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Abstract Any renewal processes on Ny with a polynomial tail, with exponent
a € (0, 1), has a non-trivial scaling limit, known as the «-stable regenerative set.
In this paper we consider Gibbs transformations of such renewal processes in an i.i.d.
random environment, called disordered pinning models. We show that for « € (%, 1)
these models have a universal scaling limit, which we call the continuum disordered
pinning model (CDPM). This is a random closed subset of R in a white noise random
environment, with subtle features:

e Any fixed a.s. property of the «-stable regenerative set (e.g., its Hausdorff dimen-
sion) is also an a.s. property of the CDPM, for almost every realization of the
environment.

e Nonetheless, the law of the CDPM is singular with respect to the law of the «-stable
regenerative set, for almost every realization of the environment.

The existence of a disordered continuum model, such as the CDPM, is a manifestation
of disorder relevance for pinning models with o € (% l).
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1 Introduction

We consider disordered pinning models, which are defined via a Gibbs change of
measure of a renewal process, depending on an external i.i.d. random environment.
Firstintroduced in the physics and biology literature, these models have attracted much
attention due to their rich structure, which is amenable to a rigorous investigation; see,
e.g., the monographs of Giacomin [19,20] and den Hollander [13].

In this paper we define a continuum disordered pinning model (CDPM), inspired
by recent work of Alberts et al. [4] on the directed polymer in random environment.
The interest for such a continuum model is manifold:

e It is a universal object, arising as the scaling limit of discrete disordered pinning
models in a suitable continuum and weak disorder limit, Theorem 1.3.

e It provides a tool to capture the emerging effect of disorder in pinning models,
when disorder is relevant, Sect. 1.4 for a more detailed discussion.

e It can be interpreted as an «-stable regenerative set in a white noise random envi-
ronment, displaying subtle properties, Theorems 1.4, 1.5 and 1.6.

Throughout the paper, we use the conventions N := {1, 2, ...}, Ny := {0} UN, and
write a, ~ b, to mean lim,_, o a, /b, = 1.

1.1 Renewal processes and regenerative sets

Let © := (ty)a>0 be a renewal process on Ny, that is 7p = 0 and the increments
(Th — Th—1)nen are i.i.d. N-valued random variables (sothat 0 = 19 < 71 < 70 < ---).
Probability and expectation for t will be denoted respectively by P and E. We assume
that t is non-terminating, i.e., P(t; < oo) = 1, and

0]

K(n) i=P(n =m) =~

asn — oo, (1.1)

where o € (0, 1) and L(-) is a slowly varying function [8]. We assume for simplicity
that K (n) > 0 for every n € N (periodicity complicates notation, but can be easily
incorporated).

Let us denote by C the space of all closed subsets of R. There is a natural topology
on C, called the Fell-Matheron topology [15,24,25], which turns C into a compact
Polish space, i.e. a compact separable topological space which admits a complete
metric. This can be taken as a version of the Hausdorff distance (see Appendix A for
more details).
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The continuum disordered pinning model 19

Identifying the renewal process T = {1,},>0 With its range, we may view T as a
random subset of Ny, i.e. as a C-value random variable (hence we write {n € 7} :=
Ugsoftx = n}). This viewpoint is very fruitful, because as N — oo the rescaled set

t_ | 12
N—[NLO (12

converges in distribution on C to a universal random closed set T of [0, c0), called the
a-stable regenerative set ([16], [19, Thm. A.8]). This coincides with the closure of the
range of the «-stable subordinator or, equivalently, with the zero level set of a Bessel
process of dimension § = 2(1 — «) (see Appendix A), and we denote its law by P,

Remark 1.1 Random sets have been studied extensively [24,25]. Here we focus on the
special case of random closed subsets of R. The theory developed in [16] for regen-
erative sets cannot be applied in our context, because we modify renewal processes
through inhomogeneous perturbations and conditioning (see (1.4)—(1.9) below). For
this reason, in Appendix A we review and develop a general framework to study con-
vergence of random closed sets of R, based on a natural notion of finite-dimensional
distributions.

1.2 Disordered pinning models

Let w := (wy),en be ii.d. random variables (independent of the renewal process
7), which represent the disorder. Probability and expectation for @ will be denoted
respectively by P and E. We assume that

Elw,] =0, Var(w,) =1, Jtp>0: A(t) :=logE[e'”] < oo for|t]| < to.

(1.3)

The disordered pinning model is a random probability law Py g ON subsets of

{0, ..., N}, indexed by realizations w of the disorder, the system size N € N, the

disorder strength 8 > 0 and bias & € R, defined by the following Gibbs change of
measure of the renewal process 7:

10)
PRpnTOLOND 1 SN pan-n @it pees (1.4)
P(z N[0, N]) Z% g
where the normalizing constant
Z8 = E[ez,’,v=1(ﬂwn—A(ﬂHh)ﬂmer}] (1.5)

is called the partition function. In words, we perturb the law of the renewal process T
in the interval [0, N], by giving rewards/penalties (Bw,, — A(B) + h) to each visited
site n € t. (The presence of the factor A(B) in (1.4)—(1.5), which just corresponds to
a translation of £, allows to have normalized weights E[efen—AB)] = | for h = 0).
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20 F. Caravenna et al.

The properties of the model P B especially in the limit N — o0, have been stud-
ied in depth in the recent mathematical literature (see e.g. [13,19,20] for an overview).
In this paper we focus on the problem of defining a continuum analogue of P%) Bk

Since under the “free law” P the rescaled renewal process t/N converges in dis-
tribution to the «-stable regenerative set t, it is natural to ask what happens under the
“interacting law” P, B Heuristically, in the scaling limit the i.i.d. random variables
(wn)nen should be replaced by a one-dimensional white noise (dW;);¢[0,00), Where
W = (W:)te[0,00) denotes a standard Brownian motion (independent of 7). Looking
at (1.4), a natural candidate for the scaling limit of /N under Pﬁ, B would be the

random measure POT‘ZV , on C defined by

W
dP‘;‘,ﬁ,h

dp“

oo Eieer (Bawit(n—}p2)ar)

(N[0, T) := ! , (1.6)
Z

oW
T.B.h

where the continuum partition function ZOT‘;}V ;, would be defined in analogy to (1.5).
The problem is that a.e. realization of the «-stable regenerative set T has zero Lebesgue
measure, hence the integral in (1.6) vanishes, yielding the “trivial” definition PO; ﬁW "=
P~

These difficulties turn out to be substantial and not just technical: as we shall see,
a non-trivial scaling limit of P%’ o does exist, but, for o € (%, 1), it is not absolutely
continuous with respect to the law P* [hence no formula like (1.6) can hold]. Note that
an analogous phenomenon happens for the directed polymer in random environment

[4].

1.3 Main results

We need to formulate an additional assumption on the renewal processes that we
consider. Introducing the renewal function

u(n) :=Pner)= ZP(rk =n),
k=0

assumption (1.1) yields u(n+4¢)/u(n) — 1 asn — oo, provided £ = o(n) (see (2.10)
below). We ask that the rate of this convergence is at least a power-law of f—;:

¢ \°
M—l' gc(—) Vi > ng. 0 < € < en.

3C, npe (0, 00), &, 8¢ (0, 1] : ) -
(1.7)

Remark 1.2 As we discuss in Appendix B, condition (1.7) is a very mild smoothness
requirement, that can be verified in most situations. E.g., it was shown by Alexander [2]
that for any & > 0 and slowly varying L(-), there exists a Markov chain X on Ny with
+1 steps, called Bessel-like random walk, whose return time to 0, denoted by T, is
such that
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The continuum disordered pinning model 21

L(n)

nl+ao

K(n):=P(T =2n) = asn — oo,  withL(n) ~ L(n). (1.8)

We prove in Appendix B that any such walk always satisfies (1.7).

Recall that C denotes the compact Polish space of closed subsets of R. We denote
by M (C) the space of Borel probability measures on C, which is itself a compact
Polish space, equipped with the topology of weak convergence. We will work with a
conditioned version of the disordered pinning model (1.4), defined by

PYsa() =Py g, IN €1). (1.9)

(In order to lighten notation, when N ¢ N we agree that P%; n =Pl g
Recalling (1.2), let us introduce the notation

T
P%‘;,ﬂN,hN(d(T/N)) := law of the rescaled set ~ N [0, T'] under P%’;,ﬁN,hN'

(1.10)
For a fixed realization of the disorder w, Pﬂ; Buhn (d(z/N)) is a probability law on

C,i.e. an element of M (C). Since w is chosen randomly, the law P%; By (d(z/N))
is a random element of M (C), i.e. a M (C)-valued random variable.

Our first main result is the convergence in distribution of this random variable,
provided o € (%, 1) and the coupling constants B = By and h = hy are rescaled
appropriately:

~L(N ~L(N A A
By =P ( ?, hN:=h¥, forN eN, >0, heR. (1.11)
N2 N®

Theorem 1.3 (Existence and universality of the CDPM) Fix o« € (%, D, T >0,
B > 0, h € R. There exists a M (C)-valued random variable P‘;g]’hf, called the

(conditioned) continuum disordered pinning model (CDPM), which is a function of
the parameters (o, T, B, h) and of a standard Brownian motion W = (W;);>0, with
the following property:

e for any renewal process t satisfying (1.1) and (1.7), and By, hy defined as in
(1.11);
e for any i.i.d. sequence w satisfying (1.3);

the law P%’;’ﬁN iy (d(t/N)) of the rescaled pinning model (1.10), viewed as a M1 (C)-

valued random variable, converges in distribution to P(;;g/’; as N — oo.

We refer to Sect. 1.4 for a discussion on the universality of the CDPM. We stress
that the restriction o € (%, 1) is substantial and not technical, being linked with the
issue of disorder relevance, as we explain in Sect. 1.4 (see also [10]).

Let us give a quick explanation of the choice of scalings (1.11). This is the canonical
scaling under which the partition function Z{; Br .y in (1.5) has anontrivial continuum
limit. To see this, write '
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22 F. Caravenna et al.

(1 +8 nE‘[)}
n
1+Z Z ﬂfh"'gf,;hp(m €T,...ng €7),

k=1 1<ni<--<ny<N

=

I
-

where sf’h = ePen=AB+h _ | By Taylor expansion, as 8, h tend to zero, one has

the asymptotic behavior E[sf ’h] ~ h and Var(sg ’h) ~ B2. Using this fact, we see
that the asymptotic mean and variance behavior of the first term (k = 1) in the above
series is

N a
E [ng’hP(n € z)] ~ hZP(n e~ hL(N)

n=1 n=1

N 20(71
Var [ng’hP(n € r)] ~ B ZP(” e~ p L(N)?’

n=1 n=1

because P(n € 1) ~ n®'/L(n), by (1.1) (see (2.10) below). Therefore, for these
quantities to have a non-trivial limit as N tends to infinity, we are forced to scale By
and Ay asin (1.11). Remarkably, this is also the correct scaling for higher order terms
in the expansion for Z§ B> 38 well as for the measure P, pu.hy L0 cONverge to a
non-trivial limit.

We now describe the continuum measure. For a fixed realization of the Brownian
motion W = (W;)¢[0,00)> Which represents the “continuum disorder”, we call P‘;;;V’ﬁc

the quenched law of the CDPM, while

T.B.h

B[Py = [P paw) (1.12)

will be called the averaged law of the CDPM. We also introduce, for T > 0, the law
P of the a-stable regenerative set 7 restricted on [0, 7'] and conditioned to visit 7":

P4C() =Pt N[0, T € -|T € 1), (1.13)
which will be called the reference law. (Relation (1.13) is defined through regular
conditional distributions.) Note that both E[P‘;E/;] and P3¢ are probability laws on
C, while P“?;V’; is a random probability law on C.

