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Abstract We presented in Beltran and Landim ( J Stat Phys 140:1065-1114, 2010)
Beltrdn and Landim (J Stat Phys 149:598-618, 2012) an approach to derive the
metastable behavior of continuous-time Markov chains. We assumed in these arti-
cles that the Markov chains visit points in the time scale in which it jumps among the
metastable sets. We replace this condition here by assumptions on the mixing times
and on the relaxation times of the chains reflected at the boundary of the metastable
sets.
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268 J. Beltran, C. Landim

1 Introduction

Cassandro et al. [13] proposed in a seminal paper a general method to derive the
metastable behavior of continuous-time Markov chains with exponentially small jump
rates, called the pathwise approach. In many different contexts these ideas permitted
to prove that the exit time from a metastable set has an asymptotic exponential law;
to provide estimates for the expectations of the exit times; to describe the typical
escape trajectory from a metastable set; to compute the distribution of the exit (saddle)
points from a metastable set; and to prove the convergence of the finite-dimensional
distributions of the order parameter, the macroscopic variable which characterizes the
state of the process, to the finite-dimensional distributions of a finite-state Markov
chain. This approach has known a great success, and it is impossible to review here
the main results. We refer to [24] for a recent account of this theory.

In Bovier et al. [9,10] proposed a new approach to prove the metastable behavior of
continuous-time Markov chains, known as the potential theoretic approach. Motivated
by the dynamics of mean field spin systems, the authors created tools, based on the
potential theory of reversible Markov processes, to compute the expectation of the
exit time from a metastable set and to prove that these exit times are asymptotically
exponential. They also expressed the expectation of the exit time from a metastable
set and the jump probabilities among the metastable sets in terms of eigenvalues and
right-eigenvectors of the generator of the Markov chain.

Compared to the pathwise approach, the potential theoretic approach does not
attempt to describe the typical exit path from a metastable set, but provides precise
asymptotic formulas for the expectation of the exit time from a metastable set. This
accuracy, not reached by the pathwise approach, whose estimates admit exponential
errors in the parameter, permits to encompass in the theory dynamics which present
logarithmic energy or entropy barriers such as [2,11,12]. Moreover, in the case of a
transition from a metastable set to a stable set, it characterizes the asymptotic dynamics:
the process remains at the metastable set an exponential time whose mean has been
estimated sharply and then it jumps to the stable set.

As the pathwise approach, the potential theoretic approach has been successfully
applied to a great number of models. We refer to the recently published paper [6] for
references.

Inspired by the evolution of sticky zero-range processes [2,22], dynamics which
have a finite number of stable sets with logarithmic energy barriers, we proposed
in [1,5] a third approach to metastability, now called the martingale approach. This
method was successfully applied to derive the asymptotic behavior of the condensate in
sticky zero-range processes [2,22], to prove that in the ergodic time scale random walks
among random traps [17, 18] converge to K-processes, and to show that the evolution
among the ground states of the Kawasaki dynamics for the two dimensional Ising
lattice gas [4,16] on a large torus converges to a Brownian motion as the temperature
vanishes.

To depict the asymptotic dynamics of the order parameter, one has to compute the
expectation of the holding times of each metastable set and the jump probabilities
amid the mestastable sets. The potential theoretic approach permits to compute the
expectations of the holding times and yields a formula for the jump probabilities in
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A Martingale approach to metastability 269

terms of eigenvectors of the generator. This latter formula, although interesting from
the theoretical point of view, since it establishes a link between the spectral properties
of the generator and the metastable behavior of the process, is of little practical use
because one is usually unable to compute the eigenvectors of the generator.

The martingale approach replaces the formula of the jump probabilities written
through eigenvectors of the generator by one, [1, Remark 2.9 and Lemma 6.8],
expressed only in terms of the capacities, capacities which can be estimated using
the Dirichlet and the Thomson variational principles. We have, therefore, a precise
description of the asymptotic dynamics of the order parameter: a sharp estimate of
the holding times at each metastable set from the potential theoretical approach, and
an explicit expression for the jump probabilities among the metastable sets from the
aforementioned formula.

This informal description of the asymptotic dynamics of the order parameter among
the metastable sets has been converted in [1,5] into a theorem which asserts that the
order parameter converges to a Markov chain in a topology introduced in [18], weaker
than the Skorohod one. The proof of this result relies on three hypotheses, formulated
in terms of the stationary measure and of the capacities between sets, and it uses the
martingale characterization of a Markovian dynamics and the notion of the trace of a
Markov process on a subset of the configuration space.

In the martingale approach, the potential theory tools developed by Bovier et al.
[9,10] to prove the metastability of Markov chains can be very useful in some models
[2,22] or not needed at all, as in [17, 18]. In these latter dynamics, the asymptotic jump
probabilities among the metastable sets, which, as we said, can be expressed through
capacities, are estimated by other means without reference to potential theory.

The proof of the convergence of the order parameter to a Markov chain presented
in [1,5] requires that in each metastable set the time it takes for the process to visit
a representative configuration of the metastable set is small compared to the time the
process stays in the metastable set. We introduced in [1] a condition, expressed in
terms of capacities, which guarantees that a representative point of the metastable
set is visited before the process reaches another metastable set. This quite strong
assumption, fulfilled by a large class of dynamics, fails in some cases, as in polymer
models in the depinned phase [11,12] or in the dog graph [25]. The main goal of this
article is to weaken this assumption.

More recently, Bianchi and Gaudilliere [7] proposed still another approach based
on the fact that the exit time from a set starting from the quasi-stationary measure
associated to this set is an exponential random variable. The proof that the exit time
from a metastable set is asymptotically exponential is thus reduced to the proof that the
state of the process gets close to the quasi-stationary state before the process leaves the
metastable set. To derive this property the authors obtained estimates on the mixing
time towards the quasi-stationary state and on the asymptotic exit distribution with
errors expressed in terms of the ratio between the spectral radius of the generator
of the process killed when it leaves the metastable set and the spectral gap of the
process reflected at the boundary of the metastable set, a ratio which has to be small
if a metastable behavior is expected. They also introduced (k, A)-capacities, an object
which plays an important role in this article.
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270 J. Beltran, C. Landim

After these historical remarks, we present the main results of this article. Consider
a sequence of continuous-time Markov chains 7% (¢). To describe the asymptotic evo-
lution of the dynamics among the metastable sets, let X be the functional of the
process which indicates the current metastable set visited:

xN = Zx 1N (1) € &%)
x=1

In this formula, « represents the number of metastable sets and £}, | < x < «, the
metastable sets. The non-Markovian dynamics X/ is called the order process or the
order in short.

The main result of [1,5] states that under certain conditions, which can be expressed
only in terms of the stationary measure and of the capacities between the metastable
sets, the order converges in some time scale and in some topology to a Markov process
onS={1,...,k}.

The main drawback of the method [1,5] is that it requires the process to visit
points. More precisely, we needed to assume that each metastable set £}, contains
a configuration &3, which, once the process enters €7, is visited before the process
reaches another metastable set:

lim sup P, [Héx < H%] —0 (1.1)
N

N—>oor]€8,]x;/

for all x € S. Here, Hy, A C El, stands for the hitting time of A, é’l‘v = U),#XE?;,,
and [P, represents the distribution of the process n™ (¢) starting from the configuration
1. The configuration &y, is by no means special. It is shown in [1] that if this property
holds for one configuration & in €7, it holds for any configuration in 7.

Property (1.1) is fulfilled by some dynamics, as sticky zero-range processes [2,22],
trap models [17,18] or Markov processes on finite sets [3,4], but it is clearly not
fulfilled in general.

The purpose of this paper is to replace condition (1.1) by assumptions on the
relaxation time of the process reflected at the boundary of a metastable set. We propose
two different set of hypotheses. The first set essentially requires only the spectral gap
of the process to be much smaller than the spectral gaps of the reflected processes on
each metastable set, and the average jump rates among the metastable sets to converge
when properly renormalized. Under these conditions, Theorem 2.2 states that the
finite-dimensional distributions of the order process converge to the finite-dimensional
distributions of a finite state Markov chain, provided the initial distribution is not too
far from the equilibrium measure.

On the other hand, if one is able to show that the mixing times of the reflected
processes on each metastable set are much smaller than the relaxation time of the
process, Theorem 2.4 and Lemma 2.6 affirm that the order process converges to a finite
state Markov chain. Hence, the condition that the process visits points is replaced in
this article by estimates on the mixing times of the reflected processes.
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A Martingale approach to metastability 271

In Sect. 8, we apply these results to two models. We show that the polymer in the
depinned phase considered by Caputoetal. in [11,12] satisfies the first set of conditions
and that the dog graph introduced by Diaconis and Saloff-Coste [25] fulfills the second
set of assumptions. Lacoin and Teixeira [21] proved that a polymer interface which
interacts with an attractive substrate satisfies both set of conditions.

2 Notation and results

Fix a sequence (Ey : N > 1) of countable state spaces. The elements of Ey are
denoted by the Greek letters 1, £. Foreach N > 1 considermatrix Ry : EyXEy — R
such that Ry(n,§) = 0, # &, —00 < Ry(n,n) <0, 3 Ry(n,§) = 0,1 € Ey.
Denote by {n™V(z) : ¢t > 0} the right-continuous, continuous-time strong Markov
process on E whose generator Ly is given by

Ly = D Ry™m, &) {f&) — F(n)}, 2.1

§€EN

for bounded functions f : Ey — R. We assume that n"V(¢) is positive-recurrent
and reversible. Denote by m = my the unique invariant probability measure, by
An(), n € Ep, the holding rates, An(n) = 2., Rv(n,§), and by py(n, &),
n,& € Ey, the jump probabilities: py (1, &) = Ay~ Ry(n, &) for n # £, and
pn(n,n) = 0 for n € Exn. We assume that py(n, &) are the transition probabil-
ities of a positive-recurrent discrete-time Markov chain. In particular the measure
My (n) := 7ty (n)Ay (1) is finite.

