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Abstract Consider a family of random ordinary differential equations on a manifold
driven by vector fields of the form ), Yiax(zf (w)) where Yy are vector fields, € is
a positive number, z; is a éﬁo diffusion process taking values in possibly a different
manifold, ax are annihilators of ker(L{). Under Hormander type conditions on Lo we
prove that, as € approaches zero, the stochastic processes y$ converge weakly and in

€
the Wasserstein topologies. We describe this limit and give an upper bound for the rate
of the convergence.

Mathematics Subject Classification 60H - 60J - 60F - 60D

1 Introduction

Let M and G be finite dimensional smooth manifolds. Let Y, k = 1, ..., m, be co
vector fields on M, oy real valued C” functions on G, € a positive number, and (z;)
diffusions on a filtered probability space (€2, F, F;, P) with values in G and infinites-
imal generator Lf, = %Lo which will be made precise later. The aim of this paper is
to study limit theorems associated to the system of ordinary differential equations on
M,

i (@) = Z Y (v (@) (27 (@) (1.1)

k=1
under the assumption that o ‘averages’ to zero. The ‘average’ is with respect to the
unique invariant probability measure of Lo, in case L satisfies strong Hormander’s
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condition, and more generally the ‘average’ is the projection to a suitable function
space. We prove that y{ converges as € — 0 to a Markov process whose Markov

generator has an explici; expression.

This study is motivated by problems arising from stochastic homogenization. It
turned out that in the study of randomly perturbed systems with a conserved quantity,
which does not necessarily take value in a linear space, the reduced equations for
the slow variables can sometimes be transformed into (1.5). Below, in Sect. 2 we
illustrate this by four examples including one on the orthonormal frame bundle over
a Riemannian manifold. Of these examples, the first is from [25] where we did not
know how to obtain a rate of convergence, and the last three from [26] where a family
of interpolation equations on homogeneous manifolds are introduced. An additional
example can be found in [24].

1.1 Outline of the paper

In all the examples, which we described in Sect. 2 below, the scalar functions average
to 0 with respect to a suitable probability measure on G. Bearing in mind that if a
Hamiltonian system approximates a physical system with error € on a compact time
interval, over a time interval of size é the physical orbits deviate visibly from that of
the Hamiltonian system unless the error is reduced by oscillations, it is natural and
a classical problem to study ODEs whose right hand sides are random and whose
averages in time are zero.

The objectives of the present article are: (1) to prove that, as € tends to zero, the law
of (y$, s < t) converges weakly to a probability measure iz on the path space over M

and to describe the properties of the limiting Markov semigroups; (2) to estimate the
rate of convergence, especially in the Wasserstein distance. For simplicity we assume
that all the equations are complete. In Sects. 4, 5, 6 and 8 we assume that £y is a
regularity improving Fredholm operator on a compact manifold G, see Definition 4.1.
In Theorem 6.4 we assume, in addition, that Lo has Fredholm index 0. But strong
Hormander’s condition can be used to replace the condition ‘regularity improving
Fredholm operator of index 0’.

For simplicity, throughout the introduction, c are bounded and belong to N+ where
N is the kernel of L, the adjoint of the unbounded operator L in L%(G) with respect
to the volume measure. In case L is not elliptic we assume in addition that r > 3
or r > max {3, 5 + 1}, depending on the result. The growth conditions on Y} are in
terms of a control function V and a controlled function space By, where r indicates
the order of the derivatives to be controlled, see (5.1). For simplicity we assume both
M and G are compact.

In Sect. 3 we present two elementary lemmas, Lemmas 3.4 and 3.5, assuming L
mixes exponentially in a weighted total variation norm with weight W : G — R. In
Sect. 4, for Ly a regularity improving Fredholm operator and f a C? function, we
deduce a formula for f(y¢) where the transmission of the randomness from the fast

€
motion (z§) to the slow motion (y;) is manifested in a martingale. This provides a
platform for the uniform estimates over large time intervals, weak convergences, and
the study of rate of convergence in later sections.
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In Sect. 5, we obtain uniform estimates in e for functionals of y; over [0, é]. Let
Ly be a regularity improving Fredholm operator, y§ = yo, and V a C? function such
that Z;”zl ILy;V| < c+ KV, Zf’szl |Ly,Ly;V| < ¢ + KV for some numbers ¢
and K. Then, Theorem 5.2, for every numbers p > 1 there exists a positive number
€o such that supy_. ., Esupy-, V”(y%) is finite and belongs to By ¢ as a function

of yp. This leads to convergence in the Wasserstein distance and will be used later to
prove a key lemma on averaging functions along the paths of (y;, zf).

In Sect. 6, Lo is an operator on a compact manifold G satisfying Hormander’s
condition and with Fredholm index O; M has positive injectivity radius and other
geometric restrictions. In particular we do not make any assumption on the ergodicity
of Lo. Let a;B; denote >, u;{; B, 7;) where {u;} is a basis of the kernel of Lo
and {m;} the dual basis in the kernel of L. Theorem 6.4 states that, given bounds
on Yy and its derivatives and for oy € C” where r > max {3, 57 + 1}, (y§,s < 1)

converges weakly, as € — 0, to the Markov process with Markov generator £ =
> =1 o B;L v; Ly;. This follows from a tightness result, Proposition 6.1 where no
assumption on the Fredholm index of Ly is made, and a law of large numbers for
sub-elliptic operators on compact manifolds, Lemma 6.2. Convergences of {(y¢, 0 <

t < T)} in the Wasserstein p-distance are also obtained.

In Sect. 7 we study the solution flows of SDEs and their associated Kolmogorov
equations, to be applied to the limiting operator £ in Sect. 8. Otherwise this section is
independent of the rest of the paper. Let Y, Yo be C° and C? vector fields respectively.
If M is compact, or more generally if Y are BC> vector fields, the conclusions in this
section holds, trivially. Denote By 4 the set of functions whose derivatives up to order
r are controlled by a function V, c.f. (5.1). Let ®,(y) be the solution flow to

m
dy, = D Yi(y) o dBf + Yo(y,)dt.
k=1

Let P, f(y) = Ef(®;(y)) and Z = %ka=1 Vy. Y +Yo. Let V € C*>(M,Ry) and
sup <, EVY(¢s(y)) € By o for every ¢ > 1. This assumption on V is implied by the
following conditions: |Lyl.Lij| <c+ KV, |Lij| < ¢+ KV, where C, K are
constants. Let V = 1 + In(1 + |V]). We assume, in addition, for some number ¢ the
following hold:

m 5 4

D D IVl eBro, D IV@Yl € By,

k=1 a=0 a=0

- (1.2)
DVl < eV, sup (VyZ,u) < cV.

k=1 |ul=1

Then there is a global smooth solution flow ®;(y), Theorem 7.2. Furthermore for
f€Bva Lf€Byy L2f € Byg.and P, f € By .
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For M = R", an example of the control pairis: V(x) = C(1 + |x|2) and V(x) =
In(1 + |x|?). Our conditions are weaker than those commonly used in the probability
literature for d (P; f), in two ways. Firstly we allow non-bounded first order derivative,
secondly we allow one sided conditions on the drift and its first order derivatives.
In this regard, we extend a theorem of Kohler and Papanicolaou [32] where they
used estimations from Oleinik—Radkevi¢ [31]. The estimates on the derivative flows,
obtained in this section, are often assumptions in applications of Malliavin calculus
to the study of stochastic differential equations. Results in this section might be of
independent interests.

Let P, be the Markov semigroup generated by £. In Sect. 8, we prove the following
estimate: [E f(®¢(y0)) — Pr f (yo)| < C(2)y (yo)e+/Tlog €] where C(z) is a constant,
y is a function in By ¢ and ®j (yo) the solution to (1.5) with initial value yo. The
conditions on the vector fields Y are similar to (1.2), we also assume the conditions
of Theorem 5.2 and that £ satisfies strong Hormander’s condition. We incorporated
traditional techniques on time averaging with techniques from homogenization. The
homogenization techniques was developed from [23] which was inspired by the study
in Hairer and Pavliotis [ 12]. For the rate of convergence we were particularly influenced
by the following papers: Kohler and Papanicolaou [32,36] and Papanicolaou and
Varadhan [34]. Denote P < the probability distributions of the random variables y,

and [, the probability measure determined by P;. The under suitable condmons
Wi(Py Ve s ;) < Ce", where r is any positive number less or equal to I L and Wi

denotes the Wasserstein 1-distance, see Sect. 9.
1.2 Main theorems

We contrive to impose as little as possible on the vector fields {Y;}, hence a few sets
of assumptions are used. For the examples we have in mind, G is a compact Lie group
acting on a manifold M, and so for simplicity G is assumed to be compact throughout
the article, with few exceptions. In a future study, it would be nice to provide some
interesting examples in which G is not compact.

If M is also compact, only the following two conditions are needed: (a) Ly satisfies
strong Hormander’s condition; (b) {ax} C C" NN L where N is the annihilator of
the kernel of £fj and r is a sufficiently large number. If L is elliptic, ‘C”” can be
replaced by ‘bounded measurable’. For the convergence condition (a) can be replaced
by ‘Lo satisfies Hormander’s condition and has Fredholm index 0’. If £y has a unique
invariant probability measure, no condition is needed on the Fredhom index of L.

Theorem 6.4 and Corollary 6.5. Under the conditions of Proposition 6.1 and
Assumption 6.1, (y{) converges weakly to the Markov process determined by

m I

~ -1 -1 -1

L=— E O[,',CO Othyl.LYj, ()[,‘,CO aj = E ub<(x,‘£0 aj, Tp),
ij=1 b=1

where ng is the dimension of the kernel of £y which, by the assumption that £y has
Fredholm index 0, equals the dimension of the kernel of Eg. The set of functions
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Limits of random differential equations on manifolds 663

{up} is a basis of ker(Lo) and {m,} C ker(L() its dual basis. In case Lo satisfies

strong Hormander’s condition, then there is a unique invariant measure and o; £, lo j
is simply the average of a; £, Lo ;j with respect to the unique invariant measure. Let
p > 1 be anumber and V a Lyapunov type function such that p” € By o, a function
space controlled by V. If furthermore Assumption 5.1 holds, (y¢) converges, on [0, 7],
in the Wasserstein p-distance. ‘

Theorem 8.2. Denote @ (-) the solution flow to (1.5) and P; the semigroup for L.
If Assumption 8.1 holds then for f € By 4,

'Ef (CDGT (yo)) — Prf(yo)| < ellogeﬁC(T)Vl(yo),

where y; € By,o and C(T) is a constant increasing in 7. Similarly, if f € BC*,

‘Ef (‘b? (yo)) — Prf(y0)| < €llogel? C(T) (o) (1 + | fla.co)- (1.3)

where y» is a function in By o independent of f and C are increasing functions.

A complete connected Riemannian manifold is said to have bounded geometry if
it has strictly positive injectivity radius, and if the Riemannian curvature tensor and
its covariant derivatives are bounded.

Proposition 9.1. Suppose that M has bounded geometry, ,og € By o, and Assump-
tion 8.1 holds. Let & be the limit measure and i; = (ev;)st. Then for every r < zlt

there exists C(T) € Bypand ey > Os.t. foralle <eyandr < T,
dw (Law (yj) , ,:L,) < C(T)e".

Besides the fact that we work on manifolds, where there is the inherited non-linearity
and the problem with cut locus, the following aspects of the paper are perhaps new. (a)
We do not assume there exists a unique invariant probability measure on the noise and
the effective processes are obtained by a suitable projection, accommodating one type
of degeneracy. Furthermore the noise takes value in another manifold, accommodating
‘removable’ degeneracy. For example the stochastic processes in question lives in a
Lie group, while the noise are entirely in the directions of a sub-group. (b) We used
Lyapunov functions to control the growth of the vector fields and their derivatives,
leading to estimates uniform in € and to the conclusion on the convergence in the
Wasserstein topologies. A key step for the convergence is a law of large numbers,
with rates, for sub-elliptic operators (i.e. operators satisfying Hormander’s sub-elliptic
estimates). (c) Instead of working with iterated time averages we use a solution to
Poisson equations to reveal the effective operator. Functionals of the processes y¢
splits naturally into the sum of a fast martingale, a finite variation term involving a
second order differential operator in Hormander form, and a term of order €. From this
we obtain the effective diffusion, in explicit Hormander form. It is perhaps also new
to have an estimate for the rate of the convergence in the Wasserstein distance. Finally
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664 X.-M. Li

we improved known theorems on the existence of global smooth solutions for SDEs in
[22], c.f. Theorem 7.2 below where a criterion is given in terms of a pair of Lyapunov
functions. New estimates on the moments of higher order covariant derivatives of the
derivative flows are also given.

1.3 Classical theorems

We review, briefly, basic ideas from existing literature on random ordinary differen-
tial equations with fast oscillating vector fields. Let F(x, f, w,€) := F © (x,1,w) +
eFD(x,t, ), where F(x,t,-) are measurable functions, for which a Birkhoff
ergodic theorem holds whose limit is denoted by F. The solutions to the equations
i = F(Qr, é, w, €) over a time interval [0, ¢], can be approximated by the solution
to the averaged equation driven by F. If F© = 0, we should observe the solutions
in the next time scale and study x; = %F (x5, e% w, €). See Stratonovich [42,43].

