Probab. Theory Relat. Fields (2014) 160:47-94
DOI 10.1007/s00440-013-0523-y

Displacement convexity of entropy and related
inequalities on graphs

Nathael Gozlan - Cyril Roberto -
Paul-Marie Samson - Prasad Tetali

Received: 7 September 2012 / Revised: 30 July 2013 / Published online: 18 August 2013
© Springer-Verlag Berlin Heidelberg 2013

Abstract We introduce the notion of an interpolating path on the set of probability
measures on finite graphs. Using this notion, we first prove a displacement convexity
property of entropy along such a path and derive Prékopa-Leindler type inequalities, a
Talagrand transport-entropy inequality, certain HWI type as well as log-Sobolev type
inequalities in discrete settings. To illustrate through examples, we apply our results
to the complete graph and to the hypercube for which our results are optimal—by
passing to the limit, we recover the classical log-Sobolev inequality for the standard
Gaussian measure with the optimal constant.
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1 Introduction

In recent years, Optimal Transport and its link with the Ricci curvature in Riemannian
geometry attracted a considerable amount of attention. The extensive modern book by
Villani [57] is one of the main references on this topic. However, while a lot is now
known in the Riemannian setting (and more generally in geodesic spaces), very little
is known so far in discrete spaces (such as finite graphs or finite Markov chains), with
the notable exception of some notions of (discrete) Ricci curvature proposed recently
by several authors—unfortunately there is not yet a satisfactory (universally agreed
upon) resolution even there—see Bonciocat-Sturm [6], Erbar-Maas [13], Hillion [19],
Joulin [23], Lin-Yau [30], Maas [32], Mielke [38], Ollivier [39], and recent works on
the displacement convexity of entropy by Hillion [20], Lehec [26] and Léonard [29].

In particular, the notions of Transport inequalities, HWI inequalities, interpolating
paths on the measure space, displacement convexity of entropy, are yet to be properly
introduced, analyzed and understood in discrete spaces. This is the chief aim of the
present paper, and of a companion paper [17]. Due to its theoretical as well as applied
appeal, this subject is at the intersection of many areas of mathematics, such as Cal-
culus of Variations, Probability Theory, Convex Geometry and Analysis, as well as
Combinatorial Optimization.

In order to present our results, let us first introduce some of the relevant notions in
the continuous framework of geodesic spaces, see [57].

A complete, separable, metric space (X, d) is said to be a geodesic space, if for
all xg, x; € A, there exists at least one path y: [0, 1] — X such that y(0) = xo,
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Displacement convexity on graphs 49

y(1) = x1 and
d(y(s),y (@) = |t —s|d(x0, x1), Vs, t€[0,1].

Such a path is then called a constant speed geodesic between x( and xj.
Then, for p > 1, let P, (X)) be the set of Borel probability measures on X’ having
a finite p-th moment, namely

Pp(X) := § n Borel probability measure : /d(xo,x)pu(dx) <4ooyt ,
X

where x, € & is arbitrary (P, (X) does not depend on the choice of the point x,) and
define the following L ,-Wasserstein distance: for vp, v; € P, (&), set

1/p
W, (vo, v1) = ( inf [// d(x, )P dm(x, y)]) , (1.1)
el (vo,v1)

where T1(vg, v1) is the set of couplings of vy and v.

The metric space (P, (X), W) is canonically associated to the original metric
space (X, d). Namely, if p > 1, (P,(X), W,) is geodesic if and only if (X, d) is
geodesic, see [54].

A remarkable and powerful fact is that, when & is a Riemannian manifold, one
can relate the Ricci curvature of the space to the convexity of entropy along geodesics
[8,31,36,45,53,56]. More precisely, under the Bakry-Emery CD(K, co) condition
(see e.g. [2]), namely if the space (X, d, ) is such that Ric + Hess V > K, where
wu(dx) = e~V® dx, then one can prove that for all vy, v; € P,(X) whose supports
are included in the support of w, there exists a constant speed W»-geodesic {v;};¢[0,1
from vg to vy such that

K
Hw) < —t)H(volpw) +tH (i) — 7t(1 — Wi, v1) Vi e[, 1],
(1.2)

where H (v|u) denotes the relative entropy of v with respect to u. Equation (1.2) is
known as the K -displacement convexity of entropy. In fact, a converse statement also
holds: if the entropy is K-displacement convex, then the Ricci curvature is bounded
below by K. This equivalence was used as a guideline for the definition of the notion
of curvature in geodesic spaces by Sturm-Lott-Villani in their celebrated works [31,
54,55].

Moreover, it is known that the K -displacement convexity of entropy is a very strong
notion that implies many well-known inequalities in Convex Geometry and in Proba-
bility Theory, such as the Brunn-Minkowski inequality, the Prékopa-Leindler inequal-
ity, Talagrand’s transport-entropy inequality, HWI inequality, log-Sobolev inequality
etc., see [57].

@ Springer



50 N. Gozlan et al.

The question one would like to address is whether one can extend the above theory
to discrete settings such as finite graphs, equipped with a set of probability measures
on the vertices and with a natural graph distance.

Let us mention two main obstructions. Firstly, W,-geodesics do not exist in discrete
settings (the reader can verify this fact by considering two nearest neighbors x, y in the
graph G = (V, E) and constructing a constant speed geodesic between the two Dirac
measures &y, y at the vertices x and y). On the other hand, the following Talagrand’s
transport-entropy inequality

W3 (vo, ) < C H(volw), Vg € Pa(V) (1.3)

(for a suitable constant C > 0) does not hold in discrete settings unless p is a Dirac
measure! From these simple observations we deduce that W is not well adapted either
for defining the path {v;};¢[0,1] or for measuring the defect/excess in the convexity of
entropy in a discrete context.

In this paper, our contribution is to introduce the notion of an interpolating path
{vt}req0.1) and of a weak transport cost T, (that in a sense goes back to Marton [33,34]).
These will in turn help us to derive the desired displacement convexity results on finite
graphs.

Before presenting our results, we give a brief state of the art of the field (to the best
of our knowledge).

Ollivier and Villani [40] prove that, on the hypercube €2,, = {0, 1}", for any proba-
bility measures vg, v1, there exists a probability measure vy, (concentrated on the set
of mid-points, see [40] for a precise definition) such that

1 1 (.
Hyplp) < EH(VOIM) + EH(WIM) - @Wl (vo, v1),

where . = 1/2" is the uniform measure and W is defined with the Hamming distance.
They observe that, this in turn implies some curved Brunn-Minkowski inequality on
2,,. The constant 1/n encodes, in some sense, the discrete Ricci curvature of the
hypercube in accordance with the various definitions of the discrete Ricci curvature
(see above for references).

Maas [32] introduces a pseudo Wasserstein distance WV, that corresponds to the
geodesic distance on the set, P(£2,), of probability measures on the hypercube €2,
equipped with a Riemannian metric. (In fact, his construction is more general and
applies to a wide class of Markov kernels on finite graphs.) This metric is such that the
continuous time random walk on the graph becomes a gradient flow of the function
H (-|p). This is further developed by Erbar and Maas [13] who prove, inter alia, that
if {vr}s¢q0,17 is a geodesic from vy to vy, then

1
Hilp) = (1= Hwolp) + tH(vi|p) — —1(1 = HDWs(vo,v1), Vi €0, 1],

where . = 1/2" is the uniform measure. Independently, Mielke [38] also obtains sim-
ilar results. As a consequence of their displacement convexity property, these authors
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Displacement convexity on graphs 51

derive versions of log-Sobolev, HWI and Talagrand’s transport-entropy inequalities
(involving W, and W) distances) with sharp constants. Very recent works of Erbar
[12] and Gigli-Maas [15] derive further results with the pseudo metric, demonstrating
that the metric also works, in a certain sense, in continuous settings.