Throughout this article we omit the index N as much as possible. We write, for
instance, n(t), w for r;N (t), mn, respectively. Denote by D(Ry, Ey) the space of
right-continuous trajectories with left limits endowed with the Skorohod topology.
Let P, = ]P’f;' , n € Ep, be the probability measure on D(R,, Ex) induced by the
Markov process {n(¢) : ¢+ > 0} starting from 7. Expectation with respect to P is
denoted by E,,.

For a subset A of Ey, denote by H 4 the hitting time of A and by H; the return
time to A:

HZ = inf{r > 0:n() € A, n(s) #n(0) forsome0 < s < ¢},
Hy:=inf{r > 0:n@) e A}, 2.2)

with the convention that H 4 = oo, HZ =ooifn(s) ¢ Aforalls > 0. We sometimes
write H (A) for H 4. Denote by cap (A, B) the capacity between two disjoint subsets
.A, B of ENZ

capy(A. B) = > () M) Py [Hp < HJ].
neA

Denote by L?(rr) the space of square summable functions f : Ey — R endowed
with the scalar product ( f, g), = ZUGEN w(n)f(n)g(n). Let g = gn be the spectral
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272 J. Beltran, C. Landim

gap of the generator Ly:
ALY r
g=inf ——————,
f (f9 f>7T

where the infimum is carried over all functions f in Lz(n) which are orthogonal to
the constants: (f, 1), = 0.

Fix a finite number of disjoint subsets S}V, L& k=2, 0f En:i €3 N Ef\, =,
x # y. The sets £} have to be interpreted as wells for the Markov dynamics 7(z). Let
EN = Uyes€) and let Ay = En\Ey so that

Ey=E8LU.---UES U Ay. (23)

In contrast with the wells £}, Ay is a set of small measure which separates the wells.
A. Trace process. Denote by (n€@) : t > 0} the & y-valued Markov process obtained
as the trace of {#"V(¢) : t > 0} on €. This is a time-change of the original process
in which the clock is stopped when the process reaches a configuration outside of € y
and it is restarted when the process returns to €y. We refer to [1, Section 6.1] for
a precise definition. The rate at which the trace process jumps from n to & € Ey is
denoted by R‘g(n, &) and its generator by Leg:

(Lef)m) = D REm. &) (f(&) — f(}, neéy.
tely

By [1, Proposition 6.3], the probability measure 7 conditioned to Ey, we(n) =
w(n)/7m(En) 1{n € En}, is reversible for the trace process.
Let IP’,‘;:, n € Ey, be the probability measure on D(R, €y) induced by the trace

process mé@ 1 >0} starting from 7. Expectation with respect to IP’,‘;: is denoted by
E,‘;’ Denote by ge the spectral gap of the trace process:

os — inf (CLOS P,
VA

3

where the infimum is carried over all functions f in L?(7¢) which are orthogonal to
the constants: (f, 1), =0.

Proposition 2.1 presents an estimate of the spectral gap of the trace process in terms
of the spectral gap of the original process.

Proposition 2.1 Let f be an eigenfunction associated to g such that Ex[f%] = 1,
E;[f1=0. Then,

2 c
0 [1—N(SN) Ex|f 1{8N}]] <9< ge

In the examples we have in mind 7 (€ ) converges to 1. In particular, if we show

that an eigenfunction associated to g is bounded, ge /g converges to 1. We provide in
Lemma 6.1 an upper bound for g¢ in terms of capacities.
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A Martingale approach to metastability 273

Denote by Wy : Ey — S = {1, ..., k}, the projection given by
K
Uy =D x1{ne &y,
x=1

and by {X,N : t > 0} the stochastic process on S defined by X[N = lIIN(nS(t)).
Clearly, besides trivial cases, {X,N : t > 0} is not Markovian. We refer to X ,N as the
order process or order for short.

B. Reflected process. Denote by {n™*(¢) : t > 0}, 1 < x < k, the Markov process
n(t) reflected at 8;‘\,. This is the process obtained from the Markov process 7(z) by
forbidding all jumps from 7 to & if n or & do not belong to £3,. The generator Ly , of
this Markov process is given by

(Lrx () = Z R, &) {fE&)— f}, neé&y.
tek&y,

Assume that the reflected process n™* (¢) is irreducible for each 1 < x < k. Itis easy
to show that the conditioned probability measure 7, defined by

m(n)
(&)’

() = necy, 2.4)

is reversible for the reflected process. Let gr » be the spectral gap of the reflected

process:
o ALe) S
gr.y = inf ——M—————
A VAT

where the infimum is carried over all functions f in L?(r,) which are orthogonal to
the constants: (f, 1), = 0.

C. Enlarged process. Consider an irreducible, positive recurrent Markov process & (¢)
on a countable set £ which jumps from a state n to a state & at rate R(n, §). Denote
by 7 the unique stationary state of the process. Let E* be a copy of E and denote by
n* € E* the copy of n € E. Following [7], for y > 0 denote by £7 (¢) the Markov
process on E U E* whose jump rates RY (1, &) are given by

’

R(n,§) ifnand§ € E,
R"(n, &) =1y if& =n*orifn = &*,
0 otherwise.

Therefore, being at some state £* in E*, the process may only jump to £ and this
happens at rate y . In contrast, being at some state £ in E, the process £V (¢) jumps with
rate R(&, &) to some state £’ € E, and jumps with rate y to &*. We call the process
£7(t) the y-enlargement of the process &(t).

The enlarged process permits to formulate in mathematical terms the idea that a
process reaches equilibrium inside a set before leaving this set. Let A, B = A be a
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274 J. Beltran, C. Landim

partition of E and let g represent the spectral gap of the process reflected at A and
0 the time it takes to reach B starting from A. Assume that g~! <« 6 and choose y
so that g~! « y~! « 6. Starting from A the enlarged process reaches A* before B
with a probability close to 1 and its distribution at the hitting time of A* is close to the
quasi-stationary state for the process killed when it reaches B.

Let 7, be the probability measure on £ U E* defined by

m.(n) = (1/2) 7w (n), m(n*) =m.(n), ne€E.

The probability measure i, is invariant for the enlarged process £7 (¢) and is reversible
whenever 7 is reversible.

Let 8;’\,", 1 < x < «, be a copy of the set &}, and let £}, = Uj<x<EY", 8” =
Uy#S . Fix a sequence y = yn and denote by n*(¢) = ns ¥ the y-enlargement
of the trace process n€(r). Denote the generator of this Markov chain by L,, by
R, (n, &) the rate at which it jumps from 5 to &, and by A,(n) the holding rates,
A() = ZSESNUER, R.(n, §).

Denote by IP’,*{’/, n € Ey U &%, the probability measure on the path space
DRy, En U EY) induced by the Markov process n*(¢) starting from 1 and recall the
definition of the hitting time and the return time introduced in (2.2). For x # y € S,
let ry (x, y) be the average rate at which the enlarged process n*() jumps from &%"
to &y

1
Ny = )EZMWMWH”PW<H%J
* N 6*,):
- 7'[3(8 ; z e () P [HEH < H] 2.5)

By [1, Proposition 6.2], ry (x, y) corresponds to the average rate at which the trace of
the process n*(r) on €3, jumps from 3" to S?Qy . This explains the terminology.

For two disjoint subsets A, B of 8 N U &%, denote by cap, (A, B) the capacity
between A and B:

cap, (A, B) = D" m(m) b Py [Hp < HY].
neA

Let A, B be two disjoint subsets of S. Taking A = Uyea €', B = UyepEly’ in the
previous formula, since the enlarged process may only jump from n* to n and since
(") = () = (1/D)7e(n),

cap, (U v’ US*‘)=ZZ > Py [H (U a;f) <H < U sy)] (2.6)

xeA XEAne€y, yeB xXeA
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A Martingale approach to metastability 275

It follows from this identity and some simple algebra that

7€) D v, y) = % > wen By [HE*N,X < Hg;v,x] — cap, (5;&, ejv’x).
yF#X ne&y
2.7)
D. L? theory. We show in this subsection that with very few assumptions one can
prove the convergence of the finite-dimensional distributions of the order X ,N . Let

J\/[X—mln{y'(g(ﬁ ), 1 —me(EX )} (2.8)

Theorem 2.2 Suppose that there exist a non-negative sequence {0y : N > 1} and
non-negative numbers r(x, y), x # y € S, such that

0y" < min gy, (L1)
xes

lim Oy ry(x,y) =r(x,y), x#y€S.
N—oo

Fix xog € S. Let {vy : N > 1} be a sequence of probability measures concentrated on
Ef\‘,’, vN(S);\‘,)) = 1, and such that

dvy \? Co
E — < — L2
e [(dﬂe)} = maxyes M, 29

for some finite constant Cy. Then, under ]P’EN the finite-dimensional distributions of

the time-rescaled order X;V X %N converge to the finite-dimensional distributions

of the Markov process on S which starts from xo and jumps from x to y at rate r (x, y).

Let vy be the measure 7, defined in (2.4). In this case condition (L2G) becomes

max My < Come(E). (2.9)
xe

Since

&%) < &v), 1— & < &
I;lelgl m;lx we(Ey) magc min {ng( V) me( )} K mlgl mix we(Cy),

condition (2.9) holds for all xg € S if and only if

ey < e L2
I)Pel? Tﬁf w(€y) < Co mlg T (Ey) (L2)

for some finite constant Cy. Condition (L2) is satisfied in two cases. Either if all
wells 83\, are stable sets (there exists a positive constant co such that rrg(E ) > ¢o
forall y € S, N > 1), or if there is only one stable set and all the other ones have
comparable measures (there exists x € S and Cyp such that limy ng(E ) =1 and
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276 J. Beltran, C. Landim

715(83;,) < Cong(?,fv) for all y, z # x). In particular, when there are only two wells,
|S| = 2, assumption (L2G) is satisfied by the measures vy = my, x = 1, 2.

Theorem 2.2 describes the asymptotic evolution of the trace of the Markov 7 (¢) on
& . The next lemma shows that in the time scale 0 the time spent on the complement
of €y is negligible.

