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Abstract We provide a complete characterisation of the Root solution to the Sko-
rokhod embedding problem (SEP) by means of an optimal stopping formulation. Our
methods are purely probabilistic and the analysis relies on a tailored time-reversal
argument. This approach allows us to address the long-standing question of a multiple
marginals extension of the Root solution of the SEP. Our main result establishes a
complete solution to the n-marginal SEP using first hitting times of barrier sets by the
time—space process. The barriers are characterised by means of a recursive sequence of
optimal stopping problems. Moreover, we prove that our solution enjoys a global opti-
mality property extending the one-marginal Root case. Our results hold for general,
one-dimensional, martingale diffusions.
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1 Introduction

The Skorokhod embedding problem (SEP) for Brownian motion (B;);>0 consists of
specifying a stopping time o such that B, is distributed according to a given probability
measure x on R. It has been an active field of study in probability since the original
paper by Skorokhod [39], see Obt6j [29] for an account. One of the most natural ideas
for a solution is to consider o as the first hitting time of some shape in time—space.
This was carried out in an elegant paper of Root [36]. Root showed that for any centred
and square integrable distribution p there exists a barrier R, i.e. a subset of Ry x R
such that (7, x) € R implies (s, x) € R for all s > ¢, for which B, ~ u, og =
inf{t : (¢, B;) € R}. The barrier is (essentially) unique, as argued by Loynes [26].

Root’s solution enjoys a fundamental optimality property, established by Rost [38],
that it minimises the variance of the stopping time among all solutions to the SEP.
More generally, E f (or) < E f (o) for any convex function f > 0 and any stopping
time o with B, ~ Bg, . This led to arecent revival of interest in this construction in the
mathematical finance literature, where optimal solutions to SEP are linked to robust
pricing and hedging of derivatives, see Hobson [22,23]. More precisely, optimality
of the Root solution translates into lower bounds on prices of options written on the
realised volatility. A more detailed analysis of this application in the single marginal
setting can be found in Cox and Wang [13]. In the financial context, the results in this
paper allow one to incorporate information contained in call prices at times before the
maturity time of the option on realised variance, as well as the call options which have
the same maturity as the variance option.

In recent work Cox and Wang [14] show that the barrier R may be written as the
unique solution to a Free Boundary Problem (FBP) or, more generally, to a Varia-
tional Inequality (VI). This yields directly its representation by means of an optimal
stopping problem. This observation was the starting point for our study here. Sub-
sequently, Gassiat et al. [20] used analytic methods based on the theory of viscosity
solutions to extend Root’s existence result to the case of general, integrable starting
and target measures satisfying the convex ordering condition. Using methods from
optimal transport, Beiglbock et al. [3] have also recently proved the existence and
optimality of Root solutions for one-dimensional Feller processes and, under suitable
assumptions on the target measure, for Brownian motion in higher dimensions.

The first contribution of our paper is to show that one can obtain the barrier R
directly from the optimal stopping formulation, and to prove the embedding property
using purely probabilistic methods. This also allows us to determine a number of
interesting properties of R by means of a time-reversal technique. Our results will
hold for a general one-dimensional diffusion.

Beyond the conceptual interest in deriving the Root solution from the optimal
stopping formulation, the new perspective enables us to address the long—standing
question of extending the Root solution of the Skorokhod embedding problem to the
multiple-marginals case, i.e. given a non-decreasing (in convex order) family of n
probability measures (ug, ..., i) on R with finite first moment, and a diffusion X
started from the measure (¢, find stopping times o7 < - -- < o0, such that X, ~ u;,
and X .., is uniformly integrable. Our second contribution, and the main result of
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the paper, provides a complete characterisation of such a solution to the SEP which
extends the Root solution in the sense that it enjoys the following two properties:

— First, the stopping times are defined as hitting times of a sequence of barriers,
which are completely characterized by means of a recursive sequence of optimal
stopping problems;

— Second, similar to the one-marginal case, we prove that our solution of the multiple
marginal SEP minimizes the expectation of any non-decreasing convex function
of p, among all families of stopping times p; < --- < p,, such that X, ~ ;.

It is well known that solutions to the multiple marginal SEP exist if and only if
the measures are in convex order, however finding optimal solutions to the multiple
marginal SEP is more difficult. While many classical constructions of solutions to
embedding problems can, in special cases, be ordered (see [27]), in general the ordering
condition is not satisfied except under strong conditions on the measures. The first
paper to produce optimal solutions to the multiple marginal SEP was Brown et al.
[8], who extended the single marginal construction of Azéma and Yor [2] to the case
where one intermediate marginal is specified. More recently, Obt6j and Spoida [31]
and Henry-Labordere et al. [21] extended these results to give an optimal construction
for an arbitrary sequence of n marginals satisfying a mild technical condition.

There are also a number of papers which make explicit connections between optimal
stopping problems and solutions to the SEP, including Jacka [24], Peskir [33], Obt6j
[30] and Cox et al. [12]. In these papers, the key observation is that the optimal solution
to the SEP can be closely connected to a particular optimal stopping problem; in all
these papers, the same stopping time gives rise to both the optimal solution to the SEP,
and the optimal solution to a related optimal stopping problem. In this paper, we will
see that the key connection is not that the same stopping time solves both the SEP and
a related optimal stopping problem, but rather that there is a time-reversed optimal
stopping problem which has the same stopping region as the SEP, and moreover, the
value function of the optimal stopping problem has a natural interpretation in the SEP.
The first paper we are aware of to exploit this connection is McConnell [28], who
works in the setting of the solution of Rost [37] and Chacon [10] to the SEP (see
also [13,20]), and uses analytic methods to show that Rost’s solution to the SEP has
a corresponding optimal stopping interpretation. More recently! De Angelis [16] has
provided a probabilistic approach to understanding McConnell’s connection, using a
careful analysis of the differentiability of the value function to deduce the embedding
properties of the SEP; both the papers of McConnell and De Angelis also require
some regularity assumptions on the underlying measures in order to establish their
results. In contrast, we consider the Root solution to the SEP. As noted above, a purely
analytic connection between Root’s solutions to the SEP and a related (time-reversed)
optimal stopping problem was observed in Cox and Wang [14]. In this paper, we are
not only able to establish the embedding problems based on properties of the related
optimal stopping problem, but we are also able to use our methods to prove new results
(in this case, the extension to multiple marginal solutions, and characterisation of the

! Indeed, we were made aware of this paper only in the final stages of completing this work.
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corresponding stopping regions), without requiring any assumptions on the measures
which we embed (beyond the usual convex ordering condition).

The paper is organized as follows. Section 2 formulates the multiple marginals

Skorokhod embedding problem, reviews the Root solution together with the corre-
sponding variational formulation, and states our optimal stopping characterization of
the Root barrier. In Sect. 3, we report the main characterisation of the multiple marginal
solution of the SEP, and we derive the corresponding optimality property. The rest of
the paper is devoted to the proof of the main results. In Sect. 4, we introduce some
important definitions relating to potentials, state the main technical results, and use
these to prove our main result regarding the embedding properties. The connection
with optimal stopping is examined in Sect. 5. Given this preparation, we report the
proof of the main result in Sect. 6 in the case of locally finitely supported measures.
This is obtained by means of a time reversal argument. Finally, we complete the proof
in the case of general measures in Sect. 7 by a delicate limiting procedure.
Notation and standing assumptions In the following, we consider a regular, time-
homogenous, martingale diffusion taking values on an interval Z, defined on a filtered
probability space (€2, F, (F;), P) satisfying the usual hypotheses. For (¢, x) € Ry x
R, we write E** for expectations under the measure for which the diffusion departs
from x at time 7. We also write EX = E%*. We use both (X;) and (Y;) to denote the
diffusion process. While X and Y denote the same object, the double notation allows us
to distinguish between two interpretations: with a fixed reference time—space domain
R4 x R, we think of (X;) as starting in (¢, x) and running forward in time and of
(Yy) as starting in (¢, x) and running backwards in time. For a distribution v on R, we
interpret EV[.] = [ E*[.]v(dx).

We suppose that the diffusion coefficient is n(x), so d(X); = n(X,)2dt, where
n is locally Lipschitz, x> < C a1+ |x|2), for some constant C;, and strictly
positive on Z°, where we write Z° = (aI, br), and without loss of generality, assume
that 0 € Z°; in addition, we use Z for the closure of Z, and 97 for the boundary,
s0 37 = {az, br}. We assume that the corresponding endpoints are either absorbing
(in which case they are in 7), or inaccessible (in which case, if for example b7 is
inaccessible and finite, then P(X; — b7 ast — 00) > 0). The measures we wish to
embed will be assumed to be supported on 7, and in the case where 7 # Z, it may
be possible to embed mass at 97 by taking a stopping time which takes the value co.
We define S := [0, 0o] x Z. We note also? that as a consequence of the assumption
on 1, we have E* [th] < 00, and we further write m,(¢) := E#0 | X,| for suitable
measures (.

We will also frequently want to restart the space-time process, given some stopped
distribution in both time and space, and we will write £ for a general probability
measure on S, with typically & ~ (o, X,;) for some stopping time o. With this nota-
tion, we have, Ef [A] = fIE”x [A]&(dt, dx) and we denote (T, X7,) the random
starting point, which then has law &. Since £ may put mass on 9Z, we interpret the
process started at such a point as the constant process. For each of these processes,
L} denotes the (semimartingale) local time at x corresponding to the process X;, with

2 See the proof of Lemma 5.1 below for a suitable argument.
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the convention that L} = 0 for t < T. In addition, given a barrier R, we define the
corresponding hitting time of R by X under P¢ by:

or =inf{t > Tz : (1, X;) € R}.

Similarly, given a stopping time op we write

oR(op) = inf{t > op : (¢, X;) € R}.

Finally, we observe that, as a consequence of the (local) Lipschitz property of 1, we
know there exists a continuous transition density, p : (0, c0) x Z° x Z°, so that

EX[£(X,)] = / p(t. %, ¥) F () dy,

whenever f is supportedinZ (seee.g. [35, Theorem V.50.11]). We observe that we then
have the following useful identities for the local time (see e.g. [25, Theorem 3.7.1]):

t
fo FXPP(X,)ds = f F(@)L¢ da

and

t
EY[L;]= n(x)Z/O p(s, y, x)ds. (1.1)

2 The Root solution of the Skorokhod embedding problem
2.1 Definitions

Throughout this paper, we consider a sequence of centred probability measures p,, :=
(i)i=0,...n ONZL:

/ |x|ui(dx) < 0o, and / xui(dx)=0, i =0,...,n. 2.1
T A

We similarly denote p;, = (110, i1, - - -, itx) forall k < n. We say that w, is in convex
order, and we denote (g <cx ... <cx Mk, if

/ c(x)pui—1(dx) < / c(x)ui(dx),i =1,...,k for all convex functions c. (2.2)
R R

The lower and the upper bounds of the support of 1y relative to ux—1 are denoted by

€ == inf {x : pi[(—00, x)] # pk—1[(—o0, x)]} and
Tk = sup {x : uk[(x, oo)] * uk_l[(x, oo)]} 2.3)
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216 A. M. G. Cox et al.

We exclude the case where uy = r—1 as a trivial special case, and so we always have
by <rpforallk =1,...,n, as aconsequence of the convex ordering. The potential
of a probability measure p is defined by

U (x) := —/Rlx —ylu(dy); x eR, 2.4

see Chacon [11]. For centred measures u,, in convex order, we have
Ut < UM=1 and UM = UM-1 on (b, ry)¢, forall k=1,...,n. (2.5)

Recall that (X;),cRr, is a martingale diffusion. A stopping time o (which may take
the value oo with positive probability) is said to be uniformly integrable (UI) if the
process (X;aq):>0 is uniformly integrable under P*0. We denote by 7 the collection
of all UI stopping times.

The classical Skorokhod embedding problem with starting measure (o and target
measure f4] is:

SEP(u;) : find o € 7 such that X, ~ | under P*0, (2.6)
We consider the problem with multiple marginals:

SEP(u,) : find0 <oy--- <0, € 7T suchthat X5, ~ px, k=1, ..., n under P*0.
2.7)

In this paper, our interest is in a generalisation of the Root [36] solution of the Sko-
rokhod embedding problem so that each stopping time oy is the first hitting time, after
ok—1, by (¢, X;)r=0 of some subset R in S. Further, and crucially, we require that R
is a barrier in the following sense:

Definition 2.1 A set R C S is called a barrier if

— R is closed;
— if (t,x) € R then (s, x) € R forall s > t;
— if x € {az, b7} is finite, (0, x) € R.

Given a barrier R, for x € T , we define the corresponding barrier function:
fr(x) :=inf{r > 0: (t,x) € R} € [0, oo]. (2.8)

Since R is closed it follows, as observed by Root [36] and Loynes [26], that 75 (-)
is lower semi—continuous on Z. Also, from the second property, we see that a barrier
is the epigraph of the corresponding barrier function in the (¢, x)-plane:

R={tx)eRy xT:t=1rx)}.
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Definition 2.2 (i) We say that a barrier is regular if {x € Z° : iR (x) > 0} is an open
interval containing zero.

(ii) For a probability measure § = £(dt, dx) on S, we say that a barrier is & -regular
if

Pflog = ogen | < lforall(t, x) ¢ R, where R"Y =R U ([t, 00) x {x}),

i.e. the barrier cannot be enlarged without altering the stopping distribution of the
space-time diffusion started with law & and run to the hitting of R.

Observe that a regular barrier is a §(o,0)-regular barrier. We have the following
characterisation:

Remark 2.3 A barrier R is &-regular if and only if ES [L7,, | < Ef [L} ] for all
(t,x) ¢ R.

Lemma 2.4 Let & be a probability measure on S and R a barrier such that
inf,c7 IR (x) < 00. Then o < 00 or lim;_, 0 X; € {az, b1} P%-a.s. Further, if
‘R is not & -regular then there exists a & -regular barrier R 2 'R such that X o, ~ X
P%-a.s.