In a different direction (at the level of functional inequalities), besides the study of
the log-Sobolev inequality which is now classical (see e.g. [1,48]), Sammer and the
last named author [49,50] studied Talagrand’s inequality in discrete spaces, with W
on the left hand side of (1.3). They also derived a discrete analogue of the Otto-Villani
result [41]: that a modified log-Sobolev inequality implies the W;-type Talagrand
inequality. Connected to this, a few years ago, following seminal work of Bobkov
and Ledoux [3], several researchers independently realized that modified versions of
logarithmic Sobolev inequalities helped capture refined information that was lost while
working with the classic log-Sobolev inequality of Gross. In the discrete setting of finite
Markov chains, one such modified log-Sobolev inequality has been instrumental in
capturing the rate of convergence to equilibrium in the (relative) entropy sense, see e.g.
[5,7,10,14,16,46,48]. The current state of knowledge in identifying precise sufficient
criteria to derive bounds on the entropy decay (or on the corresponding modified log-
Sobolev constants) is unfortunately rather meagre. This is an independent motivation
for our efforts at developing the discrete aspects of the displacement convexity property
and related notions.

Now we describe some of the main results of the present paper. At first, we shall
introduce the notion of an interpolating path {v] };c[0,1], on the set of probability
measures on graphs, between two arbitrary probability measures v, vi. In fact, we
define a family of interpolating paths, depending on a parameter w € II(vp, v1),
which is a coupling of vg, v;. The construction of this interpolating path is inspired by
a certain binomial interpolation due to Johnson [22], see also [19-21]. In particular,
we shall prove that such an interpolating path, for a properly chosen coupling 7 *—
namely an optimal coupling for Wi—is actually a Wj constant speed geodesic: i.e.,
Wi, vT) = |t — s|Wi(vo, v1) for all 5,7 € [0, 1], with W; defined using the
graph distance d (see Proposition 2.2 below). Such a family enjoys a tensorization (see
Lemma 2.3) that is crucial in our derivation of the displacement convexity property
on product of graphs.

Indeed, we shall prove the following tensoring property of a displacement convexity
of entropy along the interpolating path {v] };¢[0,17. This is one of our main results (see
Theorem 1.1 below). In order to state the result, we define here the notion of a quadratic
cost, which we will elaborate on, in the later sections.

Let G = (V, E) be a (finite) connected, undirected graph, and let P(V) denote
the set of probability measures on the vertex set V. Given two probability measures
vo and vy on V, let I1(vg, v1) denote the set of couplings (joint distributions) of vy
and vy.

Given m € Il(vg, v1), consider the probability kernels p and p defined by:
p(x,y) = 8, (y) (the Dirac mass at x evaluated at site y) if vo(x) = 0, p(x, y) = §,(x)
if v1(y) = 0, and otherwise

T(x,y) =vo(x)p(x,y) =vi(y)p(y,x), x,y €V,
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and set 2 5
L) := > | Do de, »peey) | wx), b= Zd(x,y)ﬁ(y,X)) V1Y)
xeV \yeV yeV \xeV
(1.4)
2
D)= DD de, px,y) | - (1.5)

xeV yeV

Let i be a (reference) probability measure in P (V') charging all points (i.e. such
that (x) > 0 for all x € V). We say a graph G, equipped with the distance d and
the probability measure u, satisfies the displacement convexity property (of entropy),
if there exists a C = C(G,d, n) > 0, so that for any vy, vi € P(V), there exists a
7w € [1(vg, vy) satisfying:

HOT |p) < (1= HWlp) + tHWi|p) — Ct(1 = ) (Ia(x) + L)), Vi €[0,1].

The quantity /> (;r) goes back to Marton [33,34] in her definition of the following
transport cost, we call weak transport cost:

W3, v1) := inf L)+ inf  L(n).

mell(vg,vy) well(vy,vy)
For more on this Wasserstein-type distance, see [11,35,51]. The precise statement of

our tensorization theorem is as follows. For a graph, by the graph distance between
two vertices, we mean the length of a shortest path between the two vertices.

Theorem 1.1 Fori € {1, ..., n}, let /,Li be a probability measure on G; = (V;, E;),
with the graph distance d;, that charges all points. Assume also that for each i €
{1, ..., n} there is a constant C; > 0 such that for all probability measures vy, vi on
Vi, there exists 1 = ' € T1(vo, v1) such that it holds

HOT 1) < (1=0) H (wolu))+1H vy |) = Cit (1 = ) (L) + L(w) Vi € [0, 1].
Then the product probability measure 1 = ' ® --- @ " defined on the Cartesian
product G = (V, E) = G- --UG, (see Sect. 1.1 for a precise definition) verifies
the following property: for all probability measures vo, vi on V, there exists 1 =
7™ e M(vy, v1) satisfying,

HOJ 1) < (1=0H (ol )+t Hw ) = Ci(l — (1" () + IV (r) v € 10,11,
where C = min; C;,

o= 3 S S aen 2] ww e

vo(x)

xeVix--xV, i=1 \yeVix--xV,
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and

2

TOP S (x,y)
L= > > D dit ) o) | v A

yeVix--xV, i=1 \xeVix.-xV,

(and with I(r) = 12(1)(71) and similarly for I>(r)). The same proposition holds
replacing () + () by Jo(r) and 12(")(71) + 1_2(") () by 12(")(71), where

2

n

B =>1 > diym@y) | - (1.8)

i=1 \x,yeVyx--xV,

In particular, as a consequence of the above tensorization theorem, we shall prove
that, given two probability measures vg, v; on the hypercube 2, = {0, 1}", there
exists a coupling 7 such that

1 ~
HOT |w) < (1= 0 H (vol) + 1 H (i) = 51(1 = HW (v, vi)?, Vi €0, 1]
(1.9)

where s any product of non-trivial Bernoulli measures and WZ")(UO, v)? =
inf 7z e, vi) I2 (71) + infrem(g,vy) ]2 (7t) As it is easy to see, the weak trans-
port cost Wz is weaker than W5, but stronger than W;. Moreover, Wz(vo, vy) >
5W2(vo, v1) (see below) so that (1.9) captures, in a sense, a discrete Ricci curvature
of the hypercube (see [40] and references therein).

As a by-product of the displacement convexity property above, we shall derive a
series of consequences. More precisely, we shall first derive a so-called HWI inequality.

Proposition 1.2 Let i be a probability measure charging all points on V", the ver-
tex set of a product graph G = GO ---0G. Assume that p verifies the following

displacement convexity inequality: there is some ¢ > 0 such that for any probability
measures vy, v on V", there exists a coupling w € T1(vg, v1) such that

H ) < (1=1)H (volp)+1H (i |w) —ct (1 — ) (13" () + I () Ve € [0, 1].
Then w verifies

H(volp) = H(vi|w)

2
. o) () @
+ ZZ > (log e log M(Z)) o)y I ()
xeV"i=1 | zeN;(x) +

— (I () + IV (7)), (1.10)
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for the same w € T1(vg, v1) as above, where N;(x) is the set of neighbors of x in the
i-th direction: N;(x) = {z € V*;d(x,z) = 1 and x; # z;}.

On the hypercube 2, = {0, 1}", the latter implies the following log-Sobolev-type
inequality [that can be seen as a reinforcement of a discrete modified log-Sobolev
inequality (see Corollary 5.4)]: if i is a product of non-trivial Bernoulli measures, for
any f: Q, — (0, 00), it holds

1 " 1~
Ent,(f) = 5 >, > [log () —log f(@i ()]} fn() = S W3 (fulw),

x€Qy i=1
where o; (x) = (x1,...,Xi—1, | — Xj, Xi4+1, ..., X,) is the vector x = (x1, ..., Xxp)
with the i-th coordinate flipped, and the constant 1/2 (in front of the Dirichlet form)
is optimal.

From this, by means of the Central Limit Theorem, the above reinforced modified
log-Sobolev inequality actually leads to the usual logarithmic Sobolev inequality of
Gross [18] for the standard Gaussian, with the optimal constant (see Corollary 5.5).

In a different direction, we also prove that the displacement convexity along the
interpolating path {v] };c[0,17 implies a discrete Prékopa-Leindler Inequality (Theo-
rem 6.3), which in turn, as in the continuous setting, implies a logarithmic Sobolev
inequality and a (weak) transport-entropy inequality of the Talagrand-type:

W3(lu) < C Hwlp), v

for a suitable constant C > 0.

These implications and inequalities are studied in further detail—their various
links with the concentration of measure phenomenon and with other functional
inequalities—in the companion paper [17].