Intuitively, the quenched law pY Tj i “ could be conceived as a “Gibbs transformation”

of the reference law PT , where each visited site r € T N [0, T'] of the «-stable

regenerative set is given a reward/penalty B =3+ dW’ + h, like in the discrete case. This
heuristic interpretation should be taken with care, however, as the following results
show.
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The continuum disordered pinning model 23

Theorem 1.4 (Absolute continuity of the averaged CDPM) Foralla € (3, 1), T > 0,

B > 0,h € R, the averaged law E[P‘;; ;th] of the CDPM is absolutely continuous with
respect to the reference law P‘;;C. It follows that any typical property of the reference
law P‘;;C is also a typical property of the quenched law P;;;V’ﬁc,.

Ww:

for a.e. realization of

VA C C such that P7°(A) =1 : PO;;;V’};C(A) = 1forP-ae W. (1.14)

In particular, for a.e. realization of W, the quenched law P‘;ﬂwhc of the CDPM is
supported on closed subsets of [0, T ] with Hausdorff dimension a.

It is tempting to deduce from (1.14) the absolute continuity of the quenched law
POT‘;EI’;IC with respect to the reference law P7°, for a.e. realization of W, but this is false.

Theorem 1.5 (Singularity of the quenched CDPM) Forall « € (% 1), T >0, ,3 > 0,
h € Rand for a.e. realization of W, the quenched law POTl;VhC of the CDPM is singular

with respect to the reference law PO;;C:
forP-a.e. W,3A C C such that P$(A) = 1 and P";EV’hf(A) =0. (1.15)

The seeming contradiction between (1.14) and (1.15) is resolved noting that in
(1.14) one cannot exchange “YA C C” and “for P-a.e. W, because there are uncount-
ably many A € C (and, of course, the set A appearing in (1.15) depends on the
realization of W).

We conclude our main results with an explicit characterization of the CDPM. As
we discuss in Appendix A, each closed subset C € R can be identified with two
non-decreasing and right-continuous functions g, (C) and d, (C), defined for t € R by

g;(C) :=supf{x : x e CN[—o00, 1]}, d;(C) :=inf{x : x € CN (¢, 00]}. (1.16)

As a consequence, the law of a random closed subset X C R is uniquely deter-
mined by the finite dimensional distributions of the random functions (g;(X)),cr and

(d¢(X))seRr, i.€. by the probability laws on K% given, fork € Nand —oo < 1] < <
. <ty < 00, by

P(g, (X) € dxi, 4, (X) €dyi, ..., g5 (X) € dxg, d; (X) € dyx). (1.17)
As a further simplification, it is enough to focus on the event that X N[¢;, t; 1] # @ for

alli =1, ..., k, thatis, one can restrict (x1, y1, ..., Xk, Yx) in (1.17) on the following
set:

Rg(,)__,,;kﬂ ={Gny e s x € ltion gl yi €[ il fori = 1,00k,
such that y; < x;41 fori = 1,...,k—1}, (1.18)
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24 F. Caravenna et al.

with ) = —oo and f;41 := +00. The measures (1.17) restricted on the set (1.18) will
be called restricted finite-dimensional distributions (f.d.d.) of the random set X (see
§A.3).

We can characterize the CDPM by specifying its restricted f.d.d.. We need two
ingredients:

(1) Therestricted f.d.d. of the «-stable regenerative set conditioned to visit 7', i.e. of the
reference law P%“ in (1.13): by Proposition A.8, these are absolutely continuous
with respect to the Lebesgue measure on R, with the following density (with

yo := 0):

wie £ Ca Ti-e
o LY X ) = (ll:[] & = O —xi)‘+°‘) T =yl
(1.19)
with C, := M, (1.20)
i
where we restrict (x1, y1, ..., Xk, yx) ontheset (1.18), with7o = Oand t41 :=T.

(2) A family of continuum partition functions for our model:

a;W,c
(Zﬁﬁ (s, t))

0<s<t<o0"

These were constructed in [10] as the limit, in the sense of finite-dimensional
distributions, of the following discrete family (under an appropriate rescaling):

Z;ﬂmby:EPzﬁ;#mrmmmeﬂ

aenbeq, 0<a<b.
(1.21)

In Sect. 2 we upgrade the f.d.d. convergence to the process level, deducing impor-

tant a.s. properties, such as strict positivity and continuity (Theorems 2.1 and 2.4).

We can finally characterize the restricted f.d.d. of the CDPM as follows.

Theorem 1.6 (F.d.d. of the CDPM) Fix « € (%, 1), T >0, B >0 h eRand
let (Z"i;YV’C(s 1)
functions. For a.e. realization of W, the quenched law P’ glf of the CDPM (Theo-

rem 1.3) can be defined as the unique probability law on C whlch satisfies the following
properties:

0< be an a.s. continuous version of the continuum partition
S<t<00

@) P 5 u is supported on closed subsets T C [0, T] with {0, T} C .
(i1) For allk e Nand 0 =1 tp < 1 < -+ < tx < tgy1 = T, and for
(X1, Y1, - - ., Xk, Yk) restricted on the set R """" ney i (1.18), the fd.d. ofPa W <
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The continuum disordered pinning model 25

have densities given by

Poth

T.8.h (gtl (T) € d.x1, dtl (T) € d)’l, e glk(r) € d.X'k, dtk(r) € d)’k)

dxydyy ---dxpdyx
[izo 25} i xi41)

= Za WC(O T) f(;;;(;l ’’’’’ lk(xl’ yls"'7-xks yk)s (1'22)
Bh 7
where we set yo := 0 and xy41 := T, and where fT i -) is defined in (1.19).

1.4 Discussion and perspectives

We conclude the introduction with some observations on the results stated so far,
putting them in the context of the existing literature, stating some conjectures and
outlining further directions of research.

1. (Disorder relevance) The parameter 8 tunes the strength of the disorder in the model
P%Cﬂ p (1.9), (1.4). When 8 = 0, the sequence w disappears and we obtain the so-
called homogeneous pinning model. Roughly speaking, the effect of disorder is said
to be:

e irrelevant if the disordered model (8 > 0) has the same qualitative behavior as the
homogeneous model (8 = 0), provided the disorder is sufficiently weak (8 < 1);
e relevant if, on the other hand, an arbitrarily small amount of disorder (any g > 0)
alters the qualitative behavior of the homogeneous model (8 = 0).
Recalling that « is the exponent appearing in (1.1), it is known that disorder is irrelevant
for pinning models when o < % and relevant when o > %, while the case o = %
is called marginal and is more delicate (see [20] and the references therein for an
overview).

Itis natural to interpret our results from this perspective. For simplicity, in the sequel
we set hy = h L(N)/N%, asin (1.11), and we use the notation Pal\)]’;,ﬁNth (d(z/N))
(1.10), for the law of the rescaled set 7/N under the pinning model.

In the homogeneous case (8 = 0), it was shown in [31, Theorem 3. 11" that the

weak limit of PNT 0.hy (d(r/N)) as N — oo is a probability law Pa ¢ ; on C which

is absolutely continuous with respect to the reference law P‘; ¢ (recall (1.13)).

dp®c . hlr(2)
T,0,h e
v ()= —7, (1.23)
dP, E[e/£1()]

where L7 (t) denotes the so-called local time associated to the regenerative set T. We
stress that this result holds with no restriction on a € (0, 1).

1 Actually [31] considers the non-conditioned case (1.4), but it can be adapted to the conditioned case.
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26 F. Caravenna et al.

Turning to the disordered model 8 > 0, what happens for o € (O, 2)’7 In analogy
with [9,11], we conjecture that for fixed f > 0 small enough, the limit in distribution

of P%; Bhy (d(r/N)) as N — oo is the same as for the homogeneous model (B = 0),

i.e. the law P“ ¢ deﬁned in (1.23). Thus, for & € (0, 2) the continuum model is

non- dzsordered (determlmstlc) and absolutely continuous with respect to the reference
law.
This is in striking contrast with the case « € (% 1) , where our results show that the

continuum model P%’ W’ﬁc is truly disordered and singular with respect to the reference

law (Theorems 1.3, 1.4, 1.5). In other terms, for o € (2, ), disorder survives in the

scaling limit (even though By, hy — 0) and breaks down the absolute continuity with

respect to the reference law, providing a clear manifestation of disorder relevance.
We refer to [10] for a general discussion on disorder relevance in our framework.

2. (Universality) The quenched law Pa VY ° of the CDPM is a random probability law

on C, i.e. a random variable taking Values in M (C). Its distribution is a probability
law on the space M (C)—i.e. an element of M (M (C))—which is universal: it
depends on few macroscopic parameters (the time horizon T, the disorder strength
and bias ﬁ, h and the exponent o) but not on finer details of the discrete model from
which it arises, such as the distributions of @ and of 7y: all these details disappear in
the scaling limit.

Another important universal aspect of the CDPM is linked to phase transitions. We
do not explore this issue here, referring to [10, §1.3] for a detailed discussion, but we
mention that the CDPM leads to sharp predictions about the asymptotic behavior of
the free energy and critical curve of discrete pinning models, in the weak disorder
regime A, h — 0.

3. (Bessel processes) In this paper we consider pinning models built on top of general
renewal processeses T = (Tx)eN, satisfying (1.1) and (1.7). In the special case when
the renewal process is the zero level set of a Bessel-like random walk [1] (recall
Remark 1.2), one can define the pinning model (1.4), (1.9) as a probability law on
random walk paths (and not only on their zero level set).

Rescaling the paths diffusively, one has an analogue of Theorem 1.3, in which the
CDPM is built as a random probability law on the space C ([0, T], R) of continu-
ous functions from [0, 7] to R. Such an extended CDPM is a continuous process
(X1)req0,7], that can be heuristically described as a Bessel process of dimension
8 = 2(1 — @) interacting with an independent Brownian environment W each time
X; = 0. The “original” CDPM of our Theorem 1.3 corresponds to the zero level set
t:={tel0,T]: X, =0}.

We stress that, starting from the zero level set 7, one can reconstruct the whole
process (X;)c[0,7] by pasting independent Bessel excusions on top of T (more pre-
cisely, since the open set [0, T]\7 is a countable union of disjoint open intervals,
one attaches a Bessel excursion to each of these intervals).> This provides a rigorous

2 Alternatively one can write down explicitly the f.d.d. of (X¢)¢[0,7] in terms of the continuum partition

functions Zﬂ (s, 1) (see Sect. 2). We skip the details for the sake of brevity.
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The continuum disordered pinning model 27

definition of (X)sc[0,7] in terms of T and shows that the zero level set is indeed the
fundamental object.

o; W.c

4. (Infinite-volume limit) Our continuum model P I ph is built on a finite interval

PaW

[0, T]. An interesting open problem is to let T — oo, proving that b converges

Poth

in distribution to an infinite-volume CDPM Such a limit law Would inherit

scaling properties from the continuum partition functlons Theorem 2.4 (iii). (See also
[29] for related work in the non-disordered case /3 =0).

1.5 Organization of the paper

The rest of the paper is organized as follows.

e In Sect. 2, we study the properties of continuum partition functions.

e In Sect. 3, we prove Theorem 1.6 on the characterization of the CDPM, which also
yields Theorem 1.3.

e In Sect. 4, we prove Theorems 1.4 and 1.5 on the relations between the CDPM
and the «-stable regenerative set.

e In Appendix A, we describe the measure-theoretic background needed to study
random closed subsets of R, which is of independent interest.

e Lastly, in Appendices B and C we prove some auxiliary estimates.

2 Continuum partition functions as a process

In this section we focus on a family (Z; Vs, 1) of continuum partition

0<s<t<oo
functions for our model, which was recently introduced in [10] as the limit of the
discrete family (1.21) in the sense of finite-dimensional distributions. We upgrade this
convergence to the process level (Theorem 2.1), which allows us to deduce important
properties (Theorem 2.4). Besides their own interest, these results are the key to the
construction of the CDPM.

