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Abstract We study a new process, which we call ASEP(q, j), where particles
move asymmetrically on a one-dimensional integer lattice with a bias determined by
q € (0, 1) and where at most 2j € N particles per site are allowed. The process is con-
structed from a (2 + 1)-dimensional representation of a quantum Hamiltonian with
U, (sly) invariance by applying a suitable ground-state transformation. After showing
basic properties of the process ASEP(q, j), we prove self-duality with several self-
duality functions constructed from the symmetries of the quantum Hamiltonian. By
making use of the self-duality property we compute the first g-exponential moment
of the current for step initial conditions (both a shock or a rarefaction fan) as well as
when the process is started from a homogeneous product measure.

Mathematics Subject Classification 60K35 - 82C22 - 82C26

1 Introduction

1.1 Motivation

The Asymmetric Simple Exclusion Process (ASEP) on Z is one of the most popular
interacting particle system. For each ¢ € (0, 1], the process is defined, up to an
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irrelevant time-scale factor, by the following two rules: (1) each site is vacant or
occupied; (2) particles sitting at occupied sites try to jump at rate g to the left and at rate
g~ ! to the right and they succeed if the arrival site is empty. The ASEP plays a crucial
role in the development of the mathematical theory of non-equilibrium statistical
mechanics, similar to the role of Ising model for equilibrium statistical mechanics.
However, whereas the Ising model—defined for dichotomic spin variables—is easily
generalizable to variables taking more than two values (Potts model), there are a-priori
different possibilities to define the ASEP process with more than one particle per site
and it is not clear what the best option is.

In the analysis of the standard (i.e., maximum one particle per site) Exclusion
Process a very important property of the model is played by self-duality. First
established in the context of the Symmetric Simple Exclusion Process (SSEP) [16],
self-duality is a key tool that allows to study the process using only a finite number
of dual particles. For instance, using self-duality and coupling techniques Spitzer and
Liggett were able to show that the only extreme translation invariant measures for the
SSEP on Z are the Bernoulli product measures and to identify the domain of attrac-
tion of them. The extension of duality to ASEP is due to Schiitz [23] and has played
an important role in showing that ASEP is included in the KPZ universality class, see
e.g. [3,10]. As a general rule, the extension of a duality relation from a symmetric to
an asymmetric process is far from trivial.

It is the aim of this paper to provide a generalization of the ASEP with multiple
occupation per site for which (self-)duality can be established. A guiding principle in
the search of such process will be the connection between Exclusion Processes and
Quantum Spin Chains. The duality property will then be used to study the statistics of
the current of particles for the process on the infinite lattice.

1.2 Previous extensions of the ASEP

Several extensions of the ASEP model allowing multiple occupancy at each site have
been provided and studied in the literature. Among them we mention the following.

(a) Itis well known that the XXX Heisenberg quantum spin chain with spin j = 1/2is
related (by a change of basis) to the SSEP. In this mapping the spins are represented
by 2 x 2 matrices satisfying the sl, algebra. By considering higher values of the
spins, represented by (2 + 1)-dimensional matrices with j € N/2, one obtains
the generalized Symmetric Simple Exclusion Process with up to 2j particles per
site (SSEP(2 ) for short), sometimes also called “partial exclusion” [5,12,24].
Namely, denoting by n; € {0, 1, ...2j} the number of particles at site i € Z, the
process that is obtained has rates n;(2j — ;1) for a particle jump from site i to
site i + 1 and rate n;+1(2j — n;) for the reversed jump. For such extension of the
SSEP, duality can be formulated and (extreme) translation invariant measures are
provided by the Binomial product measures with parameters 2j (the number of
trials) and p (the success probability in each trial).

The naive asymmetric version of this process, i.e., considering a rate g n;41(2j —
n;) for the jump of a particle from site i 4+ 1 to site i and a rate g~ 'n; (2j — nj41)
for the jump of a particle from site i to site i + 1, with ¢ € (0, 1), loses the
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sl symmetry and has no other symmetries from which duality functions can be
obtained. In fact in this model it is unknown if a self-duality property exists, except
in the case j = 1/2 where it coincides with ASEP [23].

(b) Another possibility is to consider the so-called K -exclusion process [20] that sim-
ply gives rates 1 to particle jumps from occupied sites together with the exclusion
rule that prevents more than K particles to accumulate on each site (K € N).
Namely, denoting by 14 the indicator function of the set A, the K-exclusion
process on Z has rates 1¢;,~1, <k} for the jump from site i to site i + 1 and
14, >1, y; <k for the jump from site i + 1 to site i. For the symmetric version
of this process it has been shown in [20] that extremal translation invariant mea-
sures are product measures (with truncated-geometric marginals). The asymmetric
version of this process obtained by giving rate g to (say) the left jumps and rate
g~ for the right jumps, has been studied by Seppiliinen (see [26] and references
therein). For the asymmetric process, invariant measures are unknown, and non-
product, nevertheless many properties of this process (e.g. hydrodynamic limit)
could be established. Again, both in the symmetric and asymmetric case, no duality
is known for this process.

1.3 Informal description of the results

The fact that self-duality is known for the Symmetric Exclusion Process for any
Jj € N/2[12] and it is unknown in all the other cases (except ASEP with j = 1/2) can
be traced back to the link that exists between self-duality and the algebraic structure
of interacting particle systems. Such underlying structure is usually provided by a Lie
algebra naturally associated to the generator of the process. The first result in this
direction was given in [24] for the symmetric process, while a systematic and general
approach has been described in [6,12]. When passing from symmetric to asymmet-
ric processes, one has to change from the original Lie algebra to the corresponding
deformed quantum Lie algebra, where the deformation parameter is related to the
asymmetry. This was noticed in [23] for the standard ASEP, which corresponds to a
representation of the Uy (sl) algebra with spin j = 1/2.

In this paper we further explore the relation between the deformed U, (s1>) algebra
and a suitable generalization of the Asymmetric Simple Exclusion Process. For a
given g € (0, 1) and j € N/2, we construct a new process, that we name ASEP(q, j),
which provides an extension of the standard ASEP process to a situation where sites
can accommodate more than one (namely 2 j) particles. The construction is based on
a quantum Hamiltonian [4], which up to a constant can be obtained from the Casimir
operator and a suitable co-product structure of the quantum Lie algebra U, (sl). For
this Hamiltonian we construct a ground-state which is a tensor product over lattice
sites. This ground-state is used to transform the Hamiltonian into the generator of
the Markov process ASEP(g, j) via a ground-state transformation. As a result of
the symmetries of the Hamiltonian, we obtain several self-duality functions of the
associated ASEP(q, j). Those functions are then used in the study of the statistics of
the current that flows through the system for different initial conditions.
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For j = 1/2 the ASEP(q, j) reduces to the standard ASEP. For j — oo, after
a proper time-rescaling, ASEP(q, j) converges to the so-called g-TAZRP (Totally
Asymmetric Zero Range process), see Remark 3.3 below and [3] for more details.

We mention also [19] and [18] for other processes with Uy (sl) symmetry. In par-
ticular the process in [18] is a (2 4- 1) state partial exclusion process constructed using
the Temperley—Lieb algebra, in which multiple jumps of particles between neighbor-
ing sites are allowed. We remark that for j = 1 the process depends on a parameter 8
and for the special value 8 = 0 it reduces to ASEP(q, 1).

1.4 From quantum Lie algebras to self-dual Markov processes

By analyzing in full details the case of the U, (s[;) we will elucidate a general scheme
that can be applied to other algebras, thus providing asymmetric version of other
interacting particle systems (e.g. independent random walkers, zero-range process,
inclusion process). We highlight below the main steps of the scheme (at the end of
each step we point to the section where such step is made for U, (sl2)).

(i) (Quantum Lie Algebra): Start from the quantization U, (g) of the enveloping
algebra U (g) of a Lie algebra g (Sect. 4.1).

(ii) (Co-product): Consider a co-product A : U, (g) — Uy (g) ® U, (g) making the
quantized enveloping algebra a bialgebra (Sect. 4.2).

(i) (Quantum Hamiltonian): For a given representation of the quantum Lie algebra
U, (g) compute the co-product A(C) of a Casimir element C (or an element
in the centre of the algebra). For a one-dimensional chain of size L construct
the quantum Hamiltonian H(;) by summing up copies of A(C) over nearest
neighbor edges. (Sect. 4.3).

(iv) (Symmetries): Basic symmetries (i.e. commuting operators) of the quantum
Hamiltonian are constructed by applying the co-product to the generators of
the quantum Lie algebra (Sect. 4.4).

(v) (Ground state transformation): Apply a ground state transformation to the quan-
tum Hamiltonian H(z, to turn it into the generator &) of a Markov stochastic
process (Sect. 5).

(vi) (Self-duality): Self-duality functions of the Markov process are obtained by act-
ing with (a function) of the basic symmetries on the reversible measure of the
process (Sect. 6).

Whereas steps (i)—(iv) depend on the specific choice of the quantum Lie algebra, the last
two steps are independent of the particular choice but require additional hypotheses.
In particular whether step (v) is possible depends on the specific properties of the
Hamiltonian and its ground state. They are further discussed in Sect. 2.

The method introduced in this paper is a fairly general way to construct particle
systems with dualities from quantum algebras. Recently it has been applied to algebras
with higher rank, such as U, (gl(3)) [2,15] or U, (sp(4)) [15], yielding two-component
asymmetric exclusion process with multiple conserved species of particles. In [7] we
also applied the method to non-compact algebras such as U, (su(1, 1)), finding new
diffusion processes of heat transport with duality.
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We also mention the recent work [9] on dualities for higher-spin vertex models.
In this work the authors introduced a four-parameter family of interacting particle
systems which enjoy Markov dualities and which can solved by Bethe ansatz. This
general family include many of the known exactly solvable models in the Kardar—
Parisi—Zhang universality class, in particular the ASEP and the ¢-TASEP. Besides
these two cases, the higher spin model in [9] seems to be different than our system.
In particular the model in [9] is constructed from stochastic versions of the R-matrix
related to the six-vertex model, from which integrability is inherited. It is an open
question to provide a general scheme for the construction of systems with both duality
and integrability from quantum algebras.