We may summarize the various implications that we prove in the following diagram:

’ Displacement convexity‘
4 { N

Prékopa-Leindler U
N U &

’ Modified log-Sob | Weak transport‘

llog-Sob for the Gaussian‘

In summary, our paper develops various theoretical objects of much current inter-
est (the interpolating path {v]" };¢f0,17, the weak transport cost W, the displacement
convexity property and its consequences) in a discrete context. Our concrete examples
include the complete graph and the hypercube. However, our theory applies to other
graphs (not necessarily product type) that we will collect in a forthcoming paper. Also,
we believe that our results open a wide class of new problems and new directions of
investigation in Probability Theory, Convex Geometry and Analysis.
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Finally, we mention that, during the final preparation of this work, we learned
that Erwan Hillion independently introduced the same kind of interpolating path, but
between a Dirac at a fixed point 0 € G of the graph and any arbitrary measure (hence
without coupling ), and derive a certain displacement convexity property [20] along
the interpolation. In [20], the author also deals with the f - g decomposition introduced
by Léonard [29].

Our presentation follows the following table of contents.

1.1 Notation

Throughout the paper we shall use the following notation.

Graphs G = (V, E) will denote a finite connected undirected graph with the vertex
set V and the edge set E. For any two vertices x and y of G, x ~ y means that x and
y are nearest neighbors (for the graph structure of G), i.e. (x,y) € E. We use d for
the graph distance defined below.

Given two graphs G| = (V1, E1), Go = (Va, E»), with graph distances dj, d»
respectively, we set G| 0 G> = (V) x V,, E1 O Ey) for the Cartesian product of the
two graphs, equipped with the ¢! distance d(x,y) = di(x1, y1) + da(x2, y2), for all
x = (x1,x2), y = (y1, y2) € G1 xG2.More precisely, ((x1, x2), (y1, y2)) € E1J E
if either x; = yj and xo ~ y», or x; ~ yj and xp = y,. The Cartesian product of G
with itself will simply be denoted by G2, and more generally by G", for all n > 2.

Paths and geodesics A path y = (xg, x1, ..., X,) (of G) is an oriented sequence of
vertices of G satisfying x;_1 ~ x; forany i = 1..., n. Such a path starts at xo and
ends at x,, and is said to be of length |y | = n. The graph distance d (x, y) between two
vertices x, y € G is the minimal length of a path connecting x to y. Any path of length
n =d(x,y) between x and y is called a geodesic between x and y. By construction,
any geodesic is self-avoiding. We will denote by I"(x, y) the set of all geodesics from
x toy.

We will say that a path y = (xg, x1, ..., x,) crosses the vertex z € V, if there
is some k such that z = xi. In this case, we will write z € y. Given z € V, we set
C(z) = {(x, y) such that z € y for some y € I'(x, y)} for the set of couples such that
some geodesic joining them goes through z. Conversely, if z belongs to some geodesic
between x and y, we shall write z € [[x, y] and say that z is between x and y. Finally,
for all x, y,z € V, we will denote by I'(x, z, y), the set of geodesics y € I'(x, y)
such that z € y. This set is nonempty if and only if z € [x, y].

Probability measures and couplings We write P (V) for the set of probability measures
on V. Given a probability measure v € P(V) and a function f: V — R, v(f) =
> .cv V(2) f(2) denotes the mean value of f with respect to v. We may also use the
alternative notation v(f) = [ f(x)v(dx) = [ f(x)dv(x) = [ fdv.

Let v, u € P(V); the relative entropy of v with respect to u is defined by

d;logfll—l‘idu ifv<p

m
00 otherwise

H|p) = [{L
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where v < © means that v is absolutely continuous with respect to u, and j—l‘i denotes
the density of v with respect to . Also, the total-variation distance is defined by
v = pliry = ey ) = p@)1-

Given adensity f: V — (0, co) with respect to a given probability measure u (i.e.
w(f) = 1), we shall use the following notation for the relative entropy of fu with
respect to

Ent, (/) i= H(ful) = [ f1og fdu.

If f: V — (0, 00) is no longer a density, then Ent, (f) := fflog(f/,u(f)) du.

Given two graphs G| = (V, E1) and G, = (V2, E») and a probability measure
uw € P(V1 x V) on the product, we disintegrate | as follows: let ,lLl be the first
marginal of u, i.e. ,ul(xl) = szevz u(xy, x2) = u(xy, Vp), for all x; € Vi, and set
w2 (x2]x1) so that

w(xr, x2) = epp(alxr),  Y(x1,x2) € Vi x Va, (1.11)

with the convention that p2(-|x;) = 8y, () (the Dirac mass at site x1) if wl(xy) = 0.
Equation (1.11) will be referred to as the disintegration formula of .

Recall that a coupling 7 of two probability measures p and v in P (V') is a probability
measure on V2 so that & and v are its first and second marginals, respectively: i.e.
w(x,V)=pukx)and 7(V,y) = v(y), forall x, y € V. Given u, v € P(V), the set
of all couplings of © and v will be denoted by IT(u, v).

Moreover, given two probability measures i and v in P(V), we denote by P (u, v)
the set of probability kernels' p such that

D u@p, ) =v(), VyeV,

xeV

By construction, given p € P(u, v), one defines a coupling w € IT1(u, v) by setting
w(x,y) = pux)px,y), x,y € V. Conversely, given a coupling 7 € IT(u, v), we
canonically construct a kernel p € P(u, v) by setting p(x, y) = mw(x, y)/u(x) when
u(x) #0and p(x, y) = §x(y) otherwise.

Warning 1: In the sequel, it will always be understood, although not explicitly
stated, that p(x, y) = §,(y) if u(x) = 0 and similarly in the disintegration formula
(1.11).

Warning 2: Throughout, we will use the French notation C* := (G) = Wlk)' for
the binomial coefficients.

1 We recall that p:V xV — [0, 1] is a probability kernel if, for all x € V, Zer px,y)=1
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Displacement convexity on graphs 57

2 A notion of a path on the set of probability measures on graphs

The aim of this section is to define a class of paths {{v] };c[0,17, m € I (vo, v1)},
between probability measures vg, vy, on graphs. As proved below, for some optimal
m*, the path {v] *},e[o, 1] is a geodesic, in the space of probability measures equipped
with the Wasserstein distance W; (see below). It has the nice feature of allowing
tensorization.

2.1 Construction

Inspired by [22], we will first construct an interpolating path between two Dirac
measures 8, and 8y, for arbitrary x, y € V, on the set of probability measures P(V).
Fix x, y € V and denote by I" the random variable that chooses uniformly at random
a geodesic y in I'(x, y). Also, for any ¢ € [0, 1], let N; ~ B(d(x, y), t) be a binomial
variable of parameter d(x, y) and ¢, independent of I" (observe that Nyo = 0 and
N1 = d(x, y)). Then denote by X; = I'y, the random position on I" after N; jumps
starting from x. Flnally, set v; Y for the law of X;.

By construction, v, is clearly a path from §, to dy. Moreover, for all z € V, we
have
v = D PX; =zl =y,zeNPC=y,z€y)
yer(x.y)
1.¢
— d(x.2) d d €y
= 2 Coupy P —pl? INCR
yel(x,y)
Therefore

X,y _ d(X 2) d(x 2) d(y,z) I"(x, z, y)|
M@= Caan =T ARG

For all z between x and y we observe that
IT'(x, z, M= T(x, 2] x [I'(z, y), 2.1

since there is a one-to-one correspondence between the sets of geodesics from x to z and
from z to y, and the set of geodesics from x to y that cross the vertex z, just by gluing the
path from x to z to the path from z to y, and by using thatd(x, y) = d(x, z) +d(z, y).
Therefore v;  takes the form

r r
1)tx,y(z) _ (x 2)d(x, Z)(l t)d(y ,2) IT'(x, 2)| x |I'(z, )|

Cagey! T, )] zeleyl- (22)

Observe that, for any x, y € V and any ¢ € (0, 1), v;"* = v",.

Remark 2.1 Tn the construction above of the interpolation v; ”, the choice of the bino-
mial random variable for the number N; of jumps might seem somewhat ad hoc;
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however, in Proposition 2.5 below, we show that in fact the choice is necessary for
;" to tensorise over a (Cartesian) product of graphs.

Given the family {v; '}, y» We can now construct a path from any measure vy €
P(V) to any measure v; € P(V). Namely, given a coupling = € I1(vp, v1) of vy and
v1, we define

Vi) = D m v, Vielo . 2.3)
()c,y)eV2
By construction we have vg = vg and vf = vj. Furthermore, observe that, if

vy = 8y and vy = 8y, then necessarily 7 = §; ® 8 and thus v = v;"”.