2.1 Fine properties of continuum partition functions

Recalling (1.21), where Zg);(a b) is defined for a, b € Ny, we extend Zﬁ h( )toa
continuous function on

[0, 00)2 = {(s.1) € [0,00)*: 0 <5 <1 < 00},

bisecting each unit square [m — 1, m] x [n — 1, n], with m < n € N, along the main
diagonal and linearly interpolating Z;’i’;(-, -) on each triangle. In this way, we can
regard

(z4 o Sy N, tN))OSsSKOO 2.1)

as random variables taking values in the space C([0, 00)25, R), equipped with the
topology of uniform convergence on compact sets and with the corresponding Borel
o-algebra. The randomness comes from the disorder sequence w = (wy,);eN-
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28 F. Caravenna et al.

Even though our main interest in this paper is for o € (%, 1), we also include the
case o > 1 in the following key result, which is proved in Sect. 2.2 below.

Theorem 2.1 (Process level convergence of partition functions) Let o € (%, 1) U

(1, 00), ,3 >0, heR Lettbea renewal process satisfying (1.1) and (1.7), and w be
an i.i.d. sequence satisfying (1.3). For every N € N, define Bn, hn by (recall (1.11))

L L(N) B
B = A pvi=
IIY(N)2 fora € (% 1) , AN fora > 1. (2.2)
7 h
hN e h Na hN = N
As N — oo the two-parameter family (Z/(;’[:]C’h}v (sN, tN))O<S<[<Oo converges in dis-
tribution on C([0, 00)%, R) to a family (Z;;;}}V’C(s, 1)) g<y<s —oo Called continuum
< N <s<

partition functions. For all 0 < s <t < 0o, one has the Wiener chaos representation

[ee) k
250 =1+ / . / VO, [[(BaW, +hd),  @23)
k=1g<t)<w<ip<t i=1
where W = (W;);>0 is a standard Brownian motion, the series in (2.3) converges
in L2, and the kernel w?jf (t1, ..., tx) is defined as follows, with Cy as in (1.20) and
fo ==

=

(Mot ) i roe o)
Gy, t) = il (t — i)'~ ) (1 — )1~ e (2.4)

W lf o> 1.

Remark 2.2 The integral in (2.3) is defined by expanding formally the product of
differentials and reducing to standard multiple Wiener and Lebesgue integrals. An
alternative equivalent definition is to note that, by Girsanov’s theorem, the law of
(B W + fzt),e[o,T] is absolutely continuous w.r.t. that of (/§ Wi)telo, 77, with Radon—
Nikodym density

A A\2
b3 p 0 = o) VRGN T @5)

It follows that (Z‘;;;;V’C(s, 1) has the same law as (Zg;(v)v’c(s, 1) 7 (for

0<s<t<T O<s<t<

h = 0) under a change of measure with density (2.5). For further details, see [10].

Remark 2.3 Theorem 2.1 still holds if we also include the two-parameter family of
unconditioned partition functions (Z}‘S"N, Iy (SN, tN ))0 <<t <00’ defined the same way
as Z/(;); (a, b) in (1.21), except for removing the conditioning on b € t. The limiting
process Zgi;v(s, 1) will then have a kernel ¥ ,, which modifies ¥¢ in (2.4), by

setting

@ Springer



The continuum disordered pinning model 29

Co
(ti — ;-7
By Theorem 2.1, we can fix a version of the continuum partition functions
VAN YV *“(s, ) which is continuous in (s, #). This will be implicitly done henceforth.

v n) = ifa e (5. 1). (2.6)

et

We can then state some fundamental properties, proved in Sect. 2.3.

Theorem 2.4 (Properties of continuum partition functions) For all o € (%, 1), B > 0,
h € R the following properties hold:
(i) (Positivity) For a.e. realization of W, the function (s, t) Zof W, (s, 1) is con-
tinuous and strictly positive at all 0 < s <t < oo.

(i1) (Translation Invariance) For any fixed t > 0, the process (ZE;X/’C(I, r+ u))

u>0

has the same distribution as (ZE;ZV’C(O, u)) , and is independent of
s u>0
(Z°£ Wee (s, u)) .
B.h 0<s<u<t
(iii) (Scaling Property) For any constant A > 0, one has the equality in distribution

a;W.c dist a;W.c
(257 s, A0) oo B (2850505 h D) L @D

(iv) (Renewal Property) Setting Z(s, t) := Z‘;;}?/’C(s, t) for simplicity, for a.e. real-
ization of W one has, forall 0 <s <u < t < 00,

Cq Z(s, t) Cy Z(s,x) 1 CoZ(y,1t)
f_ l-a l—« 1+« 1—a dx dy’
(t—s) xe(s,u) Jye(u,t) (x =) (y—x) ()]

2.8)

which can be rewritten, recalling (1.19), as follows:

25,0 = B[ 25 9u(0) Z(du(@).1) . 2.9)

The rest of this section is devoted to the proof of Theorems 2.1 and 2.4. We recall
that assumption (1.1) entails the following key renewal estimates, with Cy, as in (1.20):

Co

m lf0<0l<1,
n)n

un) =Pmner) ~ (2.10)

= (const.) € (0,00) ifa>1,
E[7]

by the classical renewal theorem for o > 1 and by [12,18] for @ € (0, 1). Let us also
note that the additional assumption (1.7) for « € (0, 1) can be rephrased as follows:

— )
u(@) —u) = (1) ul).  Vr=qzny with r—q <er. (@11

up to a possible change of the constants C, no, €.

@ Springer



30 F. Caravenna et al.

2.2 Proof of Theorem 2.1

We may assume 7 = 1. For convergence in distribution on C ([0, 112, R) it suffices
to show that {(Z (sN tN))o<s<i<1}neN is a tight family, because the finite-
dimensional d1str1but10n convergence was already obtained in [10] (see Theorem 3.1
and Remark 3.3 therein). We break down the proof into five steps.

Step 1. Moment criterion. We recall a moment criterion for the Holder continuity of a
family of multi-dimensional stochastic processes, which was also used in [3] to prove
similar tightness results for the directed polymer model. Using Garsia’s inequality [17,
Lemma 2] with W (x) = |x|” and ¢(u) = u? for p > 1 and pg > 2d, the modulus of
continuity of a continuous function f : [0, 1] — R can be controlled by

lx—yl (B lx=yl gl/p
rw=roi=s [ v (o )ae =s [ i

1/
= M|x — y|a=2d/p,
g—2d/p

where

B:B(f):// N A i) dxdy
[0.1]9x[0,1}¢ @ (%)

_ p
:dq/z// If @) = FOIP . dy.
[0,19¢x[0,11¢  |x — y|P4

Suppose now that (fx) yecn are random continuous function on [0, 119 such that

E[| fn () = fn(IP] = Clx = yI",

for some C, p, g, n € (0, 00) with pg > 2d and n > pg — d, uniformly in N € N,
x,y € [0,1]1¢. Then E[B(fy)] is bounded uniformly in N, hence {B(fn)}neN is
tight. If the functions fy are equibounded at some point (e.g. fy(0) = 1 for every
N e N), the tightness of B( fy) entails the tightness of { fy } ycN, by the Arzela-Ascoli
theorem [6, Theorem 7.3].

To prove the tightness of {(Zg;hN (SN, tN))o<s<r<1}NeN, it then suffices to show
that

[|Zﬁ iy GIN IN) — ZgS iy (52N, nN)|” ] < C(\/(Sl —52)2+ (1 —1)?)",
(2.12)
which by triangle inequality, translation invariance and symmetry can be reduced to

IC>0,p>1,n>2: E[]Zg’[’vth(O,tN)— (0, sN)\”] <Clt —s|",

2.13)

ﬁhN
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uniformlyin N € Nand0 < s < ¢ < 1.(Conditions pg > 2d andn > pq—d are then
fulfilled by any ¢ € (%, “7”), since d = 2). Since Zg", (0, -) is defined on [0, 00)
via linear interpolation, it suffices to prove (2.13) for s, t with sN, tN € {0} UN.

Step 2. Polynomial chaos expansion To simplify notation, let us denote
r—1

\IJN,V = Z;}:}C!hN (0’ r) —E [H e(ﬁan_A(/BN)"‘hN)ﬂ(ner)

n=1

rG‘L':| forr € N,

and Wy o := 1. Since elinery = 1 + (¥ — D1yser) forall x € R, we set
Eni = ePN@i=ABN)+hN _ 1, (2.14)

and rewrite Wy , as a polynomial chaos expansion:

r—1

Wy, =E |:H (1+én,iljicry)

i=1

re{|= Z P(ICr|rer)H§N,i,

Ic{l,...r=1j iel
(2.15)
using the notation {/ C 7} := ();,{i € T}.
Recalling (2.2) and (1.3), it is easy to check that

Elgy il =e"™ —1=hy + O(h%),

VTG ) = [eX (AR 20B) — 1) = B2 1+ 0(BY) = B + O(BY),
(2.16)

where we used the fact that iy = o(By) and we Taylor expanded A(z) := log E[¢'®!],
noting that A (0) = A’(0) = 0and A”(0) = 1. Thus i and By are approximately the
mean and standard deviation of &y ;. Let us rewrite Wy , in (2.15) using normalized
variables ¢y ;:

1

Uy, = Z WN,r(I)HCN,i, where  {n ;= Bn

IC{l,er—1} iel

ENLis (2.17)

where Y (¥) := 1l and for I = {n; < ny < --- < ng} C N, recalling (2.10), we
can write

k+1

1
YN = YN, o) =By PU C Tlr € 7) = By s [T ut —nin,
i=l1

(2.18)

withng := 0, ngq1 :=r.
To prove (2.13), we write Z;L;];/C,/’l]v (0,sN) = Wy, and Z/‘;[;;C,hN 0,tN) = WUy,
with ¢ := sN and r := tN, sothat 0 < g < r < N. For a given truncation level
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m =m(q,r, N) € (0, g), that we will later choose as

m=m(q,r,N) = [0 itg = VNG =q) (2.19)

q — N(r —q) otherwise,

sothat) <m < g <r < N, we write

(1]

Wy, —Wyg=E1+E— E3

with

m
Il
™M

(v (D) = ¥ngD) [T v

Ic{l,....m} iel

> yn (D[ ]éni,  and

Ic{l,.r—1} iel
IN{m+1,...r—1}#£0

> ung]ew (2.20)

Ic{l,..g—1} iel
IN{m+1,....g—1}£0

&3]
(3]
Il

@
(5]
Il

To establish (2.13) and hence tightness, it suffices to show that foreachi = 1, 2, 3,

— n
3IC>0,p>1,7>2: E[|Ei|P]§C(¥) VNeN, 0<g<r<N.
2.21)

Step 3. Change of measure We now estimate the moments of &£y ; defined in (2.14).
Since (a + b)** < 22k=1(a% + p?*), for all k € N, and hy = O(B3) by (2.2), we
can write

E[Sl%/k,i] < 22k—1e2k(hN—A(ﬂN))E[(eﬂNw,- . 1)2k] + 22k—1(e—A(ﬂN)+hN _ 1)2k

By 2k
< c<k>ﬁ%v"E[(i / w,-e’wfdz) ]+0(ﬁ#‘+h%‘)
Bn Jo

Bn
< ChBy ! /0 Elw e 1dt + o(B3) = O(BR). (2.22)

because E[wizk e2ktwi]jg uniformly bounded for ¢ € [0, ty/4k] by our assumption (1.3).
Recalling (2.16), (2.17) and (2.2), the random variables ({y ;);en are i.i.d. with

El¢n.i] iy

~ %\/Lﬁ Var[¢y ;] M 1, sup E[(¢n.)**] < 0o, (2.23)

N,ieN

It follows, in particular, that {;1%, ;}i,nen are uniformly integrable. We can then apply
a change of measure result established in [10, Lemma B.1], which asserts that we

@ Springer



The continuum disordered pinning model 33

can construct i.i.d. random variables (EN,,-)I'GN with marginal distribution IP(EN,,' €
dx) = fn(x)P(¢wn,; € dx), for which there exists C > 0 such that for all p € R and
i,NeN

El¢yil=0. E[ly ]<1+C/VN, and E[fy(¢ni)P]1<1+C/N.
(2.24)
Let E,' be the analogue of E; constructed from the ZN’,"S instead of the ¢y ;’s. By
Holder,

E[1gl' "] = [n ! ]'[fN(zN,w HfN(zN» ’z}

i=1 z=l

<E[I& T E[fvn.)' T < TE[IE[] T

Relation (2.21), and hence the tightness of {Z;’;’ Iy (-, )} NeN, is thus reduced to show-
ing

= LAY
E[|a,~|]§C( < ) forall N e Nand0 < ¢ < r < N, (2.25)

for some/ € N,/ > 2 and n > O satisfying n > ZILI.

