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Abstract The parabolic Anderson model on Z¢ with i.i.d. potential is known to com-
pletely localise if the distribution of the potential is sufficiently heavy-tailed at infinity.
In this paper we investigate a modification of the model in which the potential is par-
tially duplicated in a symmetric way across a plane through the origin. In the case of
potential distribution with polynomial tail decay, we exhibit a surprising phase tran-
sition in the model as the decay exponent varies. For large values of the exponent the
model completely localises as in the i.i.d. case. By contrast, for small values of the
exponent we show that the model may delocalise. More precisely, we show that there
is an event of non-negligible probability on which the solution has non-negligible mass
on two sites.
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1 Introduction
1.1 Delocalising the parabolic Anderson model

Given a potential field & : Z¢ — R, the parabolic Anderson model (PAM) is the
solution to the Cauchy problem with localised initial condition

du(t,z) = Au(t,z) + £E@Qu(t, 2), (t,7) € (0, 00) x Z4,
u(0, z) = 110;(2), zez¢, (1.1

where A is the discrete Laplacian acting on functions f : Z¢ — R by

AN@= Y (fO—-fR), zeZ,

ly—z|=1

with | -| the standard ¢ distance. The PAM models the competition between smoothing
effects, generated by the Laplacian, and roughening effects, generated by the potential.
It is well known that if the potential £ is sufficiently inhomogeneous, the PAM may
undergo a process of localisation in which its solution is eventually concentrated, at
typical large times, on a small number of spatially disjoint clusters of sites. Indeed,
if £ is an i.i.d. random field with the law of £(-) sufficiently heavy-tailed at infinity,
the solution is known to eventually concentrate on a single site with overwhelming
probability, i.e. there exists a 74 -valued process Z; such that, as t — oo,

u(t, Z;)

—————— — 1 in probability.
ZzeZd u(t, z)
In this case we say that the PAM completely localises.

While there are many results in the literature establishing localisation in the PAM
in various settings (see Sect. 1.2 for an overview), our understanding of the absence of
localisation is much less well-developed. In the case that the potential £ is a random
field, there are at least two features of & which may prevent complete localisation
in the PAM. First, the potential may be too homogeneous on large scales—too close
to a constant potential—for sharp peaks in the solution to form. Second, even if the
potential is sufficiently inhomogeneous, complete localisation may be prevented by
the presence of ‘duplicated’ regions in which the potential is very similar; in this case,
the solution may have no reason to favour one such region over another.

This paper is motivated by the following question:

Given a random potential for which the PAM completely localises, what kind of
‘duplication’ of the potential will cause complete localisation to fail?
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Of course, there are trivial ways to prevent complete localisation by introducing
duplication. For instance, if the potential is symmetric about some plane through the
origin then u(z, -) is also symmetric about this plane, and so complete localisation
cannot occur. This paper considers a model of partial duplication in which we pick a
fraction p € (0, 1) of the sites to duplicate across the plane of symmetry. It turns out
that this model exhibits a rich phenomenon of delocalisation; indeed, if the potential
is i.i.d. with Pareto distribution (i.e. with polynomial tail decay), we show that the
model exhibits a phase transition in the Pareto parameter.

1.2 Localisation in the PAM

The study of localisation in the PAM has received much attention in recent years.
This began with the seminal paper [6] and is by now well-understood, see [7,10,13]
for surveys. In the i.i.d. case, for a wide class of potentials with unbounded tails it
is known that the solution to the PAM is concentrated at typical large times on a
small number of spatially disjoint clusters of sites, known as islands. The shape of the
potential and the solution u (¢, -) on these islands was first studied in [8] for the case of
double-exponential potentials. More recently, it has been shown that for sufficiently
heavy-tailed potentials (Pareto [11], exponential [12], Weibull [5,17]), the solution
exhibits the strongest possible form of localisation: complete localisation. In [14] this
was shown to also be the case for a model that replaced the Laplacian with the generator
of a trapped random walk. By contrast, in very recent work [3] it has been shown that
in the double-exponential case the PAM localises on a single connected island, rather
than on a single site. This has confirmed the long standing conjecture that, in the i.i.d.
case, potentials with double-exponential tail decay form the boundary of the complete
localisation universality class.

The model we consider is an example of the PAM in a random potential that has
spatial correlation. To the best of our knowledge, the only previous work that has
considered the PAM with correlated potential in a discrete setting is [9], in which the
motivation was to more accurately model a physical system by introducing long-range
correlations. The main result in that paper is an asymptotic formula for moments of
the total solution; this shows that the solution is intermittent in a certain weak sense,
but is not precise enough to determine the localisation/delocalisation properties of the
model.

1.3 The PAM with partially duplicated potential

In this section we formally introduce the PAM with partially duplicated potential that
is the object of our study. For the remainder of the paper we fix d = 1. This avoids
certain additional complications that arise in higher dimensions, while preserving the
phenomena that we seek to investigate; we comment on the nature of these complica-
tions in Sect. 1.5.

We begin by introducing the partially duplicated potential £. Define an auxiliary
random field & : Z — [1, 0co) consisting of independent Pareto random variables
with parameter « > 0, that is, with distribution function
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920 S. Muirhead et al.

Fx)=1—-x7% x>1.

Fix a parameter p € (0, 1) that controls the density of duplicated sites. Abbreviate
No = NU {0}, and define a random field & : Z — [1, 0c0) by setting &(n) = &y(n) for
each n € Ny and, for each n € N, independently setting

£(—n) &(n)  with probability p,
—n) =
&y (—n) otherwise.
We henceforth refer to £ as the potential, and denote its corresponding probability and
expectation by Prob and E respectively.

The model that we consider is the parabolic Anderson model on Z—i.e. the solution
of equation (1.1)—with the partially duplicated potential &. It follows from [6] by the
same argument as in the i.i.d. case that the solution exists provided that &« > 1, and is
given by the Feynman-Kac formula

u(t,z)=E[exp{/otf(XS)ds}l{X; =z}], (t,2) € (0, 00) X Z,

where (X;);>0 is a continuous-time random walk on Z with generator A started at the
origin and P and E are its corresponding probability and expectation. We denote by

U@) =) u(t2)

Z€Z

the total mass of the solution.

1.4 The phase transition in the model

We are now ready to introduce our results. Let D = {z € Z : £(z) = £(—z)} denote
the set of integers whose potential values are duplicated, and E = 7Z\D the set of
positive integers whose potential values are unique (or exclusive) to them. For each
t > 0 and z € Z, define the functional

W (z) =&(2) — lf—' log&(z).

Notice that W, represents a balance between the local potential value and a ‘penalty
term’ which increases in the distance to the origin; it turns out that W¥; is a good
approximation for the asymptotic growth rate of the high peaks of the solution of the
PAM, in the sense that, for a high peak centred at z € Zd,

1
- logu(t, z) = ¥ (2),
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\I’t \IJt

Fig.1 Anexample of the event D¢ (left) and its complement (right). The filled and empty circles represent
the values of W; for points in D and and E respectively; we have only plotted the top order statistics of ;.
The dashed lines mark out the sites in €;

see [11] for example. For each r > 0, let ©; be the set of maximisers of W;; in
Lemma 3.2 we prove that either 2, = {z} for some z € E, or @, = {—z,z} for
some z € D. Define ©; = {|2;| = 2} to be the event that the maximisers of W, are
duplicated; an example of this event and its complement are depicted in Fig. 1.

Our first result is to show that, for all values of the Pareto parameter « > 1, the
model always localises on the set €2,. We also show that the event ©, has non-negligible
probability. Of course, outside the event ©; this is already enough to conclude that
the model completely localises.

Theorem 1.1 (Localisation of the model) Let o > 1. Ast — 00,

m u(t,z) —> 1 in probability. (1.2)

7€

Moreover, ast — 00,

Prob(®;) — L.
2-p

Our next two results establish the following phase transition in the model. If o €
(1, 2), then on the event D, the two sites in £2; both have a non-negligible proportion
of the solution; in other words the model delocalises. By contrast, if « > 2 only one
site in €2, has a non-negligible proportion of the solution; in other words, the model
completely localises whether the event ©, holds or not. Surprisingly, the critical value
of @ = 2 does not depend on the value of p. To state these result, let Z;l) € Q;, with
Z:" chosen to be positive on the event D;.

Theorem 1.2 (Delocalisation in the case a € (1,2)) Letx € (1,2). Ast — 09,

u(t, Z;")
c (—u =T o) = 2o,
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922 S. Muirhead et al.

where Y is a random variable with positive density on Ry, L(-) denotes the law of a
random variable, and = denotes weak convergence. In Sect. 5.3 we give an explicit
construction of the random variable Y.

Theorem 1.3 (Complete localisation in the case ¢ > 2) Let o > 2. Ast — 00,

u(t, 2;") . y

g ———q-| = °©  in probability.

u(t,—2;’)
Remark 1 At first glance it may seem counter-intuitive that delocalisation occurs for
small, rather than large, values of «, since by analogy with the i.i.d. case we might
expect that the heavier the tails of the potential, the stronger the localisation. However,
in our model it is precisely the strengthening of the concentration effect for small «
which results in delocalisation.

To explain this, consider that if « is smaller, the advantage of the sites in €2, relative
to other sites is increased. We show that, if « is small enough, this advantage is so
great that the impact of the other potential values (at sites closer to the origin than Z\")
is minimal, and the solution cannot readily distinguish between the sites in €2;. On the
other hand, for large values of « the advantage is less pronounced, and the fluctuations
in the other potential values eventually force one of the sites in €2; to be significantly
more beneficial than the other. In the next subsection, we give some heuristics for why
the transition occurs at o = 2. O

Remark 2 One surprising aspect of the phase transition in the model is that it is not
sharp. In particular, the random variable Y in Theorem 1.2 does not, as might be
expected, degenerate for small «. As will be further explained in the next subsection,
this is ultimately due to two different scales, arising from distinct sources, exactly
cancelling each other out. O

Remark 3 The proof of the Theorem 1.1 is relatively straightforward, and is similar
to analogous results in the i.i.d. case, see [11,16,17]. The proof of Theorems 1.2 and
1.3 are much more involved, and require us to analyse the model, and indeed the PAM
with i.i.d. potential, in much finer detail than has been done in previous work. O

Remark 4 Our main results can be recast as a demonstration of the robustness, or
lack thereof, of the total mass of the solution of the PAM with i.i.d. potential under a
resampling of some of the potential values. More precisely, suppose u(z, z) denotes the
solution of the PAM on Z with the i.i.d. potential &, with U (¢) = )__ u(t, z) the total
mass of the solution. Now consider resampling each potential value independently with
probability g € (0, 1), and let ii(z, z) be the solution of the PAM with this resampled
potential, with U@t) = ZZ u(t, z) the total mass of the solution. Then our results,
suitably translated, demonstrate the following phase transition. If @ € (1, 2), then
there exists an event of non-negligible probability on which U (¢)/ U(r) converges in
distribution to a random variable with positive density on R . By contrast, if & > 2,
then |log U (¢)/ U(r)| — ooin probability. m|
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1.5 Heuristics for the phase transition

We start by recalling (see above) that the high peaks of the solution have the first-order
approximation

logu(t,z) = tW;(z) = t&(z) — |z] log&(2).

The main challenge with analysing our model, compared to i.i.d. case, is that on the
event ®, there are two maximisers of the functional W;. Hence the height of the peak
at these sites is identical up to the first-order approximation. As a result, and in contrast
to the i.i.d. case, in order to understand the localisation phenomena we must turn to
second-order contributions. Notice that the first-order approximation, captured by the
functional W;, has the nice feature that it is local, depending on the value of £ at the
site z only. By contrast, the second-order contributions depend on all the potential
values along entire paths to Z\" and —Z\" . This makes them much more challenging
to study.

To explain the phase transition in the model at « = 2, we show that the second-order
contributions undergo two distinct transitions as « increases, both of which, seemingly
coincidentally, occur at @ = 2. The first transition is the negligibility or otherwise of
non-direct paths which end at the sites in €2;; this transition serves mainly as a extra
technical difficulty in our proofs, rather than a determining factor in the phase transition
of the model. The second transition is a shift in the fluctuations of the second-order
contributions from the Gaussian universality class (¢ > 2) to the «-stable universality
class (o € (1,2)), and it is this which turns out to cause the phase transition of the
model.

These transitions are also relevant for the PAM with i.i.d. potential, and give a more
nuanced understanding of localisation phenomena in the i.i.d. case than has previously
been available. For example, in the case o € (1, 2), our proof of the first transition
establishes that the PAM path measure, given by

1 t
QX s=) = g e | /O §0(X,)ds | dP((X,)s<),

concentrates on a single geometric path (i.e. the direct path to the localisation site),
which is much stronger result than the complete localisation of the solution. In the
case o > 2, we strongly suspect that the path measure instead concentrates on a class
of paths that end at the localisation site but which also contain small loops.

1.5.1 The first transition: direct/non-direct paths

Recall that the Feynman-Kac formula allows us to consider the contribution to U (¢)
coming from different geometric paths which start at the origin. Assuming the localisa-
tionresultin Theorem 1.1, we know that, forall > 1, the only significant contribution
to U(t) comes from paths which end in €2;. In Proposition 4.3 we show that, if
o € (1,2), the only significant contribution to U (t) actually come from the direct
paths to €2;; here we give some heuristics for why this should be true. On the other
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hand, if @ > 2, then we strongly believe that certain sets of non-direct paths do make
a non-negligible contribution to U (¢); since we do not need this for our main results,
we do not formally prove this.

Assume thata € (1, 2) and let y*) denote the direct path from the origin to Z{". For
the purposes of keeping the calculations simple, we will show only that the contribution
to U(¢) from paths I1*-1) from the origin to Z!" obtained by adding a single loop
of length two to y), anywhere along the path except at the end, are negligible with
respect to the contribution to U (¢) from the path y) itself. The same argument can
be extended, with minor adaption, to cover all non-direct paths to €2;.