We end Sect. 2.1 with two specific examples.
2.1.1 The complete graph K,
Let K, be the complete graph with n vertices. Then, given any two points x, y € K,
there exists only one geodesic from x to y, namely I'(x, y) = {(x, y)}. Hence, by
construction of v,”, we have

viY(Z)=0Vz£x,y; viY(x)=1—1t, and v,V (y) =1 2.4)

Therefore, for any coupling 7 with marginals vy and vy (two given probability mea-
sures on K,), we have for any z € K,

@ = > v orey =D vt @ren+ D) v @)

x.)eC() vek, xek,
=(1-1 Z m(z,y) +1t Z 7(x,2) = (1 — )vo(z) + tvi(2).
yek, xekKy,

As a conclusion, on the complete graph, v is a simple linear combination of vy and
v1 that does not depend on 7, namely {{v] };c0,1], 7 € II(vo, v1)} = {{tvo + (1 —
Dvilieo,17}-

2.1.2 The n-dimensional hypercube 2,

Consider the n-dimensional hypercube 2, = {0, 1} whose edges consist of pairs of
vertices p that differ in precisely one coordinate. The graph distance here coincides
with the Hamming distance:

n
d(x,y) =D Ny, x.y€Q.

i=1

Then, one observes that [I"(x, y)| = d(x, y)! [since, in order to move from x to y in
the shortest way, one just needs to choose, among d(x, y) coordinates where x and y
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differ, the order of the flips (i.e. moves from x; to 1 — x;)]. It follows from (2.2) that,
as soon as z belongs to a geodesic from x to y,

: d(x, d(x,2)'d(y, 2)!
V;V Y(z) = Cd((;;;td(x’z)(l _ t)d()hz) TR — td(x,z)(] _ t)d(y,z)’

and v; Y (z) = 0 if z does not belong to a geodesic from x to y.
Given two probability measures on €2,, and a coupling 7 on 2, x £,, we can
finally define

i) = D 1A=t g (x, y).
(x,y)eQ2

2.2 Geodesics for W

Next we prove that, when 7 is well chosen, (V] );¢[0,1] is a geodesic from v to vy on
the set of probability measures P (V') equipped with the Wasserstein L-distance Wj.
Given two probability measures u and v on P(V), recall that

Wi(w,v) =  inf // dx,y)n(dxdy)= inf E[d(X,Y)].
well(vg,vr) X~u,Y~v

The following result asserts that (v] *),6[0’1] is actually a geodesic for W when
7* is an optimal coupling. For simplicity we assume here that V is finite so that 7 *
always exists (but is not necessarily unique).

Proposition 2.2 Assume that V is finite. Then, for any probability measures vy, vy €
P V), it holds

WiE 0T ) = |t — s|Wi(vo, 1) Vs, € [0, 1]

where m* is an optimal coupling in the definition of Wi (vg, vi) and where vf* is

defined in (2.3).

Proof Fix two probability measures vy, vi € P(V) and 7* an optimal coupling in the
definition of Wy (vg, v1) (since P (V) is compact 7 * is well defined). For brevity, set
v = f "

First, we claim that it is enough to prove that

Wi(vs, vy) < (t — s)Wi(vg, v1), Vs,t € [0, 1] withs < ¢. 2.5)
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Indeed, assume (2.5), then recalling that W is a distance (see e.g. [57]), by the triangle
inequality we have

Wi(vo, v1) < Wi(vo, vs) + Wi(vg, ve) + Wiy, v1)
sWi(vo, v1) + (& — s)Wi(vo, vi) +tWi(vo, v1)

Wi (vo, v1).

IATA

Hence, all the inequalities used above are actually equalities, which guarantees the
conclusion of the proposition and hence the claim.

Now, we prove (2.5). Let (X, Y) be a random couple with the law 7*. Fix s < ¢, it
suffices to construct a random couple (X, X;) with marginal laws v and v; so that

Eld(Xs, X)] = (1 = 9)E[d(X, V)] = (t — s)W1i(vo, v1).

From the last observation, let us remark that such a couple (X, X;) will therefore
realize

Eld(Xs, X1 = Wi(vs, vp).

Let ((U i Vti))i>1 be an independent identically distributed sequence of random
couples in {0, 1}?, independent of X and Y. We choose the law of (Usl, V,l) given by

PUL, v =©0,0)=1—-1, P(U, V)= 1)=1—-s5,

P(UL VY = 1,00 =0 PULVH=(01)=s,

so that U! and V! are Bernoulli random variables with respective parameters s and 7,
and we have

E(U; = V') = —s).

Given (X, Y) = (x, y), withx, y € V, let (Ny, N;) denote the random couple defined
by

d(x,y) d(x,y)

Ny= D> UL N=> V.
i=1 i=1

Then the laws of Ny and N, given (X, Y) = (x, y) are respectively B(d(x, y), s) and
B(d(x,y), ), the binomial distribution with parameters d(x, y), s and ¢ respectively.

Finally, given (X, Y) = (x,y), with x, y € V, let I denote a random geodesic
chosen uniformly in I'(x, y), independently of the sequence ((U{, V/")),, and let
X; = I'y, be the random position on I" after Ny jumps and X; = I'y, be the random
position on I' after N; jumps. By definition, the law of X and X, are respectively vy
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and v and one has d(X, X;) = |N; — N;|. Moreover, according to this construction,
one has

d(X,Y) d(X,Y)
Eld(X,, X)) =E[IN, - NI =E || > vi= > v
i=l i=1

d(X.,Y) d(X,Y)
<E| X |vi-Vi||=E| X E[jui-V/
i=1

]

This completes the proof of (2.5) and Proposition 2.2. O

2.3 Tensoring property

In this section we prove that the path (v; "~ )ie[0,1] constructed in Sect. 2.1 does ten-
sorise. This will be crucial in deriving the displacement convexity of the entropy on
product spaces. Moreover we shall prove that, in order to have this tensoring prop-
erty, the law of the random variable N; introduced in the construction of the path
(v;"¥)re[0.1), must be, modulo a change of time, a binomial (see Proposition 2.5 below).
The tensoring property of the path (v, ”);c[0.1] is the following.

Lemma 2.3 Let G| = (Vy, E1), Gy = (Va, E3) be two graphs and let G = G 0 G,
be their Cartesian product. Then, for any x = (x1,x2), y = (¥1, y2) and z = (21, 22)
inVy XV,

X,y X1, )1 X2,¥2
v (2) = (zD)v; (22).

Proof Fix x = (x1,x2), y = (y1, y2) and z = (21, z2) in V] x V». Then, we observe
that, given two geodesics, one from x1 to yj, and one from x; to y,, one can construct
exactly CZ((;”‘{ D different geodesics from x to y (by choosing the d(x1, y1) positions
where to change the first coordinate, according to the geodesic joining x to y;, and
thus changing the second coordinate in the remaining d (x3, y2) = d(x, y) —d(x1, y1)
positions, according to the geodesic joining x> to y2). This construction exhausts all

the geodesics from x to y. Hence,

d(xi,
I (x, )| = b3V D@, yn)l x Tz, o). (2.6)

Observe also that z belongs to some geodesic from x to y if and only if z; and z;
belong respectively to some geodesic from xj to yj, and from x; to y;. Therefore, by
(2.1), it follows that

d(xy, d(zy,
ID(x, 2, ) = CoaL gV ID (. 21yl % 1T (2, 22, 32)-
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So, it holds that

Yy _ A2 d(x) g d(y,z)w
v (@) = Cyi )t (-0 IT(x, y)I

d(x,2) ~d(x1,21) ~d(y1,21)
Capy Cacs) Catn (G130 (] _ pd012) LNCITRIER D) JPTENEN)

d(x1,y1)
Cd(x,y) IT(x1, y1)|
x (1 — t)d(yszZ)M
I (x2, y2)|

— U;‘la)’l (Zl)thZy,VZ (12)5

where we used that d(x, z) = d(x1, z1) +d(x2, 22), and similarly for d(y, z), and the
fact (that the reader can easily verify) that

Cd(xyz) Cd(m ,Z1)Cd(y1,z1)

d(x,y)~d(x,z) “d(y,z) — 462 pd(x2,22)
Cd(xl,)n) T Yd(x,y) Td(x2,y2)”
d(x,y)

m}

Remark 2.4 (The hypercube €2,,) In the case of the hypercube €2,,, using the tensoring
property, one can recover that v, ” (z) = 143 (1 — £)?(2 as soon as z belongs to a
geodesic from x to y, and O otherwise. Indeed, observe that Eq. (2.4) can be rewritten
for the two-point space as follows, for all coordinates:

v-txi»)’i (zi) = ]l{xi,yi}(Zi)td(xi’zi)(l _ t)d()’ivzi).