Step 4. Boundmg E[| uzl ]. We note that the bound for E[| __43| ] is exactly the same as
that for E[| u2| ], and hence will be omitted. First we write E, as

1

=(k =(k =
20, where  EY:= 3y ]]ove. 220
1 |I|=k,IC{1,...r—1} iel
IN{m+1,....r—1}£0

r

R
8]
Il
|

>-
Il

with B "‘(k) consisting of all terms of degree k. The hypercontractivity established in
[26, Prop 3.16 & 3.12] allows to estimates moments of order / in terms of moments
of order 2: more precisely, setting || X||, := E[|X|”1"/?, we have forall [ > 2

r—1 l r—1 !
IBall} := E[1E < (Z ||'E“§")||l) < (Z(q)"né;“ IIz) : (2.27)
k=1

k=1

where ¢; := 24/l — 1 maxyen ( 14w, Ll ) is finite and depends only on [, by (2.23).

w112
We now turn to the estimation of || u( )||2 Let us recall the definition of ¥ , in

(2.18). It follows by (2.24) that Var(;N, <1+ C/\/ﬁ < 2 for all N large. We then
have

k—1

IER 13 = E[(EY)?] = > V3, ) Var @y, )F

y=0 I<ni<--<ny<m
m+1<nyy)<--<ng<r—1
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k=1 2% 2 2 )
k By u(mi)u(ny —ny1)=---u(r —ng)
<2*y > o
y=0 15n1<...<ny§m
m+1<nyi)<--<ng<r—1
<4k§ // (YNNI - (SN utr = NG
- y=0 m (v/'NByu(r))?
<I<<ly<F
R<typ1<-<tp<i
(2.28)

It remains to estimate this integral, when % < o < 1 (the case o > 1 is easy). By
(2.10)

! ! <u(®) <c !
CLE+DE+ DI S

Ve eN,

for some ¢ € (0, 00). Since [Nt] — [Ns] + 1 > N(t — s), recalling (2.2) we obtain

L(N) 1

VNByu(INTT — [Ns1) < “LONO—NsT+1) G —9)1e

Let us now fix

o = 1

, 1 ' When(iz> 1 (2.29)
any number in (j,a) when 7 <a<l

Since L(-) is slowly varying, by Potter bounds [8, Theorem 1.5.6] for every ¢ > 0 there
is D, € (0, 00) such that L(a)/L(b) < D, max{(a/b)¢, (b/a)?} forall a,b € N. It
follows that

VNByu([Nt] = [Ns]) < C (2.30)

(t — )=’

for some C € (0, 00), uniformly in 0 < s < < 1 and N € N. Analogously, again
by (2.10) and Potter bounds, if 0 < s <t < + we have

N
u(INI = [NsD) _ 5 L(r+1) AN (77, i
u(r) T LUNf]=[NsT+ D (N —s)'=* = " (1 —s)l="
(2.31)

Plugging (2.30) and (2.31) into (2.28), and applying Lemma C.1, then gives

k—1 2(1—a')
_ r/N)
1B <> // dry - - d

2(1—a’ ’ ’
] 7 (1 — )20 (/N — )20

O<ty<-<ty<%

T <tyr1<—-<tr<g
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k—1

< ¢k Z Clefczklogk(ﬂ)(za/fl)’V(r — m)(Zot —D(k—y)
N N
y=0
— 2a'—1
< CyemCklk(T22) T (2.32)

where the last inequality follows by crude estimates (observe that m/N < 1).
We can substitute the bound (2.32) into (2.27) to obtain

d 1 J s 1
2, z k 1 _Sprogk (F —M\* 72 r—my\ @@=
E[l8;'] = (k_l(q) (C3)2e 2 (T) < C( < )

for some C depending only on /. We now choose m as in (2.19), so that

9

r—m <r—q+«/N(r—q) <2(r—q)%
N — N - N

(if m = 0 we first write r = r — g + g and we use that in this case ¢ < /N — q)),
hence

1\1

)3

~ ’ — ( -5
E[|E,'] < C2@ *%V(%) T (2.34)

Since o’ > 4 by our choice in (2.29), relation (2.25) is satisfied with n = (¢/ — 1)4
(and one has n > 2%, as required, provided / € N is chosen large enough).

Step 5: bounding E[|§1|l]. Following the same steps as the bound for E[|§2|l], it
suffices to establish an analogue of (2.32) for

k
EV = > (w0 = ngonn0) [[ovm. 235
i=1

I<ni<--<ng<m

where we recall that 0 <m < g < r < N, because m = m(q, r, N) is chosen as in
(2.19). If m = 0 then EY‘) = 0 and there is nothing to prove, hence we assume m > 0
henceforth.

Since (Zy.i)ien are ii.d. with E[Zy 1] = 0 and Var(zy.1) < 1 + C/+/N < 2 for
N large,

IEOB=E[E")]<2* > (neln.om) = vngr..n)
1<nj<--<np<m
(2.36)
Let ¢ be as in condition (2.11). We first consider the case r — g > e2r, for which we
bound
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=k
IEPB <2 >0 (v o)+ g (. ne)?)

1<nj<--<np<m

<2t > YN )

I<nj<--<np<r—1

2kH > YN (1, .. )2 (2.37)

1<ni<--<ng<g-—1

Applying the bound (2.32) with m = 0, since ¢ < r, we obtain

~ r\2a' -1 20’1 7\ 20’ —1
” E(lk) ”% < 2k+1C3€_C4k logk ((_) + (i) ) < C5€_C6k logk(ﬁ) ,

N N
(2.38)
By the same calculation as in (2.33), we then have, using r — g > &%,

)

11 11
=l r (“ _7)l ¢ r—q ("‘ _i)l
BiEN=c(3)" " = mm ()
which gives the desired bound (2.25).

Now we consider the case r — g < &2r. Denote [ := {n1, ..., nt}. Recalling the
definition of ¥y , in (2.18), we have

_ _ 2
(wN,r<1>—wN,q(1))2:(ﬁN>2"u(n1>2---u<nk—nk_1)2("(’ ) _ ”")) .
) (@)

(2.39)

Since we assume m > 0,by (2.19)wehavem = g —/N(r —q) andq,r > m++/N.
Recalling that u(n) = P(n € ), we can bound the last factor in (2.39) as follows:

‘P(r—nk €1) _ P(g —ny e 1)
P(rer) P(g € 1)
_ ‘P(q e )P(r —nyet) —P@r e 1)P(q —ng € r)‘
P(g € t)P(r € 1)
[P(q et)—P(re r)]P(r—nk et)+P(re r)[P(r—nk €t)—P(g—nie r)]
‘ P(get)P(rer)
- |P(q € 1) —=P(r € O)|P(r —ng € 1)
- P(g € ©)P(r e 1)
|P(g —nx € T) —=P(r —ng € T)|P(g — n € 1)
P(g —n; € ©)P(g € 1) '

2

We now apply (2.11), using the assumption r — g < £“r < er and noting that

r—nm)—(@—n _r—q _ [r—q _ /r—q<8’
r—ng T g—m N = ro
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which yields

u(r —ng)  ulg —ny)

SC(V—qf u(r—nk)+c(r—q)5 u(g — ng)

u(r) u(q) r u(r) r—ng u(q)
r—q\ou(r —ny) r—q\%2u(q —ng)
=c(=7) S e (5) T

Plugging this into (2.39) and recalling (2.18) then gives

(w0 = g ) =262 (1) Py, 02 4202 (F 1) gy 12
<20 (") (0 g 19,

We can finally substitute this bound back into (2.36) and follow the same calculations
as in (2.37)—(2.38), with an extra factor (%)5, to obtain

IE(13 < €5 eCoklosk(— Q)‘S(L)Z“’*‘ < CreCuttont (L= q)wzaun
1 112 = - N < N i

By the same calculation as in (2.33), we then have

SAQa’—1)
sl

ENE [ = c(—7)

Since § > 0 and @’ > 1/2, this gives the desired bound (2.25) for E[| z "1, provided
I € N is chosen large enough. This completes the proof. O

2.3 Proof of Theorem 2.4

Wefixa € (1/2,1)and T € (0, 0o). By Remark 1.2 and Lemma B.2 in the appendix,
we can construct a renewal process t satisfying (1.1), with L(n) — 1asn — oo, such
that condition (2.11) is satisfied. By Theorem 2.1, for this particular renewal process,

. I . w,C . . . .
the discrete partition functions (Z iy SN IN ))O —y<i<7 CONVerge in distribution as

viewed as random variables

. . a;W,c
N — oo to the continuum family (ZBJ; (s, t))OESSIST’

in C([0, T]2<, R). By Skorohod’s representation theorem [6, Thm. 6.7], we can couple

(Z5 hy) e and ZE;Z/’C so that, as., Zg") (sN,tN) converges to Z(; ACN))

uniformly on [0, T]ZS. We assume such a coupling from now on.

Property (ii) is readily checked from the Wiener chaos representation (2.3). Alterna-
tively, one can observe that similar properties hold for the disordered pinning partition
functions (Zﬁ ny (0 ]))0<l<] which are preserved in the scaling limit.

We next prove (iv), where we may assume 0 < s < u <t < T.Letus fix a typical
realization of (Z ( . hN) ven and Z'é W-¢ under the above coupling. Let ay := |sN],
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by = |uN] and cy := [t N ]. Recalling the definition of Z;),f in (1.21) and summing
on the index k € N for which 7x < by < t%4+1 and on the values i = 1, j = T¢+1,
we obtain

Zg hy@n, en)Pleny —ay € 1)
s ; s H i_A hn)1 i>a
S E 2 a0, Uew) AR
ay<i<by by=<j=cy
xP(i —ay € T)P(t1 = j — )P(cy — j € 7) e PN AP j<cy)
(2.40)

Multiply both sides of (2.40) by N I=¢ and let N — o0. Since P(n € 1) ~ nlc‘j‘a by
(2.10),

C, Z‘;;?;V’C(s, )

ze° ,eN)N'TP(cy —ay € —_—
By @N > CN) ey —an €71) — — i@

For the RHS of (2.40), note that (e¥@i=ABVThN)) - converge uniformly to 1
as N — oo (because max{w; : i < TN} = O(log N) by Borel-Cantelli estimates,
(1.3)). Moreover, fori = [xN|and j = |[yN]|,withs <x <u <y <t,

(an, LXNDZEC, (LyN], cn) el Za Wc(s x)Z“ Wc(y,t) uniformly,

ﬁN hn BN hN

while by P(t; =n) = H—OI ) and P(n et) ~ 1%, (1.1)and (2.10), we get

N*N'"*P(lxN| —ay € T)P(t; = lyN] — [xN|)P(cy — LlyN] € 1)
Ca

Njgo (x — s)l—at(y _x)l—i-ot(t _ y)l—a ’ (241)

foralls < x < u < y < t (the convergence is even uniform forx —s, y—x,t—y > ¢,
forany e > 0). Againby (1.1) and (2.10) with L (n) ~ 1,the LHS of (2.41) is uniformly
bounded by a constant multiple of the RHS, which is integrable over x € (s, u) and
y € (u, t). Therefore, by a Riemann sum approximation, the RHS of (2.40), multiplied
by N'=*, converges to

Cy ZM (s, x) | Cy z‘ig“(,t)
/ / T i p. = dx dy,
xe(s,u) Jye(u,r) (x —s)'—@ (y—x) o -y

which establishes (2.8).
We then turn to (i), where we may restrict s, ¢ € [0, T]. The fact that Z‘; e

is a.s. continuous and non-negative follows readily from Theorem 2.1 [recall that
ﬂN»hN(l’ j) = 0, (1.21)]. For the a.s. strict positivity, we apply (2.8) with u :=
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(s + £)/2: since Z‘; sWie

y > s — ¢ yields the lower bound

> 0, for any ¢ > O restricting the integrals to x < s + ¢ and

Co Zg;}j“(s, x) Zg;;“(y, 1)

Z%WC (s, 1) > (1—s)' dx dy.

