Probab. Theory Relat. Fields 109, 183-215 (1997) P
Probability
Theory s

© Springer-Verlag 1997

Averaged and quenched propagation of chaos
for spin glass dynamics

A. Guionnet

Mathematiques, URA 743, CNRS, Université de Paris Sud, Batiment 425, F-91405 Orsay,
France

Received: 3 April 1995/In revised form: 2 April 1996

Summary. We study the asymptotic behaviour for both asymmetric and
symmetric spin glass dynamics in a Sherrington-Kirkpatrick model as pro-
posed by Sompolinsky-Zippelius. We prove, without any condition on time
and temperature, averaged propagation of chaos results. Extending this re-
sult to replicated systems, we conclude that the law of a single spin converges
to a non Markovian probability measure, in law with respect to the random
interaction.
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1 Introduction

The goal of this paper is to study the asymptotic law of a particle for Lan-
gevin spin glass dynamics with no restriction on time or temperature. These
dynamics, first introduced by Sompolinski and Zippelius [10], have been
studied in [2] and [3] in a short time or high temperature regime. Since we
consider particles in random interaction, this problem can be addressed in
different terms. First, one could be willing to study the mean behaviour of the
system, i.e the law of the system averaged on the interaction. As in [2], we will
call this averaged law the annealed law of the system'. We will prove here

Key words: Large deviations — Interacting random processes — Statistical mechanics — Langevin
dynamics

IAs stressed by a referee, we would like to point out that we may be using the term annealed
(originally borrowed to the physics literature) in an improper manner. Nevertheless, we prefer to
stick to this terminology to agree with [2].
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that the annealed law of Langevin spin glass dynamics is chaotic in the sense
that the averaged law of a finite number of spins converges to a product
measure.

Furthermore, one could wonder if the same kind of results holds for
almost all interaction (i.e if a quenched propagation of chaos occurs). We can
only prove a weak version of this result by showing that the quenched law of
the system is chaotic, in law with respect to the interaction. We have actually
no idea weather this weak convergence can be improved in an almost sure
convergence. Nevertheless, if an almost sure convergence holds, our result
identifies the quenched limit behaviour. At this point, we would like to
emphasize that, in the case where the system is not submitted to an external
magnetic field, the quenched limit behaviour is identical to the annealed limit
behaviour. In this setting, a true almost sure convergence might be easier to
get. In general, it turns out that the quenched asymptotic law of a spin
depends on a random magnetic field, and, as a consequence, that the random
interaction is not completely averaged at the limit.

Let us now be more precise. We study the weak solution P}’ (J) on a finite
time interval [0, 7] (which will be fixed throughout this paper) of the fol-
lowing system 5”2’ (J) of randomly interacting diffusions:

i : . N ) .
INJ) = d)‘Jt:—VU(XJt)dﬂrdBH%i:ZlJﬁ xXidt VI<i<N

Law of xg = pu5"

where (B/),_;y is a N dimensional Brownian motion.

As in [2] and [3], we will study only bounded spins, i.e we will assume that
Ko 1s a probability measure on a bounded interval [—4, 4] which does not put
mass on the boundary {—A4,+A4} and that U(x) is defined on [—4,A4] and
tends to infinity when |x| — 4 sufficiently fast to insure that the spins x/ stay
in the interval [—4, A].

We will here be interested by the two models of couplings we have been
considering so far in [2] and [3]. First, we will assume that the whole matrix
(Jif)ij is made of i.i.d N(0,1) random variables, i.e we will look at asym-
metric dynamics. As already stressed in [2], these dynamics are not reversible
for the S-K Gibbs measure but have the advantage to be easier to study.
Furthermore, they seem to provide a satisfactory model for neural networks
(see [5] and references therein). In a second time, we will impose the sym-
metry J;; = J;; and therefore consider dynamics which are reversible for the
Gibbs measure as studied by Sompolinski and Zippelius.

In both settings, we prove that the annealed law of the empirical measure
o= %Zfil 0y converges to g where Q is the non Markovian law described
in [2] (resp. in [3]) for the asymmetric (resp. symmetric) model, with no
restriction on time and temperature (see section 2.1 and section 3.1).

As a consequence, we deduce an annealed propagation of chaos, that is
convergence of the annealed law of (x!,...,x™) to 0®" (see Theorem 2.2 and
Corollary 3.2).
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For the asymmetric model, we have seen in [2], section 6, that Q can be
seen as an average of non Markovian processes, namely that there exists a
centered Gaussian process # and a non Markovian probability measure P,
such that Q = &"[P,], where &" denotes the expectation over /. Thus, if we
denote & the expectation over the random couplings J, we have proved that,
for any bounded continuous function f, for any temperature 1:

]vlgrgoé”[/f'(x')dejv(J)} — deph} ﬁ.

Using replica, we improve this last result and deduce a quenched propaga-
tion of chaos, in the sense that, for any bounded continuous test functions
1y rSm)s [F1(6")fn(¥)dPY (J) converges in law to [7, [ fidP;, where h;
are 1.i.d (see section 2.2). In the case where the system is not submitted to an
external magnetic field (which correspond to the case where U is even), we
also saw in [2] that /4 is almost surely null so that in fact the limit behaviour is
not random.

This simplification as well occurs for the symmetric model (see [4]). In fact,
if U is even and the initial law symmetric, we prove a quenched propagation
of chaos result, i.e the convergence in probability of [ f;(x")..f,s (x’”)dPéV )
towards []", [ fidQ in this setting too (see subsection 3.6).

We would like finally to stress that the two limiting processes for the
averaged law of the asymmetric and symmetric dynamics are different (de-
spite the fact that we use the same notation Q for both of them). Indeed, the
symmetry of the couplings provide an additional drift to the diffusion, called
the response function. This additional drift is a linear function of the whole
past trajectory but depends as well on the whole past law of the process (sece
subsection 3.6).

Acknowledgements. My first thanks go to Gerard Ben Arous who introduced
me to the subject and helped me through this research. I thank as well
Stefano Olla for many stimulating discussions and, in particular, for the
crucial suggestion to prove the tightness result of section 5 by entropy esti-
mates. I am very grateful to the Courant Institute for welcoming me for part
of the research period.

2 Asymmetric dynamics

In this first part, we will assume that the whole matrix (L]ij)l.]. i1s made of 1.i.d
N(0,1) random variables. We will denote & the expectation over the (Jij)ij’s
and, more generally, on every Gaussian process describing an interaction we

will encounter.
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2.1 Annealed propagation of chaos

The aim of this section is to prove:

Theorem 2.1 The law of the empirical measure iV :%Z[Nzl Oy under QZV
=& [P;;V (/)] converges to .

The probability measure Q is described in Theorem 2.5.

According to lemma 3.1 of Sznitman [12], Theorem 2.1 gives the annealed
propagation of chaos result:

Theorem 2.2 O = [Py (J)] is QO-chaotic, i.e for any bounded continuous
Sfunctions (fi,...,fm),

m

oy [[7tagtw =] [ s .