R

Proof For some xg € Z, we have f(xg) < oo and {(¢,x) : f > fr(x9)} C R.If
Z = R then limsup, X; = oo and liminf X; = —oo and it is clear that o < oo
[P -a.s. Otherwise lim; o0 X; € {a7, b7} .If R isnot & -regular then by definition the
set of all barriers R for which Xor ~ Xop IP¢-a.s. is not a singleton. Then for any

two such barriers 7%1 , 7~22 their union is also such a barrier, as shown by Loynes [26].
It follows that there exists a minimal such barrier with respect to the inclusion which
then necessarily has to be &-regular. O

It follows that, without loss of generality, we may restrict our attention to &-regular
barriers. Henceforth, whenever a barrier is given it is assumed that it is a &-regular
barrier, where the measure & will be clear from the context.

2.2 Root’s solution and its PDE characterisation

The main result of Root [36] is the following.

Theorem 2.5 (Root [36]) Let 9 = 8o, n(x) = 1, and 1 be a centred probability
measure on R with a finite second moment. Then there exists a barrier R* such that
oRx is a solution of SEP (u1).

The first significant generalisation of this result is due to Root [38] who showed
that the result generalised to transient Markov processes under certain conditions. The
condition that the probability measure 1| has finite second moment has only very
recently been further relaxed to the more natural condition that the measure has a
finite first moment. This was first achieved by Gassiat et al. [20], who have extended
Root’s result to the case of one-dimensional (time-inhomogeneous) diffusions using
PDE methods. The result was also obtained by Beiglbock [3] using methods from
Optimal Transport theory.
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218 A. M. G. Cox et al.

Remark 2.6 Loynes [26] showed, as used above in Lemma 2.4, that in Theorem 2.5
the barrier can be taken to be regular and is then unique.

We next recall the recent work of Cox and Wang [14] and Gassiat et al. [20]. For
afunctionu : (f,x) € Ry x R — u(t, x) € R, we denote by d;u the ¢-derivative,
Du, D?u the first and second spacial derivatives, i.e. with respect to the x-variable,
and we introduce the (heat) second order operator

1
Lu = —0u + EnzDzu. 2.9)
Consider the variational inequality or obstacle problem:
min { — Lu , u — U™} =0and u(0, ) = UM. (2.10)

Then, based on the existence result of Root [36] and Cox and Wang [14] proved
the following result.

Theorem 2.7 ([14, Theorem 4.2] and [20, Theorem 2]) Let | = (po, i41) be centred
probability measures on R in convex order. Then, there is a unique solution u' of
(2.10) which extends continuously to [0, oo] x [—00, 00], and the Root solution of the
SEP(w,) is induced by the regular barrier

R* = {(t, x) € [0, 00] x [—00, 00] : u' (1, x) = UM (x)}.

Moreover, we have the representation ul(t, x) = —E’XM(,R* —X
R.

,forallt > 0,x €

In Cox and Wang [14], the solution to the variational inequality was determined as
a solution in an appropriate Sobolev space, while Gassiat et al. [20] show that the
solution can be understood in the viscosity sense.

2.3 Optimal stopping characterisation

The objective of this paper is to provide a probabilistic version of the last result, and
its generalisation to the multiple marginal problem. Our starting point is the classical
probabilistic representation of the solution to (2.10) as an optimal stopping problem.
Define now

ul(t,x) ‘= sup J,lx(r)with
et

T () =B [UM(Y) + (UM = UM (Yo)lr<py ], 2.11)
where 7" is the collection of all (F;)-stopping times T < ¢. Then, using classical

results, see e.g. Bensoussan and Lions [6], when properly understood, u in (2.11) is
a solution to (2.10). Uniqueness, in an appropriate sense, of solutions to (2.10), then
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allows to deduce that the characterisation of the Root barrier given in Theorem 2.7
corresponds to the stopping region of the optimal stopping problem (2.11)

R' :={(t, x) € [0, 00] x [—00, 00] : u' (£, x) = UM (x)}. (2.12)

The probabilistic approach we develop in this paper provides a self-contained con-
struction of the Root solution, and does not rely on the existence result of Root [36]
or PDE results. Indeed, these follow from the following direct characterisation which
is a special case of Theorem 3.1 below.

Theorem 2.8 Let u; = (o, 1) be centred probability measures on T in convex
order. Then, R" defined by (2.11) and (2.12) is the regular barrier inducing the Root
solution of the SEP(u,). Moreover,

ul(t,x) - —E“°|XtAoR1 —x|, forall t >0, x € R.

3 Multiple marginal Root solution of the SEP: main results
3.1 Iterated optimal stopping and multiple marginal barriers

In order to extend the Root solution to the multiple marginals SEP(u,,), we now intro-
duce the following natural generalisation of the previous optimal stopping problem.
Denote

SUX(x) := UM (x) — UM (x), and u°(¢, x) := UM (x), t€[0,00],x €.

The main ingredient for our construction is the following iterated sequence of optimal
stopping problems:

uk(t, x) := sup JF () where Jt]fx(t)
reTt
= B [uk*‘(t —n Y+ 8Uk(YT)1{f<,}], l<k<n G0

The stopping regions corresponding to the above sequence of optimal stopping prob-
lems are given by:

RY = {(1,x) € S: 8u (1, x) = sU*(x)} with

suf i=uf — " k=1,...,n, (3.2)
and the optimal stopping time which solves (3.1) is the first entry to R¥ by the time
space process starting in (¢, x) and running backwards in time: t/ (k) := inf{s > 0 :
(t—s,Y) € RFY At

Our main result shows that the same barriers used to stop the process running
forward in time:

00 =0, o :=ogi(ox—1) =inf{t > o1 : (1, X)) e R¥}, k=1,...,n, (3.3)
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give the multiple marginals Root solution of SEP(u,,). It is important to note that the
barriers in (3.2) are not necessarily nested—both R* and R¥~! may contain points
which are not in the other barrier.

An example of a possible sequence of stopping times is depicted in Fig. 1. Since
the barriers are not necessarily nested, in general o} will not be equal to the first entry
time to the barrier, only the first entry time after ox—1. It may also be the case that
0k—1 = ok. Both cases are shown in Fig. 1.

Finally, it will be useful to introduce the (time—space) measures on S defined for
all Borel subsets A of S by:

EF[A] :=PH[(ok, Xo) € Al k=0, ..., n.
We are now ready to state our main result, which includes Theorem 2.8 as a special
case.

Theorem 3.1 Let u,, be a vector of centred probability measures on T in convex order.
Then RF is a Sk_l-regular barrier forallk = 1, ...,n, and (01, 02, ..., 0,) solves
SEP(u,,). Moreover, we have

uk(t, x) = ~EM| X pop — x|, forallt >0, x eI, k=1,...,n. (3.4

Our proof will proceed by induction. Its main ingredients will be summarised in
Sect. 4.

t

Fig.1 A realisation of a Root-type solution to the multiple marginal problem. Here we depict three barriers
which are not ordered (in the sense that R ! 2 R2 2 R3). As a result, the given realisation can enter the
second and third barriers before the first stopping time. Note also that since the first stopping time, oy,
happens at a point which is also inside the second barrier, we have here o1 = oo
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Remark 3.2 In general, explicit examples of Root-type solutions to the SEP (and
by extension, its multi-marginal version) are hard to find. In fact, to the best of our
knowledge, even for the one-marginal problem in a standard Brownian setting, the
only cases where an explicit barrier can be computed are measures supported on two
points and Gaussian marginals. In some cases, the barrier can be characterised as the
solution to an integral equation, see Gassiat et al. [19]. As a result, numerical methods
seem to be the only viable approach for explicit computation of Root-type barriers.
A natural consequence of Theorem 3.1 is that numerical approaches to the multiple
stopping problem can be used to find solutions to the SEP.

3.2 Optimality

In this section, we show optimality of the constructed n-fold Root solution of the
multiple marginal Skorokhod embedding problem. We recall the main ingredients of
our embedding defined in (3.1)—(3.3). We also denote = t k. Define the set of all
solutions to SEP(u,,) in (2.7):

Ty ={p=(p1,....00) €T": p1 <+ < pu, and X, ~p;, i =1,...,n}.

For a given function f : R — R, we consider the optimal n-fold embedding
problem:

inf JEﬂO[
peT (1)

Pn
fwydr] (3.5)

0

Theorem 3.3 Let u,, be a vector of centred probability measures on T in convex order
and f a non-negative non-decreasing function. Then the n-tuple o0 = (o1, ..., 0p) in
(3.3) is a solution of (3.5):

oeT, and ]E“O[/an f(t)dt] < E“O[/pn f(t)dt] Sforall p € T(u,).
0 0

The above remains true for any stopping times p1, ..., p, which embed pu since if p
is not uniformly integrable then it is not minimal, see [29, Sect. 8], and we can find
smaller stopping times p € 7 (u,,) for which the above bound is already satisfied.

Similar to many proofs of optimality of particular solutions to SEP, see e.g. Hobson
[23], Cox et al. [12] and Henry-Labordere et al. [21], at the heart of our argument
lies identification of a suitable pathwise inequality. Interpreting (3.5) as an iter-
ated Martingale Optimal Transport problem, the pathwise inequality amounts to an
explicit identification of the dual optimiser in the natural Kantorovich-type duality.
Our inequality is inspired by the one developed by Cox and Wang [14].

For all (r, x) € Ry x T and k = n, ..., 0, we introduce the functions
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222 A. M. G. Cox et al.

Pnr1(t, x) == f(1), Qi (1, x) = E" [ri1(oge, Xoy )],

X X y
Bu(x) = /0 0 0. () 2y, Y(x) =2 /0 /0 02 dz.

Our main result below involves the following functions:

t X
hi(t,x) = /0 <pk(s,x)ds—2/0 ¢r(y)dy, and
A (x) == (hig1 — h) (Tk(x), x), (t,x) € Ry x T, (3.6)

Lemma 3.4 Let f be a non-negative non-decreasing function. Then for all
(si, Xi)o<i<n C R4 X Z, withO =59 <51 < -+ < 5, we have:

/0‘" f@ydt =Y xi(xi) + hi(so, Xo)

i=1

+ Z (i Gsis xi) = hi(sio1, i) ] = ¥ ) £(0),  3.7)
i=1

and equality holds if (s;, x;) € R! fori =1,...,n.

The proof of the above inequality is entirely elementary, even if not immediate, and is
reported in “Appendix A”. The optimality in Theorem 3.3 then essentially follows by
evaluating the above on stopped paths (p;, X ;) and taking expectations. Technicalities
in the proof are mainly related to checking suitable integrability of various terms and
the proof is also reported in “Appendix A”.

Finally, we note that the above pathwise inequality could be evaluated on paths
of arbitrary martingale and, after taking expectations, would lead to a martingale
inequality. The inequality would be sharp in the sense that we have equality for X
stopped at o in (3.3). This method of arriving at martingale inequalities is linked
to the so-called Burkholder method, see e.g. Burkholder [9], and has been recently
exploited in number of works, see e.g. Acciaio et al. [1], Beiglbock and Nutz [4] and
Obl6j et al. [32].

4 The inductive step

In this section we outline the main ideas behind the proof of Theorem 3.1. The proof
proceeds by induction. At the end of each step in the induction, we will determine a
stopping time o¢, and the time—space distribution &, which corresponds to the distri-
bution of the stopped process (¢, X »¢) under the starting measure fo. This measure
will be the key part of the subsequent definitions. Given this stopping time, and a
new law B, we proceed to determine a new stopping time o¢ ﬂ, and the corresponding
time—space distribution £#. This stopping time will embed the law . This inductive
step is summarised in Theorem 4.1 below.
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This stopping time ¢’ is constructed as the solution of an optimal stopping problem
uP, introduced below, with obstacle function appropriately defined by combining the
potential function vé of the stopped process X Aoé and the difference of potentials
between the starting distribution—the spatial marginal of & denoted of—and the
target distribution 8. We will also show that the function u? is equal to the potential
function vé’ , allowing us to iterate the procedure.

We now introduce the precise definitions. The measure (o will be a fixed integrable
measure throughout, and so we will typically not emphasise the dependence of many
terms on this measure.

Let & be the PH0-time—space distribution of (¢, X ¢) for some UI stopping time
0% € T. The stopped potential v* is defined as the P“°-potential of X, ¢:

Vit x) 1= —EM[|X, .0t — x|]. t 20, x € T. 4.1)

Motivated by the iterative optimal stopping problems (3.1), we also introduce, for
any probability measure 8 on Z, the difference of potentials

wh = UP — U where of (A) 1= £([0, 00) x A), A € B(Z),
and of <cx B is equivalent to wf < 0. Moreover, since ¢4 is U, we have

o <ex @, v5(0,.) = UM and v¥(r,.) \( v° (o0, .) = U pointwise as t 7 oo.
(4.2)

The optimal stopping problem which will serve for our induction argument is:

uP (t,x) := sup B*[v¥(t — 7, ¥o) + wP (Y)lpey] t>0,xeZ. (43)
teT!

We also introduce the corresponding stopping region
RE = {(t,x) 1 ul(t, x) = 5 (1, x) + wP(x)}, (4.4)
and we set

o’ —inf{r > o : (1, X,) € RP}, and
§P1A] = P[0 X, ) € A] forall A € B(S). (4.5)

Theorem 4.1 Let 6¢ € T with corresponding time—space distribution &, and B an

integrable measure such that B = of. Then ot isa Ul stopping time embedding 8
and uf = vfﬂ. Moreover, R is a éﬂ—regular barrier.

We now show that Theorem 3.1 follows from Theorem 4.1.
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Proof of Theorem 3.1 Consider the first marginal. Let & = 8y ® o so that of = 0,
of = po, and let B = 1. Then vé (¢, x) = UM0(x) and u?, R# in (4.3) and (4.4) are
equal to, respectively, ', R! in (3.1) and (3.2). It follows from Theorem 4.1 that the
stopping time o1 = o¢” induced by R' = RP is a Ul stopping time solving SEP(,)
andu' = uf = vsﬁ, as required. We next iterate the arguments. Given the Ul stopping
time oy from the k™ step with its space-time measure & we know that v¥ = u¥ so that,
with 8 = pp41, we have uf = u**! and R? = R¥*1. Applying Theorem 4.1 we get
that oy ,.; embeds 41, is UI and vé Pkt g required. The proof finishes after n
iterations. o

The rest of this paper is dedicated to the proof of Theorem 4.1. The following result
isolates the main steps needed for this.