Hence, by Lemma 2.3,

n
@ = [ @) = 10D = e,
i=1
as soon as z belongs to a geodesic from x to y, and 0 otherwise, which proves the
claim.
Proposition 2.5 In the construction of v, >, t € [0, 1], use a general random variable
N,d(x‘y) € {0,1,...,d(x, )}, of parameter d(x, y) andt, that satisfies a.s., Ng(x’y) =

0 and Nf(x’y) = d(x, y) (instead of the Binomial, observe that this condition is here
to ensure that vg’) = &x and vf’y = 8y, namely that vi*Y is still an interpolation
between the two Dirac measures), so that

IT(x, z, y)I
IT(x, )|

Let Gy = (V1, E1), Go = (Va, E) be two graphs and let G = G1 U G, be their
Cartesian product. Assume that for any x = (x1,x2), y = (y1, 2) and z = (21, 22)
inVi x Vp,

Vtx’y(Z) —P (Ntd(x,y) — d(x, Z))
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v Y@ = v @) (2) Ve [0, 10

Then, there exists a function a: [0, 1] — [0, 1] with a(0) = 0, a(1) = 1, such that
NV ~ Ba(o), d(x, y).

Proof Following the proof of Lemma 2.3 we have,
1T (x, 2, y)

TGy
d(x1,21) ~d(y1,21)

_ G Can B (VA5 = dr, ) TL 2190 TG 22.02)

- 1 - k) .

V() =P (N,”“"*” = d(x, z))

d(x1,y1)
it TGyl DGz 3|
On the other hand,
) I'(xy,z1,
v{)fl’}l(zl) :P(Ntd(xlﬁyl) Zd(xl,zl)) T (x1, 21, y1)|
T (xr, yol
and
I'(x2, 22,
v-tXZsYZ(ZZ) :P(Ntd(XL)’Z) :d(XZ,ZZ)) | ( 2,42 y2)|
[T (x2, y2)I

Hence, the identity v, (z) = v;"""" (z1)v;>*?(z2) ensures that

Cd(Xth) d(y1,z21)

—AD 0D p (N = d(x, ) =P (N = d(w )
cdery)
d(x.y)

X P (N2 = d(x2, 22))

forany z1 € [[x1, y11, 22 € [x2, y21.
Now, observe that

Cg(m,m)cd(yl»m) Cd(X1,z1)Cd(Xz,zz)

(x,2) ~d(y,2) d(x1,y1) ~d(x2,y2)
d(x1,y1) B d(x,z)
Catx,y) Caxy)

Hence, the latter can be rewritten as

P (Ntd(x,y) — d(x, Z)) P (Ntd(Xl’)’I) — d(.x1, Zl)) P (Nld(XZvYZ) — d(xz, Z2))
= X
d(x,z) d(x1,21) d(x2,22)
Caly) Cacerm) Catay)

Set, for simplicity, for any n, k with 0 < k <n and any ¢ € [0, 1]

P (N = k)
Ck

n

pn,k(l) =
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When there is no confusion, we will skip the dependence in ¢, using the simpler
notation p, . We end up with the following induction formula

Pn.k = Pni,ky * Pn—ny,k—ki (27)
for any integers kp, n1, k, n satisfying the following conditions
k,n; <n, ki <min(k,ny), and n; —ky <n—k.

(Weset,n =d(x,y),n; =d(x1,y1), k =d(x,z) and k1 = d(x1, 21)).

Observe that, since by assumption N,d (x.y) e {0, 1,...,d(x, y)}, necessarily, when
x =y, NtO = 0 (deterministically) for any ¢. Hence pg o = 1.

The special choice n; = 1, ki = 0in (2.7) leads to

Pnk = P1,0 - Pn—1,k- (2.8)
Set b = b(t) = pi,0(¢) (that might be 0). From (2.8) we deduce that
Pk = b"" k.
Finally, the special choice n = k, n; = k; = k — 1, in (2.7), ensures that
Pk.k = Pk—1,k—1 " P1,1-
Since p1.o + p1.1 = 1, the latter reads as
pik = piy =1 =bF.
It follows that
ok =b"*A =b)*  Vn, Vk <n.
Now set a(t) = 1 — b(t) to end up with

P (N = k) = Cka*(1 —a)" 7",

which guarantees that Ntd %) is indeed a binomial variable of parameter () and
d(x,y).

To end the proof, it suffices to observe that Ng @ _ implies a(0) = 0, and that
NIV = d(x, y) implies a(1) = 1. o
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3 Weak transport cost

In this section we recall a notion of a discrete Wasserstein-type distance, called weak
transport cost—introduced and studied in [33,52], developed further in [17]—and col-
lect some useful facts from [17]. Also, we introduce the notion of a Knothe-Rosenblatt
coupling which will play a crucial role in the displacement convexity of the entropy
property on product spaces.

3.1 Definition and first properties

For the notion of a weak transport cost, first recall the definition of P (vg, v1) introduced
in Sect. 1.1.

Definition 3.1 Let vy, v; € P(V). Then, the weak transport cost ’2~'2(u1 |vog) between
vo and vy is defined as

T (vi|vo) := inf d(x, X, Vo (x).
>(v1]vo) pep(w”; yZé x, P, y) | o)

It can be shown that

(0. v1) =/ Bauilve) + y Favolvn)

is a distance on P(V), see [17].
Recall the definition of I (), Ir(7r) and J,(r) from (1.4) and (1.5) in the intro-
duction, and observe that

D(ilv) = inf  D(m).
well(vo,v1)
Also, define
T(vo,v) := inf (),
well(vo,v1)

and observe that j&(vo, V) = le(vo, v1) where Wj is the usual L;-Wasserstein
distance associated to the distance d.

When d is the Hamming distance d(x, y) = 1,+y, x, y € V, the weak transport
cost and the L1-Wasserstein distance take an explicit form. This is stated in the next
lemma. We give the proof for completeness.

Lemma 3.2 ([17]) Let vy, vi, 4 € P(V) and assume that u charges all the points.

Denote by fo and f1 the relative densities of vy and vy with respect to . Assume that
d(x,y) =1y2y, x,y € V. Then it holds
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2
(1 vo) = / [1—ﬁ] fodu

fo
(o>0) *

where [X ]+ = max(X, 0), and

N 1 1
J 0, v0) =/[fo—f11+ dp = 5/|fo—f1| i = 5w~ villry

with || - ||Tv, the total variation norm.
Remark 3.3 Observe that ﬁ(ul |vp) does not depend on .

Proof For any € I1(vg, v1) and any x € V with vg(x) > 0, one has

1= > dx, y)px,y) =

yeV

T, X) min(vo(x), vy (x)) Zmin(fl(x) 1)
vo(x) — vp(x) fox) )~

and therefore

fi (x)]
1— d(x, L V).
[ eIk Syév (x, Y)p(x,y)

By integrating with respect to the measure v and then optimizing over all = €
IT(vo, v1), it follows that

/[fo — fily du < \/fz(vo, V1),

and

n? 5
/ 1= 25 fodi < Bo(uilw).
Jo

(fo>0) i
The equality is reached choosing 7* € I1(vg, vi) defined by

7 (x, y) = vo(x) p*(x, y) = Ly=y min(vo(x), v1(x))
[vo(x) = vi)]4[vi(y) —vo(W)]+

1 . (3.1
> ZZGV[VI(Z) —vo(2)]+
since >y d(x, y)p*(x,y) = [1 _ f](x)] i
eve ’ o,

@ Springer



Displacement convexity on graphs 67

3.2 The Knothe-Rosenblatt coupling

In this subsection, we recall a general method, due to Knothe-Rosenblatt [24,47],
enabling to construct couplings between probability measures on product spaces.