Theorem 2.1 was proved in [2] in the high temperature and small time regime
B>A2T < 1 by use of large deviations. The advantage of this method is that it
implies that the law of the empirical measure of the quenched system con-
verges to a dirac measure at Q for almost all interaction (which of course
does not imply a quenched propagation of chaos since the spins are not
exchangeable for almost all interaction). Nevertheless, we needed in [2] a
high temperature and small time restriction to get an exponential tightness
property which was crucial in our strategy. Here, we deduce Theorem 2.1
from a weak large deviation principle and from a tightness (but not expo-
nential) result. Namely, if W denotes the set of continuous functions from
[0, 7] into [—4, +A4] and .4 (W;!) the set of probability measures on W7, we
prove that:

Theorem 2.3 There exists a good rate function H such that, for any compact
subset K of 4T (W3'):

. 1 N [ ~N .

]\}Erolo ﬁlogQﬁ AV eK) < —12fH .
And:

Theorem 2.4 For any real number € > 0, there exists a compact subset K.
of MT(WH) such that, for any integer number N,

Qg(ﬂNGKS)Se.

Theorem 2.3 is proved in section 2.3 and Theorem 2.4 is proved in section
2.4.

To deduce Theorem 2.1 from Theorems 2.3 and 2.4, we need to recall that
we characterized the minima of H in [2], section 5, and proved that:

Theorem 2.5 1) H achieves its minimal value at the probability measures Q
which satisfy:
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ao ) B [T oo
okP ﬁ—é’[exp{ﬂ/o thB’_E i (GY) dt}] (1)

where & denotes the expectation over a centered Gaussian process G2 with
covariance

é”[G,QGSQ} = / x5x dQ(x) .

2) There exists a unique probability measure Q which satisfies (I).
Let us mention that equation (1) is equivalent to the following non linear
stochastic differential equation:
dx[ = _VU(X[) dt + dB[
exp{-4 [1(G9)du}

s [exp{—@ fi@oy du}}
Law of (x) = Q,Law of (xo) = 1

dB, = dW, + B* |3 dB,& | GOG? d . ()

where W is a Q Brownian motion.

Proof of Theorem 2.1 Let 0 be a strictly positive real number and denote
B(Q,0) the open ball with respect to a metric compatible with the weak
topology on .7 (W), for instance the Wasserstein metric (which definition
is given in (7)). We prove that O} (i € B(Q, 6)“) converges to zero for any
positive real number J. Indeed, if K, are the compact sets defined in Theorem
2.4, we have, for any € > 0:

0y (1" € B(Q,0)°) < 0f (¥ € K¢) + 0f (i" € K. N B(Q,6))
<e+ 0y (i € K.NB(Q,)) (3)

But, since B(Q, ) is closed, K. NB(Q, ) is compact so that we can use
Theorem 2.3:

— 1 ,
lim—logOY (i € K.NB(Q,0)) < — inf H .
im - log Oy (i (0,0)) < conf
But il’(lf : H is strictly positive according to Theorem 2.5. Hence, (3)
K.NB(Q,6)
implies that, for any € > 0,

: ~N c
Jim Oy (" € B(Q,0)°) <,
ie

lim O} (i € B(0,0)°) =0 .
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2.2 Quenched propagation of chaos and replica

Theorem 2.2 can be extended to replicated systems as follows:
Let » be an integer number and denote QZ’N the annealed law of replicated
spin glass dynamics:

0} =[P )]
Let O, be defined by:

o B _ "62.amy - L [ 6o
oK P dpor expq B A (G, Bt>_7 o IG;

2dtH (4)

where G2 is a r-dimensional centered Gaussian process with covariance:
6[607627] = [ aixao,)

and where ( , ) denotes the euclidean scalar product in R”, || ||2 = {(,).
Then Q, exists and is unique (see [2], section 6), and we have:

Theorem 2.6 For any integer number r, the law of the empirical measure
The proof of Theorem 2.6 is very similar to that of Theorem 2.2. We omit
it. |

As a consequence:

Theorem 2.7 Q;;N is Q,-chaotic, i.e for any bounded continuous functions
(Fiy...,Fy) on (WA,

N—oo

- E(x1,...,x,)dO, .
H/ (v1r- - x) dO

lim ﬁ[/Fl (x}, .. ,xl) B N G A dP[];V(J)x\"(xh ... ,x,»)}

In particular, for any bounded continuous functions (f1,...,fm) on Wi,
Jm 6| ([ A6 mart o) | - g/ml)...ﬁ(x,)dg .

To deduce a quenched propagation of chaos from Theorem 2.7, we need to
identify the probability measures O, themselves as replicated laws. This was
done in [2], section 6, where we proved that there exists a couple (%, P,) of a
Gaussian process / and a probability measure P, on W;! (which depends on )
such that:

Theorem 2.8

For any integer r, 0,=¢6"[P] .

Moreover, the couple (4, P,) is defined by the following non linear procedure:
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For f in L*([0,T]), let P(f) be the restriction on [0, T] of the law of the
diffusion

Law of xo =

Let (h,g) be two independent centered Gaussian processes and denote &
(resp. 67) the expectation over 4 (resp. g). We define non linearly the co-
variances of (A, g) by:

&9gig] = &" 69 { / x:x, dP(g + h)} — & {ga [ / x; dP(g + h)}@@g [ / x, dP(g + h)”

&"hh) = &" [59 [ / xy dP(g + h)] &9 [ / x; dP(g + h)”

Finally P, is given by:
P, =¢&P(g+h) . (5)
Theorem 2.7 and Theorem 2.8 give:

Corollary 2.9 For any integer r, for any bounded continuous functions
(fis--esSm) on W,

i e ([ meerariono ) | =L f s an) |

Since the random variables [ fi(x')... fm(x’”)dPl’;V (J)(x) are bounded, cor-
ollary 2.9 is equivalent to the convergence in law of such random variables,
which gives the quenched propagation of chaos result:

Theorem 2. 10 For any bounded continuous functions (fi,...,[n) on W,
JAGY . fulx m)dPN( )(x) converges in law, when N tends to infinity, to
1T 1 f fdeh , where h are independent copies of the centered Gaussian process
h described above.

Moreover, we described in [2], section 6, the case where the limiting law is
deterministic, i.e the case where 4 is null almost surely. Then
P, = &"[P,] = 0. Roughly speaking, it is the case where the potential U is
even and the initial law is symmetric. Then, Theorem 2.10 becomes:

Corollary 2.11 If U is even and g is symmetric, for any bounded continuous
Sunctions (f;,1 < j <m), [fi(x")...fu(x")dP} (J) converges in probability to
[T J 7 d0.

Remark 2.12 1) Theorem 2.10 (and corollary 2.11) can also be stated for
finite vectors ([ f{(x") ... /i, (")PY (J)) <ic,» Where (f1,1<i < n, 1 <j<m)
are bounded contmuous functlons and one finds that ( JAGY (™)
dPy (J))1<i<n converges in law to (I}, [f}dPy,),_,., This is obvrous since
Theorem 2.7 gives the convergence of every moments of these random
variables.
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2) As stressed by a referee, Theorem 2.10 (and corollary 2.11) raises
several questions. Indeed, one would like the convergence to hold for almost
all interaction and simultaneously for all bounded continuous functions.
Despite our dedication to these problems, we have no answers.