Lemma 4.2 Leto e T with corresponding time—space distribution &, and of < B.
Assume further that uP (t,.) — UP, pointwise ast 7 0o, and u? = v Then, oé’
is a Ul stopping time embedding B.

Proof From the assumptions and the definition of vé ? we obtain
7B T &P T w _
UP(x) = tl_l)rgov (t, x) —t1_1>IIoloE 0[|XU\GEﬁ x|]
B
= EM[IX s —x|] = U (x),

where the inequality follows from Fatou’s Lemma. This in particular implies that
o is an integrable probability measure on Z, U“éﬁ (x) > —oo for all x € Z, and
U’ (x) — |x — m"‘éﬁ| —> 0as x — 9Z, where m"‘éﬂ = fxasﬂ (dx). Since also
U’ (x)—|x—mP| — Oasx — af,wededucefromtheaboveinequality Uf < U"‘sﬂ

B B - _
thatm®" = mP, and therefore |U°‘$ (x)—UP(x)| - Oasx — 9Z.Thenforx, y € Z,
it follows from the dominated convergence theorem that

UP) = UP () = lim [o 0 = o 1, )]
— 00
- tllrgoEMO[lxt/\afﬁ =Y = 1X, e — x|]
=E"[X 5 —yl =X s — x|]
&b 2
=U% (x) —U* (y).
B _

In particular, U Bx)y=U ot (x) + ¢ for some ¢ € R, for all x € Z, and by the above,
sending x — 97, we see that ¢ = 0. We conclude that of = B,i.e. X e~ B, which

is the required embedding property. Moreover, it follows from the Tanaka formula
together with the monotone convergence theorem that

B -
UP () = U (1) = ~EM[1X s —x|] = UMO@) —E*[L*,,]. forall x € 1.
o
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The uniform integrability of the stopping time ot now follows from [18, Corol-
lary 3.4]. O

The pointwise convergence of u?(z,.) towards UP, as t — oo will be stated in

Lemma 5.5 (iii), while the equality u? = v&” is more involved and will be shown
through a series of results, see Lemma 7.3.

Remark 4.3 We have u? = v¢” if and only if (v§ — uf)(t, x) = Ef (L}, ] forall

_ t /\O'Rﬂ
t > 0, x € 7. Indeed, by the Tanaka formula,

B
v (0, x) = UM (x) — EH0 [Lfmfﬂ] = vf(r, x) — B0 [ijsﬂ _ Lfmg].
Recalling that, under IP5, opp = inf{t > Tz : (t,X;) € RP}, and (under PH0),

o’ = inf{r > 0% : (1, X;,) € RP}. Recall that, under P¢, the local time is set to
L} = 0 fort < Tg, by convention. Then from the strong Markov property, we have

£X .
EHo [L;‘Msﬁ - Lfmé] — EO°.X,8) [L;C/\UR/B] =Ff [LfMRﬁ], and therefore:
v (1, x) = vE (. x) — EE [Lfmﬁﬁ] , (4.6)

justifying the claimed equivalence.

Remark 4.4 Observe that the regularity of the barrier can now be seen as an easy
consequence of Lemma4.2. Suppose (in the setting of Theorem 4.1), we have uf = vé”
and uf(t,.) — UP pointwise as t — oo. From (4.6), (4.2) and applying monotone

convergence to E [LfMR ﬁ] as t — oo, we deduce that
sl l=vw) - vPx) = —wf
E [Lw] = U (x) — UP(x) = —wP ().

Now suppose that (7, x) ¢ RF. Then EE [Lﬁws] = —wbx) > (f —uP)(t,x) =
vk — &) (¢, x) = EE [L" ] by (4.6). In view of Remark 2.3, this shows that R”

tAO'Rﬁ
is &-regular.

5 Stopped potential and the optimal stopping problem
5.1 Properties of the stopped potential function
The following lemma provides some direct properties of the stopped potential. Recall

the definition m, (¢) := E* | X;|. We say that a function which is Lipchitz continuous
with constant K is a K-Lipschitz function.
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Lemma 5.1 Let o5 € T with corresponding time—space distribution &. Then, v¥ is
concave and 1-Lipschitz-continuous in x, and non-increasing, and v (2, x) is (uni-
formly in x) %-Hc'ilder continuous on [0, T for all T > 0. In addition

0<UMx) —v8(t,x) = BY[LY] = E5[LY] < 2C,t myy(6)e“r,

and the following identity holds in the distribution sense:
l _
(Lv¥) (1, dx) = —/ n(x)?E(ds,dx); t>0, x €I,
0
by which we mean that, for any stopping time o < t, we have

E* [v5(t — 0, ¥5)] — 0¥ (1, x) = —E* [ / ’ n(Ys)? ds / ' Sy, (») &(dr, dy)] (5.1)
0 0

t s
. / /_qaa—s,y)n(w2 / £(dr, dy) ds
0 A 0

where g is the space-time density of the process Y (started at t and running backwards
in time) up to the stopping time o.

Proof The definition of v% (¢, x) in (4.1) immediately shows that v¢ is concave, 1-
Lipschitz in x, and non-increasing in f. As in Remark 4.3 above, using Tanaka’s
formula and the strong Markov property we obtain

vi(t,x) = UM (x) — BYO[LY 1= UM (x) —EM[L{]+E[(L} — LX) e <]

tAGS

= UMO(x) — EFO[LF] + ES[L]]

= UM (x) — E*[L}] +/ _EY[Li_] £ds. dy).
[0,6]1xT
(5.2)

We now consider continuity properties of EY [Lf] First observe that, by the mar-
tingale property of X;, we have

B[ =02 = B [ X0 =02+ e = )2,
Using the fact that n(x)?> < C p(1+1x ) and the martingale property of X, we deduce
t
B[ =] < B [ | ey ds]
0

< C,E [/Ot (1 +|XS|2> ds:|

@ Springer



The Root solution to the multi-marginal embedding problem... 227

t
<c, (z OB [/ [(XS — 2+ y2] ds])
0

t
<2C, <t(1 +y) +E [/ (Xs — y)zds]> ,
0

where the first inequality follows via localisation and limiting argument using Fatou’s
lemma and monotone convergence. It now follows by Gronwall’s lemma that

B [ = %] 226,14+ y)re2,

from which we deduce that

E' [LF] =B X — x|=lx—y| < VB [(X; = 0)*]=|x—y| < /2Cyt (1+|y)e".

(5.3)

z’—z]] fort <t < T, we see that

EHO [Lf/] - ]EMO [L;C] < zcn(t/ _ t) (1 + mﬂo (t))ecn(t’_t)
<,/2C,t'—t) (1 + mMO(T))eC,,(tLt)

and we deduce that vé (x, 1) is %—Hélder continuous on [0, T']. Equation (5.3) also
provides the inequality

Writing B0 [L3] — B0 [L7] = B [EX | L

Vi (e, x) = UM0(x) — EFO[LY] = UMO(x) — /2Cyt (1 + my, (£))e".

It remains to compute £v%. First, since v¢ is non-increasing in ¢ and concave in
x, the partial derivatives 8,1)E and D?v are well-defined as distributions on Z, so Lv¢
makes sense in terms of measures.

We first consider the case where 7 is suitably differentiable (say smooth). Note
that by a monotone convergence argument, we can restrict to the case where
Y remains in a compact subinterval of Z° up to o, and hence is bounded. Let
p(t,x,y) be the transition density for the diffusion and recall that EY [L] =
n(x)? fot p(r,y,x)dr. It follows that for an arbitrary starting measure v, we have
E"[LY] = [v(dy)nx)? f(; p(r,y,x)dr, and we directly compute (using Kol-
mogorov’s Forward Equation, which holds due to the smoothness assumption on 1)
that

"1
28" [17] = [ v (= 0 pte. v 040 [ 302 (nw2p0y.0) dr)
0

t
/V(dy)n(x)z(— p(t, y,X)+/O ¥ p(r, y,X)dr)

2 2 1 20277y
= —n(x) /V(dy)p(O,y,X) = —n@)7v(dx) = 5n(x)" DU (dx).
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Suppose in addition that & has a smooth density with respect to Lebesgue measure
(which we also denote by £). We then compute from (5.2) and the equation above that

! t
Lv* (1, dx) =/3/ /_Es,y[Lf]E(s,y)dsdy = ﬁ/ /_]E'V[L;LS]E(S,y)dsdy
0 JT 0 J1
! t
= —/(; v/1__7']()C)28{y}(dx)§'(s,y)dey = _v[O U(X)Z%'(S,x)dsdx.

Applying Itd’s lemma, we see that

E* [vf (= 0, ¥,)] = o6 (1, ) — B [/ / DY), V) dr ds]
0 0
t s
— ot x) — / / 4ot — 5, V)N’ / E(dr,dy)ds. (5.4)
0 JT 0

We now argue that our results hold for an arbitrary, locally Lipschitz function 7.
Keeping £ fixed as above, with a smooth density, let 1,, be a sequence of Lipschitz
functions obtained from 7 by mollification. Note that since we are on a compact
interval, n and hence 7, are all bounded and from the mollification, we may assume
that there exists K such that n, n,, are all K-Lipschitz; moreover £ is bounded on the
corresponding compact time—space set.

Write Y for the solution to the SDE dY/" = n" (¥;') d W;, and note in particular, by
standard results for SDEs (e.g. [34, Theorem V.4.15]) that sup,¢jo 4 |Y" — ¥r| — 0
almost surely (possibly after restricting to a subsequence), andin £!' asn — oo. Hence,
by bounded convergence, we get convergence of the corresponding expectations on
the right-hand side of (5.4), as n — oo. In addition, writing v&" for the functions
corresponding to the diffusions Y”, we see from the first half of the proof that the
functions vé", vé are 1-Lipschitz in x, and uniformly Hoélder continuous in ¢, for
some common Holder coefficient. It follows from the Arzela-Ascoli theorem that vé"
converge uniformly (possibly down a subsequence) to v¢. We deduce that (5.1) holds
for general 1 and smooth &.

Finally, approximating the measure £ by smooth measures through a mollification
argument, and observing that the local times for the diffusion are jointly continuous
in x and ¢ (by (1.1) and the discussion preceeding this equation) we conclude that we
can pass to the limit on the right-hand side of (5.2), and hence on the left-hand side of
(5.1). On the other hand, when ¢, is continuous, we can also pass to the limit on the
right-hand side of (5.1). Moreover we can approximate o by a sequence of stopping
times o” N\ o such that g,» has a continuous density, and this gives us the required
result after a monotone convergence argument. O

For the next statement, we introduce the processes
V= (V] =08t =5, Yy), 5 € (0,11}, 1 € [0, 00, (5.5

where V* is defined through v% (0o, x) = U (x) asin (4.2),ie. VX = U (Ys).
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Lemma 5.2 Let ¢ € T with corresponding time—space distribution &. Then the
processes V! and V' — V' are P*-supermartingales for all t <t' < oo, and x € 1.

Proof 1In this proof we will want to take expectations with respect to both the X and Y
processes at the same time; we will assume that these are defined on a product space,
where the processes are independent. Then we will denote expectation with respect
to the X process alone by E’; [A], etc, and the filtrations generated by the respective
processes by X and FY .

We first prove the supermartingale property for the process V. The case t = oo is
an immediate consequence of the Jensen inequality. Next, fix ¢ € [0, 00), and recall
that v¥(t,x) = —EY°|X,,,¢ — x| for t > 0,x € Z. Then we need to show, for
0<uc<s,

_E‘)}’O I:]EI;(OUXO—S)/\O’E - Ysl] i}-,f:l = _E§O|X(t_u)/\gé - YL,| .
Using Hunt’s switching identity (e.g. [7, Theorem VI.1.16]) we have
Eylx = Ysoul = EX X5y — 1.

Using the Strong Markov property, and using ¥, E to denote independent copies of
Y etc., we deduce

B [ER[1X oot = Kl |17 | = ~BR [ X ogrot = B

L]
]

HAcE |
_Euo[ (t=A ‘X(s—u)_Yu

EX’[|X (=5)not+(s—u) — Yul]
= EMOHX(Z—M)/\UE - Yu|]

where, in the final line, we used Jensen’s inequality and the fact that (t — s) A o5 +
(s —u) > (t —u) Aob.

Now suppose ¢’ > ¢, and consider Vst/ —V/!for0 <s <t <. Asimilar calculation
to that above shows that for u < s,

Evo[ V |fY:| - EI;(OHX(I_S)AUE""(S_“) - Y“| - |X(t’—s)/\<75+(s—u) - Yu|]
= ESL(O[‘X(I—M)/\& - Yu| - |X(t’—u)/\& — Yu ]’

where 5 := 0% + (s —u). Note that for any ’ > r, the process | X, nu — | — | X,/ pu — V|
is a supermartingale for u > 0. It follows that, since ot <4,
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E;O[Vst/ - Vstlf,f] = BR[| X¢—wne — Yu| — [ X@—wne — Yul]

= ]El)L(OHX(t—u)/\JE - YM| - ’X(t’—u)Agf - Yu|]
=v' -V,

5.2 The optimal stopping problem

In this section we derive some useful properties of the function u” (¢, x). We first state
some standard facts from the theory of optimal stopping. Introduce

thi=inf{s > 0:(r —s,Y,) € RF} At, forall 1 > 0. (5.6)

Proposition 5.3 Let of € T with corresponding time—space distribution &, and
of <ex B. Then for all (t,x) € S, ' € T' is an optimal stopping rule for the
problem uP in (4.3):

wP (6, x) = B [v5(t — o', Yor) + wP (Vi) 12y ] (5.7)

and the process (uﬁ(t -, Ys)) is a P*-martingale for s € [0,1'] and a P*-
supermartingale for s € [0, t].