1.5 Organization of the paper

The rest of the paper is organized as follows. In Sect. 2 we give the general strategy to
construct a self-dual Markov process from a quantum Hamiltonian, a positive ground
state and a symmetry. In the case where the quantum Hamiltonian is given by a finite
dimensional matrix the strategy actually amounts to a similarity transformation with
the diagonal matrix constructed from the ground state components.

In Sect. 3 we start by defining the ASEP(q, j) process. After proving some of
its basic properties in Theorem 3.1 (e.g. existence of non-homogenous product mea-
sure and absence of translation invariant product measure), we enunciate our main
results. They include: the self-duality property of the (finite or infinite) ASEP(g, j)
(Theorem 3.2) and its use in the computation of some exponential moments of the
total integrated current via a single dual asymmetric walker (Lemma 3.1). The explicit
computation are shown for the step initial conditions (Theorem 3.3) and when the
process is started from an homogenous product measure (Theorem 3.4).

The remaining Sections contain the algebraic construction of the ASEP(q, j)
process by the implementation of the steps described in the above scheme for the
case of the quantum Lie algebra U, (g). In particular, in Sect. 4 we introduce the quan-
tum Hamiltonian and its basic symmetries on which we base our construction of the
ASEP(q, j). In Sect. 5 we exhibit a non trivial g-exponential symmetry and a positive
ground state of the quantum Hamiltonian that allows to define a Markov process. In
Sect. 6 we prove the main self-duality result for the ASEP(q, j). In Sect. 7 we explore
other choices for the symmetries of the Hamiltonian and, as a consequence, prove the
existence of an alternative duality function that reduces to the Schiitz duality function
for the case j = 1/2.

2 Ground state transformation and self-duality

In this section we describe a general strategy to construct a Markov process from a
quantum Hamiltonian . Furthermore we illustrate how to derive self-duality func-
tions for that Markov process from symmetries of the Hamiltonian. The construction
of a Markov process from a Hamiltonian and a positive ground state has been used at
several places, e.g. the Ornstein—Uhlenbeck process is constructed in this way from
the harmonic oscillator Hamiltonian, see e.g. [25]. In Lemma 2.1 below we recall
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the procedure, and how to recover symmetries of the Markov process from symme-
tries of the Hamiltonian. In general, in order to apply this procedure, one requires
some condition on the Hamiltonian. In the discrete setting this condition boils down
to non-negative out-of-diagonal elements and the existence of a positive ground state.
In the more general setting the Hamiltonian has to be a Markov generator up to mass
conservation (cfr. (1) in Lemma 2.1 below). In particular if 77 is of the form (1) then
as a consequence the semigroup e’ x preserves positive functions.

2.1 Ground state transformation and symmetries

Lemma 2.1 Let 57 be an operator of the form
A f =Lf —hf )]

where L is the generator of a Markov (Feller) process on a metric space Q2 and h is a
bounded continuous function on the same space 2 . Suppose that there exists ¥ such
that eV is in the domain of 7, and

HeV =0. @)

Then the following holds:

(a) The operator defined by
Lyf=eV " [) 3)

is a Markov generator.

(b) There is a one-to-one correspondence between symmetries (commuting operators)
of 7€ and symmetries of Ly, : [S, 7€ = S — S = Oifandonlyif [Ly, Syl =
0 with Sy = e VSe¥.

(¢) If A is self-adjoint on the space L*(2, da) for some o-finite measure o on 2,
then Ly is self-adjoint on L2(Q, dp) with u(dx) = eV D q(dx). In particular,
if [ eV (dx) = 1 then p is a reversible probability measure for the Markov
process with generator Ly,.

Proof For item (a): for every ¢ such that ¢? is in the domain of L, the operator
Lof =e PL(e?f) — (e ?L(e”) f “

defines a Markov generator, see e.g. [11, section 1.2.2], and [21]. Now choosing
¢ = ¥, we obtain from the assumption (2) that

e VLeY =h
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Hence,

Lyf=e VL f)—(VLE")f
=e VLV f)—hf =e V(L —h)(f)
= efwjf(e‘/’f)

For item (b) suppose that § commutes with 77, then

LySy = e VeV eV SeV
=e VS =e VS HeV
= SyLy

For item (c), we compute

/ gLy (fdu = / ge V(e fe*V da
= /e‘”gﬁf(ewf)da

_ / A g)(e¥ f)da = / (Lyg)fdu

where in the third equality we used .7 = 7 in L*>(Q2, da). O

The following is a restatement of Lemma 2.1 in the context of a finite state space €2
with cardinality |Q2| < oo. In this case the condition 7 = L — h just means that ¢’
has non-negative off diagonal elements.

Corollary 2.1 Let I be a |2| X |2| matrix with non-negative off diagonal elements.
Suppose there exists a column vector e¥ := g € RI®I with strictly positive entries and
such that g = 0. Let us denote by G the diagonal matrix with entries G(x, x) =
g(x) for x € Q. Then we have the following

(a) The matrix

L =G6"'#G
with entries
H(x,
Py = ZEVEG) o (5)
g(x)

is the generator of a Markov process {X, : t > 0} taking values on Q.
(b) S commutes with 7 if and only if G™'SG commutes with £ .
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(¢c) If A2 = %, where ™ denotes transposition, then the probability measure |1 on
Q

(g())*

M) = s @)

(6)

is reversible for the process with generator L.

Proof The proof of the corollary is obtained by specializing the statements of the
Lemma 2.1 to the finite dimensional setting. In particular for item (a), the operator L,
in (4) reads

(Le )(x) = D L(x, e?O O (f(y) = f(x).

yeQ

Putting ¢(x) = ¥ (x) and using the condition >’ o L(x, VeV = h(x)e?¥™ one
finds ’

(Ly f)(x) = D" A (x, y)eV OV f(y)

yeQ

from which (5) follows. O

Remark 2.1 Notice that for every column vector f we have that if 7 f = 0 then for
any S commuting with Z (symmetry of J#) we have ZSf = S5 f = 0. This
will be useful later on (see Sect. 5.3) when starting from a vector f with some entries
equal to zero, we can produce, by acting with a symmetry S, a vector g = Sh which
has all entries strictly positive.

2.2 Self-duality and symmetries

For the discussion of self-duality, we restrict to the case of a finite state space €2.

Definition 2.1 (Self-duality) We say that a Markov process X := {X; : t > 0} on Q
is self-dual with self-duality function D : Q x Q — R if for all x, y € € and for all
t>0

ExD(X;, y) = EyD(x, Yy). (N

Here E, (-) denotes expectation with respect to the process X initialed at x at time
t = 0 and Y denotes a copy of the process started at y.

This is equivalent to its infinitesimal reformulation, i.e., if the Markov process X
has generator .Z then (7) holds if and only if

D = D.&* 8)

where D is the |2] x |2| matrix with entries D(x, y) for x, y € Q. We recall two
general results on self-duality from [12].
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(a) Trivial duality function from a reversible measure.
If the process {X; : ¢+ > 0} has a reversible measure w(x) > 0, then by the
detailed balance condition, it is easy to check that the diagonal matrix

1
D(x,y) = —0dx.y )
m(x)

is a self-duality function.

(b) New duality functions via symmetries.
If D is a self-duality function and S is a symmetry of .Z, then S D is a self-duality
function.

We can then combine Corollary 2.1 with these results to obtain the following.

Proposition 2.1 Let 57 = J* be a matrix with non-negative off-diagonal elements,
and g an eigenvector of F with eigenvalue zero, with strictly positive entries. Let
L = G~ AHG be the corresponding Markov generator. Let S be a symmetry of H,
then G~'SG ™V is a self-duality function for the process with generator £ .

Proof By item (c) of the Corollary 2.1 combined with item (a) of the general facts
on self-duality we conclude that G~ is a self-duality function. By item (b) of Corol-
lary 2.1 we conclude that if S is a symmetry of .7 then G~'SG is a symmetry
of .Z. Then, using item (b) of the general facts on self-duality we conclude that
G~ 'SGG™? = G~'SG ! is a self-duality function for the process with generator .Z.

|
3 The asymmetric exclusion process with parameters (¢q, j)
(ASEP(q, j))
Notation. For g € (0, 1) and n € Ny we introduce the g-number
n__ ,—n
i, =L —1_ (10)
q9—4

satisfying the property lim, . 1[n]; = n. The first g-number’s are thus given by
0, =0.  [lg=1  Rlg=q+q¢". Blg=¢"+1+q7
We also introduce the g-factorial

[nlg! ==1[nly-[n—11g----- [,

and the g-binomial coefficient

(n) . [n],!
k), kgl — kg
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-

Fig. 1 Schematic description of the ASEP((q, j)). The arrows represent the possible transitions and the
corresponding rates cq (7, §) are given in (14) below. Each site can accommodate at most 2 j particles

3.1 Process definition

We start with the definition of a novel interacting particle systems (Fig. 1).

Definition 3.1 (ASEP(q, j) process) Let g € (0, 1) and j € N/2. For a given vertex
set V, denote by n = (1;);cv a particle configuration belonging to the state space
{0,1,..., 2j}V so that »; is interpreted as the number of particles at site i € V. Let
n'* denotes the particle configuration that is obtained from 7 by moving a particle
from site i to site k.

(a) The Markov process ASEP(q, j) on[1, L] N Z with closed boundary conditions
is defined by the generator

L—-1

LB Hm =D (L fHn)  with

i=1
(Lim1 £ = g+ =D 127 — nial, (FY — £()
+ @M @IED G il (TN — FG) (1D

(b) We call the infinite-volume ASEP(q, j) on Z the process whose generator is
given by

LD H) =D (L1 H() (12)

ieZ

(c) The ASEP(q, j) on the torus Ty := Z/LZ with periodic boundary conditions is
defined as the Markov process with generator

LT ) = D (L H) (13)

iETL
Here n = (n;)ieq1,...,1) denotes a particle configuration belonging to the state space

{0,1,...,2j }L, n; is interpreted as the number of particles at site i, and ni*j denotes
the particle configuration that is obtained from 1 by moving a particle from site i to
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site j.

gn I =R 1 [2] = mialy 0 & =yt
cg(m, &)= { g1~ ’7'+<2f+1>[21—n,_1]q[m]q if &=nH! (14)
0 otherwise

Remark 3.1 (The standard ASEP) In the case j = 1/2 each site can accommodate at
most one particle and the ASEP(q, j) reduces to the standard ASEP with jump rate
to the left equal to ¢ and jump rate to the right equal to ¢ ~!.