3) It is easy to understand why the hypotheses of Corollary 2.11 (i.e U even
and g, symmetric) simplify so much the results. In fact, it is known that the
static Sherrington Kirkpatrick model with an external magnetic field is much
more difficult to study than the model without external magnetic field. Our
dynamic model contains a priori such a magnetic field. Indeed, adding a
magnetic field / to the SK model consists in adding Ax to the potential U(x).
The simple situation where U is even and p, is symmetric corresponds to the
model without magnetic field. Thus, Theorem 2.1 shows that adding an ex-
ternal magnetic field makes the limit law depend on an additional exterior field.

4) Theorem 2.7 gives a complete description of the microscopic behaviour
of asymmetric spin glass dynamics: it shows that the law of a finite number of
spins converges to independent laws submitted to independent identically
distributed Gaussian external fields. Moreover, it is clear that the limiting
law P, is non Markovian since it depends on all the past through the law of
the Gaussian process g (see (5)). Because of this non Markovian property,
the study of the static properties of these systems through dynamics does not
seem to be an easy problem.

2.3 Annealed weak large deviation upper bound

To state precisely the main result of this section, i.e the weak large deviation
upper bound for the annealed law of the empirical measure stated in The-
orem 2.3, we first define the rate function A which governs these deviations.

Definition 2.13 For any u € 4| (W), we define a centered Gaussian process
G* by its covariance:

slGral] = /xsx,d,u(x) (6)

For any probability measure p which is absolutely continuous with respect to P,
we then define T'(u) by:

l"(,u):/log(o@[exp{ﬁ/oTGﬁ‘dBt() B 0 "1y dzH du(x)

where By(x) = x; — xo + fo VU (xy) ds for any x € Wi,
Let then I(p | P) denotes the entropy of p with respect to P, namely:

du i
I(M|P)={/10gdpd“ if p << P

+00 otherwise
Then, we define a function H on 4| (W#) by:
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H() = {I(,u ’ P) —T'(w) if I(,uJ P) < 00
+00 otherwise .
Remark 2.14 1) One can construct the Gaussian processes {G*, u € W'} on
the same probability space. For instance, let (Q,y) be a probability space and
(Ji)ien be iid N(0,1) on Q, then, if (ef),. is an orthonormal basis in

L),
Gt =Y [ elo) dutr)
ieN

is a centered Gaussian process with covariance (6). In the following pages, we
will suppose that we have constructed all the Gaussian processes
{G", ;€ W'} on the same probability space (,7) and denote & the expec-
tation under 7.

2) For any u < P, I'(u) is well defined since B is a semimartingale. As a
consequence, I is well defined on {u € 4§ (W{') / I(u| P) < oo}, so that H
is well defined.

Then:

Theorem 2.15 1) H is a good rate function, i.e H is positive and, for any real
number M, {u € M| (W) /H(u) < M} is compact.

2) For any compact subset K of 4| (W):
- 1 ~N .
]\}Eroloﬁloggff(,u eK)g—lng .

Proof of Theorem 2.15. The first point is proved in [2], section 4.

To prove the second point, we first notice that, according to lemma 3.6 of
[2], we have:

dQy = exp{NT(a")} aP*"
where P®N = Pl is the law of the system without interaction. Thus, if " was
bounded and continuous, Theorem 2.15.2) would be clear. To circumvent the
fact that none of these properties is satisfied, we shall approximate I' by

linear functions. More precisely, for any v € . (W;'), we define a map T,
from /] (W) into R by:

Ty(p) = /1og§[exp{ﬁ/0TG;‘ dB(x) —%2/0T(G;’)2ds}] du(x) .

We denote d; the Wasserstein distance on Wf, 1.e:

) =intf [ sup s, -yl ace) | )



192 A. Guionnet
where the infimum is taken on the probability measure ¢ with marginals u

and v. In short, we will denote d for dr.
The key of our proof is the following technical lemma:

Lemma 2.16 For any real number o, o > 1, there exists a strictly positive real
number 9, such that, for any o < d,, there exists a function C,(.) in R such
that l_iné C,(8) =0 and:

0—

/dm P N (T =T +NT (i)} P < exp GO - (8)

Proof of lemma 2.16. Let

B — / - ~exp{ocN(r —T,)(2") } exp{NT, (i") } aP*"
d(iN,v)<o

Let O, be the probability measure on W;! defined by:
r N
a0, = ¢ exop [ G50 b @ af| a0

d(Q,)" = exp{NT (")} dP*"
Writing down the definitions of I and T',, we find:

Then:

o

. . 2 AN\ 2

y 5[exp{ﬁf0TG¢VdB;—% s (@) dtH

5 :/ T B (T2 d(0)™ .
A )< 11 éﬂ[exp{ﬁ I Gyasi - L 1 Gy dtH

Assume that we have constructed on the same probability space (Q,y) the
Gaussian processes G" and G” and denote:

X, =8 / G apl — K / (Gf‘v)zds
0
XJ=/3/ a dBi—;/T(Gz)st
0 0
N [exp{X}, N
H( exp{Xf}]> “
N o
j @N
H( L‘ exp } p(X] 5)1) .

Since o > 1, we can apply Jensen inequality in the last equality:

Then

v,
L.
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N
BY < / & _expX] X] - x7)|doN
= Jay wy<s jl_[l lé [exp X{] exp )|,

Therefore, if p~! + ¢~ =1,

p <l I g0 )

/:1

N i
X {/ H(é”[expocq(X,{}—X{)]dQ?N} (10)
d(iN v)<d 7

J

We first bound the first term in the right hand side of (10). Gaussian calculus

shows that
T N2
( / G;'dB-;) )}
0

So that, if p is close enough to 1, we can find a finite constant C(p), C(p) \, 0
when p \, 1, such that:

. . N
/ & [exp pX] ]1)7 407 = (/ ((g‘[exprJ}dev> < SOV (11)

(6[expXY]) & expXY])

& lexp{pXl}] _

4C < o0 exp< Cp—1|1+&
% xS p{ v )<+

We now bound the second term in the right hand side of (10) using Hoélder
inequality with conjugate exponents (17,6) (77! + o' = 1):

BY = /d(;« . o(H(@ [exp ag (X7 XJ)O exp NI, (@) dP*" (x)

J=

< { / exp{NUFV(ﬂN)}dPgN}%

x { /d MLl {oma(r —X{)HdP@N} . (12)

J=1

The first term in the right hand side of (12) can be bounded if ¢ — 1 is small
enough:

/ exp{NoT, (i) } dP* (x)

- </(§[exp{b’/0T G)dB,(x) —%Z/OT(G;')deHadP(xON
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< (aU exp{ﬁa/OTG;dB,(x) —ga/OT(G;’)zdt} dp(x)D
_ (5 V exp{ﬂ;(az _ a)/OT(G;)zdt}DN