Proof Recall that under P"* the diffusion Y,, r > ¢ departs from x at time #, and when
t = 0, we write P%* = P*, Then we have for 0 < s < ¢:

WPt —s,x) = u'(s,x) = sup E*[v5(t — 7, Yo) + wP (Y)leen].  (5.8)

S<t<t

Notice that u’ (s, x) is a classical optimal stopping problem with horizon ¢, and obsta-
cle Zg == vé(t — s, Y,) + wﬁ(YS)l{Kt}, s € [0, t], satisfying the condition of upper
semicontinuity under expectation, i.e. lim sup,_, ., E*[Zg, ] < E*[Zy] for any mono-
tone sequence of stopping times 6, converging to 6. Under this condition, it is proved
in El Karoui [17] that the standard results of optimal stopping holds true. In particular,
the process (uﬁ (t —s, YS))S -, satisfies the announced martingale and supermartingale

properties, and an optimal stopping time for the problem u’ (0, x) = uf(t, x) is
t Ainf {s >0:ul(s,Y) =05t —s,Y) + wﬁ(Ys)},

which is exactly 7. a

Remark 5.4 Note that, taking 7 = ¢ in (4.3), u (¢, x) > EX[UM0(Y;)] = UM (x) +
E*[[ U*"(dy)L]] := U’ (x). Suppose ([0,¢] x Z°) N RF = @ then, from (5.7),
ub(t,x) = U'(x) > UP(x) for all x € R. We now consider the cases where Z = R,
T = (—00, bz], by < o0 and Z = [a, bz] a finite interval separately.

In the case where Z = R, we have E* [L,y] — oo ast — oo, forany x,y € 7.
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As U'(x) — —oo for all x as t — o0, it is impossible that U’ (x) > U#(x) for
all x € Rand all + > 0. So there always exists x € Z with [ (x) < oo and hence
R £0.

Similarly consider the case where Z = (—o0, bz]. From the properties of the
diffusion, we know that X, — b7 almost surely ast — oo. Moreover, since E* [X,;] =
x and —|x| > UM0(x) > —|x| — ¢, for some ¢ € [0, c0), we must have U’ (x) —
—b7 4 (x — by) ast — oo for x € Z. Since B is centred, |UP(x) + |x|| — 0 as
x — —o0, and hence we cannot have U’ (x) > UP(x) forall x € Z° and all ¢ > 0.
Hence there always exists x € Z° with [ (x) < oo and hence RP # @.

Finally consider the case where T = [ar, br). Hence lim;_, o0 X; € {az, bz}, and

a similar argument to above gives U’ (x) — ag — be i”azz (b +ag) ast — oo, for

x € Z. This limit corresponds to U (x), where ¥ is the centred measure supported on
{az, b7}, and it is easy to check that this potential is strictly smaller than the potential
of any other centred measure supported on Z, and so for any other measure, there
always exists x € Z° with i (x) < oo and hence RP # (. The case of the measure ¥
is trivial, and we exclude this from subsequent arguments.

Lemma 5.5 Leto® € T with corresponding time—space distribution &, and af <cx B.
Then:

(i) the function uP is 1-Lipschitz-continuous in x, non-increasing and u® is %-

Holder-continuous in t, and there is a constant C which is independent of B
such that |uP(t,x) —uP (', x)| < C(A + |xDV]t — 1'];

(i1) uP —1vis non-increasing int; in particular, ub is non-increasing int and concave
inx;

(iii) uﬁ(O, ) = Uk, UP < v¥ +wP <uf <, and uﬂ(t, DI Ub pointwise as
t / oo.

Proof (i) The 1-Lipschitz-continuity of u” (¢, x) in x follows directly from the Lip-

schitz continuity of v¥ and w” in x. Then the %-Hélder continuity in ¢ follows by

standard arguments using the dynamic programming principle (for example, as a sim-
ple modification of the proof of Proposition 2.7 in Touzi [40]).
(i) Lett’ > t,fixe > 0,and let T’ € 7" be such that

WPt x) —e < B [V5 (¢ — 1, Yor) + wP (Vo) Ly
=E I:Vrt// + wﬂ(Yr’)l{r’<t’}] .

Recall from Lemma 5.2 the supermartingale properties of the process V7 introduced
in (5.5). Then

E* [V;’] = E* [thAr’] = E* |:Vtt/\r/ - VttAr’:I
+E [V, ] < V& -V +E V]

AT/ Z/\'L”] :

In addition, since w? < 0, we have:
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E* [wf (Y;) 1 <]

IA

E* [wf (Ye)1(r<n]
E* [wﬁ(yr/At)l{r/<t}] .

Putting these together, we conclude that

WP, x) =05 (0 x) —e <BY [V 4+ wP (Vo)<
—v5(@t,x) < uP@,x) =05, x).

By the arbitrariness of ¢ > 0, this shows u? — v¢ is non-increasing in ¢, and implies
that «# inherits from v¢ the non-increase in ¢. By the supermartingale property of
the process (uﬂ(t —s, Y, Y)) in Proposition 5.3, this in turns implies that u” is
concave in x.

(iii) By definition, ## (0, x) = v (0, x) = UM (x). Since vé (1, x) > U* (x), we
have u? (¢, x) > v¥(t, x) + wP(x) > UP(x). On the other hand, since w”(x) < 0,
we have uf(t,x) < Sup; < EX [vs (t—r, YI)] < v5(t, x) by the supermartingale
property of V! established in the previous Lemma 5.2.

In the rest of this proof, we show that ub(t,x) > UP(x)ast — oo forall x € 7.
We consider three cases:

s€[0,7]

— Suppose (tp, x) € RE for some 7y > 0. Then, for any t > tog, ' = 0 and
uP (¢, x) = v5(r, x) + wP (x) which converges to U (x) + wP(x) = UP(x), as
r — Q.

— Suppose that (t,, x,) € RP for some sequence (f,, x,)n>1 With x, — x. Then it
follows from the previous case thatu? (¢, x,) — UP(x,),and therefore u? (¢, x) —
UP (x) by the Lipschitz-continuity of u”.

— Otherwise, suppose that [0, co] x (x — &, x + €) does not intersect RP for some
e > 0. Let (ay,by) := U(a,b) overalla < x —e& < x + & =< b such that
[0, o0] X (a, b) does not intersect RA. By Remark 5.4, we may assume RA is not
empty and hence (ay, by) # Z°. In the subsequent argument, we assume that a, is
finite, the case where b, is finite follows by the same line of argument. The optimal
stopping time t’ in (5.6) satisfies T > H,, p, = inf{r > 0 : Y, & (ay, by)}
and " — H, ., P*-almost surely. If both a, and b, are finite, we use the
inequality ub (t,x)>=U B (x), together with Fatou’s Lemma, Lemmas 5.1 and 5.2,
and bounded convergence, to see that

UP(x) < lim wP(t, x) = lim E* [v5(r — 7, Yp) + wP (¥;0)]
t—>00 t—0o0

< lim E* [v*(t — Hopp, . Y, , )] + E [w/ (Y, , )]

—>00
< [E* [lim vs(t — Hy b, Y, , )+ wB(YHu , )]
11— 00 ] XL Dx x,0x
= Ex [Uﬂ(YHax,bx )] S U'B(-x) (59)

Hence lim;_, o u? (¢, x) = UP(x), and U? is linear on (ay, by).
For the general case where b, may be infinite, a more careful argument is needed.
Since wf := (UP — U“E)(x) — 0Oas |x| = 0, it follows that § := max(—w?) < oco.
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Fix ¢ > 0 and choose c sufficiently large that §/(c — ay) < ¢. Let H, := inf{s > 0 :
Yy > ¢} and note that ' A H. — H,, . =inf{r > 0:Y, ¢ (ay,c)} ast — oo. Then
by the martingale property of u? on ¢ < 7', and the fact that u? < v%, we have

uP(t,x) =B [uP(t — 7' A He, Yyinp,)]
< E Mz 0 +wP)(t =<' A He, Yeing,)
+ 1{,t>HC}v‘§(I — 1" AHe, Yrinn,)
<E* [Ug(t -t ANH, Yiinm) + wﬁ(Yt’AHc)l{r’AHc<t}] + 8P [t" > H.],

where we wrote wf (¢, x) = wf(x). Taking limits as ¢t — oo, and using Fatou as
above, it follows from the definition of ¢ that:

UP(x) < lim uP(r,x) < E*[UP(Yy, )] +e
t—00 *

TTE e+ S By e (5.10)

Cc — ay c — dy

Taking ¢ \( 0 and using concavity of UP we get that lim;_, ub(t,x) = UP(x), and
UP is linear on (ay, ¢). Letting ¢ — oo we conclude that UP is linear on (ay, 00). O

5.3 Existence and basic properties of the barrier

We denote the barrier function corresponding to the regular barrier R? defined in (4.4)
with 7 = trp. It will be used on many occasions in our proofs. Recall from (2.3)
the definition of the support of a measure 1y in terms of the measure ;1. In what
follows, we write £#, P for the bounds of the support of f in terms of the measure
of.

Corollary 5.6 Letoé e T with corresponding time—space distribution €, and o <
B. Then, the set REisa (closed) barrier, and moreover

(i) ([0, 00] x (¢#, rP)) c RF;
(i) RPN ([0, 00] x (a, b)) =¥ if and only if B[(a, b)] = 0 and wP < 0on (a,b);
(i) 7 (x) = 0 if and only if wP (x) = 0.

Proof For (1, x) € RP, wehave uf (1, x) = vé (¢, x) +w” (x) and it is then immediate
from (iii) and (ii) of Lemma 5.5 that u? (¢, x) = v& (', x)+w” (x) and so (¢, x) € RP,
for all ¥/ > . By the continuity of v¢ and u”, established in Lemmas 5.1 and 5.5, we
conclude that R# is a closed barrier.

(i) For x ¢ (¢#,rP), we have U (x) = UP(x) and hence w?(x) = 0. It follows
from Lemma 5.5 (iii) that u? (1, x) = v&(z, x) and hence (¢, x) € RP forallr > 0
so that [0, co] x (€8, rP)c c RP.

(ii) In the proof of Lemma 5.5 (iii), it was shown that the condition RPN ([0, 0] x
(a, b)) = () implies that UP is linear on (a, b), i.. Bl(a,b)] = 0, see (5.10).
Moreover, the last argument in (i) above also implies that w?(x) < 0 for all
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x € (a, b) whenever R? N ([0, oo] x (a, b)) = §. This provides the implication
—.

Suppose now that B[(a, b)] = 0 and wP < 0 on (a, b). For fixed x € (a, b), we
have:

uP(t,x) = EX [v5(t — Hup A1, Y onn) + WP (Vi ni) Vs, <0)]
> E* [US (t—Hyp Nt YHa,hAz) + wﬂ(YHl,,bAt)]
> o8, x) — U (x) + UP (x) = o8 (£, x) + wP ().

Here we have used the strict inequality w?(y) < 0 for all y € (a, b) to get the
second line. To get the final line, we use Lemma 5.2 to deduce that L& (t,dx) =
()2 [1 £(ds, dx) = —n(x)2af (dx) = LU (dx), and hence that vé (r — s, ¥,) +
wh(Yy) is a submartingale up to H, » A ¢, given that UP(x) is linear on (a, b).

This shows that u? (t, x) > v¥ (¢, x) + wP (x), and hence (¢, x) ¢ RP, forallt > 0,
and x € (a, b).

(iii) If w? (x) = 0 then uP (r, x) = v¥ (¢, x) for all 7, by (iii) of Lemma 5.5, and so
(t,x) € RP forallt > 0. Recalling that v (0, x) = uf (0, x) = UM (x), we conclude
that (0, x) € RP only if wf(x) = 0. o

Remark 5.7 (On RP having rays for arbitrary large |x|) We can now deduce from
the proof of the convergence u? N\, UP, ast / oo in Lemma 5.5 (iii), that for any
N > 0 there exist x < (—=N) Vag < N A by < y such that fﬂ(x) < oo and
i (y) < oo. In the proof, we show that for any point x such that i (x) = oo either
there exists points @ < x < b such that 7 (a), I (b) < o0 or there exists an a less
than x such that for any ¢ large enough U# is linear on (a, c). Letting ¢ — oo, and
using the fact that U# (¢) + |¢| — 0, we conclude that UP (y) = —|y| for all y > a.
Then UP(y) < U¥ (y) < UM(y) < —|yl = UF(y) implies UP(y) = U* (y). In
particular, w? (x) = 0, and by Corollary 5.6 we contradict the initial assumption that
X is not in the barrier.

Remark 5.8 (On the structure of the stopping region) Let o, B be integrable measures
in convex order. It follows from Corollary 5.6 that the barrier can be divided into at
most countably many (possibly infinite) non-overlapping open intervals Ji, Ja, J3, . ..
such that J; = (ay, by), for a; < by, on which 7 (x) > O forall x € (ag, by) and
(U2 90)° x 10, 001) € R2.

Observing that in both the embedding, and the optimal stopping perspectives, the

process started from x € J; never exits each interval Ji, it is sufficient to consider
each interval separately, noting that in such a case, uﬁ(t, x) = vé (t,x) forallt > 0,

and all x € (U,fil Jk)c. In the subsequent argument, we will assume that we are on
a single such interval Ji, which may then be finite, semi-infinite, or equal to Z°. In
addition, if the measures o?, B are in convex order, then their restrictions to each Jj
are also in convex order.

Remark 5.9 (On RP for atomic measures) Let o, B be integrable measures in convex
order. Bearing in mind Remark 5.8, we suppose that § is a probability measure on 7
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such that for some integer n’ > 1, and some ordered scalars x| < --- < x,/, we have
Z:'/:l Bl{xi}] = 1 and B[{x;}] > Oforalli = 1,...,n. From the representation of
the optimal stopping time 7/, see Proposition 5.3 above, and the form of the set R/
implied by Corollary 5.6, it follows that

WP, x)y= sup  E'[v5(t -1, Y) + wf (Y)1<y], (5.11)
€T (x1,...,%,)
where 7 (x1, ..., x,) is the set of stopping times 7 such that T < Hy, x, and Y7 €
{x1,...x,} as.

6 Locally finitely supported measures

A probability measure f is said to be af-locally finitely supported if its support

intersects any compact subset of supp((xs, B) ={x:U ot (x) > UP(x)} at a finite
number of points. The measure 8 is o -finitely supported if its support intersects
supp(af, B) at a finite number of points. Throughout, o will be fixed, so we will
typically only refer to (locally) finitely supported measures. Observe that an integrable,
centred measure S can only be finitely supported if £ and r# are both finite—indeed,
in this case a locally finitely supported measure is finitely supported if and only if 7#
and ¢# are both finite.