Remark 3.2 (The symmetric process) In the limit ¢ — 1 the ASEP(q, j) reduces to
the SSEP(2)), i.e. the generalized simple symmetric exclusion process with up to 2 j
particles per site (also called partial exclusion) (see [5,12,13,24]). All the results of the
present paper apply also to this symmetric case. In particular, for ¢ — 1, the duality
functions that will be given in Theorem 3.2 below reduce to the duality functions of
the SSEP.

Remark 3.3 (Connection with the q-TAZRP) Consider the process y(] )= ={ yl(J ) }iez
obtained from the ASEP(q, j) after the time scale transformation t — (1 — 2)q4/ I

(i.e. yl])(t) =n((1— qz)q4f 11)) then, in the limit Jj — 0o, y,( P converges to the
q-TAZRP (Totally Asymmetric Zero Range process) in Z whose generator is given
by:

1 — g2 .
(LUTARR £y () = 1——qqz FO Y —fm1, f:NF >R (15)

i€Z

see e.g. [3] for more details on this process.

3.2 Basic properties of the ASEP(q, j)

We summarize basic properties of the ASEP(g, j) in the following theorem. We recall
that a function f is said to be monotonous if f() < f(n’) whenever n < 1’ (in
the sense of coordinate-wise order) and a Markov process with semigroup S(t) is
said to be monotonous if, for every time ¢+ > 0, S(¢) f is monotonous function if
f is a monotonous function. In this paper we do not investigate the consequence of
monotonicity which is for instance very useful for the hydrodynamic limit (see [1]).

Theorem 3.1 (Properties of ASEP(qg, j) process)

(a) Forall L € N, the ASEP(q, j) on [1, L] N Z with closed boundary conditions
admits a family (labeled by a > 0) of reversible product measures with marginals
given by

n

P =n) =
1 Zi(a)

(nl) CgPUHI=2ID =01, ..., 2) (16)
q
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forie{l,...,L}and

2j

27 L
(o) J L i 2n(14j—2ji)
Z; = E (n)q a'q a7

n=0

(b) The infinite volume ASEP(q, j) is well-defined and admits the reversible product
measures with marginals given by (16)—(17).

(c) Boththe ASEP(q, j)on[l, L1N Zwith closed boundary conditions and its infinite
volume version are monotone processes.

(d) For L > 3, the ASEP(q, j) on the Torus T with periodic boundary conditions
does not have translation invariant stationary product measures for j # 1/2.

(e) The infinite volume ASEP(q, j) does not have translation invariant stationary
product measures for j % 1/2.

Remark 3.4 Notice that of course we could have absorbed the factor ¢>(!*/) into
o in (16). However in Remark 5.2 below we will see that the case « = 1 exactly
corresponds to a natural ground state.

Proof (a) Let u be a reversible measure, then, from detailed balance we have

w(meg ™y = 1 e, (T ) (18)

where ¢, (1, §) are the hopping rates from 7 to & given in (14). Suppose now that
u is a product measure of the form pu = ®iL: #i then (18) holds if and only if

i (i — Dpgiv1(misr + D@2 12) — ni + Nglnivr + 1,

= i) i1 is1)g > ilg12) — nigily (19)
which implies that there exists 8 € R so thatforalli =1,..., L
wi(n) _ ,Bq_4ji [2j—n+ l]q (20)
pni(n—1) [n]y

then (16) follows from (20) after using an induction argument on n and choosing
B = a2+,

(b) The fact that the process is well-defined follows from standard existence criteria
of [16], chapter 1, while the proof of the statement on the reversible product
measure is the same as in item (a).

(c) This follows from the fact that the rate to go from 5 to n"'*! is of the form
b(ni, ni+1) where k, [ +— b(k, 1) is increasing in k and decreasing in /, and the
same holds for the rate to go from 7 to "'~ and the general results in [8].

(d) We will prove the absence of homogeneous product measures for j = 1, the proof
for larger j is similar. Suppose that there exists a homogeneous stationary product
measure (1(n) = ]_[iLzl w(n;i), then, for any function f : {0, ..., Zj}Z - R

0=> 12 il =D falL™*am) 1)
n n
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where

LT 7)) = D F i, mis1)in(n) (22)

ieTy
with

. : .
F(&1, &) = ¢S 5272 g 1 1,12/ — & + 1], pné+DuE -1

& mE2)
f1—5+2j—1 1,02) — 1 e 4+ Dt = D
+4 G2 Hgl2/ =&+ e == ) e
_gh8 (q*(2j+1)[gl]q[2j — &l + gt [E)g12) - El]q)

(23)

Then, from (21) and (22) we have that i is a homogeneous product measure if
and only if, for all f,

> faiaG [ DD F@iniw) | =0 (24)
n

ieTy
which is true if and only if
G =D Finiz1) =0 (25)
ieTy

Let A; be the discrete derivative with respect to the i-th coordinate, i.e. let f :
0,...,2j}¥ — R, for some N € N, then A; f(n) := f(n + &) — f(n),
n = (ny,...,ny). From (25) it follows that, for any i € {1, ..., L},

0=A;G(n) = A2 F(mi—1,ni) + A1 F(i, nix1) forany n;_y1,ni, nis1
(26)

this implies in particular that A, F (&1, &) does not depend on &; and that

A1 F (&1, &) does not depend on &,. Therefore, necessarily F (&1, &) is of the
form

F(§1,8) = g(&1) + h(52) (27)
for some functions g,h : {0,...,2j} — R. By using again (25) it follows
in particular that F'(§1, &) = 0, then, from this fact and (27) we deduce that

h(&1) = —g(&1). Asaconsequence (25) holds if and only if there exists a function
g as above such that, for each i € T,

Fmi,ni+1) = gmi) — gMi+1) (28)
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(the opposite implication following from the fact that the sum (Zl er, F (i, )’]i+1))
is now telescopic and hence zero because of periodicity).

We are going to prove now that (28) cannot hold for the function F' given in (23).
Denote by

(1) 3 -1 -3
= d =q+q— —qg77, 29
14 (2 (0) an a:=q +qg—q q (29)

fix i and define 1 := (1;, ni+1); then, for j = 1 the expression in (23) becomes

a(li=1,00 — Li=o.1) + aXj=2, 1) — 15=1,2))

+ [wf —q-2¢"" - 61‘3] 1i=2.0) — [613 +2¢+q7"

- J/CI_3] 15=0,2)
- [V’l @ +3¢+3¢7" ' +q7) —q - q*3] L1 1)
=gmi) — gMmi+1) (30)

The condition (30) for n = (1, 1) yields that the coefficient in front of 1;—(1 1)
has to be zero, which gives

Y = @ +3¢+3¢7 " +q73
a*+q7?

€1y

with this choice of y (30) gives

a(lj=a,0) — 1i=0,1) + «(lz=2,1) — Lj=1,2)) + d(L5=2,0) — 17=(0,2))
=gmi) —gmi+1) (32)

with
S=yq’—q-29""—q . (33)

This yields g(1) — g(0) = g(2) — g(1) = @, g(2) — g(0) = § from which we
conclude § = 2« which is in contradiction with (29), (31) and (33).

(e) The proof is analogous to the proof of item (d), but it requires an extra limiting
argument. Namely, we want to show that the assumption of the existence of a
translation invariant product measure i implies that [ % @ fdf = 0 for every
local function f. This leads to

Z/f(n)F(m,mH)dﬂ(n) =0

i€’

for every local function f and where F(n;, n;+1) is defined in (23). In the same
spirit of point (d), the proof in [22] implies that F (n;, n;+1) has to be of the form
g(ni) — g(nix+1) which leads to the same contradiction as in item (d).

O
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3.3 Self-duality properties of the ASEP(q, j)

The following self-duality theorem, together with the subsequent corollary, is the main
result of the paper, whose proof is given in Sects. 6 and 7.

Theorem 3.2 (Self-duality of the finite ASEP(q, j)) The ASEP(q, j) on [1,L1NZ
with closed boundary conditions is self-dual with the following self-duality functions

L (771) - N

§i i —6i)| 2122y 2 Gt i
Dy .6 = [[ ot - 4" £)[2020) D) i+ | +4Jig ST, (34)
i=1 (s,»)q
and .

L ! .

(Ei) (?7;‘-&)[2'1&32) py 77k—'7ij|+4ji$i ST (35)
i =Ni

%m@=ﬂwfw
q

i=1\§

Corollary 3.1 (Self-duality of the infinite ASEP(q, j)) The ASEP(q, j) on Z is self-
dual with the following self-duality functions

(&)

D(n, &) = H > q . q(m—&)[ZZkSi,lSk+5i]+4ji$i . léifm (36)
icZ (éj)q
and )
D/(ﬂ, £) = H j’j q . q(m—éz‘)[zzkgi—l ne—ni | +4jiki 1<, (37)
i€l (S,')q

for configurations n and & with a finite number of particles.

Remark that only a finite number of factors is different from 1 in the infinite product
in (36) and (37). The following rewriting of the duality function in (36) will be useful
in the analysis of the current statistics.

Remark 3.5 (Rewriting of the duality function) For | € N, let £@1--~t) be the config-
urations such that

S 1if m e {iy,..., i}
(i1semnde) _
Em - [ 0 otherwise. 5)
Define
Ni(n) =D " m., (39)
k>i
then
; gt 2N; () 2Nit1(n)
D(n’g(l)) = (q in —q i+1(1 ) (40)
g% —q=%
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and more generally

4]2k | ik— —2

D(n, €010y = TR H(qZN,k(n) g N1 )

Remark 3.6 (Duality of g-TAZRP) In Remark 3.3 a scaling limit j — oo has been
considered so thatthe ASE P(q, j) process scales to the g-TAZRP process. In the limit
Jj — oo the self-duality functions in Theorem 3.2 go to zero. No obvious renormal-
ization of the self-duality function in order to obtain a non-trivial self-duality in this
limit seems to be possible. We remark that, as explained in Sect. 2.2, our self-duality
is constructed by acting with a symmetry on a trivial self-duality function given by the
reversible measure. The g-TAZRP process, being totally asymmetric, does not have
a reversible measure. On the other hand, from [3] we know that the g-TAZRP does
have a duality (but no self-duality) property. More precisely the g-TAZRP process
with asymmetry to the right is dual to the g-TAZRP process with asymmetry to the
left with the following duality function

D@, &) =[] 4> (41)

i€Z

We can fit this duality in our scheme by a slight adaptation of the approach in Sect. 2.2.
We instead have to start from a trivial duality between forward an backwards process
based on the stationary (but non-reversible) measure and then act with a symmetry on
this. More precisely, if (i) a process with generator L has a stationary measure u; (ii)
the process has a symmetry S, i.e. [L, ST = 0. Then, the process with generator L is
dual to the reversed process with generator

w(n)
w(n)

Lrev(nv 77/) = L(ﬂ/7 ’7) (42)

with the duality function D = Sd where d(n, n') = &, ( 3
We now apply this to the g-TAZRP with generator (1 ) A stationary measure is
given by

1
nn =] (43)
!
where here we use the g-numbers defined by {n}, := 1 " Formula (42) gives that the

reversed process of g-TAZRP is obtained by a space 1nver310n Finally the ¢g-TAZRP
has a symmetry S with elements

1
S, &) = || ——q¢%N® (44)
g {€i2!
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When acting with such a symmetry on the trivial self-duality function produced from
(43), then the duality function (41) is found.