B.h (S ) - ( S) (x—s)l_“(y —X)H_a(t _ y)l—Ol X ay
xe(s,(s+e)At), ye((t—e)Vs,t)

(2.42)

Since Z% i (u u) = 1 for all u > 0 (2.3), by continuity a.s. there is (a random)

o; W,c

&> Osuch thatZA i (u,v) > Oforallu, v € [0, T] withO < v —u < . Observing

that both s —x < eand y — ¢t < ¢ in (2.42) yields that a.s. Z"f ch(s, t) > 0 for all

O0<s<t<T. B

Lastly we prove (iii). For any A > 0, recalling (2.3) and setting W, := A=1/2W,,,
the change of variables t +— u := /A yields the equality in distribution (jointly in
s, 1)

o9 k
z;;;gv,c(As,At) =1+> / / Vo n ) [ (B AW, + hdr)
i=1

k= 1As<t1< <ty <At

d
ist. 1+Z / / quAt(Aul,...,Auk)

s<u1< <up<t

X H(Al/zﬁ dW,, + Ahdu;).
=1

Since Y55 4, (Aur, ..., Aug) = A DR EE @y, .. ug), by (2.4), it follows that

a;W.c dl_St o W,c
Zﬁfz (As, At) ZAO( 125, Aah(s t).

Since W = (W,) ¢>0 1s still a standard Brownian motion, the proof is completed. O

3 Characterization and universality of the CDPM

In this section we prove Theorems 1.3 and 1.6. We recall that C is the space of all
closed subsets of R, and refer to Appendix A for some key facts on C-valued random
variables (in particular for the notion of restricted f.d.d., §A.3). Let us summarize our
setting:

e we have two independent sources of randomness: a renewal process T = (7,,),>0
satisfying (1.1) and (1.7), and an i.i.d. sequence @ = (w,),>1 satisfying (1.3);

e we fix 7 > 0 and consider the conditioned pinning model Py ; ;. defined in
(1.9) and (1.4), with the parameters 8 = By and h = hy chosen as in (1.11).
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Let us denote by X the rescaled set t/N N[0, T'] (1.2), under the law P%’;,ﬁw,hzv' If
we fix a realization of w, then X is a C-valued random variable (with respect to ).

Our strategy to prove Theorems 1.3 and 1.6 is based on two main steps:

(1) first we define a suitable coupling of w with a standard Brownian motion W
(2) then we show that, for P-a.e. fixed realization of (w, W), the restricted f.d.d. of
X converge weakly as N — oo to those given in the right hand side of (1.22).

We can then apply Proposition A.6 (iii), which guarantees that the densities in (1.22) are
the restricted f.d.d. of a C-valued random variable X o, whose law on C we denote by

POT‘; ;th, furthermore, X  converges in distribution on C toward X, as N — oo, for P-

a.e. fixed realization of (w, W). This is nothing but Theorem 1.3 in a strengthened form,
with a.s. convergence instead of convergence in distribution (thanks to the coupling).
Theorem 1.6 is also proved, once we note that P‘)T“ ‘Y’ﬁc is the unique probability law on

C satisfying conditions (i) and (ii) therein, because restricted f.d.d. characterize laws
on C, Proposition A.6 (i). It only remains to prove points (1) and (2).

By Theorem 2.1, the family Zy := (Z"), (SN, tN)),_ _, _; of discrete parti-
tion functions defined in (1.21), viewed as a C ([0, T]ZS, R)-valued random variable,

converges in distribution to the continuum family Z := (Zg;zv’c(s, 1) as

0<s<t<T
N — oo. Note that Zy is a function of w, Ny := (w1, ..., wy—1), While Z is a
function of a standard Brownian motion W = (W;);>¢. By an extension of Skoro-
hod’s representation theorem [23, Cor. 5.12], we can couple the discrete environments
(w©,N))NeN and W on the same probability space, so that Zy — Z a.s.. This com-
pletes point (1).

Coming to point (2), we prove the convergence of the restricted f.d.d. of Xy ,i.e. the
laws of the vectors (g, (Xn), ..., g (Xn)) restricted on the event A,’f’v f defined in

.....

(4.16). Since Xy = t/N N[0, T] under the pinning law P‘;’]\C,’ﬂthN ,we fix k € Nand

0<t <...<tp <T,as well as a continuous and bounded function F : R% - R,
and we have to show that

IN = BN gy | 00 T/N), G4 (2/N). o gy (1/N), Gy (t/N)) T yow ]

S 1

converges as N — oo to the integral of F with respect to the density in (1.22), i.e.

Hf:o Zof;f‘iv’c()’ivxin%)
I = // F(x],yl,...,xk,yk)X[ oz-ﬁl;Vc ]
ZB’}; (0, T)

O<x)<t]<y1<x2<fp
<e<xp<ty<yp<T

k Ca Tl—a
X dxdy, (3.2)
|:J:[l (i — yi—)' (i — Xi)”“} (T — )= Y

where we set yg := 0, xx4+1 := T and dx dy is a shorthand for dx;dyj - - - dxzdyg.
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Denoting by P, the law of the renewal process T N [0, N] conditioned to visit N,
Py () :=P(rN[0,N]€ -|N €1), (3.3)

the pinning law P;‘V)% ; can be written as follows (1.4), (1.9) and (1.21):

P%’,;h(f) . 1

S5 (Bon—AB)+) T er) (3.4)
= e<n . .
Py (1) Zg(0,N)

In particular, the law P?A‘; Bk reduces to P‘IL y for B =h = 0. In this special case, the
convergence Iy — [ is shown in the proof of Proposition A.8, (4.23) and the following
lines, exploiting the renewal decomposition (4.25) for /. In the general case, with
P‘}’AC, Bh instead P%. ,,, we have a completely analogous decomposition, thanks to (3.4):

=g XX X >

0<a1<Nt; Ntij<bi<ar<Nt Ntg—1<bp_1<ap <Nty Nty <by <NT

a; b ar by
O
N N N N

k k w,C o
X H BN (@a; +op) =20 (BN)+2hN [Ti-o Zgy .y (bi, air1)
Z¢ (0,NT)
Bn.hy

i=1

k
x [H N*u(a; — bi-)K (bi — ap)

i=1

u(INT] — br)
u(LNT])

We stress that the difference with respect to (4.25) is only given by the two terms
in brackets appearing in the middle line. The first term in brackets converges to 1
as N — oo, because maxo<,<n7 |wy| = O(ogN) (as we already remarked in
§2.3). When we set a; = Nx; and b; = Ny;, the second term in brackets converges
to its analogue in (3.2) involving the continuum partition functions, for P-a.e. fixed
realization of (w, W) (thanks to our coupling), and is uniformly bounded by some
(random) constant, because the continuum partition functions are a.s. continuous and
strictly positive Theorem 2.4 (i). Since the convergence of (4.23)—(4.24) is shown by
a Riemann sum approximation, the convergence of (3.1)— (3.2) follows immediately,
completing the proof of point (2). O

4 Key properties of the CDPM

In this section, we prove Theorems 1.4 and 1.5. The parameters o € (%, 1), T > 0,
B > 0and h € R are fixed throughout the section. We use in an essential way the

continuum partition functions (ZZ;ZV’C(S, 1))g<y<; <7 Theorems 2.1 and 2.4, and the

characterization of the CDPM quenched law POT“ thc in terms of restricted f.d.d., given
in Theorem 1.6. .
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Proof of Theorem 1.4 Assume thath = 0, and recall definition (1.13) of the “reference
law” P‘;; ©. We will show at the end of the proof the following equality of two probability

measures on C:

a;W,c o, W,c o;C
E[Zﬂo (0, T)PTﬁO()]=PT ). (4.1)

Let us assume this for the moment.
By (4.1), if P7°(A) = 0 for some A C C, then P‘;;};V’OC(A) = 0 for P-ae. W
(because Zof WC(O, T) > 0 as., by Theorem 2.4 (i)), hence E[P“;‘Y’C(A)] =

PaWc

This shows that the law E[ (-)] is absolutely continuous with respect to POT‘;°(~),

proving Theorem 1.4 for h = O.
We now turn to the case & # 0. By Remark 2.2, the continuum partition functions

(ZE;ZV’C(S, 1)) g<y<; <7 have a law that, for h # 0, is absolutely continuous with

respect to case h = 0, with Radon-Nikodym density f ¥ 7 (W) given in (2.5). Since

PaWc

the restricted f.d.d. of  are expressed in terms of continuum partition functions

(1.22), the two probablhty measures E[P% EVS( )1 and Elf; 5 ,(W) P2 v, °( )] on C
have the same restricted f.d.d. and hence are identical, by Proposmon A 6 (1) As
a consequence, if E[P‘; ;Vflc(A)] —=0forh = 0, the same is true also for h # 0,

completing the proof of Theorem 1.4.
It remains to establish (4.1). Note that its LHS is indeed a probability law on C,
since E[Z‘/;f W, €0, 7)] =1 by the Wiener-chaos expansion in (2.3) with h =0Tt

suffices to show that the LHS and RHS in (4.1) have the same restricted f.d.d., by
Proposition A.6 (i), and this follows immediately from relations (1.19) and (1.22),
because E[Z‘; Wee (yi, xizD] = 1.

Lastly, we note that the a-stable regenerative set T a.s. has Hausdorff dimension «
(seee.g. [5, Thm. III.15]), and the same holds a.s. under the conditioned measure PT s
which then carries over to the quenched law Pa W.e ) of the CDPM, for a.e. realization
of W. O

Proof of Theorem 1.5. Let us set
Cor:={KeC:0,T e K C[0,T]}.

By construction, P* W(;: and P7° are probability measures on Co,7, equipped with

the Borel o- algebra F. Recalling the definition (1.16) of the maps g;, d;, forn € N
let 7, be the o-algebra on Co 7 generated by g , and d , for 1 <i < 2" — 1.
2” 2n

Then (F,),eN is a filtration on Cp 7 that generates the Borel o-algebra F on Cp, 1, by
Lemma A.2.