6.1 Preparation

We start with two preliminary results which play crucial roles in the next section where
we establish the main result for finitely supported measures. The first result is the key
behind the time-reversal methodology which underpins the main results, see Sect. 3.1.
Here, we give a natural proof in the case where X = B is a Brownian motion, when
the proof has a simple intuition.> In “Appendix B” we give a PDE proof which works
in the more general diffusion setting.

To understand the importance of the result, it is helpful to think of the local time
of X and of Y on the two sides of the announced equality. This result is then used
to obtain the key equality v¥" = uP in a “box” setting where the barrier is locally
composed of two rays. The case of finitely supported measures is then obtained with
an inductive argument in Sect. 6.2.

Lemma 6.1 Let L be the local time of a Brownian motion B. Foranya < x <y <b
andt > 0 we haveEx[Ly ] =Ey[LfAHah].

tAHy p

3 Givenits importance, we have discussed this result with many colleagues. Our first proof used an explicit
formula for the density pc in IP”C‘[B'y edy,s < HO,c] = pc(s, x, y)dy, see Proposition 2.8.10 p. 98 in
Karatzas and Shreve [25] The current proof uses a clever coupling trick devised by Tigran Atoyan.
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Proof Without loss of generality we suppose » — y > x — a and introduce two
additional pointsc = x —(b—y)andd = y+(x —a)sothatc <a <x <y <d <b
with b — d = a — c. Note that by translation invariance and symmetry of Brownian
motion we have

E}’[ ;C/\Ha.b] =E* [L?;\Hc‘d]'

Using this in the desired equality, and subtracting E*[L;, ,, . |, we see that it suffices
to show that '

_ 7Y
Lt/\Ha'b

]Ex[Ly

tAH:

— y y
] =E [Lt/\H“b - Lt/\HC,d]'
Finally, by shift invariance, we may suppose without loss of generality that x = O.
Consider three independent Brownian motions B, B® B®) starting from 0 and
denote H the hitting times for B?). Further, let p® = inf{r > H> : B® = 0}.
Define two new processes

. p® “) )
Bt = BZAPG) + B(t—tApG))AH}(vM + t—tA(,o(3)+H)(v4)) 6 .
B(Z) — B(4) _ pB + ©) (6.1)
ro inHY (t—tnHD)Ap® (—tA(p®+HY)

and observe these are standard Brownian motions. This construction is depicted in
Fig. 2. We denote L@ the local time of B® at level y.

Recall that ¢ < a < d < b and consider Ly,(l)“) — Ly’(l)(]). For this quantity to be
tANH tANH
c,b ab
non-zero the following have to happen prior to 7: first B! has to hit a without reaching
b, then it has to come back to x = 0 and continue to y without ever reaching c. This

happens at time p©® + Hy(4) and from then onwards the local time L*-(") is counted

before time t A H L(lb) and we see that it simply corresponds to L%®), With a similar

reasoning for LY, we see that our construction gives us the desired coupling:

Ly,(l)(l) _ Ly,(l)(l) — 190G _— (i) _ Ly,(2)(2) _ Ly,(Z)(z)
IAH,, INH, ;) (t—tA(p®+Hy DAHZ IAH, ) INH
and taking expectations gives the required result. O

We now prove an important consequence of the above result, which will form the
basis of an induction argument.

Lemma 6.2 Leto® € T with corresponding time—space distribution €, and af <. B.
Leta < b and ty > 0 be such that [ty, oo] x {a, b} C RP, (0, 00) x (a, b)) "R =@,
and (V8" — uP)(ty, -) = 0 on [a, b]. Then v&* — uP = 0 on [ty, 00) x [a, b].

Proof In view of Remark 4.3, and the continuity of vé r_ uf, it is sufficient to show
that
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B

2
HY) =H® + HY

Fig.2 A depiction of the Brownian motions BW and B® constructed in the proof of Lemma 6.1. Observe
that the blue and green sections in each process are mirror images, up to translation, while the magenta
sections are equal, up to translation (color figure online)

vé (t,x) — uﬂ(t, x) + u’s(to, x) — vg(to, X)
— Ef [Lx . ] RS [Lx ] fort > 19, x € (a, b). (6.2)

o0, R=A

We fix x € (a, b). Since [1tg, 0] X {a, b} C RE, (0, 00) x (a, b) N RP = @, we have
the decomposition

B [ Loy | =¥ [ Loy | = B [ (Lirory = Lisnogy) Lite<in]
+Ef [( Ao LJZC"EAt)l{lOST§<hXT5E(a,b)}:l
= E° I:(Lfmr Lz)/\aR,g)l{Ts<t0<0R,5}i|
+Ef [( tAHqp L)YC"E/\I)IUOST§<LXTEE(a,b)}]
:/ E-») [Lx H, b]m(dy)

(a,b)
+/[t t]/( b)E(S y) MH h]é'(ds,dy), (6.3)
05 a

where we introduced the measure m(dy) := IP% [X wn€dy, Te <ty < URﬁ], and used
the fact that, conditional on starting in {fp} x (a, b), the stopping times oz and H, p

are equal (and starting on {fy} X (a, b)c, we never hit x before oz5). Observe that for
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y € (a, b), we have
m(dy) + &(dy; s > tg) = P5 [X,O edy, T: <ty < O‘R,S] + P [XTE edy, T: > to]

=P [Xtgnoggvre € dy] =t Ady), (6.4)

since X, oRp ¢ (a, b) by the assumptions on R”. Moreover, since o is a Ul embedding
of &, it follows from the Tanaka formula that for y € (a, b), we have

VA = U 0) =B Lo, | = U 0) = 0F =) (0. 7).

where the last equality follows from the assumption that (¢ r_ ubf )(t9,.) = 0on[a, b]
together with Remark 4.3. Since DU (dy) = A(dy), this provides by substituting in
(6.4) that for y € (a, b):

1 1
m(dy)= — §D2UA(y>dy—s<dy, s > to)ZEDz (v* —uP) (10, dy) + £(dy, s < t0).

Plugging this expression in (6.3), we get
1 2
ES [L;C/\URIS] - ES I:L;i)AoRﬂjI = E /(a b) E([O’y) I:L;CAHM)] D (Ué - uﬂ)(IO» dy)

+ /[0 t]/g ) EsVio.y) I:L;CAHa,b:I £(ds, dy).
s a,

The required result now follows from the following claims involving ¢ := inf{s > 0 :
(t—s,Y) ¢[0,t—10] x (a,b)}:

/ / EG V0. [LfAH b]g(ds,dy) =i (1, x) — B [vf (1 — £, Y], (65)
(a,b) J10,1] “

1
2 /(a b) B [L?AHM] D*v¥ (10, dy) = E* [v¥ (10, Yo) | — v (10, ). (6.6)

1

= / B0 L5, | D2 (0, dy) = uP (10, x) = uP (1, )
(a,b)

+E* o5t — £, Yp) — v5 (to, Yy)],
(6.7)

which we now prove.
(i) To prove (6.5), we use Itd’s formula (possibly after mollification) to get

¢
Vit x) =B 0¥ (t — ¢, Yp)] + EF U L5t — s, Ys)ds:| .
0
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Using Lemma 5.1 and writing p; (r, x, y)dy := P* (Y, € dy, r < ¢), this provides:

vt x) — B[S (e — ¢, V)]

t—to t—r
- / / )2 pe(rx. y) dr (— / s(ds,dy))
yée(a,b) JO 0
t u
=/ /n(y)2p;(t—u,x,y)du <—/ E(ds,dy))
ye(a,b) J1y 0

t t
=f f/ )2 pe(t —u, x, y) du&(ds, dy)
ye(a,b) JO Jitgvs

= / E(Vio.y) [Lj‘AH ]] £(ds, dy).
ye(a,b),s€(0,1] a.b

(ii) We next prove (6.6). Since vé (fo, .) is concave by Lemma 5.1, it follows from the
[t6-Tanaka formula that:

1

E* [vf (10, Yo)] — v (10, x) = -/ E* [Lg] D¢ (10, d)
2 Jia,b)

1 ,
-2 / B0 L, | D?f o, dy),
(a,b)

where the last equality follows from Lemma 6.1 together with a coordinate shift.
(iii) Finally we turn to (6.7). Recall that uf = v¥ + wh on [ry, 00] x {a, b} C RE.
Then, since Y; € {a, b} on {¢ <t — tp}, we have:

uP(t — ¢, Ye) = uP (to, Yo ljgzi—ig) + (V5 (t — &, V) + wP (YD) 1{p <o)
= uP (10, Y) iz =i—1o) + (v° (1 = &, Yo) + wP (V) g 1)
+ (V5 — ¢, Ye) — 05 (10, Ye)) Lirmi—i)
= uP (to, Y) Lg=i—rg) + V5 (t = £, ¥;) — 0¥ (10, Yy)
+ (WP (Yp) + v¥ (10, Y0)) Lg <1—1o)
=uP (10, Yo) + 05 (1 — £, Y) — v¥ (1o, Yo).

We next use the fact that [0, 0o] x (a, b) does notintersect R? to compute forx € (a, b)
that

uP(t,x) =E* [uP (t — ¢, Yp)]
=B [uf (t0. Yp) + (V5 (t — ¢, Y) =% (10. Y7))]
=uP (19, x) + T f LY D*uP (19, dy)
2 apn ¢

+E* [vs(t — ¢, Y) — v (10, Yo,
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by application of the Itd-Tanaka formula, due to the concavity of the function u?(z, .),
as established in Lemma 5.5. We finally conclude from Lemma 6.1/B.1 that

1
uﬁ(t,x) = uﬁ(to,x) + —/
2 Jia,b)

+ET[v5 (r = ¢, Vo) — v (to, Yp)].

B0 [L5,p,, | D (0, dy)

b

6.2 The case of finitely supported measures

We now start the proof of Theorem 4.1 for a (relatively) finitely supported probability
measure 3, where we call a measure on R finitely supported if it is supported on a
finite set of points. Recall from Lemma 4.2 and Lemma 5.5 (iii) that we need to prove

that uf = vsﬁ. When there is no risk of confusion we write o? for oRs. In the sequel,
we will say that 8 is o -supported on n points if the measure S restricted to (¢£, r#)
is a discrete measure, supported on n points.

Proposition 6.3 Let o € T with corresponding time—space distribution &, and B an

of —finitely supported measure such that of < p. Then uf = v&" and Theorem 4.1
holds for B.

The proof proceeds by induction on the number of points in the support of 8|5 ).
The case where «f = f is trivial, since it follows immediately from (iii) of Corol-
lary 5.6 that R? = S. Hence we suppose that £f < r#. We start with the case where
Bl s ,#) contains no points, and therefore all mass starting in (€8, rP) under & will
be embedded at the two points B, B,

Lemma 6.4 Let o € T with corresponding time space distribution &, and of <¢x B
with B((€#, rP)) = 0. Then w8 = ub holds for all (t, x) € S.

Proof Note first that the convex ordering of g and of implies that of ([¢#, rP]) =
,3([25, r#1). Moreover, as we ruled out the case B = of and U? is linear on (Zﬁ, Py,
we have U%* (x) > UP(x) forall x € (¢#, rP). It then follows from Corollary 5.6 that
RF =Ry x (Z\ (¢P,rP)) and 0P = inf{t > 0: ¥, ¢ (¢#,rP)} is the first hitting
time of (f \ (8, rh )). The result now follows from an application of Lemma 6.2. O

The proof of Proposition 6.3 will be complete when we establish that the following
induction step works.

Lemma 6.5 Let 6 € T with time—space distribution &. Assume vE = up for any

B =cx af which is of -supported on n points. Then, v = up for any measure 8
which is af -supported on n + 1 points.
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Proof Let 8 be a centred probability measure o -supported on the n+ 1 ordered points
X = {x1,..., Xp4+1}, with B[{x;}] > Oforalli = 1,...,n + 1. By Remark 5.9, the
set R¥ is of the form

n+1
RF = ([0, 00] x (Z\ (¢, rF))) U ([t 00) x {x;}) for some 1, ..., tyt1 > 0.

i=1

Let j be such that ; = max; #;, so that [¢;,00) x {x;} is a horizontal ray in R?
starting farthest away from zero. Define a centred probability measure o —supported
onx(/) :=x\ {x ;j} by conveniently distributing the mass of 8 at x; among the closest
neighboring points:

* Xjl = Xj Xj = Xj-1 )
= O — Sy + —————— 8¢, ———ix; .
B = B+ BN = + o b+ S E b

1. Letl; = (xj—1, xj4+1). We first prove that
wP(t,x) = uf (t,x), (1,x) € (10,00l x T\ I;) U ([0, ;] x I}). (6.8)

By a direct calculation, we see that Uf (x) = UP(x) for x ¢ 1;, and UP" is
affine and strictly smaller than U# on 1 j. Consider first x ¢ 1;. Recall (5.7) with
the optimal stopping time t/ being the minimum of ¢ and the first entry to R?
for the diffusion X started in (¢, x) and running backward in time. However since
max{tj_1,tj4+1} < t; it follows that Yz« # x; on ' < ¢. In consequence, we can
rewrite (5.11) as

uﬁ(t,x)z sup J,’?x(r) = sup J,’?x(r)
€T (x) €T (x(=1)
= sup JP(0) = uf (e x)fort =0, x ¢ 1.
reT (x(=))

An analogous argument shows ub(t,x) = uﬂ*(t, x)forx € Ij\{x;}and? < t; and
forx = x; and ¢t < ¢;. By continuity of uP we also have uﬂ(xj, tj) = uﬁ*(xj, tj).
2. We now prove that uf = vE” holds for all (t, x).
2.1. From the fact that uﬁ(t, x) = ub” (¢, x), for x ¢ I;, together with 8*(I;) = 0, it
follows that Rf = RF* U ([, 00) x {x;}). Consequently, for all 7 < ¢; and all
s >0,

Xt/\oRﬂ* = Xt/\oRﬁ and Xs/\oRﬂ* lj\lj (XS/\(TTUg*) = XsAaRﬁ lj\l./ (Xs/\oRﬁ ), a.s.