3.4 Computation of the first g-exponential moment of the current
for the infinite volume ASEP(q, j)

We start by defining the current for the ASEP(q, j) process on Z.

Definition 3.2 (Current) For a trajectory (17(s))o<s<, the total integrated current J; (¢)
in the time interval [0, ] is defined as the net number of particles crossing the bond
(i — 1,1i) in the right direction. Namely, let (#;);cn be sequence of the process jump
times. Then

5= 3 (Yyapmar) = 2 (Mpwmren) @9

k:ty€[0,1] k:t;.€[0,t]

where we assume both sums to be finite.

Let Q¢ the set of all configurations with a finite number of particles. Then, for
n(0) = n € Qy it follows that the total integrated current is given by

Ji(t) == Ni(n(®)) — Ni(n(0)) (46)

where N;(n) is defined in (39). This relation (46) does not make sense for infinite
configurations, but the current J; (r) is well-defined for a trajectory of infinite config-
urations, as long as only a finite number of particles crossed the edge (i — 1, i) in the
interval [0, ¢]. Also, for a well-defined current J; (¢) the relation (46) holds in the limit
where the infinite configuration is approximated by a sequence of finite configurations.

Lemma 3.1 (Current gq-exponential moment via a dual walker) Let n = n(0) be finite
configuration. The first q-exponential moment of the current when the process is started
from n at time t = 0 is given by

]Eﬂ I:q2j,-(z):| — q2(N(77)*Ni(77))
i—1
. Z q_4jk E, [q4jx(t) (1 _ q—zﬂx(f)) qZ(Nx(t)(n)—Ni(n))] 47)
k=—00

where N(n) = >, <7, Ni denotes the total number of particle (that is conserved
by the dynamics), x(t) denotes a continuous time asymmetric random walker on 7.
Jjumping left at rate g>[2 Jlq and jumping right at rate g 2 Jlq and Ey denotes
the expectation with respect to the law of x(t) started at site k € Z at time t = 0.
Furthermore, the result extends to infinite configurations, where N(n) — N;i(n) =
> k=i Mk if this sum is finite and where the first term on the right hand side of (47) is
defined to be zero when there are infinitely many particles to the left of i € Z in the
configuration 1.
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Proof To prove (47) we start from the duality relation
£, [ D). 67| = Beor [ DO 64O (48)

where & @ is the configuration with a single dual particle at site i (cfr. (38)). Since the
ASEP(q, j) is self-dual the dynamics of the single dual particle is given an asymmetric
random walk x () whose rates are computed from the process definition and coincides
with those in the statement of the lemma. By (40) the left-hand side of (48) is equal
to

4ji—1
E, [Dar).£0)] = Y [0 — 2o
q J — q- J
whereas the right-hand side gives
g 4j 2 2
Eé(i) |:D(777 E(X(l))):l — T E; [6] ]x(t)(q Nx@wy(m) _ q Nx(r)+1('7))]

As a consequence, for any i € Z

E, [qu,»(nm)] —E, [qzzv,-+1(n(z>>] L g YE [q4jx(t>(q2Nx<t><n> _ qume(n))]

(49)

Divide both sides of (49) by ¢*ViD in order to obtain a recursive relation for the
current. Then we get from (46)

E, [quim] =g E, [qzmm)]

+q—4ji E; [q4jx(t) (qz(Nx(t)(ﬂ)_Ni(Tl)) _ qz(Nx(t)+l(77)_Ni(’7)))] (50)

By iterating the relation in (50) and using the fact thatlim; . _ o N;(n(¢)) = N(n(t)) =
N (n) we obtain (47). The extension to infinite volume configurations follows by
approximation by finite configurations, using that the process is well-defined in infinite
volume. o

Remark 3.7 The duality of Theorem 3.2 can also be used with more than one dual
particle, but then one should understand better the dynamics of ASEP(gq, j) with a
finite number of particles, which is more difficult than in the classical ASEP(g, 1/2)
case because the corresponding quantum spin chain is not integrable, and so explicit
formulas for the k-particles transition probabilities (as in Tracy-Widom) cannot be
expected.
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3.5 Step initial condition

Theorem 3.3 (g-Moment for step initial condition) Consider the step configurations
nt €0, ...,2jY~ defined as follows

+ .

i '=[2j for i >0 i GD

0 fori<0 — . )2j fori<0
0 fori=>0

then, for the infinite volume ASEP(q, j) we have
By [q 0] = gm0 {14 g7 B [ (1= 4 O) Loz |} 52)

and ) ] )
E,- [qzj,-m] _ q74, max{0,i} {1 _E [(1 _ q4]x(t)) lm)zl]} (53)

In the formulas above x(t) denotes the random walk of Lemma 3.1 and

Ei(f(x®) =D fx) Pi(x(t) =x)

xX€Z
with
Pi(x(1) = x) =P(x() = x | x(0) =)
= ¢ Wllg O L 12141) (54)

and I,,(t) denotes the modified Bessel function.

Proof We prove only (52) since the proof of (53) is analogous. From the definition of
n™ and (47), we have

i—1

. VN (nt 47 47

E,+ [qzut)] = NN (g S gk
k=—00

Zq4jx qz(Nx(n+)—Ni(n+)) P (x(1) = x)

x>0

where N(nt) — Ni(nt) = 2j max{0, i} and N, (n*) — N;(n") = 2 (max{0, i} — x)
for any x > 0. Then we have

E,+ I:qzji(,)] _ q4j max{0,i} {1 + (q*4j — l)Fi(l)}

with

i—1 i—1
F@) = > ¢ Pext)y=0= > ¢ ¥ Py (xt) = —k)

k=—o00 k=—o00
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+o0 400 ) 400 l )
= D> DdRen=0= 2 > 4¢P =0
r=—i+1{=r b=—i+1r=—i+l1
,4]'(1',]) —+00 ) )
_a (1-¢““D) Py vy = )
1 — q4A/ -
l=—i+1
—4j@i—-1)
q .
Thus (52) is proved. O

Remark 3.8 Since for g € (0, 1)
Jim E; [ (1= %70) Lzt | =1 (55)
from (52) and (53) we have that

lim E, [qui(z)] — g4 max(0.d) (1 +q—4ji) (56)

—00

and
lim E, [q2ff <f>] —0 (57)
=00

The limits in (56) and (57) are consistent with a scenario of a shock, respectively,
rarefaction fan. Namely, in the case of shock for a fixed location i, the current J; ()
in (56) remains bounded as t — oo because particles for large times can jump and
produce a current only at the location of the moving shock. On the contrary, in (57)
the current J;(¢) goes to oo as t — 00, i.e. the average current J;(¢)/t converges to
its stationary value.

It is possible to rewrite (52), (53) as contour integrals. We do this in the following
corollary in order to recover in the case j = 1/2 the results of [3].

Corollary 3.2 The explicit expression of the q-moment in terms of contour integrals
reads

4j max{0,k} MR -9?: k
E,+ [qzlk(’)] . yg ¢ arioar (L2} 42 (58)
K 2mi 1+ q4fz z

where the integration contour includes 0 and —q~* but does not include —1, and

—4j max{0,k} a3 a -9 k
E,- [qyk([)] I S % e <1+q—€t_/z)(1+z> ! —1 +z i d_z (59)
7 2mi 14+qg %z z

where the integration contour includes 0 and —q*/ but does not include —1.
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Proof Inorderto get (58) and (59) itis sufficient to exploit the contour integral formula
of the modified Bessel function appearing in (54), i.e.

1 “1yx
Iy(x) = 5— y§e@+$ Dignelyg (60)
2mi
where the integration contour includes the origin. From (54) and (60) we have

Ey [(1 _ q4jx(t)) lx(t)zl:l = 71— gty Biltg R 1 02)1,1)
x>1

2jk
= - ]. e 4ilqt 566[2]]4(&+$_')f§k—1 Z (1 _ q4jx) dé (61)

1
2jyx
2mi = (Eq7)
In order to have the convergence of the series in (61) it is necessary to assume |&| >
g~/ . Under such assumption we have

' ! (1-q")¢
1=a N (g : 62
% ( K ) g  (q2E —1) (€ —q2) (62)

and therefore

2jk

B (1= 0 ) L] = 5§ e, (63)
14

(1) &
(@5~ 1) & —a)

with fe(€) = e{[Zj]q(§+E_1)—[4j]q}t (64)

where, from the assumption above, the integration contour y includes 0, >/ and ¢ =%/ .

