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Abstract The main result of this paper is that, for « € (0, 4], whole-plane SLE,
satisfies reversibility, which means that the time-reversal of a whole-plane SLE, trace
is still a whole-plane SLE, trace. In addition, we find that the time-reversal of a radial
SLE, trace for k € (0, 4] is a disc SLE, trace with a marked boundary point. The
main tool used in this paper is a stochastic coupling technique, which is used to couple
two whole-plane SLE, traces so that they overlap. Another tool used is the Feynman—
Kac formula, which is used to solve a PDE. The solution of this PDE is then used to
construct the above coupling.

Mathematics Subject Classification 60G - 30C

1 Introduction

The stochastic Loewner evolution (SLE) introduced by Oded Schramm [1] describes
some random fractal curves in plane domains that satisfy conformal invariance and
Domain Markov Property. These two properties make SLEs the most suitable can-
didates for the scaling limits of many two-dimensional lattice models at criticality.
These models are proved or conjectured to converge to SLE with different parameters
(e.g., [2-7]). For basics of SLE, the reader may refer to [8] and [9].

There are several different versions of SLEs, among which chordal SLE and radial
SLE are the most well-known. A chordal or radial SLE trace is a random fractal curve
that grows in a simply connected plane domain from a boundary point. A chordal SLE
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562 D. Zhan

trace ends at another boundary point, and a radial SLE trace ends an interior point.
Their behaviors both depend on a positive parameter . When « € (0, 4], both traces
are simple curves, and all points on the trace other than the initial and final points lie
inside the domain. When « > 4, the traces have self-intersections.

A stochastic coupling technique was introduced in [10] to prove that, for « € (0, 4],
chordal SLE, satisfies reversibility, which means that if 8 is a chordal SLE, trace in
a domain D from a to b, then after a time-change, the time-reversal of 8 becomes a
chordal SLE, trace in D from b to a. The technique was later used [11,12] to prove
Duplantier’s duality conjecture, which says that, for k > 4, the boundary of the hull
generated by a chordal SLE, trace looks locally like an SLE ¢/, trace. The technique
was also used to prove that the radial or chordal SLE, can be obtained by erasing
loops on a planar Brownian motion [13], and the chordal SLE(k, p) introduced in [2]
also satisfies reversibility for k € (0,4] and p > /2 — 2 [14].

Since the initial point and final point of a radial SLE are topologically different,
the time-reversal of a radial SLE trace can not be a radial SLE trace. However, we
may consider whole-plane SLE instead, which describes a random fractal curve in the
Riemann sphere C = C U {00} that grows from one interior point to another interior
point. Whole-plane SLE is related to radial SLE as follows: conditioned on the initial
part of a whole-plane SLE, trace, the rest part of such trace has the distribution of a
radial SLE, trace that grows in the complementary domain of the initial part of this
trace. The main result of this paper is the following theorem.

Theorem 1.1 Whole-plane SLE, satisfies reversibility for k € (0, 4].

The theorem in the case k = 2 hasbeen proved in [15]. The proof used the reversibil-
ity of loop-erased random walk (LERW for short, see [16]) and the convergence of
LERW to whole-plane SLE,. In this paper we will obtain a slightly more general
result: the reversibility of whole-plane SLE(«, s) process, which is defined by adding
a constant drift to the driving function for the whole-plane SLE,. process. This is the
statement of Theorem 7.1.

To get some idea of the proof, let’s first review the proof of the reversibility of
chordal SLE, in [10]. We constructed a pair of chordal SLE, traces y; and y» in a
simply connected domain D, where y; grows from a boundary point a; to another
boundary point a;, y» grows from ay to a;, and these two traces commute in the
following sense. Fix j # k € {1, 2}, if T} is a stopping time for y%, then conditioned
on yx(t), t < Ty, the part of y; before hitting 4 (¢)((0, T¢]) has the distribution of a
chordal SLE, trace that grows from a; to yx(T}) in Dy (T}), which is a component of
D\y(t)((0, T ]). In the case k < 4, a.s. y; hits y () ((0, T ]) exactly at yx (Tx), so y;
visits v, (Ty) before any yx(¢), t < T. Since this holds for any stopping time 7} for
Yk, the two traces a.s. overlap, which implies the reversibility.

To prove the reversibility of whole-plane SLE,., we want to construct two whole-
plane SLE, traces in D = @, one is y; from aj to ay, the other is y» from ay to ay,
so that y1 and y» commute. Here we can not expect that they commute in exactly the
same sense as in the above paragraph. Note that conditioned on yx (¢), t < Tk, the part
of y; before hitting y (t), t < Tk, can not have the distribution of a whole-plane SLE,
trace in Dy (Ty) from aj to 1Z3¢ (Ty) because now the complementary domain Dk (Ty) 1s
topologically different from C, while whole- -plane SLEs are only defined in C. Since
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the conditional curve grows from an interior point to a boundary point, it is neither a
radial SLE trace nor a chordal SLE trace.

Thus, we need to define SLE traces in simply connected domains that grow from
an interior point to a boundary point. We use the idea of defining whole-plane SLE
using radial SLE. The situation here is a little different: after a positive initial part, the
rest part of the curve grows in a doubly connected domain. Another difference is that
there is a marked point on the boundary of the initial domain. In this paper, we use the
annulus Loewner equation introduced in [17] together with an annulus drift function
A = A(t, x) to define the so-called annulus SLE(«x, A) process in a doubly connected
domain D, which starts from a point @ € 9D, and whose growth is affected by a
marked point b € 9 D. In the case when a and b lie on different boundary components,
by shrinking the boundary component containing a to a singlet, we get the so called
disc SLE(k, A), which describes a random curve that grows in a simply connected
domain and starts from an interior point.

We find that if A = Kl%, where I' is a positive differentiable function defined on
(0, o0) x R that solves a linear PDE and satisfies some periodic condition [see (4.1)
and (4.2)], then using the coupling technique we could construct a coupling of two
whole-plane SLE, traces: y; and y», which commute in the sense that, conditioned
on one curve up to a finite stopping time 7', the other curve is a disc SLE(k, A) trace
in the remaining domain, and its marked point is the tip point of the first curve at 7'.

The main new idea in the current paper is an application of a Feynman—Kac repre-
sentation, which is used to get a formal solution of the PDE for I" in the case x € (0, 4].
Using Fubini’s Theorem, 1t6’s formula, and some estimations, we prove that the for-

/

mal solution I' is smooth and solves the PDE. We then find that AK:=/c11:—K satisfies
the property that the marked point for an annulus or disc SLE(x, Ay) pr’(()cess is a
subsequential limit point of the trace. This property implies that, if two whole-plane
SLE, traces commute as in the previous paragraph, then they must overlap. So the
main theorem is proved. Moreover, from the relation between whole-plane SLE, and
radial SLE,., we conclude that, for k € (0, 4], the time-reversal of a radial SLE, trace
is a disc SLE(k, A,) trace.

The marked point and the initial point of an annulus SLE(x, A) process could
also lie on the same boundary component. In this case, if A = /cl%, and I' satisfies
a similar linear PDE [see (4.48)], then for a doubly connected domain D with two
boundary points a; and a> on the same boundary component, we can construct a pair
of annulus SLE(«x, A) traces y; and y» in D, which commute with each other. If an
SLE process in a doubly connected domain is the scaling limit of some random path
in a lattice, which satisfies reversibility at the discrete level, then such SLE should
satisfy reversibility. We hope that the work in this paper will shed some light on the
study of these processes.

The study on the commutation relations of SLE in doubly connected domains
continues the work in [18] by Dubédat, who used some tools from Lie Algebra to
obtain commutation conditions of SLE in simply connected domains. The annulus
SLE(x, A,) process used to prove the reversibility of whole-plane SLE, was later
studied in [19]. When « = 8/3, the process satisfies the restriction property, which is
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similar to the restriction property for chordal SLEg,3 (see [2]). For k € (0, 4]\{8/3},
it satisfies some “weak” restriction property.

Lawler [20] used a different method to define annulus SLE,. processes forx € (0, 4],
which agree with our annulus SLE(«, A, ) processes. His construction uses the Brown-
ian loop measures. The “strong” (¢ = 8/3) and “weak” (k # 8/3) restriction prop-
erties of Lawler’s annulus SLE processes are immediate from the definition; and
the reversibility of these processes follows from the chordal reversibility. However,
the reversibility of whole-plane SLE is not proved in [20]. To get the whole-plane
reversibility, some additional work is required based on Lawler’s work. In this paper,
the reversibility of annulus SLE(x, A,) and the reversibility of whole-plane SLE, are
proved separately, and the coupling technique is applied in both proofs, which are
similar though.

Miller and Sheffield [21] recently proved the reversibility of whole-plane SLE for all
k € [0, 8]. Their proof uses the imaginary geometry of Gaussian free field developed
in their earlier papers (c.f. [22]).

This paper is organized as follows. In Sect. 2, we introduce some symbols and
notations. In Sect. 3, we review several versions of Loewner equations. In Sect. 3.4,
we define annulus SLE(x, A) and disc SLE(x, A) processes, whose growth is affected
by one marked boundary point. In Sect. 4 we prove that when I" solves (4.1) or
(4.48), there is a commutation coupling of two annulus SLE(x, A) processes, where
A=Kk - In Sect. 5, we construct a coupling of two whole-plane SLE processes,
which is similar to the coupling in the previous section. In Sect. 6, we solve PDE (4.1)
using a Feynman—Kac expression, and the solution is then used in Sect. 7 to prove the
reversibility of whole-plane SLE, process. In fact, we obtain a slightly more general
result: the reversibility of skew whole-plane SLE, processes for x € (0, 4]. In the last
section, we find some solutions to the PDE for I and A when « € {0, 2, 3,4, 16/3},
which can be expressed in terms of well-known special functions.

2 Preliminary
2.1 Symbols

Throughout this paper, we will use the following symbols. Let C=cCu {oo}, D =
{zeC:lzl <1},T={z€eC: |zl =1},andH = {z € C : Imz > 0}. For
p>0letA, ={zeC:1>]z] >eP}andS, ={z € C:0 <Imz < p}. For
peRletT,={zeC:|z]=eP}andR, = {z € C: Imz = p}. Then 9D = T,
JH=R,3A, =TUT,,and S, = RUR,. Let ¢’ denote the map z +> ¢'*. Then
¢’ is a covering map from H onto I), and from S p onto A ,; and it maps R onto T and
maps R, onto T,. For a doubly connected domain D, we use mod(D) to denote its
modulus. For example, mod(A ) = p.

A conformal map in this paper is a univalent analytic function. A conjugate confor-
mal map is defined to be the complex conjugate of a conformal map. Let Io(z) = 1/z
be the reflection w.r.t. T. Then Iy is a conjugate conformal map from C onto itself,
fixes T, and interchanges 0 and oco. Let Io(z) = Z be the reﬂectlon W.Lt. R. Then Io
is a conjugate conformal map from C onto itself and satisfies ¢’ o Ip = Iy o ¢ For
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p > 0,letI,(z):=e"?/z and i;(z) =ip+z.Then I, and Tp are conjugate conformal
automorphisms of A, and S, respectively. Moreover, /), interchanges T, and T, I,
interchanges R, and R, and I, o e’ =e' o [),.

We will frequently use functions cot(z/2), tan(z/2), coth(z/2), tanh(z/2), sin(z/2),
cos(z/2), sinh(z/2), and cosh(z/2). For simplicity, we write 2 as a subscript. For
example, coty(z) means cot(z/2), and we have cot’z(z) = —% sin, 2(z).

An increasing function in this paper will always be strictly increasing. For a real
interval J, we use C(J) to denote the space of real continuous functions on J. The
maximal solution to an ODE or SDE with initial value is the solution with the biggest
definition domain.

Many functions in this paper depend on two variables. In some of these functions,
the first variable represents time or modulus, and the second variable does not. In this
case, we use d; and 9/ to denote the partial derivatives w.r.t. the first variable, and use
’,”, and the superscripts () to denote the partial derivatives w.r.t. the second variable.
For these functions, we say that it has period r (resp. is even or odd) if it has period
r (resp. is even or odd) in the second variable when the first variable is fixed. Some
functions in Sects. 4 and 5 depend on two variables: ¢; and 7>, which both represent
time. In this case we use d; to denote the partial derivative w.r.t. the j-th variable,
j=12.

In this paper, a domain is a connected open subset of C, and a continuum is a
connected compact subset of C that contains more than one point. A continuum K
is called a hull in C if K C C and C\K is connected. In this case, there is a unique
conformal map fx from C\ID onto C\K and satisfies lim._, oo fx (z)/z = ax for some
positive number ak . Then ak is called the capacity of K, and is denoted by cap(K).

A doubly connected domain in this paper is a domain whose complement is a
disjoint union of two continuums. Let D be a doubly connected domain. If K is a
relatively closed subset of D, has positive distance from one boundary component
of D, and if D\K is also doubly connected, then we call K a hull in D, and call
the number mod(D) — mod(D\ K) the capacity of K in D, and let it be denoted by

capp (K).

2.2 Brownian motions

Throughout this paper, a Brownian motion means a standard one-dimensional Brown-
ian motion, and B(z), 0 <t < oo, will always be used to denote a Brownian motion.
This means that B(¢) is continuous, B(0) = 0, and B(¢) has independent increment
with B(t) — B(s) ~ N(0,t — s) fort > s > 0. For x > 0, the rescaled Brownian
motion +/k B(t) will be used to define annulus SLE,.. The symbols B(1), E* (1), or
E* (t) will also be used to denote a Brownian motion, where the * stands for subscript.
Let (F;):>0 be a filtration. By saying that B(¢) is an (F;)-Brownian motion, we mean
that (B(¢)) is (F;)-adapted, and for any fixed top > 0, B(fo + 1) — B(tp),t > 0,is a
Brownian motion independent of F,.

Definition 2.1 Let k > 0 and (F;),cr be a right-continuous ﬁ}tration. A process
B (1), t € R, is called a pre-(F;)-(T; «)-Brownian motion if (¢! (B*)(1))) is (F;)-
adapted, and for any 79 € R,
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1
Bto(t)::ﬁ(B(K)(tO +1) — B(K)(t())), 0<t< o0, 2.1

is an (F;,+¢)-Brownian motion. If (7;) is generated by (e’ (B*)(t))), then we simply
call (B¥)(z)) a pre-(T; x)-Brownian motion.

Remark The name of the pre-(T; x)-Brownian motion comes from the fact that
Br(t) = e (B®¥ (1)), t € R, is a Brownian motion on T with speed «: for every
to € R, Br(tp) is uniformly distributed on T; and Br(t9 + t)/Bt(f0), t > 0, has the
distribution of ¢! (\/k B(t)), t > 0, and is independent of Br(r), t < fy. One may
construct B (¢) as follows. Let B (t) and B_(¢), t > 0, be two independent Brown-
ian motions. Let X be a random variable uniformly distributed on [0, 277), which is
independent of (B (1)). Let B®)(t) = x + /k Bsign() (|t]) for t € R. Then B®) (1),
t € R, is a pre-(T; «)-Brownian motion.

Definition 2.2 Let B®)(¢), r € R, be a pre-(F;)-(T; k)-Brownian motion, where
(F3) is right-continuous, and every JF; contains all eligible events w.r.t. the process
(€' (BY(1))). Suppose T is an (F;)-stopping time, and T > # for a deterministic
number 7y € R. We say that X () satisfies the (F;)-adapted SDE

dX(t) = a(t)dBY ) + b(t)dt, —oo <1t <T,
ife! (X (1)), a(t),and b(¢) are continuous and (F:)-adapted, and if for any deterministic
number fo withtg < T', X, (¢) := X (to +t) — X (#o) satisfies the following (F,++)s>0-
adapted SDE with the traditional meaning (c.f. Chapter IV, Section 3 of [23]):
dX(t) = ato(t)ﬁdBtO(t) + by (t)dt, 0=t <T —1,

where By, () is given by (2.1), ay, (t) := a(to+), and by, (t) := b(ty+t). Note that By, (1)
is an (Fyy44)r>0-Brownian motion, Xy, (), as (t) and by (t) are all (F4;):>0-adapted.

2.3 Special functions

We now introduce some functions that will be used to define annulus Loewner equa-
tions. For ¢ > 0, define

M o2kt
+z "oz
S(t,z) = lim —— =P.V. Z -
M—>ook:_Me -z o et —z’
nt +elZ )
H(t,z) = —iS(t, ¢ (z)) = —i P. V. ZZ =PV chotz(z —int).
n n

Then H(¢, -) is a meromorphic function in C, whose poles are {2mm +i2kt : m, k €
Z}, which are all simple poles with residue 2. Moreover, H(z, -) is an odd function and
takes real values on R\{poles}; ImH(¢, -) = —1 on R;; H(¢, z + 27) = H(¢, z) and
H(z, z +i2t) = H(t, z) — 2i for any z € C\{poles}.
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The power series expansion of H(z, -) near 0 is

2
H(t2) =~ +r(z+ 0(z%), (2.2)

where r(t) = > 72, sinh =2 (k) — é. Ast — 00,S(t,z7) — {%ﬁ H(z, z) — coty(z),
andr(t) — —é. So we define S(o0, z) = %—fi, H(oo, 7) = cota(z), and r(oco) = —%.
Then r is continuous on (0, oc], and (2.2) still holds when r = oo. In fact, we have
r(t) —r(co) = O(e ') ast — oo, so we may define R on (0, co] by R(¥) =
- floo(r(s) —r(00))ds. Then R is continuous on (0, co], R(#) = O(e™") ast — oo,
and for 0 <t < oo,

R(1) = r(t) — r(c0). (2.3)

LetS;(t,z) =S(t, e 'z) — land Hy(t, z) = —iS;(t, ¢'%) = H(t, z + it) +i. Itis
easy to check:

e 4z .
Si(t.2) =P.V.> o H;(t.2) =P.V.D cota(z —int).  (2.4)

2fn 2tn

So Hj (¢, -) is a meromorphic function in C with poles {2mm +i(2k+ 1)t : m, k € Z},

which are all simple poles with residue 2; Hy (¢, -) is an odd function and takes real

values on R; and H; (¢, z + 2m) = H; (¢, 2), H; (¢, z + i2¢t) = H; (¢, z) — 2i for any

z € C\{poles}.

Itis possible to express H and H; using classical functions. Let 6 (v, 7) and 6k (v, 1),

k = 1,2,3, be the Jacobi theta functions defined in Chapter V, Section 3 of [24].

Define O(t,2) = 0 (5%, ) and ©,(,2) = 6, (5, ). Then ® has period 27, ©
has antiperiod 2, and

’ o/

H=29, H,=2O’.