Let £V : Co.r — [0, oo] be the Radon-Nikodym derivative of P‘;; Z/hc with respect
to P7° on (Co,7, Fn). If 7 is a Co,r-valued random variable with law P3¢, then
(£, (1)) pen is anon-negative martingale adapted to the filtration (F},),en, and P :;th
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is singular w.r.t. P7“ if and only if £, (r) — 0 a.s.. To prove Theorem 1.5, it suffices
to show that, under the joint law of T and W,

L@ —— 0 inprobability, 4.2)

because we already know that the martingale limit lim,— oo an(‘r) exists a.s..
We next identify an(r). Without loss of generality, assume 7 = 1. To remove
duplicates among the random variables g i , d; ,for 1 <i <2" — 1, let us set
n n

n@i={2=i=2 =1 o (G 5] # 0},
ay,;(T) := min {r N [/2;,,1 2J—,,]} . by, j(r) :=max {‘[ N [/2;,,1 2’—,,]} .
Then we claim that the following explicit expression for £,V (7) holds:

[1; € L (T)Uf2n ZA i (an (t), b, j (7))
an(r) _ JeIUI, (r)uf2"} Wc J J . 43
ZE’;, O, 1)

In order to prove it, first note that an(T) must necessarily be a function of the vector

Vo) = (940, (@10, ()0 g @), @)

because the variables g (t), d. () fori ¢ I,(t) are just repetitions of those in
2" 2"

V,.(t).3 Then observe that V,(t) can be rewritten equivalently as
Vo) = (93, @, a3 (@), (g, (0. d; ()0 0)) -

because if j < j’ are consecutive points in I,,(t) then d (r) =dy l(r) Finally,

note that on the event I,,(t) = J, defining #; := 2—,, and {tz, cey tk} = {2,, }jes, the
density of the random vector Vn(r) (w.r.t. Lebesgue measure on R2%) under PO“C
given by (1.19), while under P“ 1 is given by (1.22); then (4.3) follows comparing
(1.19) and (1.22). o

Since z;;':gV’C(o, 1) > 0 a.s. by Theorem 2.4, relation (4.2) will follow by showing
that

Py —as., E[(fnw(r)Z%i;/’c(O, )’] — 0 forsomey € (0,1). (4.5)

n— oo

3 The presence of g | (7) and d17 1 (7) in (4.4) is due to the fact that 0 and 7" are accumulation points
on on

of 7, PT"’C(dr)—a.s., hence T N (0, %,,] #Pand TN (1 — 2% 11 # 9.
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We can reduce to the case 1 = 0 using Remark 2.2, in particular (2.5), writing

E[(£)" @25 0. )] = E[f, 50 (5" @25 0. 1)"]

p_p=l

<E[f, 5 W71 7 E[(5) @z 0. 0)7]

Choosing p € (1, 00) glose to 1, it suffices to prove (4.5) in the special case h=o.
Henceforth we fix 4 = 0. For a given realization of 7, we note that the factors in
the numerator of (4.3) are independent, by Theorem 2.4 (i). Therefore

w W, v W, v
B[(r @zgy 0. 0) = I B[ @@ bnj@))"]
Je(JUI, (1)u{2"}
_ a;W,c Y
= H E[(Zg,,,,-(r),o(o’ )], (4.6)
Je(JUI, (1)u{2"}
where we set Bn,j(r) = ﬁ(b,,,j(t) — cz,l,j(‘t))""l/2 and we used the translation

invariance and scaling property of Z;;gv,c(_’ -) established in Theorem 2.4 (ii)—(iii).
We claim that for any y € (0, §) there exists ¢ = c(y) > 0 such that for § > 0

sufficiently small,
E[(25) 0. D) <1 -cp? <™. 4.7)

Substituting this bound into (4.6) then gives

logE[(£," (@25 "0, 10) ] = =ef 3 (ba () —an (@),
’ jelUL (U2}

The RHS diverges P{*“(d7)-a.s. as n — 00, because {[an, ; (T), bu,; ()1} jef1jur,upr)
is a covering of T with balls of diameter at most 27", and t a.s. has Hausdorff dimension
o, which is strictly larger than 2o — 1 for o € (%, 1). The divergence follows from
the definition of the Hausdorff dimension (see e.g. [5, Section IIL.5].

Lastly we prove (4.7). By (2.3), we have the representation

oo
Z5C0.n =143 B
k=1

where Yy is arandom variable in the k-th order Wiener chaos expansion, and we recall
that the series converges in L2 for all > 0. By Taylor expansion, there exist &, C > 0
such that

(1+x) <1+yx—Cx> forall|x|<e.

@ Springer



The continuum disordered pinning model 45

For later convenience, let us define

o0 o0
S;=> Fv. T;:=> pn
k=1 k=2

We then obtain

E[(2, )0, D) ] = E[(1+ 8" Ly i<er] +E[(1+ 8" Lyys; e
< 1+ yEIS31s;1<e)] — CEISI1i512e)] + Bl + S5 P(S51 = )7
= 1 = CE[S}1+ {~ YE[Sjls;1-e)] + CEIS} Lys; a1 + B(IS;1 = )77,
(4.8)

having used the fact that E[S B] = 0 in the last line. Observe that

ELS]] = ];B?"E[Y,?] =E[Y{18*+ 0B asp o0,

hence the first two terms in (4.8) give the correct asymptotic behavior (4.7). It remains
to show that the three terms in brackets are o(8%). Note that

o0
Tz ZZ A¥E[Y2] = 0(BY) .
k=2

and moreover IE[Y14 ] < (const)E[Y 12]2 < 00, by the hyper-contractivity of Wiener
chaos expansions (see e.g. [22, Thm. 3.50]). Writing S; = ﬁYl + ’];3 we obtain

P(S;1z6) = BUAYI| = 30)+P(T| = 3o = (2)'EIV{18*+(2) EIT]1=0(B*).
Since E[Sé] = O(ﬁz), we can also write
|ELS; Lys;1-e1]] < BIS3' 2 B(S;1 > )12 = 0(B),

and analogously

E[S1ys;1-e] < 2BLBYD L, 1=e0] + 2EL TS Ui -]
= 2B°BY{1 2 P(S;| > )2 + 2E[T2] = 0(BY.

The terms in bracket in (4.8) are thus O (%) + O (B*) + 0(B*1~7)), which is 0(82)
provided we choose 4(1 — y) > 2,ie. y < % This concludes the proof of (4.5) and
Theorem 1.5. O
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Appendix A: Random closed subsets of R

In this section, we give a self-contained account of the theoretical background needed
to study random closed sets of R.

A.1 Closed subsets of R
We denote by C the class of all closed subsets of R (including the empty set):
C:={C CR: Cisclosed}. 4.9)

We equip the set C with the so-called Fell-Matheron topology, built as follows.
We first compactify R by defining R := R U {£o0}, equipped with the metric

d(x,y) = |arctan(y) — arctan(x)| forallx,y € R. (4.10)

The Hausdorff distance of two compact non-empty subsets K, K’ C R is defined by

du(K,K') = max{ supd(x, K'), sup d(x’, K)}, (4.11)

xeK x'eK’

where d(a, B) := infpcp d(a, b). (Note that dy (K, K’) < ¢ if and only if for each
x € K thereis x’ € K’/ with d(x, x") < ¢, and vice versa switching the roles of K and
K’)

Coming back to C, one can identify a closed subset C € R with the compact
non-empty subset C U {00} C R. This allows to define a metric dpy on C:

dem(C, C') i= dy(C U {£o0}, C' U {£o0)), C,C eC. (4.12)

The topology induced by the distance drp on C is called the Fell-Matheron topology
[24, Prop. 1-4-4 and Remark on p.14]. Since the metric space (C, dpm) is compact
(hence separable and complete) [24, Th. 1-2-1], it follows that C is a Polish space.

Remark A.1 By (4.11)-(4.12), C, — C in C if and only if the following conditions
hold:

e for every open set G C R with G N C # ¢, one has G N C,, # ¥ for large n;
e for every compact set K € R with K N C =, one has K N C,, = @ for large n.
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We also observe that the Fell-Matheron topology on closed subsets can be studied for
more general topological space, together with the topology induced by the Hausdorff
metric (4.11) on compact non-empty subsets (called myope topology): for more details,
we refer to [24], [25, Appendixes B and C] and [30, Appendix B].

A.2 Finite-dimensional distributions

The space C is naturally equipped with the Borel o-algebra B(C) generated by the
open sets. By random closed subset of R we mean any C-valued random variable
X. We are going to characterize the law of X, which is a probability measure on C,
in terms of suitable finite-dimensional distributions, which provide useful criteria for
convergence in distribution.

To every element C € C we associate two non-decreasing and right-continuous
functions ¢ > g,(C) and 7 — &, (C), defined for 1 € R with values in R as follows:

g;(C):=supf{x: x € C, x <t}, d(C) :=inf{x: x € C, x >t} (4.13)

(where sup ) := —o0 and inf J := 400). Note that either function determines the set
C, because ¢t € C if and only if g;(C) = ¢t if and only if d;_(C) = t. It is therefore
natural to describe a random closed set X in terms of the random functions  — g;(X)
and r —> d;(X).

For convenience, we state results for both g and d, even if one could focus only on
one of the two. We start with some basic properties of the maps g;(-) and d;(-).

Lemma A.2 Foreveryt € R, consider g,(-) and d;(-) as maps from C to R.

(i) These maps are measurable with respect to the Borel o-algebra B(C), and they
generate it as the index t ranges in a dense setT C R, i.e. B(C) = o ((gy);eT) =
o ((@1)reT)-

(ii) These maps are not continuous on C. In fact, the map g, (-) is continuous at C € C
if and only if the function g.(C) is continuous at t. The same holds for d; (-).

Given a C-valued random variable X, we call g-finite-dimensional distributions
(g-fd.d.) of X the laws of the random vectors (g; (X),..., g, (X)), for k € N
and #q, ..., € R. Analogously, we call d-f.d.d. the laws of the random vectors
(dy (X), ..., dy (X)). We simply write f.d.d. to mean either g-f.d.d. or d-f.d.d., or
both, when no confusion arises.

Since X is determined by the functions t — g;(X) and ¢ +— d,(X), it is not
surprising that the law of X on C is uniquely determined by its f.d.d., and that criteria
for convergence in distribution X,, = X of C-valued random variables can be given
in terms of f.d.d.. Some care is needed, however, because the maps g;(-) and d,(-) are
not continuous on C. For this reason, given a C-valued random variable X, we denote
by Z4(X) the subset of those t € R for which the function s — g, (X) is continuous
at s = t with probability one:

Io(X) == {r e R: P(g—(X) = g/(X)) = 1}. (4.14)

One defines Z4(X) analogously. We then have the following result.
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Proposition A.3 (Characterization and convergence via f.d.d.) Let (X;),ecn, X be
C-valued random variables.

(1) The set Iy(X) is cocountable, i.e. R\14(X) is at most countable.
(1) The law of X is determined by its g-f.d.d. with indices t1, ..., ty in a dense set
T CR
(i) Assume that X,, = X. Then the g-f.d.d. of X,, with indices in the cocountable set
14(X) converge weakly tothe g-f.d.d. of X: forallk € Nandty, ..., t € Ig(X),

(91 (Xn)s -+, 95 (X)) = (g1 (X), ..., g4 (X).

(iv) Assume that the g-f.d.d. of X, with indices in a set T C R with full Lebesgue
measure converge weakly: fork € N, t1, ..., tx € T there are measures [i;, ... 1,

—k
on R such that

(gtl(Xn)a-“vgtk(Xn)) iI’Ltl ..... I -

Then there is a C-valued random variable X such that X,, = X. In particular,
the g-f.d.d. of X with indices in the set T N 1g4(X) are given by ...y

The same conclusions hold replacing g by d.

Remark A.4 In Proposition A.3 (iv) it is sufficient that 7 has uncountably many points
in every non-empty open interval (a, b) C R, as the proof shows. In fact, arguing as
in [14, Th. 7.8 in Ch. 3], it is even enough that 7 is dense in R (in which case the
f.d.d. of X must be recovered from ... ;, by a limiting procedure, since 7 N Zg(X)
could be empty).

.....

Remark A.5 The map C +— (g;(C));cr allows one to identify C with a class of
functions Dy that can be explicitly described:

Dy:={f:R—>RU{—00}: f(r) <tand f(t+) = f(t), VI € R;
if f(z) <uforsomeu < t, then f(u) = f(¢)}. (4.15)

The functions in Dy are non-decreasing and right-continuous, hence cadlag, and it
turns out that the Fell-Matheron topology on C corresponds to the Skorokhod topology
on Dy. As a matter of fact, given the structure of Dy, convergence f,, — f in the
Skorokhod topology is equivalent to pointwise convergence f,(x) — f(x) at all
continuity points x of f.

We do not prove these facts, because we do not use them directly. However, as the
reader might have noticed, the key results of this section are translations of analogous
results for the Skorokhod topology [6,14,21].