Lemma 2.3 Assume that

mAy) _
N—o00 7'[(87\,)

(L3)

forall x € S. Let {vy : N > 1} be a sequence of probability measures concentrated
on some well 87\9, xo € S, and satisfying (L2G). Then, for every t > 0,

t

lim E,, /l{n(SQN) €Anlds | = 0. (2.10)
N—o0
0

E. Mixing theory. If one is able to show that the process mixes inside each well
before leaving the well, the assumptions on the initial state can be relaxed and the
convergence of the order can be derived. Let Tlffg", x € §, be the mixing time of the
reflected process n™*(¢).

Theorem 2.4 Fixxo € S. Suppose that there exist a non-negative sequence {0y : N >
1} and non-negative numbers r(x, y), x # y € S, satisfying conditions (L1). Assume
that condition (2.9) is fulfilled and that there exists a sequence Ty, T\ < Ty < On,
such that

lim P& [Héxo < Ty ] —0. (L4S)
N

N—oo 0

Let {vy : N > 1} be a sequence of probability measures concentrated on Ef\?,
VN (8);\(,)) = 1 and such that

lim PE, [Hew =T} | =0 (L4)
N

N—o00
for some sequence Ty, Tr‘_‘}rig &L Ty, < On. Then, the finite-dimensional distributions
of the time-rescaled order XlN =X %N under IP’;C“N converges to the finite-dimensional
distributions of the Markov process on S which starts from xo and jumps from x to y
at rate r(x, y).

We assume in this latter theorem that the sequence of measures 7, fulfills all the
hypotheses of Theorem 2.2. The unique advantage of Theorem 2.4 over Theorem 2.2
is that it replaces the condition (L2G) on the sequence vy by the somehow weaker
condition (L4).

The next result asserts that condition (L4S) can be derived from one on the mean
jump rate of the trace process.
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Lemma 2.5 Assume that there exist a non-negative sequence {0y : N > 1} such that
TMX < Oy and such that

r, X

lim sup Oy Er, [R (n, EXO)] < 00. (2.11)

N—o0

Then, (L4S) holds for any sequence Ty such that T™* « Ty < 0.

r,xo

Assumption (2.11) is not difficult to be verified. By [1, Lemma 6.7],

Ex. [Rg(n, é;‘v)] capy (€5, &%) | (2.12)

(Sx )
The Dirichlet principle [14,15] provides a variational formula for the capacity and a
bound for the expression in (2.11). We show in (3.21) below that Z},#x ry(x,y) <
Ex [RE(n, E})].

A uniform version of assumption (L4) gives tightness of the speeded-up order. For
a probability measure vy on €y, denote by Q,,, the probability measure on the path
space D(R, S) induced by the time-rescaled order va = \IIN(nS(ION)) starting
from vy.

Lemma 2.6 Let {0y : N > 1} be a sequence such that 9;1 < minges gr,x and such
that for all x € S, 5
lim sup Oy EﬂX[RE(n, EN)] < oo. (2.13)

N—o00

Assume that there exists a sequence Ty such that maxycg Trm;x <& Tn and such that
forall x € S,

lim sup PE [ o §TN]:O. (L4U)
N

N—)OOnEEX

Let vy be a sequence of probability measures on €. Then, the sequence (Q,, : N >
1) is tight.

In Sect. 4 we present a bound for the probability appearing in condition (L4U). Let
Iy, x € S, be subsets of Ey containing €%, £}, C Fy,. Denote by Tmlx the mixing

time of the process 1(¢) reflected at J.

Lemma 2.7 Fix x € S and suppose that there exist a set Dy, C &Y, and a sequence
Ty, T"% < Tn < O, such that
I

lim max P, [H(g}xv o < Ty ] —0. (L4E)

N—ooneDy,

Then, (2.10) holds for any t > 0 and any sequence of probability measures vy con-
centrated on Dy provided condition (L3) is in force.
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278 J. Beltran, C. Landim

Even if we are not able to prove the pointwise versions (L4U) or (L4E) of the
mixing condition, we can still show that the measures of the wells converge in the
Cesaro sense.

Proposition 2.8 Fixxy € S. Assume that conditions (L1), (L2) and (2.11) are fulfilled.
Let {vy : N > 1} be a sequence of probability measures concentrated on 8);\? and
satisfying conditions (2.10) and (L4). Denote by {Sy (r) | r > 0} the semigroup of the
process 1(r). Then, for everyt > 0 and x € S,

t t
Nlim /[UNSN(GNr)] (&) dr :/[(SXOS(r)](x) dr, (2.14)
0 0

where S(r) stands for the semigroup of the continuous-time Markov chain on S which
jumps from 'y to z at rate r (y, z), and where 8y, stands for the probability measure on
S concentrated at x.

F. Two valleys. We suppose from now on that there are only two valleys, & 11\, = An
and 8%, = By. It is possible in this case to establish a relation between the spectral
gap of the trace process and the capacities of the enlarged process, and to re-state
Theorems 2.2 and 2.4 in a simpler form. Assume that the sets £}, x = 1, 2, have an
asymptotic measure:
lim mweg(Ey) = m(x),
N—o00

and suppose, to fix ideas, that m(1) < m(2).

Theorem 2.9 Assume that gg << miny,=1 2 gr x and consider a sequence yy such that
ge <K YN K minx=1,2 Or x- Then,

cap, (Ay, By) 1

m =
N—ooo geme(An) me(By) 2

This result follows from [7, Theorem 2.12]. Under the assumptions of Proposition
2.1 we may replace in this statement the spectral gap of the trace process by the spectral
gap of the original process. Moreover, in view of (2.7),

lim gg'ry(x,y) =m(y). (2.15)

N—o0

When there are only two valleys, the right hand side of Eq. (L2G) is equal to
Co min{ng(c‘l}v), ng(S%,)}_l. Condition (L2G) then becomes

dvy \? Co
E.. — < 2.16
e [(dﬂa) } = 2202 TeE) 210

for some finite constant Cy. The measures vy = 11, m clearly fulfill this condition.
We summarize in the next lemma the observations just made.
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Lemma 2.10 Suppose that there are only two wells, S = {1, 2}, and set Oy = ggl.
Then, condition (L1) is reduced to the condition that

ge < min{gr 1, gr2}, (L1B)

the asymptotic ratesr (x, y) are given by r(x, y) = m(y), and condition (L2) is always
in force.

In the case of two wells, there are two different asymptotic behaviors. Assume first
that m(1) > 0. In this case 8}\, and 8%, are stable sets and XV jumps asymptotically
from x to 3 —x atrate m(3 —x). If m(1) = 0 and if vy is a sequence of measures con-
centrated on & 11\,, e }V is a metastable set, 5%\, a stable set, and va jumps asymptotically
from 1 to 2 at rate 1, remaining forever at 2 after the jump.

Remark 2.11 The average rates ry (x, y) introduced in (2.5) are different from those
which appeared in [1], but can still be expressed in terms of the star-capacities:

T (EN) rn(x, y)

1 * O* * ax,y * * *
=3 {cap*(EA’,x, ENY) 4 cap, (&, EY) —cap, (&N U &Y, U#x,yﬁl\f’)} .
To prove this identity observe that by (2.6) the right hand side is equal to

Y *, . Y *, ) .
- > rem By [ngy < HE;y] + 2 S wem By [HSV < ngx].

neéy UGS%/

By (2.5), the first term is equal to (1/2)m.(E3)rn (x, ). By definition of the enlarged
process, the second term can be written as

Y *, ) _ +
E Z 7'[*(7’]) PU [Hg;r\}x = H‘S;\l] .

*,y
ne&y

By reversibility, 7, (1) IP’;’V[HE = Hév] = (&) ]P’E’V[H,, = Hg';]], S 8;})', & e
&Y. This concludes the proof of the remark.

We conclude this section pointing out an interesting difference between Markov
processes exhibiting a metastable behavior and a Markov processes exhibiting the
cutoff phenomena [23]. On the level of trajectories, after remaining a long time in a
metastable set, the first ones perform a sudden transition from one metastable set to
another, while on the level of distributions, as stated in Proposition 2.8 below, in the
relevant time scale these processes relax smoothly to the equilibrium state. In contrast,
processes exhibiting the cutoff phenomena do not perform sudden transitions on the
path level, but do so on the distribution level, moving quickly in a certain time scale
from far to equilibrium to close to equilibrium.
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3 Convergence of the finite-dimensional distributions

We prove in this section the main results of the article. We start this section with an
important estimate which allows the replacement of the time integral of a function
f : Ey — R by the time integral of the conditional expectation of f with respect to
the o -algebra generated by the partition E}V, L E

Local Ergodicity. Denote by || f||—| the H_| norm associated to the generator L ¢ of
a function f : €5 — R which has mean zero with respect to 7w g:

I£I%, = sup {2(f. h)zg — (h, (=Le)h)z, },

where the supremum is carried over all functions 4 : €y — R with finite support. By
[19, Lemma 2.4], for every function f : £ — R which has mean zero with respect
tome, and every 7 > 0,

t 2
EZ, [ sup (/0 f(n8<s>>ds) } < UT|fI2,. (3.1)

0<t<T

Similarly, for a function f : 8?’ — R which has mean zero with respect to 7y,
denote by || f|lx,—1 the H_; norm of f with respect to the generator L, , of the
reflected process at €

IFI2 -, = sup {20f, Wz, — (hy (—Le)h)z, } s (3.2)

where the supremum is carried over all functions 4 : £}, — R with finite support. It
is clear that
> me(@) (b (~Lr)h)x, < (h. (—Le)h)x,

xes

for any function 4 : £x — R with finite support. Note that the generator of the trace
process L ¢ may have jumps from the boundary of a set £ to its boundary which do
not exist in the original process. There are therefore two types of contributions which
appear on the right hand side but do not on the left hand side. These ones, and jumps
from one set £}, to another. It follows from the previous inequality that for every
function f : €54 — R which has mean zero with respect to each measure 7,

A2y < D me@DIfI3 . (3.3)

xeS
Proposition 3.1 Let {vy : N > 1} be a sequence of probability measures on Ey.