It follows from the induction hypothesis thatu? = véﬁ holdsforallx e R, t < ¢,
and for all x ¢ I;.
2.2. It remains to consider x € (xj_1,xj41) and ¢t > t;. For x € (xj,x;41), we

now know that uf = v’ holds at ¢ = j»and R# places no points in [0, 00) x
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(xj,xj41). Then, it follows from Lemma 6.2 that ub = v’ on (xj,xj41). The
same argument applies for x € (x;_p, x;). O

6.3 The case of locally finitely supported measures

In this subsection, we consider the case of measures 8 which are o —finitely supported
on any compact subset of R, but could have an accumulation of atoms at —oo or
oo. We will establish Theorem 4.1 for such 8 by suitably approximating 8 with a
sequence of measures with o -finite support. Recall that £ = sup{x : af ((—o0, y]) =
B((—o0, y]) Vy < x} = sup{x : U* (y) = UP(y) Vy < x}, and similarly for 8. The
desired result has already been shown when —oco < £# < r# < oo, see Proposition
6.3, so we consider the case where at least one of these is infinite. For simplicity, we
suppose that both are infinite (and hence Z = R), the case where only one is being
similar. The approximation is depicted graphically in Fig. 3.

For N > 0, we observe that we can define a new measure ,BN , and constants
N < N, rVN > N such that BN ([—N, N1N A) = B([—N, N]) N A) for A € B(R),
BN, 1N 1 A) = & ([, V18 N A), and BV (€N, —N) U (N, rV)) = 0. In
particular, to construct such a measure, we can set U Y x)=U B (x)forx € [—N, N],
and extend linearly to the right of N, with gradient (U p )’+ (N) until the function meets
U"‘E, at the point 7"V, from which point on, we take UﬂN(x) =y (x); a similar
construction follows from —N. The existence of the point 7"V follows from the fact
that U (x) = U of (x) = 0as x — oo, which in turn is a consequence of the convex
ordering property. This construction guarantees

UP" (x) > UP(x) forall x € R,

ub” converges uniformly to U A and

o -N N N

Y

Fig.3 A graphical representation of the construction of the measure N in terms of the potential functions
of the measures ¥ and B
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UP" (x) = U (x) for x ¢ (€, ).

In particular, 8V is a sequence of atomic measures with o -finite support. Hence, by
Proposition 6.3, Theorem 4.1 holds for these measures. Moreover, we can prove the
following:

Lemma 6.6 Let 06 € T with corresponding time—space distribution &, and B a
locally finitely supported measure such that af <. B. Let BN be the sequence of
measures constructed above. Then the sequence (Rﬁ n ([0, 00) X [-N, N ]))

. N1 1S
non-decreasing, and

RF =R = (R*" N ([0, 00) x [-N, N])).
N>1

Proof We proceed in two steps:

1. We first show that (RﬂN N ([0, 00) X [—N, N]))Nzl

R. Recall that UP (x) < U’ x) < U’ (x) for N > N. Then, by definition
of the optimal stopping problem, we see that uﬁ(t, x) < uﬁN (t,x) < uﬁN(t, X).

However, we have UP (x) = UﬁN/ x) = U’SN (x) for x € [N, N] by construc-
tion, and so if it is optimal to stop for gV, it is also optimal to stop for BV "and
for B. It follows that, for x € [—N, N1, (t,x) € R?" implies (¢, x) € R#" and
(t,x) € RP. The desired monotonicity follows instantly and RP D R follows
since R” is closed.
2. It remains to show the reverse inclusion R 2 RE.

First, observe that for the points where 7z (x) = 0 or 7z (x) = oo the inclusion
holds. This is an immediate consequence of Corollary 5.6 together with the relation
between the measures 8 and V.

The rest of the proof is devoted to showing that for a point x in the support of
with 0 < ' := 7 (x) < 0o, we have (7, x) ¢ RP forall r < t'. We first carry our
preparatory computations which follow two cases. Then we combine the two to
give the final result.

N
2.1. Since Theorem 4.1 holds for ﬂN , we have uﬁN = vsﬁ . It then follows from
Remark 4.4 that E¢ I:LzﬂN] = (Uo‘g — UﬁN)(x) =: go and gy > O for our x.
Denote H_y, n, = inf{t > Tt : | X;| > No}. Then, for sufficiently large Ny, we

is non-decreasing and RE D

have [E$ L N AH_Ny N0:| > go/2 for all N > Ny. Note that limy_ REY N
= .

([0, 00) x [—Ng, Nol) = R N ([0, 00) x [—No, Ng]). Letting N — 00, we
conclude that

BE [ L2 ity | Z 02

This means that, for all t < ¢’ with ¢/ — ¢ sufficiently small there is a positive
probability under P that the process reaches (z, x) before hitting R (and hence

@ Springer



244 A.M. G. Cox et al.

T2

# t ¢
Fig. 4 The possible cases considered in step 3.1. of the proof of Lemma 6.6. In the first case, shown in the

bottom half of the diagram, paths starting at (ti, x1) can only reach points in the support of £ (denoted by

the red line) which are at time 0. In this case, we are interested on the behaviour of the process on the set A
shown, given that it does not leave the set Dj. In the second case, the process starting at (té, x7) can reach
points in the support of & which are not in the set {t = 0}. In this case, we are interested in the behaviour of
the process on the sets A and A depicted, given that the process does not leave D5 (color figure online)

also RP N) or exiting [—Nop, No]. In particular, considering possible paths, we can
reverse this: for any such ¢ < ¢/, running backwards, there exists a positive prob-
ability that we will reach the support of & before hitting R or exiting a bounded
interval. More specifically, writing x_ = sup{y < x : (0,y) € R}, x4+ =
inf{y > x : (0,y) € R}, and ¢ = ¢’ — ¢, for some ¢ sufficiently small at least
one of the following two cases described below is true. We refer to Fig. 4 for a
graphical interpretation of the two cases, and a number of the important quantities
described below.

Case 1 The only points of the support of & which can be reached from (¢/, x) without
exiting R are in {0} x (x_, x4+). Let A C (x_, x4+) be a closed and bounded
interval such that £({0} x A) > 0. Observe that the measures gV are of-
finitely supported, and hence R’SN NRy x ([x —e,x+e]\{x}) =0 for
some ¢ > 0, and all N. Moreover, we may assume that ¢ is also sufficiently
small that [0, 2e] x [inf AAXx —eg,supAVx+e]NR = 0.

For such an ¢, write

D:=([0,2¢] x [inff AAx —e,supAVx+e]U[0,1) x [x —g,x +¢])

@ Springer



The Root solution to the multi-marginal embedding problem... 245

and note that R N D = .
Our aim is now to use the expression of £v¢ in Lemma 5.1, to show that V'

is a strict supermartingale on A := [0, ¢] x A. Recall that t = ¢ — ¢ and
define

v=infls > 0: (' —s5, V) e RF Y AL, t=infls>0:( —s, V) € R} At

w5 =inf{s > 0: (' —5,¥,) e RF" Y ALY, 78 =inf(s >0: (/' —s.Y) e R} AL

and
P =inf{s > 0: (' —s,Y;) ¢ D} A L.

Recall the family of supermartingales V' defined in (5.5). We want to show

that E* [VT’;V — VT’; ] > § > 0 for some constant § which is independent of
N

DAt <ty < ‘Cf\, forall N, the event {‘L’D > t}is Fr,-measurable.

Hence it is sufficient to show that E* [(Vg] - V%) 1{,D>,}] > §. Using the

N.Since t

supermartingale property of V? ', we can further reduce this to showing that

t t
B [(Viy = Vi o0 Lemon | 2
Note thaton {tp > t} wehave Ty = r and r]f, > 7p. Wenow write g(t' —s, y)
for the space-time density of the process (¢’ — s, x + Yy) killed when it leaves
D, ie.

E*[f(Yy):s < tpl = /q(t’ =5, f(dy

for smooth functioni f. Then from the form of D, we know that ¢ is bounded
away from zero on A, and applying Lemma 5.1 we have

B [(Viy = Viar) T ] = - f( =5, DL — 5, dy)ds

N t'—s,y)€EA

> /( 002 — 5. y)EO, dy)ds.

t'—s,y)€A

by the assumption on the support of § under consideration. By the assumption
on &, and the fact that g is bounded below on A, this final term is strictly
positive, and independent of N, so:

E* [V;N _ V;IEV] ) (6.9)

for some 6 > 0 independent of N.

Case 2 There exists a bounded rectangle A C (0, ') x (x_, x;) such that £(A) >
0, all points of A can be reached from (¢', x) via a continuous path which
does not enter R, and the process spends a strictly positive time in A. More
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specifically, for all sufficiently small ¢ > 0, we can choose a¢, a,, s4 such
that A = [sa, 54 + &/2) X [a¢, ar), E(A) > 0, s4 + 3¢ < t’ and the set

D :=(sa,54+e]l x[ag—e,a, +e]) U ([sa +¢&,54 + 2¢]
X[ag Ax —e,a, Vx+¢€])
U ([sa +2¢,1'] x [x — &, x + ¢])

satisfies D N 'R = . Further, recalling the definitions of 7P and Ty above,
we have 12 < ty P*-as.. In a similar manner to above, we now write
q(t' — s, y) for the space-time density of the process (+' — s, x + Y) killed
when it leaves D, and observe that ¢ is bounded away from zero on the set
Z+ = [s4 +€/2,54 + €] x [ayg, a,]. Tt follows from Lemmas 5.1 and 5.2
that:

E* [/TN (Lv5(t — 5, Yy) — LV (1) — 5, 7)) ds}
0

.L,D
> E* /
0

> / Gt —s,y) (Lv5(t — 5, y) — LV (' — 5, y)) ds dy
(t'—s,y)eD

(Lt — 5. Yy) — LoF (1 — 5, 7)) dS}

> / DOV — 5, Esa 54+ £/2). dy)ds

(t'—s,y)EAL

where in the last line we applied Lemma 5.1 and the fact that for (¢' —s, y) €
Ay

(Evs(t —5,y) = L5t —5,y))dy
=02t — 5,1 —5),dy) > n(y)*E([s4, 54 + £/2), dY).

It follows that we can choose § > 0 independent of N such that
™~
E* |:/ (/jvg(t —5,Y) — LoE(d — s, Yy)) ds} > 3§,
0
which, by an application of Itd’s formula, implies that
E* [v;N - v;;] > (1, x) — vE (1, x) + 6. (6.10)

Finally, observe that, in view of the supermartingale properties of Lemma 5.2, we can
combine (6.9) and (6.10) to get:

E* [V;N - V,’;] +E [V;; - V;;N] > vE (1, x) — V5 (£, x) + 8 6.11)
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for some § > 0 independent of N, and for any & satisfying the conditions of the
lemma.

2.2. We are now ready to exploit the above to establish that (¢, x) ¢ RP forr < 1. Take
the values of #, ¢, § determined above, and consider the following calculation:

N N
wP" (10) = v 2 2 B[V 4 0 (o) Ly <n | = ¥, 0)
t t/ ’ t/
=B [ Vi, - Vi | B v - vE ]
N N
+ B [0 (Vo) oy <) = 0P (Vg g
’ N
+E* [V;;/ + wﬁ (erv)l{rfv<t’}i| - Us (,x)
> (5,0 —oF () + 0+ P (@ x) — o, ),
Here we use (6.11) for the first two terms in the second inequality; the third term
in the second inequality is at least O using the fact that ty < ¢ implies that

rlf, = 1Ny < t,and wﬁN(-) < 0. It then follows, since v is non-increasing in t,
that

u'BN(t,x) — 5, x) > uﬁN(t/,x) — 5, x)+8> wﬂN(x) +8>wlx) +5.

We now use the fact that § > 0 independently of N, and ub” (t,x) — ub(r,x)
as N — oo to deduce that u? (¢, x) — vé (t,x) > wh(x). In particular, it is not
optimal to stop immediately for the u? optimal stopping problem at (¢, x) with
t < t', whenever 0 < IR (x) < oo. O

Proposition 6.7 Let o5 € T with corresponding time—space distribution &, and let

B be a locally finitely supported measure such that of <¢x B. Then uf = v&" and
Theorem 4.1 holds for .

Proof Tt follows from Lemma 6.6 that o# " decreases to o ;and X _gv converges to
X, in probability, and therefore X s ~ B. Finally, if we write Hyy = inf{t > T; :
|X¢| = N}, we also have

E11x — i X
A [Lt/\aﬁ] - Nh—lgo]E [Lt/\oﬂ/\HiN]
= lim Ef [L" N }
N—o00 tAaPY AHyy

= ngnoo [vs (t,x) — ub” (t, x)]

=5 (1, x) — uP @, x),

where we used (4.6) and monotone convergence. It follows from Remark 4.3 that
e _ B
v =uP.
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Since X, 5 ~ B and Xo ~ o, and Vi, x) —uP(r,x) > —wP(x)ast - oo, by
monotone convergence, we have E¢ [Lfm ﬂ] = —w”(x), and hence by Elworthy et al.
[18, Corollary 3.4], o is a UI stopping time. Finally, we deduce that R? is &-regular
using (4.4) and taking limits in the equation above to conclude that (z, x) € RA if and
only if B [ L2, | = wf(x) = B# [ L2, ]. From Remark 2.3, it follows that R” is
&-regular. O

7 The general case

In this section, we complete the proof of Theorem 4.1. We fix 0¥ € 7T with its
corresponding time—space distribution &, and let 8 be an arbitrary integrable measure
such that 8 >.x af. We start by approximating 8 with a sequence of locally finitely
supported measures. Let

15 = [k27", (k+1)27"]NZ, and X := min 7’ (x)

xelk

= P (xk) with (%, xk) e RP, xk e IX. (7.1)
We set t,’ﬁ, = oo when there are no points of RP in [0, 0c0) x I,’;, see Corollary 5.6
for a characterisation. The existence of a minimizer x¥ follows from the lower semi-
continuity of the barrier function [id which, in turn, is implied by the closedness
property of the barrier R”. If there exists more than one minimiser, we choose the
smallest: x,’; = min{x € I,’;l 7P x) = t,’;l}, so that if (f,x) = (t,';, xfn), then
(t,x) = (t,]::H, x,’;/H) for some k’. Note that 0 < xk+1 — xk < o=m+1,

We now determine a sequence of approximating measures defined as follows: the
measure 8™ is defined through its potential function, U B (x), and we set U B (x) to
be the smallest concave function such that U#" (xf,z) =UF (x,];) for all k. In particular,

we deduce that UF" x) < UﬁmH (x) < UP(x); moreover, B™ has the same mean as
B, B =ex BT = B and UP" (x) — UP(x) — 0as x — 9Z for each m. This
approximation is depicted in Fig. 5.