A.3 Restricted finite-dimensional distributions

It turns out that, in order to describe the f.d.d. of a C-valued random variable X, say
the law of (g4 (X), ..., g, (X)), with —o0 < #1 < --- < fx < +00, itis sufficient to

@ Springer



The continuum disordered pinning model 49

focus on the event

,,,,,

We thus define the restricted g-f.d.d. of X as the laws of the vectors (g, (X), ...,
gy (X)) restricted on the event Aff’___,,k. These are sub-probabilities, i.e. measures
with total mass P(Affy___, 1) < 1, and we equip them with the usual topology of weak
convergence with respect to bounded and continuous functions. One defines analo-
gously the restricted d-f.d.d. of X. We can then rephrase Proposition A.3 as follows.

Proposition A.6 (Characterization and convergence viarestricted f.d.d.) Let (X,),eN,
X be C-valued random variables.

(i) The law of X is determined by its restricted g-f.d.d. with indices in a dense set
T CR
(i) Assume that X, = X. Then the restricted g-f.d.d. of X, with indices in the
cocountable set T4(X) N Z5(X) converge weakly to those of X.
(iii) Assume that the restricted g-f.d.d. of X, with indices in a set T C R with full

—k
Lebesgue measure converge weakly to some measures ufle“ i onR°. Then there
is a C-valued random variable X such that X,, = X. In particular, the restricted
g-f.d.d. of X with indices in the set T N Ig(X) N Za(X) are given by uy™™ .

The same conclusions hold replacing g by d.

Remark A.7 Note that X N (s,¢] # @ if and only if s < d;(X) < g:(X) < t.

Recalling the definition (1.18) of the set Rt(é{,)n oty the event At)f,...,tk in (4.16) can
be rewritten as

AX =@ (X, (X0, gy (X), A (X)) € REL ) @)

Also note that, in case X C [a, b] a.s., it is enough to specify the restricted f.d.d.
)

with indices #; € [a, b], using correspondingly R;kgl ..ip.p Instead of RY‘OO, Hloort 00

in (4.17).
A.4 The «-stable regenerative set
For each o € (0, 1) there is a universal random closed set T of [0, c0), called the

a-stable regenerative set. Its probability law P® on C is then characterized by the
following restricted f.d.d. densities: forallk e Nand 0 < #; < --- < < 00, setting

yo :=0and Cy := %,
PY(gy, (1) € dxy, &y (7) €dyi, ..., g, (T) € dxg, dy (7) € dy)
dxydy -+ dxgdyx
k

Cq
(i — yi—D)' (yi — xp)1He

=M (LY Xk ) = H , (4.18)

i=1
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restricting (x1, yi..... X, ye) in the set R} C R (4.17)~(1.18).

The «-stable regenerative set can be characterized in many ways (e.g., as the zero
level set of a Bessel process of dimension § := 2(1 —«) € (0, 2) [27], or as the closure
of the range of the «-stable subordinator [16]). One of the most expressive is to view
it as the universal scaling limit of discrete renewal processes: for any renewal process
T := (Ty)neN, On Ny satisfying (1.1), the rescaled random set /N (1.2), viewed as a
C-valued random variable, converges in distribution as N — oo toward the «-stable
regenerative set.

This can be shown using the general theory of regenerative sets [16], but it is
instructive to prove it directly, as an application of Proposition A.6 (which shows,
as a by-product, that the restricted f.d.d. (4.18) define indeed a probability law on
C). We spell this out in the conditioned case, which is more directly linked to our
main results, but the proof for the unconditioned case is analogous (and actually
simpler).

Proposition A.8 (Characterization and universality of «-stable regenerative set)

Let T := (Ty)yeN, be a renewal process on Ny satisfying (1.1), for some o € (0, 1).
ForfixedT > 0, the rescaled random set t/NN[0, T](1.2), conditionedon |TN | € t,
converges in distribution as N — oo to the probability law POT‘;C of the a-stable
regenerative set T N [0, T conditioned on T € T (1.13). This law is characterized
by the following restricted f.d.d.: forallk e Nand0 <t < --- < tx < T, and for
(X1 Y1» -2 X5s Y1) in the set RS C R (4.17) and (1.18),

0,01,.00stts
P(’;l";c(gtl (T) S dxla dt[ (T) S dyla L] gtk(T) S d-xka dtk(.[) € dYk)
Tl—(x
o;C
= fT;flw-,fk (X105 V1o v Xky Yk) i= ffj,,,,,,k (X015 Y1y - v o Xk YE) W )
(4.19)

where f?i,---,tk () are the f.d.d. densities of the a-stable regenerative set (4.18).
Proofs

We now give the proofs of the results stated in the previous subsections.

Proof of Lemma A.2 We start proving part (ii). Fix C € C and r € R and recall
Remark A.1. If the function g.(C) is not continuous at ¢, i.e. g;—(C) < g;(C),
defining C, := C—i—% (i.e. translating C to the right by %) onehas C, — Casn — 00,
but g;(Cp) = g,_1(C) + % — g;—(C) # g;(C). Thus g,;(-) is not continuous at
C.

Assume now that g.(C) is continuous at . We set s := g;(C) and distinguish two
cases.

o If s < ¢, thent ¢ C by (4.13). Assume for simplicity that s > —oo (the case
s = —oo is analogous). For ¢ > 0 small one has (s — &, s + &) N C # (4, while
[s+e,t]INC=0.1fC, — C,then(s—e,5s+&)NC, # Dand [s+e&,t]NC, =0

@ Springer



The continuum disordered pinning model 51

for large n, hence g;(Cp) € (s — ¢, s + €). This shows that g;(C,)) — g:(C), i.e.,
g (+) is continuous at C.

e If s =1, since g;—(C) = g;(C) =t,forevery ¢ > Oone has (t —¢,1) N C # (.
IfC, — C,then (t —e,t) N C, # ¥ for large n, hence g,(C,) € (t — ¢, t). This
shows that g;(C,) — g;(C), that is, g;(-) is continuous at C.

Thus g;(+) is continuous at C € C if and only if g.(C) is continuous at #, proving part
(ii).

We now turn to part (i). Defining G;.,,, - (C) = é tt+8 max{gs(C), —m}ds, we
can write g;(C) = limy 00 limy 00 G 1/, (C) forall ¥ € R and C € C. The
measurability of g;(-) will follow if we show that G;.,, () is continuous, and hence
measurable. If C,, — C in C, we know that g4 (C,)) — g,(C) at continuity points s of
the non-decreasing function g.(C), hence for Lebesgue a.e. s € R. Since g;(C) < s,
dominated convergence yields G, - (Cn) = Gy (C) as n — 00, i.e. the function
Gy.m.£(+) is continuous on C.

Finally, setting B’ := o ((g;);e7), Where 7 C R is a fixed dense set, the mea-
surability of the maps g,(-) yields B° € B(C). If we exhibit measurable maps
Y 1 (C,B) — (C,B(C)) such that C = lim,_, o ¥,,(C) in C, for all C € C, it
follows that the identity map ¥ (C) := C is measurable from (C, B') to (C, B(C)), as
the pointwise limit of ¥, hence B(C) C B'.

Extracting a countable dense set {t;};cy € 7, we define ¥, (C) := {g;, (C), ...,
g, (C)} N R, so that ¥,(C) is a finite subset of R and v, (C) — C in C. Since
g;(+) is a measurable map from (C, B') to R and X1, .. x) = {xg, ..., xx ) NR

is a continuous, hence measurable, map from Ek to (C, B(C)), it follows that v, :
(C, B — (C, B(C)) is measurable. O

Proof of Proposition A.3. Since the path t+ +— g;(X) is increasing and right-
continuous, its discontinuity points #, at which g; (X) # g;—(X), are at most countably
many, a.s.. The corresponding fact that P(g;(X) # g;—(X)) > 0 is possible for at
most countably many ¢ follows by a classilcal argument, see e.g. [6, Section 13]. This
proves part (i).

The proof of part (ii) is an easy consequence of Lemma A.2. A generator for
the Borel o-algebra B(C) is given by sets of the form {C € C : g,(C) €
Ar,...,94(C) € Ag}, fork € N, 11,...,1 € T and Ay, ..., Ay Borel subsets
of B. Note that such sets are a 7-system, i.e. they are closed under finite intersections.
It is then a standard result that any probability on (C, B(C)) — in particular, the dis-
tribution of any C-valued random variable X — is characterized by its values on such
sets, i.e. by its finite-dimensional distributions.

We now turn to part (iii). If X,, = X on C, by Skorokhod’s Representation Theorem
[6, Th.6.7] we can couple X, and X so thatas. X, — XinC.If t;, ..., % € Zg(X),
the maps gy, (-) are a.s. continuous at X, by Lemma A.2 (ii), hence one has the a.s.
convergence (g;, (X,), ..., 9, (X)) — (g94,(X), ..., g4 (X)), which implies weak
convergence of the f.d.d..

We finally prove part (iv). Since C is a compact Polish space, every sequence
(Xn)nen of C-valued random variables is tight, and hence relatively compact for the
topology of convergence in distribution [6, Th.2.7]. We can then extract a subsequence
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Xy, converging in distribution to some C-valued random variable X. To show that the
whole sequence X, converges to X, by [6, Th.2.6] it is enough to show that for any
other converging subsequence X"i = X', the random variables X and X’ have the
same distribution.

By assumption, the f.d.d. of X,, with indices #;,...,# ina set 7 € R with full
Lebesgue measure converge to (s, ... 5. Since X, = X, the f.d.d. of X are given by
M., Torindices in 7 N Zg(X), by part (iii); analogously, the f.d.d. of X’ are given
by w1y, forindices in 7 NZy(X’). Thus X and X’ have the same f.d.d. with indices
in 7 NZy(X) NZy(X'). Since this set is dense, X and X’ have the same distribution,
by Proposition A.3 (ii). O

Proof of Proposition A.6 We start proving part (i). Fix a C-valued random vari-

able X and let py, . 4 (dxy,...,dx;) be the g-f.d.d. of X, i.e. the law on Rk of
(94 (X), ..., 94 (X)). Analogously, let /L;?St 5 (dx1, ..., dxg) be the restricted g-

.....

f.d.d. of X (4.16)—(4.17). Since X N (s,t] # @ if and only if g,(X) € (s, 1], the
restricted f.d.d. wj*  is just the f.d.d. puy, ... 5 restricted on the subset [—00, 7] x

(t1, 2] X -+ X (tk—1, s

k

,U«;?St,k (dxi, ..., dxk) = pry,..q (dxy, ..., dxg) Hﬂ{xie(zi,l,zi]}. (4.20)
i=2

To prove that the f.d.d. can be recovered from the restricted f.d.d., we show that
He.... (1) can be written as a mixture of ,u,rleSt(-), as I ranges in the subsets of
{t1, ..., tx}. For k = 1 thereis nothing to prove, since (t;, = uffSt, soweassume k > 2
henceforth. We associate to X the (possibly empty) subset Z(X) C {1,...,k — 1}

defined by
BX) = {je{l,....k—=1}: XN (@tj, 1j41] # 0}

Performing a decomposition over the possible values of Z(X), we can write

My, (dxr, o dx) = D7 Py (X) €dxy, .., gy (X) € diy, B(X) = B).
BC{2,.. k}
(4.21)
It remains to express each term in the right hand side in terms of restricted f.d.d..
We first consider the case B = @. On the event {#(X) = @} = {X N (11, 1] = @}

we have g, (X) = - -+ = g4 (X) < 1;. Recalling that y; = u[**', we can write
P(gtl(X)ed-xla e gtk(X)Ed-xk7 %(X)ZQ)
k—1 k—1

= P(gy(X) € dxp) Tig=ny [ [ 8 (dxi) = sif(dxn) Tgzny [ ] 8 (dxi),
i=1 i=1

and this expression depends only on the restricted f.d.d..
If B # @, we can write B = {ji,..., je} with 1 <
. < je < k—1.Letus also set jo := 0 and ji4; :=

{ <k—1land1l < j; <
k. On the event {% = B},
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we have gljn,m(x) = gfjn71+2(X) = ... =gy, (X) € (tj, 1), ,+1], for every
n=1,...,¢+ 1, therefore

P(gtl(X) S dX], ) gl‘k(X) S ka, %(X) - {j]a 7.]6})

£+1 £+1 Jn—1
= P( ﬂ {gtjn (X) € d'xjn }) H IL{xjne(tj,,_l Jj,l_lJrl]}( H ijn (d-xm)) )

n=1 n=1 m=j,_1+1

(4.22)

where we set (fp, -] := [—oo, -] and the product over m equals one when
Jjn — jn—1 = 1. The first term in the right hand side of (4.22) is the f.d.d.
ety ooty (dxj, ..., dxj,,,). However, by (4.20), this coincides with the restricted

fdd. M;j,f}w% (dxj,...,dxj, ), because each variable x;, is restricted on
(tjr s tjs1+1]1 C (tj,_,,1j,]. Part (i) is thus proved.