Then, for every function f : Ex — R which has mean zero with respect to each
measure 1y and for every T > 0,
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2

ES, sup /f(n (s)) ds < 24T Eg, [(—) } > re@IfIR

xeS

Proof By Schwarz inequality, the expression on the left hand side of the previous
displayed equation is bounded above by

2 t
Eve | (2X) |EE, [sup | [ ranfes)ds
e t<T 2

By (3.1) and by (3.3), the second expectation is bounded by

24T > e @ IfIF

xeS
which concludes the proof of the proposition.

By the spectral gap, for any function f : €5, — R which has mean zero with respect

to my, |If ||x 1 = Orx ) z,- The next result follows from this observation and
the previous proposition.

Corollary 3.2 Let {vy : N > 1} be a sequence of probability measures on Ey. Then,
for every function f : Exy — R which has mean zero with respect to each measure
7 and for every T > 0,

2

sup / F@)ds| || <24TE,, [( )}an(emg (o ),

xes

We have seen in (2.7) that cap, (£}, &x V) = (&) 2 y2x 'N(x, ). For similar

reasons, cap, (E;Vx, E;Vx) = Z#x JT*(((:N) ry (v, x). If Oyry(x, y) converges, as
postulated in assumption (L1), we obtain from these identities that

cap, (EN", €N < Coby' M, (3.4)

for some finite constant Cg, where M, has been introduced in (2.8).

The equilibrium potentials. Fix a sequence y = yn such that 6 I« y K
min,es gr, and recall that we denote by 1*(¢) the y-enlargement of the trace process
n&(1). Denote by Vi, x € S, the equilibrium potential between the sets £ and é;\}x,
Vi(n) = P;’V[ng}x < Hé;\}x]. Since L, V, = 0 on €y, we deduce that
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(LeVo)() = —y [1 = Vi), ne€ &,
(LeV)m) =y Va(n), 1€l (3.5)

Moreover, since 7, (n) = (1/2)we(n), n € En,

*,X

cap, (€ ,é;\}x)
1
=517 22 e = VeODP + (~Le)Ve, Vidme +v D 7e(n) V()
neéy WGé);v
(3.6)

By assumption (L1), forall x # y € S, ry(x,y) < COGZQ] for some finite constant
Co and for all N large enough. Hence, by (3.4) and by (3.6), forall x € S

Co M,

y 2 mem [ = Ve +((~Le)Ve. Vidme +v D me(mVan)® < —1 ="
ne&y neé}‘v N

3.7

Uniqueness of limit points. Recall the definition of the measure Q,,, introduced just
before Lemma 2.6, and let £ be the generator of the S-valued Markov process given
by

(EF)(x) = > r(x, pIF(y) — F(0)].

yeS

Proposition 3.3 Assume that the hypotheses of Theorem 2.2 are in force. Then, the
sequence Q,, has at most one limit point, the probability measure on DR, S)
induced by the Markov process with generator £ starting from x.

Proof To prove the uniqueness of limit points, we use the martingale characterization
of Markov processes. Fix a function F : S — R and a limit point Q, of the sequence
Q. - We claim that

1
M = F(X,) — F(Xo) — /(EF)(XS)ds (3.8)
0

is a martingale under Q.
Fix 0 < s < t and a bounded function U : D(R4, S) — R depending only on
{X, : 0 <r < s} and continuous for the Skorohod topology. We shall prove that

Eg, [M,F U] = Eq, [Mf U] . (3.9)
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Let G(n) = ers F(x)Vy(n), n € Ex. By the Markov property of the trace
process ng(t),

tOn

MY = Gtaoy) — GmE) — / (LeG)(nE(s)) ds
0

is a martingale. Let U" := U(X"). As {M,N : t > 0} is a martingale,

EE, [M,NUN] = Ef, [MSNUN]

so that
tOn
EE | UN 1G(nE@oy) — GnE(so)) — /(LgG><n8<r))dr =0.
S@N

(3.10)
Claim A Forall x € S,

tim sup BS, [ ey (0 10n) = VenEaon)| | =o0.

N—>oo >0

Indeed, denote by Se(7),t > 0, the semigroup associated to the trace process n € (t),and
by h, the Radon-Nikodym derivative dvy Sg(2) /dme. Itis well known that £, [htz] <
Ex. [h%]. Hence, by Schwarz inequality, the square of the expectation appearing in
the previous displayed formula is bounded above by

dvy \?
e (7)o s ).

To conclude the proof of the claim it remains to recall the definition of the sequence
y, the estimate (3.7) and the assumption on the sequence of probability measures vy .
It follows from Claim A that

tim sup BE, [ 1(F o 9)(E(6) = G uon)l | =0,

N—o0 >0

Therefore, by (3.10),

ton
lim ES [UN {AMF - / (LgG)(n‘c‘(r))dr” =0. (3.11)

N—o00 N

where Ay F = (F o W)(n(t0x)) — (F o W)(n®(s6n)) = F(XJ ) — F(XY ).

tON sOn
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Claim B Denote by P the o —algebra generated by the partition E%;, z € S. For all
T>0,x¢€S,

t

Jim BE | sup | [ {Levom®en — E[Leve | Plaf6n}) ds| | =0.

t<TOyn

By the assumption on the sequence vy and by Proposition 3.1, the square of the
expectation appearing in the previous formula is bounded by

_CoTbn
maxes JV[

Z?TE(E ) ILeVil} (3.12)

for some finite constant Cg, where G stands for G — Eq, [G]. By (3.5), on the set £,

LeVy = —y[l — V,(n)]. Hence, by the spectral gap o the reflected process and by
(3.7,
2
T Y 2 CO Y M
IZeVell? =2 IT=VilZ ) < —— Il = Vil SR -
e TS g T e (€R) gra by

for some finite constant C. Similarly, since LgV, = y V, (1) on the set 8%,, y # X,

COVMX

ITeVy)? —
) e (EX) Gr.y On

vo-1 =

Therefore, the sum appearing in (3.12) is bounded by CoT |S|y max;es g;. % which
vanishes as N 1 oo by definition of y, proving Claim B.
It follows from (3.11) and Claim B that

t

Jim EL | UY Y AGE - /HNE[LEGMD] mEeonndrt | =0, (3.13)

We affirm that
E[LeG Pl = 21{77 € &y }ZI’N()C WIF () — F(x0)]. (3.14)

xeS yes
Indeed, by (3.5),
e iy [ o )
E [L V, |7J] ’ ZWE% e (&) P [He:;f <H£;V’X], neéx,
o B () ouy )

yzneﬁx 7[3(8'})\])1?” [HS*N’* = Hsyv-x]» neé&y, y#x.
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By (2.7), on the set £}, E[LcV, | P] = — Z},#x ry(x, y), and by (2.5), on the set

Ef\,, E[LegV,|P]=ry(y,x). To conclude the proof of (3.14) it remains to recall the
definition of G.
By (3.13), (3.14) and by definition of X,N,

t

. e
Jim By | U IAGF = [ > On (X D IFO) = FXy)1dr t | =0.

r9N
s YES

Since Ay F = F (XIAQIN) — F(X SI\éN), since U has been assumed to be continuous
for the Skorohod topology and since Q is a limit point of the sequence Q,,, by
assumption (L1)

t
Eg, | U {F(X) - F(X,) — / > (X M IF(y) = F(Xp)ldr t | =0,
5 yes

proving (3.8) and the proposition. O

Proof of Theorem 2.2 The proof is similar to the one of Proposition 3.3. We prove the
convergence of the one-dimensional distributions. The extension to higher dimensional
distributions is clear. Fix a function F : § — R. We claim that for every T > 0,

sON ron
N—oo 0<s<t<T

t
limsup sup |E,, | F(X})— F(XJ} ) — / &FR)(XN ydr || =0.
N

(3.15)
Recall the definition of the function G : €y — R introduced in the proof of the
previous proposition. By Claim A and since G (n€(10y)) — [y On (L& G)(n(s0n)) ds
is a martingale, to prove (3.15), it is enough to show that

1 t

limsup sup |E,, / On (LeG)(nE(ron)) dr — / (EF)(XJy,)dr || =0.
0

N—oo 0<t<T

By Claim B, by the identity (3.14) and by the definition of X7, the proof of (3.15) is
further reduced to the proof that

t t
limsup sup |E,, / (ENF) (XN ) dr — / (EF)(XN)dr || =0,
0 0

N—oo 0<t<T

where (£xF)(x) = ZyeS Onry(x,y) [F(y) — F(x)]. To conclude the proof of
(3.15), it remains to recall assumption (L1).

It follows from (3.15) that the sequence fn (f) = E,, [F(X %N)] is equicontinuous
in any compact interval [0, T']. Moreover, if F' is an eigenfunction of the operator £
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associated to an eigenvalue A, all limit points f (¢) of the subsequence fy (¢) are such

that
t

f@ - F(Xo)=/)»f(r)dr, 0<r=<T,

0

which yields uniqueness of limit points. O

Proof of Lemma 2.5 Let Ty be a sequence such that Trrf];" & Ty < Oy. The proba-

0
bility IP’;; o [H g0 < Tx] can be written as
X N

> {ron =m0} PE [Hew < Tw] + BE, [Hpo < Tw].  Gu16)
r;efi;?

where 77 is the quasi-stationary measure associated to the trace process r;g(t) killed

when it hits éf\‘,’ The first term is less than or equal to

1/2

* * 2
Nxo(n) _ 1' < Z ]TXO(T]) (T[xo(n) _ 1)

7Tx0(77) e 7Tx0(77)
N

Z ﬂxo(n)

ne 8);\;)

By Proposition 2.1, (17) and Lemma 2.2 in [7], the expression inside the square
root on the right hand side of the previous formula is bounded by &y, /[1 — &x,],
where ey, = EHXO[R‘S(n, éf\}’)]/gr,xo. By (2.11), &y, < Co(ébvgr,xo)’1 for some finite
constant Cq and by hypothesis, 0;1 < (T;g;g)—l < Cogr,x,- This shows that the first
term in (3.16) vanishes as N 1 oo.