We can assume without loss of generality that Z!" e N. For any path y =
(yo, - - ., yn) of length n we can write the contribution from y at time ¢ as

U(t,y) = e 2 1,(t; E00)s - - -, EO)),

for a function I, (t; ag, . . ., a,) with a rather nice structure; see Egs. (2.2) and (2.3).
In Lemma 3.9 we prove a bound on / which enables us to compare U (¢, y) for various
paths. This lemma implies that for any path y©1) e I1**) we have

U, y") o 2
———F < max Z - s

which reflects the fact that each extra step induces in a ‘penalty’ of order (£(Z;") —
S(j))_l. In Proposition 5.6 we prove that (up to a small correction) S(Zt(”) —&() >
(t/logt)!/@=D for any 0 < j < Z!”, and also that |Z!"| is asymptotically
(t/log 1)*/@=D Since there are no more than 2|Z;])| such paths (there are |Z§]>|
places to add the loop and two directions the loop can go in), their total contribution
is at most

log £ \2/(@—1) t \(@2)/@-1
220 (==)" vy =2(—) Uy,
t log ¢

Notice that the exponent is negative if &« < 2, which confirms that such paths are
negligible with respect to the direct path. As mentioned, we can readily extend this
argument to all non-direct paths.

1.5.2 The second transition: the universality class of fluctuations

To keep things simple, and since the intuition is correct, we shall for now assume that,
for all @« > 1, it is sufficient to consider only direct paths (even though we strongly
believe that this is only true in the case @ € (1, 2)).

Assume that the event D, holds and denote by y*:! the direct path to Z" and
y®~D the direct path to —Z'". We derive in Lemma 3.8 that, provided a, # a; for
i # n, the function / satisfies
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n—1 n—1 n—1

I,,(t;ao,...,an)ze’”"l_[ ! '—Zli(t,ao,...,a,-)l_[ !

Jj=0

In Proposition 4.2 we show that the second term in the form of / above can be essen-
tially discarded when considering the direct path, thus giving

1
1z{"|-1

) 1
U([, y(t,l)) ~ eté(Z, )—2t —,
jll §(zZ") —&())

and similarly for U (¢, y>~1). Using the assumption that only direct paths are signif-
icant, we obtain

S 5 o ) (- S

0=j<lz"|

~EZ)T YD G —EEIN (1.3)

0<j<lz"|

where we have used a Taylor expansion for the logarithm in the last step (this Taylor
expansion does not actually converge if @ < 2, but it does give a good insight into the
scale of the fluctuations; see Sect. 6 for precise statements). Note that the summand
is zero for each j € D and so in expectation there are ¢|Z," | non-zero terms, where
q = 1 — p. At this point we have reduced the study of the ratio u(z, Z,“))/u(t, —Z;”)
to the study of fluctuations in the sum of independent (although not identically dis-
tributed) random variables, and so we may appeal to the well-developed theory of such
fluctuations.

In the case « € (1, 2), these fluctuations belong to the «-stable universality class,
and so we obtain

M(t, Z;”)

g 0 gz gl Z e, (1.4)
u(t,—2Z")

where Y is a certain non-degenerate random variable. Since we prove in Proposition
5.6 that

£(Z") ~ (t/logn)’/@D and |Z"| ~ (t/logn)®/ @D, (1.5)

the growing scales in (1.4) exactly cancel out. Hence the ratio u(z, Zt(”) Ju(t, Z;z))
remains of constant order as t — o0, and so there is a non-negligible proportion of
the solution at both sites in €2;.
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926 S. Muirhead et al.

In the case @ > 2, the fluctuations are instead in the Gaussian universality class,
and so we obtain

u(t, Z\")

og Lt ) e Oy=1 17D %Y.
gl/t(t, _Zt(l)) é( t ) (Q| t |)

Using (1.5), this gives that

~ (1) log )1 1+ s og,

u(t, Z\")
lo —— 0o
u(t7 _Z[ )

The case a = 2 is slightly more delicate, but using the extra logarithmic factor that
appears in the fluctuations, we can prove that | log u(t, Z\")/u(t, —Z{")| — oo also
in this case.

The above analysis also gives an indication why the model is harder to study in
d > 2. Indeed, even assuming only the shortest paths to €2; make a non-negligible
contribution to U (), since there are in general many such shortest paths we must
replace (1.3) with

0 =1
1 u(t, Zl(l)) " Zpe{shortest paths to Z,(])} l_[0§j<|Zt(”|(‘s;:(Zl ) = é(pf))
og ——— ~ log

— () My _ -1
M([’ ZT ) Zpe{shortestpathsto—Zt(l)}H0§j<\Z,<1>\($(Zt ) E(P]))

where (p;) denote the sites along p. The fluctuation theory for this expression is
significantly more complicated than for (1.3), as it does not reduce to the study of
sums of independent random variables.

1.6 Future work

Intuitively, the closer p is to 1, the more symmetric the model becomes and the more
likely that the model delocalises for a wider class of potentials. Our results show that
if p is uniformly bounded away from 1 then this intuition is not realised, since the
threshold o = 2 is the same for all values of p € (0, 1). This leads us to wonder what
happens if p is not uniformly bounded away from 1. One way to investigate this is to
let £(z) = &(—z) with probability p = p(|z|) that depends on the distance of z from
the origin. We can then ask the question: how fast should p(n) — 1 so that, for a
given value of @ > 2, complete localisation fails? We conjecture that there is a critical
scale for p(n) such that if and only if p — 1 slower than this scale then complete
localisation holds. We will investigate this model in a future paper.

2 Outline of proof

In this section we give an outline of the proof of our main results, and an overview of
the rest of the paper. We assume henceforth that o« > 1.
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Step 1: Trimming the path set. As already remarked, the Feynman-Kac formula allows
us to consider contributions to u (¢, z) coming from various geometric paths which start
at the origin and are at site z at time ¢. The first step is to eliminate paths that a priori
make a negligible contribution to the solution, either because they fail to hit the sites in
2; or because they make too many jumps. This step is rather standard, and is similar
toin[11,16,17].

We now define the a priori negligible paths. Introduce the scales

1

"= (@)* and  a = (@)ﬁ,

which, as suggested in (1.5), are the asymptotic scales for |Z'"| and &(Z\") respec-
tively. For technical reasons, we also introduce some auxiliary positive scaling
functions f; — 0 and g; — oo which can be thought of as being arbitrarily slowly
decaying or growing. We shall need these scales to satisfy

g:, 1/fy = O(logloglogt). 2.1

Let R, = |Z\"|(1 + f;). For any set A C Z denote by 74 = inf{r > 0 : X; € A} its
hitting time by the continuous-time random walk (Xj). Let J; be the number of jumps
of (X;) by time . We decompose the total mass U (¢) into a significant component

Uy(t) = E[exp { /Olé‘;(XS)ds}l{J[ <R, 1, < t}]

and a negligible component Uy (¢) = U (t) — Up(z).

In Sect. 3.2 we use standard methods to prove that U; is negligible with respect
to U as long as certain typical properties of £ hold. To define these properties, denote,
for each n € Ny,

g =max{£(z) : [z <n} and &P =max{£(2) : |z] < n, E(x) < &V}

Let Zt(z) be a maximiser of W, on the set Z\2;; we prove that Z,(2> exists in Lemma
3.2. The typical properties are contained in the event
& = {r,f, < 12" < rigry arfs < E2Z) < argr, W (Z") — W, (Z22)
>afi, W(Z2") > [EZD), §Z") =&, £ — &R > aifi E(2)

|z| |z
< —log— V|z| > r }
: gZet |z] t8t

which in particular guarantees a large gap between the value of W, at sites in €2, and
all other sites.

Step 2: Reduction to subsets of paths that end at Q2. At this point understanding Uy
becomes the main goal, and we aim to find out which paths make a non-negligible
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928 S. Muirhead et al.

contribution to it; here we make a distinction between the cases @ € (1,2) and o > 2
(see the heuristics in Sect. 1.5).
The main input is a careful analysis of the properties of the function / that defines
the contribution to U (¢) for any path. To define this function precisely, denote by
Pai =y = 0o, -, yo) € Z71 € € No, |y — yj—1| = Lforall 1 <i < ¢)

the set of all geometric paths on Z. For each path y € P,;;, denote by £(y) its length
(counted as the number of edges). Denote by (7;);cn, the sequence of the jump times
of the continuous-time random walk (X;) and by

P, y) ={Xo=yo, Xegttg,_, = yiforall 1 <i <L(y), t—1y) <70
+ ot Tey—1 <t}

the event that the random walk has the trajectory y up to time ¢. Let

Ut,y) = E[CXP [ /Oté(Xs)dS]lPu,y)]

be the contribution of the event P (¢, y) to U(¢). By direct computation, we have

L(y)—1
Uty =2"VE | ep] Y uEG)
i=0
to)-1 (-1 ()
+ |t — Z Ti 5()’((}*)) 1 Z Ti<t7ZTi>f
i=0 v =
ZZ/Z(VHI exp Z xi&(yi) + |t = Z xi | Eecyy) —ZZx,»
Ry i=0 = —~
L(y)-1 2(y)
x1 Z xi<t,in>t dxo - - dxg(y)
= =
= ¢ P T (156(0)s - EQey)- 22)

where the function 7 is defined by

n—1 n—1
L,(t; ag, ..., a,) = e / exp {in(a,- —an)] 1 {sz' < t} dxo---dxp_1,
RY i=0

i=0
(2.3)

foreachr > 0,n € N, and ay, ..., a, € R. In particular, Iy(t; ag) = €'%.
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In Sect. 3.3 we show that [ has a rather neat symmetric structure and study its
properties. Using this understanding, in Sect. 4 we identify the paths making non-
negligible contribution to Uy. For a € (1, 2) the situation is relatively simple: in
Propositions 4.2 and 4.3 we show that only the direct paths to €2, are significant,
and approximate their contribution to Uy(¢) by a certain product over the path. This
is useful because, since each site is visited at most once, we can invoke standard
fluctuation theory to analyse this product.

The situation is more complicated for « > 2 since we strongly suspect that non-
direct paths are significant. Instead we show in Proposition 4.6 that, as long as certain
additional typical properties of £ hold, we can limit the significant paths to those that
end at ; and visit each site in {0} U N; at most once, where N; is a set of non-
duplicated sites of high potential. The advantage is that, after careful conditioning, it
will be sufficient to study the fluctuations of the contribution from sites in N;. Since
these sites are visited at most once, we can again apply standard fluctuation theory.

To define the set N; precisely, we first introduce an additional auxiliary scaling
function

5, = (log1) "%

which is chosen in such a way that, on the one hand, 1/§; grows slower than (log ¢) @ ,
but on the other hand, log(1/3;) grows faster than any power of g, and 1/f;. For each
t > 0, we then let

Ni=lz€eZ:0<zl <|Z"],z € E,&(2) > 8,6(Z{")}. (2.4)

The additional typical properties we need are

E2) = {a;“/loglog(l/a,) < M| <87 1og(1/5,),Z Ai[nf Iz — x| > g,],

1, X €N

which guarantees the set V; is large enough and well-separated from £2,; in Propo-
sition 3.3 we prove that this event holds eventually with overwhelming probability,
assuming the event & also holds.

This analysis is already enough to finish the proof of Theorem 1.1 assuming the
event & holds; we complete the proof at the end of Sect. 4.

Step 3: Point process techniques. In Sect. 5 we build up a point process approach
to study the high exceedences of & and the top order statistics of the penalisation
functional W;. We start by proving that the potential &, properly rescaled, converges
to a Poisson point process. We then use this convergence to pass certain functionals of
&, including properties of W, to the limit. Since this analysis involves several lengthy
computations, some of the proofs are deferred to “Appendix A”.

To end the section, we draw two main consequences from our point process analysis.
First, we establish that the event & holds eventually with overwhelming probability.
Second, we give an explicit construction for the limit random variable Y appearing in
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Theorem 1.2; this is done via identifying it as the law of a certain time-inhomogeneous
Lévy process stopped at a random time.

Step 4: Fluctuation theory for the ratio u(t, Z\")/u(t, —Z."). At this point we have
assembled all the main ingredients, and all that is left is to apply fluctuation theory to
analyse the ratio u(z, Z,“)) Ju(t, —Zt(” ); here we again distinguish between the cases
o € (1,2) and o > 2 (see the heuristics in Sect. 1.5).

In Sect. 6 we study the case @ € (1,2) and complete the proof of Theorem 1.2.
In particular, since only direct paths contribute significantly to Up(¢), and since the
contribution from these paths can be approximated by a product over the path, we
can use standard theory to study these fluctuations. With the aid of our point process
analysis, we prove that the ratio u(z, Zt(” )/u(t, —Zt“)) converges to the limit random
variable we identify in Sect. 5.

In Sect. 7 we study the case @ > 2 and complete the proof of Theorem 1.3. Here we
apply a central limit theorem to establish that the fluctuations in u (¢, Z ,“)) Ju(t,—Z ;” )
due to the sites NV; (which are visited at most once) are in the Gaussian universality
class; the proof of the central limit theorem is deferred to “Appendix B”. These fluctu-
ations turn out to already be sufficient to prove that | log u(t, Z\") /u(t, —Z")| — oo,
irrespective of the contribution due to the other sites.

3 Preliminaries

In this section we establish some preliminary results. First, we prove asymptotic prop-
erties of the potential £. Second, we establish the negligibility of Uj(¢). Lastly, we
study the structure of the function / introduced in (2.3).

3.1 Asymptotic properties of the potential

To begin, we establish asymptotic properties of the potential. This allows us to deduce
properties of the maximisers Z;" and Z”, and also to establish that St[z’oo) holds
eventually with overwhelming probability.

Lemma 3.1 Recall that S,(Z]) = max|;|<, §(2). For every ¢ > 0, almost surely
nl/e=e < M < pl/%(og pyl/ete

eventually.

