gq, = oo, and
0q, € R, the conditional distributions Py (- |6q,uq,) and Pa (- |O-222UQ3)
are the same. Note that despite the seeming asymmetry in (iii) and (iv),
the construction is actually symmetric in the sense that the same P
would result if we interchanged the roles of # and . For every
A € Fq,, by weak mixing,

P(UQZ € A’O’A = OCA) = PA,n(O'Qz € A|O’A = O(A) < PAJ’](GQQ € A) + 10,
(5.7)
where 1, := t(AC UA, D, Cy, 1), and similarly
}5(052 € Aoy = an) < Pry(og, €4) + 12 .

Next for vg, € S let

9(va,) := P(oq, # 0|00, = va,)
and

h(vﬂz) = ﬁ(GQz 7& O-/QZ|O-£)2 - VQZ) .

Let m be the largest integer such that 3m < d(Q,, AC). Define
H e %szgz by
H : = [oa, = 0] N [g(00,) < exp(—im)] 1 [h(ch,)
<exp(—4im)]N[oq, € RN [og €R] .
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Then (5.4) holds, so we must verify (5.2) and (5.3). Note that the last
event in the definition of H is actually redundant; it is written only to
emphasize the symmetry. We have

Prylg(oq,) > exp(—Aim)] = Plg(oq,) > exp(—dim)]
< exp(lim)Eg(aq,) = exp(tim)Ploq, # ag,] < exp(im)n <13
(5.8)

where #; 1= t(Qz,AC,Cl,Ml /3) and E denotes expectation with re-
spect to P. Symmetrically,

Prylh(ca,) > exp(—iim)] = Plh(cg,) > exp(—im)] < 13 .
From (5.7) and (5.8),

Plg(aq,) > exp(—Aim)|oa = aa] < t3+ 1 (5.9)
and symmetrically,
f’[h(agzz) > exp(—Aim)|oy = ol < t5+1 . (5.10)

Since the controlling region is exponentially bounded, for some C,
and A, we have

PAJ][GQz gR] SP[GQZ gR]—i—tl <+t , (511)
where 14 := t(AUQ;, Q3 UAS, Cy, 4,). From (5.7) and (5.11),
15[0'92 €R|0A:OCA] <ta+t+1t . (512)

By assumption one of the probabilities in (5.2) is positive; we may
assume it is the first one. Note that by (iii) in the construction
of (0,0"),0po and oy are conditionally independent given og,.
Therefore )

ﬁ[O-Qz 7& 62227g(0-92) < exp(_)”lm)’O-A = O(A]

< Plog, # 0g,l9(00,) < exp(—iim),oa = ]

< max{Plog, # 0g,|00, = va,] : g(va,) < exp(—Lim)}

< exp(—/im)

<t , (513)
where f5 := t(Qz,AC, Cy4,21/3) with C4 := exp(4), provided the LHS
of (5.13) is positive so that our conditioning convention need not be
used. If the LHS of (5.13) is 0, then of course the bound of ¢s is valid
anyway.

Suppose now that we can show that C and /4 can be chosen so that
for t = t(A, A€, C, )), we have
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t; <t/20 fori=1,..,5. (5.14)
Observe that
[oa = aal N [oq, = 0"92] = oy = aa] N[og, = O'IQZ] . (5.15)
From (5.9), (5.13), (5.14) and (5.15), assuming ¢ < 1,
Ploly = oaloa = aa] > Plog, = o |oa = aa] >0 ,

so that the second probability in (5.2) in positive. Therefore sym-
metrically to (5.13) we obtain

Ploq, # ag,. h(og,) < exp(—iim)|dy = aa] <15 . (5.16)
We have from (5.10) and (5.16),
ﬁ[h(abz) > exp(—Aim), 0q, = 6222’0A = o)
< P[h(a’Qz) > exp(—Aim)|oq, = 0'222, ol = o]
Is[h(abz) > exp(—Aim)|ay = aal/Plog, = 0|0y, = o]

(L+o)/(1-t6—t—ts) , (5.17)

provided the LHS of (5.17) is positive so that our conditioning con-
vention need not be used. But again if the LHS of (5.17) is 0, then the
bound on the RHS is valid anyway. Combining (5.9), (5.12), (5.13)
and (5.17) we obtain

<
<

IB(HC|O'A =ap) <2442+ 1+t (+0)/(1 -t -t —1ts)
(5.18)

and the first half of (5.3) follows; the second half is symmetric.

It therefore remains to establish (5.14). Let 4 < min(4,/9, 4,/6). If
y€Q and x € A then |y — x| > d(x,A%)/3. Similarly if y € Q, and
x € A€ then |y — x| > d(x, A)/3. Therefore we have for some constants
Cs and Cg

Hh=t(A“UAQy,Cy, 1)

o> ) exp(—4ix —y|)
xEAy:|y—x‘Zd(x7AC)/3
+C X 2 Py =
l xeAC yily—x|>d(x,A)/3 P
<G X T kT lexp(—Ak)
x€A k>d(x,AC)/3

Cs X DI St — ik
T Scksatnys exXp(—A1k)

< G X, exp(—37d(x, A9))+Cs = _exp(—3d(x, A))
xXe

x€A



466 K. S. Alexander

< 2t(A, A€, Cs,32)
< t(A, A€, 40Cs, 2)/20 .
By essentially the same argument we get
13 < t(A, A€, 20C¢,27)/20 and 15 < (A, A€, 20Cs, 2)/20 .