From (52), (53) and (63) we have

F2jk
E 20k (@) | — ,£4) max{0,k} lth 65
e [#40] = 4 5 géfk(s)ds (65)

It is easy to verify that g2/ are two simple poles for f; (&) such that

Res =2, (fi) = Fq*2k (66)
then
By, [0 ] = gm0l T ) as (©7)
Y+
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where y.+ are now two different contours which include 0 and ¢/ and do not include
g*%J . In order to get the results in (58) it is sufficient to perform the change of variable

14z 2j
= 68
§ T+ 4%z q (63)
to get
4j max{0,k} e -9?: k
Erﬁr [q2Jk(t)] - _q—. }ﬁ e (1+q(f¥jz)(1+z) ! (i) d_z (69)
2mi o 14+qg%z z

where now the integral is done clockwise over the contour y; which includes 0 and
g% but does not include —1. This yields (58); formula (59) is obtained similarly

from (67) after performing the change of variables & := 7 +1q+_i T g%, O

Remark 3.9 In the case j = 1/2 formula (58) coincides with the expression in Theo-
rem 1.2 of Borodin, Corwin, Sasamoto [3] for n = 1. Indeed defining

Ji() = =NEF @) + NEF ). NESay =D (70)

i<k

then, if n(0) = ny itholds Ji(¢) = —N,f_cls(n(t)) +2j max{0, k}. As a consequence,
from (58), for j = 1/2 we have

BCS 1 g lg?e 14z k dz
E [ —2ZN (l)] - 5& @ Trq0(1+2) = 71
|4 27i ¢ 14+ q%z z D

where the integration contour includes 0 and —g 2 but does not include -1. Notice
that (71) recovers the expression in Theorem 1.2 of [3] for t = ¢ 2, p = ¢~ (up to
a shift k — k — 1 which comes from the fact that in 14 the first occupied site is O in
our case while is it chosen to be 1 in [3]).

3.6 Product initial condition

We start with a lemma that is useful in the following.

Lemma 3.2 Let x(t) be the random walk defined in Lemma 3.1, a € Rand A C R
then

1
lim " logEg [ax(t) | x(t) € A] =sup{xloga — #(x)} — ing Fx) (72)
xe

—>0o0 XEA

with

2
— 401, — [x2 2 2 [ X x
F(x)=14jl4 x°+ 41217 +1og | g 225, + (2[2j]q ) +1 (73)
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Proof From large deviations theory [14] we know that x (¢) /¢, conditional on x(¢) /¢ €
A, satisfies a large deviation principle with rate function .# (x) — inf,c4 . (x) where
4 (x) is given by

S (x) := sup {zx — A(2)} (74)
with
A(Z) = tlingo%IOgE [ezx(t)] =12/, ((ez _ 1) q72j + (efz _ 1) qu) (75)

from which it easily follows (73). The application of Varadhan’s lemma
yields (72). O

We denote by E®# the expectation of the ASEP(q, j) process on Z initialized with
the homogeneous product measure on {0, 1, ...2 j}Z with marginals p at time O, i.e.

E®LLf ()] = 22, (®@iezm(n:) EyLf (n(0))].

Theorem 3.4 (¢g-Moment for product initial condition) Consider a probability mea-
sure won {0, 1, ...2j}. Then, for the infinite volume ASEP(q, j), we have

4j\ *@)
. q
B9 [q2 0] =y (—) Li=o
)\’q

+Eo [q450 (330 = A1jq + ;") L1 (76)

where Ay = Zijzo yz”,u(n) and x(t) is the random walk defined in Lemma 3.1. In
particular we have

1
lim —log E®#[¢*")] = sup {xlog M, — 7 (x)} — inf .7 (x) (77)
t—o00 t x>0 x>0

with M, := max{},, q4jkl/q} and 7 (x) given by (73).
Proof From (47) we have

E&® [q21i(l)] — /®,U~(d77) E, [q21i(l)]
i—1 )
= / ®u(dn)g* NN 4R g / @ (dn)Ey

k=—00

% [q4jx(r> (q—zm) _ 1) qz(mm(n)—zv,-(n»] _

Since

[ L R TR S T (78)
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then, in particular, [ u(dn)g?NmW=Ni) — ( since Ag < 1, where we recall the

interpretation of N (1) — N;(n) from Lemma 3.1. Hence

i—1
E®H [qzmt)] lz: g~ D P (e() = x) g

k=—o00 xX€Z

% / ®u(dn) [qz(NHl(n)—N,-(n)) _ qZ(N.x(n)—Ni(n))]
-1
- ()\q - 1) A(t) + (h1yg — 1) B(2)
with

AW = D g Y P (x(t) = x) gMAL

k<i—1 x<i

and

Bo:= 2 a7 3 P =0 g0

k<i—1 x>i+1

Now, let o := q4j)\q_1, then

A = D VD P =)o

k<i—1 x<i
=D D> Po(x(t)=m)a"
n>1 m=n
=D a"Po(x(t) =m) D M+ > a"Po(x(t) =m) > Al
m=<0 n>1 m>1 n>m
1

= {Aq Eo [a“’) 1x(t)§0]+E0 [614”(’) 1x(t)zl]}
—q

Analogously one can prove that

1 .
B(t) = ——— {Eo [ﬂx(t) 1x(t)22] — *1/9Eo [6]4”(') 1x(t)22:|}
Mg —1

with 8 = g%/ 1/, then (76) follows by combining (79), (82) and (83).

(79)

(80)

(81)

(82)

(83)

In order to prove (7_7) we use ‘the fact that x(¢) has a Skellam distribution with
parameters ([2 j]qq_zft, [2 j]qq2f t), i.e. x(¢) is the difference of two independent

Poisson random variables with those parameters. This implies that

q4j x(t)
Eq (A_) 1,h<0 | = Eo [,\;(t) 1x(t)20] .
q
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Then we can rewrite (76) as

. x(t)
E®H [qzji(t)] =Eg I:(kz(z) + (q4jkl/q) ) 1x(t)>1] + Py (x(r) =0)

+ ()»;1 - Kl/q) Eg [614jx(’)1x(z)31]

= Bo [M; " pz0 | (1 + 610 + &) + &0 (84)
with
x(1) i x(1)
P EO[(M/ + (g% 01y) )lxmzl] .. P GO =0)
0= Bo [M; " L20] B [ M5 Loz0]
0| Mg " 1in=0 0| Mg 1y=0
and

(" ) o g2 ]

&(1) = 0
Eo [Mq 1x(t)20]

(85)

To identify the leading term in (84) it remains to prove that, for eachi = 1, 2, 3 there
exists ¢; > 0 such that

sup |6 (D] = ¢ (86)

t>0

This would imply, making use of Lemma 3.2, the result in (77). The bound in (86) is
immediate for i = 1, 2. To prove it for i = 3 it is sufficient to show that there exists
¢ > 0 such that

. . x(1)
)»L;IEO [6]4”(”1):(;)31] <cEg [(CIMM/q) 1x(t)>l:| . (87)

I' < ¥ and then

This follows since there exists x, > 1 such that for any x > x, A 1/

= q
Al;lEO [q4jX(I)IX(I)Zl] = A;IEO [‘14jx(t)115x(t)<x*] +Eo [‘14”(1))‘)16;2 lx(t)zx*]
=y Eo [q4j"(’)11sx<z>] +Eo [q4jX(t))‘)1C>;)1x(l)21:|

< (1 + )»;1) Eo |:(q4j?»1/q)X(t) 1x(l)21:| . (88)

This concludes the proof. O

The rest of our paper is devoted to the construction of the process ASEP(g, j)
from a quantum spin chain Hamiltonian with U, (slz) symmetry of which we show
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that it admits a positive ground state. The self-duality functions will then be con-
structed from application of suitable symmetries to this ground state and application
of Proposition 2.1.

4 Algebraic structure and symmetries
4.1 The quantum Lie algebra U, (sl>)

For ¢ € (0, 1) we consider the algebra with generators J*, J~, JO satisfying the
commutation relations

I 1=0127%. %I =+, (89)
where [-, -] denotes the commutator, i.e. [A, B] = AB — BA, and

2J0 —2J0
q” —q

279, :=
7 q—q~"

(90)

This is the quantum Lie algebra U, (sl2), that in the limit ¢ — 1 reduces to the Lie
algebra sl;. Its irreducible representations are (2j + 1)-dimensional, with j € N/2.
They are labeled by the eigenvalues of the Casimir element

C=J"J"+1J%0°+11,. 1)

A standard representation [17] of the quantum Lie algebra U, (sl>) is given by (2j +
1) x (2j + 1) dimensional matrices defined by

Ity = J12] —nlgn + 1, In + 1)
Iy = JInlg2f —n+ 1y In — 1) (92)
JOn) = (n—j) In).

Here the collection of column vectors |n), with n € {0, ..., 2/}, denote the stan-
dard orthonormal basis with respect to the Euclidean scalar product, i.e. [n) =
©,...,0,1,0,...,07 with the element 1 in the n position and with the symbol r
denoting transposition. Here and in the following, with abuse of notation, we use the
same symbol for a linear operator and the matrix associated to it in a given basis. In
the representation (92) the ladder operators J ™ and J ~ are the adjoint of one another,
namely

IH*=J" (93)
and the Casimir element is given by the diagonal matrix

Cln) = [jlglj + 1qln).
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Later on, in the construction of the q-deformed asymmetric simple exclusion process,
we will consider other representations for which the ladder operators are not adjoint
of each other. For later use, we also observe that the U, (sl>) commutation relations
in (89) can be rewritten as follows

qJ()]+ =gq J+ql()
qgIm=q"Iq" (94)
7 1=12J%,

4.2 Co-product structure

A co-product for the quantum Lie algebra U, (sl>) is defined as the algebra homomor-
phism acting as follows on the generators A : U, (sl2) — Uy (shh) ® U, (sh)

0 0
AUH =TF0q ) 447 ®JF,

(95)
AUHY=7"21+1 J°.

As a consequence the co-product satisfies
[AUD), AU =124, [AUD AUH]=£AUF).  (96)
Moreover the co-product satisfies the co-associativity property
(AR DA =(1Q®AA. 97)

Since we are interested in extended systems we will work with the tensor product over
copies of the Uy, (sl>) quantum algebra. We denote by Ji+, Ji, Jio, with i € Z, the
generators of the i’ copy. Obviously algebra elements of different copies commute.
As a consequence of (97), one can define iteratively A" : U, (sh) — U, (5[2)®("+1),

i.e. higher power of A, as follows: for n = 1, from (95) we have

_ 70 0
A(Jii) - Jij: ®q JH—I +qu ® Jiﬁl

0 0 0 ©8)
AU =07 @1+1® Ji,
forn > 2,
+ —1, £ —Jo n=1j0 +
An(Ji)ZAn l(]l)®q J"+'+qA (Jl)®‘]n+i
A"UH =AU R1+1®... 01070, ©9)

n times
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914 G. Carinci et al.