For part (ii), we proceed as in the proof of Proposition A.3 (iii). If X,, = X onC, we
couple X, and X so thata.s. X,, — X in C, by Skorokhod’s Representation Theorem.
On the event that g.(X) is continuous at ¢, if X N (s, #] # @ then also X N (s, 1) # @,
which implies X, N (s, t) # @ for large n (Remark A.1). Analogously, on the event
that d.(X) is continuous at s, if X N (s, t] = @ then also X N [s, t] = @, which implies
X, N[s, t] = P for large n. Therefore, if t1, ..., tx € Io(X)NZg(X) and f : @k - R
is bounded and continuous,

(0 (Xn), -y 9o X)) L (Xt 1120, Vie2, .. k)

a.s.
— (90 X0, o 9 X)) Lixn;_ 0140, Vi=2,...k}-

Taking expectations of both sides, dominated convergence shows that the restricted
f.d.d. of X,, with indices in Z4(X) N Zg(X) converge weakly toward the restricted
f.d.d. of X.

Finally, the proof of part (iii) is analogous to that of Proposition A.3 (iv). Any
sequence X, of C-valued random variable is tight, hence it suffices to show that
if Xy, X,,;{ are subsequences converging in distribtion to X, X’ respectively, then
X and X’ have the same law. Since the restricted g-f.d.d. of X,, with indices in 7
converge, X and X’ have the same restricted g-f.d.d. with indexes in the dense set
T NZg(X)NZa(X) NIg(X") NZg(X'), by part (ii). It follows by part (i) that X and
X’ have the same law. O

Proof of Proposition A.§ By Proposition A.6 (iii), it is enough to prove the conver-
gence of restricted f.d.d.: forallk e N,0 < #; < ... < #x < T and for every bounded
and continuous function F : R* — R, recalling (4.16)—(4.17) and (3.3), we show
that the integral
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converges as N — oo to the integral of F with respect to the density f‘;if , in
(4.19),1e e

I := // F(xt, yt, .-, Xks Yk)

O<x) <t <y|<x2<fbp
<-e<xp<tp<yr<T

k

[H Co } r dxdy, (4.24)
X xdy, (4.
o i = Y)Y O = x) e (T =y

where yp := 0 and dx dy is a shorthand for dx;dyy - - - dxxdyg.
Recall that u(i) := P(i € 7) and K(i) := P(r; = i). A renewal decomposition
yields

1

NE 22 2, 2

0<a1<Nt; Ntj<bi<ar<Nt Nty—1<bp_1<ay <Nty Nty <by<NT

aq b] 2774 bk
(A B By
N N N N

Iy =

k
x |:HN2u(a,- —bi_)K (b — a;) (4.25)

i=1

u(INT] = br)
u(INT] -

where we write the factor ﬁ (which cancels with the product of the N2 inside the
square brackets) to make /)y appear as a Riemann sum. Setting x; = a; /N, y; = b; /N
for 1 <i < k, the summand converges pointwise to the integrand in (4.24), since by
(1.1) and (2.10)

L(Nz) Cqy

Vz>0: K(INz))~ o’ u(lNz]) ~ L(Nz)(Nz)!-«’

as N — oo.

To conclude that Iy converges to the integral I in (4.24), we provide a suitable
domination. By Potter bounds [8, Theorem1.5.6], for every ¢ > 0 there is a constant D,
such that L(m)/L(£) < D, max{(m /)%, (¢/m)¢} forall £, m € N. Since (y; — x;) <
T, (xi —yi—1) < T and max{c, B} < af for o, B > 1, we can write

L(b; —a;) <D, max[ i —x)° 7 (xi — )’il)s] - D, T* ’
L(a; —bi—1) (xi —yi—f (i —x;)f (xi —yi—D)f(i —xi)°
L(INT]) <D Te

L(INT] —br) = AT — y)t’

It follows that, for every ¢ > 0, the summand in 7y is bounded uniformly in N by

o k 1 : 4.26
, € E (x; — yi_l)l—ot+£(yl. _xl.)l+a+s (T — yk)l—“+€' .26)
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It remains to show that, if we choose ¢ > 0 sufficiently small, this function has finite
integral over the domain of integrationin (4.24). Letus setn := min;—y k41t —ti—1)
and

8i :=x;i —yji— fori=1,...,k+1, 5; =y —x; fori=1,...,k,
where 7o = yo := 0 and x;41 = 41 := T. Each of the quantities §;, 8, can be
smaller or larger than 1/3, and we split the integral of (4.26) accordingly, as a sum
of 22k+1 terms. Note that if §; < 1/3, either 8/_, or &; must exceed /3 (because
Xi—1 < ti1 <t <y andt; —t;_1 > n). Whenever any §; or 8/ exceeds /3, we
replace them by /3, getting an upper bound. This yields a factorization into a product
of just four kind of basic integrals, i.e.

dyi—1 dx; dy; dxi

(x;i — yi—DI70Fe (y — xp)1HeFe (x 0 — yp)lmote
Vi—1<Xj <l <Yi <Xj41

n n n
Xi—Yi-1<73, Vi—Xi<3, Xi+1—Vi<3

and the analogous ones without the integration over y;_; and/or x;4 . The finiteness
of such integrals is easily checked if ¢ > 0 is small (so that | — o + ¢ < 1 and
l+a+e<?2). O

Appendix B: Renewal estimates

In this section we show that assumption (1.7) holds true for renewal processes satis-
fying (1.1), under either of the following assumptions:

e « > 1 (in particular, the renewal process has finite mean);
e the renewal process is generated by a Bessel-like Markov chain, in the spirit of

[2].

Actually, it can be shown that condition (1.7) is satisfied in much greater generality,
e.g. when one has an analogue of (1.7), but with u(-) replaced by the renewal kernel
K (-). This renewal-theoretic framework falls out of the scope of the present work and
will be treated elsewhere.

Let us, now, verify (1.7) in the two cases, mentioned above. Note that the precise
value of ¢ > 0 therein is immaterial: if ¢'n < £ < en for 0 < ¢’ < ¢, relation (1.7) is
always satisfied (with § = 1), as it follows by (2.10). We then set ¢ = 1 for simplicity
and rewrite (1.7) as

un+12)
u(n)

¢ )
3C, ng € (0, 00), 8 € (0,1] : —1 §C(—) Vn=ng 0<f<_

n

Lemma B.1 Let t be a non-terminating renewal process satisfying (1.1), witha > 1.
Then (4.27) holds true.
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Proof In the case o > 1, by (1.1) we have E[II"] < oo for some > 1. We can then
apply the following result of Rogozin [28]:

un)=Pmner)=

oo
+ P(t1 > k) + R,
Elt]  Elnl kgl !

where R, = o(n=2"=D)if n € (1,2), and R, = o(n™") if n > 2, as n — o0o. Note
that, for any &’ € (1, ), by (1.1) we can choose C such that for all k € Ny

oo oo

L(n) C'
P(Tl = k) = Z Z plte’ — ka
n=k+1 n=k+

It follows that for n € N large enoughand 0 < ¢ < 7

un+42) U= un) —un+42)
u(n) - un)

( n+¢ 1 1

<c| 2 P>+ o+ )

(n—1) 2(n=1)
Pt n= (n 4 €)=

- L 1 <" £\ 1n2n-2)

(nw + n2(n71)) - (;) ’
This establishes (4.27) with§ = 1 A (2n — 2). m]

Lemma B.2 Let t be a non-terminating renewal process satisfying (1.1), with o €
(0, 1), such that 27| has the same distribution as the first return to zero of a nearest-
neighbor Markov chain on Ny with +1 increments (Remark 1.2). Then (4.27) holds

true.
Proof Let X and Y be two copies of such a Markov chain, starting at the origin at
times —2¢ and 0O respectively, so that

un++€)=P(Xy,=0) and um) =P, =0).

(Although X, is defined for n > —2¢, we only look at it for n > 0.) We can couple
X and Y such that they are independent until they meet, at which time they coalesce.
Since X and Y are nearest neighbor walks, X5, = 0 implies Y>, = 0, and

0 <P(Y2, =0) —P(X2, =0) = u(n) —u(n+4¢)
=P(Y2, =0 # X2,) =P(Y2, =0, X; #0V 1 € [0, 2n])

-1
<P(Y2, =0)P(X; #0V¢t e[0,2n]) < u(n) Zu(k)P(rl >n+4{€—k)
k=0
-1
< u(m)P(r; > n) > u(k),
k=0
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where by the properties of regularly varying functions, see [8, Prop. 1.5.8 and 1.5.10],

o0

L(k) L(n)
P(ry > n) = Z k”"‘Nana asn — oo,

k=n+1
-1 -1 o
Sutr =" Call+o))  Cat” o | o (4.28)

1—a
~ L)k aL(f)

Observe that, for every ¢/ > 0 there exists ng < oo such that L(n)/L(£) < (n/Z)g/

forn > ng and £ < %, by Potter bounds [8, Theorem 1.5.6], hence

un) —un+£) <C L(n) ({)a e (é)ae,
u(n) - L) - n ’

and therefore (4.27) holds true for any § < «. O

n

Appendix C: An integral estimate

Lemma C.1 Let x € [0, 1). Then there exist C1, Ca > 0 such that for all k € N,

/ . / dey ---di < Cle—Czklogk' (4.29)
1 (e — )X (1 — )X T

O<ty <<ty <l

Furthermore, for any v € (0, 1) and k1, k» € Nog := NU {0} with k := k1 +kp > 1,

/ .. / dry - - - di < Cle—Czklogk U(I_X)kl(l _ v)(l—X)kz.
(=) (1 =)~

O<ty <oty <v

V<lp 41 <-<fx<l

(4.30)

Proof By the definition of the Dirichlet distribution

// dty - - - diy (T = )
=X =% T(k+ D —y)

O<ty<--<fr <1

The bound (4.29) then follows from the properties of the gamma function I'(-).

If k1 = 0, then (4.30) can be obtained from (4.29) noting that l/tlx < (1-
v)X/(t; — v)* and performing a change of variable. The same applies to the case
ko = 0.If k1, ko > 1, then denoting the integral in (4.29) by A, we have
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/ dty - - - dtgy i,
it —t)X - (1 =ty 11,)%

O<ty<-t <v

V<1< <lky ky <1

dry, dig, +1 k(—x—1 -
_ // B Y ALty TRTC BT LI

(b +1 — ey )X
0<”<| <v
U<lk]+1<1
ki(1=x)—-1 ka(1—x)—1
t (I =t 420X
- Clze—Cz(kl—1)log(kl—1)e—C2(k2—1)10g(k2—1)// ki dig, dig, 41
(tk1+1 - lkl)X

O<ti) <v<tg +1<1

< CyeCathitha)logtkitho) (1—0ki (] _ ) (I-10ks.

where the last inequality is obtained by first noting that max{ky, ko} > (k1 + k2)/2,
and then replacing fx, 41 — t, with fx, 41 — v (resp. v — ) if v < 1/2 (resp. v > 1/2).
In this way the integral factorizes and one obtains (4.30) after adjusting the values of
Cy and C,. O
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