On the other hand, since JT;‘O is the quasi-stationary state, under IP’,,;O, the hitting

time of éf\?, denoted by H 105 has an exponential distribution whose parameter we
represent by ¢;‘0. By [7, Lemma 2.2], ¢;§0 is bounded by EﬂXO[RE(n, é")] < Cy/bn,
for some finite constant Cq. Hence,

B [Hgy < Tw]=1—e 0™ < 1 -0/,

&xo
an expression which vanishes as N 1 oo. O

Proof of Theorem 2.4 Recall that Trr_‘}ix, x € S, stands for the mixing time of
the reflected process 1n™*(r). We prove that the one-dimensional distributions con-
verge. The extension to higher dimensional distributions is straightforward. Since the
sequence of measures my, satisfies the assumptions of Theorem 2.2, in view of its

assertions it is enough to show that for each function F : § — R,
tOn

Jim |EE, [F(X,’;’,N)] - B, [F(XN )] ‘:o. (3.17)
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Let Ty be a sequence satisfying the assumptions of the theorem. We may write
EE [F(X[ )las

EE, [1 {Hé? > TN} F(X,’gN)] + EE, [1 {HSNO < TN} F(X,’gN)].

The second term is absolutely bounded by COIP’§N |H g0 < Ty ] for some finite constant
N

Cy independent of N and which may change from line to line. By hypothesis, this
latter probability vanishes as N 1 oco. By the Markov property, the first term in the
previous displayed equation is equal to

ES, [WHgw > Tn)ES ) [FOX, )]

On the set {Hgx > Ty} we may couple the trace process with the reflected process in
N

such a way that 778(1‘) = n"*0(¢) for t < Ty. The previous expectation is thus equal
to

& & N & & N
ES, [ By [F—r)]] - BS, [WHgn = TV By [F (X-n ) ]]

As before, the second term vanishes as N 1 oo. The first expectation is equal to
& N
ES [FOXh—n)] + Ra ),

where Ry (¢) is absolutely bounded by Collvy S™*(Ty) — 7y, lITv. In this formula,
||t —v||Tv stands for the total variation distance between p and v and S™* (¢) represents
the semi-group of the reflected process. By deﬁ.nition of the mixing time, this last
expression is less than or equal to (1/2)V/ T3 which vanishes as N 1t oo by
assumption.

Repeating the same arguments presented above with the measure vy replaced by
the local equilibrium 7., we conclude the proof of (3.17). O

Proof of Lemma 2.3 Let vy be a sequence of probability measures satisfying (L2G).
By Schwarz inequality, the square of the expectation appearing in the statement of the

lemma is bounded above by

¢ 2

1 dVN 2
T(EN) Exe [(E) } Ex /l{n(seN) € Ay}ds
0

By assumption (L2G), the first expectation is bounded by Cominycg J\/[;l. Since
My > min, 715(8?(]), Mminyeg M;l < maxycs ng(c‘:/yv)_l. On the other hand, by
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Schwarz inequality, the second expectation is less than or equal to

t

tEx / 1n(soy) € Ay} ds | = Pr(An),
0

which concludes the proof. O

Proof of Lemma 2.7 The proof of this result is similar to the previous one with obvious
modifications. Consider a sequence of initial states n” in D%, By the Markov property,
the expectation appearing in (2.10) with vy = §, v is bounded above by

t

]EnN 1 {H(g;(v)u > TN} Eyw) /I{T](SGN) € Anlds
0

+ Ti/On + 1Py [Higgpe < T |,

where we replaced t+ — Ty by ¢ in the time integral. By assumption, the second and
the third term vanish as N 1 oco. On the set {H(g;])c > Ty} we may replace n(Ty)

by n" T (Ty), where n™7" (1) stands for the process 1(t) reflected at Iy, After this
replacement, we may remove the indicator and estimate the expectation by

t

18,587 (Ty) — g v + By / 1{n(s6n) € An}ds |,
0

where S5 (1) represents the semigroup of the reflected process "9 (1) and g« the
measure v conditioned to S"j‘\,. The first term vanishes by definition of 7, while the
second one is bounded by ¢ (A ) /7 (J3,), which vanishes in view of condition (L3).

O

Proof of Proposition 2.8 The proof of this proposition relies on a comparison between
the original process and the trace process presented below in Eqgs. (3.18) and (3.19).
Let {Te(t) |t > 0} be the time spent on the set £y by the process 1(s) in the time

interval [O, ¢],
t

Te(t) = / 1n(s) € Ex}ds.
0

Denote by Sg(t) the generalized inverse of Tg(¢), Sg(t) = sup{s > 0| Te(s) < t},
and recall that the trace process is defined as n‘g(t) =n(Se(t)).
By definition of the trace process, for every t > 0,

t t

/l{n(s) €&lds < /1{;7%) € &%} ds. (3.18)

0 0
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On the other hand,

t

t
/l{ng(r) € & }dr =/1{n(Sg(r)) € &%) dr.
0

0

By a change of variables, the previous integral is equal to

Se (1)
/ Hn(r) € Eyldr.
0

Let Ta(?), t > 0, be the time spent by the process n(s) on the set Ay in the time
interval [0, 7], Ta(?) = f(; 1{n(s) € An}ds. Since Te(t) + Ta(t) = t, on the set
Ta(ty) < Sandfort <ty — 38, Te(t + 8) > t, so that Se(r) <t + §. Putting together
all previous estimates we get that on the set Ta (fo) < § and fort < 1y — 6,

t t+45
/l{n‘g(s) e &ylds < / 1{n(s) € &y} ds. (3.19)
0 0

We turn now to the proof of the proposition. We may rewrite the time integral
appearing on the left hand side of (2.14) as

t

E,, /l{n(rGN)GSj‘v}dr . (3.20)
0

By (3.18), this expectation is bounded above by

t t

E,y /1{n8(r6?N) €& )dr | =E,, /1{x,N9N =x}dr
0 0

By Theorem 2.4, the right hand side converges as N 1 oo to the right hand side of
(2.14).
Fix § > 0. The expectation (3.20) is bounded below by

t
E,y | HTA(t6n) < 60N} /1{77(1"91\/) S Efv}dr
0

By (3.19), this expression is bounded below by
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t—6
Ey, | HTa(t6x) < 865} /1{n5(r9,v)e87v}dr
0

t—§

> E,, / HnEroy) € E5)dr | — 1By, [Ta(ton) = 56x].
0

By (2.10), the second term vanishes as N 1 oo, while by Theorem 2.4 the second one
converges to the right hand side of (2.14) as N 1 oo and then § | 0. O

The jump rates. Recall the definition (2.5) of the rates ry (x, y). For all x € S,

> rnty) < Ex [REm.ED)]. (3:21)
y#EX

Indeed, by (2.7) and by the Dirichlet principle,

T(EX) D rn(x,y) = cap, (€, EVY) = inf(—L.f). fr.:
y#x

where the infimum is carried over all functions f : €y U £}, — Requal to 1 on €}*

and equal to O on é;vx Taking f = 1{&}, U &)} and computing the Dirichlet form
of this function we get (3.21).

4 On assumptions (L4) and (L.4U)

We present in this section two estimates of ]P’,‘;:[H 2r < Tn]. We start with a bound of
N

this probability in terms of an equilibrium potential. Denote by W* ,x € S,y > 0,

V2
the equilibrium potential between £}, U €} and €} for the y-enlargement of the

trace process ne(t):
* Y . . — PV o
Wr, () =P, [HS?.VWN,X < HSFV.X] —P [HE}YV < ngx].
Lemma 4.1 Fixx € S. Then, foralln € €}, y > 0and A > 0,

P [Hgy <y = ews,m,
—A

* € &
Wi, — 1_oA < P

@ Springer



A Martingale approach to metastability 291
Proof Fix x € S. By definition of the equilibrium potential,
x,y(n)_l HE((:?CVUS,;\}X,
Wy, (=0 nee&y
By definition of the generator L, and since the equilibrium potential Wy ,, vanishes

on the set 8’;\’,x, on the set &7, we have that
(LeWs () =yWi, (), neé&y.

Since W7, is equal to 1 on the set €%, we conclude that

We, ) = Ejlexpl—y Hg )], 1€ Ey.

On the other hand, by Tchebychev inequality and by the previous identity,

_ —yHsx
IP’;,S[H;SX Sy_1] ]P’S[ YHey S, 1] - eEf[e v sN]:ew;y(n).
: :

Conversely, fix A > 0 and let T (y) be an exponential time of parameter y inde-

pendent of the trace process n€(s). It is clear that for n € &%,
* — ok, o p— ((: o
Wi, ()= ]P’n}’ [H‘va < HSR}X] = IP’n [H‘va < T(y)].

By definition of 7' (y), the last probability is equal to

o0

/]P’ A<t ve ytdt<IP’€[ é,xSAV_l](l—e_A)'f‘e_A
N N

0

An elementary computation permits to conclude the proof of the lemma.

O

The second assertion of the previous lemma shows that we do not lose much in the

first one.

Corollary 4.2 Let vy be a probability measure concentrated on the set E},. Then, for

all y > 0,

2 22 2
o, =T = 26 0 [(2) e
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Proof Recall that we denote by n* the copy of the state 1. By definition of the enlarged
process and by Schwarz inequality,

IP;NV[ b < HS*N,X] =3 B [H~x < Hg,x]

ne&y
2
VN " 1/2
= Lo [(n_g” > mem By [Hyy < HE] |
neéy

In the previous sum we may replace e (n) by 2 7. (n*). After the replacement, the
sum becomes 2y~ 1cap*(€* x gx )~ This estimate together with Lemma 4.1 concludes
the proof of the corollary. O

Comments on assumption (L4U). We present in this subsection two strategies to
prove that the equilibrium potential WY (1) vanishes. We apply the first technique in
Example A of Sect. 8.

A. Monotonicity. It is always possible to couple two trace processes né@) starting
from different initial states in such a way that both reach the set &% at the same time.
Assume that the equilibrium potential Wy ,, satisfies some property P. For example,
suppose that the equilibrium potential is monotone with respect to some partial order
defined on €. By the Dirichlet principle,

cap, (Ey". EN UENY) = (W! . (—LOW] )x, =ir}f (fs (=L f)x,,

where the supremum is carried over all functions f vanishing at €%, equal to 1 on
éj‘\, U é;vx and satisfying condition P. Fix a configuration n € &}, and denote by
Ry (¢), ¢ > 0, the right hand side of the previous formula when we impose the further
restriction that f (n) > e.