Note also that #; < #,. Next suppose thatx e AUQ; and y € Q3 U AC.
We claim that

ly —x| >d(x,A%)/2 . (5.19)
To see this, observe that d(x, AS) < |y — x| + d(y, A©), so either (5.19)
holds or d(y, A€) > d(x, A®)/2. But in the latter case we have

d(x,A%)/2 < d(y, A) < d(v,A)/2 < |y —x|/2 + d(x, A) /2
< |y —xl/2+d(xA%)/4

so (5.19) holds anyway. Similarly, we have also

ly —x| >d(x,A)/2 . (5.20)
Using (5.19) and (5.20) we obtain that for some constants
Cy,.., Co,

t4 = I(A uQ,Q3 U AC, G, /12)

<G ¥ S exn(—iolv—x
=2 XEAUQ, y:|y7x|2d(x,AC)/2 p( 2|y |)

<C; X T k7 lexp(—iak)
x€AUQy f>d(x,A€) /2

<Cg X exp(—3id(x,A%))

xEAUQ,
<Cg X X =3y —
<G B, E o3y )
<Cs X > exp(—34|y — x|)

yeAC x:ly—x|=d(y,A)/2

<Cy X > k! —3)k
= A kzd(r) 2 exp(—32k)

< Cip X exp(—4d(y,A))
yeA©

< t(A,A€,20Cy9, 2)/20 .

The proof of (5.14), and thus of the theorem, is complete.
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6. Proofs for specific models

Proof of Theorem 3.4. 1t follows easily from the fact that probabilities
in the model are defined in terms of a product over clusters that (ii) of
Lemma 2.4 is satisfied. Since by Lemma 2.1 the FK model satisfies the
FKG lattice condition, (i) also holds. Therefore by that lemma, the
model has the boundary coupling property with respect to {1}.

Since there is no percolation under the wired boundary condition,
there is an asymptotically negligible probability that the boundary
cluster meets a fixed box, that is,

1My co Pl o1 g i (Ci1y (OexA(n), - ) NV A(m) # ) =0 for all m .
(6.1)

The FKG property (Lemma 2.1) ensures that the probability in (6.1) is
not increased if p' is replaced with another boundary condition. To-
gether with the boundary coupling property, this establishes boundary
negligibility and hence uniqueness.

From (2.13) the model has bounded influence per site. Therefore
weak mixing follows from Theorem 3.1 (ii).

For p € {0, 1} (A% , it is easy to see that the closure of the cluster
of OxA in p is a controlhng region for Z(A) and p. Therefore for
some C and /, for Q C 2(A°), and T the set of endpoints of bonds in
Q,

({w € {0, 1}'%'(’\() : Q is not a controlling region for
A(A) and p})
< OretuAyeon AUr)Pqu_}J,l (x <> z for some z adjacent to y)

< )y Cexp(—Aly —x|)
x€AYETC\A

m
Pqph

from which it follows that P, has exponentially bounded controlling
regions. Ratio weak mixing then follows from Theorem 3.3. ]

Does weak mixing in the g-state Potts model at (f5, ) ensure weak
mixing in the corresponding FK model with parameters (g, p, ), with
p=1—eP and vice-versa? The general answer is no, because by
Remark 3.5, we can have weak mixing in the FK model when there is
not even uniqueness in the Potts model. However, we do have the
following.

Theorem 6.1. Consider the g-state Potts model at (B, h) on Z(h > 0) and
the FK model with parameters (q,p, h), with p =1 —e~ P,
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(i) If the Potts model is weak mixing, then the FK model is weak
mixing.

(ii) If the FK model is weak mixing and has exponential decay of
connectivity, then the Potts model is weak mixing.

Proof. Fix finite sets AC A C A C I. Suppose first that the Potts

model is weak mixing. The main point is that under the joint site-bond

measure, given the site configuration on A, the bonds there are in-

dependent of the site configuration on A, by the construction C2;

similarly given the site configuration on A, the bond configuration

there is 1ndependent of the site and bond conﬁguratlons on I'“. For

the details, fix p, p’ € {0, 1}”A n €SN and 4 c {0,1}”™. Then

P/l\np 4.0, h( #(A) € A)
= lmp 70 Py g pi (W(A) € dlogrnza) = %(r)\@m))
= limr/zd Pr,,707q7p’h (w%w € A|O)§(F)\§(A) = p@(r)\@(A)) . (62)
Now by the above-mentioned conditional independence,
Propgpn(@an) € A‘a@(r)@(/\) = PBI)\BA) OT\A = nra)
- E/\,n,q,[ﬁ’,h (PA,nO,p,q,h (w%(A) € A|O-A)) .
We denote the last quantity by ¢(n). Then
f (P@(r)\gm)) 2= Propgp (w%(M € A’a@(r)\@m) = PQ(F)\@(A))
= Er0.gph <@(‘7F\A)|w§(r)\§m) = p@(r)\@(/\)) ~
Therefore since the Potts model is weak mixing, for some C and 4,
_ _ L i ¢
‘f(p%(r)\%(/\)) f(p%(r)\%(/\)>‘ S sup ¢ ll’lf(/) S t(A7A 7C7 /1) )