Consider two graphs G; = (Vi, E1) and G, = (V», E») and two probability
measures vg, V1 € P(V] x V). The disintegration formulas of vg, vy (recall (1.11))
read

vo(x1, x2) = vy eV (alx))  and vy, y2) = vV, (3.2)

Let 7!
P(sz) be a coupling of vg( -]x1) and v12(~ [y1)s X1, ¥1 € V1. We are now in a position

to define the Knothe-Rosenblatt coupling.

€ ’P(Vlz) be a coupling of vé, v}, and for all (x1, y1) € V12 let 72 (- |x1, y1) €

Definition 3.4 (Knothe-Rosenblatt coupling) Let vy, vi € P(V| x V»), and consider a
family ofcouplingsnl, {72+ |x1, ¥1)}x,.y, as above; the coupling 7 € P([V} x V21?),
defined by

7((x1, x2), 1, ¥2)) = 7w (xy, y) T2 (2, yalxt, y1), (1, x2), (01, y2) € Vi x Vs

is called the Knothe-Rosenblatt coupling of vy, v; associated with the family of
couplings

[nl, (72 (- x1, yl)}xl,yl} :

It is easy to check that the Knothe-Rosenblatt coupling is indeed a coupling of vy, v.
Note that it is usually required that the couplings 7', {72(- |x1, y1)} xi,y; are optimal
for some weak transport cost, but we will not make this assumption in what follows.
The preceding construction can easily be generalized to products of n graphs.
Consider n graphs G| = (Vq, E1), ..., G, = (V,, E,), and two probability measures
v, V1 € P(Vi x --- x V,;) admitting the following disintegration formulas: for all
X=(x1,-5sX0), Yy =15 --, ) € VI X oo X Vy,

1 2 3
vo(x) = vy (x)vg (x2lx)vy (x3]xr, x2) - - vy (X1, - ooy X—1),

vi(y) = v GOVF2lyDv; (3lye. y2) - Gulyis o e
Foralli = 1,...,n, let ni(- [X1,eeey Xicls Y1y -vvs Yie1) € ’P(Viz) be a coupling
of v(i)(- |x1,...,x;—1) and vi(~ [¥1, ..., Yi—1). The Knothe-Rosenblatt coupling 7 €
PV x---x V,,]1?) between v and v; is then defined by
A, y) =7 (er, yD)TE (2, Y2121, Y1) - T Gy Y lX s+ s Xne 1y Y1 ey Yae1)s

forall x = (x1,x2,...,x) and y = (y1, Y2, ..., Yn).
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3.3 Tensorization

Another useful property of the weak transport cost defined above is that it tensorises in
the following sense. For 1 <i < n,let G; = (V;, E;) be a graph with the associated
distance d;. Recall the definition of 7", 11" and J\" given in (1.6), (1.7) and (1.8).
Then, given two probability measures vy, v in P(V] x --- x V), define

T wilv) = inf 1" ()
well(vg,vr)
and
’fz(")(vo, vy) ;= inf J2(")(7r).
well(vg,vy)

Using the notation of Sect. 3.2 above, we can state the result.

Proposition 3.5 Let vo, vi in P(Vy X - -+ x Vy); and consider a family of couplings
mlel(vy, v anda (- |x1, ..., xi—) €TTH(- X1, oo Xim 1), VG Yo Yie D))
foralli € {2,...,n},with(xa,...,Xn), (V2,...,Yn) € Vax---xV,, asabove. Then,

n
@) <h@H+>. > AE )L XX Y vie1).
i=2 x,yeVix--xVy,

where 7t is the Knothe-Rosenblatt coupling of vo and v associated with the family of
couplings above. The same holds for 1_2(”) and Jz(n)(rr).

In particular, if the couplings 7! and X, . X, ¥1...Y¥i—1) are assumed to
achieve the infimum in the definition of the weak transport costs between v(l) and
vll and between vj(- |x1,...,x;—1) and vi(-|y1, ..., yi-1), fOI‘jll i €{2,...,n},

respectively, we immediately get the following tensorization for 73:

n
L0 <BeI) +> > 2@ DB Clrr DIV i)

ji=2  X.yE
Vi xexVy

(3.3)

In an obvious way, the same kind of conclusion holds replacing T by 7.

Proof In this proof, we will use the following shorthand notation: if x € V and if
1 <k < n, we will denote by x1. the subvector (x1, x2,...,x¢) € Vi x -+ x Vi.
Define the kernels p(-, -), p'(-, -) and p*(-, - |x1—1, y1:4—1) by the formulas

7(x,y) = px, y)vo(x)
@, y) = pl, yovg (),
75 ks VeI k=1 V1sk—1) = PF ke, Y IX k=15 V1= )VE (kX 1a—1), V1 < k <n.
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By the definition of the Knothe-Rosenblatt coupling 7, it holds

n
P y) =[] p* G yelxix—1, yia—1) x p' Ger y).
k=2

As aresult, foralli € {2,...,n},

2

2 i
(Zdi(xi, yi)p(x, y)) = (Zdi(xi, ) [T P* Gk yilxera—r, yra—n)p' (x1, yl))

Vi k=2
i—1

< > TP G et yix- ! Ger )

Yii—1 k=2

2
X (Zdi (xi, yi) p' (i, yilxriot, ylzi—l))

Vi

where the inequality comes from Jensen’s inequality. Therefore,

2
Z (Z di(xi, yi) p(x, y)) Vo (x)

X

=> > H?T (ke YelX1x—1, Y- (e, yl)zvo(le)m 1)

X1i—1 Y1:i—1 k=2

2
X (2 di (xi, yi) p' (xi, yil¥1ii-1, yl:i—l))

Vi

i—1
= > > 17 s walxrat, yia—Da ' e yD @ Clxrin, yio1)

Xli=1 Yli—1 k=2
= > 7, )L X1, yiio1).

X,y

Moreover

2
Z(Zd1<x1,y1>ﬁ<x,y)) vo(x) = D" #(x, L")
y

X X,y

Summing all these inequalities gives the announced tensorization formula.
The proof for 73"’ and J;" is identical and left to the reader. |
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4 Displacement convexity property of the entropy

Using the weak transport cost defined in the previous section, we can now derive a
displacement convexity property of the entropy on graphs. More precisely, we will
derive such a property for the complete graph. Then we will prove that our definition
of V[ allows the displacement convexity to tensorise. As a consequence, we will be
able to derive such a property on the n-dimensional hypercube.

4.1 The complete graph

Consider the complete graph K,,, or equivalently any graph G equipped with the
Hamming distance d(x, y) = 1,y (in the definition of the weak transport cost).
Recall the definition of v given in (2.3), and that we proved, in Sect. 2.1.1, that
v = (1 — t)vy + tv; for any choice of coupling 7. Then, the following holds.

Proposition 4.1 (Displacement convexity on the complete graph) Let vo,vi, £t €
P(K,) be three probability measures. Assume that vy, v1 are absolutely continuous
with respect to . Then for any t € [0, 1],

1—1) ~ -
4 5 2 (T2 (vilvo) + Ta(volv1)),

“.1)

H(vi|w) = (1 =1)H (volp) +1H(vi|p) —

and

H(vi|p) = (1 = 1)H (volp) +1H(vi|p) —

—[)
5 o —villdy,  (4.2)

where v; = (1 — t)vg + tvy.

Proof Our aim is simply to bound from below the second order derivative of t —
F(t) := H(v:|u). Denote by fyand f; the respective densities of vy and v; with respect
to u and for simplicity set f; := (1 —1) fo+1f1. We have F(1) = [ f;log f;d . Thus
F'(t) = ffr>0 log f; d(vp — v1). In turn

p (fo— f1)? Lfo— filk LA = foli
F'(1) = O IV g = du + du
© / 5o 7 7
{£,>0} 1£/>0} {£;>0}
2 )
> / [fo f0f1]+ du+ / [f1 f1f0]+ du
{fo>0} {f1>0}
nl? fol? ~ ~
1 ~h Sfodu+ 1 g fidu="T(vi|vo) + T2 (volv1),
(fo>0) * (/1>0) *
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where, in the last line, we used Lemma 3.2. As a consequence, the function G: ¢
F(1) — § (Z3(vi1vo) + T2 (vo|v1)) is convex on [0, 1], so that G(¢) < (1 — )G (0) +
tG(1) which gives precisely, after some algebra, the first desired inequality.