® (S

2.5)

These follow from the product representations of ® and ®;. For example,
o0
O(t,2) = H(l _ ey (1 _ ef(2m71)teiz) (1 _ ef(2m71)tefiz) . 26)
m=1

Both ® and ®; solve the heat equation
30 =0" 9,0;=0]. 2.7)
So H and H; solve the PDE:
oH=H"+HH, oH;, =H]+HH,. (2.8)

We rescale the functions H and H; as follows. For r > 0 and z € C, let
2

2
~ b1 e PN big e b4
H(t,z) = —H (—,—Z)‘l‘;, H/(t,z)=?H1 (7,72)4—;- (2.9
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Since H and fI; have period 27,

H(r,z +2kt) = H(t,2) + 2k, H;(t,z+2kt) =H;(t,2)+2k, keZ. (2.10)

From the identities for 6 in [24] or formula (3) in [25], we see H(r,z) =
iTH (%, i%z) - £.S0

H(t,z) = —iH(t, —iz) = P. V. Zcothz(z — nt). 2.11)
2|n
Since H; (t, z) = H(t, z +it) + 1,

ﬁl(t,z) =ﬁ(t,z+7ri) =P.V.Ztanh2(z—m‘). (2.12)
2|n

From (2.8) and (2.9) we may check that
-H=H"+HH, -9H; =H/+HH,. (2.13)

From (2.11) and (2.12) we see that ﬁ(t, -) — coth, and ﬁI (t,+) — tanhp ast — oo.
From (2.4) we see that as t — oo, H; (¢, z) — 0, so its derivatives about z also
tend to 0. The following lemma gives some estimations of these limits.

Lemma 2.1 [f|Imz| < ¢, then

4ol Imz|—t

H; (2, 2)| < g (2.14)

— elmzl=1)2(] _ @2(/Imz|-0))"

Ift > |Imz|+2, then |H; (1, 2)| < 5.5¢!/"™21~% Foranyh € N, ift > |Imz|+h+2,
then [H (1, 2)| < 15¢/hel™mzl=1,

Proof From (2.4), if | Im z| < ¢, then

00 (e(2k+1)t+eiz e—(2k+l)t+eiz)

H;(t, 2)| = ; oKD _ giz | p=(k+ DI _ iz

i 2 sin(z)
cosh((2k + 1)t) — cos(z)

Qe\lmz\

k=
o0
— cosh((2k + D)) — cosh(|Imz])’

<

(2.15)
k

Here we use the facts that | sin(z)| < e!™2l and | cos(z)| < cosh(]Imz|) < cosh(r).
Let hg =t — |Imz| > 0. Then for k > 0,

cosh((2k 4+ 1)t) — cosh(] Im z|)
= 2sinhy ((2k + 1)t 4 | Im z]) sinh2 ((2k + 1)t — | Im z])
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_ le((2k+l)t+\lmz|)/2(l _ e—(2k+1)z—|Imz\)e((zk+1)t—\Imzl)/z(l _ ef(2k+l)t+llmz\)

v

%e((2k+l)t+\Imz|)/26((2k+l)t7|Imz\)/Z (1 _ efh())z _ le(2k+1>z (1 _ efh())z.

So the RHS of (2.15) is not bigger than

4e|Imz|e—(2k+l)t 4e|Imz\—t 4€_h0

; (=02~ (A—empP(l—e2) = (1—e 021 —e )

So we proved (2.14).

Ifr > |[Imz| + 2, then 4/((1 — elMzl=1)2(] — 2UImzI=0)y) < 4/((1 — e 2)2(1 —
e %)) < 5.5. From (2.14) we have [H; (¢, 7)| < 5.5¢!/™21=7 Now we assume 7 € N
andf > |Im z|4+h+2. Then forany w € C with |[w —z| = h, wehaver > | Im w|+2,
so [Hj (1, w)| < 5.5e!Mmwl=t < 5 50helImzl=t From Cauchy’s integral formula and
Stirling’s formula, we have

1 h
H" ¢, 2)| < 5.5”}'1—fle“m2'—’ < 5.5v2whe! /12 lImzl—t _ 15, /plmzl=1

3 Loewner equations
3.1 Whole-plane Loewner equation

To motivate the definition of the whole-plane Loewner equation, let’s start with the
well-known radial Leowner equation with reflection about the unit circle T. Let T €
(0, 00]. Let B; : [0, T) — C be a simple curve with 8;(0) € T and 8; (1) € C\D for
t€(0,T). Let K;(r) = DU B;((0,1]),0 < t < T. Then each K;(¢) is a hull in C,
and the capacity increases continuously in ¢. After a time-change, we may assume that
cap(K;(t)) = e',0 <t < T.Let g;(t, -) be the unique conformal map from C\ K (¢)
conformally onto C\ID with normalization lim,_, o z/g;(t, z) = €'. It turns out that
there is £ € C ([0, T)) such that g; (¢, -) satisfies the radial Loewner equation

e 4 g/(1,2)
3 . i 11U} 3.1
g1(t,2) = gr(t, 2) elf) — g/(t, 7) o

with initial value g; (0, z) = z. In fact, each g; (z, ~)_1 extends continuously to T, and
maps €6 to B (1), and the function £ is determined by B; up to an integer multiple
of 27.

Leta € Rand T € (a, co]. Now suppose a simple curve By : [a, T) — C satisfies
B1(0) € T and B;(t) € C\e*D for t € (a,T). Let K;(1) = ¢*D U B;((a, t]),
a <t < T. Assume that cap(K;(t)) = e', a < t < T. Then the mappings g; (¢, -)
determined by K;(¢) also satisfy (3.1) for some & € C([a, T)), and the initial value
now is g7(0, z) = e “z. Let a tend to —oo, then the initial point of 8; approaches O.
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So let’s consider a simple curve gy : [—oo, T) — C with ;(—oc0) = 0. Let K;(¢) =
Br([—oo, t]), —0o < t < T. Assume that cap(K;(¢)) = ¢', —00 < t < T. Then the
mappings gy (¢, -) determined by K/ (¢) still satisfy (3.1) for some & € C((—o0, T)),

and they have an asymptotic initial value at t = —o0:
im e'g(t,2) =z, z € C\{0}. (3.2)

For this reason, we also call (3.1) the whole-plane Loewner equation.

We now reverse the above process. Let T € (—oo, oo] and § € C((—o0, T)). Let
gr(t,-), —oo < t < T, be the solution of the whole-plane Loewner equation (3.1)
with the asymptotic initial value (3.2). Note that for each fixed z, (3.1) is an ODE in ¢.
For each t € (—oo, T'), let K;(¢) be the set of z € C at which g; (¢, -) is not defined.
Then K;(t) and g;(t, -), —oo < t < T, are called the whole-plane Loewner hulls and
maps driven by &.

Remark Since the asymptotic initial value is used, the existence and uniqueness of the
solution is not trivial. From Proposition4.21 in [8] we know that K (7) and g; (z, -) exist
and are determine;c\l by e€8) _o0 < s < t. Moreover, each gr(t, ) maps C\K; ()
conformally onto (C\E and fixes 0o, and g/ (¢, z) = e 'z+ O (1) near co. Soeach K (1)
isahullin C with cap(K(¢)) = e'. The whole-plane Loewner equation can be viewed
as a mapping which takes the driving function & to a family of hulls (K ()) or confor-
mal maps (g7 (%, -)). The family (K;(¢)) increases in #, but may not be simple curves.

We say that & generates a whole-plane Loewner trace fj if

Bi(t):= lim  g/(t,) "' (2)

|z|>1,z—>¢iE®

exists for t € (—o0, T), and if B;(t), —co <t < T, is a continuous curve in C.
Such a trace, if it exists, starts from 0, i.e., 7 (—00) := lim;—, _~ B7(t) = 0. The trace
is called simple if B;(t), —oo < t < T, has no self-intersection. If £ generates a
whole-plane Loewner trace Sy, then for each ¢, C\ K (¢) is the unbounded component
of C\B;([—o0, t]). In particular, if B; is simple, then K;(t) = S;([—o0, t]) for each
t, and we recover an earlier picture.

Let k > 0. A pre-(T; x)-Brownian motion a.s. generates a whole-plane Loewner
trace, which is called a standard whole-plane SLE, trace. The trace goes from 0 to oo,
i.e., lim;— o0 Br(t) = 00. If & € (0, 4], the trace is simple. If the driving function is the
sum of a pre-(T; x)-Brownian motion and sot for some constant so € R, then we also
get a whole-plane Loewner trace, which is called a standard whole-plane SLE(«, sg)
trace. The trace still goes from 0 to co as # — oo, and is simple when « < 4. For any
71 # z2 € C, we may define whole-plane SLE, and SLE(«, sg) trace from z; to z»
via Mobius transform.

Remark Whole-plane SLE, is related to radial SLE in the way that, if T € R is fixed,
then conditionEd on K;(t), —oo <t < T, the curve B;(T +t), t > 0, is the radial
SLE, trace in C\K;(T) from B;(T') to co. Whole-plane SLE(k, sq) is related to radial
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SLE(k, —so) (the radial Loewner process driven by /k B(t) — sot) in a similar way.
The additional negative sign is due to the reflection about T.

We will need the following inverted whole-plane Loewner process, which grows
from co. For —oo <1 < T, let K(1) = Io(K;(¢)) and g(z,-) = Iy o g;(t, ) o Io.
Then for each ¢, g(¢, -) maps C\K (t) conformally onto D and fixes 0. Moreover,
g(t, ) satisfies (3.1) with some initial value at —oo. We call K () and g(z, -) the
inverted whole-plane Loewner hulls and maps driven by &. If £ generates a whole-
plane Loewner trace By, then B(¢) := Ipo B;(¢) is a continuous curve in C that satisfies
B(—00) = oo and B(¢) = limpy,,_, ico) g(2, ) (z), —00 <t < T. We call B the
inverted whole-plane Loewner trace driven by &. _

Let K;(r) and g;(t,-), —0o < t < T, be as before. Let K; (1) = (/)" (K (1)),
—o00 < t < T.Itiseasy to see that there exists a unique family g; (¢, -), —oo <t < T,
such that, g; (¢, -) maps C\E; (t) conformally onto —H, e’ o g;(t,) = g;(t,-) o €',
and g; satisfies

0:81(t,z) =cota(gr(t,z) —&(t)), —oo<t<T, (3.3)
and the initial value at —

lim (g;(r,2) —it) =z.
11— —00

Then we call K ;(#) and g; (¢, -) the covering whole-plane Loewner hulls and maps
driven by &.

For —co <t < T, let K(t) = Io(Kl(t)) and g(t ) = Io og,(t ) o I() Then
K(t) = ()"HK(@)) and €' o g(t,) = g(t,-) oe'. We call K(t) and g(z, -) the
inverted covering whole-plane Loewner hulls and maps driven by &. Then for each
t € (—oo, T), g(t,-) maps C\K (¢) conformally onto H, and satisfies (3.3) for ¢ €
(—o00, T) and the initial value at —

im_(g(,2) +in) =z (3.4)

3.2 Annulus Loewner equation

The annulus Loewner equation was introduced in [17] to describe curves in a doubly
connected domain. Let p € (0, c0). To motivate the definition, we consider a simple
curve B(1),0 <t < T, with 8(0) € Tand B(r) € A,,0 <t < T.Let K(t) =
B((0,1]),0 <t < T. Then each K(¢) is a hull in A, and capy,, (K (t)) increases
continuously. After a time-change, we may assume that capy (K (¢)) = ¢ for all ¢. For
each ¢, there exists g(z, -), which maps A ,\ K (#) conformally onto A ,_;, and maps
T, onto T_;. Such g(z, -) is unique only up to a rotation. There are different ways
to make g(z, -) unique. For example, we may fix a point on wg € T, and require
that e’ g(t, -) fixes wg. The normalization used here does not have a clear geometric
meaning. The work in [17] shows that the g(¢, -) can be chosen to satisfy annulus
Loewner equation of modulus p for some & € C([0, T)):
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dhg(t,2) =g, 2)S(p—1,8(t,2)/* D), 0<t<T, g0,2)=2, (3.5

We now reverse the above process. Let & € C([0, T)) where 0 < T < p. Let g(z, -)
be the solution of the ODE (3.5). For 0 <t < T, let K(¢) denote the setof z € A,
such that the solution g(s, z) blows up before or at time 7. We call K(¢) and g(¢, -),
0 <t < T, the annulus Loewner hulls and maps of modulus p driven by &. It turns out
that, fo each ¢, K () isa hull in A, with capAp(K(t)) =t,and g(¢, -) maps A ,\K (¢)
conformally onto A ,_; and maps T, onto T,_;. To see that g(¢, -) maps T, onto
T ,—, one may note that (3.5) implies that d; In |g(¢, z)| = Re S(p — 1, g(t, 7)/ef®),
andRe S(r,-) = 1 on T, because In H(r, -) = —1on R, and H(r, z) = —iS(t, €' (2)).
We say that & generates an annulus Loewner trace 8 of modulus p if

B):= lim g, (2) (3.6)

p—19z2—>€E0

exists for all ¢t € [0, T), and if B(t), 0 < t < T, is a continuous curve. The curve
lies in A, U T and starts from ¢/ ¢ T. The trace is called simple if 8 has no self-
intersection and stays inside A, for r > 0. In that case, we have K (t) = 8((0, t]) for
each t, and recover the picture at the beginning of this subsection.

Remark 1. If & generates an annulus Loewner trace §, then for each ¢, A,\ K (¢) is
the component of A ,\ ((0, ¢]) whose boundary contains T . If the trace is simple,
then K (1) = B((0, ¢]) for each z.

2. Let (1), 0 <t < T, be a simple curve with 8(0) € T and B(r) € A, for
0 <t < T.If it is parameterized by capacity in A, i.e., capy, (B0, t])) =t for
each ¢, then it is an annulus Loewner trace of modulus p. In the general case, let
u(t) = capy, (B((0,t])). Then ,3(14_1 (1)) is an annulus Loewner trace of modulus
p-

3. If&(t) = /kB(t),0 <t < p, then a.s. £ generates an annulus Loewner trace.
If k € (0, 4], the trace is simple. From Girsanov theorem, the above still hold if
& is a semimartingale, whose stochastic part is </ B(¢), and whose drift part is a
continuously differentiable function.

The covering annulus Loewner equation of modulus p driven by the above £ is

g(t,2) =H(p—1,8(,2) —§@), g0,2) =z (3.7

ForO0 <t < T,letK (¢) denote the setof z € S, such that the solution g(s, z) blows up
before or at time . Then for 0 < ¢ < T, g(t, -) maps S, \ K (t) conformally onto S ,_;
and maps R, onto R,_,. We call I?(z) and g(z,-),0 <t < T, the covering annulus
Loewner hulls and maps of modtgus pdrivenby &.Let K () and g(t, -) be the notations
appeared above. Then we have K (t) = (¢/) "' (K (¢)) and ¢ 0 3(t,-) = g(t,-) o &' for
0<rtr<T.

Since g(z, -) maps R, onto R,_; and H; (¢, z) = H(r, z + it) + i, we have

0 Reg(t,2) =H;(p —t,Reg(t,z) —&(1), zeR,.
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Differentiating the above formula w.r.t. z, we obtain
98 (t,2) =8, )H}(p —1,Reg(t,2) —&(1), z€R,. (3.8)
If &£ generates an annulus Loewner trace B of modulus p, then a.s.

B):=_ lim  F(,)7'(2)

Sp-132—£(1)

exists for 0 <t < T, and 5 (t),0 <t < T,is a continuous curve in S, U R started
from ,3 (0) = &) € R. Such ,3 is called the covering annulus Loewner trace of
modulus p driven by £. And we have 8 = ¢' o ﬂ If B is a simple trace, then B has no
self-intersection, stays inside S, for ¢ > 0, and K (t) = ﬁ((O t]) + 271Z for each ¢.

Let Ky(1) = Ip(K(1)), 510 ) = Ip_0g(t.)ol, Ki(t) = I,(K(t)), and
g1t,)) =1Ip_;o0 g;(t ) o I,. Then K(t) is a hull in A, with capy, (Kl(t)) =1,
and gr(t, ) maps A,\K; (1) conformally onto A,_; and maps T onto T. Moreover,
K; (1) = (¢ ) YK(1), 3, )maps S,,\Kl (¢) conformally onto S, _;, maps R onto
R, satisfies ¢’ o g7 (¢, -) = g;(t,-) o €', and the equation

%8g1(t,2) =Hy(p—1,81(t,2) —§@1), 8(0,2) =z. (3.9

Wecall K;(t) and g; (¢, -) (resp. K 1(¢) and g; (¢, -)) the inverted annulus (resp. inverted
covering annulus) Loewner hulls and maps of modulus p driven by &. The inverted
hulls grow from the smaller circle T, instead of the unit circle T.

3.3 Disc Loewner equation

We now review the definition of the disc Loewner equation, which is used to describe a
simple curve in a simply connected domain started from an interior point. The relation
between the disc Loewner equation and the annulus Loewner equation is similar to
that between the whole-plane Loewner equation and the radial Loewner equation.
Intuitively, one considers the inverted annulus Loewner equations of modulus p so
that the hulls start from T, and then lets p — oo.

LetT € (—o0,0]and & € C((—o0, T)).Letg;(¢,-), —0o <t < T, be the solution
of

hgit,2) = g1, D81 (=1, 81,2/ 5V, —o0 <1 <T;
Jim g(r.2) =z, vz € D\{0}. (3.10)

For each r € (—00, T), let K;(¢) be the set of z € D at which g; (¢, -) is not defined.
Then K;(¢) and g;(z, ), —oo < t < T, are called the disc Loewner hulls and maps
driven by &.

Remark From Propositiqn 4.1 and 4.2 in [17] we know that K;(¢) and g;(z, -) exist
and are determined by e'f6) _oo < 5 < t. Moreover, each gi(t,-) maps D\K;(¢)
conformally onto A_; and maps T onto T.
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We say that & generates a disc Loewner trace f if

Brny:=  lim o ei(t,)7(2)

_2z—>e! TiED

exists for every t € (—oo, T), and if B;(¢), —oo <t < T, is a continuous curve in D
with 87 (—o0) = 0. The trace is called simple if it has no self-intersection. If &€ generates
a disc Loewner trace 8y, then for each 7, C\K;(¢) is the unbounded component of
C\B1([—00, t]). In particular, if By is simple, then K;(¢t) = B;([—o0, t]) for each .

Let B;(t), —oo <t < T, be a simple curve in D with B;(—oc0) = 0. If it is
parameterized by capacity in D, i.e., mod(ID\ B; ([—o0, t])) = — for each ¢, then g;
is a disc Loewner trace. In the general case, let (1) = — mod(ID\ B; ([—o0, t])), then
Br (u=1(1)) is a disc Loewner trace.

We will need the following inverted disc Loewner process, which grows from oo.
For —oo <t < T,let K(t) = Ip(K;(¢t)) and g(¢,-) = I, o g(t, -) o Ip. Then each
g(t, -) maps @\E\K (t) conformally onto A_; and maps T onto T_,. Moreover, g(¢, -)
satisfies (3.10) with Sy replaced by S. We call K(¢) and g(¢, ), —oo < t < T, the
inverted disc Loewner hulls and maps driven by &. If & generates a disc Loewner trace
Br, then B:=1Iy o By is called the inverted disc Loewner trace driven by &.