Proof According to [16, Lemma 3.5], almost surely the sequence (£9(z));en of inde-
pendent Pareto(«) random variables satisfies

max{&0(z) : |z| <n} < n'/*(ogn)'/**e
and

min {max{£y(z) : 0 < z < n}, max{&(z) : —n < z < 0}} > nl/e—e
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eventually for all n, and the result follows. O

Lemma 3.2 Forfixedt, almost surely either Q; = {z} for some z € E or Q; = {—z, 7}
for some z € D, and the same conclusion holds for the maximisers of W; on the set
Z \ ;. Moreover, almost surely \IJ,(Z,“)) > lI/t(Zt(Z)) > 1 eventually for all t.

Proof By Lemma 3.1 with 0 < ¢ < min{1l — 1/«, 1/}, for all z with |z| sufficiently
large

Z
W, (2) < |z|Mote — Q(l/a — &) log zl,

which is a bounded function of |z|. Hence ¥, is bounded for each ¢ > 0. Since W, (z)
is a continuous random variable with no point mass, this implies the first statement.
For the second statement, let 71, zo € Z be fixed sites satisfying £(z1) A&(z2) > 1
(such sites exist almost surely). Then W;(z1) A W;(z2) > 1 for all ¢ sufficiently large
and so in particular lI/t(Z,( Yy and W, (Z ,(2)) are both larger than one eventually. Again
since W, (z) is a continuous random variable with no point mass, this implies the second
statement. O

Proposition 3.3 Prob(£7° | &) — 1ast — oo.

Proof Let

& = {rif <12 < rige 62 > @i W2 > fiE(Z)].
and
& =z < iyl <121y e Y| < gz},

and observe that we may work on the event & N & since &, is implied by & and
Prob(&/'|E]) — 1 by the law of large numbers.

For each 7 > 0, denote by G; the o-algebra generated by D, Z\" and £(Z!"), and
denote the conditional probability with respect to G; by Probg, . It is easy to see that,
conditionally on Gy, the events

{z e N

z€E,|z1<|z"|

are independent. Hence we can stochastically dominate the desired properties of N;
by equivalent properties of Bernoulli trials, and use standard properties of such trials
to complete the proof. For each z € E, |z] < |Zfl)|, the conditional distribution of
&(z) with respect to G; is the Pareto distribution with parameter o conditioned on
W, (z) < W,(Z!"). Observe that

M)
* ady Yi(Zi) ady D —ax
IZ/] Wl{y—glogkﬂu(zp))} Z/I yotl = L=w(z,)" >1/2
(3.1)
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uniformly for all z for all sufficiently large 7 almost surely. Further, using 8;£(Z;") >
8¢ fra; > 1 and \I!t(Zt(“) > fIS(Zt(”) > S,E(Z;I)) on 5; eventually, we have

Lyt {y>8t§(Z,“)),yf§10gy<\l/z(Zf”)}— 5,62V yotl

=EZM) (6 — £7Y) > (argid) )2

and

*® ady
oyt syl ogy<wi(z"))

OO ady (g y— —a
< /th) = @) < i)

Combining two above inequalities with (3.1) we get
(a;818/)%/2 < Probg, (z € M) < 2(a; f18:) ™ (3.2)

uniformly for all z for all sufficiently large # almost surely. Using this together with
the conditional independence and the properties guaranteed by &/ and £, we infer that
eventually

Bin(frs, (arg8)~*/2) < IN;| < Bin(glre, 2(as f:61) ™), (3.3)

where Bin(n, ) denotes a binomial random variable with parameters n € N and
T € [0, 1], and < denotes stochastic domination. By looking at the characteristic
function of the binomial distribution we see that

Bin(n;t;)

nt T

as t — oo if n;7; — oo. This condition is clearly satisfied by both binomial random
variables in (3.3) by the choice of §;, f;, and g;. To complete the proof of the inequal-
ities on |V;|, it remains to notice that §; “/loglog(1/8;) < f?ri(arg:8;)~%/2 and
282r(ar fi8:) 7% < 8;“log(1/8;) since r,a; ® = 1 and by the choice of &, f;, and
8t-

Similarly, the upper bound in (3.2) also implies that, conditionally on G,

ZeAiffr}fth |z — x| > min {Gem (2(a,f,6t)_“), Geoz(Z(a,f,St)_“)},

where Geoj (7) and Geo; (7) denote two independent geometric random variables with
parameter T € [0, 1] supported on N. Observe that

P(Geo(z;) > g;) = (1 — )8 - 1
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ast — oo if 1;g; — 0. It remains to notice that 2(a, f; ;) “g; — Oast — co. O

3.2 Eliminating the a priori negligible paths

We begin by decomposing U () into

Ul(t) = E[exp { /Ots(Xs)ds}l{J, > R,}], (3.4)
Ul(r) = E[exp { /OIS(Xs)ds}l{Jt <R 1o, > t}]. 3.5)

We first find a lower bound for U in Lemma 3.4 and upper bounds for U] and U{’ in
Lemmas 3.5 and 3.6 respectively, before combining these to prove the negligibility of
U,. This approach is standard and similar to [11,16,17].

Lemma 3.4 Almost surely,
logU(t) > tW,(Z") — 2t + O(log 1)
on the event £ ast — 0.

Proof The idea of the proof as the same as of [11, Prop. 4.2]. Let p € (0, 1]and z € Z,
z # 0. Following the lines of [11, Prop. 4.2], we obtain

z
logU(t) > exp {t(l — p)é(z) — |z|log % —2t+ O(log |Z|)}. (3.6)
o)
Take z = Z\" and p = t;(Zé—al)) Observe that on the event & this p eventually belongs
to (0, 1] since t
|Z;1)| 8t 8t

0

DN = -
t§(Z;)  tfiar  frlogt

by (2.1). Substituting this into (3.6) we obtain
log U(t) > exp {ts(z;”) 12" log£(Z") — 21 + O(log t)}.

as required. O

Lemma 3.5 Almost surely,
’ ) (1) R,
log U} (1) < max {t\Il(Zt )+ oltar fi).6(Z") = Rilog 2= + 0(;)}

on the event & ast — o0.
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Proof Observe that the number of jumps J; of the continuous-time random walk by
the time ¢ has Poisson distribution with parameter 2¢. Fix some 0 < & < 1 — 1/a. We
can estimate the integral in (3.4) by té‘,;” on the event {J; = n} and then use Lemma 3.1
to obtain the almost-sure bound

Ui = Y e B 2 S epimae— 2@ 6

n>R; n>Ry;
We now present an upper-bound for the tail of this series. Fix some 6 > 1 and

B> (1 —e—1/a)”!. Define y := B(1 — & — 1/a) — 1 and note that y > 0. By
Stirling’s formula,

n! =+2nn (E) RN with lim 8(n) =0,
e n—00
and so for all n > ¢# and sufficiently large 7,
tnate + nlog(2t) — log(n!) < tnate —p log ZLt —8(n)
e

l—é—s
< tné""‘g (1 U logi _ 8(1'1) )
t

L 10

e

<tnate (1 —t” log

Splitting the sum on the right of (3.7) at n = (1’31, and using ZDW] n~? = o(1),
we have

m_,, (21)" n
log U{ (1) <1 2 [l O —nl —] o).
ogU(t) < log Ze p < max |t&, nOthe + O(1)

n>R;
n>R;

Denote by n; > R; the maximiser of the expression on the right-hand side, and by

7t € Z apoint such that £(z;) = 5(” If |z;] < R; then &(z;) = S(Zt(”) on the event &
and so

/ ) n m R,
logUi(t) < t&(Z;7) — n; logﬁ +0@) <té(Z,”) — R, logﬁ + O(1).

If |z;| > R, then by monotonicity n; = |z;|. If in fact |z;| > r;g;, then on the event

g[,
log U/ (1) < O(1),
whereas if R; < |z;| < r;g, then almost surely
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|z
log U{(t) < tW;(z) + |z¢|log&(z/) — |z log ﬁ + 0()

g:loglogt

< t\yt(Z[) + 0 (ta[
logt

) <tV (Z?) + o(ta, fr)

by Lemma 3.1 and (2.1). O

Lemma 3.6 Almost surely,

log U{'(t) < t¥(Z{) + o(ta, f;)
on the event & ast — o0.
Proof For any n € Ny, let

G =max{§(z) : [z] =n,z ¢ L}
Similarly to Lemma 3.5 we have

@ < max [tg,, —nlog i] + O(1).

n! n<R;

log Uy (1) < log Z el

n<R;

Denote by n; < R; the maximiser of the expression on the right-hand side, and by
Z; € Z apoint such that £(z;) = &y, .
If |z4| < ri(log t)_2 then by monotonicity and Lemma 3.1 with small ¢ > 0

ny 1 _
1&n, — nylog e <! r(:zlogt),z +2t < tr}/*Qog )"Vt = o(ta, f;).

If r,(log#)~2 < |z;| < R, then by monotonicity

! Z 2teé(z
_’:té(Zr)—IztIIOgu:t\p(zt)+|zt|log &( t).
2te Dte B

18y, — n, log

Clearly W(z;) < \IJ(Z,Q)) since z; ¢ €2,;. By Lemma 3.1 on the event &

12 [lo 2te&(zy) ~lz|1o 218(10g|zl|)1/a+e
T O e
= R;O(loglogt) = O(r;g: loglogt) = o(ta; f;)
by (2.1) as required. O

Proposition 3.7 Almost surely,

Ui(1)
U@)

1, — 0
ast — oQ.
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Proof We first claim that U { (t)/U(t) — 0 on the event &. Combining Lemmas 3.4
and 3.5 we have on &

R
log U} (t) — log U (1) < max {tw(z;2>) +o(tar f,), t6(Z") — R, log 2—’t + 0(;)]
e
— 1V, (Z").

First, on the event &
1V (Z7) — 19 (Z") + o(tar fr) < —tag fy + oltas fy) — —00.  (3.8)

Second,

M R M M M R
t6(2,7) — Relog 0= — 1Wi(Z,7) + O(1) = 12,7 |log§(Z;") — Rylog 5 + O(1)

2et
2eté(Z"
< 17,"110g 100
|W
— flZ"|log == + 0 ().
On the event &, as t — oo, we have for the first term
2et&(Z") Qetgia 2eg; logt

1Z:"| 1o < r;i& log I =rlgt10gTNrtgt10g10gt

1)| tht t

1Z,

and for the second term

() | tl)| e fy 1 2
filZ; | log —— et >f,r,ftlog—~oift rylogt.

By (2.1) the first term is negligible with respect to the second term and so
o Ry M
t&(Z;’) — R/ log et tV(Z;') 4+ O(t) - —o0,

which proves the claim.
It remains to show that U 1” (t)/U(t) — 0 on the event &. Combining Lemmas 3.4
and 3.6 we have on the event &

log U/ (t)—log U (t) < t¥,(Z)—tW,(Z")+o(ta; f;) < —ta, fi+o(ta; f;) — —o0.
O
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3.3 Structure of the function 7

In this section we study the structure of the function / introduced in (2.3). Our point
of departure is the recursion

I(t;ao, ..., an)

1
= —[In—l(t; ao, ..., ap—2,ay) — I_1(t; ag, . . ., an—27an—1)] (3.9
ap —dp—1

whenever a, # a,_1, obtained by evaluating the integral over x,_; in (2.3). By
iterating this recursion we establish the following.

Lemma 3.8 The following hold:
(1) If an # a; fori # n then

n—1 n—1 n—1
ta 1 1
In(t; ao""’“n)Ze " n _le(t7 aO""’“i)n .
j=o M T4 5 =i T
Moreover, if ay, . . ., an are pairwise distinct then
n n 1
L,(t;ag, ..., a,) = e : 3.10)
n n) Z H p— (
i=0 Jj=0 7
J#
(2) I, is symmetric with respect to the variables ay, . . ., ay.

Proof The first statement in (1) follows by induction from (3.9), where we apply
induction to the first term in the recursion and keep the second term. The second
statement in (1) also follows by induction once we notice that it is true for n = 0 and
the expression on the right hand side satisfies the recursion (3.9). Finally, the symmetry
of I,, for pairwise distinct variables follows from the symmetry of the expression on
the right hand side of (3.10). Then it extends by continuity to all variables. O

We now establish two upper bounds on the function /. The first bounds the effect
of adding additional steps onto a base path. The second bounds the effect of changing
the largest value of a; along a path; for this we shall need an additional lemma that
establishes ‘negative dependence’ in the effect on / due to changes in the a;.

Lemma 3.9 Let m,n € Ny and suppose aj < ay forall 0 < j < n and a; = a, for
alln < j<n+m.Thenforanyt > 0,0 <k <n,and0 <i <m,

P k
£
Lyym(t; a0, ..., apgm) < ._'In+m—i—k(t; Ak ooy Anm—i) l_[ S —
i! L an —aj-
j:
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Proof Integrating with respect to the last i variables we obtain

Ly (85 ao, ..., Gpam)

n—1 n+m—i—1 n+m—1
:etun/ exp{Zxx(as—an)]l{ Z X5 + Z X <t}i|dxo---dxn+m1
R}’l

+ s=0 s=0 s=n+m—i

n+m—i—1 n+m—i—1

n—1 i
:€lan;7/;z SXP{sz(as _an)] 1{ Z ts < t] <[ B Z Xs>
TRy

s=0 s=0 s=0
i
dxg - dxppm—i—1 < l.*'In+m7i (t; a0, ..., Gnym—i)-

Further, it follows from (3.9) and symmetry of / proved in Lemma 3.8 that

1

a,, —agp

Liym—i(t;ao, ..., anem—i) < Lngm—i—1(t; a1, ..., Gngm—i) =

< Liym—i—k (s aiy oo Qpam—i) l_[
an —daj— 1

O

Our ‘negative dependence’ lemma requires the application of a result of [4], which
we state below.

Theorem 3.10 ([/4, Theorem 4.1]) Fix s € R and n € N. Let X, ..., Xp+1 be
independent random variables each with a log-concave density, and let (Yo, ..., Yy)
be a random vector satisfying

L((Yo,....Yn) =L(Xo..... X)| Xo+ -+ Xpy1=5).
Then for each0 <i < j <n,
E(Y;Y;) < E(Yp)E(Y;).