For the second inequality, applying Cauchy-Schwarz yields

F'(1) = / (%)%u/(/ﬁ)zduz (/Ifo—flldu)z
}

>

2
= |lvg — l)1||Tv-

Hencethemap G : ¢t — F(t) — %Hvo - ||2TV is convex on [0, 1] which leads to the
desired inequality. O

Remark 4.2 (Pinsker inequality) Inequality (4.2) is a reinforcement of the well known
Csiszar-Kullback-Pinsker’s inequality (see e.g. [1, Theorem 8.2.7], [9,25,42]) which
asserts that

2
lvo — villzy < 2H (vi]vo).

Indeed, take u = vg together with the fact that H (v;|) > 0, and then take the limit
t — 01n (4.2) to obtain the above inequality. Csiszar-Kullback-Pinsker’s inequality,
and its generalizations, are known to have many applications in Probability theory,
Analysis and Information theory, see [57, Page 636] for a review.

Remark 4.3 (Comparison) Now we compare the displacement convexity property of
Proposition 4.1 with the Wasserstein-type distance and total variation norm. For the
two-point space it is easy to check that the ratio

T (vi|vo) + To(volv1)

2
lvo — l)l”TV

is not uniformly bounded above over all probability measures vy and v{. On the other
hand, we claim that

DLilvo) + H(wolv) _ 1
o —vill7y  — 27

Yo, V1 (4.3)

which implies that (4.1) is stronger than (4.2), up to a constant 2. We also provide an
example below which shows that we cannot exactly recover (4.2) using (4.1).
Let us prove the claim, and more precisely that the following holds

2
lvo — Ul”TV
lvo=villrv
1+ 2

- ~ 1
T (1 |vo) + To(volvy) > > SlIvo — i3y (4.4)
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This is a consequence of Cauchy-Schwarz inequality, namely, we have

(LA = foledw)®  (JLo — filsdp)*

7 T
2(vi|vo) + T2 (volv1) > vi(fi > fo) vo(fo > f1)

Since [[vo — villrv =2 [[fi — fols+di =2(vi(f1 = fo) — vo(f1 = fo)), we get

_ ~ 1+ lvo—vilizv Vo — v 2 v — v |2
Toilvo) + BOolv) = inf z oz wlzy _ o nlry
uel0,1] 414(1_|_T —u) 1_|_T

We now give the non-trivial example that achieves equality in the first inequality of
(4.4), thus confirming that (4.1) can not exactly recover (4.2): Let vp and v; be two
probability measures on the two-point space {0, 1} defined by v (1) = vo(0) = 3/4
and v (0) = vo(1) = 1/4. Then

lvo —villry = 2(wi(1) —vo(1)) =1,
and

~ ~ 1) — vo(1))? 0) — v1(0))?
Fawlvo) + Ta(vplop) = 10 )v1(1v)0( D ol )UO((;;( D" o,

which gives the (claimed) equality in (4.4).

4.2 Tensorization of the displacement convexity property

In this section we prove that if the displacement convexity property of the entropy holds
on n graphs G| = (V1, Ey), ..., G, = (V,, E,), equipped with probability measures
U1, ..., Mp and graph distances dy, .. ., d, respectively, then the displacement con-
vexity of the entropy holds on their Cartesian product equipped with ;1 ® - - - ® up
with respect to the tensorised transport costs Iz(n) and 1_2("), i.e. we prove Theorem 1.1
which is one of our main theorems. As an application we shall apply such a property
to the specific example of the hypercube at the end of the section.

Proof of Theorem 1.1 In this proof, we use the notation and definitions introduced in
Sects. 3.2 and 3.3. Fix vg, v1 € P(V) and write the following disintegration formulas

n
vo(x) = vy ) [ [ vbrilxrion), Y =(er,.ox) €V
i=2

n
vi(y) =vio) [[viGibvii-n.  Yy=0G1....0) eV,
i=2

where we recall that x1.;—1 = (x1,...,xj—1) € V1 x --- x V;_1.
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By assumption, for every x, y € V, there are couplings 7l e P(Vi x V1) and
(- X151, y1:i—1) € P(V; x V;) such that
al e Mg, v]) and 7' (- lxri—1, yri-1) € TOGC b1, vi (- yi-1),

and for which the following inequalities hold

Hw i) < 0 =nHLRY) + tH! ') = Cie(1 — )Ry,
H (™ 5 0y < (1= ) Hl(C x— ) d) + tHOC yri-n ed)
—Cit(1 = )Ry (" (- |X15i—1, Y1 —1)),

7 [\ X1:i—1, V15— (X i1 Vi
where Ry := I + I, th — v,”',and v; Li—1VEi—1 _ V] (e xnsi—1, )1 1)_

Now, consider the Knothe-Rosenblatt coupling 7 € TT(vg, v1) constructed from the
couplings 7land7i(- |X1:i—1, Y1:i—1), X, ¥ € V and denote by y; the path vf e P(V)
connecting vg to vy.

Let us consider the disintegration of y; with respect to its marginals:

v(@) = v @)vi@lz) v @l o Zne)-

We claim that there exist non-negative coefficients otf (X1:i—1, Y1:i—1, Z1:i—1) such that

> iy o) =1

Xlii—1,Y1:—1

and such that for all i € {2, ..., n} it holds

4 A :
yiClzey = DL v Oad (i, v 1 2.

XLi—1,Y1i—1

Indeed, by definition one has y;(z) = Zx,er vf’y(z)ﬁ(x, y). So, using the fact that,

according to Lemma 2.3, v, (z) = [} v;*** (zk), we see that

> nw= Y > v | #ey)

ueVuy;=z1. x,yeV \ueV:uyi=z1;
i
Xk, Vk ~
=2 [ @iy
x,yeV k=1
i
Xk, Y k
= Z Hvz“k(Zk)ﬂ (X5 YrlX1:k—15 Y1:k—1)
X1 Vi k=1
i—1
L,X1—15 Vi1 Xk, k
= D> v [T v ot G yilxiae, yice).
X1ii—1Y1:—1 k=1
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From this it follows that

ZUEV:L{];,:zl:i Ve(u)
Zuev:ul:i,lzzhi,l i (u)

ViiGilzion =

LX L1, VL1 i—1 Xk, Yk k
Dy Ve T @) Ty v @O (s yielxnk—1, yik—1)

i—1 Xk, Yk
2oy iz v @omk G, yielx -1, yix—1)
. X151, )1— i
= E v I o (X1, Yii—1s 21:i—1),

Xlii—1,Y1i—1

using obvious notation, from which the claim follows. Similarly, for all z; € Vi, it
holds y,] (z1) = v,1 (z1). The following equality will be useful below:

i—1 oy .
szl v )" Ooes Yilxre-1, yix—1)

ZueV:ul:i—IZlei—l yt(u)

ol (X1 1, Yo, 21i—1) = 4.5)

Now, let us recall the well known disintegration formula for the relative entropy: if
y € P(V) is absolutely continuous with respect to x, then it holds

Hylw =Hy'lu)+ DD HE' Clzii-)lu)y ). (4.6)

i=2zeV

Applying (4.6) to y;, and the (classical) convexity of the relative entropy, it holds

H(yrl)

Hy e+ D7D HE ClziimnDln)y ()
i=2z€eV

n
HeuhY+D3 > el terimt, yiiets 21im D H @1y ).
i=2z2€V x1;_q,
Y1:i—1

IA

Now we deal with each term in the sum separately. Fix i € {2, ..., n}. We have

[ LX1i—15 Y1k — 1
DD e Crrimt Yiiet 21— DH T 0y (2)

€V xpio1,
Yl1i—1
i LX1i—15Y1i—1 @
=D D o rimt Yeim 1 2= D H @ G S )
=1 xp54_q, uev:
Y1i—1 Ul:i—1 = 2L:i—1

i—1
= > > HE ) TT v @om® G yelxi—r yia—1) - (by (4.5))
Thi=1 xp.i_q, k=1
Y1i—1
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i-1
LXT—15 Y1 — 1 . .
= > HE ) TT 2" s yelxia—10 yik—1)  (integrating over zj)