Suppose for some functions a; ; and b ; the following estimates hold uniformly:

63/ / EF(O) 1’2) F(O)( ) dry dry — aj i (s, x)
d 3F() o 1
/ / ZE dxy ( )F ( 2) dray dry

1 ste (1) r -
o) EF) (xe—z) dr —b;(x, s)

€
< o(e). (1.4)

dry dr1 < o(e),

Then under a ‘strong mixing’ condition with suitable mixing rate, the solutions of
the equations X; = %F (xf, ;—2, w, €) converge weakly on any compact interval to
a Markov process. This is a theorem of Stratonovich [43] and Khasminskii [14],
further refined and explored in Khasminskii [15] and Borodin [3]. These theorems
lay foundation for investigation beyond ordinary differential equations with a fast
oscillating right hand side.

In our case, noise comes into the system via a Lo-diffusion satisfying Héormander’s
conditions, and hence we could by pass these assumptions and also obtain conver-
gences in the Wasserstein distances. For manifold valued stochastic processes, some
difficulties are caused by the inherited non-linearity. For example, integrating a vector
field along a path makes sense only after they are parallel translated back. Parallel
transports of a vector field along a path, from time ¢ to time 0, involves the whole
path up to time ¢ and introduces extra difficulties; this is still an unexplored territory
wanting further investigations. For the proof of tightness, the non-linearity causes par-
ticular difficulty if the Riemannian distance function is not smooth. The advantage of
working on a manifold setting is that for some specific physical models, the noise can
be untwisted and becomes easy to deal with.

Our estimates for the rate of convergence, Sects. 8 and 9, can be considered as an
extension to that in Kohler and Papanicolaou [32,36], which were in turn developed
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Limits of random differential equations on manifolds 665

from the following sequence of remarkable papers: Coghurn and Hersh [6], Keller and
Papanicolaou [35], Hersh and Pinsky [17], Hersh and Papanicolaou [16] and Papani-
colaou and Varadhan [34]. See also Kurtz [21] and [33] by Stroock and Varadhan.
The condition F = 0 needs not hold for this type of scaling and convergence. If
F(x,t,w,e)=F © (x, & (w)), where ¢; is a stationary process with values in R”, and
F©® = X, the Hamiltonian vector field associated to a function H € BC3(R%; R)
whose level sets are closed connected curves without intersections, then H (y) con-

verge to a Markov process, under suitable mixing and technical assumptioﬁs. See
Borodin and Freidlin [4], also Freidlin and Weber [8] where a first integral replaces
the Hamiltonian, and also Li [25] where the value of a map from a manifold to another
is preserved by the unperturbed system.

In Freidlin and Wentzell [9], the following type of central limit theorem is proved:
JLE (H (x§) — H (x4)) converges to a Markov diffusion. This formulation is not suitable
when the conserved quantity takes value in a non-linear space.

For the interested reader, we also refer to the following articles on limit theorems,
averaging and Homogenization for stochastic equations on manifolds: Enriquez et al.
[7], Gargate and Ruffino [11], Ikeda and Ochi [19], Kifer [20], Liao and Wang [27],
Manade and Ochi [29], Ogura [30], Pinsky [37], and Sowers [41].

1.4 Further question

(1) I am grateful to the associate editor for pointing out the paper by Liverani and Olla
[28], where random perturbed Harmiltonian system, in the context of weak interacting
particle systems, is studied. Their system is somewhat related to the completely inte-
grable equation studied in [23] leading to a new problem which we now state. Denote
X y the Hamiltonian vector field on a symplectic manifold corresponding to a function
f. If the symplectic manifold is R** with the canonical symplectic form, X 7 is the
skew gradient of f. Suppose that {Hy, ..., H,} is a completely integrable system,
i.e. they are poisson commuting at every point and their Hamiltonian vector fields are
linearly independent at almost all points. Following [23] we consider a completely
integrable SDE perturbed by a transversal Hamiltonian vector field:

n
dyf =" Xp,(3f) 0 dW, + Xy (y))dt + eX g (yf)dr.
i=1

Suppose that Xy, commutes with Xy, for k = 1,...,n, then each H; is a first
integral of the unperturbed system. Then, [23, Th 4.1], within the action angle coor-
dinates of a regular value of the energy function H = (Hy, ..., H,), the energies

{H (¥, ) , H, (y )} converge weakly to a Markov process. When restricted to

the level sets of the energles the fast motions are ellipitic. It would be desirable to
remove the ‘complete integrability’ in favour of Hormander’s type conditions. There
is a non-standard symplectic form on (R*)" with respect to which the vector fields
in [28] are Hamiltonian vector fields and when restricted to level sets of the energies
the unperturbed system in [28] satisfies Hormander’s condition, see [28, section 5],
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666 X.-M. Li

and therefore provides a motivating example for further studies. Finally note that the
driving vector fields in (1.5) are in a special form, results here would not apply to the
systems in [23] nor that in [28], and hence it would be interesting to formulate and
develop limit theorems for more general random ODEs to include these two cases.
(2) It should be interesting to develop a theory for the ODEs below

¥ (@) = D (5 (@)er (25 (@), ) (1.5)

k=1

where a; depends also on the y€ process.

(3) It would be nice to extend the theory to allow the noise to live in a non-compact
manifold, in which Ly should be an Ornstein—Uhlenbeck type operator whose drift
term would provide for a deformed volume measure.

Notation. Throughout this paper B,(M; N), Ci (M; N), and BC"(M; N) denote the
set of functions from M to N that are respectively bounded measurable, C” with
compact supports, and bounded C” with bounded first r derivatives. If N = R the
letter N will be suppressed. Also IL(V; V») denotes the space of bounded linear maps;
C"(I'T M) denotes C" vector fields on a manifold M.

2 Examples

Let {Wtk} be independent real valued Brownian motions on a given filtered probability
space, o denote Stratonovich integrals. In the following Hy and Ay are smooth vector
fields, and {A1, ..., Ax} is an orthonormal basis at each point of the vertical tangent
spaces. To be brief, we do not specify the properties of the vector fields, instead refer
the interested reader to [25] for details. For any € > 0, the stochastic differential
equations

nn—1)

1 2
duf = Ho(uS)dr + NG > M) o dWf
€ k=1

are degenerate and they interpolate between the geodesic equation (¢ = oo) and
Brownian motions on the fibres (¢ = 0). The fast random motion is transmitted to
the horizontal direction by the action of the Lie bracket [ Hy, Ai]. If Hy = 0, there
is a conserved quantity to the system which is the projection from the orthonormal
bundle to the base manifold. This allows us to separate the slow variable (y;) and the
fast variable (z§). The reduced equation for (y;), once suitable ‘coordinate maps’ are
chosen, can be written in the form of (1.5). In [25] we proved that (y{) converges

weakly to a rescaled horizontal Brownian motion. Recently Angst et ‘al. gave this
a beautiful treatment, [1], using rough path analysis. By theorems in this article,
the above model can be generalised to include random perturbation by hypoelliptic
diffusions, i.e. {Ay, ..., Ax} generates all vertical directions. In [25] we did not know
how to obtain a rate for the convergence. Theorem 8.2, in this article, will apply and
indeed we have an upper bound for the rate of convergence.
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Limits of random differential equations on manifolds 667

As a second example, we consider, on the special orthogonal group SO (n), the
following equations:

nn—1)

1 2
—= 2 8 ExodW +gfYodt, Q.1

dgi =
Ve k=1

where {E}} is an orthonormal basis of so(n — 1), as a subspace of so(n), and Yy is a
skew symmetric matrix orthogonal to so(n — 1). The above equation is closely related
to the following set of equations:

nn—1)

2
dgi =y D 8ExodWf +8gYodr,
k=1

where y, § are two positive numbers. If § = 0 and y = 1, the solutions are Brownian
motions on SO(n — 1). If § = I)}_ol and y = 0, the solutions are unit speed geodesics
on SO (n). These equations interpolate between a Brownian motion on the sub-group
SO(n — 1) and a one parameter family of subgroup on SO (n). See [26]. Take § = 1

and let y = \LE — 00, what could be the ‘effective limit’ if it exists? The slow

components of the solutions, which we denote by (uf), satisfy equations of the form
(1.5). They are ‘horizontal lifts” of the projections of the solutions to S”. If m is the
orthogonal complement of so(n — 1) in so(n) then m is Ady-irreducible and Ady-
invariant, noise is transmitted from b to every direction in m, and this in the uniform
way. It is therefore plausible that u$ can be approximated by a diffusion i, of constant

rank. The projection of u; to S” is a scaled Brownian motion with scale 1. The scale
A is a function of the dimension n, but is independent of Y and is associated to an
eigenvalue of the Laplacian on SO (n — 1), indicating the speed of propagation.

As a third example we consider the Hopf fibration 7 : §> — §2. Let {X1, X2, X3}
be the Pauli matrices, they form an orthonormal basis of su(2) with respect to the
canonical bi-invariant Riemannian metric.

i 0 01 0i
0=(0%) = (G0) 0= ()

Denote X* the left invariant vector field generated by X € su(2). By declaring
{\%X 1, X3, X;} an orthonormal frame, we obtain a family of left invariant Rie-

mannian metrics m€ on S°. The Berger’s spheres, (S3 ,m€), converge in measured
Gromov—Hausdorff topology to the lower dimensional sphere Sz(%). For further dis-
cussions see Fukaya [10] and Cheeger and Gromov [5]. Let W; be a one dimensional
Brownian motion and take Y from m := (X3, X3). The infinitesimal generator of the
equation dg; = %EX 1(gF) o dW; 4 Y*(g;) dt satisfies weak Hormander’s condi-
tions. The ‘slow motions’, suitably scaled, converge to a ‘horizontal’ Brownian motion
whose generator is %ctracede , where the trace is taken in m. A slightly different, ad
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hoc, example on the Hopf fibration is discussed in [24]. An analogous equations can
be considered on SU (n) where the diffusion coefficients come from a maximal torus.

Finally we give an example where the noise (z{) in the reduced equation is not
elliptic. Let M = SO(4) and let E; ; be the elementary 4 x 4 matrices and A; ; =
%(Eij — Ej;). For k = 1,2 and 3, we consider the equations

1 1
dgf = fA’f’z(gf) odb! + G T3(85) o db; + Aj,(gf)dt.

The slow components of the solutions of these equations again satisfy an equation of
the form (1.5).

3 Preliminary estimates
Let Lo be a diffusion operator on a manifold G and Q; its transition semigroup and
transition probabilities. Let || - |7y denote the total variation norm of a measure,

normalized so that the total variation norm between two probability measures is less
or equal to 2. By the duality formulation for the total variation norm,

o}

For W € B(G;[1, 00)) denote || f|lw the weighted supremum norm and ||u|7v, w
the weighted total variation norm:
ool
G

Assumption 3.1 There is an invariant probability measure = for Ly, a real valued
function W € LI(G, ) with W > 1, numbers § > 0 and @ > 0 such that

lllry = sup
|fI<1, feBy(G;R)

1w = sup L i = sup
xeG W(x) Uflw=1)

sup 1Q:(x,) —mliTv,w < ae?.
xeG W(x)

If G is compact we take W = 1.

In the following lemma we collect some elementary estimates, which will be used to
prove Lemmas 3.4 and 3.5, for completeness their proofs are given in the “Appendix”.
Write W = [, Wdr.

Lemma 3.1 Assume Assumption 3.1. Let f,g : G — R be bounded measurable
functions and let coo = | floollg || w. Then the following statements hold forall s, t > 0.
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(1) Let (z;) be an Ly diffusion. If [; gdm =0,

[_S// ( f(257)8(z5)) | T

W(zs).

_/ stl—szgdn) dsydsy
G

<—
T (t —5)8?

(2) Let (z;) be an Ly diffusion. If [ gdm = 0 then

L e rewsan|s) dnas - [ [T rogarax
r—s GJO

=< W(a W(zg) +aW) + TW

(3) Suppose that either fG fdmr =0or fG gdm =0. Let

a - 2a - a _
G = 8—2(0W+ W fleoligliw, C2= ?|f|oo||g||WW+ Elgl ILfllwW.

Let (z§) be an L diffusion. Then for every € > 0,

£
'/ [ e{resec

To put Assumption 3.1 into context, we consider Hormander type operators. Let
L x denote Lie differentiation in the direction of a vector field X and [X, Y] the Lie

fs} dsy ds)

< C1(z5)€® + C2(Z5)(t — 9).

bracket of two vector fields X and Y. Let {X;,i =0, 1, ..., m’} be a family of smooth
vector fields on a compact smooth manifold G and Ly = % > Lx,Lx, + Lx,. If
{X;,i = 1,...,m’} and their Lie brackets generate the tangent space TG at each

point x we say that the operator L satisfies the strong Hérmander’s condition.

Lemma 3.2 Suppose that Ly satisfies the strong Hormander condition on a compact
manifold G and let Q;(x, -) be its family of transition probabilities. Then Assumption
3.1 holds with W identically 1. Furthermore the invariant probability measure w has
a strictly positive smooth density w.r.t. the Lebesgue measure and

10:(x, ) =7 (llry < Ce™™
forall x in G and for all t > 0.
Proof By Hormander’s theorem there are smooth functions ¢:(x, y) such that
0:(x,dy) = q:(x, y)dy. Furthermore ¢;(x, y) is strictly positive, see Bony [2] and

Sanchez-Calle [39]. Let a = inf yea ¢;(x, y) > 0. Thus D6eblin’s condition holds:
if vol(A) denotes the volume of a Borel set A, Q;(x, A) > a vol(A). O
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We say that W is a C3 Lyapunov function for the ergodicity problem if there are
constant ¢ # O and C > 0 s.t. LoW < C — c2W. If such a function exists, the Ef)
diffusions are conservative. Suppose that the Lyapunov function V satisfies in addition
the following conditions: there exists a number o € (0, 1) and 7y > O s.t. for every
R >0,

sup Q1 (x. ) = Qi (¥, )llTv =21 — ),
{2V @)+V () =R)

Then there exists a unique invariant measure 7 such that Assumption 3.1 holds, see
e.g. Hairer and Mattingly [13]. We mention the following standard estimates which
helps to understand the estimates in Lemma 3.3.