Proof First we remark that a density being log-concave is equivalent to the density
being a Polya frequency function of order 2 (or PF,, using the terminology from [4]).
Then [4, Theorem 4.1] implies that (Yy, ..., Y},) is reverse regular of order 2 in pairs
(again using the terminology of [4]). Then the discussion following Definition 2.2 in
[4] demonstrates that this implies the result. O

Lemma 3.11 Letn > 2. For any k # j

2

—log I,,(t; ag, ..., a,) <0. 3.11)
dayoa;
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Proof By symmetry of I proved in Lemma 3.8 it suffices to prove the statement for
j, k # n.Denotea = (ag, ..., a,).Itis easy to see that (3.11) is equivalent to showing
that

2

It 2)"! It ) = [ 1 a)”%kln(r; a)| - [t a)*‘%w; 3]
J

(3.12)

daxda;

Fixt > 0.Let W;,0 < i < n,beindependent random variables with density cjel@i—an)x
on [0, t] and zero otherwise, where ¢; is a normalising constant, and let W, 4| be
uniform on [0, #]. We remark that each of W;, 0 < i < n 4+ 1, has a log-concave
density. Further, let Wi, 0 <i < n, be defined by

n+l

- Ao d

Wo, ..., W) = (Wo,...,W,, ZW,:;).
i=0

Since the densities of W;, 0 <i < n 4 1, are log-concave, by Theorem 3.10 we have
E(WiW;) < E(WoE(W)).
To prove (3.12), it suffices now to show that

2

dagda;

A A

~ ., 0 _
E(Wi) = I(; a) laln(r;m and  E(WeW;) = L,(;2)""

I,(t; a).

For this note that

n n
E(Wk) = c/ » Xj €Xp {Z(ai — an)xi} 1 {in < t} dxg---dx,
R} i=0

+ i=0
d
=ce " —1,(1; a),
day

n

n
E(Wij) = c/ | XkX j eXp {Z(a,- —a,,)xi} 1 {in < ;} dxo - dxp
RY i=0 i=0

2

0
= ce M I,(1; a),
daxda;

where ¢ is a normalising constant and thus satisfies

n n
= C/ n P {Z(“i a a")Xi} ! [in = t} dxg---dx, = ce """ I,(t; a).
RY i=0

i=0

Plugging this value of ¢ into the above equations gives the required identities. O
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Lemma 3.12 Letn > 2, x < y and ao, ...,an—1 € R be such that a; <y for all
0<i<n-—1. Then

n
I(t;a,x) < mln(ﬁ a,y),

where a = (ag, ..., dy_1).
Proof Since the function s — log I,,(¢; a, s) is continuous we can write

In(t7 avx) _

Y9
= — —log 1,,(t;a, s)ds . 3.13
L) exp | / ~log I,(t: 2, 5)ds (3.13)

It follows from the definition (2.3) of I,, that

log I,(t;a,5) =logl,(t;a—y,s —y) +ty,

wherey = (y, ..., y) and hence

ad d
—logl,(t;a,s) = —logl,(t;a—y,s —y).
as as

Since all g; < y we can use monotonicity proved in Lemma 3.11 to obtain

0 0
—logl,(t;a—y,s —y) > —logl,(t; 0,5 — y), (3.14)
as as

where 0 = (0, ..., 0). This implies

L,(t; a, Y0 L,(t:0,x —
Mfexp{—/ —logln(t;O,s—y)ds}zu
I,(t;a,y) r 0S I,(t;0,0)

It is easy to see that
n

t
1n(:0,0) = —. (3.15)

Using y > x and the substitution #; = x;,0 <i <n—2andu,_1 =x0+ -+ x4—1
in the definition (2.3) of I,,, we also obtain integrating over u,_ that

t
L0, x —y) < et(x_Y)/ [/ e””*l(y_x)dunfl]duo cooduy o
—0Q

R
l‘"_l
= (3.16)
(y—=x)(n—-D!
Combining (3.13), (3.14), (3.15) and (3.16) gives the stated result. O

@ Springer



Delocalising the parabolic Anderson model through partial... 941

4 Significant paths

The aim of this section is to determine which paths make a non-negligible contribution
to Up(?). As described in Sect. 1.5, in the case o € (1, 2) we prove that only the direct
paths to €2; are significant. In the case « > 2, we can only prove the much weaker
result that the significant paths are those which end at 2, and visit the set A; U {0}
at most once, where N, is the set of non-duplicated sites of high potential defined in
(2.4) (actually this is true for all @ > 1, but is not as strong as what we prove for
a e (1,2)).

Assuming the event & holds, this is already enough to prove the localisation state-
ment in Theorem 1.1; we complete this proof at the end of the section.

4.1 The case o € (1, 2): direct paths to €2,

To prove that only direct paths are significant, we first give an approximation for the
contribution made by the direct paths, and then use this approximation to show the
negligibility of all other paths. Denote by y“" € P,y, y“~Y € P,y the shortest
geometric paths from 0 to | Z;" | and to —|Z\" |, respectively.

Before we begin, we state a small combinatorial lemma that will be used in Propo-
sition 4.3 below.

Lemma 4.1 Foranyn > 4 and any w € N,

2
<n+ w) < 16n".
w

Proof For n = 4 we have ("'tjw) < 22w — 16x¥ for all w. By induction

1+2 2 142
n 42w\ (nt2w -w<16nw(1+L><16(n+1)“’
w w n+1+w n+1+w
since
n—+1\w w w
( ) >1l4+—-—>14—
n n n+1+w
by Bernoulli’s inequality. O

Proposition 4.2 Almost surely

1
1z" -1

[eY]
U([, y(t.L)) — etS(Z, )—2t 1_[
j=0

—— 4+ o(HU(t
sz™ —eGo | TV

fori = sgn(Zt(”) on the event & and for each « € {—1, 1} on the event & N9y, as
t — oQ.
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Proof Fixt > 0,¢ € {—1, 1}, and assume the corresponding event & or & N, holds.
Denote n = |Zt(l)|, a; = &(i1),0 <i < n.According to (2.2) and Lemma 3.8 we have

1
1z{"|-1

) 1
U(t, y™) = e 2 I,(t; ap, . . ., ap) = 'sZ )= _
’ ’ E) 5(2,") —€(jn)

Observe that on &, a, — aj > a; f; > 1 eventually for all 1 < j < n. Further, again
by (2.2) we have

e 2Lt ag, ..., a) = U@l w?)

forall0 < i < n, where w is the shortest path to i¢. Since Z::ol U@, w®) < U,
by Lemma 3.6 we have

1
— < U{() <exp {t\pt(z,@)) + o(mtft)}.
J

n—1 n—1
E e 2 Ii(t: ag, . .., ai) | |
. . Ay —
i=0 Jj=i

Combining this with the lower bound for U (7) from Lemma 3.4 and also taking into
account that W (Z") — tW,(Z”) > ta, f, we obtain

=o(HU (1),

Ze 2'I(t ao,...,a,)l_[a

which completes the proof. O

Proposition 4.3 Let o € (1, 2). Almost surely,

Uo(t) = (1+o0(1)) Y Ut y™)
te{—1,1}

on the event &, as t — Q.

Proof For a path y € P, that hits 2, let z;(y) € €, be the first point where y hits
Q;, 1.e.,

z:(y) = yi, wherei =min{j:y; € Q}.
Denote by m;(y) the number of times €2; is visited minus one, i.e.,

mi(y) =0 <i <L(y):yi € Q} — 1.
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Denote by 2w, (y) the difference between the hitting time of z;(y) and |Z}1)|, ie.,

min{i : y; = z,(y)} — |Zz(l)|
5 .

wy(y) =

Finally, denote by s;(y) the number of points on the path after the first visit to €2, that
do not belong to €2;, i.e.,

se(0) = HIZPV |+ 2w, (p) <i <L)t yi ¢ -

Observe that s;(y) > m;(y).
Foreacht > 0and m € NU {0}, w € NU {0}, s > m, denote

Phws =¥ € Pa :yo =0, m;(y) = m, wi(y) = w,5:(y) =s}.

Using Lemma 4.1 we have
|Z;])| +2w 0
|Phws| <2° y <16-251Z"1" < 16 - 2°(r g0)".

For any y € P! we use (2.2) and Lemma 3.9 with n 4+ m being the length of y,

m,w,s
i =m,k =n,ao,...,a,—1 being the values of & along y except when it visits €2;,
and a,, ..., ap4m = S(Z,(')) and obtain

m L)

M t 1
UGt y) <7072 — [T —5——r,
m! H E§Z) = §0))

ARy

on the event &. We will keep | Z;" | terms in the product corresponding to one visit to
each of the points it, 0 < i < |Z;"| — 1, where ¢ = sgn(z,(y)), and estimate the rest
by

§(Z)") —§(y)) = &p — &% > arfi.
This implies

1
1z -1

My _ 1 1"
Ul(t, y) < o2 )2 1_[ -

v s
j=0 s(Zt(l)) — &3 m!(atfl) .

By Proposition 4.2 we obtain on &

(t.0) ™ —2w—s
U, y) <[U@ y" )+0(1)U(Z)]%(atft) : 4.1
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Let us show that the total mass corresponding to all paths from P!

mw.s €Xcept those
corresponding to (m, w, s) = (0, 0, 0) is negligible. Indeed,

Z Z Z s | !<atft)—2w—31{<m, k,s) # (0,0,0)}

<1633 Y 2" e f 2 H{m w,5) # (0,0,0)

B [/ oo ﬂ w 9] ﬁ o0 ) s ~
(5 )R EE)
B —1 1 o0
T8t 2 1
(- (-2F) Y ) ‘}
—16—<1— r’gt)<1—i)_lex {i}—l =o(1)
- L atzftz a fi P a fr B

since arz’f’z = o(1), af = o(1), and 2f = o(l) as ¢ € (1,2). Combining this
t
with (4.1) we obtain on the event &

Uot) < Y (UG Y™ +oUM]A + o)),

e{—1,1}

which gives the required result by Proposition 3.7. O

4.2 The case « > 2: paths to ; visiting sites in A/; at most once

Our proof proceeds in two stages. First, we analyse the portion of the part up until the
first visit to €2, and after the last visit to €2;, and show that, in this portion of the path,
it is never beneficial to visit sites in \V; U {0} more than once. Second, we analyse the
portion of the path consisting of the loops that occur between first and last visit to €2,
showing that it is never beneficial for these loops to return to sites in A; U {0}; in fact,
we show the stronger result that these loops have length at most |2« ] (although we
suspect that the optimal bound is actually |« ]).

Denote by P’ the set of all geometric paths contributing to Uy(#), that is, those
visiting ©2; and having length at most R;. Fixt > 0 and let y € P’. The skeleton of y,
denoted skel(y), is the geometric path from the origin to a site in 2; constructed by
chronologically removing all loops in y which start and end at any site belonging to
{0} UN; up until the first visit of 2, as well as removing any part of the path after the
final visit of y to €2;.

We can now partition P’ into equivalence classes by saying that paths y and 3 are
in the same class if and only if skel(y) = skel(y). We write 3’ for the set of all such
equivalence classes. Note that any such equivalence class P € 3! contains the null
path, yrﬁu € P, defined as ylﬁll = skel(yrﬁn). Observe that every null path, prior to
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visiting €2, for the first time, either (i) visits each site in {0} U (N; N N) exactly once,
or (ii) visits each site in {0} U (N; N —N) exactly once. In particular, until the first visit
of €, each null path visits either only positive integers, or only negative integers.

The importance of the null path is through the following lemma, which states that
the contribution to the solution coming from an equivalence class is dominated by that
coming from the null path.

Lemma 4.4 Almost surely,

Y U@ y) < (1 +o0)UE, vy
yeP

uniformly for all P € B’ on the event & N 5}[2,00), ast — oo.

Proof For k € N, write P for the subset of PP consisting of the paths with additional

length k compared to )’171311' We have on 5,[2’00)

IPY| < (20N +2))" < 8,72k

since each of the additional k pieces will be added to a loop at a site in {0} U N; or
at the end in at most two ways. Note that no null path can visit both sites in €2; since
each null path is in P; and has length at most R, < 2|Z;” |. Using (2.2) and Lemma
3.9 with m + 1 being the number of visits of y to €2;, n 4+ m the length of y, i = 0,

ao, . .., ar—1 the values of & at the additional points of y, ax, ..., a,—1 the values of
& along ylfm except when it visits €2, and a, = - - - = @, 4+, the value of & on Q;, we
obtain

k
Ut,y) <U@ yED l_[

il an —aj—|

on &,;. Since none of the additional sites visited by any path in P are in €2;, we have
on &

Ut,y) < UG, ybta fo ™,

and thus

Y UGY=D Y U@ <UE v Y (@ /i) = +00DU @, yjoy)
k=0

yeP k=0 yePk

on & NEP as ar 82 — oo. ]

We now eliminate paths that make loops from €2, that return to sites in ;. Denote
by Null| the set of all null paths in P* which visit each site in {0} U\ at most once,
Null} for all other null paths in 7" and Null for their union.
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946 S. Muirhead et al.

Lemma 4.5 Almost surely,

Yo UGy =o() Y Uy

y€Nully y€eNullj

on the event & N S,[z’oo), ast — oo.