The covering disc Loewner hulls and maps are defined as follows. Let Ki(t) =
(e)~1(K;(t)), —00 < t < T.There is a unique family g; (¢, -), —oo < t < T, which
satisfy that, for each ¢, g7 (¢, -) maps H\ K1) conformally onto S_; and maps R onto
R, e 0g;(t,) = gi(t,-) o€, and the following hold:

0:81(t,27) = Hy(—t,81(t,2) — &(1)); (3.11)
t_l)ir_noo gr(t,z) =z (3.12)

We call K; () and gr(t, ) the covering disc Loewner hulls and maps driven by §.
Let K(t) = IO(KI(t)) and g(¢,-) =1_;0 g1(t o Io Then g(z, -) maps —H\K(t)
conformally onto S_;, maps R onto R_;, ¢' o g(¢,-) = g(t,-) o ¢', and satisfies
8,81, 2) = H(—1,3(r, 2) — £(1)). We call K (¢) and Z(z, -) the inverted covering disc
Loewner hulls and maps driven by &.

Remark Now we summarize the conformal maps that appear in the this section so far.
The relations between a (inverted) whole-plane, annulus, or disc Loewner map g(z, -)
or g;(t,-) and its corresponding covering map g(t, -) or g;(z,-) are g(t,-) o ' =
e og(t,-)and g;(t,-) o el = ¢ o 3gy(t,-). The relation between the inverted pair
g(t,-) and g; (¢, -) depends on the three cases. For the whole-plane Loewner maps,

~ Conf ~ Conf ~ ~
gi(t,) :C\K;(1) - —H, g(,):C\K@) —» H, Iloog(t,-)=gi(t,-)ol.

For the annulus Loewner maps of modulus p,

2, ) (SH\K(1); Ry) o Sp—riRp—r), Z1(t, ) S)\K (1) R) (Sp rnR),
Ipyog(t,) =%(t,)ol, tel0,p).
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For the disc Loewner maps,

B0 EE OB D 6B, §0): CIROR) D 6 RY),
I_;03(t,)=g(,)oly, te€(—00,0).

The relation between g(¢, -) and g; (¢, -) depends on the three cases in a similar way.

3.4 SLE with marked points

Definition 3.1 A covering crossing annulus drift function is a real valued C*! differ-
entiable function defined on (0, co) x R. A covering crossing annulus drift function
with period 27 is called a crossing annulus drift function.

Definition 3.2 Suppose A is a covering crossing annulus drift function. Let k > 0,
p > 0,and xg, yo € R. Let £(¢), 0 <t < p, be the maximal solution to the SDE

d&(t) = /kdB(1) + A(p —1,£(1) —Reg(t, yo + pi))dt, £(0) = xo, (3.13)

where g(¢, -),0 < t < p, are the covering annulus Loewner maps of modulus p driven
by &. Then the covering annulus Loewner trace of modulus p driven by £ is called the
covering (crossing) annulus SLE(k, A) trace in S, started from xo with marked point

Yo + pi.

Definition 3.3 Suppose A is a crossing annulus drift function. Let x > 0, p > O,
a € Tand b € T),. Choose x, yo € R such thata = ¢/ and b = e P10, Let £(1),
0 <t < p, be the maximal solution to (3.13). The annulus Loewner trace § driven by
& is called the (crossing) annulus SLE(k, A) trace in A, started from a with marked
point b.

The above definition does not depend on the choices of xy and yo because A has
period 27, and for any n € Z, the annulus Loewner objects driven by &(¢) + 2nn
agree with those driven by & (7).

A covering chordal-type annulus drift function is a real valued C*! differentiable
function defined on (0, 00) x (R\27 Z). The word “covering” is omitted if the function
has period 2r. If A is a chordal-type annulus drift function, using the same idea, we
may define the annulus SLE(x, A) processes, where the initial point ¢ = ¢**0 and
marked point b = 0 both lie on T and are distinct. The driving function & is the
solution to (3.13) with Re g (¢, yo + pi) replaced by g(z, yo).

Via conformal maps, we can then define annulus SLE(k, A) process and trace in
any doubly connected domain started from one boundary point with another bound-
ary point being marked. Here A is a chordal-type or crossing annulus drift function
depending on whether or not the initial point and the marked point lie on the same
boundary component. Let A;(p, x) = —A(p, —x), then Ay is called the dual of A. If
W is a conjugate conformal map of A ,, and A; is the dual of A, then (W (K (¢))) is an
annulus SLE(x, Aj) process in W (A ) started from W (a) with marked point W (b).

@ Springer



576 D. Zhan

Definition 3.4 Letx > 0,b € T, and A be a crossing annulus drift function. Choose
yo € R such that ¢ = b. Let Bik)(t), t € R, be a pre-(T; x)-Brownian motion.
Suppose &(r), —oo < t < 0, satisfies the following SDE with the meaning in Definition
2.2

de(t) = dBY) (1) + A(—1,&(t) — 21 (1, yo))dt, —oo <1 <0,

where gj (¢, -) are the disc Loewner maps driven by &. Then we call the disc Loewner
trace driven by & the disc SLE(k, A) trace in D started from O with marked point b.

Via conformal maps, we can define disc SLE(k, A) trace in any simply connected
domain started from an interior point with a marked boundary point.

4 Coupling of two annulus SLE traces

The goal of this section is to prove Theorem 4.1 below, which says that when certain
PDE is satisfied, we may couple two annulus SLE(x; A) processes such that they
commute with each other. Although this result will not be used directly in the proof of
the whole-plane reversibility, we prove this theorem because on the one hand, the result
may be used in the future, and on the other hand, the proof will serve as a reference
for a more complicated proof of the theorem about coupling two whole-plane SLE
processes.

After some preparation in Sect. 4.1, the construction formally starts from Sect. 4.2,
which resembles Section 3 of [10]. The extra complexity comes from the appearance
of covering maps and inverted maps. Then we construct a two-dimensional local mar-
tingale M in Sect. 4.3, which resembles Section 4 of [10]. In the same subsection, we
derive the boundedness of M when the two processes are stopped at some exiting time.
In Sect. 4.4, we first construct local commutation couplings using M, then construct
the global commutation coupling using the coupling technique, and finishes the proof.

Theorem 4.1 Let k > 0 and sy € R. Suppose T is a positive C'? differentiable
function on (0, 00) x R that satisfies

301
af = sr" + H;T + (2 — - ) HT; @.1)
2 Kk 2

27,
T, x +21)=e ~ I'(t,x), t>0, x €R. 4.2)

We call T a partition function following Gregory Lawler’s terminology in [20]. Let
A = /cl%. Then A is a crossing annulus drift function. Let A1 = A and Aj be the
dual of A. Then for any p > 0, a1, ay € T, there is a coupling of two curves: B1(t),
0<t < p,and B(t), 0 <t < p, such that for j # k € {1, 2}, the following hold.

(i) B; is an annulus SLE(x, A ;) trace in A, started from a; with marked point
aj k:=1Ip(ay).

(ii) If ty < p is a stopping time w.r.t. (B (t)), then conditioned on Bi(t), 0 <t < 1,
after a time-change, B;(t), 0 <t < T;(t) is the annulus SLE(k, A ;) process in
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a connected component of Ap\1,(Bi((0, 1)) started from a; with marked point
1, (B (tr)), where T (1) is the first time that B visits 1, o Br.((0, 1]), which is set
to be p if such time does not exist.

Remark 1. The A satisfies the PDE:
K

K
GA = <A (3—
! P 2

)H’,’ + AH, + H A + AN, (4.3)
On the other hand, if A satisfies (4.3), then there is I such that A = « I% and (4.1)

holds.
2. The theorem also holds for k = 0 if A satisfies (4.3) with « = 0.

4.1 Transformations of PDE

Lemma 4.1 Leto, sg € R. Suppose T, ¥, and Yy, are functions defined on (0, 00) xR,

s0x

2 2 521
which satisfy W = TOF, W, = T,0F, and Wy (t,x) = e~ % ~ 3% W(t, x). Then the
following PDEs are equivalent:

K " / l 1 !
3T = I £ H,;T +((f——+—)H1F; @.4)
2 Kk 2
W = %xp” + o HW; (4.5)
K " / /
OV, = E\ym + 50y, + o H) Wy, (4.6)
Proof This follows from (2.5), (2.7), and some straightforward computations. O

Remark When o = % — 1, (4.4) agrees with (4.1).

Lemma 4.2 Let 0, 5o € R. Suppose Wy, is positive, has period 2m, and solves (4.6)
in (0, 00) x R. Then Wy, (t,x) — C ast — oo for some constant C > 0, uniformly
inx € R.

Proof Fix to > 0 and xg € R. For 0 <t < 19, let Xy, (¢) = xo + +/k B(t) + st and

t
M(t) = W, (to —t, Xy (1)) exp | o / H/ (10 — r, X (r))dr
0

From (4.6) and It6’s formula, M (), 0 < t < fo, is a local martingale. Since W, and
H’I are continuous on (0, 0o) x R and have period 27, we see that, for any #; € (0, #y],
M(t),0 <t <ty — t1, is uniformly bounded, so it is a bounded martingale. Thus,

Wy, (70, x0) =
fh—1

M@O) =E | Wy, (t1, Xx,(to—11)) exp| o / H,(to—r, Xy, (r))dr | |. 4.7)
0
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Now suppose 7y > 1 > 3. From Lemma 2.1, we see that,

to—1 =1
/ [H) (to — r, Xy, (r)|dr < / 15¢"70dr < 15¢71, (4.8)
0 0

Let ¢ > 0. Choose #; > 3 such that 150¢™"! < ¢/3. Fort € [t;,00) and x € R,
define

oo (1, x) = E [Wy, (11, Xo (1 — 11))].

As t — oo, the distribution of ¢! (X, (¢t — #1)) tends to the uniform distribution on

T. Since Wy, is positive, continuous, and has period 2, we see that Wy, ., (t, x) —
% 02” W, (t1, x)dx > 0 ast — oo, uniformly in x € R. Thus, lim;_, oo In(Wy, ;)
converges uniformlyinx € R. Sothereist, > t; suchthatifz,, f, > rp and x,, xp € R,

then | In(Wy, (14, X4)) — In(¥y, (t, xp))| < &/3. From (4.7) and (4.8) we see that
| In(Wy, (2, x)) — In(Wy, 4, (1, )| < 1507 < /3, t>1,x €R.

Thus, |In(Wy, (14, xa)) — In(Ws, (tp, xp))| < € if 14,8, > 2 and x4, x5, € R. So
lim;_, o In(Wy,) converges uniformly in x € R, which implies the conclusion of the
lemma. O

Lemma 4.3 Let 5o € R. Suppose T is positive, satisfies (4.2), and solves (4.4). Then

sox 5ot
there is C > 0 such that I, (¢, x)::Cfle*OT*QT I'(t, x) has period 2 and satisfies
lim; o0 Iy (£, x) = 1, uniformly in x € R.

Proof Let Wy, be given by Lemma 4.1. Since ®; > 0, Wy, is positive and solves
(4.6). Since I satisfies (4.2) and ©; has period 27, Wy, also has period 2. From
Lemma 4.2, there is C > 0 such that ¥y, — C as ¢t — oo, uniformly in x € R.

S0X Szf
Let Iy, (t, x):=C~le™ & ~2 I'(¢, x). Then T'y, = c—lxpm@,(t,x)*%. From (2.6),

®; — last — oo, uniformly in x € R. Since ®; has period 27, we get the desired
conclusion. O

4.2 Ensemble

Letp > Oand&;,& € C([0, p)).Forj =1,2,letg;(t, ) (resp. g7, ;(t,-),0 <t < p,
be the annulus (resp. inverted annulus) Loewner maps of modulus p driven by &;.
Let g;(t,) and g7 ;(t,), 0 <t < p, j = 1,2, be the corresponding covering
Loewner maps. Suppose &; generates a simple annulus Loewner trace of modulus p:
Bj,j=12.LetB;j=1,0p8j,j=1,2,be the inverted trace. Define

D = {(t1,2) : B1((0, 11]) N B12((0, 2]) = ¥}
={(t1, 1) : Br,1((0, 11]) N B2((0, 1]) = ¥} (4.9)
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For (1, 1) € D, we define

m(ty, ) = mod(A,\B1 ([0, 11 D\B12([0, 12]1))
= mod(A ,\B1,1([0, 1D\ B2([0, 2])). (4.10)

Fixany j # k € {1, 2} and #; € [0, p). Let T (#) be the maximal number such that
for any t; < Tj(t), we have (t1,1) € D. Ast; — T;(t)", the spherical distance
between 8;((0, #;]) and B 1 ((0, #]) tends to 0, som(#1, 1) — 0.For0 < t; < T;(#),
let B4 (t;) = gr.x(tx, Bj(t;)). Then B; ,, (¢;),0 < t; < T;(t), is a simple curve that
starts from gy x (%, e i)y e T, and stays inside A, for #; > 0. Let

Vi (tj) =capy,  (Bjn ((0,7;1) = p — i —m(1, 12). (4.11)

Then v; , is continuous and increasing and maps [0, T;(#)) onto [0, S; ;) for
some S, € (0,p —#]. Sincem — Oast; — T;(t%), Sj, = p — t. Then
Vi @):=PBj 1 (v;tlk (t)),0 <t < p — t, are the annulus Loewner trace of modulus
p — t driven by some ¢;, € C([0, p — #)). Let y1 4 (¢) be the corresponding
inverted annulus Loewner trace. Let 4 , (¢, -) and ﬁz 1,j.4(t,+) be tbe corresponding
annulus and inverted annulus Loewner maps. Let &, (¢, ), and Ay ;. (¢, -) be the
corresponding covering maps.

For0 < t; < Tj(tx),1et&; (1), Br.ju t7)s & (tjs s 81,7 tjs ) &y (5 ), and
g1.j1 (tj, ) be the time-changes of £; 1, (1), yr1.j.4 (1), hjy (&, ), by o (2, 2), g (2,2,
and Ay ;. (¢, ), respectively, via the map v; ;, . For example, this means that &; , (¢;) =
Cin g (t)) and gj 5 (2, ) = hj g (V) (£7), -).

For0 <t; < T;(), let

Grin@i,) =gjntj,-)ogrilt, -)og;, ) h (4.12)
Gria(tj,) =8jn(ti,) o 8ralte, ) o 8i(tj, )" (4.13)

Then Gy x4, (t], 2 maps A, —t) \g;(;, Bri((0, tk])) conformally onto Am,.,,) and
maps T onto T; ¢' o le,k(tj, ) =Gy (tj,)oe';and G;k,k(t], -) maps R onto
R. Since y;j (1) = Bj (vj f (1)), from (3.6) and a similar formula for y, we find
that els/ 0wt = G (t, ety for 0 < tj < T;j(t). So there is n € Z such
that G1k (@i, &) = &4 (tj) + 2nm for 0 < t; < T;(#). Since ¢, + 2nmw
generates the same annulus Loewner hulls as ¢; ;, , we may choose ¢j.4 such that for
0<1; < T;(t0),

Eru(t) = Gl (tj. (1)) (4.14)

For0 <t; < T;(), let

Ajn(t,0) = G, (. §:(1)), h=1,2,3, (4.15)
Aja(ti,n) 3 (Aja(n, )

Ajs(t, ) = =2 — = ( / ) ) (4.16)
Aji(t, ) 2 \Aj 1, )
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Then A s(1, ) is the Schwarzian derivative of 51,/%. (tk, ) at &;(¢;). A standard
argument using Lemma 2.1 in [17] shows that, for 0 < ¢; < T;(#%),

Vi (0) = 1G] 4 @ &P =Gy (1. E5()7 = Aja(t, ), (4.17)

so from (4.11) we have

9jm=—A3,. (4.18)
Moreover, for 0 < t; < T (t),
38 (tj2) = Aj1(h, ) HM(t, 1), i (1, 2) — Ej.4, (1)) 4.19)

381 jn(tj2) = Aja(t, ) Hy(m(t, 1), 81,0 (1, 2) — Ej.0 (1)) (4.20)
From (4.13) we have
Gl (tj.) 08t 2) = g (tj. ) 0 Zra(ti. 2). (4.21)

Differentiate (4.21) w.rt.¢;. Letw = g;(t;, z) — &;(t;). From (3.7), (4.14), (4.19),
and (2.2) we get

Gk (1. E(t))) = =3 N/I/,k,,k (1j,8j(tj)) = =3A2(11, 12). (4.22)

Differentiate (4.21) w.r.t. t; and z, and let w = g;(¢;, z) — &;(¢;). Then we get

3G Ei) 1 A2\ 4 Ajs
Aj,l 3

Aj1

G - + A3 —r(p—t)). (423
G, ) 2 Sarm) —r(p —1;).  (423)

Note thatboth G ¢, (¢}, -) and 81k t; (tx, -) map Ap_tj \,Bl,k,tj ((0, tx]) conformally
onto A (s,.1,) and maps T onto T. So they differ by a multiplicative constant of modulus
1. Thus, there is Cy (¢1, t2) € R such that

Grin(tj.) =Bkt (tr, ) + Crlt1, 12). (4.24)

Interchanging j and & in (4.24), we see that there is C (t1, r2) € R such that

Grjt;(tr, ) = Br.ju (tj. ) + Cj(t1, 12). (4.25)

From (4.13) we have
gl,j,tk(tj9 ) o gk(tlﬁ ) + Cj = gk,lj(tkv ) o g],j(tjs ')a (426)
8rkt;(te, ) 0 g (tj, ) + Ch = g1 (t), ) 0 g1 k(tks -)- (4.27)
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From the definition of inverted annulus Loewner maps, we have

Tt ) = Inm) 0 81 ju (s ) 0 Iy §j(tj, ) = 7;;4,- 081t ) oIy
81kt (te, ) = Im(ty.1p) © 8kt (s ) 0 Ip—t;y Eralte, ) = Ip—y 0 8i(tk, ) o I
From (4.27) and the above formulas, we get fgvk’,j (tx, ) o g1,j(tj,) + Cr =

81,4 (tj, ) o 8k (tx, -). Comparing this formula with (4.26), we see that C1 4+ C» = 0.
Now we define X and X, on D by

Xj(t1, ) = §~j,zk (t) — 81,4 (), (1))
=Grintj, &) — 81,4 ), E(tr)). (4.28)

From (4.24), (4.25), and C; + C, = 0, we have
X1+ X, =0. (4.29)
Since H}" is even, we may define Q on D by
Q =Hj'(m, X1) = H'(m, X2). (4.30)
Differentiate (4.20) w.r.t. z twice. We get

atg/l,j,lk (tjv Z)

= = A% H (m, 81 . (17, 2) — £, (1)) (4.31)
g}J’tk(l‘j,Z) J AT ol \F otk \o

g/]/’ i (tj,2) _ _
o ( 2L ) = A2 HG (B (00 2) = &7, (DF) g (1 D). (432)
glaj-,tk (t]7 Z)

Let z = & () in (4.20), (4.31), and (4.32). Since H; and H/I/ are odd and H/I is
even, from (4.25) and (4.28) we have

3j 81,7 (tj. & (1) = —A35  H;(m, X )). (4.33)
3 A1 5
]AT = A7 Hj(m, X). (4.34)
Ak2 2
3 )= — A% H](m, X)) Ag.1. (4.35)

Differentiate (4.32) w.r.t. z again, and let z = & (). Since H}" is even, we get

Ak Ao\’
9; (— — (— = A7 [H} (m, X ;) A | — Hj(m, X)) A1),

which together with (4.30) and (4.35) implies that

djArs = A% 1 Af 0. (4.36)
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Define F on D by

h 1

F(t1, 1) = exp / / A11(s1,52)% 42,1 (51, 52)2 O (51, s2)dsidsy |, (4.37)

Since gl,j,lk (0, ) = hl-,j,tk (0, ) = id, when tj = 0, we have Ak,l = 1, Ak,z =
Ay 3 =0, hence Ay g = 0. From (4.36), we see that
;i F

o= Ay, (4.38)

Remark There is an explanation of F in terms of Brownian loop measure. If R is a
function on (0, co) that satisfies R'(¢) = r(t) + %, then

1
—gln F(t1,1) — R(t1,12) + R(t1,0) + R(0, ) — R(0,0)

is the Brownian loop measure of the loops in A, that intersect both g ([0, #{]) and

Br,2([0, n2]).