Lemma 3.3 Let W be a C3 Lyapunov function for the ergodicity problem of Ly,
EW (z() is uniformly bounded in € for € sufficiently small. Then there exist numbers
€0 > 0andc s.t. forallt > 0,

sup sup EW(z5) < c.

s<t €<¢)

Proof By localizing (z{) if necessary, we see that W (z$) — W(z§) — L [0 LoW (z)dr
is a martingale. Let ¢ # 0 and C > 0 be constant s.t. LoW < C — c2W. Then

2
EW(z5) < BW () + 1Cne "

As an application we see that, under the assumption of Lemma 3.3, the functions
C; in part (3) of Lemma 3.1 satisfy that sup, . EC; (z§) < oo.

Definition 3.1 We say that a stochastic differential equation (SDE) on M is complete
or conservative if for each initial point y € M any solution with initial value y exists
for all # > 0. Let ®;(x) be its solution starting from x. The SDE is strongly complete
if it has a unique strong solution and that (¢, x) +— ®;(x, w) is continuous for a.s. .

From now on, by a solution we always mean a globally defined solution. For € €
(0, 1) we define £§ = éﬁo. Let Qf denote their transition semigroups and transition
probabilities. For each € > 0, let (z7) be an £ diffusion. Let ax € B,(G; R) and (y;)
solutions to the equations

=D ) ). (3.1
k=1

Let @ , be the solution flow to (3.1) with & ((y) = y. We denote by g the average
of an integrable function g : G — R with respect to 7. Let

a2+a 3a

g ow =c(a, §)(W + W). (3.2)

cola,d) =

@ Springer



Limits of random differential equations on manifolds 671

Lemma 3.4 Suppose that Assumption 3.1 holds. Let f, g € Bp(G;R) and g = 0.
Suppose that . are bounded. Then forany F € CY(M;R),0 <s <tand0 < € < 1

1
E {F(y;)g(zjz) f(z§1)|]-"§} dsa ds

< 2¥elgloo| floo(€? + (t — $)?).

Here

~ (|F<y§>| W)+ |az|ooﬁ/; E{|(Ly P00 ew () | F: ) dr).

=1

Proof We first expand F(yg,) at 7:

Loy
¢ / / E{FO2G) FEEIF: | dsa dsy

I
m
!
Q
m—.\

/S {e@)re)|7e} dsaasy

EYES

) / / (dF)(Yz(y33))0!1(233)g(252)f(zsl)|}'s} ds3 dsy dsy

By part (3) of lemma 3.1

*Efl

.
ero9) [ [ B s ez ds s

< IFODIIfloolgloocw @5)(€ + (1 = 5)e).

It remain to estimate the summands in the second term, whose absolute value is
bounded by the following

Al =

E{@P)Yi05))ar(5)g ) £ (26| Fe | dss dsz ds,

. ’(dF)(Yl(yB))Oll(Zm)/ / {85 )| Fos} dsi dsz’]-' ]dsz

(2, é], we apply part (3) of Lemma 3.1 to bound the inner iterated integral

L
/6
53

For s3 €

TE{g(5) F ()| F ) dsi dsy
52

3

1
/ E {g(z5) f (25| Fss } ds2 dsl‘
= (62 +1t— ES3)CW(z§3)|f|OO|g|OO.
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We bring this back to the previous line, the notation Ly, F' = d F'(Y;) will be used,

A <e / "E{|@RmoE)ew @)

;cH (€ + (t — €53)| floolgloo ds3

= Ifloolgloola oot = 9)(€ + (¢ —s))%/f E{|(Lr YOS ew @8] 7 | dss.

Putting everything together we see that, for y, given in the Lemma, € < 1,

< 2¥elglool floo(€® + (t — 5)?).

s
¢ / / E{FO5865) [)IF: ] dss dsi

The proof is complete. O

In Sect. 5 we will estimate y, and give uniform, in €, moment estimates of func-
tionals of (y;) on [0, %].

Lemma 3.5 Assume that (z}) satisfies Assumption 3.1 and oj are bounded. If F €
C>(M;R) and f € By(G; R), then forall s < t,

‘L/ E{FO0 S G|F:}dr = F PG5
r—s é € €

2a m . 62
< Sl 1o [ WEDIFIOD + D" v el (:+(t—S))

j=1
where
v () = ew (@) ILy, F(5)|

m L
€ €

+ 2 oo [T {|Ly Ly FOD w72 an
=1 €

Proof We note that,

%/;F(yf)f(zimr:mi) ¢ /gf(zi)dr
— 8 é e t—S§ %

m L s
€ €
+2 5 ] araogna; e s dss:.
j: € €
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Letting ¥ (r) = ae™®", it is clear that for k > 2,

et
EI( =/ f(zr)dr—fF(y;))|f;”

< I flwW s = [T (r-5)ar
€ r—s o €

2

a
g”f”WW(ZY)

To the second term we apply Lemma 3.4 and obtain the bound

m 1 51
€ €
E1> — |, / dF (Y (y))et; (z5) f (25, dsads |

j=1
where
vl = Ly, FIGH] ew(@$)
+Z|oa|oo / E{|(LyLy, 0D ew (D) | F: | dr
Adding the error estimates together we conclude the proof. O

It is worth noticing that if ¢ : R — R is a concave function ¢ (W) is again a
Lyapunov function. Thus by using log W if necessary, we may assume uniform bounds
on EW?(z§) and further estimates on the conditional expectation in the error term are
expected from Cauchy-Schwartz inequality. If G is compact then cy is bounded. In
Corollary 5.3, we will give uniform estimates on moments of yej .

4 A reduction

Let G be a smooth manifold of dimension n with volume measure dx. Let H® =
H*(G) denote the Sobolev space of real valued functions over a manifold G and || — ||,
the Sobolev norm. The norm (||u||s)? := (27) ™" f 1) 12(1 +|£]?)°d& extends from
domains in R” to compact manifolds, e.g. by taking supremum over ||u ||y on charts. If
s € N, H* is the completion of C®° (M) with the norm ||u||y = Zj':o f(|Vju|)2dx)%
where V is usually taken as the Levi-Civita connection; when the manifold is compact
this is independent of the Riemannian metric. And u € H?® if and only if for any
function ¢ € C°, ¢u in any chart belongs to H®.
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Let {X;,i = 0,1,...,m'} be a family of smooth vector fields on G and let us
consider the Hérmander form operator Ly = % >, Lx,Lx, + Lx,.Let

A= {Xilv [Xi17 Xiz]a [Xilv [Xi27 Xi3]]a l/ =0,1,... ,m/}.

If the vector fields in A generate 7,G at each x € G, we say that Hormander’s
condition is satisfied. By the proof in a theorem of Hérmander [18, Theorem 1.1], if
Ly satisfies the Hormander condition then u is a C* function in every open set where
Lou is a C* function. There is a number § > 0 such that there is an § improvement
in the Sobolev regularity: if u is a distribution such that Lou € H , then u € Hlf;CL‘s.

Suppose that G is compact. Then |lu|ls < C(|lull;2 + [[Loull;2), the resolvents
(Lo + AI)~! as operators from L*(G;dx) to L?(G; dx) are compact, and Lo is
Fredholm on L?(dx), by which we mean that £ is a bounded linear operator from
Dom (L) to L*(dx) and has the Fredholm property: its range is closed and of finite co-
dimension, the dimension of its kernel, ker (L) is finite. The domain of L is endowed
with the norm |u|pom(zy) = 1|1, + [Loulr,. Let L denote the adjoint of £y. Then
the kernel N of Lj is finite dimensional and its elements are measures on M with
smooth densities in L2(dx). Denote N1 the annihilator of N, g € L%(dx) is in N+
if and only if (g, w) = 0 for all = € ker(L{)). Since Lo has closed range, (ker(ﬁ(*;))J-
can be identified with the range of Lo, and the set of g such that the Poisson equation
Lou = g is solvable is exactly N-. We denote by Ly !¢ a solution. Furthermore Ly e
is C" whenever g is C". Denote by index(Lp), dimkerLy — dim CokerLy, the index
of a Fredholm operator Lo, where Coker = L?(dx)/range(Lo). If L is self-adjoint,
index(Ly) = 0.

Definition 4.1 We say that L is a regularity improving Fredholm operator, if it is a
Fredholm operator and £ o is C” whenever « € C" N N-L.

Let {W,k, k=1, ..., m'} beafamily of independent real valued Brownian motions.
We may and will often represent Lg-diffusions (zf) as solutions to the following
stochastic differential equations, in Stratonovich form,

€ 1 < € k 1 €
dzf = G ;Xk(zt) o dW} + —Xo(z)dr.

Lemma 4.1 Let L be a regularity improving Fredholm operator on a compact man-
ifold G, ax € C3NN*, and Bj = Ealaj. Let (yy) be global solutions of (3.1) on M.
Then forall0 <s <t, e >0and f € C2(M; R),

FOD = FO9) +€ 2 @FYODIB) D) — df (B (5)
j=1

— > / Ly, Ly, f(y)ei(zf) Bj(zf) dr @0

ij=1"¢
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_‘/EZZ[E df (Y; () dBj(Xk(zp)) dWf.

j=lk=1"¢

tr
Suppose that, furthermore, for eache > 0, j,k =1,...,m, [ E|df(Y; (yf))|2|(d,3j
(Xk)(zﬁ)|2 dr is finite. Then,

E{r0DIF:} - 109
= e > E[ar (058 D|F: | - dr (6085
j=1
ey /XEE{LYiLij(yf))a,'(zﬁ) ﬂj(Zi)p‘—%} dr. 4.2)
ij=1"¢

Proof Firstly, for any C? function f : M — R,
m L
109 = 109 =3 [ dri 05 e Gnds:
j=1"¢

Since the «;’s are C 2 50 are f8 j» following from the regularity improving property of
Ly. We apply 1t6’s formula to the functions (Ly; f)B; : M x G — R. To avoid extra

regularity conditions, we apply 1td’s formula to the function df (Y;), whichis C I and
the C? functions g ; separately and follow it with the product rule. This gives:

aF OB ) = A (0B (26)
+Zﬁz LYiLij(yf)ai(Zi) ﬂj(zﬁ) dr
j=1"¢
L
+ﬁ k;/é Ly.ff(}’f)dﬁj(xk(zﬁ))dwrk

t

1 [«
+Z/ Ly, f(y7) LoBj(zy)dr.

Substitute this into the earlier equation, we obtain (4.1). Part (4.2) is obvious, as we
note that

2

E Zﬂ?df(Yj(yre))(d,Bj)(Xk(zﬁ)) dwk
k=1"¢€
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< 3B [ 0 OP BN P dr < o0
k=1

and the stochastic integrals are L2-martingales, so (4.2) follows. O

t
When G is compact, dB(X}) is bounded and the condition becomes: E f s dfy;

(s ))|2 dr is finite, which we discuss below. Otherwise, assumptions on E|dB (X
(z9)) [>T is needed.

5 Uniform estimates

If V: M — Ry is a locally bounded function such that lim, ,+ V(y) = oo we
say that V is a pre-Lyapunov function. Let ax € Bp(G; R). Let {¥;} be C! smooth
vector fields on M such that: either (a) each Y; grows at most linearly; or (b) there
exist a pre-Lyapunov function V e C!(M;R,), positive constants ¢ and K such
that ZZL] [Ly,V| < ¢+ KV then the equations (3.1) are complete. In case (a) let
0 € M and a be a constant such that |Y;(x)| < a(l + p(o, x)) where p denotes
the Riemannian distance function on M. For x fixed, denote p, = p(x, ). By the
definition of the Riemannian distance function,

t m t m t
p(yf,yo)s/o |y‘§|ds=2/0 |Yk<y§>ak<z§>|ds52|ak|oo/o %OO)lds.
k=1 k=1

This together with the inequality p(y;, 0) < p(yf, yo) + p(o, y5) implies that for all
p > 1, there exist constants C1, C, depending on p such that

sup pP (y€, 0) < (C1pP (0, y§) + Ca1)e"

s<t

where Cp = aPCf(ka=1 |tk loo)?. When restricted to {t < T}, the first time y;
reaches the cut locus, the bounded is simple CeC!. In case (b), forany g > 1,

m m
sup(V (y9)? < (V"(yé) +etg Y |ak|oo)exp (q D leloo (K + c>r),
s=t k=1 k=1
which followed easily from the bound

[V (Y| =gV~ dV (@Y < glaxloo(c + (c + K)VY).

For the convenience of comparing the above estimates, which are standard and
expected, with the uniform estimates of (y;) in Theorem 5.2 below in the time scale
é, we record this in the following Lemma.

Lemma 5.1 Letay € By(G;R). Lete € (0,1),0<s <t,w € Q.
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1. If {Yy} grow at most linearly then (3.1) is complete and there exists C, C(t) s.t.

sup pP (¥ (@), 0) < (Cp” (0, y§(@)) + C(1))e D,

0<s<t

2. If there exist a pre-Lyapunov function V€ C'(M;R,), positive constants ¢ and
K such that Z’;’:l [Ly;V| < ¢+ KV, then (3.1) is complete.