Proof Note that by the construction of null paths, the only way for a null path to visit
a site in V; more than once is by having a loop from £2,. On the event 5,[2’00) this loop
must have length at least g;,. We shall show a stronger result than is needed: that all
null paths with loops from €2; of length more than kg, where ko > 2, have negligible
contribution to the solution compared to the contribution from all other null paths.
To do this we partition Null’ into equivalence classes by saying two null paths are
in the same class if and only if they are identical after removing all loops from €,
of length at least ky. For any such equivalence class P, write yflin for the path in P
of minimum length (i.e. the path without any loops from €, of length at least k).
Further, for any £ > kg, write P* for the set of paths in P with additional length k
compared to yflin. Finally we write 9 for the set of all such equivalence classes.
Observe that for all k > kg and P € DN, any path y € P* can make no more than
Lk/ ko] extra visits to €2; compared to yflin. Using (2.2) and Lemma 3.9 with m + 1
being the number of visits of y to €2;, n 4+ m the length of y, i the number of additional

visits to €2; compared to yzr?in, ao, - . ., ax—1—; the values of & at the additional points
of y except when it visits €, ax—; = --- = a1 the value of & on Q;, ag, ..., a,—1
the values of £ along yfﬁn except when it visits €, and a,, = - - - = a,,,, the value of

& on 2, we obtain

< U(t, yE )" ko (a, f)=kFk/ko

Uy UG E = T]

i!
0

i k—1—i
—o 9n —4aj

J
on &;. Further, on &;
k/k
PH) < 2[R — 12" + 1)/2] ) < 2K (g, i)/ M0
since there are at most |k/kq] additional loops, at most (R; — |Z,(1)| + 1)/2 points

where such a loop can be created, and at most 2% shapes of the loops.
Hence, for any P € 9, on the event &

D UG SUG YR+ Y UGy

yeP k=ko yePk

o0
<U@yR) | 1+ Y 22 ang iMoo @ o~ | = U, yh)
k=kg

-1
(1 + 2k0frtgtft(atft)l_k0 [1 - 2(1"’1&ft)l/ko(atft)l/ko_l] ) .
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Since ky > 2« this implies

Y UWY) < U,y (1 +o(1)
yeP

as t — oo uniformly over the equivalence classes. To conclude the proof, note that

Yo Uwyy= Y Y Uy <U+o) Y Ut yh,)

yeNull’ PeNnt yeP Pen!

<d+o) Y Uy

y€Nullj

on the event & N 5,[2’00). O

Proposition 4.6 Almost surely,

Uo(t) = (1+o(1)) Y  U(ty)

y€eNullf

2,00)

on the event & N S,[ ,ast — oQ.

Proof This is a direct consequence of Lemmas 4.4 and 4.5. Indeed,

Uo(t)= Y Ut,y)y= Y Y Uy <+o) Y Ult,yup)

yeP! PeP! yeP Pep!
=(+o(l) Y Ut y=+o) > UEy
yeNull’ y€eNull}
on the event & N 5,[2’00), ast — oo. O

4.3 Completion of the proof of Theorem 1.1

We are now in a position to prove the localisation statement in Theorem 1.1 on the
event that & holds; the fact that P(§;) — 1 as t — oo will be proven in Proposition
5.6. The second statement of Theorem 1.1, that P(®;) — p/(2 — p), will be proven
in Proposition 5.7.

By Proposition 3.3 we may work on the event & ﬂé}[z’oo) .Since U is negligible with
respect to U by Proposition 3.7, it remains to show that the contribution to Uy from the
paths not ending in €2, is negligible. For « € (1, 2) this follows from Propositions 4.3;
for > 2 this follows from Propositions 4.6. In fact, the latter argument works for all
a > 1 but we prefer to use the much simpler argument for @ € (1, 2).

@ Springer



948 S. Muirhead et al.

5 Point process analysis

In this section we develop a point processes approach to analyse the high exceedences
of £ and top order statistics of the penalisation functional W,;. We use this analysis to
prove that the & holds eventually with overwhelming probability. We also use it to give
an explicit construction for the limiting random variable Y from Theorem 1.2. Since
the proofs in this section are quite technical, we defer some of them to “Appendix A”.

Recall that E = Z\ D denotes the set of positive integers whose potential values
are exclusive, and abbreviate ¢ = 1 — p.

5.1 Point process convergence for the rescaled potential

The first step is to establish that the potential, properly rescaled, converges to a Poisson
point process. The limiting point process will arise as a superposition of two distinct
independent Poisson point processes that are, respectively, the limit of the potential
restricted to the duplicated and the exclusive sites.

Let us begin by defining the limiting point process. Consider the measure

p(dx ® dy) = dx ® M%de

on R?. In the sequel, we denote by the same symbol the restriction of i to subsets
of R2, and we denote by (0, o] the extension of (0, c0) by the point oo, equipped
with the topology generated by the topology of (0, co) and the sets of the form (a, co],
for all @ € R. Let 1 be a Poisson point process on R x (0, co] with the intensity
measures gu. Let [T be a Poisson point process on [0, 00) x (0, oo] with the
intensity measures pu and independent of [T, Let I~ be a Poisson point process on
(—00, 0] x (0, 0o] defined by [T (A) = I (A) for any Borel set A C (—o00, 0] x
(0, 00], where A is the reflection of the set A with respect to the y-axis. Finally, let
1" be the point process on R x (0, co] defined by

M“(A) = T (A N (=00, 0] x (0, 00]) 4+ T (A N[0, 00) x (0, o0]),
and let
= H(d) + H(f)

be apoint process on R x (0, oo]. Denote the corresponding probability and expectation
by Prob, and E,.

We show the convergence of the potential, properly rescaled, to the Poisson point
process IT. Let

H;“):ZE(S,?%), ne" = Z 8(;55—53) and

zeE zeD,z>0

me= 3 o),

ze€D,z=<0
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where ¢(x, y) denotes the Dirac measure in (x, y). Denote
H§d) — H;d,+) + HA(Yd,*) and Hs — l—[fvd) + ng).

The following convergence result is classical and we defer its proof to “Appendix A”.

Lemma 5.1 Ass — oo, (ITY"", 1", T1) converges inlaw to (TT4), TI42) T1€),
and in particular, T1; converges in law to TI.

5.2 Asymptotic properties of the top order statistics of the penalisation
functional

We now show how to use the convergence of the potential to extract asymptotic
properties of the top order statistics of the penalisation functional W,. We first introduce
the limiting versions of Z;", Z” and ®, and study their properties, before arguing
that we may successfully pass to the limit.

Given a point measure X, we say that x € ¥ if £({x}) > 0. Let IT be the point
process on [0, co) x (0, oo] defined by

ﬁ(A) — H(e)(A) + H(e)(AA) + H(d,+)(A)

for any Borel set A, where A denotes the reflection of A with respect to the y-axis.
Remark that the three components of IT are independent Poisson point processes with
the intensity measures g/, g and pu, respectively, and so IT is itself a Poisson point
process with intensity measure (2g + p)u = (2 — p)u. Abbreviate

) (5.1

and let the positive random variables XV, X®_ Y™ and Y be defined by the prop-
erties that

(XY, YV e, andif (x,y) e [Ttheny — px < YV — px®,
(X?,Y?) eI, and if (x, y) € I\(X", YD) then y — p|x| < Y? — pX?.

In Lemma 5.2 we show that these are well-defined. Denote ® = {(X©, Y1) € T1¥P},
Atthe end of this section we shall identify (X, Y®),i = 1, 2, and D as the limiting

versions of (|1Z\"], £(Z\")), i = 1, 2, and D, respectively. For now, we establish some
properties of these objects.

Lemma 5.2 Almost surely, the random variables XV, X®, Y and Y@ are well-
defined and satisfy YV — pX®D > Y® — pX® > 0.
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Proof For any a > 0 compute
o0 o0 o -
,u({(x, y):iy>a-+ ,ox}) = 2/ f —g7dydx =2a “. (5.2)
0 at+px Y

Since this is finite, almost surely there are finitely many points of (x, y) € IT satisfying
y — px > a. On the other hand, since (5.2) tends to infinity as @ | 0, almost surely
there exist points (x, y) € Il satisfying y — px > 0. This implies the result. O

Lemma 5.3 The random variable (X", YV) has density

p,y) =2 —pay *lexp{—2 = p)(y — px) "y — px > 0}.  (5.3)
Proof We have

Prob, (X e dx, Y™ € dy)
= Prob*(l:[(dx xdy)=1,TI({(u,v) : v — pu > y — px}) = O)
= Prob, (IT(dx x dy) = 1) x Prob*<1:1({(u, V) v —pu>y—px}) = 0)

=2 —-pexp [ —Q2-pu(f@,v):u=0y—px <v- pu})}u(dx, dy).

To complete the result, compute

o0

o0
,u({(u,v) u>0,y—px < v—pu}) =/ / aiﬂdvdu
0 y—px+pu UV

o0
= [ (v = px + pu) *du = (y — px)' .
0

O
Lemma 5.4 Prob,(®) = p/(2 — p).

Proof Since the components I1® and I1“-* appearing in the definition of IT are inde-
pendent Poisson point processes with the intensity measures g« and pu respectively,
we have
Prob, (X0, yM eneés)y=—L P
p+t2 2-p

]

We now argue that we can successfully pass to the limit. As a consequence, we
prove that the event & holds eventually with overwhelming probability. Since the
proof of these results are rather technical, we defer them to “Appendix A”.

Proposition 5.5 Ast — oo,

e oo ag ag

(i) <|Z§1)| 122 5(Z§”>’s<z,(2>)) o (X0, Xy, y@)
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(ii) (%(z V) \Ift(Z”)) = (YD — pXD, YO _ px @),
Proposition 5.6 Prob(&;) — 1 ast — oo.

Proposition 5.7 Prob(®,) — % ast — oo.

5.3 An explicit construction of the limiting random variable

We complete this section by giving an explicit construction of the limiting random
variable Y in Theorem 1.2. For any § > 0, let

64 _ Y 6o _ y
SO = Z log (1 - W) and S = Z log (1—W>,

(x,y)emn(® (xr,y)en(©
0<x<X(l),y26)’<1) 7X(1)<X<0,y28)’(1)

on the event », and zero otherwise, and let
S(S) — _X(l)(S(SHr) _ S(Sﬁ)). (54)

Observe that these variables are well-defined since, for every (x, y) € I1® such that
x| < XD, wehave y < YO — p XD 4 p|x| < YD,
In the next lemma we show that, as § — 0,

L(S?|D) = L(IogY)

for a certain random variable Y with positive density on R.. In Sect. 6 we identify T
with the random variable appearing in Theorem 1.2.

Lemma 5.8 Asé§ | O,
L(S?P1D) = L(ogY),

where Y is a random variable with positive density on R defined as follows. Let
(X,Y) € R? be a random variable with density given by (5.3). Then, conditionally on
(X, Y), log Y is the value at time X of a time-inhomogeneous Lévy process with zero
drift, no Brownian component and the Lévy measure

qroteIZI
Ldx®dz) = (Y — pX + px)?Y(1 — elehyet]
0

dx ® dz if|z| < log _p(XY—x)’

otherwise.
(5.5)

Proof Denote for brevity X = X® and ¥ = Y. Conditionally on T1, ® and
(X, Y), the point process 1 is Poissonian with the intensity measure

q¥ —pX +plx)"“uldx ®dy) ify — plx| <Y — pX,

(e) —
wdx ®dy) = { otherwise,

@ Springer



952 S. Muirhead et al.

and S@" is the value at time X of a time-inhomogeneous Lévy process with zero drift,
no Brownian component and the Lévy measure

L% (dx ® dz)
qoet
=1 (Y — pX + px)2Ye(l — e?)etl
0

dx ® dz if log 2572 < 7z < log(1 - &),

otherwise,

where we consider § < Y — pX. Further, conditionally on 1", ® and (X, Y), the
variable S® 7 is independent and identically distributed with S®*). Due to symmetry,
S® is therefore the value of a time X of a time-inhomogeneous Lévy process with
zero drift, no Brownian component and the Lévy measure

L®(dx ® dz)
qael?!
=1 (Y — pX + px)2Ye(l — elelyatl
0

dx ® dz if logllTs <lz] < logm,

otherwise.

As § | 0, S converges weakly to the value at time X of a time-inhomogeneous
Lévy process with zero drift, no Brownian component and the Lévy measure given by
(5.5), where the limiting Lévy measure is valid because

X X 00
f / min{1, z?}L(dx ® dz) = 2/ / min{1, z*}L(dx ® dz)
0 0 0

R
5 /X /Y‘p“f”‘ gormin{1, log>(1 — y/Y))}
o Jo (Y — pX + px)aye+l
- 2/X /Y ga min{1, log?(1 — y/Y)}
o Jo (Y = pX+px)ryetl
Y min{1, log?(1 — y/Y)}
yot+l

dydx

dydx

2
e [(Y—pX)l_“—Yl_"‘]
a—1

dy < oo.
0

Since a Lévy process has positive density on R at positive times, and since the law of
log Y is obtained by averaging over the law of Lévy processes at positive times, Y
also has positive density on R . O

6 Fluctuation theory in the case o € (1, 2)
In this section we study the fluctuations in the ratio u(z, Zt(” )/u(t, Z;z)) in the case

a € (1,2), building on our analysis in Sect. 4.1, and hence complete the proof of
Theorem 1.2.
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Recall that E denotes the set Z\ D. For any ¢ > 0, let

£(2) )

Si== 2 senwzioe(1- 0
t

1
o<lz1<1zD|
z€E

on the event & and zero otherwise. In Sect. 4 we showed that the ratio u(z, Zt(” )/
u(t, —Z\") was well-approximated by exp{S;}, so it remains to study the convergence
of ;. To do this, we first truncate the sum at potential values above a certain thresh-
old and show that this is a good approximation of the full sum; we then study the
convergence of the truncated sums.

For any § > 0, define

® _ M £(2)
S =- Z sgn(z/Z,”) log <1 - —§(Z<'>))1{5(2)255(251))}
o<lzl<1zM)| !
z€E
on the event & and zero otherwise, and let 3‘,(‘3) = 5, — 5. Denote by Prob® and

E® the conditional probability and expectation given D and {£(z) : z € D}. The next
lemma shows that the truncated sum St(‘” is a good approximation for the full sum S;.

Lemma 6.1 Forany ¢, &5 > 0 there is 69 > O such that for each 0 < § < g
Prob({|§;5)| > e1} ﬂ@,) <&
eventually for all t.