4.3 The quantum Hamiltonian

Starting from the quantum Lie algebra U, (sl2) (Sect. 4.1) and the co-product struc-
ture (Sect. 4.2) we would like to construct a linear operator (called “the quantum
Hamiltonian” in the following and denoted by H, for a system of length L) with the
following properties:

L. itis Uy (sly) symmetric, i.e. it admits non-trivial symmetries constructed from the
generators of the quantum algebra; the non-trivial symmetries can then be used to
construct self-duality functions;

2. it can be associated to a continuous time Markov jump process, i.e. there exists
a representation given by a matrix with non-negative out-of-diagonal elements
(which can therefore be interpreted as the rates of an interacting particle systems)
and with zero sum on each column.

We will approach the first issue in this subsection, whereas the definition of the related
stochastic process is presented in Sect. 5.

A natural candidate for the quantum Hamiltonian operator is obtained by applying
the co-product to the Casimir operator C in (91). Using the co-product definition (95),
simple algebraic manipulations (cfr. also [4]) yield the following definition.

Definition 4.1 (Quantum Hamiltonian) For every L € N, L > 2, we consider the
operator H defined by

L-1 L1
. ii+1 _ ii+1
Hyy =D Hi W =3 (hld) + C(L)) : (100)
i=1

i=1

where the two-site Hamiltonian is the sum of

(q2] _q72j)(q2j+l _q7(2j+l))

oLy = 1®---®1 (101)
(L) (q _ q—1)2 _,_,
L times
and
byl =18 810AC)® 18- 8l (102)
—_———— —_———
(i—1) times (L—i—1) times
and, from (91) and (95),
A(C) = AUDAUT) + A1) AWITL + 11y). (103)
Explicitly
A(C)

(@’ +q ) (g/ T +q=UtD)

3 701y ® [T 1]

0 _ —
= —qi IJ;r QI+ @I+

il
_|_—[]]q []2+ lq (quO + q_JiO) ® (qjio+| + quio+1) ] q*Jqu (104)
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Remark 4.1 The diagonal operator c¢(z) in (101) has been added so that the ground
state [0) (1) := ®iL=1 |0); is aright eigenvector with eigenvalue zero, i.e. H(1)|0)) =0
as it is immediately seen using (92).

Proposition 4.1 In the representation (92) the operator H(y) is self-adjoint.

Proof It is enough to consider the non-diagonal part of H(;,. Using (93) we have

(q]’0 VAN Ji11‘171"0+’ +q” 1 ® Jiilqij&l)*
=J g% @q TRk u gt @ g,
=¢" Jiiquj’&rl +g" "t @ Ji:rlffj"o“Jrl
where the last identity follows by using the commutation relations (94). This concludes
the proof. O

4.4 Basic symmetries

It is easy to construct symmetries for the operator H by using the property that the
co-product is an isomorphism for the U, (sl>) algebra.

Theorem 4.1 (Symmetries of H(y ) Recalling (99), we define the operators

L
0 0 0 0
](j]i) = AL*I(jli) = Zq‘ll R - ®q¢i1® _]ijE Qq It ®...@qL,

i=1

L

I, =AU =>"18 @1/ 1) - ®1. (105)
4 ~—— ———
i=1 (i—1) times (L—i) times

They are symmetries of the Hamiltonian (100), i.e.

+ ] _ 0o ]_
[Hay 75| = [Ha 700 =0 (106)
Proof We proceed by induction and prove only the result for Ji) (the case J(OL) is
similar). By construction J(jzt) = A(J¥) are symmetries of the two-site Hamiltonian
H @ Indeed this is an immediate consequence of the fact that the co-product defined

in (96) conserves the commutation relations and the Casimir operator (91) commutes
with any other operator in the algebra:

+ + +
[Hey 93] = (8. aUH] = A ([cr I =0.
For the induction step assume now that it holds [H( L1)’ J(ifl)] = 0. We have
+ ] _ + L—1,L ,+
[H<L>f J(L)] = [H(L—l)’ J(L)] + [h(m J(L)] (107)
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In the above, with abuse of notation, the subscript means acting in the relevant tensor
space. The first term on the right hand side of (107) can be seen to be zero using (99)
withi =landn =L — 1:

+ + -JP Jo g%
[H<L—1)’ J(L)] = [H(L—l)’ Jna "t ”]L]

Distributing the commutator with the rule [A, BC] = B[A, C]+[A, B]C, the induc-
tion hypothesis and the fact that spins on different sites commute imply the claim. The
second term on the right hand side of (107) is also seen to be zero by writing

L-1,L ,+ L-1,L ,+ —AWUY ) Jo + _
[h(L) J(L)] [h(L) -2 =14 g ¢ Z’A(JL,I)] =0.
O

Remark 4.2 In the case g = 1, the quantum Hamiltonian in Definition 4.1 reduces to
the (negative of the) well-known Heisenberg ferromagnetic quantum spin chain with
spins J; satisfying the sl Lie-algebra. With abuse of notation for the tensor product,
the Heisenberg quantum spin chain reads

L—-1
H{s = 3 (S g + 97 I+ 20008 = 27) (108)
i=1

whose symmetries are given by
j: Heis + O Heis 0
T Z Jiand g Z Ii-

5 Construction of the ASEP(q, j)

In order to construct a Markov process from the quantum Hamiltonian H;,), we apply
item (a) of Corollary 2.1 with .27 = H(z). At this aim we need a non-trivial symmetry
which yields a non-trivial ground state. Startmg from the basic symmetries of H(y)
described in Sect. 4.4, we could use J (L) however such a choice would not yield a
product ground state. In order to have a factorized ground state, and also inspired
by the analysis of the symmetric case (¢ = 1), it will be convenient to consider the
exponential of those symmetries.

5.1 The g-exponential and its pseudo-factorization

Definition 5.1 (g(-exponential) We define the g-analog of the exponential function

as
n

exp, (x) == > {:}q! (109)

n>0
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where
n

l—gq
l1—gq

{n}, = (110)

Remark 5.1 The g-numbersin (110) are related to the g-numbers in (10) by the relation

{n}qz = [n]qq”’l. This implies {n}qz! = [n]q!q”(”’U/2 and therefore
X -2
_ —nn—
exp2(x) = > i1 (111)
n>0

One could also have defined the g-exponential directly in terms of the g-numbers (10),
namely

n

&P, (1) = > [:],,! (112)

n>0

The reason to prefer definition of the g-deformed exponential given in (109), rather
than (112), is that with the first choice we have then a pseudo-factorization property
as described in the following.

Proposition 5.1 (Pseudo-factorization) Let {g1, ..., gr} and {ki, ..., kr} be opera-
tors such that for L € Nandforall1 <i < j < L[g;,g;]l =1lki,kj]l=1[ki,g;]1=0
andr e R

kigi=rgiki for i=1,...,L. (113)

Define

then
exp, (g'1)) = exp, (g1) - exp, (kM g2) - - - - exp, (K" Vgp) (115)

Moreover let

L
g =g hV with h =k k! fori < Land KD =1,
i=1
(116)
then

(2)) ..

exp, (1) = exp, (g1 h - exp,(gL—1 h'™) - exp,(g1) (117)

In this section we prove only (115) since the proof of (117) is similar. We first give a

series of Lemma that are useful in the proof.

Lemma 5.1 Let

Bin,{n,m} .= !

= Tl — ! (1s)
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918 G. Carinci et al.

then
r"Bin.{n, m} + Bin,{n, m — 1} = Bin,{n + 1, m} (119)

Proof 1Tt follows from an immediate computation O

Lemma 5.2 Foranyn,L € N, L > 2

(g(L))" _ Z": Bin{n. m), (g(L—l))”—m (LD g, ym (120)
=0

Proof We prove it by induction on n. For n = 1 it is true because for each L > 2
gt = g 4 =Dy, (121)

By (113), forany £ € N

(kw))’" g = pmg® (kw))”' (122)

Suppose that (120) holds for n for any L > 2, then, using (119) and (122) we have

n+1 n+l1
(g(L>) _ (g(L—l) +k‘L‘1)gL)

n
n—m m
= > Bin,{n,m} (g(L_”) (k(L_”gL) -[g(L_l)+k(L_l)gL]
m=0

n

= Z [F"Bin,{n, m} + Bin,{n, m — 1}] (g(L—D)”“_’" (k(L—l)gL)m

m=1

n+1 n+1
) )
n+1
n+1—m m
= > Bin{n+ 1.m) (g(L_l)) (k<L—1>gL) (123)

m=0
that proves the lemma. O

Lemma 5.3 Foranyn, L € N, L > 2 we have

n n—mp, ”—ZiL:3 ni "—ZiL:Z mi

( (L))” >y 5 8 ﬁ (k=D g;ymi
g®) = (n),! = - :
my=0my_1=0 oo 1= Zipmily! oy {mik!
(124)
Proof We prove it by induction on L. From (120), for any n € N we have
n o (g (kig)"
(¢?)" = @ + kg = )1 > 2 £ (125)

= (n—ml,L {m)!
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thus (124) is true for L = 2, n € N. Suppose that it holds for L for any n € N then,
using (120) we have

n n
(g(L+1>) — (g(L) +k(L)gL+1)

n
. n—mp | mp1
Z Bin,{n,my 1} (g(L)) (k(L)gL+1)

mp+1=0
n n—mp4] ”—mL+1—ZlL:3 mi
= E Bin/{n,mp11} | {n —mp41},! E E
mp41=0 mp=0 mo=0

L
n—mp41 721‘:2 mi

1 L (k(ifl)gi)mi (k(L) mr41
: : 8L+1)
(n—mpy — ZiLzz mi}! {m;}!

n n—mrp41 n— ZL 3 M _ZL H Mi L+1 i—1) mi
8 (K"~ gi)™
R D Y Tl
mp+1=0 mp=0 my=0 re o j=2
this proves the lemma. O

LemmasS4 Let L e N, L >2andforanyi =1,...,LletX; € RN ¢ sequence of
real numbers, X; = {X;(m)},,eN, then

n n—mp n— Zl Jmj .
Z 2.2 2 Xl(n—zm) HX(m)—H > Xi(m)26)
n=0mp=0myp_1=0 mo=0 i=1 m;=0

Proof 1Ttis sufficient to prove it for L = 2, the proof of (126) follows by an analogous
argument. By performing the change of variable n := m 4+ m, we obtain