Each 8™ is locally finitely supported, and so we can apply Proposition 6.7 to each
B™. Write R™ := RP" for the corresponding barrier. A typical sequence of barriers
are depicted in Fig. 6. Since the potentials of the measures are increasing, we have

uf" (t,x) < ub™t! (¢, x); in addition, the function U " (x) is piecewise linear, and so
(t,x) € R™ implies x = xX = x,’;/H, for some k, k', and UP" (x) = UF""' (x) =
UB(x). In consequence, for such an x we have

V(1 x) + wP ) = v (1, x0) + wP"T () = 05, x) + P ()
<uP" ¢, x) <u?" (1, x) < uPt, %) (7.2)

and it follows from the optimal stopping formulation that 7gm(x) < frm+1(x) <
i (x)—i.e. new spikes may appear, but existing spikes get smaller. Taking a sequence
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>t /
Y

(a) Smallest point in the barrier (b) Construction of the potential

W

J
(c) A refined partition (d) The increased potential

\/

I

Fig. 5 The approximation sequence of a general measure f. In (a), the red points denote the smallest
point in the barrier for the given subdivisions (marked in gray). In (b), the original potential (in blue) is
interpolated at the corresponding x-values, to produce a smaller potential corresponding to a measure ™.
In (c), a finer set of intervals are used to produce additional approximating points. Note that the previous
(red) points are all in the new set of approximating points. In (d), these points are used to produce the
potential of a new measure B+ (color figure online)

ky, such that x = x,li{" for all m > my, for some m(, we see that 7z (x) increases to a

limit. We now establish that this limit is equal to T (x).

Lemma 7.1 Let

R:=)JR" (7.3)

m>0k>m
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Fig. 6 The sequence of barriers z
constructed by the A
approximation sequence. The

red barrier corresponds to g™,

and the green barrier to g1,

Where the barriers have

common atoms, the green

barrier is to the right of the left

barrier, however new ‘spikes’

appear for the green barrier. The i _

blue line denotes the barrier R
(color figure online)

Then R = RP and for any x of the form x = xl‘,{”, for some sequence of indices (kp,),
R (x) /7P ().

Proof We first show R € RP. Let (t,x) € ;0 Ug>m RY. Then, for all m > 1,
there is k,, > m such that (, x) € R% ie. P — v8)(t,x) = wh™ (x) = wh(x).
However uﬂkm (t, x) = uP(t, x)asm — oo, and so (uf —vé) (¢, x) = wh(x), proving
that (¢, x) € RP. This shows that (-0 Ui~ RY € R?, and therefore R € R? by
the closeness of R”. - -

We now show the reverse inclusion, R? € R. For (t,x) € RP, and ¢ > 0, choose
mg so that 270 < g. Then there exists x’ such that |x —x’| < e and (¢/, x) € R™0 for
some ¢’ and 7° x) < i (x) <t by our choice of points xl,fl. Further, as argued above,
trmo(x") < trm(x") < fﬁ(x’) < t sothat (z, x") € R™ for all m > my. It follows that
(t,x) e R.

The above shows R = R, or equivalently 7z = 7. As observed above, for
X = x,’i,’" , we have fgm (x) is an increasing sequence in m and hence converges to some
limit which we denote 7 (x). By the barrier property of each R,, and the definition of
‘R we see that (7 (x), x) € R.Itfollows that 7 (x) < t(x) < 7 (x) and hence all three
are equal. O

Proposition 7.2 Consider the approximation sequence above and define 6" = ogm A
ops. Then:

(i) The process (Xipom )tZTs is uniformly integrable under Pt
(ii)) 0™ — oRs;
(i) E¢ [LfMRﬁ] < o5 (t,x) — uP (1, ).
Proof (i) By definition 6™ < ogm and, from Proposition 6.7, the same process
stopped at orm is uniformly integrable, which implies the result.

(ii) Suppose that o™ does not converge a.s. to oz 5. Take w such that, possibly passing
to a subsequence, we have that 6" (w) — t for some foc < ops(w). Then
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necessarily (t,,, ym) := (6" (), Xom(w)) € R™ for m large enough. This gives

V(s ym) + WP i) = 05 (s yim) + 0P ) = 6P (10, ym)-

We take limits on both sides. The left-hand side converges to vE (oo Yoo) + wh (Yoo)
by continuity of w” and joint continuity of v¥, see (5.2). For the right-hand side we
use 1-Lipschitz continuity of each u?" (¢, -) and 1/2-Hélder continuity in 7 as given
in Lemma 5.5. This shows, with X, =: ys, that

1P (100, yoo) — P (tm, ym)| < C(1+ 1Yo DV too — tm| + Yoo — Y|

for a constant C independent of m, and hence
lim uf” (th, ym) = 1im 1P (1o, Yoo) = P (50, yoo).
m—00 m—00

which then shows that (fo0, yoo) € RA and hence orp(w) < to which gives the
desired contradiction.

(iii) Using the above, together with Proposition 6.7 and Remark 4.3, we deduce
that

B (Lo | = lim B [Lion] < lim Ef

t/\a,ng M—>00 M—>00 tAoRm

= mli_r)nc<> [vg(t, x) — uf" (¢, x)] = vg(t, x) — uﬂ(t, X).

Lemma 7.3 We have v¢’ = uf and o¢” is a UI stopping time embedding f.

Proof 1t suffices to show the first equality as the rest follows from Lemmas 5.5 (iii)
and 4.2. Given (iii) of Proposition 7.2 and Remark 4.3, it remains only to show

that B¢ [LfMR ﬁ] > v5(s, x) — uP (¢, x). We consider the alternative approximat-
ing sequence: R := R N RP. Recall from above that if (1, x) € R™ then
IR, () <tR,. (x) < 7# (x) from which it follows that R™ is an increasing sequence
of barriers. Moreover, from the definition of the points x,]fl, we have 0.5, \{ ORs,
since when we hit R#, we are guaranteed to hit R™ as soon as we have travelled at

least 27"+ in both directions. However 0m = oRm, and therefore:

ES[LX

N P R

t/\ﬂﬁm l‘/\o’Rﬁ

But also Ef [Lx

tMRm] =8, x) — uP" (t,x) > v5 (1, x) — uP (¢, x) and the result

follows. o

We note that &P-regularity of R? now follows from Remark 4.4. The proof of
Theorem 4.1 is complete.
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A Proofs of the optimality results

We prove here the results announced in Sect. 3.2. We start by establishing the required
pathwise inequality.

Proof of Lemma 3.4 We proceed in three steps.

1. We first observe that ¢ > @iy forallk = 1,...,n, and ¢, = @,4+ on R".
Indeed, notice that ¢ (1, x) = E>*[ £(£¥)], where ¢* is the first time we enter R”,
having previously entered the barriers R"~!, R"~2, ..., R¥ in sequence. Then
¢k > ¢kl prra s implying that ¢ > @i by the non-decrease of f.

2. We next compute that:

t’k—l(x)
(hi — he—)(, x) — Ag—1(x) = / (Pr—1 — @) (s, x)ds.  (A.1)
t

Then, hy — hg—1 — Ax—1 > 0 for t < 7*71(x), by Step 1. Next, notice that
t > t*~1(x) if and only if (s, x) € R¥"! forall s € [f*"(x), ], and that in this
case opk-1 = s, P"*-a.s., implying that ¢x_1 (s, x) = @i (s, x). Hence:
hi > hj—1 + Ax—1 k =2, ..., n, with equality on RET (A.2)
3. By the previous steps, we have:
n n
D hi) + Y [hilsixi) = hisio1, xi-1)] + hi (0. x0)
i=1

i=1

n n—1
= i)+ Y [hiCsio xi) = higa (siv x0)] + hi (s, x0)
i=1 i=1

IA

An(Xp) + hy(sp, xp), with

“=7if(s,x)eRL i=1,...,n—1,
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Sn " (xn)
/0 f@)dt = (xn) f(0) — / (@n = @n1) (1, xp)d1t

IA

/Sn f@®dt — (x,) f(0), with “="if (s,, x,) € R",
0

where we used (A.1) and ¢, +1(x) = f(0) f(f 17(y)_2 dy. m]

To be able to take expectations in the pathwise inequality when applied to the
stopped diffusion, we need to establish suitable (sub)martingale properties. These are
isolated in the following lemma.

Lemma A.1 Let f be bounded non-negative and non-decreasing, and assume
/. o (X)d X, is a P — martingale for allk = 1, ..., n+ 1. (A.3)
0

Then, for all k = 1,...,n, the process {hy(t, X;) — hr(0, Xo),t > 0} is a PH0-
submartingale, and a P*°-martingale on [Uk_ 1 crk].

Proof First, applying the It6-Tanaka formula to the second term in the definition of
hi, we have

t

¢
hi(t, X¢) = h (0, Xo) —I—/O or(u, X)du — 2[0 o (X,)dX,
t
—/ @k (0, X,)du, t>0.
0

Since 0 < @r(u, x) < || flloo < 00, (A.3) shows that hi (¢, X;) — h(0, Xq) differs
from a martingale by a bounded random variable and in particular is integrable. We
now proceed in two steps.

1. For 0 < s < t, using the above decomposition and (A.3), we have

t
B[ (1. X,)] — hi (0. Xo) = /0 B0 g (. X)]du
t Ky
- [ Bl xJu =2 [ gexiax,
0 0

where E}° := EA0[.| F;]. We shall prove in Step 2 below that

B[ (u, X)] = B[ (u — (1 — ), X)] for u e[t —s,1], (A4)
ELO[r(u, X0)] = EF[@r (0, X;—y)] for u €[0,1—s], (A.5)

and

equality holds in (A.4) — (A.5) ifoy—1 < s <t < 0%. (A.6)
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Then,
B4 [h(t, X1)] — h(0, Xo) = fo - EX[@r(0, X;—u)]du
+/lt ‘Ego [oc(u — (1 —5), X)|du
- /0 t EX°[@x (0, X)) |du — 2 /O (X )dX,
= /t B4 [gr (0, X,)|du + /OS B4 [gr (1, Xs)]du
- fo t EL [0k (0, X)) |du — 2 /O (X )dX,

= hi(s, Xs) — hx (0, Xo)

with equality if oy —1 < s <t < 0}.
2. (i) We first argue, for all (s, x) € Ry x R, that

{@x(z. X;)},. is a submartingale on[s, c0), and a martingale on [s, or], P** —ass.

(A7)

The martingale property is immediate from the definition of ¢ . The submartingale
property follows from the following induction. First, the claim is obvious for
k = n+1 by the factthat f is non-decreasing. Next, suppose that the submartingale
property in (A.7) holds for some k + 1. Introduce the stopping times 07’2,( :
inf{u >t : (u, X,) € Rk}, and notice that 07%,{ > 07’3,( for s < r < t. Then,

denoting by X, 6 independent copies of the same objects, and using the induction
hypothesis, we see that:

EC [pe(t, XpIF] = B9 [EX [ g1 Gres Ro0) | 17 ]
= EO9 [ g (0Fu. X1 DI |
= EC g1 (0 Xor I |
= @r(r, Xr).

(i1) We now prove (A.4). For u > t — s, it follows from (A.7) that

Eé‘o [§0k(u, Xz)] = EO’X‘Y [(pk(U, f(t—s)] = ]EM_(t_S)’XS [(0/{(“, f(u)]
— ]Eu—(t—S),Xs [(pk+l(&7ugk’ )?&;lzk )]
> ]Eu—(t—s),Xs [(pk+1 (6'Rk, X&Rk )]
= g(u — (1 —5), X;), P —as.
(A.8)
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(iii) We next prove (A.5). For u <t — s, using again (A.7), we see that:

EL [gx (u, X)] = BLO[E" X~ [gr (u, X,)]]
> ELO[E*X [0 (0, X0)]]
= EX [k (0, X;—u)]- (A9)

(iv) Finally, to prove (A.6), we observe that the equality was lost in (A.4) and
(A.5) only because of the inequalities in (A.8) and (A.9), which in turn become
equalities provided that (u, X,,) does not enter RF for u € [s, t). The condition
that 0,1 < s <t < o} ensures this is true. O

Proof of Theorem 3.3 Finally, we complete the proof of the main result in Sect.3.2.
First, by monotone convergence arguments and since ¥ is convex, note that

E*0 [pn] = f V() (i — o) (dx) = /(U”O(X) — UM (x))dx (A.10)

is the same for all p € 7 (u,) so that adding a constant to f does not change the
problem. We shall normalise f by taking f(0) = 0 and exclude the trivial case
f = 0.If the quantities in (A.10) are equal to 4 oo then there is nothing to prove. We
thus assume that (A.10) is finite. Note that this might be so even iff Y (x)ui(dx) = o0
for each 0 < i < n. More generally, thanks to the convex ordering of measures, one
can define the integral f g(x)(u; — ui)(dx) foraconvex g and 0 <i < j < n. This
is done by considering gz ' g which are convex, equal to g on a compact set and
affine on the complement. Further, if » = h — g + g with (A — g) and g convex with
finite integrals against (i ; — ;) then the integral f h(x)(uj — ;) (dx) is also well
defined and finite, see Beiglbock et al. [5] for details. We shall use this fact below
repeatedly together with f Y (x)(u; — mi)(dx) < oo which follows from (A.10).