Proof Let

£(Z") v (Z") v,.(z") 1z,
<l < — <, < TN N <
a; a; &(Z,7) &Z,)

gl: <

where ¢, ¢ > 0 are chosen according to Proposition 5.5 so that
Prob(&) > 1 — £2/3
for all # > t;. By Proposition 5.6, let #, be such that for all t > 1,
Prob(&) > 1 —&3/3.
For each § > 0, let #3 be such that §c1a;; > 1. Let fp = max{zy, 2, 13}. Consider the

event ®; N &; ﬂét, 6>0andt > 1.
By Chebychev’s inequality we have
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Prob(“)(|§,(5)| > 81) < 81_2E(e)[$'z(6)]2

— 2RO S ki)
— 81 E Z Sgn(zt ) (lOg (1 - s(zt(l)) 1{5(_Z)<8§(Zr“))}

0<z<|Zt(1)\
z€E

—1lo 1— ﬁ 1
g §Z7) (@ <862}

Since the summands are independent and consist of the differences of two independent
identically distributed terms under Prob® we obtain

© (] 8® -2 } : © §(2) 2
Prob (|St | > 81) < 481 E [log (1 - m) {E(Z)<5E(Z/(]))}:| .
O] (Z
0<z<|Z; |
Z€E

Foreach 0 < 7z < |Zt“)|, z € E, the conditional distribution of &£(z) is the Pareto
distribution with parameter « conditioned on W;(z) < \I/,(Z,“)), that is, on

6@~ roge (o) < w(z.

Observe that for all § < ¢
Z
[vetooy— Eiogy < wiz™) 5101w @n 50,5z

This implies

*©
/1 ST Lo L tog y <z Y

o
o _
zfl Wl{yw,(zf”)}dy =1=0(Z) > 12

Observe that 8£(Z\"”) > 8cia; > 1. Using the change of variables y = u&(Z\"), we
obtain

M

8&(Z, )L10 2(1_L)1

I yaH—l g g(z;”) {y*‘%log)’@l’z(zta))}

sezYy
! y
= log? (1 — )dy
/1 yett £(2,")

o )
< %‘(ZT)(X/O I/i_a_l 10g2(1 — u)du
1

dy
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Since

) 8270{

8
/ u™* og?(1 — u)du ~ / u'~%du =
0

0 2 -«

as § | 0, we can choose 1 < c¢; small enough so that for all § < §;

. £(z) 2 N
7 oe (1= gzm ) esean] = Gz

and

a 16a8>™  |Z;" 160:c,827
Prob® (18] > &) < —o 1 | re

. 3
= P20-o 20y - fe-a

for all § < 89 with some §p < 81. Hence

Prob({|S”] > &1} N D) < Prob({|S"] > &1} N D, N & N &) + Prob(EF)
+ Prob(éf) <&

as required. O

We next show that the truncated sum S,” converges to the variable §® introduced
in (5.4); since the proof is similar to those appearing in “Appendix A”, we also defer
it to the appendix.

Proposition 6.2 Ast — oo,
LSP D) = L(SDD).

We are now ready to put everything together to complete the proof of Theorem 1.2,
in particular showing that the ratio u(z, Z\")/u(t, —Z\") converges in distribution to
Y, where Y is the random variable defined in Lemma 5.8.

6.1 Completion of the proof of Theorem 1.2

By Propositions 3.7 and 4.3 on the event ®, only the shortest paths to Z;" and —Z"
are non-negligible and hence we have by Proposition 4.2

1 L
1z{"1-1

wt, 2,") _ Bl £(2,") —&(=))
u(t, =2;") i EZ £

_ exp{ — sgn(z) Z [log (1 - ‘;Zl)))) — log (1 - 5(%;{?))]]

0<j<Iz"|

+o(1)
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+o(1) =exp {8} + o(D).
It suffices to show that
L(51D;) = L(»ogY),

where T is the random variable defined in Lemma 5.8. Let x € R, ¢ > 0 and choose
g > 0 so that

Prob(log Y < x — &) > Prob(log Y < x) — ¢/4, 6.1)
Prob(log Y < x + &) < Prob(log Y < x) + ¢/4. (6.2)
Choose &y according to Lemma 6.1 with 1 = & and &, < &Prob(®,)/4 for all ¢,

which is possible by Proposition 5.7 since Prob(®;) converges to a positive limit. By
Lemma 5.8, choose § < §p so that

Prob(S® < x — &1|D) > Prob(log ¥ < x —¢1) — /4, (6.3)
Prob(S” < x +¢&1D) < Prob(log Y < x +¢1) + ¢/4, (6.4)

and choose f( such that the statement of Lemma 6.1 holds for ¢t > ry. We have

Prob({S; < x} ND,) = Prob({S” < x — §”1 N{ISV| < e1} N D)
+Prob({S;” < x — §71 N {ISPY| > e1} N D).

Hence by Lemma 6.1 for all t > g,
Prob(S;” < x — &|D,) — /4 < Prob(S; < x|D;) < Prob(S;” < x + &) + ¢/4.
By Proposition 6.2 there is #; > fy such that for all r > 7

Prob(S;” < x — &|D;) > Prob(S® < x — &|D) — /4,
Prob(S;” < x + &|D;) < Prob(S® < x + £|D) + /4,

implying
Prob(§® < x — D) — &/2 < Prob(S; < x|D;) < Prob(S® < x +£|D) +¢/2.
Combining this with (6.3) and (6.4) we obtain
Prob(S < x — &) — 3¢/4 < Prob(S; < x|D;) < Prob(logY < x + &) + 3¢/4.
Together with (6.1) and (6.2) this gives
Prob(log T < x) — & < Prob(S; < x|®;) < Prob(log Y < x) + ¢.

forall t > #.
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7 Fluctuation theory in the case o > 2

In this section we study the fluctuations in the ratio u(t, Z;”) Ju(t, Z;z)) in the case
a > 2, and hence complete the proof of Theorem 1.3. Due to our analysis in Sect. 4,
we know that it is sufficient to study only the contribution from paths which visit the
sites in V; at most once.

The first step is to show that, by conditioning on the information not contained
in the sites in A;, we are left with an expression that is amenable to applying
standard fluctuation theory; here we use our analysis of the function /. The final
step is to show that the fluctuations due to N; are already enough to imply that
|logu(t, Zt(”)/u(t, Z;z))| — 00, regardless of the contributions from all other sites;
we achieve this by invoking a central limit argument.

Foreacht > 0,let F; be the o -algebra generated by D, Z\", N, and (£(2) : z ¢ N;}.
Let Probg,, EF, and Varg, denote, respectively, conditional probability, expectation
and variance with respect to F;. For each z € N;, define

§(2) )

0:(2) = —sgn(z/Zt“)) log (1 — m
t

whenever £(z) < & (Z;')) and zero otherwise. Let

0= Z Qt(Z)-
zeN;

Observe that Q;(z), z € N;, are conditionally independent with respect to F;, which
implies that

Varg, Q; = Y Varz, 0;(2). (7.1)
zeN;

Further, it is easy to see that for each z € N, the conditional distribution of &(z)
is the Pareto distribution with parameter « conditioned on ¥, (z) < \Il,(Zl“)) and
£() > 8E(Z").

The next lemma establishes that, after conditioning on F;, the contribution to the
ratiou(t, Z\")/u(t, Z) due to the sites in A; is well-approximated by a product over
these sites.

Proposition 7.1 There exists an F;-measurable random variable P, such that

|logu(r, Z;") —logu(t, —Z;") — Q; + Pi[1 200 = 0

D,NENE]
almost surely, as t — 00.

Proof We write Null iy Null|_ for the set of null paths in Null| ending in 7" and

— 7", respectively. Further, we denote by ;" and V™ the subsets of \V; consisting of
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the points lying between 0 and Z'”, and 0 and —Z", respectively. Finally, we denote
by N, and N, the respective cardinalities of ;" and N;".

By Propositions 3.7 and 4.6 we have that on the event & N 5,[2’00) almost surely

u(t, Z") = (1+o0(1)) Y Uy, (7.2)

yeNullf

ast — oo. Fix a path y € Null|, and note that y,(,, = Z,". We wish to extract from
the path terms involving potential values of sites in NV;. To do this first we recall that
by (2.2)

Ut,y) = e 2 Iy (1; E(Y)), (7.3)

where & (y) denotes the sequence & (yo), - . ., §(Ye(y))- Then, forany z € ./\/,Jr it follows
from the recursion (3.9) and the symmetry of I proved in Lemma 3.8 that

Loy (55 6(y)) = Toiyy—1(1: EY\M2D) — Teyy—1(t é}(y\{Z,“)}))],

|
£(Z,") — £(2)

where £(y\{z}) denotes the sequence &(yo), ..., & (ye(y)) With the occurrence of £(z)
removed (note that since y € Nulltl . it makes exactly one visit to z). On the event &

we have £(z) < & (Z;“ ) and therefore we can use Lemma 3.12 and obtain

. o £(y) _
Liy—1(6: E\(Z;")) < —(s(Z,“)) — E(Z))tlf(y)—l(t, E(y\{z}).

Observe that we have E(Z,“)) —&(2) > a; fy onthe event & as well as £(y) < R, <
rig: (1 4+ f;). Plugging this into the above gives

g1+ fr)

Ty -1 (1 EG\ZN) =< =0

Loy —1 (5 §(y\{2)).

and thus

1
T (1 600) = Leo-1 (5 6N (14 0 (S ) s =5

on &, ast — oo. Iterating this procedure for all z € ;" and observing that

N'g 8 %log(1/8)g
< —
filogt filogt
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[2,00)

on the event &, , we obtain that

1

Ly (@ 6(y) = (1 +0(1))I[(y)_N[+ (tQ E(Y\NM) ) 1_[ m

N+
oné& N Et[z’oo), as 1 — 00, where &(y\V;) denotes the sequence £(yo), ..., § (Ve(y))

with all occurrences of £ (z) with z € N, removed. Combining this with (7.2) and (7.3)
we obtain

u(t, Z") = (1 + o(1))e™ % ]_[ g(z(”) = Yo Lgyn (EGND)

yeNullf

and hence

log u(t, Z;l)) =— Z log <1 - E;Z(I)) ) — N[+ logS(Z;I))
ZEN;+ é,v:( t )

+log D Ly (GEG\ND) =21 +0(D) (74

yeNullf

oné& N 5,[2’00), as t — oo. Similarly,

1 £(2) — 1
logu(t,—Z") = — log (1 — —) — N, log&(Z;")
Tk (1= 5zm) ~ 4 st

+log Y Ly n (GEG\ND) =20 +0(D)  (75)

y€eNullf _

on®NEN 5,[2’00), ast — oo. Combining (7.4) and (7.5) we obtain the desired result
with

P =N logg(Z") +log D" Iy y+ (6 EG\ND))

yeNull

— N[ log&(Z,") — log Z I[(y)—N,_(t;é(y\M))’

yeNull| _

which is obviously F;-measurable. O

We now study the scale of the fluctuations due to the sites in N;, showing in
particular that these fluctuations are unbounded.

Proposition 7.2 Ast — oo,

[Var]:t Qt]71 1g’mg[[2,oo) — 0 almost surely
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and

max |E}'¢ Qt(Z)’lg, — 0 almost surely.
zeN;

Proof We work throughout on the event &. Using 8;£(Z\") > §; fia; > 1 for the
upper bound and S,E(Z,“))/ \P,(Z;”) < 8;/f; — 0 for the lower bound we obtain

* ady o ady Ay —a
/1 T L= B log y w27 0)=0,620) = /8[5(250) yatl = (8:6(2;)
and
*© ady
1 ey ) 0
|yt =T log y<Wi(Z,7).8(2)>8,6(Z; )}
W (Z") wd
y (Hy) —
= = +oM)(8:5(Z;)
[;tf(zt(l)) yoz—i-l ( t )
implying

T odyy = (+o(N(EEEZM) ™ (76
e - Elogy <z ks = (T oMBEED) (7.6)

as t — oo uniformly for all z almost surely.

Further, using 8&(Z") > 1, the change of variables y = u£(Z"), and
Wi(Z{")/6(Z,") > fi we get

oo
2D e (1- -2 )1
. et 8 £(z0)) b= ogy<wiz{") stz <y<ez"))

Wz gdq fi
Y 1002 Yy d S B
Z/ M, yatl log (1 - ) ) = e / u " log(1 — u)du.
sEz) Y §(Z))  §(Z7) Js,

7.7)
Since §;/f; — 0 we have
Ji 5 %28,2_“, a > 2,
/ u % Mog?(1 —u)du = (1 +o(1)) x { © (7.8)
8 log(1/8;), @ = 2.
Combining (7.6), (7.7), and (7.8) we obtain
) 552, o> 2,
Er, 07 (z) = (1 +o(1)) x 5 (7.9)
ad; log(1/8:), o = 2.
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Now, using Sté(Z,“)) > 1 and the change of variables y = uE(Z,“)) we compute

o0
— ) lo (l - L)1 z 1 1 1
Lyt BT z0y) o= Fheey<wi 2 sz <y<s V)

§Z") wd 1
< —/ " log (1 - %) - —%/ u=og(1 — u)du.
sigzVy ¥y £(Z,") E(Z,) Js,
(7.10)
Observe that
! —a—1 ! I-«
—| u log(1 — u)du = (1 + o(1)) ——8! 7. (7.11)
5 a—1

Combining (7.6), (7.10) and (7.11) we get

[E50:(2)] = (1 +o(1) ——4. (7.12)
Combining (7.9) and (7.12) we obtain
c(oz)éi,z, o > 2,
Varg, Q,(z) = (1 +0(1)) x (7.13)

a8?log(1/8;), a = 2.

where c() = To prove the first result, it remains to notice that |N;| >

57%/loglog(1/8,) on event £ and that 5~/ loglog(1/8;) — oo if & > 2 and
83_“ log(1/6;)/loglog(1/8;) — oo if o = 2. The second result follows immediately
from (7.12). O

The final step is to apply a central limit theorem to show that the fluctuations due
to the sites in N, are in the Gaussian universality class. For each z € V;, denote

0:() —Ex, 0:(2)
— L — .14
Vi(z) = Narr 0. 0, , Vi= ZEEN[ Vi(2), (7.14)

and denote by
Fy,(x) = PI‘Ob]:r(Vt < x)

the conditional distribution function of V;.