3. If (3.1) is complete and there exists V € C'(M;R.) such that 2Ly, V] <
¢ + KV then there exists a constant C, s.t.

sup (V(y5 (@) < (V5 (@) + Crye®.

0<s<t

If V € B(M;R) is a positive function, denote by By, the following classes of
functions:

,
By,=1fe€C (M;R): Z |d’ f| < ¢+ ¢V for some numbers ¢, g § . (5.1)
j=0

In particular, By is the class of continuous functions bounded by a function of the
form ¢ + cV4. In R”", the constant functions and the function V (x) = 1 + |x|* are
potential ‘control’ functions.

Assumption 5.1 Assume that (i) (3.1) are complete for every € € (0, 1), (ii)
sup, E (V(yg))q is finite for every ¢ > 1; and (iii) there exist a function V €
C2(M ; R4), positive constants ¢ and K such that

m m
DLy, VI<c+KV. > |LyLyV|<c+KV.
j=1 i,j=1

Below we assume that L satisfies Hormander’s condition. We do not make
any assumption on the mixing rate. Let 8; = Ealaj, ar = 2 1Bjlec, a2 =

2=t liloolBjloos az = 2211 |dBjlec, and as = 3741, | Xk |2,. We recall that if oy
and Ly satisfy Assumption 6.1 then Ly is a regularity improving Fredholm operator.

Theorem 5.2 Let Lo be a regularity improving Fredholm operator on a compact
manifold G, and o, € C3(G;R) N Nt. Assume that Yy satisfy Assumption 5.1. Then
for all p > 1, there exists a constant C = C(c, K, a;, p) s.t. forany 0 < s <t and
all € < €,

E[ sup (V(y))?P | Fst < @V (y$) + C(t — 5)* + C)eC—sHD . (52)

s<u<t € €

Here ¢y < 1 dependsonc, K, p,ayandV,Y;,Y;.
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Proof Let0 <s <t.Weapply 4.1)to f = V7.

VPG = VPGS +e 2 dVI ()R — € D dVI (Y ())B; (5)
Jj=1 j=1

m 1
ey / Ly, Ly, VP (5)ai () Bj (<5 dr

ij=1"¢

P t m
—ﬁZ[ D AVP X OEEB (X (E5) dW.
k=1"¢ j=1

In the following estimates, we may first assume that Z;": i ILy; V]and ZT./:l ILy;
Ly, V| are bounded. We may then replace ¢ by ¢ A1, where 1, is the first time that either
quantity is greater or equal to n. We take this point of view for proofs of inequalities
and may not repeat it each time.

We take the supremum over [s, ¢] followed by conditional expectation of both sides
of the inequality:

m

E[ sup VP (y%) | fg] <VP(y$)+e€E] sup dVP (Y (y))B; (%) | Fs
1

s<u<t € ssustj

— ZdVP(Yj()’E)),Bj(ZEAE‘)

J=1

u - m
+€E 1 sup / > Ly, Ly, VP (yf) ai(z) B;(z5) dr | s
S<u<t R —
- i,j=1

u m

+/€E { sup ZfZdVP<Y,-<yf>)(dﬁj>(xk(zi>>dwr" | Fs
k=1"¢ j=1

s<u<t

By the conditional Jensen inequality and the conditional Doob’s inequality, there exists
a universal constant C depending only on p s.t.,

E[ sup V2P(y%) | fg]

s<u<t €

m
<4V (y) +4€°E [ 1D 1Bjloo sup [dVP(Y; (v | Fe
€ = s<u<t €
2

+4e? [ D 1B)locld VP (X ()]
j=1
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2
+8¢(t — 5)E / > latiloolBjloo [Ly; Ly, VP (35)| ar | | Fs
€ ij=1
P Lm ’
+C X ELe [T IS avrasonas) ()| ar| 7
k=1 ¢ |j=1

Since Zj ILy;V] < ¢+ KV and Z{szl ILy,Ly,V| < ¢+ KV, there
are constants c¢; and Kj such that max;—i |Ly].VP| < ¢; + K1VP and
max; j=1,..m |Lyl.LYjV1’| < c1 + K VP, This leads to the following estimate:

E[ sup V2P (%) |f§]

s<u<t

<4V () + 8¢%(ar)? (2(c1>2 +(K1)’E [ sup V2P (y%) | f%] + (Kozvzf'(y.i))

S<u<t

+16(a2)*(t — 5)e / 2 (€ + @& E{vron | 7)) ar

+C@are [Ef(e+xivron) | £] ar

€

Leteg = min{ﬁ, 1}. For € < ¢,

1
EE[ sup V2P (y%) | f;}

s<u<t

< 4V2P(y$) 4+ 16€%(aic1)* + 16(t — 5)*(azrc1)? + 4C (azasct)>(t — s)

+(16(a2K1)* (1 = 5) +4C (a3a4K1)?)e / CE{Vron | £ ar
It follows that there exists a constant C such that for € < ¢g,

E[ sup V0L |7 ] < @V (5) + Ct — )7 4 C)eClsHD,

S<u<t €
O
Remark If M = R", Y; are vector fields with bounded first order derivatives, then ,og
is a pre-Lyapunov function satisfying the conditions of Theorem 5.2, hence Theorem

5.2 holds. Let us recall that By , is defined in (5.1).

We return to Lemma 3.5 in Sect. 3 to obtain a key estimation for the estimation in
Sect. 8. Let us recall that By - is defined in (5.1).
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Corollary 5.3 Assume (3.1) is complete, for every € € (0, 1), and conditions of
Assumption 3.1. Let V. € B(M; R.) be a locally bounded function and €y a posi-
tive number s.t. for all ¢ > 1 and T > 0, there exists a locally bounded function
Cy : Ry — Ry, areal valued polynomial Ay such that for 0 < s <t < T and for all
€ =€

sup E{Vq(y ) ]]—'v} < C) +CyA (VD). sup E(VI(§)) < oc.

S<u<t 0<e<ep
(5.3)

Let h € By(G; R). If f € By, is a function s.t. Ly;f € Bvoand Ly Ly, f € By
forall j,1 =1,...,m, thenforall0 <s <t,

€

< [Te{roomeolE ) dr - 105

€2
< Clhlooye (¥%) (— + (= S))

Here ¢ is a constant, see (5.4) below, and
ve =] +Z|LY fl+ Z / Ly Ly, FGOI | 7 | ar

Foralls < tand p > 1,

sup sup E(J/e()’ NP < oo.

s<u<t e<e

More explicitly, ifZ;'.’:l > Ly, Ly, fl < K + KV¥ where K, q are constants,
then there exists a constant C (t) depending only on the differential equation (3.1) s.t.

m
ve < IfI+ D ILy, fl+ K +C)Ve.
j=1

Proof By Lemma 3.5,

€

— / E{fOORE)|F: | dr =k £(55)

m 2
, €
+ZVE]|05j|oo (:4'(1—5)),

2a 6 ¢
= Sl [ WED |09
j=1
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where
v () = ew(@) 1Ly, fOO)]

+Z|oa|oo—/ [[LLy, FOD] ew | 72} ar

Since W is bounded so is ¢y, which is bounded by 2c¢(a, §)|W|oo. Furthermore

E{I1Ly Ly, fODlew @) | o | dr < 2@, ) WIkE {ILy Ly, fGOI | F: | d.

We gather all constant together,

_ 2a m m
c=7|W|w+2c<a,6)|W|m];1|a/|oo+2 jz_;mnoo . (4

It is clear that,

€
t —

Ig B 2
/ E{OORGDIF: dr —h fO9)] = Eyelhlos (6—+(r—s>).
N s € € t—s

Since f, Ly, and Ly Ly, f € By, by (5.3), the following quantities are finite for all
p=>1

sup sup E|(Ly,Ly; f)(yu)l” sup sup E|Ly; f(yu)lf’ sup sup Elf(y ).

€<€g S<u=<t €<€) S<u=<t €<€) S<u=<t

Furthermore since ZT:I > ILy,Ly; fl < K + KV4,

2.2 tis /;E{ILYILY,f(yf)I | fg}d" <K+ COHVIGI).

j=11=1

Consequently, ye < |f]+ Z';’:l Ly, f1+ K + C(t)V¥, completing the proof. O

6 Convergence under Hormander’s conditions

Below inj(M) denotes the injectivity radius of M and py, = p(y, -) is the Riemannian
distance function on M from a point y. Let o denote a point in M. The following
proposition applies to an operator Ly, on a compact manifold, satisfying Hormander’s
condition.

Proposition 6.1 Let M be a manifold with positive injectivity radius and €y > 0.
Suppose conditions (1-5) below or conditions (1-3), (4’) and (5).
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(1) Lo is a regularity improving Fredholm operator on L*>(G) for a compact manifold
G;

(2) fax} C CP°NNY;

(3) Suppose that for € € (0, €9), (3.1) is complete and sup, -, Ep (5, 0) < o0;

(4) Suppose that there exists a locally bounded function V s.t. for all € < €y and for
any0 <s <u <t,andforall p > 1,

EV () <o, sup (VOO | Fef < K+ KV (D)

S<u<t

where ¢y = co(p), K = K(p,t), and p' = p'(p, t) is a natural number; K, p’
are locally bounded in t.
(4°) There exist a function V€ C*(M; Ry), positive constants ¢ and K such that

m m
DULy,VI<c+KV, D |LyLyV|<c+KV.
j=1 i,j=1

(5) For V in part (4) or in part (4), suppose that for some number § > 0,

|Yjl € Bvoo sup |Ly,Ly;py(-)| € By.
p(y,)=é

Then there exists a distance function p on M that is compatible with the topology of
M and there exists a number a > 0 such that

S YY)
sup Esupf —— |} < o0,

e<eg  s#t \ [E—s8[¥
and forany T > 0, {(y5,t <T),0 <€ < 1} is tight.

Proof By Theorem 5.2, conditions (1-3) and (4’) imply condition (4). (a) Let § <
min(1, %inj(M )).Let f : Ry — R, be a smooth convex function such that f(r) = r

when r < % and f(r) = 1 when r > §. Then p(x, y) = f o p is a distance function
with o < 1. Its open sets generate the same topology on M as that by p. Let §; be a
solution to LoB; = ;. Forany yo € M, |Ly; p*(y0. )| < 2|Y;(-)|. Since |Y;| € Byo,

t
I E|Lyj,5|(yf)|2dr < 00. We may apply (4.2) in Lemma 4.1,
E{7055%) | 71

= Z (E {(L}’_,-ﬁz(yg, )’E)) /3/'(22) ‘ 5’-"5} — (Ly_”52(y§’ .))(yg) ﬂj(ZE))
j=1
—> [EE{@y,-Lyjﬁz(y;yf)) @i () B | Fs| .

ij=1"¢
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In the above equation, differentiation of (,5)2 is w.r.t. to the second variable. By con-
struction 4 is bounded by 1 and |Vp| < |Vp| < 1. Furthermore since o are C 3
functions on a compact manifold, so B; and |B;| are bounded. For any yo € M,
Ly;p(y0, ) = ¥'(0y) Ly; py,- Thus

{2y, 205500 81D | Fe}| = 1811E {505y 1,001 | 72
Recall 6 < 1 and there are numbers K and p; s.t. [Y;| < K1 + K1 VP!, s0
E{1,001| 2} = K1+ KE{y7 (D) | 7} < Ki+ KiK(pr.pv? 00 ).

Letg; = K1 + K K(pl)Vl’,(l’l’t), it is clear that g1 € By . We remark that,

Ly,Ly, (%) = (f*)"(p)(Ly,p)(Ly,;p) + (f2)(p)Ly,Ly,p.

By the assumption, there exists a function g € By g s.t.
E{7208 y)IF: | = 22000€ + 820000t = 9).

For € > \/t — s, it is better to estimate directly from (3.1):
m r
{20500 | 7] = 3 [ E[260850Lns08 e | 7]
€ k:] E € € € €

=< 2]okloo Zﬁe E{|Yk(yf)| } .7:2} dr < g3(y§) (t%s)
k=1"¢

where g3 € By . We interpolate these estimates and conclude that for some function
g4 € By o and a constant c the following holds: E{5?(y¢, y$) | 7:% } < (t—9)ga(y$).

There is a function g5 € By g s.t.
E5% (5. ¥5) < Egs(5§)(t =) < c(t =),

In the last step we use Assumption (4) on the initial value. By Kolmogorov’s criterion,
there exists o > 0 such that

P25, %)
supEsup | ——— | < o0,
€ SFEL |t —s]*

and the processes (y§) are equi uniformly Holder continuous on any compact time
interval. Consequently the family of stochastic processes {y$,0 < € < 1} is tight. O

€
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If Ly is the Laplace—Beltrami operator on a compact Riemannian manifold and = its
invariant probability measure then for any Lipschitz continuous function f : G — R,

1 /! 2 .
\/E (;/0 f(Zs)dS—/fdﬂ') < C(||f||0sc)$_ ©.1)

where || f || osc denotes the oscillation of f. If Ly is not elliptic we suppose it satisfies
Hormander’s conditions and has index 0. The dimension of the kernel of L equals
the dimension of the kernel of L. Let {u;,i = 1, ..., ng} be a basis in ker(Lg) and
{mii = 1,...,no} the dual basis for the null space of Lj. For f € L*(G;R) we
define f = Zl  ui{f, ;) where the bracket denotes the dual pairing between L>
and (L2)*.