To prove that W, (1) vanishes as N' 1 00, itis enough to show that forevery & > 0,

cap, (", 8}‘\, U 8}'\,)‘) < Ry (¢). Indeed, suppose by contradiction that Wy, (17) does
not vanish as N 1 oo. There exists in this case ¢ > 0 and a subsequence N, still
denoted by N, for which Wx*,y (n) > & for all N. Therefore,

Ry(e) < (W), (=LOW; )z, = cap, (€Y, &% USN)

proving our claim.

B. Capacities. To present the second form of estimating the equilibrium potential, we
start with a general result which expresses the equilibrium potential as a ratio between
capacities. Consider a reversible Markov chain 7(f) on some countable state space E.
Denote by P¢, & € E, the probability measure on the path space D(R,, E) induced
by the Markov process n(¢) starting from &, and by cap(A, B) the capacity between
two disjoint subsets, A, B, of E. Next result is Lemma 1.15 in [20].
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Lemma 4.3 Let A, B be two disjoint subsets of E, AN B = &, and letn ¢ AU B.
Then,

cap(n, AU B) 4+ cap(B, AU {n}) —cap(A, BU {n})

P, [H Hil =
nHp < Hal 2cap(n, AU B)

cap(n. B)
~ cap(n, AU B)

In some cases the estimate presented in the previous lemma has no content. On the
one hand,

capr (1, B) = ur(n) Rr(n, B) + ur(n)ar ()P} [Ha < Hy < Hy|.

The second term on the right hand side is the expression we added to the numerator to
transform the identity presented in Lemma 4.3 into an inequality. On the other hand,
since H4 A Hg < H,?‘ Pg-a.s.,

P! [HA < Hp < H,j] —E! [I{HA < Hg)PT, , [Hp < H,] ]

and

wr(n) Rr(n, B) + pr()Ar(n)P) [Hy < Hp)
= ur(m) Rr(n. B) + ur(n) Rr(n, A) = capy(n, AUB),

which is the expression which appears in the denominator in the proof of the
lemma. Therefore, the statement of the lemma may have some interest only if
P;?T(HA) [Hp < Hy| = P,ry, [Hp < Hy] is negligible, i.e., if the process starting
from A reaches B before n with a vanishing probability.
We apply Lemma 4.3 to our context to obtain a bound on ]P),‘;:[H . <y~ ']. For
N

y > 0, consider the Markov process {n™*(¢) : t > 0} on Ey U &% whose jump rates
Ry «(1,€) = R}, (1, §) are given by

Ry(n,§) ifnand§ € Ey,
Ry, 8) =17y ifn € & U Eyand if[§ = n*orn = £*],
0 otherwise.

Note that the process *(¢) is the trace of the process n™-*(¢) on &y U En. Denote by
capy , the capacity associated to the process n™V*(t). Next result provides a bound for
condition (L4U) in terms of capacities which can be estimated through the Dirichlet
and the Thomson principles.
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Corollary 4.4 Foreveryx € S,n e & andy > 0,

pe [H < y_l] < ecapy (1, Ey)
mTLTEN 2capy (1, &y’ )
Proof By Lemmas 4.1 and 4.3,

ecap,(n. &)

pe [H < —1] < eP*Y [H <H ] < —
EN 14 - n EN 8N - Cap*(n,ey\}x)

n =

Itis clear frorvn the Dirichlet principlg and from the definition of the enlarged process
that cap,(n, &) = (1/2)capg(n, €y ), where capg stands for the capacity asso-
ciated to the trace process ng(t) By [1, Lemma 6.9], once more, capg(7, &x N) =
T(EN)T capN(n, 8’1“\,) and cap, (1, ;\,X) =ma(EN)" lcapN,*(n, N ). This concludes
the proof of the lemma. O

5 Tightness

We prove in this section tightness of the process va .By Aldous criterion (see Theorem
16.10 in [8]) we just need to show that for every € > 0 and 7 > 0

lim ki Pt [X _ XN ]:o, 5.1
310 N> oo yag pem Xra =Xcl > e .1

where Tr is the set of stopping times bounded by 7.

In fact, in the present context of a finite state space, we do not need to consider
all stopping times, but just the jump times. More precisely, the process Xf’ is tight
provided

lim lim sup sup]P’ [‘L’,+1 -7 < 8] =0,
-0 N oo i>0

where 1) = 0 and 7;, i > 1, represent the jumping times of the process X,N .

Proof of Lemma 2.6 We will prove that (5.1) holds. Fix T > 0, ¢ > 0 and 6 > 0. By
the strong Markov property, for every 0 < a < § and stopping time 7 < T,

o [t x| o] = 28 [ [ -3 )
< sup]P’E[ —X(I)V‘>e] < ma;g supIFJ [ 5591\/].
ne&y

ne€n

To conclude the proof we need to show that the last term vanishes as N 1 oo and then
8 | 0. The arguments used are similar to the ones used in the proof of Theorem 2.4.
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Let Ty be a sequence satisfying the assumptions (L4U). Fix x € S and n € &j,.
The probability ]P’,?[H g« < 061 is bounded above by

P [Hee = Tw ] + ES[U{Hg > Tw} PEy, [Hp <00n ]| 52)

The first term vanishes in view of assumption (L4U). On the set {H, > Ty}, we may
couple the process 1(¢) with the reflected process n™* (¢) in a way that n(¢) = n™*(¢)
for0 <t < Ty.In particular, we may replace in the previous term ]P’E(TN) [H g < 86n1]

by ]P)r%-x(TN) [H B < 860N]. After this replacement we may bound the second term in
(5.2) by

D (8,87 (Tw) 6) — e (®)} PE [Hp, < 8605] + PE [Hp <80x]. (5.3)
Eely,

where S"*(¢) represents the semi-group of the reflected process. The first term of this
sumis bounded by ||, S** (Tw)— 7 ||Tv, where ||t —v|ITv stands for the total variation
distance between p and v. By definition of the mixing time, this last expression is less

than orequal to (1/2) (Tn/ Trr-[}*ix), which vanishes as N 1 oo by definition of the sequence
Ty.
It remains to estimate the second term in (5.3). It can be written as

> {met) —7r )} P [Hp, < 8608] + PE[Hz <00v],  (54)

ne&y

where 7} is the quasi-stationary measure associated to the trace process n‘g(t) killed
when it hits £*. The first term is less than or equal to

1/2

() () 2
—1 X —1

7T (1) ‘ = z 7 ) (ﬂx(n) )

ne&y

PN

neéy

By Proposition 2.1, (17) and Lemma 2.2 in [7], the expression inside the square root on
the right hand side is bounded by e, /[1 — ex], where &, = E, [Rg(n, E91/gr.x- By
(2.13), e, < Co(On gr,x)’1 for some finite constant Cy and by hypothesis, 9;1 < Or.x
. This shows that the first term in (5.4) vanishes as N 1 oo. 5
Finally, since )" is the quasi-stationary state, under IP,,;, the hitting time of £7,,
Hg, , has an exponential distribution whose parameter we denote by ¢%.By[7, Lemma

2.2], ¢* is bounded by E, [RE(n, £¥)] < Cy/6y, for some finite constant Cy. Hence,
JP’;% [Héx <dén]=1- e300 < | _ o=Cod

an expression which vanishes as § | 0. This proves (5.1) and concludes the proof of
the lemma. O
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By a version of [23, Theorem 12.3] for continuous—time reversible Markov chains,
TN < gr_)lc log(4/ minqe&f\, 75 (1)). Hence, maxyes iy < Ty if

1 1
lim log — =0. (5.5)
N—oo TN gr,x mlnnegfv 7 (1)

6 The spectral gap of the trace process

We prove in this section Proposition 2.1. We start with an elementary result which
provides an upper bound for the spectral gap of the trace process in terms of capacities.
Recall that n(¢) is a positive recurrent, reversible, continuous-time Markov chain on
a countable state space Ey, whose embedded discrete-time chain is also positive
recurrent. Let € y a subset of Ey and denote by gg¢ the spectral gap of the trace of n(t)
on Ey.

Lemma 6.1 We have that

L TEw A, B)
8¢ = e, 1t n(®)
where B = En\A.

Proof Fix a subset A of €y, and let B = €y \A. By definition,

AL (=Le) ae (H{A}, (=Le)1{A})r,
ge = inf <
f Varg, (f) Vary, (1{A})

El

where Vary, (f) stands for the variance of f with respect to the measure m¢.
Since Ex = A U B, 1{A} is the equilibrium potential between A and B so that
(I{A}, (=Le)1{A})x, = capg(A, B). Hence, by [1, Lemma 6.9],

capg(A,B)  m(En)cap(A, B) .
T me(Ame(B) w(A)n(B)

O

Proof of Proposition 2.1 Let F : &y — R be a function in L?(rr¢) and denote by
F : Ey — R the harmonic extension of F to E, defined by

13*( )_ F(Tl) ifﬂGSN,
T EJFHe ) ifn & En.