which with (6.2) establishes weak mixing for the FK model (cf. (2.4).)
Next suppose the FK model is weak m1x1ng and has exponential
decay of connectivity. Fix U C S2 and 5,5’ € SA°. Then

Prngpn(oa € U) = Exngpn <15/\J1,q7p,h (UA € U\a@(/\)» : (6.3)

Let
Fi={ o5 C0uh o5, ) A=} .

For W n) € F, the conditional probability on the right side of (6.3) is
not affected by the boundary condition 7, so that

Prygpi (aA € U|w@(A)> = Pryy.gph (aA € U|w§(/\)> for all w7, € F .
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Therefore by (6.3) and Remark 2.2, since FC is an increasing event,
|Prngpn(0a € U) = Paygpn(oa € U)|
< Phngph (F C) + Partgph (F C)

<2PY 1 n(FC) (6.4)
Let Q;, i=1,2,3, be as in (5.5). Then for some C; and 4;,i = 1,2,

P (F) <Py (A« O (AUQ)))

Pl q.psh PLg.psh
<P oa(A = 0x(AUQ))) +1(AUQ,AS,C1, 1)
Sl(A,Qz,Cz,/lz)—i—l(AUQ],AC,C],l]) . (65)

As in the proof of Theorem 3.3 (cf. the bounds on #, and #), there exist
C and / such that the right side of (6.5) is bounded by #(A, A€, C, 2).
With (6.4) this completes the proof. O

Lemma 6.2. A Potts model on Z% with external field h > 0 applied to spin
1 has the boundary coupling property, both with respect to {1} and with
respect to {2,...,q}.

Proof. Fix A finite and 5 € SA°, where § = {1,...,q}. Let p > 0 be the
inverse temperature, and p = 1 — e #. By Remark 2.2, the conditioned
FK  measure P[i{fm gpn 18 FKG-dominated by the wired-boundary
measure Pir-,ln‘-,q,p,h‘ This remains true if we cogdition both measures on
a fixed configurations on a subset of #(A); more precisely if
2 C B(A) and p, € {0,1}7, then P i@ € g = pg) dom-
inates Pj\rfn7q7p7h(w € .|wy = py). Further, 7sfn'c§ Pj{fﬂl’q’p,h satisfies the
FKG lattice condition, if 5 > py then P\, (o€ |og=r15)
dpminates P[i\“,”l’q’p’h(w € .|wg =py) and hence also dominates
PRy gpn(® € Jog = pg). Finally, conditionally on either A or B,
condition (i1) of Lemma 2.4 is satisfied. With these observations it is
easy to see that the sequential construction used in the proof of
Lemma 2.3 yields a coupling in K(P/i{l,m%p’h,P/i\‘fnl’q’p_’h) such that the two
configurations (w, ') agree outside the cluster C of O A existing in
the (larger) configuration . In particular there are no bonds in either
configuration connecting sites in C to sites outside C, and every cluster
in w is either contained in C or disjoint from C. When states are
assigned to clusters as in construction C1, each cluster disjoint from C
is assigned a state with probability proportional to 1 for state 1 and to
e P for each of states 2,...,q, where n is the number of sites in the
cluster; conditionally on the bond configuration, the assignments are
independent for distinct clusters. Therefore the assignment can be
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done identically for those clusters of @w and ' disjoint from C,
yielding a coupling of the boundary conditions 5 and #' such that the
two site configurations (o, ¢’) agree outside C, hence also outside the
1-cluster of OxA in ¢’. This establishes the boundary coupling prop-
erty with respect to {1}.

The boundary coupling property with respect to {2,..,q} is es-
tablished in [4]. O

Theorem 3.7 follows directly from Lemma 6.2 and Theorems 3.1
and 3.3.

Proof of Theorem 3.6. That weak mixing implies exponential decay of
correlations follows immediately from the definitions. So suppose
correlations decay exponentially. From (2.5) and uniqueness, for
p=1—eF the FK model with parameters (q,p) has exponential
decay of connectivity. From Theorem 3.4 this FK model is weak
mixing, and it follows from Theorem 6.1 that the Potts model is weak
mixing. O]

Grimmett [20] proved that for ¢ > 25.72 and p < pc(q,2), the FK
model on %(Z*) with parameters (g, p) and free boundary condition
has exponential decay of connectivity. With (2.5) and Theorems 3.3
and 3.6, this proves Corollary 3.9.
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