Lemma 6.2 Suppose that (z;) is a Markov process on a compact manifold G with
generator Ly satisfying Hormander’s condition and having Fredholm index 0. Then
for any function f € C"(G;R), where r > max {3, % + 1}, there is a constant C
depending on |f|%+1, s.t.

1 2\’ . 1
\/E (:/A f(Zr)dr—f) =< C(||f—f||%+1)ﬁ- (6.2)

Proof Since (f, m;) = (f, ), f— f € Nt.By working with f — f we may assume
that f € N+ and let g be a solution to Log = f. By Hormander’s theorem, [18], there
is a positive number 8, such that for all u € C*° (M),

lulls+s = CUlLoulls + llulizy)-

The number § = 2' =¥ where k € A is related to the number of brackets needed to
generate the tangent spaces.

Furthermore every u such that || Lou|s < oo must be in H®. If s > 5 + 1, H' is
embedded in C! and for some constant ¢;,

gleron < et lglzpire < 2 (e + 181 < 3 1 Fllasr.

Recall that £y = 2721 Lx,Lx; + Lx,. Let {W,j, j =1,...,m'} be independent one
dimensional Brownian motions. Let (z;) be solutions of dz; = ij;l Xj(z)od Wtj .
Since f is C2,

/ fzp)dr = — (g(zt) —g(zs)) — —— Z (dg(Xj))(zr)der

j=1"*
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We apply the Sobolev estimates to g and use Doob’s L? inequality to see that for 7 > 1
there is a constant C such that,

L P4 s s L 2 2
E(:/Y f(Zr)dr) < l‘_2|g|00+ =) ]Z:;/S (Eldg(z)I71X j(zr)7)dr

/

&m’ 1
(Igle)? + ——(1dgh% X X% = Clll fllg1) —

J=1

4
<
~(t—s)?

m}

We remark that a self-adjoint operator satisfying Héormander’s condition has index
Zero.

Lemma 6.3 Suppose that Lg satisfies Hormander’s condition. In addition it has Fred-
holm index 0 or it has a unique invariant probability measure. Letr > max {3, 5 + 1}.
Let h : M x G — R be such that h(y,-) € C" for each y and that |h|oo
sup, |h(-, 2)|Lip + sup,, |h(y, )lcr < oo. Let s < t be a pair of positive numbers,
and F e BC (C([0, s]; M) — R). For any equi -uniformly continuous subsequence,
(y ), of (y ) that converges weakly to a continuous process y. as n — 09, the

followmg convergence holds weakly:
F(yé")/ O, 2 )du — F(y)/ h(3us du

where h(y,-) = >0 ui(h(y, "), 7).

Proof For simplicity we omit the subscript n. The required convergence follows from
Lemma 4.3 in [25] where it was assumed that (6.1) holds and Ly has a unique invariant
measure for . It is easy to check that the proof there is valid. We take care to replace
fG h(y, z)du(z) in Lemma 4.3 there by Zl L ui(h(y, ), m;). We remark that by the
regularity improving property each u; is smooth and therefore bounded. In the first part
of the proof, we divide [s, ¢] into sub-intervals of size €, freeze the slow variable (y$)

on [#, tx+1], and approximate 2 (y% , 2% ) by h(yS, , 2% ) on each sub-interval [, fx+ 16].

This approximation is clear: the computation iseexactly as in Lemma 4.3 of [25] and
we use the uniform continuity of (y;), the fact that ||~ and sup, |h(-, z)|Lip are finite.
The convergence of

k-1

fk;l h()’tk,Zu)du - Atkzu h(yfk 1° ) 7Tl)

€ i=1

follows from the law of large numbers in Lemma 6.2. The convergence of
no no t
S A D i m) = Do [ 5. m)d
e i=1 € i=1 /s ‘
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is also clear and follows from the Lipschitz continuity of 4 in the first variable and the
equi continuity of the y© path. Finally denote by y[eo‘ 51 the restriction of the path ye

to the interval [0, 5], the weak convergence of 2721 Uj F(y[fo’s]) f; (h(y%, ), mi)du to
the required limit is trivial, as explained in Lemma 4.3 of [25]. ‘ O
Assumption 6.1 The generator L satisfies Hormander’s condition and has Fredholm

index O (or has a unique invariant probability measure). For k = 1,...,m, oy €
C™(G; R) N N+ for some r > max{3, % + 1}

If Ly is elliptic, it is sufficient to assume o € B (G; R), instead of oy € C".
Theorem 6.4 If Lo, ax, (yy) and |Y;| satisfy the conditions of Proposition 6.1 and

Assumption 6.1, then (y$) converge weakly to the Markov process determined by the

Markov generator

m

no
Z jLy,Ly;, @iBj= > upleiBj, ).
b=1

Proof By Proposition 6.1, {(y¢,r > 0)} is tight. We prove that any convergent

€
sub-sequence converges to the same limit. Let €, — 0 be a a monotone sequence
converging to zero such that the probability distributions of (y ) converge weakly,

on [0, T'], to a measure . For notational simplicity we may assume that {(y$, > 0)}

converges to (L.

Let s < t, {B} the canonical filtration, (¥y) the canonical process, and Y[ 4] its
restriction to [0, s]. By the Stroock—Varadhan martingale method, it is sufficient to
prove f(Y;) — f(¥s) — fst Ef(Yr) dr is a local martingale for any f € CI°<°(M). By
(4.1), the following is a local martingale,

FOD = FO9) =€ 2 @F(GODIB;ED) +df (VB (5)
j=1

e Z/ Ly, Ly, F i () B(5) d.

i,j=1

Since the third term converges to zero as € tends to zero, it is sufficient to prove

lim E EZ/ LyLy,f(yr))ozl(z)ﬂj(z)dr—/ Lf(y ) dr |]-"v =0.

e—0
i,j=1

This follows from Lemma 6.3, completing the proof. O

Corollary 6.5 Let p > 1 be a number and suppose that p? € By . Then, under
the conditions of Theorem 6.4 and Assumption 5.1, (y<) converges in the Wasserstein

p-distance on C([0, t]; M).
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Proof By Theorem 5.2, sup, ., E sup,, p? (0, y5) < oo. Let W), denote the Wasser-
stein p distance: ‘

Wy, n2) = (inf/ sup p(oi(s), Uz(S))d/t(O'l,Uz)) "
M

xM s=t

Here the infimum is taken over all probability measures on the path spaces C ([0, t]; M)
with marginals @1 and uy. Note that C([0, ¢]; M) is a Banach space, a family of
probability measures p, converges to i in W, if and only if the following holds: (1)
itconverges weakly and (2) sup,, f sup, -, p¥ (0, 02(s))d ,(02) < o0o. The conclusion
follows. - O

7 A study of the semigroups

The primary aim of the section is to study the properties of P; f for f € By , where
Py is the semigroup for a generic stochastic differential equation. These results will
be applied to the limit equation, to provide the necessary a priori estimates. Theorem
7.2 should be of independent interest, it also lead to Lemma 7.5, which will be used
in Sect. 8.

Throughout this section M is a complete smooth Riemannian manifold. Let Y
be C° and {(Ye,k=1,...,m} be C° smooth vector fields on M, {B,k } independent
real valued Brownian motions. Let (®;(y), # < ¢(y)) be the maximal solution to the
following equation

m
dye =D Ye(yn) o dBf + Yo(y)dt (7.1)
k=1
with initial value y. Its Markov generator is Lf = % iy Ly,Ly, f + Ly, f. Let
7= % > Vi, Yi + Yo be the drift vector field, so

] m
Lf= E;w]f(yk, Yi) +df(2). (7.2)

If there exists a C3 pre-Lyapunov function V, constants ¢ and K such that LV <
¢ 4+ KV then (7.1) is complete. However we do not limit ourselves to Lyapunov
test for the completeness of the SDE. Let us denote | f|, = > ;_, |[VEDdf| and
[flroo = Dpeq |[V&=Ddf| . The following observation is useful.
Lemma 7.1 Let V € B(M; R) be locally bounded.

o Suppose that Z?I:l |Y;| € By,oand|Z| € By,. Thenif f € By, Lf € By.

If f € BC? |Lf] < | 12,00 F1 where Fy € By, not depending on f.
e Suppose that

m
DY+ VY1 + IVPY,D) € Byo, |ZI+IVZ|+VPZ| € By .
j=1
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If f € By, L2f € Byo. If f € BC* |Lf| < | f|4.00 F> where F; is a function
in By o, not dependent of f.

Proof That Lf belongs to By follows from (7.2). If f € BC2, |[Lf] <
(11200 G4y |Yx|2 + |Z|). For the second part we observe that L2 f involves at
most four derivatives of f and two derivatives of Y and Z where j =1,...,m. O

Let d®,(v) denote the derivative flow in the direction of v € T, M. It is the deriv-
ative of the function y — ®;(y, w), in probability. Moreover, it solves the following
stochastic covariant differential equation along the solutions y; := ®;(yp),

m
Dv, = > Vy,Yi 0 dBf + V, Yodt.
k=1
Here DV, := //,(y.)d(//l_l(y.)V,) where //;(y.) : TyyM — Ty, M is the stochastic par-

allel transport map along the path y.. Denote |d ®|y, the norm of d ®;(yo) : TyyM —
Ty,M.For p >0,y € Mandv € TyM, we define H,(y) € L(TyM x TyM; R) by

(VY
Hy (1) (v, v) = Z|Vyk(v)| +(p - 2)2 ’ﬁ;” +2(VZ(v). v).

Let Qp(y) = supy, =1} Hp(y)(v, v). Its upper bound will be used to control |d d;|y.

Assumption 7.1 The Eq. (7.1) is complete. (i’) and (ii), below hold.

(i) There exists a locally bounded function V € B(M; R), s.t. for all ¢ > 1 and
t < T, there exists a number C,(¢) and a polynomial A, such that

Sg};E(IV(Cbs(y))Iq) = Cg(0) + C4(0)ag (V(y)). (1.3)

(i’) There exists V € C3(M; R ) and constants ¢ and K such that
LV <c+KV, |Ly,VI<c+KV, j=1,....m,

(ii) Let V=1+ In(1 + |V|). For some constant c,

m
S IVHP < eV, sup (VZ(@), v) < cV. (7.4)
k=1 lvl=

Remark Suppose that (7.1) is complete. Since LVY = qVI7'LV + q(q —
DV9=2|Ly, V|, (") implies (i). In fact, Esup,_, (V(y))? < (EV(y0)? + cq’t)

2
e(c+K)q t

Recall that (7.1) is strongly complete if (¢, y) +— &, (y) is continuous almost surely
on [0, t] x M forantt > 0.
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Theorem 7.2 Under Assumption 7.1, the following statements hold.

1. The SDE (7.1) is strongly complete and for everyt < T, ®,(-) is C*. Furthermore
for all p > 1, there exists a positive number C(t, p) such that

E (sup |d<1>s<y)|P) < C(t, p) + C(t, p)VE-P(y). (7.5)

s<t

2. Let f € By.1. Define §P;(df)) = Edf(d®,(-)). Then d(P, f) = §Pi(df) and
|d(P: f)| € By,o. Furthermore for a constant C(t, p) independent of f,

1P, )] = E (1df lag )\ €@, p)(1+ VEED ().

3. Suppose furthermore that

m 3 2
> > IV@yiieBvo. D IV®Yol € By

j=1a=0 a=0
Then, (a) E sup,, |Vdd,|(y) € By.o; (b) If f € By, then P; f € By, and

(VAP f)(ur,uz2) = EVdf(d®:(u1), dP;(u2)) + Edf (Vy dP; (u2)).

Furthermore, (¢) “0.L = P,L f, and L(P, f) = Pi(L ).

4. Let r > 2. Suppose furthermore that

r r+1 m
DIVO¥l € Bro. DD IV@Yi € By,
a=0 a=0 k=1

Then Esupsit(lv(r’l)dclmy)2 belongs to By o. If f € By, then P;f € By ,.
Proof The statement on strong completeness follows from the following theorem, see

Theorem 5.1 in [22]. Suppose that (7.1) is complete. If V is a function and ¢y a number
such that for all + > 0, K compact, and all constants A,

! m
sup E exp (x / V(d%(y))ds) <00, > IVhP <V, h,<6pcV. (7.6)
yeK 0 k=1

then (7.1) is strongly complete. Furthermore for every p > 1 there exists a constant
c(p) such that

t
E (SUP |d @ (y)l”) =c(p)E (GXP (6172/0 V(@ (y))dS)) : (1.7)

s<t
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Since Y; are CY, then for every t, ®;(-) is C* 1tis easy to verify that condition (7.6)
is satisfied. In fact, by the assumption @p < 6pc\7. Take V = 1 + In(1 + |V|) then
forp > 1,

t
E (exp (6p2 /0 V(qn(y))ds)) < C(t, p)+Ct, p(VEEP (y)) < 0.

This proves part (1).
For part (2) let f € C'. Then y > f(®;(y, w)) is differentiable for almost every
w.Leto : [0, fo)] = M be a geodesic segment with o (0) = y. Then

[(@i(og, @) = f( @y, @) _ 1 / 2t oo o0y dr
s s Jo dr

Since E|d®;(y)|? is locally bounded in y, r — E|d®;(o,, w)| is continuous and
the expectation of the right hand side converges to Edf (d®,;(c(0)). The left hand
side clearly converges almost surely. Since E|df (d <I>t(y))|2 is locally bounded the
convergence is in L'. We proved that d(P; f) = 8 P,(df). Furthermore, suppose that
ldf| < K+ KV1,

(PPl < \JE(dflog () [EId 52

< 2K 4+ 2K2EV2 (@5 (1)) e(p)C (1, p) + c(p)Ct, p)(VEED (y)).