Without loss of generality, we may assume that f is bounded, the general case
follows from a direct monotone convergence argument. Then 0 < ¢; < | f|lo for
all i, and in particular, |¢; (x)| < || flleo|¥'(x)]. We define «;(x) := f(f ¢i (y)dy =
—h;(0,x)/2, and observe that ;(x) is then a non-negative, convex function with
0 < «/(x) < I flloon(x)™2 so that || flloo¥ (x) — ki (x) is a non-negative convex
function. We conclude that fK,‘ () (uj — ur)dx) < 00,0 <k < j < n. Moreover,
we have «;(x) > «;41(x) for all x € 7 since ¢; > ¢;+1, as argued above.

The aim is now to take expectations in (3.7) for (s;, x;) = (p;i, Xp;), where p €
T (). To do this, we need to check that the expectations under P*0 of individual
terms on the right-hand side of (3.7) are well defined.

We can rewrite the first two terms on the right-hand side of (3.7) as:

n n i (x;)
D hi(xi) + hi(0, x0) = Zfo (@it1(s, %) — @i(s, 7)) ds
i=1 i=1

+2) éi (y)dy,
i=1

Xi—1
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where we used that f(0) = 0 so that k,+1 = 0 and h,41(f, x) = fé f(u)du. The
expectation of the first two terms is then equal to

n i (x) n
> / /0 (@i41(5, %) — @i (s, X))ds i (dx) +2 ) / i (X) (i — pi—1)(dx).
i=1 i=1

The integrals in the second sum are well defined and finite by the discussion above.
As for the first sum, observe that

i (x)
0= //0 (i (s, x) — @ig1(s, x))ds i (dx) < || flloB* [7: (Xo,)]
< 1 f B [0] < o0.

Using |¢i| < || flloo, E*0 [p,] < 0o and integrability properties of x; we see that the
local martingale

t 1 t
| #ixix, = - x5 [ @0, X,
0 0
is a martingale on [0, p,]. It then follows from Lemma A.1 that
B [hi(pis Xp) — hi(piz1, X )] =0, i=1,....n,

with equality if p; = o;. Taking expectations under P*0 in (3.7), we deduce that

Pn n 1 (x)
E“O[ 0 f(t)dt} =/ /0 (@415, )
i=1
—@i(s, x))ds pi(dx) + ZZ/Ki(x)(m — ii-1)(dx),
i=1

with equality when we replace p, with oy,. O

B Extension to continuous Markov local martingales

The following statement extends Lemma 6.1 to a class of continuous Markov local
martingales.

Lemma B.1 Let X be a local martingale with d(X); = n(X,)*dt, for some locally
Lipschitz function n, and let a < b be fixed points in I°, and H, p, the first exit time of
X from the interval (a, b). Then

EX|X,AHa1b — y‘ = Ey|Xt/\Ha,;, —x| forall x,y € [a, b].
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Proof Le y € (a, b) be fixed, and denote X H.—x H,,- We decompose the proof
in three steps.

Step 1 By dominated convergence the function u(¢, x) := E* \X H_ y| is continuous,
and it follows from classical argument using the tower property that u is a viscosity
solution of the equation

(9u — 40> D%u)(t,x) =0 for t > 0, x € (a,b)

u(x,a)=y—a, ulx,b)=>b—y, x € (a, b). (B.1)

Step 2 Similarly, the function v (¢, x) := EY |X tH —x‘ is a continuous function, and is in
addition convex in the x-variable. Denote by L(X HY the local time of the continuous
martingale X 7. Using the Itd-Tanaka formula, we see that:

v(t +h, x) —v(t,x) = EY[LY, (X)) — L (X™)].
By the density occupation formula, this provides for all Borel subset A of [a, b]:
t+h
f f opv(ds, x)dx = / (v(t + h,x) — v(t, x))dx
At A

t+h "
- / 2 (x) / PXs (dx)ds,
A t

H e . . H
where PXs" denotes the distribution function of X7, Notice that PXs' = %D2v(s, 2.

Then:
t+h t+h 1
// atv(ds,x)dxsz —n%(x)dsD?v(s, dx).
AJi Ade 2

Let ¢, be a C*°-molifier, and set v, (f, x) = f v(t — s, x — ¥)p:(s, y)dsdy. Then, v,
is smooth, and it follows from the last equality that

t+h 1
/ f (8,115 — EnzDzvg — RS)(S, x)dsdx =0,
AJt

where R, (s, x) := f (nz(x) —n*(x — y))Dzv(r — 8, x — ¥):(r, y)drdy. Since n is
Lipschitz on [a, b], and v is bounded, we see that

[Re(s. )| < cf D?(lx — ylge(r — 5.x — y))drdy
— c/ [DUx = Ylgetr —s,x — ) ]odr = re —> 0, as & — 0.
By the arbitrariness of & > 0 and the Borel subset A of [a, b], this shows that

_l 212, _l 212
0 Vg anvg re > Oando; v, Zans—i—rst on R4 x (a,b).
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Since v —> v, locally uniformly, it follows from the stability result of viscosity
solutions that v is a viscosity solution of 9;v — %nzDzv =0on Ry x (a, b). We also
directly see that v(fr,a) = y — a and v(t,b) = b — y. Hence v is also a viscosity
solution of (B.1).

Step 3 To conclude that # = v, we now use the fact that Eq.(B.1) has a unique
C%R, x [a, b]) viscosity solution. Indeed the corresponding equation satisfied by
eMu(t, x), for an arbitrary A > 0, satisfies the conditions of Theorem 8.2 of Crandall
etal. [15]. O

References

1. Acciaio, B., Beiglbock, M., Penkner, F., Schachermayer, W., Temme, J.: A trajectorial interpretation
of Doob’s martingale inequalities. Ann. Appl. Probab. 23(4), 1494-1505 (2013)

2. Azéma, J., Yor, M.: Une solution simple au probleme de Skorokhod. In: Dellacherie, C., Meyer, P.
A., Weil, M. (eds.) Séminaire de Probabilités, XIII (Univ. Strasbourg, Strasbourg, 1977/78). Lecture
Notes in Mathematics, vol. 721, pp. 90-115. Springer, Berlin (1979)

3. Beiglbock, M., Cox, A.M.G., Huesmann, M.: Optimal transport and Skorokhod embedding. Invent.
Math. 208, 327-400 (2017)

4. Beiglbock, M., Nutz, M.: Martingale inequalities and deterministic counterparts. Electron. J. Probab.
19(95), 1-15 (2014)

5. Beiglbock, M., Nutz, M., Touzi, N.: Complete duality for martingale optimal transport on the line.
Ann. Probab. 45(5), 3038-3074 (2017)

6. Bensoussan, A., Lions, J.-L.: Applications of Variational Inequalities in Stochastic Control. Studies in
Mathematics and Its Applications, vol. 12. North-Holland Publishing Company, Amsterdam (1982)

7. Blumenthal, R.M., Getoor, R.: Markov Processes and Potential Theory. Academic Press, New York
(1968)

8. Brown, H., Hobson, D., Rogers, L.C.G.: The maximum maximum of a martingale constrained by an
intermediate law. Probab. Theory Relat. Fields 119(4), 558-578 (2001)

9. Burkholder, D.L.: Explorations in martinagle theory and its applications. In: Hennequin, P.-L. (ed.)
Ecole d’Eté de Probabilités de Saint Flour XIX—1989. Lecture Notes in Mathematics, vol. 1464, pp.
1-66. Springer, Berlin (1991)

10. Chacon, P.: The filling scheme and barrier stopping times. PhD thesis, University of Washington (1985)

11. Chacon, R.V.: Potential processes. Trans. Am. Math. Soc. 226, 39-58 (1977)

12. Cox, A.M.G., Hobson, D.G., Obtdj, J.: Pathwise inequalities for local time: applications to Skorokhod
embeddings and optimal stopping. Ann. Appl. Probab. 18(5), 1870-1896 (2008)

13. Cox, A.M.G., Wang, J.: Optimal robust bounds for variance options (2013a). arXiv:1308.4363

14. Cox, AM.G., Wang, J.: Root’s barrier: construction, optimality and applications to variance options.
Ann. Appl. Probab. 23(3), 859-894 (2013b)

15. Crandall, M., Ishii, H., Lions, P.-L.: User’s guide to viscosity solutions of second order partial differ-
ential equations. Bull. Am. Math. Soc. 27(1), 1-67 (1992)

16. De Angelis, T.: From optimal stopping boundaries to Rost’s reversed barriers and the Skorokhod
embedding (2015). arXiv:1505.02724

17. El Karoui, N.: Les aspects probabilistes du contrdle stochastique. In: Hennequin, P. (ed.) Ecole d’été
de Probabilités de Saint-Flour IX-1979. Lecture Notes in Mathematics, vol. 876, pp. 73-238. Springer,
Berlin (1981)

18. Elworthy, K.D., Li, X.-M., Yor, M.: The importance of strictly local martingales; applications to radial
Ornstein—Uhlenbeck processes. Probab. Theory Relat. Fields 115(3), 325-355 (1999)

19. Gassiat, P., Mijatovi¢, A., Oberhauser, H.: An integral equation for Root’s barrier and the generation
of Brownian increments. Ann. Appl. Probab. 25(4), 2039-2065 (2015a)

20. Gassiat, P., Oberhauser, H., dos Reis, G.: Root’s barrier, viscosity solutions of obstacle problems and
reflected FBSDEs. Stoch. Process. Appl. 125(12), 4601-4631 (2015b)

21. Henry-Labordere, P., Obtdj, J., Spoida, P., Touzi, N.: The maximum maximum of a martingale with
given n marginals. Ann. Appl. Probab. 26(1), 1-44 (2016)

@ Springer


http://arxiv.org/abs/1308.4363
http://arxiv.org/abs/1505.02724

The Root solution to the multi-marginal embedding problem... 259

22.

23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Hobson, D.: The Skorokhod embedding problem and model-independent bounds for option prices.
In: Carmona, R., Cinlar, E., Ekeland, I., Jouini, E., Scheinkman, J., Touzi, N. (eds.) Paris-Princeton
Lectures on Mathematical Finance 2010. Lecture Notes in Mathematics, vol. 2003, pp. 267-318.
Springer, Berlin (2011)

Hobson, D.G.: Robust hedging of the lookback option. Finance Stoch. 2(4), 329-347 (1998)

Jacka, S.D.: Optimal stopping and best constants for Doob-like inequalities i: the case p = 1. Ann.
Probab. 19(4), 1798-1821 (1991)

Karatzas, 1., Shreve, S.E.: Brownian Motion and Stochastic Calculus. Graduate Texts in Mathematics,
vol. 113. Springer, New York (1991)

Loynes, R.M.: Stopping times on Brownian motion: some properties of Root’s construction. Z.
Wahrscheinlichkeitstheorie Verw. Gebiete 16, 211-218 (1970)

Madan, D., Yor, M.: Making Markov martingales meet marginals: with explicit constructions. Bernoulli
8(4), 509-536 (2002)

McConnell, T.R.: The two-sided Stefan problem with a spatially dependent latent heat. Trans. Am.
Math. Soc. 326(2), 669-699 (1991)

Obt6j, J.: The Skorokhod embedding problem and its offspring. Probab. Surv. 1, 321-390 (2004)
Obldj, J.: The Maximality Principle Revisited: On Certain Optimal Stopping Problems. In: Donati-
Martin, C., Emery, M., Rouault, A., Stricker, C. (eds.) Séminaire de Probabilités, XL, number 1899 in
Lecture Notes in Mathematics, pp. 309-328. Springer, Berlin (2007)

Obt6j, J., Spoida, P.: An iterated Azéma-Yor type embedding for finitely many marginals. Ann. Probab.
45(4), 22102247 (2017)

Obt6j, J., Spoida, P., Touzi, N.: Martingale inequalities for the maximum via pathwise arguments.
In: Donati-Martin, C., Lejay, A., Rouault, A. (eds.) Memoriam Marc Yor—Séminaire de Probabilités
XLVII. Lecture Notes in Mathematics, vol. 2137, pp. 227-247. Springer, Berlin (2015)

Peskir, G.: Designing options given the risk: the optimal Skorokhod-embedding problem. Stoch. Pro-
cess. Appl. 81(1), 25-38 (1999)

Protter, P.E.: Stochastic Integration and Differential Equations, 2nd edn. Springer, Berlin (2005)
Rogers, L.C.G., Williams, D.: Diffusions, Markov processes, and martingales. Vol. 2. Cambridge
Mathematical Library. Cambridge University Press, Cambridge. Itd calculus, Reprint of the second
(1994) edition (2000)

Root, D.H.: The existence of certain stopping times on Brownian motion. Ann. Math. Stat. 40, 715-718
(1969)

Rost, H.: The stopping distributions of a Markov Process. Invent. Math. 14, 1-16 (1971)

Rost, H.: Skorokhod stopping times of minimal variance. In: Meyer, P.-A. (ed.) Séminaire de Probabil-
ités, X (Premiere partie, Univ. Strasbourg, Strasbourg, année universitaire 1974/1975). Lecture Notes
in Mathematics, vol. 511, pp. 194-208. Springer, Berlin (1976)

Skorokhod, A.V.: Studies in the theory of random processes. Translated from the Russian by Scripta
Technica, Inc. Addison-Wesley Publishing Co., Inc., Reading, Massachusetts (1965)

Touzi, N.: Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE, vol. 29.
Springer, New York (2012)

@ Springer



	The Root solution to the multi-marginal embedding problem: an optimal stopping and time-reversal approach
	Abstract
	1 Introduction
	2 The Root solution of the Skorokhod embedding problem
	2.1 Definitions
	2.2 Root's solution and its PDE characterisation
	2.3 Optimal stopping characterisation

	3 Multiple marginal Root solution of the SEP: main results
	3.1 Iterated optimal stopping and multiple marginal barriers
	3.2 Optimality

	4 The inductive step
	5 Stopped potential and the optimal stopping problem
	5.1 Properties of the stopped potential function
	5.2 The optimal stopping problem
	5.3 Existence and basic properties of the barrier

	6 Locally finitely supported measures
	6.1 Preparation
	6.2 The case of finitely supported measures
	6.3 The case of locally finitely supported measures

	7 The general case
	Acknowledgements
	A Proofs of the optimality results
	B Extension to continuous Markov local martingales
	References