Proposition 7.3 Ast — oo,

sup [Fy, (x) = ®(x)[1g (2000 — O almost surely,
xeR !

where ® denotes the distribution function of a standard normal random variable.
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Proof This result follows from an application of the central limit theorem that we state
and prove in “Appendix B”. It remains to verify that the conditions of the theorem are
satisfied.

First note that, conditionally on F;, the random variables V;(z), z € M, are inde-
pendent. Moreover, by construction, for each t > 0 and z € NV,

Ef, Vi(z) =0 and Z Ez, Vtz(z) =1 almost surely.
zeN;

Hence it remains to verify that, for each ¢ > 0,

Z Er, [Vtz(Z)l{\V;(Z)IZS}]lgtﬁg[lz-oo) — 0 almost surely. (7.15)
zeN;

For the rest of the proof assume the event & N 8,[2’00) holds, and remark that,
according to (7.14)

0:(z) =EF 0/(2) + Vi(2){/Varg, O;.
Since Q;(z) and E £, Q,(z) are either both non-negative or non-positive almost surely,

we obtain, using that Varz, O, diverges and that Ez, Q;(z) tends to zero by Proposi-
tion 7.2,

{IVi@)] = e} € {IQ:(2)| = &/Varg, 0, }.

Hence

Y ER[VOlweeea]
zeN;

—1 2
e ;v Ex[(0:0) R Q) Y o jvargr)] (11O

Combining this with (7.1) we observe that in order to prove (7.15) it suffices to show
that

B2 (00 =B 00V g o . g )
Varr, Q:(z)

=0 (7.17)

uniformly in z almost surely.
Denote

v =exp{ —ey/Varr, O, }.
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Then
{10/@) = ey/Varg, 0,} = {£(2) > (1 = v))E(Z;")]} C {5(2) > 8,62}
since v; — 0 almost surely on the event & N Et[z’oo) by Proposition 7.2. Similarly to

the proof of Proposition 7.2 we use the change of variables y = u&(Z\") to compute,
fork € {0, 1, 2},

[ sl (- gom)|

— 0 —_— —

ETE] R STE7)

l{y—Ulogy<w,<z,‘”>,a,s<z,“>><y<s<z,“)>,y><1—vf)é(z,(”)}dy

o A (e IR
(A-v)HEz) Y §(Z;")

o0
- %/ = log(1 — w)[*du ~ ——%—
§(Z;)* Ji—vg §(Z; )~

with some ¢; > 0. By the second part of Proposition 7.2 and using (7.6) we obtain

Bz, [(Q’(Z) —Ex Q’(Z))21{|Q,<z>|zem}] ~ bl

uniformly in z almost surely. Combining this with (7.13) we arrive at (7.17). O

We are now ready to complete the proof of Theorem 1.3. The point is that, since
we have shown that the fluctuations due to A; are unbounded and in the Gaussian
universality class, they place negligible probability mass on any bounded scale. Hence
we have the result.

7.1 Completion of the proof of Theorem 1.3

Let ¢ > 0. As a direct corollary of Theorem 1.1,

Prob(”log LE(I—Z(I;))) < c} N ’Df) -0

so it remains to show the convergence on the event D, .

Let ¢ > 0. Since Prob(D;) # 0 by Theorem 1.1 and Prob(&; N %) — 1 by
Propositions 3.3 and 5.6, it suffices to show that, as ¢t — oo,
(1)) ‘

Prob({‘ log —Z

} ND,NEN 5,[2'°°)> -0,

By Proposition 7.1 it is then enough to prove that, as r — oo,

Prob({|Q, — Pi| <2c}ND,Nn&N 51[2’00)) 0,
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for which, in turn, it suffices to show that

E[Prob}-l{|Qt — Pl <2c)1 ] 0.

& ﬂgt[Z.oo)

Observe that even though the event £ does not belong to F; we can take it out of
Probz, by Proposition 5.6 and since the function under E is bounded. Now, by the
dominated convergence theorem, it remains to prove that

Probz, {|Q; — Pi| <2c} — 0 (7.18)

almost surely on & N 8,[2’00). To do so, assume that & N 5t[2,oo) holds and observe that

Q= V,/Varr, O; + Ef, 0.

Hence (7.18) is equivalent to showing that, almost surely,

1
Prob. { V, € [Varz, ]2 (P, — Bx O — 2¢, P —E£, 0 + 20)} >0 (7.19)

Since P, Ex, Q;, and Varg, Q, are F;-measurable, and the length of the interval
on the right-hand side of € tends to zero by Proposition 7.2, (7.19) now follows
from Proposition 7.3.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

Appendix A. Point process arguments
In this appendix we give the details of our point process arguments in Sect. 5, and

in particular provide the proofs of Lemma 5.1 and Propositions 5.5-5.7 and 6.2. All
notation in this appendix is carried over from the main part of the paper.

A.1 Point process convergence for the potential

We first give the proof of the point process convergence for the rescaled potential in
Lemma 5.1.

Proof of Lemma 5.1 Let (0,,),¢cN, be a collection of random variables defined by o, =

lifn € D and 0, = —1 if n € E. Define the point process
_ z ojnjbo(2)
X = ZE(E’ s1/a )
Z€ZL
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and let ¥ be a Poisson point process on G = (R x [—00, 0)) U (R x (0, co]) with the
intensity measure /& which equals pu on the lower half-plane and gu on the upper
half-plane. It suffices to show that ¥ converges in law to ¥ on the state space G, as
I1{"* can be represented by the restriction of X to the right half of the lower half
plane (reflected with respect to the x-axes) and I1{” by the restriction of X to the
upper half plane. Clearly the corresponding restrictions of ¥ have the same law as the
pair (IT4, T1€).

Let C,"g be the set of continuous functions 4 : G — R, with compact support. For
any s, denote by

cbs(h)zEexp{—/hdzs} and CD(h):Eexp{—fhdZ},

the Laplace transforms of ¥ and X, where h € C;g. Recall from [15, Prop. 3.6] that
since X is a Poisson point process its Laplace transform is given by

log ®(h) = —// (1 — e " p(dx, dy). (A.1)
R2

By [15, Prop. 3.19] it suffices to show that ®;(h) — ®(h) forall i € C; We have

log @ (h) = logEexp{ - /ths} = logEexp{ - Zh(f Ulz\EO(Z))}
€l

s sl/e
= glogEexPH _3z[h(§» Ufl(;iz)) —i—h(- g’ Glzf?#)]}’

where 6o = 1/2 and §; = 1 otherwise. Computing the expectation with respect to
(op) first, we have

log ®,(h) = Z;f:olog (pEexp { - SZ[hG’ _%) + h( _ ? _Eos(l%)]}
ok | 615 52) (- D)
Further, using the independence of £(z) and £(—z) we get

log @, (h) = log <pEexpi - h(o 50(0))} + quxp{ _ h<9 50(0)>}>

5T sl PR
O e e ]
z=1

+quxp{—h(E SO(Z))}Eexp{—h(—f,m)}). (A2)

s sl/a s sl/a
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Using the substitution y = us!'/*, compute
z 602\ _ z §0(2)
Bo | = (.55 ) | = 1 -1 - e { (5550 |
o0 z 0y ady
=1 [ [l (i)
1 [ z adu
sty A R BT I F= e

for all s such that s < ¢, where c is the distance from the set A to the y-axes,
which is positive since A is compactly supported in G. Observe that

[Tl-ee{-nCa))at = [T S @

uniformly in z. Repeating the calculations (A.3) and (A.4) for all expectations in (A.2)
and doing the Taylor expansion of the logarithm, which is possible by (A.4), we obtain

—1/a

log &4 (h)

- ilog (1 - [? /Ooo [1 —CXP{ —h<§—“)]]:j+ul

W MERIED

o2 [ [l a(-F)

AR

H [ Do a(- SR o
|

Z Gl
+‘;1/0°° [1—ex | —n(2.a) ] 225 ] +o

=-p // (l — e_h(s’“))u(ds, du)
Rx(—00,0)
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—q// (1 —e™"C0) p(ds, du) + o(1).
Rx(0,00)

According to (A.1) we obtain log ®;(h) — log ®(h) and so (M, 1) converges
in law to (IT“*% T1¥). This implies that (IT{"", I1{"7, IT”) converges in law to
(T1“H | [14 T1@) since [T~ and T1“~ are deterministic reflections of T1™ and
1€ respectively, and so we have the result. O

A.2 Convergence for functionals of the potential

We now show how to use the point process convergence of the rescaled potential to
pass certain functionals of £ to the limit. In particular, we prove Propositions 5.5-5.7
and 6.2.

For technical reasons, instead of working directly with the functional ¥, it will be
convenient to work with a simpler version W, in which the penalty term is not random
(and depends on |z| and ¢ only). To this end, for any > 0 and z € Z, let

() =£(x) — 'f—'plogr.

Denote by 2;” a maximiser of W, and by 2;2) a maximiser of W, on the set
Z\(Z", —Z"}if Z" € D and on the set Z\{Z"} if Z" € E. By the same argu-
ment as in Lemma 3.2, for each i = 1, 2, there are at most two choices for Z” and,
moreover, there are two if and only if both are in D and symmetrical about the origin.
Denote

D, = {2 € D}.

In Lemma A.1 we establish convergence for the maximisers of 0, in Lemma A.2 we
prove that the maximisers of W, and U, are the same with overwhelming probability.

For all the arguments in this section, we shall make use of the point process I
defined by

M,(A) = I¥(A) + T¥(A) + T4 (A)

for any Borel set A, where A denotes the reflection of A with respect to the y-axis.
This is the prelimit version of the Poisson point process IT.

Lemma A.1 Ast — oo,

<|2;”| 127 &2 &)

):> (XD, x® yn, y®).
It It ag ag ' '

@ Springer



968 S. Muirhead et al.

Proof Observe that for all z € Z

U(z) & Izl £z
=—— —plogt = —p—.
a; a; ta; ag rt

Let A be a compact Borel subset of {(x1, x2, y1,y2) : y1 > px2,¥y2 > pxz2} C
([0, 00) x (0, 00])? such that its boundary d A has zero Lebesgue measure Leb(dA).
Hence A C {(x1,x2, ¥1,¥2) : y1 > a + px2, y2 > a + pxa} with some a > 0, and
this set has finite measure u by (5.2). Since a; = r,1 /% we obtain by Lemma 5.1 that

SO0 1500 50y g5
| ¢|7| i |,f(,)"§(¢))eA)

rt It ag az

Prob (

N

Prob(lzlrt (dx1 x dyy) = T, (dxa x dyz) = 1,

,t({(u,v) TV — pu >y —pxl}) =0

oo a—

R ({v) 1y — pxa <v—pu < y1 — px1}) = 0)
— /AProb*(I:I(dx] x dyy) = (dxy x dyy) = 1,
O({(u,v) s v—pu > y; — px1}) =0
({0 0) 2= plxal <v=pu < yi = pxi)) =0). (A5
The probability under the integral equals

p(x1,x2, y1, y2) = Proby (X" € dx1, X? € dxy, YV € dy;, Y € dy)

by definition. To complete the proof, we need to show that the collection of test sets
A is big enough. To do so, it suffices to see that

/p(xmcz, yi. y)Uy1 > pxi, y2 > pxa}dxidxrdyidy,
(10,00) x (0,00])?
= Prob, (Y > pX", Y?® > pX®) =1

by Lemma 5.2. O
Lemma A.2 Prob(1Z"| = |Z{"|,1Z2"| = 1Z{"|) = last — oo.

Proof Fix ¢ > 0 and let a > 0 be sufficiently small that

A={(x1,x2,y1,y2) 1 x1 < 1/a,x2 < 1/a, y1 = a+ pxi,y2 > a+ pxz}
< ([0, 00) x (0, o)’
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is such that
Prob, (X", X®, YV, Y®) € A) > 1 —¢/2, (A.6)
which is possible according to Lemma 5.2. Observe that

Y (2) @_El é()—Ft(E S(_Z)>

as az ta as

where

log a, logy

X .
logt log ¢

Ft(-x7y):y_'x

It is easy to see that F,(x,y) — y — px ast — oo. Using W,(Z\") > W,(Z”) > 1
eventually almost surely, proved in Lemma 3.2, we obtain

Prob(1Z;"| = 12;"1,12{?| = 12"))
> / Pl‘ob(l:[rr (dxi x dyy) =, (dxy x dyy) = 1,

0, ({@,v) s v —pu > y1 = px1}) =0,

I, ({(,v) 1 y2 = px2 < v —pu < y1 — px1}) =0,
I, ({(u, v) : Fr(u,v) > F(x1,y1)}) =0
i

1 (100, ) 5 Fil, 32) < Fiw,0) < Fix, y)) = 0)

HFi(x1, y1) > Fi(x2, y2) > 1/a,}. (A7)

Let b > 0 and genote Kp = [0, b] x (0, 00). Observe that since £(z) > 1 for all z the
point process IT; has no points below the level 1/a;.

First, by examining the graphs of F; one can see that the first set in (A.7) is close

to the third and the second is close to the fourth if we restrict them to Kp, that is,

{(,v) 1 v > 1/a;, F;(u,v) > Fi(x1, yD} N Kp + E{7(x1, y1)
={(,v):v—pu>y —px1} N Kp+ ES"(x1, y1)

and

{u,v) 1 v > 1/ay, Fi(x2, y2) < Fy(u,v) < Fy(x1, y)} N Kp + E{"” (x1, x2, y1, ¥2)
={(u,v) :v—pu >y — px1} N Kp + ES” (x1, x2, y1, y2).

where

Leb(E;"”(x1,y1)) > 0 and  Leb(E{"”(x1,x2,y1,y2)) = 0, i=1,2,
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as t — oo uniformly on A. Moreover, we have
{(u,v) 1 v > 1/ay, Fi(u,v) > Fi(x1, yD} N Kp S {(u,v) 1 v >a/2+ pu} (A8)
and

{(M, U) v > l/ah Fl(x21 )’2) < F[(I/l, U) < Ft(x13 YI)} N Kb
C {u,v)1v=a/2+ pul (A.9)
eventually for all # uniformly on A, and the set on the right hand side of (A.8) and (A.9)
has finite measure p according to (5.2).