The latter, as a function of y, belongs to By .
We proceed to part (3a). Let v, w € TyM and U; := Vd®,(w, v). Then U, satisfies
the following equation:

m m
DU, = Z V@Y (dd,(v), dd;(w)) o dBF + Z VY (U;) o dBF
k=1 k=1

+ V@Y d P (v), dD,(w))dt + VYo(Up)dt.

It follows that,

m
AU =2 (VOV(dD (v), dD; () 0 dBf + VP Yo (d D, (v), dD; (w))dt, Uy)
k=1

m
+( D VYU 0 dBf + VYy(Uy)dt, Ut> :
k=1

To the first term on the right hand side we apply Cauchy Schwartz inequality to split
the first term in the inner product and the second term in the inner product. This gives:
C|U,|? and other terms that does not involve U;. The Stratonovich corrections will
throw out the extra derivative V@Y, which does not involve U,. The second term
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on the right hand side is a sum of the form > ;" (VYx(U;), U;)d Btk for which only
bound on | VY| is required, and

<Z VOV (Ye, Up) + VYo(U)), U,> = (VZWU), Us) - <Z VY (Vu, Vi), Ut>.

k=1 k=1

The second term is bounded by

> VYV, ), Ui)
k=1

m
=S AR
k=1

By the assumption, there exist ¢ > 0, g > 1 such that, forevery k = 1, ..., m,
VY| < V,IV2Yj| <c4 eV VOV <c4 eV, (VuZ,u) < (c+ KV)|ul.

There is a stochastic process Iy, which does not involve Uy, and constants C, g such
that

t t
E|U, | §E|Uo|2—|—/ EI,dr—i—/ CEVY(y)|U,|*dr.
0 0

By induction I, has moments of all order which are bounded on compact intervals.
By Gronwall’s inequality, for r < T,

T t
E|U,|* < (E|Uo|2 +/ Elrdr) exp (c/ Vq(yf)dr).
0 0

To obtain the supremum inside the expectation, we simply use Doob’s L? inequality
before taking expectations. With the argument in the proof of part (1) we conclude
that E sup, ., [Vd g 12(y) is finite and belongs to By .

Part (3b). Let f € By . By part (1), d(P; f) = Edf (d®,(y)). Letuy, us € WM.
By an argument analogous to part (3), we may differentiate the right hand side under
the expectation to obtain that

(VAP f)(ur,uz) = EVdf(d®i(u1), d®;(uz)) + Edf (Vi d®;(u2)).

Hence P; f € By . This procedure can be iterated.
Part (3¢). By 1t6’s formula,

mn t t
FO0=FOo0+> / df (Ve )dBE + / L Gnydr.
k=1 N N

Since df (Yx) € By, the expectations of the stochastic integrals with respect to the
Brownian motions vanish. Since L f € By o by part (3), £ f(y,) is bounded in L. 1t
follows that the function r — EL f (y,) is continuous,
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lim BSO0) —Ef ()
m

—>s r—s

= E‘Cf(ys)

and we obtain Kolmogorov’s backward equation, %PX f = Py(Lf). Since Py f €

By o, we apply the above argument to P f, and take ¢ to zero in M and

obtain that s Ps f = L(Py f). This leads to the required statement LPs f = P;Lf.
Part (4). For higher order derivatives of ®, We simply iterate the above procedure

and note that the linear terms in the equation for o |Vk Ydd, (uy, ..., ux) |2 are always
of the same form. O

Remark 7.3 With the assumption of part (3), we can show that for all integer p,
Esup,_, |[Vd®,|} € Byo.

If we assume the additional conditions that

m
VYol <cV, D IVOXIN] < eV,
k=1

the conclusion of the remark follows more easily. With the assumptions of part (5) we
need to work a bit more which we illustrate below. Let U; = Vd ®; (w, v). Instead of
writing down all term in |U;|? we classify the terms in |U;|? into two classes: those
involving U, and those not. For the first class we must assume that they are bounded
by ¢V for some c. For the second class we may use induction and hence it is sufficient
to assume that they belong to By . The terms that involving U; are:

m

VYU, D VOV, U + VYo(Un).
k=1

The essential identity to use is:

m

Zv@Yk(Yk, Up) + VYo(Un) = VZU) = D VY (VY (U)).
k=1 k=1

We do not need to assume that the second order derivatives |V Y ||Yx| < ¢V, it is
sufficient to assume that for |VYk|2 and VZ forall k = 1, ..., m. With a bit of care,
we check that only one sided derivatives of Z are involved.

For example we can convert it to the p = 2 case,

p _ p _ 1 -
dlUL|" = (U1 N od|U;* = S1u? 2d|U,|p+Zp<p— DU~ (d|U ).

By the first term §|U, |P=2d|U;|” we mean that in place of d|U;|? plug in all terms on
the right hand side of the equation for d|U;, |2, after formally converting the integrals
to Itd form. By (d|U;|*) we mean the bracket of the martingale term on the right hand
side of d|U;|?. It is now easy to check that in all the terms that involving U,, higher
order derivatives of Y; does not appear, except in the form of |U,|? -2 (Vu,Z,U).
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Remark 7.4 Assume the SDE is complete. Suppose that for some positive number C,

5 4
iz Py <c. D vy =c.

k=1 k=0 k'=0

Then for all p > 1, there exists a constant C (¢, p) such that

E (Sup qu%(X)I”) <C(, p).
s<t
Furthermore the statements in Theorem 7.2 hold for r < 4.

Recall that | |, = > IV&Vdf| and | flr00 = D ey IVEDdf |0

Lemma 7.5 Assume Assumption 7.1 and

4 5 m
> IV®Yol € Bvo, DD IV@Yil € Byo.
a=0

a=0 k=1

Then there exist constants q1,q> > 1, ¢1 and ¢ depending on t and f and locally
bounded in t, also functions y; € By o, Ag; polynomials, such that for s < t,

1P f(30) = Ps fo)| < (1 = s)e1(1+ Ag, (V(30))), [ € Bva

|Pf(y0) = Py f(0) — (t — )Py (LLY0)| < (1 —5)2c2(1 + hg, (V(30))), f € By
1P f(30) = Ps fO0)| < (t — $)(1 + | flo,00)v1(00),  Vf € BC?

|Prf (50) — Py f (o) — (t — $)Ps(LHGO) < (¢ — >+ | flac)y2(yo), Vf € BC.

Proof Denote y; = ®,(yp), the solution to (7.1). Then for f € Cc?,

t m t
P f(y0) = Py f(30) + / P(Lf)(yo)dr + > E ( / df(Yk(m)dBf).
N k:1 N
Since |Ly, f| < |df|eolYk| and |df|, Y; belong to By o, by Assumption 7.1(i),
fot E|Lykf|§rdr is finite and the last term vanishes. Hence |P; f (yo) — Ps f (yo)| <

J! Py, (Lf)(yo)ds>. By Lemma 7.1, Lf € By, if f € By,. Let K, q be s.t.
ILfl <K+ KV,

/ Py (L) (o) ldsa < /O (K + KEVY (0, (y0)))ds2.

By the assumption, we see easily that 213(:0 V@z| e By.o. By Assumption 7.1,
sups<; E(JV (@5 (y0)|7") < Cy, (1) +Cy, (t)A4,(V (y0)) and the first conclusion holds.
We repeat this procedure for f € C* to obtain:
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P; f(yo) — Ps f(3o)

t r
=/ (Ps(ﬁf)(yoH—/ Py, (L2 ) (y0)dss2 +
s K k

m

t
E / (Lyku:f))(ysz))dsz)dsl.
1 s

The last term also vanishes, as every term in Ly, £ f belongs to By . Indeed

Ly Lf =Y VOdf (Y. Yi.Y) +2 > Vdf(VyYi, Y;) + Vdf (Y, Z)

1 1

+ > df (VY (Ve Yy) + VYi(Vy, Yi + Vy, Y0)).

1

This gives, for all f € By 4,

[P f(yo) = Ps f(yo) — (t =) Ps(Lf)(yo)| =

t 51
/ / Py (L2 ) (yo)dsads |
b (7.8)
Let g», K be numbers such that |£% f| < K + K V. Then,

sup Py (L7 £)(30) < K + KE (V(3)® < K + Cgy (1) + K Cyy (1) g, (V (30)).-

s<t

Consequently, there exist a constant ¢ (?) s.t.

|Pr f(0) — Ps f (y0) — (t — ) Py(LLYY0)| < (¢ — 5)*calt, K, @) (1 + Agy (V (30)))-

completing the proof for f € By and By 4. Next suppose that f € BC?. By Lemma
71 LS| < |flacoF1s and [£2f| < | flacoF2 if f € BC*. Here Fi, F» € By
and do not depend on f. We iterate the argument above to complete the proof for
f € BC*. o

8 Rate of convergence

If Lo has a unique invariant probability measure 7 and f € LY(G,dm) denote f =
fG fdm. Let L = — Zfrszl ozi,Bij[Lyj. Let {a,é, i,k =1,..., m} be the entries in

a square root of the matrix (—a; ;). They satisfy ka=1 o,iakj = (—«a;B;) and are
constants. Let us consider the SDE:

dy, = Z( a,imm)odB,’& (8.1)
1

k=1 \i=

where {Btk} are independent one dimensional Brownian motions. Let

m m
Yo=Y 0lYi(v), Z= D —aiB;VrY.

i=1 i,j=1
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The results from Sect. 7 apply. Recall that Ly = %Zf’zl Lx,Lx; + Lx, and (z})
are L€ = %Eo diffusions. Let ®¢(y) be the solution to the SDE (1.5): y; =
Do ek (Z) Y (yf) with initial value y.

Assumption 8.1 G is compact, Yy € C3(I'TM), and Y;, € CO(T'TM) for k
1, ..., m. Conditions (1)—(5) below hold or Conditions (1), (2’) and (3-5) hold.

(1) The SDEs (3.1) and (8.1) are complete.

(2) V € B(M; R,) is a locally bounded function and €( a positive number s.t. for all
g > land T > 0, there exists a locally bounded function C; : Ry — R, areal
valued polynomial A, such that for0 <s <t < T and forall € < ¢

sup E V(@5 (1) [F2] = €0+ C,0n (V@S ). (82)

s<u<t

(2’) There exists a function V € C3(M; Ry) st for all i,j € {1,...,m},
ILy,Ly;V|<c+ KV and|Ly,V|<c+KV.
(3) For V defined above, let V=1+ In(1 + |V|). Suppose that

4 5 m
D IV®Yol € Bvo. DD IV@Yil € By,
a=0

a=0 k=1

m

Z IVY;|> <cV, sup(VZ(u),u) <cV
i |lul=1

j=1

(4) Ly satisfies Hormander’s conditions and has a unique invariant measure 7 satis-
fying Assumption 3.1.
(5) ar € C3(G;R) NN+,

We emphasize the following:

Remark 8.1 (a) If V in (2’) is a pre-Lyapunov function, then (3.1) is complete. Fur-
thermore |£V| < ¢ + KV and so (8.1) is complete.

(b) Under conditions (1), (27) and (4-5), (2) holds. See Theorem 5.2. Also Corollary
5.3 holds. Conditions (1-5) implies the conclusions of Theorem 7.2.

(c) If Ly satisfies strong Hormander’s condition, condition (4) is satisfied.

Let PS be the probability semigroup associated with (y; ) and P; the Markov semi-
group for L. Recall that | flroo = Z;Il |V(j_1)df|oo. We recall that operator Lo on
a compact manifold G satisfying strong Hérmander’s condition has an exponential
mixing rate, so Ly satisfy Assumption 3.1.

Theorem 8.2 Assume that Yy, oy and Ly satisfy Assumption 8.1. For every f € By a4,
1
[Ef(®% (y0)) — Pr f(yo)| < €|loge|2C(T)y1(yo),
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where y1 € By g and C(T) are constant increasing in T. Similarly, if f € BCH,
1
[Ef(®% (y0)) — Pr f(y0)| < €lloge|2 C(T)ya(yo)(1 + | fla,00)-

where y» is a function in By ( that does not depend on f and C(T) are constants
increasing in T.

Proof Step 1. To obtain optimal estimates we work on intervals of order €, c.f. Lemma
34.Letto=0<1t] <--- <ty =T beapartitionof [0, T] with Aty =ty —tx_1 = €
fork < N and 1] < €. Write y; = ®{ (yp). Then,

N

FOD = PrfGo) =3 (Proy fOi) = Proy  fO5,))

k=1

N
(Pry fO%) = Prooe f O, + At(Pry LT (5, )))
] € €

N
D Prog fOf ) = Prs OS5 — A(Proy LG5, ).
k=1 € € e
Define
If = Proy f (i) = Proy f Oy, + At (Pr—y (L)),
JE=Pr_yf — Pr_y f — Atk Pr—y L f.