00 2 0o 00
Z H i(mp) = Z X1 (mp)X2(m2)
=0 i=1 1=0m>=0
oo o0 oo n
=D D> Xin—m)Xa(ma) = D D" Xi(n —ma)Xa(m2)
my=0n=my n=0m>=0
that yields (126) for L = 2. O
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Proof of Proposition 5.1. From (124) we have

by _ < (")
exp, (g") =D (127)
= (n),!
- L 1
n=0my=0my_1=0 my=0 {n— Zi:Z milr! i=2 {milr!
(128)
L oo k(l 1) )m,
= H Z - ° (129)
i1 mi—0 {mi}!
L
H exp, (k" Vg (130)
where the passage from (128) to (129) follows from Lemma 5.4. O

5.2 The exponential symmetry S("i)

In this Section we identify the symmetry that will be used in the construction of the
process ASEP(q, j). To have a symmetry that has quasi-product form over the sites we
preliminary define more convenient generators of the U, (sl2) quantum Lie algebra.
Let

E=q¢"7", F=J¢q¢’ and K:=¢*' (131)

From the commutation relations (89) we deduce that (E, F, K) verify the relations

K —K!
KE=g¢’EK and KF=q °FK [E . F]l=——+H. (132)
Moreover, from Theorem 4.1, the following co-products
A(E) = A" - AU = E1® 1+ K1 ® E (133)
AF) =AU -Aqg =R @K' +10 F, (134)

are still symmetries of H(2). In general we can extend (133) and (134) to L sites, then
we have that
E® = AED(Ey)
= At AtV
-1
= E+ K E;+ K KyEz+---+Ky----- Kp1EL (135)
FB = Ay
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_ A(L—l)(Jl—) . A(L—l)(q—Jlo)

0 L 50 0 0 0
jl_q*ﬁ 22l 4y _]L__lq_JL—l_ZJL + jL_q*JL
FI’K;]""‘KZ]"""‘FFLfl‘K£]+FL (136)

are symmetries of H.
To construct our process we use the symmetries obtained by g-exponentiating
E™) and FO because these operators “pseudo-factorize” (see Proposition 5.1 and

L +
Lemma 7.1 below). These symmetries are the “correct” analogues of e2i=1 i in the
symmetric case ¢ — 1 because they give rise, as we will see, pseudo-factorized duality
functions when applied to the trivial duality function.

Lemma 5.5 The operator
Sy = exp 2 (E™) (137)

is a symmetry of Hy). Its matrix elements are given by

iyl STIEN L EL)

L . .

. 27 — & s _ias i—1 o

=11 (g) (zj-_&.) My LR E] (g5
i i/g\=] —MNi/y

Proof From (132) we know that the operators E;, K;, copies of the operators defined
in (131), verify the conditions (113) withr = g*. Asa consequence, from (135), (137)
and Proposition 5.1, we have

S(t) = equz(E(L))
= exp,2(E1) - expp2 (K1 Ep) - - exp2(Ky -+ - K1 Ep)

L-1
— Cquz (qllojr) . equz (qz‘lf)q]g_];') .. .equz (qZZi:l ‘110+‘](L)]Z')

=585 -8 (139)

where S := exp,» (q2 DI/ ENA Jl.+) has been defined. Using (111), we find

1 i—1 50 50 b 1
Sl ) = 3 o (PR R ) T g gy
PeACI

_ ZJ—&') .(Ei‘i‘ﬁi)
Z,Zz;) ( G )y & /g

(1— g B N
g D G D g g L) (140)
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where in the last equality we used (92). Thus we find

SiylEr, - EL) =SS ST gL 6L

-0, (),

.....

i—1 .
gL DY | ey, ) (14D)

from which the matrix elements in (138) are immediately found. O

5.3 Construction of a positive ground state and the associated Markov process
ASEP(q, j)

By applying Corollary 2.1 we are now ready to identify the stochastic process related
to the Hamiltonian H () in (100).
We start from the state |0) = |0, ..., 0) which is obviously a trivial ground state of

H(p. We then produce a non-trivial ground state by acting with the symmetry S, L) in
(137), as described in Remark 2.1. Using (141) we obtain

8) =Spl0....0=" > H ( ) g0 ey e
l1,82,...0p>0i=1

Therefore we arrived to a positive ground state (cfr. Remark 2.1). Following the scheme
in Corollary 2.1 we construct the operator G ;) defined by

Gyl oooone) =, ..onL)m, ..., nelST0, ..., 0) (142)

In other words Gy is represented by a diagonal matrix whose coefficients in the
standard basis read

L ;

2] . P

(m.....nlGuylér, ... &) =[] (77) gm0 s, (143)
i=1 "y

Note that G (1) is factorized over the sites, i.e.

My nelGylér, ... EL) = ®F (ni|Gi &) (144)

Asa consequence of item (a) of Corollary 2.1, the operator .Z%) conjugated to H)
via G

@y
2P =G\ Hu)Gu) (145)
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is the generator of a Markov jump process n(t) = (n1(¢), ..., np(t)) describing
particles jumping on the line {1, ..., L}. The state space of such a process is given by
{0, ...,2j}F andits elements are denoted by n = (31, ..., n), where 1; is interpreted

as the number of particles at site i. The exclusion rule is due to the fact that on each
site can sit no more than 2 particles. The asymmetry is controlled by the parameter
0<g <1

Proposition 5.2 The action of the Markov generator 1) = G(Ll) H)G ) is given
by (11).

Proof From Proposition 4.1 we know that H(*L) = H(;,), hence we have that the

operator Hr := G 1, H L)G(Ll) is the transposed of the generator &) defined by
(145). Then we have to verify that the transition rates to move from 7 to & for the
Markov process generated by (11) are equal to the elements (& |I:I(L) [n).

Since we already know that .Z%) is a Markov generator, in order to prove the result
it is sufficient to apply the similarity transformation given by the matrix G, defined

0
in (143) to the non-diagonal terms of (104), i.e. qjio Jl.jE Jiilq_JiH . We show here the
computation only for the first term, since the computation for the other term is similar.
We have

0 _ 40 o
(& &11GiGisr - g T T q7 0 - GG i i)
0 _ _ iy _
= (&1Giq" JT G i) © (Ei11Gis I q "G i) (146)

Using (143) and (92) one has
(&1Gia™ 777G i) = "2 12 = mily il + 1) (147)
and

—mi1 2142

T R
<§i+1 1Git1J;19 J"+'Gl-+11|77i+1> =q Ni+1lg Giv1Iniv1 — 1)

(148)
Multiplying the last two expressions one has

<ni+1,i|I:I(L)|n> = gt nilg[nist1lg (149)

that corresponds indeed to the rate to move from 7 to n'*!% in (11). This concludes
the proof. O

Remark 5.2 From item (c) of Corollary 2.1, we have that the product measure 1i(z)
defined by

sy = (nlG, n) (150)
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is a reversible measure of .Z). Notice that it corresponds to the reversible measure
P@ defined in (16) with the choice @ = 1. O

6 Self-duality results for the ASEP(q, j)

We now use Proposition 2.1 and the exponential symmetry obtained in Sect. 5.2 to
deduce a non-trivial duality function for the ASEP(g, j) process. We first have the
following remark on trivial duality functions.

Remark 6.1 From (9) and item (a) of Theorem 3.1 it follows that all the functions
—1

L
2j a2
da(n,é)zl_[(( J) N >) < Syi=t; (151)
q

i=1 Ni

are diagonal duality functions for the Markov process with generator .21,
We then deduce the main result, i.e. a non-trivial duality function.
Proof of (34) in Theorem 3.2 From Proposition 4.1 we know that H(;,) is self-adjoint,

then, using Proposition 2.1 with 5 = H(1), G = G (1) given by (143) and § = S(JrL)
given by (138) it follows that

Glst Gl

w30 S (152)

is a self-duality function for the process generated by .. Its elements are computed
as follows:

-1 ¢t -1
G 1)S1)G1,)18) (153)

L ; ! i B
=H( (fj) .q"t‘“ﬂ'—”")) <n|s,~+|s>( (2;) 'qff“ﬂ‘””)
i=1 taq a
L
_ ni 21'—&') /(21) (Zj)
il:[l\/(gi)q(zj_”i g/ \MiJq\&i/q

q(m—&-)[z Sz @D+ [+ Qi =D Oi+)

'IEiSni
Lot et

_ TR G-Dn= G+ DE) H[ J —&ilg'ilg!
i=1 [zj]q![ni - gi]q!

s i—1 . P&
q(”’ g,)[zzk:15k+s,]+4/zé, gy, (154)

Since both the original process and the dual process conserve the total number of
particles it follows that Dy, in (34) is also a duality function.
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7 A second symmetry and associated self-duality

Up to now we worked with the symmetry S(‘;) defined in (137). In this Section we
explore other choices for the symmetry and their consequences.

7.1 Construction of alternative symmetries

We already observed that the operator F&) defined in (136) is a symmetry of H.
The following Lemma gives the exponential symmetry that is further obtained.