We claim that .
(=LN)F, F)y =7 (EN)((=Le)F, F)z,. (6.1)
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Indeed, since L NI:" = 0 on & and since F and F coincide on & ~, the Dirichlet form
(LNI:", ﬁ),, is equal to

Do wm Fa) D Ry EIFE) — F(n)). (6.2)

neéy EeEyN

We decompose the previous sum in two expressions, the first one including all terms
for which & belongs to € y and the second one including all terms for which & belongs
to Ex\Exn. When & belongs to €y, we may replace F by F. The other expression, by
definition of F is equal to

DD wm) Fp Ry, &) D Pe[He, = He [ {F () — F(n)).
neéy E¢EN ey

Since for n € &y,

B, [HE, = He | = pnen. o) + % P (0, )P [He, = He),

and since by [1, Proposition 6.1] Rs(n, ¢) = An(mP, [H;:'N = H;] the previous
sum is equal to

> 2wt Fay {REGL &) = Run. O} F @) = Fa).

nely ce€y

Adding this sum to the first expression in our decomposition of (6.2) as the sum of
two terms, we get that the left hand side of (6.1) is equal to

DD w) F) RE(, ) {F () — F(m)}.

ne€y ¢e€y

To conclude the proof of Claim (6.1), it remains to recall that we(n) = 7w (n) /7 (EN).
Fix a function F : £y — R. We claim that

inf((—Ln)g, &) = (—LM)E, F)y, (6.3)

where the infimum is carried over all functions g : Ey — R which are equal to F
on €. Indeed, it is simple to show that any function f which solves the variational
problem on the left hand side of (6.3) is harmonic on Ef\, and coincides with F on €y,
Lyf =0o0né&f and f = F on €. The unique solution to this problem is F, which
proves (6.3).
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Fix an eigenfunction F associated to g¢ such that E, [F2] =1, Er.[F]=0.By
(6.1) we have that

1
=((=Le)F, Flx, = @n )<( LN)F, F)z.

By the spectral gap, the Dirichlet form on the right hand side is bounded below by g

times the variance of F. This latter variance, in view of the definition of F and the
properties of F, is equal to

TEN) + D aMEM’ = D wmEm | = 7€),
ng¢En ng¢EN

This proves that g < ge.

Fix an eigenfunction f associated to g such that E,,[fz] =1, Ex[f] = 0. Let
F : Eny — R be the restriction to Ex of f: F(n) = f(n)1{n € Ey}. By definition of

g,
={((=LN)f, iz = 1nf( Ln)g, 8)x»

where the infimum is carried over all functions g which coincide with F on €y. By
(6.3), by (6.1) and by definition of the spectral gap ge, the right hand side of the
previous term is equal to

(L) F, Pln = 1@(-LOF, Flrg = 8eTEN) {Exg[F21 = Exg[FP}.
Since F = f1{Ex}, up to this point we proved that
86 T(EN) {EneLF21UEN — Exe[f1ENP] =

Since the eigenfunction f associated to g is such that Eﬂ[fz] =1, E;[f] =0, we
may rewrite the previous inequality as

e 1= [ B [P1ien] ¢~ B e || < 0

By Schwarz inequality, Ex[f1{ES}? < Ex[f21{ES N (E) so that

e 1 - B[] < a

which proves the proposition. O
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7 Proof of Theorem 2.9

We assume in this section that the state space Ey has been divided in three disjoint
sets E}v = A, 8%, = Band Ay = Eny\Ey, where Exy = A U B. Recall that ng(t)
represents the trace of the process 1(¢) on the set €y and n*(¢) the y-enlargement of
the process 7€ (¢) to the set &y UE*,, where y = yy is a sequence of positive numbers
and & = A* U B*, A*, B* being copies of the sets A, B, respectively. Denote by
9.4, 9B the spectral gap of the process 7(¢) reflected at A, B, respectively.

Let cap, (A*, B*) be the normalized capacity between A* and B*:

cap, (A*, B*)

A B = Dne®)

By [7, Theorem 2.12],

— * P\ 2 T * B* caf *, B*
(1 2, (A B )) < 2B yH2a@ B g,

Y ge B min{g4, gB}
The factor 2, which is not present in [7], appears because we consider the capacity
with respect to the probability measure ., while [7] defines the capacity with ¢ as
reference measure.

Theorem 2.9 is a simple consequence of (7.1). For sake of completeness, we present
a proof of the lower bound of (7.1). Let V be the equilibrium potential between A*
and B*: V(n) = ]P’;’V[H 4+ < Hp«]. We sometimes consider below V as a function
on €. By definition of the spectral gap,

ge < <V’\§_L€)V>ng 7
ary, (V)
where Var,, (V) stands for the variance of V with respect to the measure wg. We
estimate the numerator and the denominator separately.
Since the capacity between A* and B* is equal to the Dirichlet form of the equilib-
rium potential,
(1/2)(V, (=Le)V)ze = cap, (A", B").

A martingale decomposition of the variance of V' gives that
2
Varﬂg (V) = me(A)me(B) (EJTA [Val - Ean [VB]) s

where V4 = V1{A}, Vg = VI{B}. Since cap, (A*, B*) = (V,(—L,)V)y,, since
(LV)(n*) = y[V(n) — 1], where n* is the state in &} corresponding to the
state n € Ey, and since w,(n*) = (1/2)we(n), 2cap, (A*, B*) = yme(A) —
y ZneA we(n)V (n). Therefore,

2 cap, (A*, B*)

Ep [Val=1—- —2>" =7
alVal y we(A)

@ Springer



300 J. Beltran, C. Landim

Repeating the previous argument with 1 — V in place of V we obtain that

2 cap, (A*, B*)

Ex. [Vp] =
» VBl y 7e(B)

Putting together the previous estimates, we conclude the proof of the lower bound of
(7.1). O

8 Applications

We present in this section two applications of Theorems 2.2 and 2.4. Both processes
do not visit points in the time scale where tunneling occurs, in the sense that the
probability that the process visits a specific configuration, in a time interval whose
length is of the order of the tunneling time, vanishes. In particular, these models
do not satisfy the hypotheses of the theory developed in [1,5]. Furthermore, these
models have logarithmic energy or entropy barriers, restraining the application of large
deviations methods. On the other hand, both dynamics are monotone with respect to a
partial order, allowing the use of coupling techniques. The first model, which has only
entropy barriers, was suggested by A. Gaudilliere to the authors as a model for testing
metastability techniques. We prove for to this model the mixing conditions introduced
in Section 2. E. The second one has been examined in details in [11,12]. We apply to
this model the L2-theory presented in Sect. 2. D.

8.1 The dog graph [25]

For N > landd > 2,let Oy = {0, ..., N}" be a d-dimensional cube of length N, let
QN be the reflection of Q y through the origin, QN ={neZl:—ne Oy} andlet
VN = 0OnU Q ~ - Denote by E y the set of edges formed by pairs of nearest-neighbor
sitesof Vy, Exy ={(n,&) € Vy x Vy : [n — &| = 1}. The graph Gy = (Vn, En) is
called the dog graph [25].

Let {n(¢) : t > 0} be the continuous-time Markov chain on G 5 which jumps from
n to & at rate 1 if (, &) € Ex. The uniform measure on Vy, denoted by , is the
unique stationary state. Diaconis and Saloff Coste [25, Example 3.2.5] proved that
there exist constants 0 < c¢(d) < C(d) < oo such that forall N > 1,

2 cQ2 c(d c(d
& SQS—() ind=2a d—()ggg_()
N2 log N N2 log N N4 N4

8.1
in dimension d > 3.

Fix a sequence oy, (logN)_l/2 <Kay < l,andlet By ={n = 1,...,n4) €
Vn iminjn; > ay N}, Ay = ={n € Vy : —n € By}. Denote by g4 and
Tmlx (resp. g and Tm“‘) the spectral gap and the mixing time of the continuous-time
random walk 7 (t) reﬂected at Ay (resp. By). It is well known that there exist finite
constants 0 < ¢(d) < C(d) < oo such that forall N > 1,

c(@) c() -
W7 S 94 S S5 N S TR < C@N (8.2)
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with similar inequalities if B replaces A.

Condition (2.11). Let E§y = Ay U By, and recall the notation introduced in Sect.
2. We claim that condition (2.11) is fulfilled for 6y = N2 log N in dimension 2 and
for Oy = N9 in dimension d > 3. Indeed, if 7 Ay» TBy» Te represent the uniform
measure 7 conditioned to Ay, By, €y, respectively, by (2.12),

Eg, [R® (0, BN)] = capy (AN, By).

w(An)

By the Dirichlet principle, the capacity is bounded by the Dirichlet form of any function
which vanishes on Ay and is equal to 1 on B . In dimension d > 3 we simply choose
the indicator of the set Q. Indimension 2,let Dy = {n € On : nm1 +n2 =k}, k> 0.
Fix 1 < L < N and consider the function f7, : Oy — Ry defined by f(0) =0,

k

1 1
n) = —— - eDy, 1<k<L, (8.3)
Jfr(n (L) &) n € Dy

where ®(L) = Zlgst ' and f1(n) = 1 otherwise. It is easy to see that the
Dirichlet form of f; is bounded by Co(N?log L)™' for some finite constant Cj.
Choosing L = N9, for some 0 < a < 1, we conclude that there exists a finite
constant Cg such that

Co Co
capy(Ay, By) =< m, d=2, capy(An,Byn) = Nd’ d>3.(84)

Condition (2.11) follows from this estimate and the definition of the sequence 6.
Condition (L1B) in Lemma 2.10. By Lemma 6.1 and by the previous estimate of the
capacity, there exists a finite constant C such that ge < Co[N?log N]~! in dimension
2and ge < CoN ~d in dimension d > 3. Condition (L1B) is thus fulfilled in view of
(8.2).

Condition (L4) in Theorem 2.4. We claim that there exists a sequence T satisfying
the conditions (L4) if vy is a sequence of measures concentrated on Ay and such that

) 1 v\
1 —FE — =0, 8.5
Ngnoo Ry e |:(7Tg) :| (8.5)

where Ry = log N in dimension d = 2, and Ry = N?=2 in dimension d > 3. Let
My be an increasing sequence, My > 1, for which (8.5) still holds if multiplied by
My . Since cap, (A%, By) < cape(An, By), by Corollary 4.2, by [1, Lemma 6.9],
by (8.4) and by (8.5) multiplied by My,

. & 2
Jim P [Hy, < N2 My | =o.
The strategy proposed in Sect. 6 permits to weaken assumption (8.5).
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Lemma 8.1 Let Ty be a sequence such that Ty < 0‘12\1 N? log N in dimension 2, and
Tn K 01% N? in dimension d > 3. Then,

lim max P, |Hp, <Tn|=0.
N—o00 neAy Tl[ v = N]

Proof In view of the definition of a, we may assume that Ty >> N2. We present the
arguments in dimension 2, the case of higher dimension being similar. Fix a sequence
nV e An.Let yy = Ty ! and denote by n*(¢) the y-enlargement of the process 7(t)
on Vy UV}, as defined in Sect. 2. Here, Vy represents a copy of Vy, and the process
n*(¢) jumps from 7 to n* (and from n* to n) at rate . Denote by IP’% the probability
measure on the path space D(R,, Viy U Vy) induced by the Markov process 17*(¢)
starting from 7.