Since f € By.4, Lemma 7.5 applies and obtain the desired estimate on the second
term:

£ < (A)?e(T, A+ Ggp (VOE,_ )

where ¢>(T, f) is a constant and A4, a polynomial.
Let K, g be constants such that A4, (V) < K+ K V7. We apply (8.2) from Assump-
tion 8.1 to see that for some constant C, (7)) depending on A4, (V),

E (qu(V(yfkl))) <K+ KCy(T) + KCq(T)rg(V (y0))-

Since Aty < eand N ~ é,
N
ZEle (sz DNl = eca(T, [HEK + D1+ Cy(T) + Cy(T)Ag(V(y0))).  (8.3)

k=1
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If f belongs to BC*, we apply Lemma 7.5 to see that there exists a function
F € By, independent of f s.t.

JeOr,)

< (A)* (1 + | fla,00) (F(yf,H )) :

Hence
N

>'E

k=1

JEOf )| < e+ flaco)E (F(y,i,_,>). (8.4)

The rest of the proof is just as for the case of f € By 4.

Step 2. Let0 < s < t. By part (3) of Theorem 7.2, LP, f = P,L f forany > 0 and
PT,tkL_f = E_PT,,kf. We will approximate Pr_;,_, Lf by PT,tk[Zf and estimate
the error

N
D Au(Pr_yLf = Proy [ LHOF ).
k=1 ¢
By Lemma 7.1, L f € By >, and we may apply Lemma 7.5 to L f. We have,

\Pr—y Lf(30) = Pr—y i LF(0)| < A1 (T)(1 + g, (V (0))).
Recall that A4, (V) € By . Summing over k and take the expectation of the above
inequality we obtain that
N - -
D AGIPrf L (i) = Pry (LG )| < ect(T)(1+2g, (V(30))). (8.5)
k=1 € e

If f € BC?, Lf € BC%. By Lemma 7.5,

|Pr—y Lf(0) = Pr—y_ L (30)] < A1 (T)(1 + g, (V (30))).

there exist constant C(7') and a function y; € By o, independent of f, s.t.
[P f(yo) — Ps f(yo)| = (2 —s)(1 + | fl2,00)¥1(0)-
Here y; € By.o. Thus for f € BC?,
N - -

D AP LG, ) = Pr—y (LF G5, I < 2l flaco(1+71(0). (8.6)
k=1 € e

Finally instead of estimating I, we estimate

Df = Pr—y f(v5) = Pr—y SO ) + Atk Pr—o LF (5, )
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Step 3. If f € By 4, by Theorem 7.2, P; f € By 4 for any ¢. Since o € N+inc3,
we may apply Lemma 4.1 to Pr_;, f and obtain the following formula for Dj.

D = Prye f %) = Proy f i) + At Pr—y Lf(y5, )

=e Z(dPT wf (VOB E5) = dPry £ (Vi (Vi DB ()

j=1

i3

+An Pr— Tkﬁf(ylk )€ z / (Ly Ly, Pr—y f 7)) (z7) By (zp) dr
i,j=1

D3 / APy (V50 By (Xi())) W

j=1k=1

Since Yo, Yr € By 0, Lyl.Lyj Pr_; f € By,o, which follows the same argument as
for Lemma 7.1. In particular, for each 0 < € < €,

4

/ E(|Ly,Ly, Pr—, f bO)?dr < cc.
0

The expectation of the martingale term in the above formula vanishes. For j =
1,....mandk=1,...,N,let

ASe = APy fOO5IB)(5) — APy f (ORI (),

B = A(Pry L0, )~ € Z/ (Ly, Ly, Pr— [)(y)ei () B3 () dr.

i,j=1

Step 4. We recall that E_PT_,kf = Z?fj:l oc,-ﬂijl.Lyj Pr_;, f. By Theorem 7.2,
Ly L Y, Pr_g fis C2. Furthermore by Assumption 3.1, the (zy ) diffusion has exponen-
tial mixing rate. We apply Corollary 5.3 to each function of the form Ly, Ly, Pr—y, f
and take 7 = «; 8; There exist a constant ¢ and a function y; j r.e € Byv,0 such that

Bl < An Z

i,j=1

«iBj Ly,Ly, Pr_ rkf(yxk )

Tk
€ €
A ,k;lE{LyiLYjPT_,kf<y5><aiﬁj>(z§>|frk%l}dr

< Z Cleti oo Vi, ike OV D€+ (An)?),
i,j=1
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where denoting G{ﬁj = Ly,Ly; Pr—4 [,

Ve = 1G4 143 1Ly, G ,,|+Z / (13 Ly, G400 | 72 ) dr

I'=1 ll’l

By Theorem 7.2, Gk =LylL Y, Pr_;, f belong to By . Furthermore Gk i j and its first
two derivatives are bounded by a function in By o which depends on f only through

Zk:O PT,tk(|V(k)d f17), for some p. Thus there are numbers c, ¢ such that for all
k, max; ; |y jkel < c 4 cV4, for some c,q. Since Aty < e <1, N ~ 0(%), we
summing over k,

N

> EIB{|<2-c-¢ Z 0iBj100Cy (T) sup E(1 £+ V(35,_,)) < €C(T)F (o).
k=1 i,j=1

8.7)
for some constant C(7") and some function y in By o. If f € BC*4, it is easy to see
that there is a function g € By o, not depending on f, s.t. max; j x E)/,;j,k,é(yfk_l ) <

C(T)g(yo)| f 4,00
Step 5. Finally, by Lemma 8.4 below, fore <s <t < T and f € By 3, there is a
constant C and function y € By o, dependingon 7', f s.t. forO <s <t < T,

D Edf(V;(yD))B; (%) — Edf (V;(y))B; (5)

j=1

< Cy(yo)e/|loge| + Cy (o)t — s). (8.8)
For the partition 79 < 1 < --- < ty, we assumed that t; — 9 < € and Ay = €

for k > 1. Let k > 2. Since d Pr—, f(Y;) € By 3, estimate (8.8) holds also with f
replaced by d Pr—;, f(Y;), and we have:

m
> €EAS| < C7(yo)e* /| loge|, k=2 (8.9)
j=1

Since B; are bounded and by Theorem 7.2 d Pr_,, f is bounded by a function in By o
that does not depend on k, for € < ¢, each term E|A;k| is bounded by a function in
By o and supy_. ¢, |EAj.k| is of order €y (yp) for some function y € By . We ignore
a finite number of terms in the summation. In particular we will not need to worry
about the terms with k = 1. Since the sum over k involves 0(%) terms the following
bound follows from (8.9):

N m
DD EAYG| < C(o)ey/[logel. (8.10)

k=1 | j=1
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Here € By, and may depend on f. The case of f € BC* can be treated similarly.
The estimate is of the form y (¢) = (1 4 | f]4,00) Y0 Where yy € By o does not depend
on f. We putting together (8.3), (8.5), (8.7) and (8.10)to see that if f € By 4,

|Ef(q>2 (o)) = Prf(yo)| = C(T)y (yo)e/|logel,

where y € By o. If f € BC*, collecting the estimates together, we see that there is a
constant C(T) s.t.

4
E £ (@5 (y0)) — P, f (yo)| < /| loge| C(T) (1 +> |V(k1)df|oo))7(yo)

k=1

where y is a function in By o that does not depend on f. By induction the finite
dimensional distributions converge and hence the required weak convergence. The
proof is complete. O

Lemma 8.3 Assume that (3.1) are complete for all € € (0, €y), some €y > 0.

(1) Lo is a regularity improving Fredholm operator on a compact manifold G, oy €
cin Nt
(2) There exists V € C*(M;R,), constants ¢, K, s.1.

m m
DLy, VI<c+KV, > |LyLy,V|<c+KV.
j=1 j=1

(2°) There exists a locally bounded V : M — R such that for all ¢ > 2 andt > 0
there are constants C(t) and q', with the property that

sip E[(voe? | F:} = cvion +c (8.11)

s<u<t

(3) For V in part (2) or in part (2°), sup, EV4(y;) < oo forall g > 2.

For f € C? with the property that Ly, f, Ly,Ly; f € By foralli, j, there exists a
number €y > 0 s.t. for every 0 < € < €,

ECGOD | Foh = FODI =m0 max Bl ¢

+(t = 9)09) Max ot oo max 1Bjloo-

Here y1, y2 € By o and depend on | f| only through |Ly, f| and |Ly, Ly, f|. In par-
ticular there exists y € By g s.t. for all 0 < € < €,

IEf(yz)—Ef(yg)l < sup Ey(y))(—s+e).

0<e<eo

Furthermore, sup_. <, E| f(y{) — f(y§)| < (e +/t = s)Ey (5).
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Proof Since the hypothesis of Theorem 5.2 holds, if V is as defined in (2), it satisfies
(2). Since Ly, f € By 0, sup,<; E|Ly_],f(y§)|2 is finite. We apply Lemma 4.1:

E{r0D |7} = 10D

+e DB 0008/ — dF (0B | Fr )

j=1

—c Z E|/ Ly, Ly, f6)ei(z) B (zf) dr | f;].

i,j=1

Let

719 =2 sup ZE{|LY FOOI] e

S<r=

7O = sup Z {iILy Ly, r001 | 72},

v<r<t

Since Lyjf and Ly, Lyjf € By.0, v1, V2 € By . The required conclusion follows
for there conditioned inequality, and hence the estimate for [E f(y¢) — E f(y$)|. To

estimate E| f (y{) — f(¥$)]. we need to involve the diffusion term in (4.1) and hence
A/t — s appears. o

Lemma 8.4 Assume the conditions of Lemma 8.3 and Assumption 3.1. Let y§ = yo.
If f e Cliss.t. ILy; f1, |Ly,Ly; f1, |Ly,Ly,Ly, f| belong to By ¢ for all i, j, k, then
for some ey and all 0 < € < epandforall) <e <s <t <T whereT > 0,

D Bdf(N(E)AIES) — Edf ((YD))BI(S)

=1

= C(T)y(yo)ey/|loge| + C(T)y (yo)(r — 5),

where y € By o and C(T) is a constant. If the assumptions of Theorem 8.2 holds, the
above estimate holds for any f € By 3, if f € BC?, we may take y = (1f13,00 + Dy
where y € By .

Proof Lett < T. Since f;(z) is the highly oscillating term, we expect that averaging

€
in the oscillation in B; gains an € in the estimation. We first split the sums:

@ (GODBED) = df NODIAED)
= df MODBIE) = AE)
HAF (GD) = df NGDODBIED) = i+ 1. (8.12)
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By Assumption 3.1, £ has mixing rate ¢ (r) = ae ¥ Lets' <s <t,

)

[Edf Vi (vi ) (BiEE) = i)

1 €
< E('df(Yz()’?))' . ‘Eﬁ E {a1(25)|_7:%} dr

1 e fr+=s
§E|(zlf(Yz(y§))lg/0 w(r — )dr

2 8(s—s')

a _os—s)
< e 3 Edf O]

If s —s' = 8p€e?| logel, exp(—‘s(se;f/)) = €%%0_We apply Theorem 5.2 to the functions
Ly, f € By . For a constant ¢y > 0,

04|QN

sup sup E|[(dfYi(y$)))] < 71 (yo)

O<e<eg 0<s'<t a3

where 7 is a function in By o, depending on T'. Thus for s’ < s < 1,
. . . . a’ 8(s —s")
[Edf Yy Bizy) — ﬁ/(zg)))l < J/z(yo)? xXp\~—a ) (8.13)

Let us split the first term on the right hand side of (8.12). Denoting s’ = s — %€2| loge|,

Iy = Edf (O (Bi(zL) = Fi(z5))
= Edf(Yz(yz))(ﬂz(ZZ) - ,BI(ZE))
TE@dfMGD) —df MG BiELD = i)

The first term on the right hand side is estimated by (8.13). T~0 the second term we
take the supremum norm of f; and use Lemma 8.3. For some C(T') and y € By,

~ 1
Eldf(Y1(y9) = df ()] = C(T)y (o) (6 + %GI 10g6|£) : (8.14)

Then for some number C(T'),
1
>n< ﬁew log €|C(T)y (y0) (8.15)
l
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where y € By . Let us treat the second term on the right hand side of (8.12). Let
=t— %€2| log¢|. Then

I = E(df(Yl(yZ)) - df(Yz(yg)))ﬂz(ZZ)
= E(df(Yz(yZ)) - df(Yz(yZ))),Bl(zz)
+E@fYi(y;)) — df(Yz(yg)))ﬂz(z?

To the first term we apply (8.14) and obtain a rate \/Lge«/ | log €|. We could assume that

B; averages to zero. Subtracting the term ; does not change I;. Alternatively Lemma
8.3 provides an estimate of order € for [E(df (Y;(y{)) — df (Y;(¥5)))|. Finally, since

[ Bdw =0,
[E@F (105) = df OONAIE)
= [E@f (1(9) —df OONE{Ai() |f5}‘

< Eldf (1(5) — df GODIBilssae ™ F < 71G0)lBiloca,

In the last step we used condition (2°) and y; is a function in By 9. We have proved
the first assertion.