Second, the portion of the third and fourth setin (A.7) belonging to the complement
of K}, is negligible since

{(u v) :v > 1/a;, Fr(u,v) > F,(xl,yl)} ﬂKb - {(u v):v>a-+ 2u u > b]
and

{(M,U) V> l/atv FI(XZ» )’2) < Fl(”sv) < Fl(xlv )’l)}nK;
- {(u,v):v>a+§u,u>b},

where, as b — 00,

({(u v) v>a+2u u>b})

_2/ / U+1dvdu—2<a+p—b) — 0.

Third, we have
{F(x1, y1) > Fi(x2, y)} + EY = {y1 — px1 > y2 — pxa} + E5’,
where, as t — 00,
Leb(E{") -0, i=1,2.

By the three arguments above, and since I1,, — I as ¢ — oo by Lemma 5.1, it
follows from (A.7) that

Prob(1Z"| = 1Z"1. 12| = 12
> / Prob, (I:Ir, (dx) x dy) =T, (dxz x dys) = 1,>
A

0, ({(,v) : v — pu > y1 — px1}) =0,
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l:Ir,({(u, V) iy —plxl <v—pu <y — ,oxl}) = 0) —¢/2
= Prob, (X", X®, YV, Y®) e A) —¢/2>1—¢
eventually for all 7 by (A.6). O
We are now ready to give the proof of Propositions 5.5 and 5.6.

Proof of Proposition 5.5 Part (i) follows from Lemmas A.1 and A.2, so it remains to
prove part (ii). On the event {|Z;”| = |Z,<])|, |Z,<2)| = |Z;2)|} we have, fori =1, 2,

V) @) 120, 820 120 logE(Z)/1)
a; a ta tP r, log ¢ '

By part (i), as t — oo,

log(6(Z")/1?) _ log(6(Z")/a)) — ploglogt
logt log ¢

0

in probability and hence

vz vz

az az

0

in probability. Observe that

vz _ sz 1z ; £z , 1]

logt =
ag ay tat [ It
and so
UMDy 3o
(‘I’t(zt ) Wi (Z, )) = YD = pxD, YD — px?)
ay ’ ay ’
by part (i). The result now follows from Lemma A.2. O

Proof of Proposition 5.6 We first show that

Prob (";“(z) < H10gﬂ Viz| > r,g,) - L
t 2et

Indeed there exists ¢ > 0 such that for each z with |z| > r;g;, we have

|zl Izl A
Prob > —log — “,
0 (HZ) =7 %) " c(logt)“ 2
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and hence by a union bound there exists ¢’ > 0 such that

Prob (é(z) > 4] log% for some |z| > r,g,) < c’gt1 ¢ 0.

Next, it follows from Proposition 5.5 that
Prob(r, f; < 1Z{"| < rigr. ar fr < €(Z}") < a;g1) — 1
and
Prob(¥,(Z;") > f£(Z")) — 1

since f; — 0 and g, — oo. Thus, it remains to show that

Prob(S(Z(”) =509 — 52 > a,f,) 1.
Let ¢ > 0. By Proposition 5.3, choose a > 0 and the set
={(x,y):x <1/a,y > a+ px} C ([0, 00) U (0, 00])?
so that

Prob, (X", Y e A) > 1 —¢

eventually. Let 0 < § < min{%, ﬁ}. Observe that by Lemma A.2
y 2° 2

Prob(?;(Z“)) _ gm gm 5(2) - atft)
zProb(s(z;”) - 8;5”2’(1)“&(2;“) £ 6a,) — /4
eventually as f, — Oand R,/|Z\"| = 1 + f; — 1. This implies
Prob(S(Z(”) _ S(l) 5(1) $<2> - atﬁ)

> [ Prob(f1, @ x dy) = 1.1, (Ms(x. ) = 0) ~ .
A

where

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

M(s(x,y):{(u,v):v—,ou>y—,ox}U{(u,v):u<(1+8)x,y>y—8}.

It is easy to see that

Ms(x,y) S {(u,v) :v>a/2+ pu}
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for all (x, y) € A, and this set has finite measure p by (5.2). This implies

/ Prob(I:Irt (dx x dy) = 1,10, (Ms(x, y)) = O)
A
— / Prob, (IT(dx x dy) = 1)Prob, (IT(M;s(x, y)) = 0)
A

. =/(2—p) exp{ — 2 — pu(Ms(x, y)) }udx, dy). (A.15)
Since A

tim (M5 (x. ) = w({(.v) :v = pu >y — px})

we obtain by the dominated convergence theorem that

lim [ 2= prexp{ - @ = pu(Mtx, ) Ju(dr.dy

— Proby (X", Y®?) € A) > 1 — ¢/4

by (A.11). Hence for a sufficiently small § we have

[ 2= el - @ puldsee, ) dx,dy) = 1= /2
and using (A.15)

fAProb(ﬁ,, (dx x dy) =1,11,,(Ms(x, y)) =0) > 1 —3¢g/4
eventually for all 7. Combining this with (A.14) we obtain, eventually for all 7,

Prob(g(z,“)) =D D > a,f,) S 1—¢
O

We finish this section by proving Propositions 5.7 and 6.2. For this we need a
few more definitions. For any ¢ > 0, denote by M, the space of point measures on
[—c, c] x (0, oo] equipped with the vague convergence, see [15, Ch.3]. For any point
measure X on R x (0, oo], we denote by X, the restriction of ¥ to [—c, c¢] x (0, co].
LetE : M x M, — [—c, c] x (0, o0) be defined by the property that E (0, 0) = (0, 0)
and

E(X1, X)) =@, y)if (x,y) € Z1 + X and if (u,v) € X4
4+ X thenv — pu <y — px,

which is well-defined for any non-zero (X1, ¥») since each set {(u,v) : |u| <c,v >
a + plul}, a > 0, is compact in [—c, c¢] x (0, oo] and hence ¥| + ¥, has an most
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finitely many points there. By [15, Prop. 3.13], which states that vague convergence
corresponds to the convergence of points carrying the point measures in each compact
set, we obtain that E is continuous at all non-zero points. Let E; and E; be the
projection of E onto its first and second coordinates respectively. Let ® : M. x M, —
{0, 1} be defined by

1 ifE(Z), ) € By,
O, X)) = {0 otherwise.

Now [15, Prop. 3.13] implies that ® is continuous at all non-zero points whenever X
and X, do not share points, that is, X1 ({x}) X ({x}) = 0 for all x.

Proof of Proposition 5.7 Let ¢ > 0 and let ¢ > 0 be such that
Prob(1Z{"| > cr;) < /8 and  Prob.(IX"| > ¢) < /8,
which is possible by Proposition 5.5. This implies
|Prob(D;) — Prob(©(TT |, TT¥.) = 1)| < e/4, (A.16)
and
|Prob (D) —Prob. (&(M |, 1¥|.) =1)| < &/4. (A.17)
By Lemma 5.1 (TT1)"|., I1\|.) converges in law to (1’|, T1|.). The point mea-
sures [1)|. and I1* |, almost surely do not share points and hence by the continuous
mapping theorem [1, p.30]
Prob(O (M, MY|.) = 1) — Prob, (©(M“, M].) = 1)
as t — o0o. Combining this with (A.16) and (A.17) we obtain that

|Prob(D;) — Prob,(D)| < &

eventually, which together with Lemma 5.4 completes the proof. O

Proof of Proposition 6.2 By Lemma 5.4 and Proposition 5.7 it suffices to show that
Prob({S\” < x} N 9,) — Prob,({S?® < x} N D)

forall x as ¢t — oo.
Let ¢ > 0 and let ¢ > 0 be such that

Prob(|Z\"| > cr;) <e/8 and  Prob.(|X"| > ¢) < &/8, (A.18)
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which is possible by Proposition 5.5. Let I' : M, x M, be defined by

y
['(Z1, ¥2) =—sgn(E( (2 ,22))[ log (1— —Y
| o x v)%(t’) * ( Ex (X, 22)>

0<x<|E(21,Z9)],y=0E2(X1,%9)

- D log (1 - sz(zyl,xz))]

(x.y)en(®)
=181 (X1,2)|<x<0,y=685(X1,%))

Observe that I is continuous at all points (X1, X») satisfying E>(X1, X2) # 0.
Further, S;” = I'(IT"|,, I1}|.) and S® = (11|, T1|..), provided that | Z{"| <
cry and | XV| < ¢, respectively. Hence the inequalities (A.18) imply

|Prob({S;” <x} N D) — Prob (I (I [, TTY[e) < x, (M|, TIV[c) = 1)| < &/4,
(A.19)

and

|Prob..({S® < x} N D) — Proby (I (M., 1¥],) <x, O(I|., T¥].)=1)| < e/4.
(A.20)

By Lemma 5.1 (IT" |, T1{"|.) converges in law to (IT’|., [1)|..). Almost surely the
point measures [1|. and T1*| . do not share points and E, (1|, [1|.) > 0. Hence
by the continuous mapping theorem [1, p.30]

Prob(l"(l_lifl)lc, ) < x, ®(H;‘f>|c'v H;‘;>|c‘) =1)
— Prob, (I, 1)) < x, O], 1)) = 1)

as t — 0o. Combining this with (A.19) and (A.20) we obtain that, eventually,

|Pr0b({S,(5) < x}ND,) — Prob, ({S® < x} N )| <e.

Appendix B. Central limit theorem

In this appendix we state and prove the central limit theorem that we apply in Sect. 7.
This theorem is similar in spirit to the Lindeberg—Feller central limit theorem for
triangular arrays, albeit in a slightly non-classical set-up. The notation used in this
appendix is independent of the rest of the paper.

Foreacht > 0,let ; be a o -algebra, and N; be an F;-measurable N-valued random
variable. Denote by E#, conditional expectation with respect to F;. Let {V;; : 1 <
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976 S. Muirhead et al.

i < Nt} t > 0, be a triangular array of random variables. For each ¢ > 0, denote

N
Vt = Z Vt,i,
i=1

and let Fy,(x) = Ex, 1{V; < x} be the conditional distribution function of V;.

Theorem B.1 Let {£;, : t > 0} be a family of events. Suppose that the following
conditions hold:

(1) For eacht > O, conditionally on F;, the random variables {V;; : 1 < i < N;}
are independent;
(2) Foreacht >0and1 <i < Ny,
Er,Vii=0 and Eg, V,2 =1 almost surely;

(3) Lindeberg condition: For each ¢ > 0, ast — 00,

ZEE[VI‘%Z‘IHVLHZS}]Ia — 0 almost surely.

Then, as t — o0,

sup | Fy,(x) — ®(x)|1g, — 0 almost surely,
xeR

where ® denotes the distribution function of a standard normal random variable.

Proof Our proof is adapted from [2, Th. 27.1]. First note that it is sufficient to prove
that, for each u € R,

|Ez, exp {iuV;} — exp{—u®/2}|1g, — 0 almost surely,
since by Levy’s theorem this implies that, for each x € R,
[Fy,(x) — ®(x)|1g, = 0 almost surely,
and moreover, by the continuity of ®, the pointwise convergence of the cumulative
distribution functions necessarily takes place uniformly.
To proceed, abbreviate atz’l. =Egz Vfl., and use conditions (1) and (2) to write
N, N,

|E]:, exp{iuV;} —exp [—u2/2} | = ‘E]:[ exp { Ziuvm} — exp { — uzatz’i/ZH
i=1 i=1

_“_[E]:texp qut, Hexp{—u ”
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N;
< 3o sl -sp e )|
i=1

where in the last step we used the fact that, for complex numbers {z;}1<;<, and
{z}}1<i<n of modulus at most 1,

n n
/
=11+
i=1 i=1

n
<Y Iz —zl.
i=1
Hence, applying the triangle inequality,

|Ez, exp {iuVy;} —exp{ —u?o?;/2}|1e, < A + By,

where

Ni

A=Y

i=1

Ez, [exp (invie) = (1= 2v2/2) ]| 1,

and

Ni

B3

i=1

exp{—u a“/Z} ( —u cr“/2>‘lg,.

It remains to show that each of A, and B, converge to zero almost surely.
Proceeding first with A;, we apply Taylor’s inequality [2, Eq. (26.4;)]

)exp{ix} - (1 tix— x2/2>‘ < min{lx2], X3}, xR,

and condition (2) to bound

N

A <Y Ef [min{|th,,-|2, |uvt,,-|3}] 1.
i=l1

Fixing ¢ > 0, we then have

N
A=) {EF, [lth,ilzl{\V,,Azs}] Le, +Ex, [Iqu,il31{|vt,i\<s}] 18,}
i=l1
Ny Ny
<u? ZEE[Vt?il{IVt.ilze}]l& +elul® Z Utz,i'
i i=1
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The second term equals ¢|u|> by (2), and the first term tends to zero by (3), which
proves that A; — 0 almost surely as t — oo as ¢ was arbitrary.
Turning then to B, we use the fact that, for x > 0,

e —1 —i—x‘ < x2/2,

to bound

4 Ni

u M4 N;
4 2 2
B <—) 0/, <— max o ) o;.
8 ' 8 l<i=N, © '

i=1 i=1
The sum equals one according to (2). Fixing ¢ > 0, we also have that

7i < max {Eﬁ[Vtzilnv,.iks}]+Ef,[V12i1{|v,,l-\zs}]}1&
’ 1<i<N; ’ ’

&+ Y ErlVilgv, el

1<i<N;

max o,
1<i<N;

IA

Applying condition (3) we have the result, since ¢ > 0 was arbitrary. O
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