4.3 Martingales in two time variables

Let aj,ar € T be as in Theqrem 4.1. Letayj = Ip(aj) € Ty, j = 1,2. Choose
x1,x2 € Rsuchthata; = €'/, j = 1,2. Let Bi(t) and B(¢) be two independent

Brownian motions. For j = 1,2, let (.7-}/ ) be the complete filtration generated by
(Bj(1)). Let I', A, Ay, and A, be as in Theorem 4.1. Since I' satisfies (4.2), A,
Jj = 1,2, has period 2w, which implies that they are annulus drift functions. For
Jj=1,2let§;(t;),0 <t; < p,be the solution to the SDE:

dgj(tj) = kdBj(tj)) + Aj(p —1j,&;(tj) — g1, (tj, x3_;))dtj, &;(0) = x;.
(4.39)

Then (&1) and (&) are independent. For simplicity, suppose k € (0, 4] (for the case
k > 4, we may work on Loewner chains and apply Proposition 2.1 in [17]). Then for
J =1,2,as. (§;) generates a simple annulus Loewner trace 8, which is an annulus
SLE(k, Aj) trace B; in A, started from a; with marked point a; 3_ ;. We may apply
the results in the prior subsection.

As the annulus Loewner objects driven by &;, B;, B1,; = I, o Bj, (g1,j(t}, ")),
(gj(tj,-)), and (g7,;(zj,-)) are all (Fii.)-adapted. Fix j # k € {1,2}. Since B; is
(J:/j)-adapted and (gr.x(tk, -)) is (]—',’;)-adapted, we see that (11, ) — B, () =
g1.k(tx, Bj(t;)) defined on D is (ftll X ftzz)-adapted. Since g4, (tj, ) and g7 j 4 (¢;, -)
are determined by 8;, (s;), 0 < s; < t;, they are (.7-",11 X .Ezz)-adapted. From (4.13),
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2

adapted. From (4.10), (4.28), (4.15), and (4.16), we see that (m), (X;), (Ajx), h =
1,2,3,and (A; s) are all (]-'tl1 X ftzz)-adapted.

Fix j # k € {1, 2} and any (}'tk)-stopping time 7z € [0, p). Let ftjj'_’tk = f,jj._ x Fk

Ik ?

(Griuy(tj, ) is (F} x F2)-adapted. From (4.14), (&, (t;)) is also (F} x F2)-

0 <tj < p. Then (ﬁé’tk)oftj <p is a filtration. Since (B (¢;)) is independent of fti
it is also an (Flj}’tk)-Brownian motion. Thus, (4.39) is an (.7-'1]]‘,’[" )-adapted SDE. From

now on, we will apply It6’s formula repeatedly, all SDE will be (ﬁé’tk)-adapted, and
tj ranges in [0, T; (#)).
From (4.22), (4.28), (4.15), and (4.33), we see that X ; satisfies

K
X = A 108 (1)) + (5 —=3) Aj201; + A3 By, X )0 (4.40)

r
LetI'y = ' and I'2(z, x) = I'(z, —x). Then for j = 1,2, A; = * and I'; satisfies
J
(4.1). From (4.29), we may define Y on D by

Y =T1(m, X;) =T2(m, X3). 4.41)

From (4.1), (4.18), (4.40), and (4.41), we have
9;Y 1
T = EA./(m, X./)A./,lagj(tj)

3 1
_ (; - E) (A%H/,(m, X))+ Aj(m, Xj)Aj,z) ot;. (442
From (4.23) we have
0jAj1 Ajn 1 (Aj2)2 (K 4) Ajs
—’z_’ag(l‘)_’_ — | = +{=—=] —= ot
Ajr A Y (2 Aji 2 3) Ajn )
+A% r(m)dt; —r(p — 1;)dt;.
Let

6—K 8 —3k)(k —6)
, = —- - ——~,
2K 2K

Actually, c is the central charge for SLE,.. Then we compute

dj A?, 1

Aja c
e, T _A; - 08 (1) + £ Aj.s01) + A2 r(m)dt; — ar(p — 1)d1;.
Js ,
(4.43)
Recall the R defined in Sect. 2.3. Define M on D by
M = A | AS | F~6Y exp(aR(m)). (4.44)
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Then M is positive. From (2.3), (4.18), (4.34), (4.38), (4.42), and (4.43), we have

M A ; Ail ey
7 _aA_ ‘S;:](t])—i_ j(m, X;) éj(l])

—ar(p — t;)dt; —i—ozAilr(oo)atj. (4.45)

Whent#; =0,wehave A; ;1 =1,A;, =0,m = p—t;,and X; = %’j(tj)—ng(tj,xk),
so the RHS of (4.45) becomes %Aj(p —t;,&;(tj) — g1,j(tj, x¢))0&;(t;). Define M
on D by

M(t1, 12)M (0, 0)
(t1, 1) W01, 0030.10) (4.46)

Then M is also positive, and M (-, 0) = M (0, -) = 1. From (4.39) and (4.45) we have

oM K\ Aj _ 3B (1))
5= [(3— 3) A A XA = A(p - z,,sja_,-)—g1,_;<z_f,xk>)] e
(4.47)

So when # € [0, p) is a fixed (]—',k)—stopping time, M is a local martingale in ¢;.

Let J denote the set of Jordan curves in A, that separate T and T ,. For J € J and
J = 1,2,1et T;(J) be the first time that 8; visits J. It is also the first time that B; ;
visits 1,(J). Let JP denote the set of pairs (J1, J2) € J? such that I,(JpNh =49
and /,(Jy) is surrounded by J. This is equivalent to that /,,(J2) N J1 = ¥ and 1, (J>)
is surrounded by Jj. Then for every (J1, J2) € IP, B1.1((0, t1]1) N B2((0, £2]) = ¥ when
t1 <T1(J1) and 1 < T2(J2), s0 [0, T1(J1)] x [0, T2(J2)] C D.

Lemma 4.4 There are positive continuous functions Ny (p) and Ns(p) defined on
(0, 00) that satisfies Ni(p), Ns(p) = O(pe=P) as p — o0 and the following
properties. Suppose K is an interior hull in D containing 0, g maps D\K confor-
mally onto A, for some p € (0,00) and maps T onto T, and g is an analytic
function that satisfies ¢’ o g = g o e'. Then for any x € R, |In(g'(x))| < Nr(p)
and |Sg(x)| < Ns(p), where Sg(x) is the Schwarzian derivative of g at x, ie.,
Sg(x) = g"(x) /3 (x) — 3" (x)/8 ()%

Proof Let f =g 'and f =g ~!. Thene' o f = f oe. Since f'(g(x)) = 1/8(x)
and Sf(g(x)) =—-Sg(x)/g ()c)2 we suffice to prove the lemma for f Let P(p,z) =
—ReS;(p,z) —In|z|/p and P(p, z) = P(p,e?) = ImH;(p, z) + Imz/p. Then
P(p, ) vanishes on T and T,\{e"”} and is harmonic inside A ,. Moreover, when
z € Apisneare?, P(p, z) behaves like —Re(iipfz) + O(1). Thus, —P(p,-) is a
renormalized Poisson kernel in A, with the pole at e™7. Since In | f| is negative and
harmonic in A, and vanishes on T, there is a positive measure pg on [0, 27) such
that
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In|f()] = —/P(p,z/e"%‘)dmsx eh,

which implies that
Im f(z) = / P(p,e*/e®)dug () = / P(p,z—&)duk(E), z€S,

Soforanyx e Randh =1,2,3, f(h)(x) = f%ﬁ(p,x —&E)dug (). Let

0 ~ o ~
m, = inf —P(p,x), M, =sup—P(p,x),
p=1nf 3 (p, x) p xeﬂ%a (p,x)
h
Ml(,h) = sup P(p x)|, h=2,3.
xeR ay

We have 0 < m) < M), < ocoand mp|ug| < f < Mp|uk| on R. Since f(27t) =
F(0) + 27, we get l/M < |ukl < 1/m,. Thus, mp/M <fl<Mm p/mp and

_ 3y o) 2
|F®| < M /my, h = 2,3, from which follows that | § /] < 222 4.3 (M My )

m2

[7
on R. Since ﬁ(p z) =ImH;(p, z)+Imz/p,weseethat—P(p,x) (p,x)—l—l
and e h 13 P(p,x) = H( )(p,x) h = 2,3. From Lemma 2.1, M,,m, = - +
O(e?)yand M" = O(e™P), h = 2,3, as p — o0. So we have ln(M,,/m,,) =

u® ® 2
O(pe=P) and MP +3 (Mf;nsz’) = O(peP). o
P

Proposition 4.1 (Boundedness) Fix (J1, J,) € JP. Then |In(M)| is bounded on
[0, T1(J1)] x [0, T2(J2)] by a constant depending only on Jy and J,.

Proof In this proof, we say a function is uniformly bounded if its values on
[0, T1(J1)] x [0, T>(J2)] are bounded in absolute value by a constant depending only
on p, Ji, and J». If there is no ambiguity, let 2(A, B) denote the domain bounded
by sets A and B, and let mod(A, B) denote the modulus of this domain if it is dou-
bly connected. Let J; 2 = Ip(J2). Let po = mod(J1, J;2) > 0. If 1 < T1(J1) and
tr < Tr(J2), since Q(J1, Ji2) disconnects K (f1) and K 7(t2) in A,, m(t1, 1) > po.
Since m < p always holds, m € [pg, p] on [0, T1(J1)] x [0, T2(J>)]. Since R is
continuous on (0, o0), R(m) is uniformly bounded. Since Q0 = H}'(m, X1) and H}’
is continuous and has period 27, Q is uniformly bounded. From Lemma 4.4, for
J=1,2,1In(A;1)| < Np(m), so it is uniformly bounded. From (4.38), In(F) is uni-
formly bounded. Let sp € R be as in Theorem 4.1. Let I'y, > 0 be defined by Lemma
4.3, and | Y, = Ty (X1). Then I'y, has period 2. So ln( o) 1s uniformly bounded
Define Mso and M usmg (4.44) and (4.46) with Y and M replaced by Yy, and MSO,
respectively. Then ln(M so) and In(My,) are uniformly bounded because their factors
are. Now it suffices to show that In(M) — In(Mj,) is uniformly bounded. We have
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In(M (11, 1)) — In(My, (1, 12)) = S,(—O(Xl(tl, f2) = X1 (11, 0) = X1(0. 12) + X1 (0, 0))
2
+;_0K(m(t1, f2) = m(t1, 0) — m(0, £2) + m(0, 0)).

The second term on the RHS of the above formula is uniformly bounded because
m € [po, pl. So it suffices to show that X (¢, ) — X1(#1,0) — X1(0, 1) + X1(0, 0)
is uniformly bounded. Let

G(t1,0) = Gron(ti, 1), &, 1) =811, &)

From (4.28)~we have X; = G — ¢. So it suffices to show that C~}(t1, 1) — 5(t1, 0) —
G(0, 1) + G(0,0) and g(t1, t2) — g(t1,0) — 2(0, 1) + 2(0, 0) are both uniformly
bounded. From (4.20) we have 0;g(t;, t2) = A% {Hy(m(1, 1), (11, ) — &1, (11)).
SlnceA 1.1 isuniformly bounded, m € [po, p],and Hy is continuous and has period 27,
g(t,n)—g(0,1n)is umformly bounded. Thus, g(t1, t2) — g (t1, 0) 2(0, t2)+g(0 0)
is uniformly bounded. Let Gd(tl 1) = G(t1 1) —§&1(11). Then G(tl ) —G(t,0)—
G0, 1) + G(0,0) = Gd(tl,tz) Ga(t1,0) — G4(0, 1) + G4(0, 0). To finish the
proof it suffices to show that Gy is uniformly bounded.

Let J be al ordan curve which is dlSJOlIlt from J; and I,(J2), and separates these
two curves. Let J = ()~1(J). Since Gd(tl, 1) = G1 2;2(t1, fl (t1)) — &1(21), from
the Maximum principle, we suffice to show that SuPzegl(zl,J)(Gll,tz (t1,2) —2) 18
uniformly bounded. Recall from (4.13) that 51,2,,1 (t1,) = 81.,(t1,-) 0 gr2(f2,-)
g1(t, 9~L. So we suffice to show that the following three quantities are uniformly
bounded:

sup [g1(f1,2) —zl, suplgr2(t2, 2) —zl, sup |81, (t1,2) —zl.
zeJ zeJ z€81.2(12,J)

The uniformly boundedness of these quantities follow from similar arguments. We
only work on the last one since it is the hardest. From (4.19) we have

1

gl,lz(tlv Z) — = / Al,l(s9 IZ)ZH(IH(S, t2)7 gl,tz(ss Z) - sl,tz(s))ds'
0

Since fot‘ A1.1(s, )*ds = m(0, 1) — m(ty, t2) is uniformly bounded, we suffice to
show that

sup  [H(m(t1, 12), 81,5, (11, 2) — &1, (1))

z€g12(t2,J)

is uniformly bounded. From the properties of H, we suffice to show that there is a
constant 7 > 0 such that Im g ,, (71, -) o g7,2(f2,2) > h for any z € J. This is
equivalent to that |g 4, (f1, ) 0 g1.2(f2, 2)| < e for any z € J. We suffice to show
that the extremal distance (c.f. [26]) between T and g1 4, (#1, -) 0 g1,2(¢2, J) is bounded
below by a positive constant depending only on p, J, J; and J>. From conformal
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invariance, that is equal to the extremal distance between J and T, U 8;((0, 12]),
which is not smaller than the extremal distance between J and 1, (J2) since 1, (J2)
separates J from T, U 8;((0, 2]). So we are done. O

4.4 Local couplings and global coupling

Let ; denote the distribution of (§;), j = 1,2. Let u = puy x uo. Then p
is the joint distribution of (§;) and (&), since & and &, are independent. Fix
(J1, J2) € JP. From the local martingale property of M and Proposition 4.1, we
have E ,[M(T1(J1), T2(J2))] = M(0,0) = 1. Define vy, 5, by dvy, p,/dpn =
M(T1(J1), T>(J2)). Then vy, j, is a probability measure. Let vy and vy be the two
marginal measures of vy, 5. Then dvi/duy = M(T1(J1),0) = 1 and dva/duy =
M0, T5(J2)) = 1,s0v; = uj, j = 1, 2. Suppose temporarily that the joint distrib-
ution of (&1) and (&2) is vy, y, instead of w. Then the distribution of each (§;) is still
K-
JFix an (th)-stopping time t, < T»>(J2). From (4.39), (4.47), and Girsanov theorem
(c.f. Chapter VIII, Section 1 of [23]), under the probability measure v, j,, there is an
(F} x F2)1=0-Brownian motion By 4, (#1) such that £ (1), 0 < 11 < Ty(J}), satisfies
the (.7-}11 x .Ezz),lzo—adapted SDE:

~ K\ Al
dg1(1) = VrdBio () + (3= 5) 12 dn + Avm, XD Ay dn,

which together with (4.14), (4.22), and It&’s formula implies that
dg1 (1) = A1 1VkdBy iy (1) + AT LA E1y (1) — 811, (11, E2(02)))d 1.

Recall that ¢ 4, (s1) = &1, (7, (1)) and 7y 11, (51, +) = 81,16, (V7 (51). ). So from
(4.11) and (4.17), there is another Brownian motion Bj ,(s1) such that for 0 < 51 <
v, (T1(J1)),

diyn(s1) = ﬁd§1,12(51) + A1(p — 12 — 51, C1y (51) = hr10y (51, E2(82)))ds1.

Moreover, the initial values is &1 4, (0) = &1,,(0) = 51,2,,2 0, x1) = g12(12, x1).
Thus, after a time-change, gr2(t2, f1(f1)), 0 < 11 < Ti(J1), is a partial annu-
lus SLE(x, A1) trace in A,_;, started from g7 (2, a;) with marked point /,_;, o
el (é2(12)). This means that, conditioning on .7-'t22, after a time-change, 81(#1),0 < #; <
T1(J1), is a partial annulus SLE(x, A1) trace in A\ B;2((0, 2]) started from a; with
marked point B; 2(#2). Similarly, the above statement holds true if the subscripts “1”
and “2” are exchanged.

The joint distribution vy, , is a local coupling such that the desired properties in
the statement of Theorem 4.1 holds true up to the stopping time 77(J1) and 72 (J>).
Then we can apply the coupling technique developed in Section 7 of [10] to construct
a global coupling using the local couplings for different pairs (J1, J2).
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The coupling technique is composed of several steps. First, let {(Jlk, Jzk) :k e N}
denote the set of all pairs in JP such that J Jk ,k e N, j=1,2, are polygonal curves,
whose vertices have rational coordinates. Second, for every n € N, one may find a
coupling of B; and B> such that, for every 1 < k < n, if B is stopped at t 75 and
Bo is stopped at t e then the joint distribution is v JE gk To construct such coupling,
we work on the two-dimensional random process M. One may prove that there is a
process M,, defined on [0, p]?, which satisfies the following properties:

1. M, is a martingale in one variable, when the other variable is fixed;
2. M, = 1 when either variable is 0;
3. M, = M on |0, 'L'Jlk] x [0, 'L'Jé(], 1<k<n.

To construct M,,, we use vertical lines {t; = t Jlk} and horizontal lines {t, = t Jéc},

1 < k < n, to divide the square [0, p]2 into smaller rectangles. First define M,, on

(10, 761 x [0, 7,61 U ({0} x [0, p) U ([0, p1 x {0}
k=1

according to 2 and 3. Then we extend M,, to other smaller rectangles one by one in such
a way that in each rectangle R not contained in any [0, T Jlk] x [0, T Jzk], M, (t1, ) =
fr(t1)gr(t2) for some suitable functions fr and gr. Such extension exists, is unique,
and satisfies the desired properties. The reader is referred to Theorem 6.1 in [10] for
details. The v, is then defined by dv, /du = M, (p, p). Finally, the global coupling
measure v is any subsequential weal limit of the sequence (v,) in some suitable
topology.

4.5 Other results

Here we state without proofs some other results which can be proved using the idea
in the proof of Theorem 4.1.

Theorem 4.2 Let k > 0. Suppose I is a C'? differentiable function on (0, 00) x
(R\2n Z) that satisfies

K " / 3 1 4
ol'=-I"4+HI"+{—— - )HT. (4.48)
2 Kk 2

Let A = Kl%, A1 = A, and Aj be the dual of A. Thenforany p > Oanda; # ap € T,

there is a coupling of two curves: B1(t), 0 <t < Ty, and B>(t), 0 <t < Ty, such that

for j # k € {1, 2} the following hold.