But Gaussian integrability properties imply, as detailed in appendix A of [2],
that there exists a finite constant C(a), lin} C(o) =0, such that:

o[ p{%< ~a) [ T(G;'fdr}] < exp{C(0)} (13)

So that we have proved that:

/exp{Nal"v (aV)} PN (x) = (/ exp{al,(5,)} dP(x))N< €N (14)

We bound the second term in the right hand side of (12). By Cauchy Schwarz

inequality, if k = angf:
N - .
11 ¢expong(xi, — X)) aP~ <

/d(,[tN.V)<(3j 1
N T Ny ) T . 2
/ H(s[exp{zx / (¢ - Gr)as] - 2 / (¢ -a) ds}]dpw
j=1 0 0
T v 2
X {/ é’[exp{ZKZ/ (Gf\ - G;) ds
(@ v) <o 0

1
2

+ ﬁx/or<(G§N)2(G;j)z)dsHNdPM} (15)

The first term is bounded by one by supermartingale properties. For the
second term, we remark that:

T W\ 2 2 La/l [T/ 2 r, 2
I _ v < _5(= Al i v
/0 ((G )= (@) )ds_zéz((s/o (¢ -a) ds+/0 (¢ +a) ds)
(16)
Hence, we can apply as in (13) lemma A.3.2) of [2] to the right hand side of

(16) so that we find that, for any real number «x, there exists C(J),
girr(l) C«(8) = 0, such that, for any (x'), .. such that d(i",v) < o

orfe [0 wem [ (o) to7)of <.
0 0

Thus

N

1
2
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T
/ g[eXp {ZKZ/ CER
d(pV,v)<é 0
r N2 5 N _
+ ﬁk/ ((Gé“) —-(@Y) )dsH APV < GOV a7
0

Therefore, inequalities (10), (11), (12), (14) and (17) show that, for any real
number o > 1, we can choose p and ¢ close enough to one so that, for § small
enough, we find a finite real number C,(J), })m(l) C,(0) =0, such that:

llog/ exp{aN(I = T,) (@) } exp NT, (") dP*" < exp C,(0)N .
N d(iV ) <5

O

We finally prove the weak large deviation upper bound Theorem 2.15.2):
Let K be a compact set of . (W), K can be covered by a finite union of
open balls for the Wasserstein’s metric:

M
K | JB(v:,9)
Where =

B(vi,0) = {ue A (W) [ d(p,v) <3}

According to (24), we have:

oY (i € K) = / exp{NT ()} dp*
K
M
-y / expN{T (@) — T, () } exp{NT,, (i) } P
i—1 JKNB(v;,9)
With the definition of the probability measures Q, as in (9), we get:
M
0} (" k) => [ expN{r(i¥) T, (")} a7
i=1 JKNB(v;,0)

Holder inequality shows that, for p, g conjugate exponents:

1
M

Qﬁ(ﬂN )= Z</d(m,v><a expgN{T (&) - T, (") } d §N>g

i=1

x 02N (B(vi,0) NK)r

So that proposition 2.16 implies that:

oy (" EK)<6XP1NC() {ZQM( (i, )ﬂK)fl”}

i=1
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Thus Sanov Theorem implies that:

1 1 1
hm —lo cK)< —— inf inf [ , + C,(0 18
g0y (1" € K) poinf nf ([00) +-Cy(0)  (18)

But one can see (as proved in [2], appendix B) that

1(10) = {1 P)=To THI(] ) <ox

400 otherwise.

We could prove (see the proof of lemma 2.16) that there exists a finite
constant C such that

T, (0) = ()] < C(1+1(u[P)) d(vi, ) (19)
So that (18) implies:

11m —logQN(,u €K) < —]—jlnf{ (1-=cs)I(|P)— F}—i—éCq(é)—kCé

Finally, we proved in [2] that there exists o < | and a finite constant C such
that I < af( | P) + C so that:

hmlnf{ (1 =Co)I ( |P) F} = igf{]( | P) - F} = i%fH
So that, letting 6 \, 0, and then p \ 1, we get:

— 1 . .
hmﬁlong’(uN €K)<-— inf A .

2.4 Annealed tightness
In this section, we prove that the law of the empirical measure under Q;}[ is
tight, i.e Theorem 2.4:

Theorem 2.17 For any real number € > 0, there exists a compact subset K.
of MT(WH) such that, for any integer number N,

Qg’(ﬂNEK")ge

Proof. To prove Theorem 2.15, we shall compare the annealed law QN and
the law of the system without interaction P®V. To this end, first recall that,
by definition of the relative entropy, for any integer N, for any bounded
measurable function £ on (WA)",

/f dQy < 1(%\P®N) + log/exp{f} apN

Letting 4 be a measurable subset of (W;)" and taking
f =log (1+P*N(4)™") I, one finds that
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log2 + I(Qg|P®N)
B log(l +P®N(A)7l)

(20)

But the law of the empirical measure under P®V is exponentially tight (see
lemma 3.2.7 of [7]) so that, for any real number € > 0, we can find a compact
subset K, of . (W) such that

N
PNV e KE) < exp{——} (21)
€
(20) and (21) imply that, for any real number € > 0,
log2 + I(Q]l}’\P@N)

log(1 + exp{Y})

Thus, (22) implies Theorem 2.17 as soon as we have proved that there exists a
finite constant C such that, for any integer number N,

I(Q%’ PN ) < CN (23)

To compute /(O [P?"), we recall that we proved in lemma 3.6 of [2] that
Girsanov Theorem implies that Q%’ is absolutely continuous with respect to
PN and that its Radon-Nykodim derivative is given by:

ool o[ Va)] o

o) (¥ € k?) <

(22)

Where G” = (1/V/N) Zl ,Jixi and & denotes the expectation on the i.i.d
N(0, 1) random variables J; (Remark here that G depends on the (x), even
if we do not underline it in the notations).
Thus, by definition of the relative entropy and of Q/[}’ , we have:

oy
— B
I(Q%P@N) _/IOgdP®N doy

N r AN . ﬁz r N 2
:/Zlogg[exp{ﬁ/ G" dB;——/ (G;‘) dzH doy
i—1 0 2 Jo
Since Q’[}’ is exchangeable, we find:

T N ﬁZ T N2
1(Q§\P®N) N/log(o“’[exp{[)’/o G dB! 77/0 (G;‘ ) dtH doy
(25)
We now give another formula for the right hand side of (25). Namely:
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AN\ 2
é’[exp{ﬁ/ G" dB! — ﬁ (Gf“) dtH
0 0
T . to
= exp {/32 /O (g’[Af’Gﬁ‘ X /0 G" ng} dB!
ﬂ4 T v t . 2
——/ (g‘[/\,NGﬁ‘ /Gg dB;} dt}

2 0 0

" exp{ (G") du}

efew]-L(et) a]

The equality (26) is due to standard Gaussian computations and integration
by parts formula (see lemma 5.14 in [2] and the related result (2)).
Thus, (25) and (26) imply that:

T v t N
I(Qfg\pw) :N/{/iz/ 5[A§VG¢‘ / G" dB;}dB}
0 0

ﬁ4 T v t . 2
-5 g[Af’Gﬁ‘ / G" dBSl] dt} doy (27)

where

2

Moreover, Girsanov Theorem implies that, under QN B! is a semimartingale,
more precisely that there exists a Qﬂ Brownian motlon W' such that, for any
time ¢t < T

t N )
B =w! +52/ @@{Afo‘”/ Gﬁ”dB;} ds . (28)
0 0
Thus, (27) becomes:

1 r Y
I(Q’[}’|P®N) :§ﬁ4N// g{/\ﬁvcﬁ”/ G" dB;] dt dQy (29)

We now bound f(¢) = [&|AY " fy G¥ dBl} dQy through a Gronwall
lemma argument. Using (28), one finds that

oN ! AN 2
1) = / @@[Aﬁvcﬁ‘ / G" dB;] doy
0
AN t AN 2
gz/g[wcﬁ‘ /0 G" dWsl} doy

! N N N s aN 2
+2ﬂ4/</0 g[AﬁVGf G* }é@[Avag /0 G" dB;]ds> dgy (30

But Cauchy Schwartz inequality in the first term in the right hand side of (30)
gives:
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N L 2 v\ 2 g 2
/@@ (AﬁVGf‘ /0 G" dWS1> ]dgg’g/g[(/\ﬁvc;‘ ) }5{/@ G dWS‘} do)
(31)

Moreover, classical Gaussian properties imply (see appendix A of [2] for
details), that, for any x € (W)":

N

[wary]sel@)]-mguwrss o

i=1

So that (31) is bounded, for any ¢t < T

T 2 . 2
/ g[Aﬁva‘v / G};‘”dW;] dolf < 4 / [ / Gg“dW;] o
0 0
t o\ 2
:A2/£U (G{;“) ds} oy < 4T (33)
0

Similarly, we can bound the second term in the right hand side of (30) and
finally get:

() <24°T + 2/34A4T/tf(s) ds
0

Since this inequality holds for any ¢+ < T, Gronwall lemma gives:

AN t ALN 2
sup (1) = sup/é"[Af’Gﬁ’ /0 G" dB_l} doy < 24T exp{2p*4*T?}

(<T I<T

Thus, (29) implies that:

1PN < (B*A*T* exp{2p*4*T*})N (34)
which is the bound (23) we needed to get Theorem 2.17. O

3 Symmetric dynamics

Here, we will not assume as in the previous section that the whole matrix
(Jl'f)i,i is made of i.i.d N(0, 1) random variables but rather assume the sym-
metry of the couplings, i.e we will here suppose that the random matrix
(Jij)i.- is symmetric. More precisely, we will suppose that under the diagonal,
the J;;’s are i.i.d N(0, 1), that J;; = J;; and that the J;’s are N(0,2). The fact
that the value of the covariance of the couplings on the diagonal is so specific
is not reflected by the asymptotic behaviour. Nevertheless, it is a nice choice
on the technical point of view since it makes the law of the couplings in-
variant by rotations. We will denote (Q, 4, &) the probability space on which
these random variables live.



200 A. Guionnet

Under this symmetry hypotheses, our dynamics described by 9’% (J) are
reversible with respect to the Gibbs measure 1.

3.1 Annealed propagation of chaos

Our main result in this case is the convergence of the annealed law of the
empirical measure towards solutions of a non linear martingale problem, or,
equivalently, towards the solutions of a non linear stochastic differential
equation. A large deviation upper bound for this averaged law in a large
temperature (or short time) regime, which entails a propagation of chaos
result, has been proved in [3].

The existence and uniqueness problems for this limit law are not obvious
and are the analogue here of the existence and uniqueness problem for
asymmetric spin glass dynamics as in the previous section. We already
proved the uniqueness result for any temperature and time in [3], but on the
set of probability measures with finite entropy with respect to the law
without interaction. Here, we will give another proof which shows the
uniqueness on a bigger subset of .4 (W) (see section 3.5).

As in the previous section, these results can be generalized to replicated
systems. This generalization and its consequences on quenched properties
will be mentioned in the last part of this paper.

Let us now describe more precisely the results and, in particular, the non
linear stochastic differential equation which describes the limit behaviour of
the empirical measure.

The symmetry of the couplings is reflected, in the limiting dynamics,
through “‘covariance operators” (%;),.,. For any probability measure
pe AT (W1, %, is the operator in L3 (W) @ L2 (W;!) such that

G=(1+pB0I+FI0B,) "

if I denotes the identity in Lﬁ(W_{‘), I =7®1I and % is the integral operator
on L (W) with kernel

bs(x,y) :/0 Xy, dt .

Let us notice that %, is a symmetric positive Hilbert-Schmidt in Li(WSA) (for
any pu € (W) ) operator so that %, is always well defined and with
spectral radius bounded by one.

Moreover, let us mention that the asymmetric analogue of € is

G=(I+p%)"

which describes the annealed asymptotic law of the asymmetric dynamics
according to (2). Indeed, the non linear drift depends mainly on:
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Jo L5567
ﬁFq{ (G% &}}

For the symmetric dynamics, the non linear drift is described by a more
complicated function F: R* x .#] (W) x Wi — R defined by:

Ww:/mammwww,

:/M%MM@@~

where:
t t
a,(x,y) = x — X000 +/ xVU(y,) ds +/ YsVU(xg) ds

Iff(fo VU xs)|d52 du(x) is finite, it is quite clear that {F/(x),7 < T} is well
defined for any path x such that fo VU (x;)|ds is finite.

The limiting processes will then be characterized as weak solutions Q to
the non linear stochastic differential equation on W:

Law of x=0

dx, = —VU(x,) dt + dB, + B*F2(x) dt
Fo = Up

such that [ ( fOT VU (xs)|ds) 2a’P(x) is finite. We recall that our dynamical
system is starting from the product measure /,L?N so that the initial law of the
limiting process has to be .

We will denote &, the set of solutions to this non linear stochastic dif-
ferential equation.

Our main theorem states as follows:

Theorem 3.1 Let l'[]/;’ be the annealed law of the empirical measure on Wi, i.e:

wWQ_ﬁw@%Z@EH'

i=1

Then:

1) HN is tight.
2) IfH is a limit of Hﬁ, then:
H((gﬂo) =1.

3) &,, contains a unique probability measure Q.
4) Iy » converges to a dirac measure at Q.

As a consequence, an annealed propagation of chaos phenomenon occurs:

Corollary 3.2 For any continuous bounded functions (f;,1 <i < m),

sim 6| [ A6 ﬁn“ﬂwﬂ=ﬂ/ﬁ@
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Let us now describe the main steps which lead to Theorem 3.1.

The proof of this theorem follows the usual scheme: we first identify
conveniently the annealed law of the empirical measure in section 3.2. We
then check that it is tight by an entropy argument in section 3.3. We finally
turn to the identification of the limit; we first show that the limit probability
measures are solutions of a non linear martingale problem, i.e by weak
solutions of a non linear stochastic differential equation in section 3.4. We
prove that there exists a unique solution to these non linear problems in
section 3.5.