Let W be the equilibrium potential W () = IP’%[HO < H o1, ], where 0 represents

the origin. In view of Lemma 4.1, it is enough to show that W (n) vanishes as N 1 oc.
By the Dirichlet principle,

(W, (=Lo)W)5, = cap,(0, Oy) = inf (f, (=La) .. (8.6)

where the infimum is carried over all functions f which vanish on Q’;\, and which are
equal to 1 at the origin. Using the function f7, introduced in (8.3), we may show that
the last term is bounded by Co(N? log N)~! for some finite constant Cy. We used here
the fact that yy < (N log N)~!.

Denote by < the partial order of Z¢ so that n < & if nj <& forl <j<d.
A coupling argument shows that the equilibrium potential W is monotone on On:
Wm < WE) forn < &, n, & € QN. Suppose that W (") does not vanish as
N 7 oo. In this case there exists € > 0 and a subsequence N, still denoted by N,
such that W(n™) > € forall N. Let Uy = {& € QN : 7V < &}. By monotonicity of
the equilibrium potential, W(£) > W(n") > € for all £ € Uy. Therefore,

(W, (—LOW)r, = yn D mEWE)?® = coyneay
&EeUy

for some positive constant cg. This contradicts the estimate (8.6) because yy >
(a3, N?1log N)~!. o

Condition (L4U) The proof of Lemma 8.1 shows that condition (L4U) is in force.

Lemma 8.2 let Ty be a sequence such that Ty < oz[z\, N? log N in dimension 2, and
Iy K a% N4 in dimension d > 3. Then,

lim max PE[Hg, < Ty]=0.
N—>oco neAy '7[ By = N]

Proof Consider the case of dimension 2. In view of the definition of oy, we may
assume that Ty > N2. Let YN = TA71, and fix a sequence nN € Ay . By the proof of
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Lemma 8.1, it is enough to show that ]P’;]é/ [Hpy < Hpys ] vanishes as N 1 oo, where

IP’;”/ has been introduced in Sect. 2 just after the definition of enlargements. Clearly,
Py I:HgN < HA;,] =P, I:HgN < HA;,] < P, [Ho < HA&],

where IE”Z is the probability measure introduced in the proof of Lemma 8.1. Denote
by n* Q(t) the process 1 (¢) reflected at Q ~ and by n™ Oy (t) the y- enlargement of the
process n* Q(t) on Q N U Q - The last probability is clearly equal to Pn NQ YIHy <
r,0,
Py =Y

Hps, ], where is the law of the process n™ 0.y () starting from 7.

Let Al = (e Oy :nj > —ay N}, j=1,2,s0that Oy = Ay UAL UAZ and

. 2
9 ] = 0 ] ¢ S [ <]

We have shown in the proof of Lemma 8.1 that the first term on the right hand side
of the previous formula vanishes as N 1 oo. The other two are one-dimensional
problems.

Let W(n) be the equilibrium potential IP’Z’Q’)/ [H s < H A ]. We claim that
N

lim max W(n) =0.

N—>oo,7€QN

Let Ry be a sequence such that N 2 « Ry < Tx. With respect to the measure

IPr 0y , H o is a mean T exponential time. Hence, ]P’ 0. YIH o, < Ry] vanishes as
N 1 oo. It is therefore enough to show that

lim ]P’r 0Oy

* * Se > = 0.
Jim [H o< Hps, Hy > RN] 0

Ay

By the Markov property, the previous probability is equal to

r,0,y 5 .0y .
E [I{HQYV = RIP S [HA'N’* = HAN]]’

where nr’é(t) is the process n(t) reflected at Q ~. We bound last expectation by
removing the indicator of the set H on > Ry and we estimate the remaining term by

PEOY [Hy < Hag | + 18,50 (Ry) = mgllvr,

where 7 5 is the uniform measure on Q and Sr’Q(t) the Markov semigroup of the

process nr'Q(t). As Ry > N2, which is the mixing time of nr’Q(t), the second term
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vanishes as N 1 oo, while the first term is the expectation of the equilibrium potential
W with respect to the measure T AP L § represents the generator of the Markov

process n* Q(t) we have that L W — yW = —)/1{}1l }. Taking the expectation

with respect to 7 5 we conclude that E 7y (W] =m s 5 (A ), which vanishes as N 1 oo.
This concludes the proof of the lemma.

In view of Lemma 2.10, we have just shown that all assumptions of Theorem 2.4
and Lemma 2.6 are in force. Moreover, by (8.2) and Lemma 8.1, the hypotheses of
Lemma 2.7 are fulfilled for Dy = Ay, Fy = Oy and N2 < Ty < ot,zv (log N) N2.
Hence,

Proposition 8.3 Consider the Markov process n(t) on the dog graph. Assume that
the initial state vy is concentrated on Ay. Then, the time-rescaled order XN X N,lt
9
converges to the Markov process on {1, 2} which starts from 1 and jumps from x to
3—x atrate 1/2. Moreover, in the time scale ggl the time spent by the original process

n(t) on the set Ay = Vy\Ey is negligible.

As alast step, we replace in the previous statement the spectral gap ge of the trace
process by the spectral gap g of the original process. Let Ty be a sequence such that
N2« Ty < otjzv N2 log N in dimension 2, and N? <« Ty <« a% N4 in dimension
d > 3. It follows from Lemma 8.1 and from (8.2) that

lim min P, [ (Ty) € QN] =1
N—oo neAy

Jim max 18, S(Tn) — 7y, Ty =0,

—)007]

where S(¢) is the semigroup of the Markov process 71 (¢). These estimates are the two
ingredients needed, together with monotonicity, in the proof of [11, Proposition 2.9],
aresult which states, among other things, that there exists an eigenfunction fx of the
generator Ly associated to the eigenvalue g such that E [ fy] = 0, E;[ f,%,] =1,
limy || fv |l = 1. Here and below |||« represents the sup norm of a function 4. By
this result and by Proposition 2.1, limy (g/ge) = 1.

8.2 A polymer in the depinned phase [11,12]

Fix N > 1 and denote by E the set of all lattice paths starting at 0 and ending at 0

after 2N steps:
N=meZN" in_y=ny=0,n41—nj =%l —N < j <N}

Fix 0 < o < 1 and consider the dynamics on E y induced by the generator Ly defined

by

N-1 N-1
InHM = D cirf D=l + D ci-lfo)—fml,
j=—N+1 j=—N+1
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for every function f : Ey — R. In this formula /% represents the configuration
which is equal to n at every site k # j and which is equal to n; & 2 at site j. The
jump rate c; 4 (n) vanishes at configurations n which do not satisfy the condition
nj—1 =nj+1 =n; + 1, and it is given by

1/2 ifnj—1 =nj41 # £1,
ci+mM=11/[0d+a&)] ifnj-1=nj41=1,
a/[A+a)] ifnj—1=njp1=-1

for configurations which fulfill the condition ;1 = n;11 = n; + 1. Let —n stand for
the configuration 7 reflected around the horizontal axis, (—1); = —n;,—N < j < N.
The rates c; () are given by ¢; () = ¢j +(—n).

Denote by X (1) the number of zeros in the path n, £ () = ZstjgN 1{n; = 0}.
The probability measure 7y on Ey defined by wx(n) = Zz_,\l,otz("), where Zpy is
a normalizing constant, is easily seen to be reversible for the dynamics generated by
Ly.

By [12, Theorem 3.5], the spectral gap g is bounded above by C(«)(log N)8/N>/?
for some finite constant C(«). Following [11], let € 11\, be the set of configurations in
Ey such thatn; > Oforall —(N —¥¢) < j < (N — {), where £ = £y is a sequence
suchthat | <« £y < N,andlet €2 ={ne Ey:—n€ E}V}, AN = EN\(E}V U E%V).
By equation (2.27) in [11], 7(EL) = 7(E})) = (1/2) + O(€~1/?). Moreover, taking
Ly = (log N4, by [11, Proposition 2.6], for every € > 0, there exists Ny such that
forall N > No, gr1 = gr2 > N—@+6) In conclusion, choosing € small enough and
Ly = (log N)'/4,

g < min{gr1, or2}

for all N large enough, which proves that condition (L1B) is in force.

By [11, Proposition 2.9], there exists an eigenfunction f of the generator Ly such
that Ex[f] = 0, Ex[f*]1 = 1, Lyf = of and || fllc = 1 + on(1) where oy (1)
represents an expression which vanishes as N 1 oo. Therefore, since 7(Ay) — O,
by Proposition 2.1, g/ge converges to 1 as N 1 oo.

Let vy be a sequence of probability measures concentrated on 8}\, and satisfying
condition (2.16). For example, one may define vy (-) as (- | F), where ¥ is a subset
of & }\, such that lim inf y_, oo (&) > c( for some positive constant cg. Define the trace
process n€(r) and the order X N as in Section 2. By Proposition 2.1 and Lemma 2.10,
and in view of the previous remarks, the time-rescaled process XZN =X f\/’ g converges
to a Markov process on {1, 2} which starts from 1 and jumps from x to 3 — x at rate
1/2. Moreover, by Lemma 2.3, the time spent by the process n(¢) on the time scale
g~ ! outside the set €y is negligible.

The difference between this result, derived from a general statement, and Theorems
1.3 and 1.5 in [11] is that we require in Theorem 2.2 the initial state to be close to
the stationary state of the reflected process in one of the wells, while [11] allows the
process to start from any state in one of the wells. This strong assumption on the initial
condition permits to consider larger wells and to have an explicit description of these
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wells. To prove tunneling for a process starting from a state, one needs to show that
the mixing conditions (L4U) are in force.
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