(i) Bj is an annulus SLE(x, A ;) trace in A started from aj with marked point ay.

(ii) Ifty € [0, Ty) is a stopping time w.r.t. (K (1)), then conditioned on B (1), 0 <t <
tx, after a time-change, B;(t), 0 < t < T;(t), is a partial annulus SLE(x, A j)
process in a component of A,\Br((0, tx]) started from a; with marked point
Bi(tr), where T;(t;) is the first time that B; hits By ([0, t]), and is set to be T; if
such time does not exist. If k € (0, 4], the word “partial” could be removed.
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Remark 1. The A in the theorem satisfies the following partial differential equation:

A = %A” + (3 - %) H' + AH +HA + AA. (4.49)

On the other hand, if A satisfies (4.49), then there is I', which satisfies A = I{l%
and (4.48).

2. Theorem 4.2 also holds for k = 0 if A solves (4.48).

3. We may also derive similar results for radial SLE(k, A) process and strip
SLE(k, A) process. In these two cases, I and A are functions of a single variable,
and A =« 1% IfA = % cotr or A = % cothy, respectively, in these two cases, then
we get the radial SLE(x, p) and strip SLE(k, p) processes, respectively (c.f. [27]).
For the radial SLE(k, A) process, to have the commutation relation, we need that
I" solves the ODE

K i i 3 1 /
0=5F +cotr I + -3 coty ' + CT, (4.50)

where C is a constant. For the strip SLE(x, A) process, I' must solves (4.50) with
coty replaced by coth; to guarantee the existence of the commutation coupling.

5 Coupling of whole-plane SLE

The goal of this section is to prove Theorem 5.1 below, which is about commutation
couplings of two whole-plane SLE processes. This result will later be used to prove
the whole-plane reversibility. Since the proof is similar to the proof of Theorem 4.1,
we will frequently quote the arguments in the previous section.

Theorem 5.1 Let k > 0 and sy € R. Suppose T is a positive C'? differentiable
function on (0, 00) X R that satisfies (4.1) and (4.2). We also call T a partition function.
Let A = Kl%, A1 = A, and Ay be the dual of Ay. Let s1 = s and so = —so. Then
there is a coupling of two curves By 1(t), —00 <t < 00, and Py 2(t), —00 <t < 00,
such that for j # k € {1, 2}, the following hold.

(i) B1,; is a whole-plane SLE(k, s ;) trace in @from 0 to oo;

(ii) Letty be a finite stopping time w.r.t. (K i (t)). Then conditioned on B x (s), —00 <
s < t, after a time-change, the curveA,BU (tj), —o0o < tj < Tj(t), is a disc
SLE(k, A j) process in a component of C\Iy(B;,j([—00, t;])) started from 0 with
marked point Io(By, (t;)), where T} (ty) is the first time that B; hits By ([—oo0, 1]),
or o< if such time does not exist.

5.1 Estimations on Loewner maps

Letg(z, -),t € R, be the inverted covering whole-plane Loewner maps driven by some
&€ CR).Letz € Cand h(t) = Img(t,z) > O for t € (—o0, 1;), the interval on
which g(z, z) is defined. From (3.3) we have — tanhy (h(r)) > h'(t) > — cothy (h()),
and
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[0;8(t,2) +i| < t € (=00, 1,). (5.1)

JMz(tn) _ 1 oh) _ 1’

So h(t) decreases, and < ln(coshz(h(t))) > —1/2, which together with (3.4) and

integration implies that coshz(h(t)) > Qe =% Then we have ¢"® > elmz—t _ 3

From (5.1) we see that, if 1 < Im z —In(8), then |3, (¢, z) +i| < ﬁ < 4e!—Imz,
From (3.4) and integration we have
8(t,2) +it —z| <4’ 7™ <172, ift <Imz—In(8). (5.2)

If g(z, -) are the covering whole-plane Loewner maps, then from g (#, -) = o ogr(t,)o
Iy, we have

181(t,2) — it —z| <4e'™MZ <172, ift < —Imz—In(8). (5.3)

Let g;(z,-), —oo < t < 0, be the covering disc Loewner maps driven by some
& € (—00,0).Letz € Hand h(r) =Img;(t,z) > 0 fort € (—o0, t;). From Lemma
2.1 and (3.11) we see that if —t > (r) + 2 then [1/()| < 5.5¢"DF, 50 | Le~h1)| <
5.5¢". From (3.12) we see that —¢ > h(t) + 2 when ¢ is close to —co. Suppose that
—t > h(t) + 2 does not hold for all € (—o0, t;), and let 7y be the first ¢ such that
—t = h(t) +2. Then | 4¢~"®| < 5.5¢' on (—o00, f9]. From (3.12) and integration we
have ¢012 = ¢7(0) > e=Imz _ 5 5,00 which implies that e~ ™% < (e? 4 5.5)e!0 <
13¢". Thus, if r < —Imz — In(13) then —¢ > h(¢) + 2, so |h'(¢)| < 5.5¢"D+,
From (3.12) and integration, we see that, if # < —Im z — In(13), then e~ ™ 81(1.2) >
I2e7m2_ which implies that Img;(t,z) < Imz + In(13/7.5) < —t — 2, which,
together wrth Lemma 2.1, implies that |H; (—¢, g7 (¢, z) — £(2))| < S.S%elm”’ <
10e™ 2+ From (3.11), (3.12) and integration we have |g; (¢, z) — z| < 10e!™2+ if
t < —Imz—1In(13).If g(z, -) are the inverted covering disc Loewner maps, then from
g, ) = I_; o gr(t,)o 1o, we have

13(t,2) + it —z| < 10~ ™%+ < 10/13, ifr <Imz — In(13). (5.4)

5.2 Ensemble

The argument in this subsection is parallel to that in Sect. 4.2. Let &, & € C(R). For
J=121letgy ;(t,-) (resp. g;(t, ), t € R, be the whole-plane (resp. inverted whole-
plane) Loewner maps driven by £;. Let g7 ;(¢,-) and g;(¢, ), t € R, j = 1,2, be the
corresponding covering Loewner maps. Suppose &; generates a simple whole-plane
Loewner trace: B;,;, j = 1,2. Let B;,; = Ip o Bj, j = 1,2, be the inverted trace. Let
K ;(t) and Ky ; (1) be the corresponding hulls. Deﬁne D and m using (4.9) and (4.10)
wrth 0 replaced by —oo and A, replaced by C. Fix any j #k € {I,2} and t € R.
Let T () be as defined as before Then for any ¢; < T;(t), we have (t1,1) € D.
Moreover, ast; — T;(t)~, m(t1, 1) — 0.

For —oco < t; < Tj(t), let By j . (tj) = gi(tk, B1,j(t;)). Then B, is a sim-
ple curve in D starts from 0. For —co < t; < T;(#), let vj, (¢;) = —mod(ID\
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Br1,jn([—00,t;])) = —m(z1, 12). Then vj,, is continuous and increasing and maps
(=00, Tj (1)) onto (—00,0). Let yy j 4, (1) = ,BIJ,A(U (t)) —o0 <t < 0. Then
V1,j.1 18 the disc Loewner trace driven by some ¢; 4, e C((—00,0)). Let y; 4 be
the corresponding inverted disc Loewner trace. Let Ay, JEAUD) and hj (7, ) be the
corresponding disc and inverted disc Loewner maps. Let iy j (¢, ) and hj 4 (¢, -) be
the corresponding covering Loewner maps.

For —oo < tj < Tj(tx), 1et&; 1, (), Bjo (tj)s 81,50 tjs )y ot Ejis )5 &1, ju (s ),
and g, (tj,-) be the time-changes of ¢;, (), V4 (t), hiju(t,-), hjg(t,-),
hijn(t,-),and hj,.(2,-), re;spectively, viavj .

Define Gy 1, (¢j, ) and Gk 4 (¢}, -) by (4.12) and (4.13). Then we could choose
the driving function ¢; ,, such that (4.14) holds. Define A , and A s using (4.15) and
(4.16). A standard argument using Lemma 2.1 in [17] shows (4.17) and (4.18) hold
here. From the definition of G Lk (j, ), we get (4.21), which can be differentiated to
conclude that (4.22) holds here, and (4.23) holds with p —¢; replaced by co. Let X j be
defined by (4.28). Then (4.29) holds. Let Q be defined by (4.30). Then (4.31)-(4.36)
still hold.

From Lemma 2.1, we have

Q=0 ™), as m— oo. (5.5)

From Lemma 4.4, we see that, for j = 1, 2,

In(Aj1),Aj s =0(me ™), as m— oo. (5.6)

Since €'/ is the capacity of K j(t;), which contains 0, we have K; ;(t;) C {|z] <
4¢'i}. This then implies that K ;(1;) C {|z| = e7'i /4}, KIJ(tJ) C{lmz > —t; —
In(4)}, and K ; @) C{lmz < ln(4) +t;}. Thus,

{((ti,n) eR>: 11+ 1 < —In(16)} C D, (5.7)
m(t, ) > —t; — th — In(16), if (11, 1) € D. (5.8)

From (5.5)—(5.8), we seethatA%’lA%’lQ = O0(e"2)ast;+1, — —oo.Define F onD
using (4.37) with the lower bounds 0 replaced by —oo. From Lemma 4.4, Ay s — 0
as tj — —oo. Thus, (4.38) still holds here, and In(F(t1, 1)) = [ Asrh)

—00 Aq1(s1.0)?

A1,1(s1,t2)2ds1. Changing variable with x(s;) = m(sy, #2), and using (4.18) and
(5.6),we conclude that

In(F) = O(me™ ™), as m — oo. (5.9)
5.3 Martingales in two time variables
The argument in this subsection is parallel to that in Sect. 4.3. Let (B{K)(t)) and
(Bg‘)(t)) be two independent pre-(T; «)-Brownian motion. Let &;(t) = B;K) () +s;t,

t € R, j = 1, 2. For simplicity, suppose « € (0,4]. Then for j = 1,2, ass. (§;)
generates a simple whole-plane Loewner trace f;, j, which is a whole-plane SLE(k, so)
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trace in C from 0 to co. We may apply the results in the prior subsection. For j =
1,2, let (F/),cr be the complete filtration generated by e’ (& 7). The whole-plane

Loewner objects driven by &; are all (F/)-adapted, because they are all determined
by (¢ (§;(1))). It is easy to check that for j # k € {1,2}, the processes (81 ;.1),
@1ty ))s (Ajn)s h = 1,2,3, (A 5), (Grj1; (tk, ), (G jt; (tks ), (' (§jn))s
(€ (X)), (m), H(m, X)), (Tj(m, X)), (A;(m, X)), (Q) and (F) defined on D
are all (F} x F7)-adapted. This is not true for (£, (;)) and (X ;), but is true for their
images under the map e’. Define Y using (4.41). Then (Y) is also (}',]l X }}é)—adapted
since I'; has period 27.

In this section we work on SDE with the meaning as in Definition 2.2: the stochastic
part contains pre-(T; k)-Brownian motions, and the time intervals start from —oo.
The traditional Itd’s formula works only for time intervals that start from O or a finite
number. To derive the results in this section, we may truncate the interval “(—oo, T')”
by an arbitrary real number ¢ (and we work on the interval [c, T')), which is close to

—00. Fix j # k € {1, 2} and any (FF)-stopping time # € R. Let 77" = F} x F¥

17
tj € R. From now on, all SDE will be (f/j’tk)—adapted (with the meaning as in
Definition 2.2), and ¢; ranges in [0, T} ()).

First, we find that (4.40) still holds here, which then implies (4.42). From the
modified (4.23), we see that (4.43) holds here with p — ¢; replaced by co. Let M be
defined by (4.44). Then (4.45) holds with p — t; replaced by co.

Define M on D by

= i 53
M =Mexp [ar(co)(m+t +0)+ > —Leap+ L], (5.10)
e’ K 2K

Then M is (F}} x F2)-adapted. From the modified (4.45) and that &; () = B{“)(;) +
Sjtj, we compute

(1)
3]'M K Aj,2 8Bj (tj)
= [E-D B a5 e

So M is a local martingale in ¢; when #; is a finite stopping time.

Let J denote the set of Jordan curves in C\{0} that surround 0. For J € J and
J = 1,2, let T;(J) denote the first time that 8; hits J. Then T (J) is also the first
time that 8; ; hits Io(J). Let H; denote the closure of the domain bounded by Ip(J),
and let C; denote the capacity of H;. If K; j(t) C Hy, then e! < Cy.So we have
T;(J) <In(Cy).

Let JP denote the set of pairs (Ji, J2) € J? such that Io(J))NJp =P and Ip(Jy) is
surrounded by J;. This is equivalent to that Io(J2)NJ; = @ and Iy(J2) is surrounded by
Ji. Thenforevery (J1, J2) € JP, B1.1(t1) # Ba(t2) whenty < T1(J1) andtr < Tr(J2),
0 (=00, T1(J1)] x (=00, To(J2)] C D.

Proposition 5.1 (Boundedness) Fix (Ji,J2) € JP. (i) |In(M)| is bounded on
(=00, T1(J1)] x (—o0, Ta(J2)] by a constant depending only on Ji and J,. (ii) Fix
any j # k € {1,2}. ThenIn(M) — 0 as t; — —oo uniformly in t;, € (=00, Tr(Jp)].

@ Springer



Reversibility of whole-plane SLE 593

Proof Let 'y, be given by Lemma 4.3. Let I'y, | = Iy, and 'y, 2 (¢, x) = Iy, (7, —x).
Define Y5, on D by Yy, = [’y 1(m, X1) = [y 2(m, X3). Then Y5, = Y exp(—32 X —
sam

2K

). From Lemma 4.3,
In(Y5y) = o(m) as m — oo. (5.12)

Define MSO using (4.44) with Y replaced by Yy,. From (5.10) we have

2
M = Mg, exp ((Oél‘(oo) + ;—01() (m+11 + 1) + i—O(Xl —&(n) + Ez(l‘z)))-

(5.13)

From (5.6), (5.9), (5.12), and that R(p) = O(e”) as p — o0, we see that there is
a positive continuous function f on (0, oo) with lim,_, o f(x) = 0 such that

| In(Myy (11, 22))| < f(m(z1, 12)). (5.14)

Let 2(Ip(J1), J2) denote the doubly connected domain bounded by Io(J;) and
J2. Let po > 0 denote its modulus. For (¢1, 1) € (—oo, T1(J1)] x (=00, T2(J2)],
since 2(Ip(J1), J2) disconnects Ky 1(#1) from K2 (t2), we have m(#1, 12) > po. On
the other hand, m < p. From (5.14) we see that In(Mj,) is uniformly bounded. From
(5.7),(5.8), (5.14), and that T} (Jy) < Cy, < oo, we see thatIn(M) — Oast; — —o0
uniformly in #x € (—o0, Tx(Ji)]. The rest of the proof follows from (5.13) and the
following proposition. O

Proposition 5.2 Fix (J1, J») € IP. (i) | X1 — &1 + & | and | m 411 + 15| are bounded
on (—oo, T1(J1)] x (—o0, T>(J2)] by constants depending only on J\ and J3. (ii) For
any j #k € {1,2}, X1 —& +& — Oand m+t; + 1, — Oast; — —oo, uniformly
inty € (—oo, Tr (Jr)].

Proof Recall that T;(J;) < CJJ- < oo for j = 1,2, and m > pg > 0 on
(=00, T1(J1)] x (=00, T>(J2)]. If there is no ambiguity, let 2(A, B) denote the
domain bounded by sets A and B, and let mod(A, B) denote the modulus of this
domain if it is doubly connected. _

From (4.28) we have X1 (t1, ) = G2, (11, £E1(11)) — 81,1, (11, £2(12)). So

[X1(t1, 82) — &1(11) + &2(2)] < |§I£,t2(tl’ &(n)) — & ()]
+Gr2., 1, E1(t) — E1(1)]. (5.15)

From (3.12) we have lim;,  —o0 81,11, (t1, £2(t2)) = &2(12). From (4.18), (4.20), and
Lemma 2.1, we see that there is a deterministic positive decreasing function f (x) with
limy— 00 f(x) = Osuchthat|gy 1.1, (11, §2(22)) —&2(72)| < f(m(t1, 12)). Sincem > po
on (—oo, T (J1)]x (=00, T2(J2)], 81,1, (11, §2(t2)) —&2(22) | is uniformly bounded by
f(po). From (5.8) and that T>(J2) < Cy,, we see that g7,1.4,(t1, £2(f2)) — &2(t2) — O
as t; — —oo, uniformly in t, € (—o00, T>(J2)].
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Let J be a Jordan curve separating J; and Jy». Let p; = mod(J, J;) and py =
mod(J J12). Let J = ()~ 1(J). Let by, = inf{lmz:z¢€ J} and iy = sup{lmz :
zelJ } Then both 4, and hy are finite. For j = 1,2, there is h; > 0 depending
only on pj, such that, if K C I is an interior hull with 0 € K and mod(D\K) >
pj,then K C {|z] < e M} If 1y < Ti(Jy), then J; disconnects J from K (11),
so mod(J, K1(t1)) > pi1. Since Q2(J, K1(#1)) is mapped by gi(¢1, -) conformally
onto 2(g1(#1,J), T) C D, mod(gl(tl, J), T) > pi. Since g(11, J) surrounds 0,
g1(11,J) C {|z] < 7). Since g1 (11, ) = ()" (g1 (11, J)), G111, ) C {Imz >
hi}. Similarly, if t, < T»(J2), then g7 2(f2, J) C{Imz < —hy}. If t; < T1(Jy) and
ty < To(J2), then g1 1, (t1, ) o g1.2(t2, -) maps C\K(#1)\Ky,2(t2) conformally onto
Am. A similar argument shows that the image of J under this map lies in {e~ ™ +th <
|z] < e ™}, Thus, g1, (t1, 812(t2, J)) C {h1 <Imz <m—ho},ift; < Ty(J)) and
t < Tr(J)). B B

Let zo € C\Ki1(t)\K12(t2), w1 = gi1(t1,20), w2 = g1.2(f2, 20), and w3 =
211, (t1, w2). From (5.2), (5.3), and (5.4) we see that

lwy — (zo —it1)| §4ellflmzo <1/2, ifty <Imzg— In(8); (5.16)
lwy — (zo +i)| < 42 tIm 20 <1/2, iftp <—Imzg— In(8); (5.17)
w3 — (wy +im)| < 10e”™"™¥2 - 1 if Imwy +m > In(13).  (5.18)

Now let zp € J. From the prior paragraph, Img)(s,z9) > h; for s < 1,
Imgya(s,z0) < —hy for s < t, and m(s, ) — hy > g1,(s,wp) > hy for

s < t1. From (5.1) we have [0,21(s,z0) + i|] < I for s < . Similarly,

081205, 20) — i] < = fors < n. If 1 < Imzg — In(8), then from (5.16),
lwy — (zo — i) < 1/2. If 4 > Imzp — In(8), we let ti = Imzg — In(8),
and w| = g1(¢, z0). Then we have |w| — (z0 — it;)| < 1/2. From the bound of
|3;21(s, zo) + i|, we see that

wr +it) — (] + )] < 2(r —17) - 2Cy, —2(Imzp — In(8))

el —1 — e —1
- 2Cy, +21In(8) — 2h,,
- e —1 '

2Cy,+21n(8)—2hy,
-1

Let A| = % + max {O, } Then in all cases we have

lwy — (zo — it1)| < Ay. (5.19)
Similarly, let Ay = % + max {0, W} Then we always have
lwa — (z0 + it2)] < As. (5.20)
Since Im z9 > h,,, we have
th —Imwy; < Ay —Imzg < Ay — hyy,. (5.21)
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If Im wy + m(tq, ) > In(13), from (5.18), we have w3z — (wy +i m(z1, 1))| < 1.
Now suppose that Im wy + m(#, 2) < In(13). We may choose tl’ < 11 such that
Imwy + m(t], ) = In(13). Let w} = g1, (¢}, w2). Then we have |wj — (w2 +
im(ti, n))| < 1. Fors < 1, since hy < Imgj (s, w2) < m(s, ) — ha, from
Lemma 2.1 we have

- 4o
[Hy(m(s, 22), i m(s, 12) — 81,5, (s, w2) + &1, ()] = A=y’

Since Hy(m, z) +i = H;(m,z —im) = —H;(m, i m —z), we have

— . 4o .
[H(m(s, 1), &1, (s, w2) — &1, (5)) +1i| < m, ifs <.

de~ 1
Let C() = (1—2—_"1)3'

From (4.18), (4.20), (5.8), (5.21), and the above inequality, we
have

(w3 —im(t1, 1)) — (w — i m(1], 12))| < Co(m(ty], 1) — m(t1, 12))
< Co(In(13) — Imwy + #; + 1 + In(16))
< Co(In(13) +1In(16) + Cy, + Az — hy).