3.2 Study of the law of the empirical measure

We are going to see that the annealed law of the system is in fact the law of a
system of diffusions in mean field interaction. The main peculiarity of this
system, which is due to the randomness of the interaction, is that the drift
coming from the interaction depends on the whole past trajectories of the
diffusions. Indeed, we have:

Theorem 3.3 The annealed law QII}[ of the spin system is described by the fol-
lowing stochastic differential system:

dei = —VU(xi)dt + dBi + FF" () dt + L G (x') e
Law of xo = u()@N

where (B§7t >0,1 <i<N)isaN dimensional Brownian motion and.
-1
Gl(x) = —t(I +28°3,) Xi(x) .
G" depends on y via the operator %, in L;(Wi').

This theorem is proved by computing the Radon Nykodym derivative of
Qﬁ’ with respect to PV, i.e the analogue of lemma 3.6 in [2] for the symmetric
case. A similar computation has been made in [3], Proposition 2.12. Nev-
ertheless, since it is a key step in our approach, we wish to give some details.
We will here state this result under the following form:

Lemma 3.4 P®N almost surely, we have:

dP®N Hexp< /H” ! N)dB;(x /H“ aft>7

where B,(x') =xi —xi+ [VU(x,) ds is a N dimensional Brownian motion
under PN and:

N N | R
H (4 N) = B () + 4 GF ()
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Theorem 3.3 can be deduced from Lemma 3.4 thanks to Girsanov Theorem.

d
Indeed, M;ivt = PQ;’A

1 (since, for almost all J

~ 1s a martingale since it is a supermartingale with mean

o dpy (J)
, a/;?” » Is amartingale). Thus, Girsanov Theorem
T 7t

applies and, together with Lemma 3.4, shows Theorem 3.3.

Proof of Lemma 3.4. Since (M;L)DO is a positive martingale (being the ex-
pectation of exponential martingales), it is enough (by uniqueness of the
semimartingale decomposition) to show that the martingale part of log fo ,1s

Sl T
o i i
ﬁ;A%@MMM~

In the following, we will write that 4, = B, when two semimartingales 4 and
B have the same martingale parts.
Let us first recall that, if

t t
at(xi,xj) :/xidB£+/ xdei, ,
0 0

we have shown in [3] that:
2

B
IOgM/;vt rn?rt ZN(“[, ((gt.at»ﬁ,v@ﬂrv . (35)
thus, if we denote
Y[(_X,y) = ((gt'af)(x7y) )
then we have:
ﬁ2
lOgM/I}\s]’ mfr 4 N<OC[’ Yt>lﬂ®ﬂ
ﬁ N
:—NZ X x Y, x x/)
B[
_ P J
mart NZ]/ dots(x x)
/ (', ) dYy (', x7) (36)

ljl

Moreover, it is not hard to check that, for any functions f,g in
L2 (i) @ L2 ("),

<f7(5tg>,w®m = (/s g>;¢N®,}N - 52/0 <f,ng>,1N®ﬁ’\’ ds (37)

where
Kt = (gt(1®gt+@t®l)(gt
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and D, is the integral operator on L?(i") with kernel d,(x, y) = x,3;. Indeed, if
one would consider a discretized version %} of 4, given by:

B [nd] 3 [nd] -1
( Z IR9 Z 9. ® 1) ,
one would check that:

@ =1 [E: ’(1®9,+@,®1)
"

which is a discretized version of (37). By continuity of the trajectories, it is
then not difficult to deduce (37).

Thus, %; is a differentiable family of operators with respect to the time.
Therefore:

Y, () = (14 @B+ A1) doy(¥,)

As a consequence, we know that:

log M}, = 2N / (', ) dos (x*,x)

/ ¥, 20X, () dB, (') (38)

lj 1

Finally, it is not hard to check by Ito formula that:
o (X, X)) = a,(x', %) — 8t

where 6 denotes the Kronecker symbol. As a consequence, we find that:
N 4 AN . .
(38) = p* Z/ H" (X', N)dBy(x') (39)
—1 J0
which ends the proof of the Lemma. O

3.3 Annealed tightness

In this section, we prove that the law of the empirical measure under Q% is tight.

Theorem 3.5 For any real number € > 0, there exists a compact subset K, of
M (WY such that, for any integer number N,

Q[ﬂv(ﬂNEKf)Se

Proof. As for Theorem 2.17, we only need to bound:

@en =2 [ [] a wowratagy a o
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But, by definition of H*, for any time ¢
[ wnrairwagy = [[ [y dﬂN(y))zdﬂN(x) a0y

< [[[ vt a0y @i do}

<& [[] @ate) e o) aid 0 dgy

where we have used Jensen inequality and bounded y, by its supremum norm
in the last line. Let us recall that %, is a symmetric operator in
L*(V) ® L*(4") with eigenvalues smaller than one. Thus, we deduce that:

J[ vy ait wagy < £ [[] i)y ai o) di gy @)
But o, is defined by:

o) = [mdn o)+ [

if B,=x,—x0+ féVU(xs)ds. And, under Q]/}], there exists a N Brownian
motion W such that, for any i € [, N]:

4 7 .
B= W+ [ W) ds
0

It is then a triviality to bound the left hand side of (41) and find, for any time
t<T:

/ / HI (x,N)? di¥ (x) O} < 24*T(1 + /0 [ / / H (x,N)* dii" (x) dQY ds)

(42)
so that one can conclude that, for any time ¢t < T

/ / H (x,N)? di¥ (x) dQY < 24°T'T
which finishes the proof of Theorem 3.5.

3.4 Identification of the limit probability measures

We are going to characterize any limit points of the law of the empirical
measure as the solutions of a non linear martingale problem. To introduce
this notion, we need to restrict ourselves to probability measures Q so that
the function Fp is well defined, namely to the set:

M= {P € ,/%T(WTA)// </0T|VU(xs)|ds>2dP(x) < oo} .
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For any probability measure Q in .#, let #,(Q) be the generator defined by:

LF,0)() =37 () + (~VU) + FEEW) /()

We will then say that Q is solution of the non linear martingale problem
(&, t > 0) with initial condition p if:

OXo € B) = po(B) VB e A([-4,4]) (43)

and V[ e@([-AA]) f(X) - f(Xo) - /0 2(f,0)(X)ds  (44)

is a O-martingale.
Let us denote &, the set of such solutions. Then, recalling that ,uffN is the
initial law of our dynamical system, we are going to prove that:

Theorem 3.6 If T1 is a limit point of (H%T)Nzo,

n(e,)=1.

Moreover, there exists a finite constant C such that, if Il is a limit point of

(I3 1) >0-
/(/ (/OTVU(xS)|ds>2du(x)>dn(u) <cC.