If the assumptions of Theorem 8.2 holds, for any f € By 3, the following func-
tions belong to By o: |Ly; f1, |[Ly,Ly; f|, and [Ly,Ly, Ly, f|. If f € BC3, the above
mentioned functions can be obviously controlled by | f|3 oo multiplied by a function
in By o, thus completing the proof. O

9 Rate of convergence in Wasserstein distance

Let B(M) denotes the collection of Borel sets in a C¥ smooth Riemannian manifold
M with the Riemannian distance function p; let P(M) be the space of probability
measures on M. Let € € (0, €g) where ¢ is a positive number. If P. — P weakly,
we may use either the total variation distance or the Wasserstein distance, both imply
weak convergence, to measure the rate of the convergence of P to P. Let p denotes
the Riemannian distance function. The Wasserstein 1-distance is

dw (P, Q) = inf / p(x, y)dp(x, y).
(T)*u=P,(m2)*u=0 JMxM

Here r; : M x M — M are projections to the first and the second factors respectively,
and the infimum are taken over probability measures on M x M that couples Q and
P.If the diameter, diam (M), of M is finite, then the Wasserstein distance is controlled
by the total variation distance, dw (P, Q) < diam(M)||P — Q| rv. See Villani [44].
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Let us assume that the manifold has bounded geometry; i.e. it has positive injectivity
radius, inj(M), the curvature tensor and the covariant derivatives of the curvature tensor
are bounded. The exponential map from a ball of radius r, r < inj(M), at a point x
defines a chart, through a fixed orthonormal frame at x. Coordinates that consists of the
above mentioned exponential charts are said to be canonical. In canonical coordinates,
all transitions functions have bounded derivatives of all order. That f is bounded in
C* can be formulated as below: for any canonical coordinates and for any integer
k, |8” f| is bounded for any multi-index A up to order k. The following types of
manifolds have bounded geometry: Lie groups, homogeneous spaces with invariant
metrics, Riemannian covering spaces of compact manifolds.

In the lemma below we deduce from the convergence rate of P, to P in the (ChH*
norm a rate in the Wasserstein distance. Let p be the Riemannian distance with refer-
ence to which we speak of Lipschitz continuity of a real valued function on M and the
Wasserstein distance on P(M). If £ is a random variable we denote by 135 its probabil-
ity distribution. Denote by | f|Lip the Lipschitz constant of the function f.Let p € M.

Let | flex = | floo + 2520 1V df |oo-

Lemma 9.1 Let & and & be random variables on a C* manifold M, where k > 1, with
bounded geometry. Suppose that for a reference point p € M, ¢y := ziz=1 Ep%(&, p)
is finite. Suppose that there exist numbers ¢ > 0, € (0,1),e¢ € (0,1] s.z. for
g € BCK,

[Eg(&1) —Eg(&)| < ce®(1 + |glck).

Then there is a constant C, depending only on the geometry of the manifold, s.t.
dw(lsgl s 1352) < C(co+ C)E%.

Proof If k = 1, this is clear. Let us take k > 2 and let f : M — R be a Lipschitz
continuous function with Lipschitz constant 1. Since we are concerned only with
the difference of the values of f at two points, |Ef(§1) — Ef(&)|, we first shift
f so that its value at the reference point is zero. By the Lipschitz continuity of f,
[f)] = | flLip p(x, p). We may also assume that f is bounded; if not we define a
family of functions f,, = (f A n) Vv (—n). Then f,, is Lipschitz continuous with its
Lipschitz constant bounded by | f|Lip. Let i = 1, 2. The correction term (f — f,,)(§;)
can be easily controlled by the second moment of p(p, &;):

1 1
E|(f = ) GEDI = Elf Gl r@E)>ny = ;Ef(éi)z = ;Epz(Py &i).

Let n : R" — R be a function supported in the ball B(xg, 1) with ||, = 1 and
ns = 8‘"17(%), where § is a positive number and 7 is the dimension of the manifold.
tM=R",
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[Ef (1) —Ef(&)]
2
< [E(f x15)(E1) — E(f *n)E)| + D [E(f *ns) (&) — Ef (&)

i=1

< ce”(1 4| f *nslck) + 28] fILip-

In the last step we used the assumption on E| f * ns(&1) — f * ns(&2)| for the BCK
function f * n;s. By distributing the derivatives to ns we see that the norm of the first
k derivatives of f * ns are controlled by | f|Lip. If f is bounded,

c€(1+ | f * nslcr) < c€®(1+ | floo + 1875 FlLip),

where ¢ is a combinatorial constant. To summarize, for all Lipschitz continuous f

IEf (&) — Ef(E)] < 28] flLip + c€(1 + | fu # nslex) + cn—o

< 28 + ce + ce%n + crce®s T 4 .

Let§ = €. Since k > 2, we choose n with the property ek <n< 26_‘”%, then
for f with | f|Lip = 1,

IEf(&) —Ef(&)| < (24 2c+ cic + 2co)e k.

Let § be a positive number with 4§ < inj(M). Let B (r) denotes the geodesic ball
centred at x with radius r, whose Riemannian volume is denoted by V (x, r). There is
a countable sequence {x;} in M with the following property: (1) {By,(6)} covers M;
(2) There is a natural number N such that any point y belongs to at most N balls from
{By; (38)}; i.e. the cover {By, (38)} has finite multiplicity. Moreover this number N is
independent of §. See Shubin [40]. To see the independence of N on §, let us choose a
sequence {x;, i > 1} in M with the property that { By, (§)} covers M and {Bj, (%)} are
pairwise disjoint. Since the curvature tensors and their derivatives are bounded, there
is a positive number C such that

<C, x,yeM,re(0,45).

Lety € M be afixed point that belongs to N balls of the form By, (%). Since By, (%) C

B(y, 48), the sum of the volume satisfies: > V (x;, %) < V(y,46§) and %V(y, %) <
V(y, 4é). The ratio sup,, %’t‘? depends only on the dimension of the manifold.
2
Let us take a C* smooth partition of unity {e;,i € A} that is subordinated to
{Bx,(28)}: 1 =2 cp ®ir i = 0, ¢; is supported in By, (28), and for any point x there
are only a finite number of non-zero summands in >, _ 4 o; (x). The partition of unity

satisfies the additional property: sup; |3*a;| < Cy, o; > 0.
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Let (By, (inj(M)), ¢;) be the geodesic charts. Let f; = fo; andlet g = g o ¢;
denote the representation of a function g in a chart.

EfE) —EfE)| =D Efi(¢] ) — D_Efi(¢; ' (52)

ieA ieA
< D Efixns(¢; ' ED) — D E S ns(¢; ! (E2)
ieA ieA
2 ~ ~
+ D 1D Efiens(¢ () — ZEﬁ«b,.l(sj))‘ :
j=1lieA ieA

It is crucial to note that there are at most N non-zero terms in the summation. By the
assumption, for each i,

IEf; + ns(¢ ' €1) — Ef; % n5(b; " (£2))] < €| fi % ns 0 ;| e

By construction, sup; |e;|c+ is bounded. There is a constant ¢’ that depends only on
the partition of unity, such that

\fikms oy Hew < €1y % msler < €I Floo + 18" FlLip
Similarly for the second summation, we work with the representatives of f;,
|fi % ms (' ) = fi @7 DI < 81 filip < €6

Since we work in the geodesic charts the Lipschitz constant of f, are comparable to
that of | f|rip. Let | f|Lip = 1. If f is bounded,

[Ef(£1) —Ef(&)] < Nce*(1 +¢'| floo + ¢'8'75) +2¢/6N
Leté = 6%,
IEf (&) —Ef(&)| < Nee* (| floo + 1) + Nc'et +2¢'Nek.

On a compact manifold, | /|- can be controlled by | f|Lip; otherwise we use the cut
off function f;, in place of f and the estimate E|(f — f,)(&)]| < ‘70 Choose n

sufficiently large, as before, to see that |[Ef(§1) — Ef(&)| < Cet. Finally we apply
the Kantorovich—Rubinstein duality theorem,

dw(Ps,, Pe) = sup {|[Ef(&1) —Ef(&)]} < Cef,
SfilfILip<1

to obtain the required estimate on the Wasserstein 1-distance and concluding the proof.
O
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Leit ev; : C([0, T]; M) — M denote the evaluation map at time 7 : ev(c) = o (¢).
Let Pg denote the probability distribution of a random variable §. Let o € M.

Proposition 9.2 Assume the conditions and notations of Theorem 8.2. Suppose that M
has bounded geometry and pg € By 0. Let i be the limit measure and ji; = (ev;)s[L.
Then for every r < }1 there exists C(T) € By,g and €y > 0 s.t. for all € < €y and
t<T,

dw (Py; . fur) < C(T)e".
Proof By Theorem 8.2, for f € BC*,
[Ef (@5 (v0)) — P f (o)l = C(T)(yo)ey/ | logel,

where C(T)(yg) < C‘(T)(yo)(l =+ | flc4) for some function C(T) € By . Since by
Theorem 5.2, there exists €9 > 0 such that sup, Epoz(CDf (y0)) is finite, we take o
in Lemma 9.1 to be any number less than 1 to conclude the proposition. O

Appendix

We began with the proof of Lemma 3.1, follow it with a discussion on conditional
inequalities without assuming conditions on the o -algebra concerned.

Proof of Lemma 3.1

Step 1. Denote ¥ (1) = ae™%. Firstly, if f € By(G;R) and z € G,
Qi f @) —nfl < fllw-¥(@) - W(z).

Next, by the Markov property of (z;) and the assumption that [ gd = 0:

‘E{ﬂzsz)g(zsl)m}— /G £ O s 0dn

= ‘E{(stl—szg)(Zsz) f?} _/ fQS]—Szgdn
G

<Y (52-9) 1f Osy—sr8llw W(zs) < W(s2—s) sup ('f(Z)”Q‘”‘”g(Z)')w<zs>
2€G W(z)

=Y (2 =¥ (st =) flo lIgllw W(zs) < ar(s1 — )| floollgllw W (zs).
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From this we see that,

t_s//( f(z5y)8(zs5) | F

1 t 51
= alfloo ”g”WW(Zs)T/ / Y (s1 —s) dsa dsi
2
B 52(t )

_/ stl—szgdn) dsydsy
G

(t— 5)6 2

| floo IIgIIWW(Zv)/ rdr < Sz(f—_s)|f|oo Igllw W (zo)-

This concludes (1). Step 2. For (2), we compute the following:

t—s
:/Gtis/o fOrg(t—s—r)drdm

t—sJs Js G
o0 oo t—s
= [ [Tvewara—[ [“rogaran-——[ ["rrogaran
GJo G Ji—s I—=sJgJo

We estimate the last two terms. Firstly,

= [fl IQrg(Z)I dr dm(z)

/ f(2)0rg(2) dr dm(z)
G Jt—s 00

|f|oo||g||W/GW(Z)7T(dZ)/ Y(rydr < g|f|oo||g”WW ae”"dr
r—s

(t—s5)8

IA

A

a _
< S|f|oo||g||WW-

It remains to calculate the following:

l t—s
/ / rfQ,g drdm
t—s JgJo

A

1 _ t—s
—IflooIIgIIWW/ ry(r) dr
t—s 0

a _
m|f|oo||g||ww-

Gathering the estimates together we obtain the bound:

t_s// | fugdndsan— [ [ (ro0 drax

8|f|oo||g||WW+

(—52|f|oo||g||W w.
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By adding this estimate to that in part (1), we conclude part (2):

L [ elreasco|m) - [ [T Gow aran

a2

< glfloollgllwW + mlfloollgllw W+ mlfloollgllwW(zs)-
©.1)

We conclude part (2). Step 3. We first assume that g = 0, then,

t_s// f(zsz)g(zsl)
t_s// f(zsz)g(zsl)

/ fQigdrdn|.
G JO

Fs } dsy dsy

o0
} dsy ds| — / / fOfgdrdn
0

We note that for every x € G, |QS(x, ) — wllry,w < W(E)W(x). In line (9.1) we

replace s, ¢, 8 by =, é, and g respectively to see the first term on the right hand side is
bounded by

Cl€3

— € T E _
52— W ED T WIS leollgllw + =1 loolgllw W

Next we observe that

| reog@a= [ roe@a=c [ rooswas

/ f(2)058(2) ds dn(z)
GJO

_[® ae _
se|f|oo||g||wvv/O V) ds = 1 fllglh V.

This gives the estimate for the case of g = 0:

tis/;/;IE{f

where

585, ;'} dsy dsy| < CI(ZE)[ — + Cé(z%)e.

a _ 2a -
Ci= 5@V +WIflslgly. €= I llglyW.
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If [gdm #0,wesplit g = g — g + g and estimate the remaining term. We use the
fact that 7 f = 0,

/ / [Feal7:] s ds
L=

18I llwW(z5) sup {

€ 51>0

dsy ds

Y2

/OIW( )dsz

IA

} =gl |||f||WW(Zv)6/ v (rydr

ae _ €
5 8L lwW(z).

Finally we obtain the required estimate in part (3):

=INAL

= C1(5) (f ) +C5@e + €313l 1 lwW ).

Y2 91

} dsy dsq

thus concluding part (3).

The following conditional inequalities are elementary. We include a proof for a
partial conditional Burkholder—Davis—Gundy inequality for completeness. We do not
assume the existence of regular conditional probabilities.

Lemma 10.1 Let (M,) be a continuous L*? martingale vanishing at 0. Let (H;) be an
adapted stochastic process with left continuous sample paths and right limits. If for
stopping times s < t, ELZ(Hr)zd(M)r < 00. Then

.

E‘(/sl H,dM,)2 FS} =E [[(H,)%(M

Lemma 10.2 Let p > 1 and (M;) is a right continuous (F;) martingale or a right
continuous positive sub-martingale index by an interval I of Ry. Then,

E[sup|Mt|P\ ﬂ] < (%)pSUPE{IMxI”’E}.

sel sel

If (My,,s < u < t)isa right continuous (F;) martingale and p > 2, there exists a
constant c(p) > 0 s.t.

E[ sup M, |

s<u<t

Fx] =< CpE [<M>t2
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This proof is the same as the proof for F; the trivial o-algebra, c.f. Revuz and Yor
[38].
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