Let A3 = 1 4+ max{0, Co(In(13) + In(16) + Cj, + A2 — hy)}. Then w3 — (w2 +
i m)| < Az always holds, which together with (5.19) and (5.20) implies that, for any
n = Ti(J1) and 1, < Ta(J2),

|G 124, (t1, w1) — wy —i(m+11 +102)| < Aj 4+ Ay + A3, wy € 81(r1, J). (5.22)

Now g1 (11, J ) is a curve with period 27 above R, the function w +— G 12,01, w)—w
has period 27, is analytic in (g (71, J),R), and its imaginary part vanishes on R.
Applying the maximum principle to the real part of this function, and using (5.22), we
conclude that

|G 1.0 (11, E1(11)) — E1(1)| < Ay + Ay + A3, ift; < Ty(J)) and 1o < Tr(Ja).

This together with (5.15) and the estimation of |g;.1,,, (71, &2(2)) — &2(72)| implies
that | X1 — &1 + &| is uniformly bounded on (—oo, T1(J1)] X (—00, T2(J2)].

Since G2, (t1,-) maps T onto T, and is conformal in the domain that con-
tains the region between gi(#;, J) and T, there must exist z; € gi(¢1, J) such
that |Gy 2.4, (71, 21)| = |z1|. Choose wy € gi(71, J) such that ¢/ (w;) = z;. Then
ImGjpo4,(t, w) = Imwy. From (5.22) we get [m 4] + 1| < Ay + Ay + Az, if
t1) < T1(Jy) and 1o < T»(J>), which finishes the proof of (i).

Now suppose 1 + 1, < —1 —21In(13) — 21In(16) and Im z9 = “;tz. Then

H+n

1
Imzp—t) =—Imzp—tp = — > 3 + In(13) + In(16) > In(8).
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Since Ki(11) C {Imz < In(4) + In(1))} and K72(2) C {Imz = —In(z2) — In(4)),
we have zg € C\K(#1)\K,2(#2). From (5.16) and (5.17) we have

1+t
lwi — (z0 — it)], w2 — 2o + i) <4e 7 < 1/2. (5.23)

From (5.8), (5.23), and the upper bound of #; 4 7, we have

1 t+t0+1
Imwr, +m>1Imzog+1t — 57 t1 —tp —In(16) = B S——— In(16) > In(13).
Thus, from (5.18) and the above inequality we have
1810y (11, w2) — (wa +im)| < 10e~ ™~ IMw2 < 2640”7 (5.24)

From (4.13), (5.23), and (5.24) we see thatif t{ + 1 < —1 —21In(13) —21In(16), then

- . 1+ -
|Gr2,0(t, w) —wy —i(m+t; +0)] <2722, wy € g1(t1, Riy—n)2)-

The argument between (5.22) and the end of part (i) can be used here to show that,
~ 1+t

if 11 +1 < —1—21In(13) — 21n(16), then |G 12,1, (11, & (1)) — &1(11)| < 272¢ 2
and |[m+1; + | < 272e%. These inequalities together with the uniform limit
of gr.1., (11, 6(t2)) — &(r2) and the fact that 7>(J) < Cy, imply that (i) hold
for j = 1 and k = 2. Interchanging #; and #,, we find that m +#; + r, — 0 and
Xo—& +& — Oastp — 0, uniformly in #; € (—oo, T1(J1)]. From (4.29) we see
that Xo — & 4+ & = — (X1 — &1 +&),sowehave X| — & +& — Oasn — 0,
uniformly in #; € (—o0o, T1(J1)]. This completes the proof of part (ii). O

Let D = DU {(t1, —0) : 1] € [—00,00)} U {(—00, 1) : 1 € [—00, 00)}, and
extend M to D such that M = 1if 1, or 1 equals —oo. From Proposition 5.1, we
see that M is positive and continuous on D. So for any fixed j # k € {1, 2} and any
(f,")-stopping time #; which is uniformly bounded above, M is a local martingale in
t; € [—o0, Tj(tk)).

5.4 Local coupling and global coupling

Let w; denote the distribution of (§;), j = 1,2. Let u = py x u2. Then
is the joint distribution of (§1) and (&), since & and &, are independent. Fix
(J1, J2) € JP. From the local martingale property of M and Proposition 5.1, we
have E ,[M(T1(J1), T2(J2))] = M(—00, —o0) = 1. Define vy, j, by dvy, 5, =
M(T\(J1), To(J2))d . Then vy, 4, is a probability measure. Let vy and v, be the two
marginal measures of vy, j,. Then dvy/du) =M (T1(J1), —o0) =1 and dva/d o =
M(—o00, Tr(J2))=1,s0v;=pu;, j=1,2. Suppose temporarily that the distribution
of (&1, &2) is vy, instead of w. Then the distribution of each (&;) is still ;.
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We may now use the argument in Sect. 4.4 with a few changes. Here M (11, t2)
satisfies (5.11) instead of (4.47); &;(¢;) does not satisfy (4.39), but is a pre-(T; «)-
Brownian motion with drift s ;-#. The traditional Girsanov theorem needs to be modified
to work for the current setting. Eventually, we can conclude that, under the probability
measure vy, j,, for any j # k € {1,2}, if # is a fixed (fl")-stopping time with
tr < Tr(Jr), and gi(t,-), —00 < t < 00, are the inverted whole-plane Loewner
maps driven by &, then conditioned on }" e after a time-change, gi (1, Ky j(¢))),
—00 < tj < T;j(J}), is a partial disc SLE(x, A ;) process in ID started from 0 with
marked point €' (& (tx)).

The proof of Theorem 5.1 can be now completed by applying the coupling tech-
nique.

6 Partial differential equations

With Theorem 5.1 at hand, to prove the main theorem we need to find particular
solutions to (4.1) that satisfy certain properties. This section serves this purpose. From
Lemma 4.1 we see that solving (4.1) is equivalent to solving (4.5) with o = % — 1.
Throughout this section, we assume that « > O and o € [0, %), and will find solutions
to (4.5) in these cases. In particular, we will obtain solutions to (4.1) when « € (0, 4].

The solutions to (4.5) is obtained by construction. We will transform (4.5) into a
similar PDE (6.26), where H; is replaced by ﬁ;. We know thatas t — o0, ﬁ, (t,") >
cothy, and PDE (6.26) tends to another PDE (6.27), Wthh has a simple solution @oo
glven by (6.28). Then we let \Ilq =0 / \I!oo, and find that U solves (6.26) if and only
if \Il solves PDE (6.29). A formal solution to (6.29) is expressed by a Feynman—
Kac formula (6.30), which involves diffusion processes. Such diffusion processes are
introduced and studied in Sect. 6.1. In Sect. 6.2 we describe how close is H 1(t,-) to
COth2 when 7 is big. In Sect. 6.3 we transform the PDE (4.5) for W into the PDE (6.29)
for \Ilq , and give an intuitive reason why the formula (6.30) gives a solution to (6.29).
In Sect. 6.4 we prove that the \IJq given by (6.30) is smooth, and solves (6.29). So we
obtain a solution I to (4.1). However, such I" does not satisfy (4.2). For this purpose,
note that (4.1) is a linear PDE, and H; has period 2, so any translation of I by an
integer multiple of 277 also solves (4.1). The solutions to (4.1) which also satisfy (4.2)
will be obtained by summing over all translations of I with suitable weights.

The following symbols will be used in this section. For any n, j € N, we call an j-
tuple A = (A1, ..., A;) € N/ apartitionof nif Ay > -+- > 1; and >/, Ax = n. The
length of such partition is denoted by /(A) = j. Let P, denote the set of all partitions
of n. For example, (n) is the only element in P, with length 1. Let Py = |U,,cn P
denote the set of all partitions.

6.1 Diffusion processes
Fix T <0.For x € R, let u(z, x), t > 0, be the solution to
O;u(t, x) = ttanhy (u(t, x) + /k B(t)); u(0,x) = x. 6.1)
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Then X, (£):=u(t, x) + /x B(t) satisfies the SDE
dX(t) = +/kdB(t) + T tanhy (X (1))dt, X,(0) = x. (6.2)
Lemma 6.1 Forany x € R, we have a.s. fooo tanh)y (X, (1))dt = oo and

lim sup X, (¢) = +o0, liminf X, (¢) = —o0. (6.3)
—00

1—>00

Proof Fixx € R.Let X(t) = X, (¢).Define f(¢) = fot coshz(s)_%fds, t € R.Then
f is a differentiable increasing odd function and satisfies 5 f” 4 7 tanhy f” = 0. Let
Y(t) = f(X(¢)). From (6.2) and Itd’s formula, we have dY (t) = f'(X (t))/kd B(t).
Define a time-change function u(z) = fé kf'(X(s))ds. Since T < 0, f'(t) > 1,
t € R. Thus, u(t) > ¢t for all t € R. So u maps [0, co) onto [0, c0), and Y(u_l(t)),
0 <t < 00, has the distribution of a Brownian motion. Thus, (6.3) holds with X
replaced by Y, which then implies (6.3). Since X is recurrent, and tanh’2 > 0on R,
we immediately have a.s. fooo tamh’2 (X, (2))dt = oo. O

Lemma 6.2 Foranyb,c > 0and x € R,
L (1x|-b)
P[Ar > 0, | X, (¢)| > ct +b] < 2e« . (6.4)

Proof First, it is well known that (6.4) holds with X (¢) replaced by x + +/k B(¢). So it
suffices to show that (| X (¢)]) is bounded above by a process that has the distribution
of (|x + +/k B(t)|). This can be proved by using Theorem 4.1 in [28]. Here we give a
direct proof.

Let Y(z) = | X, (¢)| From (6.2) and Tanaka-Itd’s formula, we have

t
Y(t) = |x| + V& Bo(t) + %t/tanhz(Y(s))ds + L), t>0, (6.5)
0

where By (?) is a Brownian motion, L(#) is a non-decreasing function, which satisfies
L(0) = 0 and is constant on every interval of {Y (t) > 0}.

Fix 1o > 0. There is 7, € [0, o] such that L(r) is constant on [z, fo]. We may
assume 7 is the smallest such number. There are two cases. Case 1: #; = 0. Then
L(ty) = L(t(’)) = L(0) = 0. Since t < 0, from (6.5), Y (t9) < |x| + +/k Bo(t). Case 2:
1y > 0. Then Y (1)) = 0. Since T < 0, from (6.5),

Y (10) — |x| — v/« Bo(to) < Y (1p) — |x| — /i Bo(tg) = —|x| — /k Bo(t;).

Thus, in either case, we have

0<s<ty

Y (10) < |x| 4 vk Bo(to) + max IO, sup {—|x| — «/;BO(S)}] .

@ Springer



Reversibility of whole-plane SLE 599

The RHS of the above inequality defines a process that has the distribution of |x +
K B(19)], o > 0 (c.f. Chapter VI, Section 2 of [23]), so the proof is completed. O

Lemma 6.3 There are C,, > 0, n € N, with C; = 1, such that

C
tanh” ()| = C, tanhf(x) < S xeRneN.
Proof Note that tanh/z(x) = %coshz_z(x) € (0, 1/2]. So the second “<” holds. By

induction, one can prove that for every n, there are a;") € R,0 < j <n—1,suchthat
n—1 ) . n—1 .
tanh$"” (x) = > a" coshy >~ (x) sinh] (x) = > a" coshy? (x) tanh] (x).

j=0 j=0

Since ‘tanhé (x)‘ < 1 and cosh; 2 2 tanh), we may choose C,, =23 ; ‘a;")

. O

Lemma 6.4 For every m € N, there is a polynomial P, (t) of degree m — 1 such that
foranyt > 0 and x € R, |£C—m,,,Xx(t)| < P, ().

Proof Since X (1) = u(t, x) + /K B(t), 25X, (t) = u"™(z, x). It suffices to show

axll
that for every m € N, there is some polynomial P, (¢) of degree m — 1, such that

™ (t,x)| < Pn(1), t>0,x€eR. (6.6)

Let f(t) = 7 tanh}(X,(1)). Since T < 0 and tanh, > 0, f,(r) < 0. Differentiating
(6.1) w.r.t. x and using u’(0,x) = 1, we get u/(¢, x) = exp(fé fx(s)ds) € (0,1].
Thus, (6.6) holds in the case n = 1 with Pi(t) = 1.

Letn € N,n > 2. Suppose that (6.6) holds for any m < n — 1. Differentiating (6.1)
n times, by induction we find that there are b, (1) € R for A € P, with b,((n)) =t
such that

1)
0™ (1, x)=">" by tanh§{™ (X (1) [Ju™ ¢, %), u™(©0,x)=0. (6.7
AeP, k=1

Observe that the term u™ (¢, x) appears only once in (6.7), i.e, in the case A = ((n)),
and the coefficientis t tanh’z(Xx (t)) = fx(¢). From Lemma 6.3 and induction hypoth-
esis, there is a polynomial gy (¢) of degree n — 2 such that

dqu™ (1, x) = fr(Ou™(t, x) + g (1), u™(0,x)=0.

Solving this inequality using the fact that f,(#) < 0, we can conclude that (6.6)
holds in the case m = n, which finishes the proof. O
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6.2 Some estimations
We will need some estimations about the limits of H ; — tanhp as t — oo. Let
Hy (1. 2) = H; (1, 2) — tanhy(2). (6.8)

From (2.12) we have

~ 1
H)  (t,x)= > tanhy(x —nt) = > 5 coshy2(x —nt) > 0. (6.9)

2|n#£0 2|n#£0

Lemma 6.5 Let C,,, n € N, be as in Lemma 6.3. Note that C; = 1. Then

2 —t
(. x)|<U+3+e—, 1>0,xeR. (6.10)
1 —e 2t
~ 4e7!
A e.0| <, (E + m) L i>0,xeRneN (61D
Moreover, for any ¢ > 0,
R ole=2xt
[Hp 0] < ~——5. ift >0, xR [x| <. (6.12)
@ 4e(L )t
‘H 3 x)) <Gt if 1>0.x€R |<cneN. (613)
e

Proof We first show (6.12). From (2.12) and (6.8) we have

o0
Hy,(t,x) = > (tanhy(x — 2mt) + tanhy (x + 2mt))

m=1

2mt __

e 2(e* —e™)
= Z o2mt | px + o2mt | o Z o2 (—2 =
“— +g +€X mt+€ mt+ex+ex

Thus,

N o 2e\x| 28|x|72t
Mgl <> S = (6.14)
m=1

Then (6.12) is a direct consequence of this inequality.
Secondly, we show (6.10). Since | tanh, (x)| < 1, from (6.8) it suffices to show

|x| 2e!

IH, (1, x)| < —+2+1_—62t. (6.15)
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We first consider the case |x| < t. From (6.14) we have

zelx\—Zt et

l—e 2 =1+ 1 —e 2"

IH;(t, x)| < |tanhy(x)| + [Hy ,(t, x)] < 1+ (6.16)

Thus, (6.15) holds in this case.

Then we consider the case |x| > t. There exists m € N such that 2m — 1) <
[x] < 2m + 1)t. Since ﬁl is odd, we only need to consider the case that (2m —
Dt < x < 2m + 1)t. Let xo = x — 2mt. Then |xg| < t. From (2.10) we have
H; (¢, x) = 2m + H; (t, xo). From (6.16) with x = x( we have

2e! |x| 2e!

+2+4

|H1(Z,X)|§2m+|H1(t,XO)|§2m+1+1_—872tST T2

where the last inequality uses |)t‘—| > 2m — 1. So we have (6.15) and (6.10).
Now we prove (6.11) and (6.13). From (6.9) we have

_ 1 1
0<H (t.x)= > Ecosh2_2(|nt—x|) <> Ecoshz_z(mlt— Ix])

2|n£0 2|n#£0
< ) o x| —2mt Gelrl—
= > coshy?@mt —|x[) <4 D e == 617
m=1 m=1
which implies (6.13) in the case n = 1. From (6.17) we have H/ (, x) < 1 + - i@ej’z, if

|x| < t. Since fl} has period 21, this inequality holds for all x € R. Since ﬁ’l g < ﬁ},

(6.11) holds in the case n = 1. From (6.9) and Lemma 6.3 we have |ﬁ§"21 (t,x)] <

C,,ﬁ/, q(t, x). So (6.11) and (6.13) in the case n > 2 follow from those in the case
n=1. O

Lemma 6.6 For every n € N U {0}, there is a constant D, > 0 such that for any
je{l,2},t >0 andx e R,

=0 x| 2e7 \' (1 et
alHl’q(t,x)lfDn St ) (). 618

Moreover, for any n € NU {0} and ¢ > 0, there is a constant D,, > 0, such that

‘ el \/ !
a]ﬁ(”)(t x| <D =« ift >0, x eR, x| <ct; (6.19)
t 1,(] P} = n l . €_2l ’ ’ ’ = P} .
_ —t (c=2)
Proof Let A(t, x) = l);c_l +3+ 13(27’2;, B(t,x) = % + éee—ﬂr’ and Cc(, x) = 2le—e*”t'

In this proof, by X < Y we mean that there is a constant C such that X < CY. Here
C may depend on z if X depends on n. From (6.10), (6.11), (6.12), and (6.13), we see
that
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Hy (. x)] < A2, x), ‘H(”) 3 x)‘ < B(t,x) S A, x), x €R, neN.
(6.20)
‘H(")(r x)‘ < Cu(t,x), ifxeR, x| <ct, neNUI{O. 6.21)

Ast — o0, ﬁ, — tanhy. Then (2.13) becomes 0 = tanh/ + tanh), tanh,, which
can be proved directly. From (2.13), (6.8), and the above equation, we get

oHy, = H” + ﬁ}’qﬁlﬁq + tanh, Hy , + fl’l’q tanh, . (6.22)

Then (6.18) and (6.19) in the case j = 1 and n = 0 follow from (6.20), (6.21), (6.22),
and Lemma 6.3.
Differentiating (2.13) w.r.t. x twice, we get
3,H/ — H/// + H//HI + (H )2
oA} = HY + H)'H; + 3H/H).