Since we have proved in Theorem 3.5 that the law of the empirical measure is
tight, Theorem 3.6 shows that the law of the empirical measure concentrates
on &,,. To recover a result of the same flavor that those we got for the
asymmetric dynamics, we translate this theorem in terms of non linear dif-
ferential stochastic equations. Theorem 3.6 then states as follows:

Theorem 3.7 The limit law of the empirical measure is supported by the weak
solutions of the following non linear stochastic differential equation:

dx, = —=VU(x,) dt + dB, + P*F2(x) dt

Law of x=Q Q’ = 1

Fo

/(/OTWU(XSWS)Z‘ZQ(JC) < o0 .

Proof of Theorem 3.6. Let us first notice that, since the spins are initially
independent and with law g, Cramer Theorem implies that any limit point I1
of (T, o, Satisfies:

N>

such that

O({ue.uf(Wy), Xoou=m})=1,
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so that the problem boils down to show that the second point in (44) is
satisfied for IT almost all measures on W;‘. In other words, if we define, for
any function f twice continuously differentiable on [—A4,4+A4] and any
bounded continuous function ¢ o(X,,u <s) measurable, a function
Y M7 (WA) — R by:

v = [ (f(x» -1 - [ 0w du)¢><X> du(x) |

we need to check that y(u) = 0 for IT-almost all probability . Since W is a
metric space, it is not hard to see that this is enough to conclude that, for I1
almost all u, u satisfies the non linear martingale problem (%,,¢ > 0). In-
deed, p satisfies this martingale problem iff = y/(¢,s,1,¢) is null for a
countable number of times, a countable number of test functions ¢ and two
functions f (f(x) =x and x?).

This approach is very similar to that used by A.S. Sznitman in [11] and C.
Leonard in [8] for diffusions in mean field interaction. We nevertheless have
to be slightly more careful here since the non linear part of our generator
depends on the potential U which is not bounded, and is therefore not a
continuous function on .4 (W;').

As in [8], we notice that, under QZI}’ , Ito’s formula shows that, for given
smooth functions f and ¢:

Y (") = /f (d3'+ﬁ G (")d) (45)

where B is a Q’[}’ Brownian motion. But, let us first remark that a consequence
of Lemma 3.22 in [3] is that there exists a finite constant such that:

sup  sup sup|Gj(x)| < CTA .
pe.y (W) xewy! <T

Thus, we find a finite constant C = C(4, §, T) so that:
ANV 2 1
[ @) a0y < 5 ClolirE, (40

where we have assumed in the last line that # and s are smaller than 7. If
were a bounded continuous function, (46) would imply that any limit point
IT of H][}{T would satisfy fgb(,u)zdl'[(u) = 0. To circumvent the fact that y is
nor bounded nor continuous, we follow the usual approximation scheme.
To this end, let us consider, for any integer M, a smooth function p,, on
* such that:

Mol <1, pyx)= 1ifx <M, pp(x)=0if x>2M .

We then let, for ¢ < T, V™ (Xo7) = py ( Jvu) dt)VU(X,). Vi is
bounded and continuous for any finite integer number M. Let us then define:
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T T
a?(x,y) = (xTYT — X0)0 +/ xé ( )ds +/ J’sVSM(x) ds) 7
0 0

and:

FY(0,x) = / W (x,y) dO) .

It is not difficult to check that, since the canonical process is uniformly
bounded, F : ./ (Wj) x Wi — R is a bounded continuous function.

We ﬁnally let #¥(Q) be the operator on smooth bounded functions such
that

L0 1) Xor) =3 " (X0) + (=¥ (Xo.n) + BEY (0. Xio.11) )/ (X:)
and define accordingly:
00 = [ (00 =500 = [ 2 W) ) 900 dut)

It is clear that  is a bounded continuous function on .# N (Wfi). Using (46),
we are going to see that there exists a sequence €, going to zero when M goes
to infinity and such that, for any limit point IT,

/ M ()] dTI(g) < ey - (47)

We will then show that, for any such probability measure I1, we as well have
that

/|1//(,u)|dl'l ) < hm /\lpM | dT(u (48)

which implies that

/ W ()| dTI() =0 (49)

and thus achieves the proof.

To prove (47), let us first remark that (46) implies that:

/w ()| dI1(w) <11m/|z// )| T ()

< Tm \/ [P a0

+E/WM (1) AT 7 (1)
= T [ 100~ v 4T )

so that the problem boils down to prove that there exists a sequence of real
numbers ¢, going to zero when M goes to infinity such that:

Jm [ 190~ o] Tt () < e (50)
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To prove this last inequality, let us first notice that there exists a finite
constant Cr such that

WM (1) — v (u)l
T 2
gcr||¢||oo||f’||oo\/ / ( /0 \vu<xs>—VsM<X[o,n)|ds) dux) . (51)

But |vu(xs)—VM(X[O,T])|=|vu(xs)|(ll—pM(fOTNU(xu)du)), so that

Cauchy Schwartz inequality implies that, for any positive integer number 9,

we have:

S0 = ol any
<crlol i [[ ( / ' IVU(xs)IdS>2du(x) 4T ()

vl [f (1= o [ 1906 ) o o

To bound the right hand side of (52) we use the entropy inequality (and
monotone convergence Theorem). For the first term in the right hand side of
(52), we have, for any a > 0

([ IVU(xs)IdS>2du(x) 4T ()

§1<Q1[}/|P®N> +N10g/exp{a(/0TVU(xs)|ds)2}dP(x) . (53)

But, one can check that, for « small enough, [exp {oc(fOT |VU(xS)|ds)2}
dP(x) is finite. Thus, since we have seen in the proof of Theorem 3.5 that
1(Q)|P®) grows at most linearly in N, (53) shows that

([ e ds)zdmx) Tt (1) (54)

is bounded uniformly on N. Similarly, we have that, for any positive real
number o:

v [[(1=ou( [ o) dS)>2du(X) 4y, (u)
<1(oy1P™) +N/exp{a(1 —pM(/OT |vv<m>|ds))2}d1°<x>

SI(Q’ﬁV|P®N) +N<l +e“P</OT|VU(XS)|ds>M)> (55)
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As a consequence, since P(fOT |IVU(X;)|ds > M) goes to zero when M goes to
infinity, there exists a finite constant ¢y and a sequence of real numbers
(1) 150 going to infinity when M does and so that, for any integer M:

v [[ (10 (/ VUK, s)IdS))Zdu(X)dH%r(u)<cT (56)

Hence, (52), (54) and (56) imply (taking 6 = (1/\/os) in (52)), that there
exists a sequence of real numbers (€y),,-, going to zero when M goes infinity
and so that, for any integer number N:

/ M () — ()| T () < bl e

which finishes the proof of (50).

To achieve the proof of (49), we notice that, since y (1) converges
pointwise to ¥(u) on .4, which can be seen to have probability one under IT
according to (54), Fatou’s Lemma implies that:

[ wwlane < tim [0 Golang

The right hand side is null according to (47), so that we have proved The-
orem 3.6. ]

3.5 Uniqueness of the limit point and characterization

Our final goal is to prove the uniqueness of the solutions Q to the non linear
stochastic differential system defined in Theorem 3.7 on .#.

Thus, since Theorem 3.7 and Theorem 3.5 implies that there exists at least
such a solution O, we can deduce that there is a unique solution to this
problem. Then, Theorem 3.7 implies Theorem 3.1.