Lemma 7.1 The operator
Sy = expg2(F*) (155)

is a symmetry of Hy). Its matrix elements are given by

<’717 ey nL'S(_L)|§19 '-~7§L>

- L i
_H (n) ( gz) 1m§iq—(é‘l 771)[221(:[+1(77k D+ni ./+1} (156)
1 1

Proof From (132) we know that the operators F;, K;, copies of the operator defined in
(131), verify the conditions (113) withr = ¢ ~2. Then, from (164) and Proposition 5.1

Sy = exp,—2(F ™)

= exp,2(Fi1Ky ' K)o expa(FLoi K ') - expy-2(FL)
= exp,—2 (Jl_q—Jlo—ZZiL:z J,O) S expy2 (JL_—1‘1_J2’1_2J2)
expg2 (a7 ) = 78y sp (157)

where §; = equ_z(Ji_q_]iO_2 Yiin Jl?). Using (111) and the fact that [xlg-1 =
[x]4, we have

(J— —I0-2% f) ELLCR I 5

STEr .. EL Z
4>0 £4i]

«%‘i) _ (2j - & +€i)
%\K& q ¢ q

243k E-D

gia—siti=Dg g — .. &) (158)

S
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then

Sylér - EL) = ST Sy ST IEL L EL)

L .
&i 2] —& +¢;
- > o6 e
1,07 Lr>0i=1 q q

,,,,,

. L . 0, — 17 . PR i —
(g2 T Gl ) gttt 1>) & — €1, ... EL — 05
From this the matrix elements in (156) immediately follows. O
Other symmetries can be obtained as follows. Similarly to Sect. 5.2, we consider
Fo_ gt+,—J° B J0 - e . 2J0
E:=J"qg", F:=q"J and K :=g¢q (159)

and notice that (E , F.K ) (as (E, F, K) in Sect. 5.2) verify the commutation relations

- - -~ - - - . . K — K!
KE=g¢’EK and KF=q °FK [E . F]l=—7+. (160)
q9-q
Therefore the following co-products
AE) =AU - Ag) = E1 @Ry +10 B (161)
AF) =A@ - AUD) = Fiol+ Ko F (162)

are symmetries of H(). In general we can extend (161) and (162) to L sites, then we
have that

EW = ACDE,

= AEDF - AT

0 L 0 _ 0 _~ 70 50

= J1+q_']1 —2%50J; +...+er_lq Jp—2Jp _|_JL+q JL

= E Kl K"+ -+ E - K '+ EpL (163)
PO = AV,

= AN AT

=FR+KFB+KKFPB++K - Ki_1Fp (164)

are symmetries of Hy,).
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Remark 7.1 Notice that E(z, (respectively F(z,) is related to F(z (respectively E(r))
by a transposition. More precisely, using (94), one has
(EWy =g jmq2Zie i oy gl g 4 g i
_ _70 _ L 0 _ _ 70 _970 _ _70
=q (‘ll q J]q 220 J; + .-+ ‘]L—lq JL—lq 2Jp + ‘]Lq ‘,L)
=qF® (165)
(FOY = 1rg 7 4 2 1 g o+ 225 gt
=q! (qjlojl"' + qzjlo“‘Jng"‘ 4t qzzl'L;ll JP‘”E]Z‘)
=q¢ 'ED (166)

By exponentiating E(L) and I:"(L) the following two symmetries 5'&) and S(L) are
obtained.

Lemma 7.2 The operator 3 5
S0y = expp(EM) (167)

is a symmetry of Hy). Its matrix elements are given by
(el S IEn L)

L .
2j — & N\ i [2 S e —im
| (2{ 51) '(m) g2 En o= peni=i1] gey (168)
Pl i—ni)y \&/,

Proof From (160) we know that the operators E;, K;, copies of the operators defined in
(159), verify the conditions (113) with r = qz. Then, from (163) and Proposition 5.1

S'('i) = exp,2 (ED)

= equz(Ellzz_l ...IEL_I) ~~~~~ equz(EL_lkzl) . equz(EL)
= exp, (]ﬁ”q*JP*sz:z J,O) ..... exp,2 (J;_lq—fill—zjg) exp,2 (]quff)
=585 ...8 (169)

where §l+ = equz(qu_JiO_2 i JkO). Using (111), we have

= 1 0oL goNG 1y
SiJrEl"”’sL):ZW(JiJrq J; 22k=z+11k) q 54 (¢ 1)|§l,-~,é§L>

;>0
_y (Zj—éi) .(§i+€,-) D YERICE)
0 gi q gi q
g U= D g e e ) (170)
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then

(L)lgl,n-,EL)=§+§;...§+|€1,...,§ )

- > a0, (),

Ly,4a,...,

. q—%i Zk:f+1(§k+lk—j) q—li(Si-‘rli—j—l)) €0+ €1, ... EL+£L)

Hence the matrix elements of S;Z) are given by (168). O

Lemma 7.3 The operator y ~
Sy = exp,—2(F ™) (171)

is a symmetry of Hy). Its matrix elements are given by

(i8S, e )

L 2] - 771' (%"7”)[221'71 (%‘k*j)*%"+l+j]
H ( ) (2] —& ) g - I ’ 177:’5&' (172)
= 1

Proof From (160) we know that the operators F;. K, copies of the operators defined in
(159), verity the conditions (113) withr = ¢ =2 Then, from (163) and Proposition 5.1

Si) = exp 2 (F")

L =
= exp,2(F1) - exp 2 (K1 F2) - -+ -exp,2(Ky - -+ - K1 FL)
= equ_z (q‘llo Jl_) . equ_z (qz‘]]oquo JZ_) e equ_z (qzziL;ll ‘Ii0+‘ll(,) JE)
=878 ...5; (173)

where S’f = exp,-2 (qzzfc_:]l T+ Jf). Using (111) and the fact that [.x]q—l = [x]g,
we have

- 1 i—1 50450 NG 1y
N P T z AN (q22k=| Je+J; J; ) qul(il 1)|El,-~~»§L>
£=0 "7

21—&4—5 &i
-2 (), G,
620 q \'i/q

G+ 8420 Zi;'l“k‘fwa, L E— b ) (174)

S
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then
Sl &) =878y .. SplE, L8
- = ()6
0,02, £0 >0 i=1 g \ti/q
X s X i—1 o

. q@z(lJrJ ENA20; > (& J)) €1 — €1, ... 6L — 1)

Hence the matrix elements of S’(L) are given by (172). O
As it was done with the ground state S L) |0, ..., 0), one could wonder what Markov

process is obtained if one uses the ground state S |0 0). One can check by an

explicit computation (not reported here) that if H(L) is transforrned by a similarity
transformation G 1) given by

Gl one) =1t ome)(m, - nelS,10, ..., 0) (175)

one recovers the ASEP(g, j) Markov jump process.

7.2 Construction of alternative self-duality functions

One can wonder what other dualities are found using the other symmetries of the
previous Section. Using S(1, one finds a duality function which is the transpose of (34).

In the same way S (‘E) and S L give duality functions that are related by a transposition.
Such duality function is different from (34) and is given by (35) that we are going to
prove below.

Proof of (35) in Theorem 3.2 From Proposition 4.1 we know that Hz) is self-adjoint,
then, using Proposition 2.1 with 5 = H(1), G = G (1) given by (143) and § = S(L)
given by (138) it follows that

G(L)S(L)G(_L) (176)

is a self-duality function for the process generated by .2, Its elements are computed
as follows:

MG 1) S1,G 1) l8) (177)

L , -1 . -1
:H( /(if) .qm(l+j—2ji)) <ﬂ|§f|€>( (2%_1) ,qs,-(1+j—2./t))
i=l g i/q
(), G78),/G),E)
Ni)g\2j =& /),/ \niJ \é&/,
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=) |22 G— =& |+ Qji— D (i +&

&R @] iimi-na ST
L .

= ¢ZG=Ds=0m T 2] = milgMEily"
im1 [2]]q![§i - ni]q!

. i—1 g g T
q(s: '71)[221(:1 &k &‘,]+4]H7, ~1n,-55,. (178)

Since both the original process and the dual process conserve the total number of
particles it follows that DE L in (35) is also a duality function.

7.3 Comparison with the Schiitz duality in the case j = 1/2

Consider the duality matrix D’ computed in (35), then the associated duality function
is

ni
(Sf)q ) <mfs,~>[2z;;;‘1 nrm}%ﬂ&

-

DéL)(ns &) = (2./) q ) I%'ifﬂf
i=1 \§& q
For j = 1/2 both &; and n; take values in {0, 1} then
nf=mn andforg; <m, Emi=6& (179)

hence, assuming that & < n; for all i, we have

L L L L L
Z(m —&ni = Zfl,z - Z%‘im = Zm - ZE; =N-M
i=1 i=1 i=1 i=1 i=1
where N and M are the total numbers of particles respectively in the configurations n
and &. Thus
L @) L :
H 2j o q_(”i—&')ﬂi .lsifﬂi = q_ZiZI(m_&)m 'Hlfiiﬂi =C- 1{,51’57]:"\71'}
i=1 (¥) i=1
On the other hand, assuming that §&; < n;, we have
L i—1 i—1
m—& =1ly=15=0. then [P Zimm= ] g*Z=am
i=1 imi=1,§=0

then, for j = 1/2

L e i1
D/(U» é) =cC - I{El‘fn,',\ﬁ} ‘ CIZZi:l it H qzzkzl Tk
imi=1,§=0
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Now, using the Schiitz notation, one may represent a given M -particles configuration
by the set C of occupied sites. More precisely, let M be the total number of the
configuration &, we denote by C := {ky, ..., ky} the set of occupies sites k; €
{1,..., L} ki < k4. With this notation we have

L M
Zi%—i = Z km
i=1 m=1

On the other hand, for the configuration n we denote by N;,i = 1, ..., L the number
of particles at the left of i (with site i included):

i
Ni = an
k=1
With this notation we have
M 2 PR o Nl',
D{1)(1.6) = ¢ - Lig <y viy - g Zn=1kn g Zim=tg=o Vit (180)

Now, assuming that & < n; for all i, we have

Z Ni_1 = Z Ni—1 — Z Ni—1 (181)

i:ni=1,£=0 iini=1 imi=1,&=1

Let now N be the total number of particles in the configuration 7, then we prove that

> N = (182)
iimi=1
We have
i—1
Z Ni— = Z niNi—1 = Z ank
imi=1 imi=1 imi=1k=1
On the other hand
L 2 L L
= (Z m) D i
i=1 i=1 k=1
L i—1 L
=22mnk+2m +Z Z nink
i=1 k=1 i=1 i=1 k=i+1
L i-1

=2> > nim+N

i=1 k=1
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where the last identity follows because

L i—1
ZZH:W—Z Z NiNk
i=1 k=1 i=1 k=i+1

and since , from the left identity in (179),

L L
ZU%=ZM=N

i=1 i=1

then (182) is proved. On the other hand, from the right identity in (179) we have

i—1

z N—1—Zm§zan
iini=1,&=1 i=1
L i—1

=Z$i2nk

i=1 k=1

=> N, (183)

Finally from (181), (182) and (183) we have

Z Nioj = ——— N(N —ZNkm_l (184)

imi=1.§=

Finally we have that & < n; for all i if and only if all the sites {kq, ..., ky} are
occupied sites for the configuration 7, then from (180) and (184) we have

M
D/((L)n7 E) — C/ . l{éifi’]i,\ﬁ} . q22m=1km 22 lNkm 1

M
N I (185)

that is the Schiitz self-duality function (up to a sign, i.e. 2% instead of g ~%m).
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