Differentiating (2.13) w.r.t. t and using the above two displayed formulas, we obtain
0’H; = B + 2H)H, + 4H[H) + H|(H,))? + 2(H))’H,.

Ast — oo, this equation tends to the following equation, which can also be checked
directly.

0 = tanh$? + 2 tanh} tanhy + 4 tanh)y tanh}, + tanh’ tanh3 + 2(tanh})? tanh; .
From (6.8), and the above two equations, we compute

9’Hy, = H<4> +2H] H; 4 + 2tanh} Hy,
+2H”’ qu +4H” H’
+4H” tanh2 + tanh) (H; q)2 + 2H” H1 ¢ tanhy +2 tanh’ H, ¢ tanhy
+H]  (tanhy)” + HJ  (H; ,)* + 2(H,,q)2H1,q +4H) , tanh, H, ,
+2(tanh)*H; ; + 2(H] ) tanh, +4H) _ tanh) tanh; . (6.23)
Then (6.18) and (6.19) in the case j = 2 and n = 0 follow from (6.20), (6.21), (6.23),

and Lemma 6.3. .
Differentiate (6.22) and (6.23) n times w.r.t. x. We see that B,H(") can be expressed

as a sum of finitely many terms, whose factors are H( ) or tanh(k) k € NU{0}. In

every term, the factors of the kind H(k; appear at most twice, and the factor Hy 4
appears at most once. So we derive (6.18) and (6.19) in the case j = l andn € N
from (6.20), (6.21), and Lemma 6.3. We see that BZH(”) can be expressed as a sum

of finitely many terms, whose factors are constant, H(k) or tanhgk). In every term, the
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factors of the kind HY ; appear at most three times, and the factor H; , appears at most
twice. So we derive (6 18) and (6.19) in the case j = 2 and n € N from (6.20), (6.21),
and Lemma 6.3. O

6.3 Feynman—Kac expression
We begin with a lemma, which can be proved directly. Recall the definition of H; in
(2.9).

Lemma 6.7 Let W and ¥ be functions defined on (0, 00) x R. The following expres-
sions are equivalent:

—~ 2 /T U+% 7'[2 T

(1, x) = e (7) w (7, 7x). (6.24)
2 ymNot+y (7?2 ow

(i, x) = e 3 (7) ¥ (7, Tx). (6.25)

If the above two equalities hold, then WV satisfies (4.5) if and only zf@ satisfies
— 5,0 = %@” +oH,U. (6.26)

Ast — o0, fl/l — tanh/, so (6.26) tends to

~ K ~ ~
= 0 We = 2 WL, + 0 tanh) (1) V. (6.27)
Let T be the non-positive root of the equation % =7+ % ie, 1 = «/4—

VKk%2/16 +ko. Then T = 5 —2wheno = % — 1. Tt is easy to check that (6.27)
has a simple solution:

2

. 22
Woo(t, x) = ¢~ % coshs " (x). (6.28)

Recall the H 1,4 defined in (6.8). The proof of the following lemma is straightfor-
ward.

Lemma 6.8 Let ¥ and \IJ be defined on (0, 00) x R, and satisfy U=y \Ilq, where
W, is defined by (6.28). Then [ satisfies (6.26) if and only lf\IJ satisfies

— 9V, = g@;’ + 7 tanhy U, + aﬁ’,’q@q. (6.29)

Suppose @q solves (6.29). Let X, (¢) be asin (6.2). Fix o > 0 and xo € R. Let

M(1) = W, (10 + 1, Xy (1)) exp U/ﬁ},q(to +5, X1y (5))ds
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From (6.2), (6.29), and It&’s f/(\)rmula, we see that M (¢) is a local ma’l\’tingale. IfM(t)is
amartingale on [0, o0], and ¥, — 1 ast — oo, then from My = W, (¢, xo) we have

o]

W, (t, x0) =E |exp | o / H)  (to + 5. Xyy(s))ds | |- (6.30)
0

This Feynman—Kac formula holds under many additional assumptions. We do not try
to prove it. Instead, we now define ¥, by (6.30). We will prove that W, is finite and
differentiable, and solves (6.29).

6.4 Regularity

Fix cg € (1 + %0, 2). This is possible because o € [0, %). Then we have

“ 2) <1 6.31
o (qen 7)< @30

Throughout this subsection, we use C to denote a positive constant, which depends
only on «, o, ¢g, and could change between lines. The symbol X < Y means that
X < CY for some C. Let a(t) = ;== . Then r' + 1 < a(t) < ¢~ + 1. For
m € N U {0}, let &, denote the event that | X, (s)| < s + m for all s > 0. From (6.4)
we have

PIEC] < 2ex K7™ e NU {0} (6.32)
Proposition 6.1 ﬁq is finite and satisfies

1= 0,00 < exp (CG" + De@) (14 Ceflmion, (633)

Proof Fix t > 0 and x € R. Assume that &, occurs for some m € N U {0}. If
s > ”Z()_—_c?’ then | X, (s)| < s+ m < co(s + 1), so from (6.13) with C; = 1 we have

40— (s+1)

H/I,q(l‘ +5, Xx(s)) < T— .26 < a(t)e D6+,

fo<s < "Z,O_—f(]”, from —1 < cg — 2 and (6.11) with C; = 1, we have

48_(S+t)

—~ 1 1
! — - (co—2)(s+1)
Hl’q(t—i—s, X:(s)) < 2+ o267 < 2+a(t)e 0 ,

Since ¢p — 2 < 0, at the event &,,,

1 (m—cot) V0 a(r)elco—2t
2 co—1 2—2cp

o
/ H) (1 + 5, Xo(s))ds < S (6.34)
0
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Let H(t) = exp(o fooo ITI’I’q(t + 5, X1 (5))ds). From (6.32) and (6.34) we have

o0

U, (.x) =Ellg,  HOI+ > Ellg,, e, HO]

m=|cot]

oa(t)elo—1
SO\ T T

o0
1 1 — |cot 1)elco=21
+ Z zeﬁ(x|—m)exp(_6(m+ Lco J)+0a( )e .

2 co— 1 2 —co

m=|cot]

(6.35)

Change index using m = [ + |cot]. The second term of the RHS of (6.35) equals

2|x|  2lcot] o oa(t)elo=2\ o 2\!
2 - = I .
eXp( G PR T R e DILL) ey i

=0
(6.36)

From (6.31), the infinite sum is finite. Thus, from fl} ¢ > 0, 0 > 0, and (6.35), we
have

~ oa(r)elco=21 20| 2¢qt
1< 0,00 <exp| 2525 (1+Cex : )

2 —co

Then (6.33) follows from this formula and that ae(r) < ¢t~ + 1. O

Let n € N. Formally differentiate (6.30) n times w.r.t. x. If the differentiation
commutes with the integration and expectation at every time, then we should have

o
U (t,x)=E |exp o / H)  (t + 5. Xc())ds | - Qon(voxa(t. X)) [, (637)
0

where Qp,, is a polynomial of degree < n without constant term in the following
variables:

0 1) a3,
vo,k,k(t,x):z/ﬂﬁ’f;(r + 5, Xx(s))rl_[l S Xe@)ds, keN, AePy. (638)
/ .

With Qo0 = 1, (6.37) becomes (6.30). Let n € N U {0}. Formally differentiate (6.37)
w.r.t. ¢. If the differentiation commutes with the integration and expectation, then we
should have
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o0

oW (1, x)=E | exp [ o / H) (145, Xc(5)ds | - Qo viks) |, (6.39)
0

where Qg , is a polynomial of degree < n + 1 without constant term in the variables
0.k, defined by (6.38) and

e IA) s,
vl,k,k(r,x):/a,H(") (t+s, Xy (s))H —-Xu(s)ds, keN,xePyUN).

0
(6.40)

Here by A € N we mean that the factor I a‘%,X + (s) disappears. Moreover, in every
term of Qg ,, factors v; ;) appear at most once.

Formally differentiate (6.39) w.r.t. ¢. If the differentiation commutes with the inte-
gration and expectation, then we should have

(0.¢]
07U\ (t,x) =E | exp a/ﬁ’,,q(ﬂrs, Xx()ds | - Qn(Vo.k,ns V1k,as V2,60) |
(6.41)

where Q3 , is a polynomial of degree < n + 2 without constant term in the variables
ok, defined by (6.38), vy «,; defined by (6.40), and

o0 I[(A) A
uz,k,k(z,x);z/azﬂ(") (t+s, Xy (s))H ' S Xu()ds. keN.e Py U {NO}.
0

Moreover, in every term of Q» ,, factors vy x , appears at most once; when a factor
v,k appears, factors vy x  disappear; and when factors vy x ; disappear, factors vy x5
appear at most twice.

Now we suppose &, occurs for some m € N U {0}. Using (6.11), (6.13), (6.38),
Lemma 6.4, and the argument in (6.34), we conclude that, for any k € N and A € Py,
there is a polynomial P ; with no constant term such that

100,42 (2, X)| < P s((m — cot) v 0) + Ca(t)e' 02", (6.42)

Let j e {I,2}andn €e NU{0}. If s > "ZO_—_C?’ then [ X, (s)| <s+m < co(s + 1), so
from (6.19) we have

2elco=2+) T

1
|8]H(")(t+s X (8)| < Dy, ( 1 —. ) Sa(t)j+1e(00—2)(t+S).
—e

Ifm>cotand 0 < s < 2= CO’ , from (6.18) and the definition of &,,, we see that for
Jj=12,

@ Springer



Reversibility of whole-plane SLE 607

o X0 2 (1, 4
|atHI’q(t’XX(s))|§Dn( t+s +3+1—€_2[ §+1_e_21

m — cot 2¢7 \ (1 4!
<D, ; +CO+4+1_—€—2I §+1——e_2t

< ((m = cot)! + Da(t) T

Thus, from Lemma 6.4, for k € Nand A € Py U {NO},
[k (8, )] S a) e O™ 4 Py (m —cot) V0)), j=1,2, (643)

where Pj ;5 is a polynomial with no constant term.
Let (j,n) € {0, 1,2} x (NU {0})\{(0, 0)}. From (6.42), (6.43), and the properties
of Qo.n,n € N, Q1 and Q2 ,, n € NU {0}, we see that, at the event &,

1Qjnl S a) [Py n((m — cot) V 0) + Qjn((m — cot) V 0)au(r) e 021, (6.44)

where P; , and Q; , are polynomials, and P; ,(0) = 0.

Proposition 6.2 For (j,n) € {0, 1,2} x (NU {OD\{(0, 0)},

o0
E |exp a/ﬁ},q(t+s,Xx(s))ds 1Qjal
0

2|x| _ 2cpt

Sexp (CO 4 D@ D) (T 4 DE@ D 4R, (645)

Proof Let Hj () = exp (o S By 1+ s, X, (s))ds) - |Qj.l. Recall that (6.34)
and (6.44) hold at the event &,,. Using (6.32) and the argument in (6.35) and (6.36),
we see that

o]

E[H;,(0] =Ellg,, Hi.(Ol+ > Ellg, e, Hjn®)]

m=|cot |

§ exp (Ca(t)e(co—Z)t) a(t)2j+ne(co—2)z + exp (% _ @ + Ca(t)e(co—2)t) .
K K

o 1
. 2ip. ) n ,(co—2)t L — g
gam (Pin+ 1)+ Qjun + D) ey exp (z<co ) ) ‘

Then (6.45) follows from (6.31) and that ar(r) < t~' + 1 and a(r)?/ " <7772 4 1.
O

Theorem 6.1 The function Qq is C° differentiable and solves (6.29). Moreover,
for j €{0,1,2}, n € NU{0}, there is a positive continuous function c ,(t) on (0, 00)

such that for any t € (0, 00) and x € R, |3tj(17(5")(t, x)| < Cj,n(t)g%‘xl_
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Proof For n € N U {0}, define \T-fg)’"], @gl’"](t, x) and @,52’"]0, x) to be equal to
the RHS of (6.37), (6.39) and (6.41), respectively. From the above two propositions,
these functions are well defined, and there are positive continuous functions c; , (t)
on (0, co) such that

gl/n] , xS
(W7 (t, ) < cja®ex™, j=0,1,2, neNU{0}. (6.46)

Letn € NU{0}, j € {0,1,2},7 € (0,00), and x; < x» € R. Since |\3‘[]j’"+”|
satisfies (6.46), from Fubini’s Theorem, we have
X2

/ G @, ydx = O M2, x0) — BV (@, x). (6.47)

X1

Thus, @,EJ ol is absolutely continuous in x when ¢ is fixed, and its partial derivative
w.r.t. x is a.s. equal to @,Ej’n—’_l]. Since \/Il\(gj’nH] is continuous in x for fixed ¢, we see
that @,5’ g continuously differentiable in x, and the partial derivative exactly equals
\/IJ\ Lin] The above holds for any n € N, so \/ll\[j Olis € differentiable in x when ¢ is
fixed, and \Il[] s its n-th partial derivative w.r.t. x. Especially, since \IJ = \IJ [0. 0]

we see that ‘llq is C* differentiable in x when ¢ is fixed, and \11,50 is its n-th partlal
derivative w.r.t. x.

A similar argument using Fubini’s Theorem shows that, for any n € N U {0},
Jj € {0, 1}, @y g absolutely continuous in # when x is fixed, and its partial derivative
w.r.t. t is a.s. equal to @y g0 @tgo’"] is continuously differentiable in # when x is
fixed, and the partial derivative exactly equals @(gl’"]. From (6.46) and (6.47), we see
that U/ is locally uniformly Lipschitz continuous in x. We have seen that U]
is continuous in ¢ for every fixed x. So @gj ol is continuous in both ¢ and x. Thus,
U, = G005 1o differentiable.

Fix 10 € (0, 00) and xo € R. Let M(1) = E [exp (0 Joo B (10 + 5, X (s))ds)

‘}",], t > 0. Then M(t), 0 <t < o0, is a uniformly integrable martingale. From
(6.30) we have

M) =, (tg+1, X)) exp | o / H) (t+5. Xup(s))ds | . (6.48)

From (6.2), 1t6’s formula, and the dlfferentlablhty of \IJq , we see that \IJ solves (6.29)
fort > 0. Since this is true for any 7y € (0, c0), \Il solves (6.29).

Since \I/ isCho® dlfferentlable the same is true for the RHS of (6.29). Thus, 8,
is also C1 S differentiable. So \If is C> differentiable. Iterating this argument, we

conclude that \IJ is C°>* differentiable. The previous argument shows that 8] (")

" forany j € {0, 1,2} and n € NU{0}. The bounds of [3; B3" | then follow from
(6.46). O
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Theorem 6.2 Let \Tlo = @q . ‘I’oo, where ‘I’oo is defined by (6.28). Then ‘30 is a
positive C°° differentiable function on (0, 00) x R and solves (6.26). Moreover,
J €10, 1,2}, forn € NU{0}, there is a positive continuous function c , (t) on (0, 00)

such that, for any t € (0, 00) and x € R, |8j@(")(t, x)| < C'n(l)e%l’“.

Proof Since lIJ and Way are both positive and Ccoo® differentiable, the same is true
for \IJO = \IJ o0+ Since \IJ solves (6.29), from Lemma 6.8, ‘-IJO solves (6.26). From
Lemma 6.3, (6.28), and that T < 0, we see that for any j, n € NU {0}, |8,/ \115,2) (t, x)|
is bounded by a positive continuous function in 7, which, together with Theorem 6.1,
implies the upper bounds of |8tj @é") (t, x)|. m]

Theorem 6.3 Let Vy be the transformation of the above @0 via (6.25) (with 7
replaced by Wy ). Then Wy is a C°° differentiable positive function on (0, 00) x R
and solves (4.5). Moreover, for j € {0,1,2}, n € N U {0}, there is a function
hjn(t, |x]), which is a polynomial in |x| for any fixed t, and every coefficient is
a positive continuous function in t, such that for any t € (0,00) and x € R,

27 |x|

. 2
10/ WS (2, )| < hjalt, Ixe 3t

Proof Since @0 > 0, W9 > 0 also. The differentiability of W is obvious Since @0
solves (6.29), from Lemma 6.7, ¥q solves (4.5). Let W, (¢, x) = lIJ()( -, tx) From
Theorem 6.2, it is straightforward to check that for every j € {0, 1,2}, n € NU {0},
there is a function f; (¢, |x|), which is a polynomial in | x| of degree j when ¢ is fixed,
and every coefficient is a positive continuous function in ¢, such that

(1 x)‘ < fin(t. xDes TH > 0,xeR (6.49)
t 0 ’ = JJ,n\t 5 9 . K
It is easy to verify that for every j € {0, 1,2}, n € N U {0}, there is a function

gj.n(t, |x]), which is a polynomial in |x|, and every coefficient is a positive continuous
function in ¢, such that

. x2 T o'-‘,—l
ol (< (5)7)

2
From (6.25), Wo(t, x) = e*%(§)"+%\lla(t,x). So we get the upper bounds of
1/ W (¢, x)| from (6.49) and (6.50). o

2
<gjnt, |xPe 2, 1>0,x€eR (6.50)

_2
Theorem 6.4 Let Vg be as in the above theorem. Let I'o = Wo®, “ and T'y (t, x) =

Lo(t,x —2mm), m € Z. For so € R, let T(5p) = 2,27 ezTnmSOFm. Then T is a
C°o-® differentiable positive function on (0, 00) x R, satisfies (4.2), and solves (4.4).
Proof Let W,,(t,x) = Wo(t,x — 2mm) form € Z and W) = Zmeze Moy,

2

Since ©; has period 27, we have I'(s, = Wy, ©, “. Since ©; is a C°*> differ-
entiable positive function with period 2, from Lemma 4.1 we suffice to show that
W s 18 @ C°>> differentiable positive function, satisfies (4.2), and solves (4.5). It is

@ Springer



610 D. Zhan

clear from the definition that Wy, satisfies (4.2). Since W is a C°>° differentiable
positive function that solves (4.5), and H; has period 2w, every W, also satisfies
these properties. So Wy, is positive. The upper bounds of |a/ \If(()n)(t, x)| imply that
Wy, is finite, and the series >, 627”””08,] \I',(,? ) converges locally uniformly for
every j,n > 0. Fubini’s Theorem implies that W is C°>*° differentiable and

8,j \Ilgo)) => gm0 Btj ¥ Thus, Wy, also solves (4.5). |

me

6.5 Distributions

Proposition 6.3 Let p > 0, so € R, and xo, yo € R. Let 'y, m € Z, and Ty be as

in Theorem 6.4. Let A, = Kll:—f:for x € {m, (so)}. Form € Z, let Em be the covering
annulus SLE(k, Ao) trace in S, started from xo with marked point yo+2mm + pi. Let
Biso) be the covering annulus SLE(kc, A 5,)) trace in S p started from xo with marked
point yo + pi. Let Pg ., m € 7, and Pz (, , denote the distributions ofﬁm, m € 7,

and sy, respectively. Then

r —
P (o) = Zf””‘)—"’(p oW gy (6.51)

meZ S() (PvXO_YO) B.m

Proof Form € 7Z, let &,(t), 0 < t < p, be the solution to (3.13) with A = Ay
and yo replaced by yo + 2mm. Let &) (¢) be the solution to (3.13) with A = A).
Then the covering annulus Loewner traces of modulus p driven by &,,, m € Z, and
&(so) have distributions Pﬁm’ m € Z, and }P’g respectively Let X,,,(¢t) = &,(t) —
Re gs'" (t, yo+2mm+pi)+2mm,m € Z,and X (5, (1) = &(5p) (1) — RegS s0) (t, yo+ pi).
Since I'),(t, x) = To(t, x — 2mm), we have A, (t,x) = Ao(t,x — 2mm). Since
Reg(t,y + pi) = gi(t, y) for y € R, and Hj is odd and has period 27, from (3.9),
we find that, for x € {m, (sg)}, with ®,:=A, + H;, X, (¢) satisfies

dX.(t) = VkdB(1) + ©u(p — 1, Xu(1))dt,  X4(0) = x0 — Yo.