Let us recall that we already proved in [3] that there is at most one solution
to the non linear stochastic differential system defined in Theorem 3.7 with
finite entropy with respect to P. In our setting, it is not clear that, for any limit
point IT, for ITalmost all 1, I (u|P) is finite (even if we know that I( [ udTI(u)|P)
is finite). We could adapt the argument given in [2] to the probability measures
such that (57) is satisfied. Nevertheless, we prefer to give a new argument which
is simpler but only apply to the case where U can be written as the sum of a
convex and a Lipschitz function. Since we already assumed that U is smooth,
this assumption reduces to the fact that U blows up near the boundary points
{—A4} and {4} like a convex function. Let us first state the result:

Theorem 3.8 If U is the sum of a convex and a Lipschitz function, for any finite
time T there exists a unique solution Q to the non linear equation:
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dX, = —VU(X,)dt + dB, + P*Fe(X)dt t<T
Law of X = Q Q‘ = 1o

T
Proof. We will assume that U is convex to simplify the notations. As usual,
we assume that we have two weak solutions Q; and O, to this non linear
stochastic differential equation and want to show that they have to be equal.
We can construct these two solutions on the same probability space. Namely,
if we consider the law of the coupled processes (X D¢ 2) defined by:

dX! = —VU(X}) dt +dB, + B*F2 (X") dt
dX} = —VU(X?) dt + dB, + B*F** (X?) dt

Law of X' = O, Law of X> =0 X} =X} o) = 1y

T

it is clear that the law of X' (resp. of X?) is Q) (resp. 0).
We then want to prove that

E[sup!Xf —Xf@

t<T

is null, which will imply that the Wasserstein distance between Q; and Q- is
null and thus that Q| = 0-.

Since VU is not Lipschitz, the strategy will be based on a contraction
argument for the function:

H = E{sup|X,1 —Xﬂ] +EU VU (X") = VU(X?)]| dt
t<s 0
rather than on
S
t<s
only. We will show indeed that there exists a finite constant C such that:

H, < c/ H, du (57)
0

which, according to Gronwall Lemma, guaranties that H = 0, and thus gives
the result.

Let us now go into the details of the proof. Its first step is to express H;.
To this end, let us first notice that the process ¥, = X! — X? satisfies the
differential equation:

{dn = (VUX!) - VU(X)) dr + (F2 (X') — F& (X)) de
Yo=0

Thus, (Y;,¢ > 0) is a process with finite variations and Ito formula gives:
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sup|Yu|+/ sgn(Y,) (VU (X)) — VU (X})) dt
0

u<s
S
<p /
0

where sgn(0) =0. But, since we have assumed that U is convex,
VU(X]!) — VU(X?) has the same sign as ¥, so that we have indeed:

EQI (X]) _F;QZ(Xz)‘dt ’

sup|n|+/os|VU(X,‘) —VU()Q2)}dr<ﬂ2/OS\EQ‘ (x') = FE(x?)| @ (58)

u<s

Let us now focus on the right hand side of (58). We proved in [3] (see Lemma
3.21) that:

Lemma 3.9 For any time T, there exists a finite constant Ar such that, for any
paths x and y, for any probability measures p and v, for any time t < T

W -F0)| <4 [ VU@, + (IVUK)),) du

. (sup S +dt<y7v>)

u<t

+A7<Kt(u,v) + /Ot VU(x) — VUG ds)

where d; is the Wasserstein distance between u and v and

Kr(v) = inf{ /I VUK — VU dedé(X, Y)}

where the infimum is taken over the probability measures & with marginales v
and p.

This Lemma is enough to get the contraction argument. Indeed, we ob-
viously have the bounds:

dr(01,0,) < E[Sl<11;>|X,,1 —X,f@
and:
T
Kr(u,v) SEU IVU(X,) —VU(Xuz)|du] .
0

Thus, taking the expectation on both sides of (58) and using Lemma 3.9 we
get:
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S
< [ e[l o) - 50| a
0

<2ar( [ (VU@ + (VUKD i)

X / E[sup‘)(u1 —X,ﬂ] dt +2p*Ar
0

u<t

+/OSEUOtWU(X;) —vu(Xj)\du] dt

Thus, since we assumed that [] < |[VU(X,)| >g, du and [} (|[VU(X,)|)y, du
are finite, we find a finite constant By such that, for any s < T

H; < By /0 (E [%)\X; —ij] +E[/OtyVU(X,}) — VU(X3)|duD dt

:BT/ tht 5
0

that is (57). This finishes the proof of Theorem 3.8.

3.6 Quenched propagation of chaos

It is not hard to generalize our strategy to replicated systems as we did in
section 2.2 for the asymmetric model. Let us summarize the analogue of
Theorem 2.7 in the symmetric case:

Theorem 3.10 Let Q, be the unique solution of the non linear stochastic dif-
ferential equation given by:

dxi = —VU(xi) dt + dBi + p°F/(Qp,x)dt 1 <i<r
Law of x=P P’%:Mo
. 2 .
such that f(fOT S VU ()] ds) dQ,(x) is finite. F}(Q,,x) is defined by:
; , -1
F(Qrx) = / NU+BB DI+ BT %) a(x)dO.() .

where
P

a:"(xmy) = al(xiayi) )
i—1
and 9; is an integral operator in L*(Q,) with kernel by given by:
b(x,y) =Y _bi(x',)) .
i=1

Then, for any bounded continuous functions (f1, ..., f) on Wi, for any integer
number r,
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A}Eroloé”‘[(/fl (xl) ...fm(x’")dP[’;V(J)(x)) } = H/f,-(xl) oo Silx) dOy
i=1
We were not able to decouple the probability measures O, as in Theorem 2.8

in the general case. Nevertheless, we proved in [4] that:

Theorem 3.11 If U is even and p, symmetric,

/ WE dOs(nF) =0 Y (s,1) .
AS a COnsequence,

O = (Ql)gr :
In particular, for any bounded continuous functions (fi,...,fn) on WA, for
almost all J, [ fi(x") ... fu(x™) dP}(J)(x) converges in law to T[i-, [ f;dQ.

Thus, the overlap goes to zero when the number of particles goes to
infinity even at very low temperature. This is surprising at the first glance
since the overlap is supposed to exhibit a very interesting behaviour at low
temperature. Nevertheless, we understood that it was expected by the
Physicists community. Let us finally compare in this case the limit process O
to the limit process obtained for asymmetric dynamics.

Indeed, we can see that O can be written as:

0=¢[rf)
where P, is described as the weak solution of:

dx, = dB, — VU (x,) dt + Bg, dt + B* [y xRo(t,s) ds dt
Law of xo =y -

and ¢ is a centered Gaussian process with covariance:
61959/ = /xsx,dQ(X) .

Rp, which was null for asymmetric dynamics, is described here by the fol-
lowing formula:

b _
Ro(t,5) = 5 (I + B#) " X0, BJ)g

_p / / v (61 + F2) " a) (7,2) d00) dOGE) - (59)

The proof of this result is given in [4].
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