Let Py . denote the distributions of (X (¢)). Since &,(¢) = X« (¢) + yo — fot H;(p —
r, X« (r))dr, 0 <t < p, we suffice to show that (6.51) holds with the subscripts

“B” replaced by “X”. The rest of the proof is a standard application of Girsanov
2 5 Fm(p 1. X (50) (1))

theorem. One may check that for every m € Z, M,,(t):=e « =1 X o) () isa
A() (s0)
nonnegative martingale w.r.t. Py (), and satisfies that dM”’ (’) = (An A(m))dﬁg)
dPX m. Mm(OO)
and >, .7 M,,(t) = 1; and we have TPy = Mn(0) * O

Remark Since I' () satisfies (4.2), A ) has period 2. So A (5, is a crossing annulus
drift function, and we could define the annulus SLE(k, A (5,)) process. However, each
Ay, does not have period 2. It only makes sense to define the covering annulus
SLE(x, Ay;) processes.
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Proposition 6.4 Let p > 0 and xg, yo € R. Let I'g be as in Theorem 6.4, and Ay =
Kll:—g. Let E(t), 0 <t < p, be the covering annulus SLE(k, Ao) trace in S, started
from xo with marked point yo + pi. Then a.s. dist(yg + pi, B([0, p)) +2nZ) = 0.
Proof Let &(t) be the driving function, gnd g(t,),0 <t < p, be the covering
Loewner maps. Then g(¢, -) maps S,\(B([0, p)) + 2nZ) conformally onto S,_;,
and maps R, onto R, ;. From Koebe’s 1/4 Theorem, we suffice to show that a.s.
2'(t, yo+p1) L — ocoast — p.

Let X(¢) = S(t) — Reg(t, yo + pi) and &y = Ag + H;. Then X (¢) satisfies the
SDE:

dX(t) = JkdB(t) + ®o(p —t, X (1)) dt, 0<t < p.
From (3 8) we have In(g’ (¢, yo + pi) - ) = fo (H -, X(s)) + %)ds. Let

d>0 = I{?ITO. Since ¥ and \Ilo satisfy (6.24), we have <I>0(s, 7)== CI>0( T z)+ 2 Let

— 2 ~ ot ~
p=7 andX(1) = PT’X(p—p+,) 0 <t <o0.ThenX(0) = 2X(0) = 2 (x0=0).

Applying It6’s formula and time-change of a semimartingale, we see that X (1) satisfies
the SDE:

dX(t) = KB(t) + Po(p+1. X(1))dt, 0 <t < oo,

2

for some standard Brownian motion B (7). Changing variables using 5 = p”_x D, We
get
t 1
/ (H’I(p -5, X () + —) ds
p—s
0
. 2 2 =~ 2
:/(H/I (;\,X(p— An A))_}_p_—{;s)/\ﬂ—zdg\
P+ P+ 7 @+9
0
A 2 2 1
T 7 T o~
= — H/ —, = X ) —+ — )d&\
/((p+§32 ! (p+s P+s O) P+s
0
T
- / i) (5 +7 X@)ds,
0
where 7 = p—2 D, and the last equality follows from (2.9). So we have
o o0
lim In(g’(t, yo + pi) - —) /ﬁ/l (P+75 X@)ds > /tanh/z()?@)d?,
t—>p~
0 0

where the last inequality follows from (2.12).
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From Girsanov theorem and the fact that K’ieg = K’i—q + ttanh,, we find
o~ q

that the distribution of (X (7)) is equivalent to that of (Xz (y,_y,(#)) defined by
P

(6.2), and the Radon-Nikodym derivative is M (co)/M(0), where M(t) is defined

by (6.48). Since (X%(XO_yO)(t)) is homogeneous and recurrent, we have a.s.

fo tanh’ (Xn(x() )O)(t))dt = 00, which implies that a.s. fooo tanhé(f((@))d’i = oo.

Thus, a.s. g(t Yo+ pi) 5= —>ooast — p. O

Corollary 6.1 Let p > 0, 50 € R, and xo, yo € R. Let I'(5) be as in Theorem 6.4,

T
and A 55 = KF< . Let B(t), 0 <t < p, be the annulus SLE(k, A () trace in S,

started from €0 wzth marked point e PT0_ Then a.s. dist(e~?T0, B([0, p))) = 0.
Proof This follows immediately from the above two propositions. O

Remark For the reader s convenience, we now make a list of the functions defined
in this section. First, W, is defined by a Feynman—Kac formula (6. 30) dependmg
onk > 0 and o € [0, ;‘). Second, \Ifo is defined to be the product \IJ lI/oo, where
W, is a simple solution of (6.27) given by (6.28). Third, ¥ is the transformation

—~ _2
of the Wy via (6.25). Fourth, the partition functions are defined by I'y = ¥¢©, “,
It x) = Do(t, x — 2mm), and 1" (50) = DomeZ ezTﬂ’"SOFm. Fifth, the annulus drift

functions are defined by A, = =K -

7 Reversibility

The main result of this section is the theorem below which generalizes Theorem 1.1.

Theorem 7.1 Let k € (0,4] and 59 € R. If B(t), —o0 < t < 00, is a whole-plane
SLE(k, so) trace in C from a to b, then the reversal of B, up to a time-change, has the
distribution of a whole-plane SLE(k, so) trace in C from b to a.

Proof From conformal invariance, we only need to consider the case a = 0 and
b = oo. Let I'(s,) be given by Theorem 6.4 with 0 = % — 1. Then ' solves
(4.1) and satisfies (4.2). We now apply Theorem 5.1 to I' = I'(s,). Let Aj, s; and
B1,j (), j = 1,2, be given by Theorem 5.1. Then for j = 1,2, B, ; is a whole-plane
SLE(k, s;) trace in C from 0 to 00, and satisfies that, for any f, € Q, conditioned on
Br2(s), —oo < s < t, after a time-change, the curve B 1(t1), —oo < 1 < T1(f2),
has the distribution of a disc SLE(«x, A1) trace in C\Ip(B;,2([—00, £2])) started from O
with marked point B; 2(f2), where Tj(2) is the maximal number in (—o00, +00] such
that 81(¢) N Ba([—o0, rr]) = ¥ for —oco < t < T1(12).

Let & be the driving function for (B;2(¢)), and ga(t,:), —0c0 < t < 00,
be the inverted whole-plane Loewner maps driven by &. Then g»(¢,-) maps
C\Io(B12([—00, 12])) conformally onto I, fixes 0, and takes B 2(t2) to e (&c(1)).
Thus, conditioned on B 2(s), —co < s < 1, g2(t, B1.1(t1)), 0 < 11 < Ti(t2), is
a time-change of a disc SLE(«x, A1) trace in D started from O with marked point
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. r
e'(&x(n)). Since A = A = K%, from Corollary 6.1 and the relation between

the disc SLE(k, A) process and the annulus SLE(k, A) process, we conclude that
a.s. e/ (£(tp)) is a subsequential limit of g2(t2, Br.1(2)) as t — Ti(t2)”. Thus,
B2(t2) is a subsequential limit of B; 1(¢) as t — Ti(2)”". If T1(r2) = oo, then
lim; 7, (1)~ Br,1(t) = 00 = Br(—00) # Pa(t2), which is a.s. a contradiction. So
Ti() < oo as., and we have B; 1 (T1(12)) = lim,_, 7, )~ B1,1(t) = Ba2(t2) a.s. Since
Q is countable, we conclude that, a.s. 81,1(T1(t2)) = Ba(t2) for every t» € QQ, which
implies that a.s. B2(R) C Br.1(R). Since both f7.1 and B, are simple, and the initial
(resp. final) point of B 1 agrees with the final (resp. initial) point of B, we see that
B2 is a reversal of B; 1. Now ;1 is a whole-plane SLE(k, so) trace in C from O to
00, and By > is a whole-plane SLE(k, —sp) trace in C started from 0 to co. Since Iy is
conjugate conformal, 8> = Iy(B;,2) is a whole-plane SLE(«k, s¢) trace in C from oo
to 0. So we proved the theorem in the case @ = 0 and b = oco. O

Theorem 7.2 If5(t),0 <t < o0, is a radial SLE(k, —s¢) trace in a simply connected
domain D froma to b, then a.s. lim;_, o B(t) = b, and after a time-change, the reversal
of B becomes a disc SLE(k, A (sy)) trace in D started from b with marked point a.

Proof This follows from the property of the coupling in Theorem 7.1 and the relation
between whole-plane SLE(k, so) and radial SLE(x, —sp). O

Theorem 7.3 Let D be a doubly connected domain with two boundary points a, b
lying on different boundary components. If B(t), 0 < t < p, is an annulus
SLE(k, Asy)) trace in D started from a with marked point b, then lim,_, , B(t) = b,
and after a time-change, the reversal of B becomes an annulus SLE(k, A () trace in
D started from b with marked point a.

Proof This follows from the property of the coupling in Theorem 7.1, and the relation
between disc SLE(k, A(y,)) and annulus SLE(k, A ). O

Remark For k € (0,6) and 0 = % + % e [0, %), the Ao given by Proposition
6.3 can be used to decompose an annulus SLE,. process (without marked point). The
statement is similar to Lemma 3.1 in [12].

8 Some particular solutions

In this section, fork € {4, 2, 3,0, 16/3}, we will find solutions to the PDE for A ((4.3)
and (4.49)) and the PDE for I ((4.1) and (4.48)), which can be expressed in terms of
H and H;. Since A = /cl%, multiplying a function in 7 to I" does not change the value
of A. So we may as well consider the following PDEs for I', where C (¢) is some real
valued continuous depending only on ¢:

K

301
oI = gr” +H;T' + ( - 5) H;I 4+ C@)T. 8.1

31
o = gr” +HI + (— — 5) HT + C®)T. (8.2)
K
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8.1k =4

Let k = 4. From Lemma 4.1 we see that if ¥ solves.
v = 20", (8.3)

thenl” = W@I_Z/K solves (4.1). Similarly, I" = WO ~2/% solves (4.48) if W solves (8.3).

The solutions to (8.3) are well-known. For example, we have the following solutions:
> _e=o? . .
e2ctex \/8;?6 & e "2 siny(x—c), ©(2t, x —c), and O (2t, x —c). The function
©®(2t, x — ) corresponds to the solution I'(r, x) = @;(2t, x — 1)O; (¢, x)~'/? of
(8.1), which agrees with the solution given by Sect. 6.3 fork =4 ando = % —1=0.
Some of these solutions are related to the Gaussian free field ([5]) in doubly connected

domains.

82k =2
Let ¥ = 2. In this case if E on (0, c0) x R solves

E=E"+EH;+C(HE (8.4)
then I":=Z’ solves (8.1). Similarly, if E on (0, 00) x (R\{2n7 : n € Z}) solves

O

]

— 2"+ EH+C@HE. (8.5)

then I':=&’ solves (8.2).

From (2.8) we see that ;1 = H; solves (8.4) and E, = H solves (8.5) with
C(t) = 0. It is also easy to check that E3(¢, x) = tH; (¢, x) + x solves (8.4) and
E4(t, x) = tH(t, x) + x solves (8.5) with C(¢) = 0. The E3 corresponds to the
solution I'(¢, x) = tH/ (z, x) + 1, which agrees with the solution given by Sect. 6.3
fork =2ando = % — 1 = 1. Such I is also the density function of the distribution
of the limit point of an annulus SLE; trace.

We now derive more solutions. Fix ¢ > 0. Let L; = {2nw + i2kt : n, k € Z}. Let
F1 ; denote the set of odd analytic functions f on C\L; suchthateachz € L, isasimple
pole of f, 2m is a period of f, and i2¢ is an antiperiod of f,i.e., f(z+i2t) = — f(2).
Let F>,, denote the set of odd analytic functions f on C\L, such that each z € L; is
a simple pole of f, 27 is an antiperiod of f, and i2¢ is a period of f. Let F3; denote
the set of odd analytic functions f on C\L; such that each z € L, is a simple pole of
f,and both 2 and i2¢ are antiperiods of f. Define

- - 1 t z 1 r z
Ei(t,z) =HQt,z) —H;(2t,z), Eat,z)=-H|(=, = _EH -, =+,

2 2’2 2°2
1 z 1 z 1 z 1 z
B3(t, =—H(t,—)——H (t,—)——H(t,— ) —H (t,— )
3(t, 2) 5 > SHi (45 > 2+n +21 2+7T
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From the properties of H and Hy, itis easy to check that F; ; is the linear space spanned
by 8;(t,-) for j = 1,2,3.For j = 1, 2, 3, Define

Jj=08; — E/]’ — E’jH Ci(t) = %Reszzo Ji, ).

Fix t > 0. Note that O is a simple pole of both H(z, -) and E;(¢, -) of residue 2. It is
easy to conclude that 0 is also a simple pole of Ji(, -). From that E,(¢, -) € Fy, that
H(z, -) has period 2, and that H(¢, z + 2w) = H(¢, z) — 2i, it is easy to check that
Ji(t,-) € F1;as well. So Ji(t,-) = C1(t)E (¢, -). Thus, E; solves (8.5). Similarly,
E, and E3 both solve (8.5).

83k =3

Letk =3.Let E;, j = 1, 2, 3, be as in the previous subsection. For j = 1,2, 3, let
I'j = Ej, and define

3 1 1
Hj =T, — EF}/ — HF} - EH’F‘,‘, Cj(t) = zResZZO Hj(t,-).

Using the argument in the last subsection, we find that H; (¢, -) € F;; foranyt > 0.So
H;(t,-) =C;j®)l';(t,-). Thus, I'1, I'7, I'3 solve (8.2). For j =4,5,6,letI';(¢,2) =
I'j_3(t,z+it). Since Hy (¢, z) = H(t, z +it) + i, I'4, I's, I'g solve (8.1).

For j = 2,3, I'; takes positive real values on (0, 27) + 47 Z, takes negative real
values on (—2m, 0) + 4 Z, and has antiperiod 2. So A j:=3;—-; is a chordal-type
annulus drift function that solves (4.49) for k = 3. It is worth to mention that the
annulus SLE(x; A ;) process preserves the following local martingale, which resem-

bles the G(2, a, b, z) in Proposition 11 of [7]. The proof uses the fact that I"; solves
(8.2) for z € C\{poles}.

Proposition 8.1 Let j € {2,3}and p > 0. Let xg € R and z9 € R\(xg + 27 Z). Let
£(@), 0 <t < T, be the driving function for the covering annulus SLE(x; A j) process
in'S, started from xo with marked point z. Let g;, 0 < t < T, be the covering annulus
Loewner maps of modulus p driven by &. Then for every z € S,

Li(p—1,8() —£0) @'
Tj(p—1,8(z0) —£@) g(z0)!/?

M, (z):=

is a local martingale for0 <t < T.

For j = 1, "1 (¢, -) takes nonzero pure imaginary values on R;, the related function
I'y agrees with the solution given by Sect. 6.3 for k = 3 and 0 = % -1 = % up

to a pure imaginary multiplicative constant, and A4:=3£—‘;‘ is a crossing annulus drift
function that solves (4.3) for k = 3. The annulus SLE(«x; A4) process also preserves
a local martingale. In fact, Proposition 8.1 holds with zg € R, A; replaced by A4,
and I'; replaced by I'y.
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84k =0

Let x = 0. Let L; be as in Sect. 8.2. Let Hy (7, z) = H(¢, z/2). From (2.8) we have

9,H, = 4H} + 2H,H,. (8.6)

Let A1 = H — 2H;. Then for each t > 0, A(¢, -) is an odd analytic function on
C\L;, and each z € L, is a simple pole of Ay. From H(z, z 4+ 27) = H(¢, z) and
H(z, z +i2t) = H(¢, z) — 2i we see that both 47 and i4¢ are periods of A (¢, -). Fix
t > 0, and define

_A(1.2)?
2

J(2) —2A(1,2) + 3H (1, 2).

Then J is an even analytic function on C\L,; and has periods 47 and i4z. Fix
any zo = 2nomw + i2kot € L; for some ng, kg € Z. Then 2z is a period of J, so
J7,(2):=J(z — zp) is an even function. Thus, Res,—, J(z) = 0. The degree of z¢ as

C(z0)
oz for some C(zp) € C.

Note that Res;, H(#, z) = 2 and Res;, A(f,z) = —60r 2. In either case, we compute
C(zo0) = 0. Thus, every zg € L; is a removable pole of J, which, together with the
periods 4 and i4¢, implies that J is a constant depending only on ¢. Differentiating
J w.r.t. z, we conclude that

a pole of J is at most 2. The principal part of J at zg is

2A] = AN +3H". 8.7)
From A; = H — 2H, we have 2H, = H — A . So from (8.6) and (8.7), we have

oH —0,A1 =20,H, = 8H) + 4H,H, = 4H" — 4A] + (H' — A)DH — Ay)
=4H" —2(AjA1 +3H") + (H — ADMH — Ay)
=—2H — AjA+HH - AH-HA;.

From the above formula and (2.8), we have

A1 =3H"+ A{A + HA| + A{H. (8.8)

Thus, A solves (4.49). Note that H; (¢, z/2) also satisfies (8.6). Let Ax(¢, z)

= H(t, z) —H; (¢, %). Then A»(t, -) is also an odd analytic function on C\ L, and has
-6
Z—20

periods 47 and i4¢. The principal part of A>(z, -) at every zg € L; is also either

2

or .
7—20

Using a similar argument, we conclude that A also solves (4.49).

8.5k = 16/3

Let k = 16/3. Let A1 and Aj be as in the last subsection. Let A3 = —A1/3. From
(8.7) we have

8 4
0= 5Ag’ +4A5A3 + §HH'
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From (8.8) we have
A3 =—H" — 3A/3A3 +HA; + A/3H.

Summing up the above two equalities, we get

_ 8 " l 1 4 / !

Thus, A3z solves (4.49). Similarly, A4:= — Ay/3 also solves (4.49). Here A3 and
A4 have period 47 instead of 27. If we want a solution to (4.3) with period 27, we
may first restrict A3 or A4 to the interval (0, 2) or (—2m, 0), and then extend it to
R\{2nm : n € Z} so that the function has period 2.
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