Xli—1s i=1

Y1i—1

n
LX1i—1Yi—1 i k
= > H I T 2 G yiler— 1 yix—1)-
Xy k=1

Therefore, H(y:ln) < H/ ") + 27, H ™Y1 42 (x, y). Now,
applying the assumed displacement convexity inequalities, we get

H(ylw) < (1—1) [H(véml) + DT HEHC - ) )7 (x, y)}

i=2 x,y

+1 [H(vllml) + DD HOC Iy ) )7 (x, y)]

i=2 x,y

—Ct(1 =1 [le) + DD Ra(' (- xiic1, v )R (x, y)]

i=2 x,y

=(1-0 {H(véml) + > D HOH(- |x1:l~_1)m">vo(x)]

=2 X

+1 [H(v}m]) + D > H{(- |y1:i_1>|yf>v1<y>}

i=2 Yy
n
—Ct(1—1) [Rz(ﬂl) + DD Ra(' (- xict, v )R, y)}
i=2 x,y
< (1= H(wlw) + tHwi|w) = Cr(1 = (1" &) + L @),
where the last inequality follows from the disintegration equality (4.6) for the relative
entropy and from the disintegration inequality given in Proposition 3.5. O

As an application of Theorem 1.1, we derive the displacement convexity of entropy
property on the hypercube.

Corollary 4.4 (Displacement convexity on the hypercube) Let p be a non-trivial
Bernoulli measure on {0, 1} and define its n-fold product u®" on Q, = {0, 1}". For
any vy, v1 € P(2y,), there exists a w € T1(vy, vi) such that for any t € [0, 1],

t(1—1) -
HOTIR®") < (1= H 0ol + tH o) = =—= (1" 1) + I (7))

“4.7)
and there exists m € T1(vg, v1) such that for any t € [0, 1],

HOT 1) < (1 — 0 H (o u®") + tH o 1) = 2e(1 — 01 (). (4.8)
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Proof According to Proposition 4.1, for all vy, vi € P({0, 1}), it holds

11—t

Hwilp) < (1 —1)H (volp) + 1 H(vy|p) — ) (T(v11vo) + Ta(volvy)), Ve elo, 1],

with v, = (1 — #)vg + 7v1. As we have seen in the proof of Lemma 3.2 the coupling
7 defined by (3.1) is optimal for both 73 (v;|vg) and 7;(vp|vy). Since on the two-
point space v; = v/’ is independent of 7, the preceding inequality can be rewritten as
follows:

t(1—1)

HOP ) < (1= 0Holu) + tH ) — (b(x) + b)), Vielo,1].

Therefore, we are in a position to apply Theorem 1.1, and to conclude that £®" verifies
the announced displacement convexity property (4.7).

Similarly, by Lemma 3.2, the displacement convexity property (4.2) ensures that
for all vg, vi € P{0, 1})

Hf ) = (1= HWwolw) +tHWi|p) —2t(1 =) a(r), Ve €[0,1].

The result then follows from Theorem 1.1.

Let m be a coupling of vy, v € P(L2,). By the Cauchy-Schwarz inequality, we
have

2 2
n n
1
B =3 D) Lyeymxy) >~ DD My, y)
i=1 \x,yeQ, x,ye2, i=1
2
=—| > de,ym,y
X,YER,
1 2
> ;W](Vl, Vo)~

We immediately deduce from Corollary 4.4 the following weaker result.

Corollary 4.5 Let i be a probability measure on {0, 1} and define its n-fold product
u® on Q, = {0, 1}*. For any vo, vi € P(Q), there exists w € T1(vy, v1) such that
fort € [0, 1],

Wi (vi, vo)?.

21(1 —
HOT [n®") < (1= ) H (vo|u®") + tH (v | u®") — %

The constant 1/n encodes, in some sense, the discrete Ricci curvature of the hypercube
in accordance with the various definitions of the discrete Ricci curvature (see the
introduction).
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Remark 4.6 Since 7~’2 is defined as an infimum, one can replace, for free, the term
12(’1)(71) by ’7'2(")(v1|v0) in (4.7). Moreover, if one chooses vyp = u®" and uses
that H(v] [u®") > 0, one easily derives from (4.7) the following transport-entropy
inequality:

Tl + T, (u® v) < 2H|u®"), Vv € P(Qn).

See [17] for more on such an inequality (on graphs). Note that the above argument is
general and that one can always derive from the displacement convexity of the entropy
some Talagrand-type transport-entropy inequality.

5 HWI type inequalities on graphs

As already stated in the introduction, the displacement convexity of entropy property
is usually (i.e., in continuous space settings) the strongest property in the following
hierarchy:

Displacement convexity = HWI = Log Sobolev.

Applying an argument based a the differentiation property of v, in this section,
we derive HWI and log-Sobolev type inequalities from the displacement convexity
property.

We shall start with the aforementioned differentiation property of the path v[*. Then,
we derive a general statement on product of graphs that allows to obtain symmetric
HWTI inequality from the displacement convexity property of the entropy. As a con-
sequence, we get a new symmetric HWI inequality on the hypercube that implies a
modified log-Sobolev inequality on the hypercube. This modified log-Sobolev inequal-
ity also implies, by means of the Central Limit Theorem, the classical log-Sobolev
inequality for the standard Gaussian measure, with the optimal constant.

Then we move to another HWI type inequality involving the Dirichlet form
Eu(f,log f) based on Eq. (5.1) available on complete graph.

5.1 Differentiation property

A second property of the path defined in (2.2) and (2.3) is the following time differ-
entiation property.

For any z on a given geodesic y from x to y, if z # y, let Y4 (z) denotes the (unique)
vertex on y at distance d(z, y) — 1 from y (and thus at distance d(x, z) + 1 from x),
and similarly if z # x, let y_(z) denote the vertex on y at distance d(z, y) + 1 from y
(and hence at distance d(x, z) — 1 from x). In other words, following the geodesic y
from x toward y, y_(z) is the vertex just anterior to z, and y4 (z) the vertex posterior
to z.

For any real function f on V, we also define two related notions of gradient along
y:forallz e y,z #y,

Vi@ = flr+() = f(2),
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and forall z € y, 7 # x,
vV, f(@) = f@) = fy-(2)).

By convention, we put V, f (x) = V;Lf(y) =0, and V;‘f(z) =V, f(2) =0, if
z ¢ y.Let V,, f denote the following convex combination of these two gradients:

dgy Z) +f()+d((x 2)

Observe that, although not explicitly stated, V, depends on x and y. Finally, for all
z € [[x, yll, we define

Y, f(2) = V5 f@.

1
Vi @) =—=——— D V[,

II'(x,z,y)| yel(x,z,y)

and when z ¢ [[x, v, we set Vy , f(z) = 0.
Proposition 5.1 For all function f: V — Randall x,y € V, it holds

—vt SV = d, v (Ve f).

As a direct consequence of the above differentiation property, we are able to give
an explicit expression of the derivative (with respect to time) of the relative entropy
of v with respect to an arbitrary reference measure.

Corollary 5.2 Let vy, v| and p be three probability measures on V. Assume that
w(x) > 0 forall x in V. Then, for any coupling w € I1(vo, v1), it holds

o . e o e RINCERO]
0T 0 = 2 (lOg w@ e ))Z R TVeR I

x,zeV:
z~x

The proof of Corollary 5.2 can be found below. Before, we illustrate Corollary 5.2
on the example of the complete graph.

Example of the complete graph K,

Let K, be the complete graph with n vertices. Recall that v' = (1 — t)vy + vy (see
Sect. 2.1.1). Then, under the assumption of Corollary 5.2, since d(x, y) = |[I'(x, y)| =
IT'(z, )| = 1, we have

a
SHOTIW = D D (og f(2) —log f(x)m(x, 2)

xekK, z~x
= > log f(Dvi(2) = D fx)log f(x)u(x)
zekK, xek,
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where we set for simplicity f = vo/u. On the other hand, since f is a density with
respect to u,

1
—Eu(filog f) = =5 > (og f(2) = log f)(f (@) = fDREIN()

x,ze€K,

= > log f(Dpn@) — D f(x)log f(xX)u(x).

zeky, xek,

Hence, if v = u = 1/n is the uniform measure on K,, (that charges all the points),
we can conclude that

ol
EH(V;T“LN,:O = —&u(f,log f). (5.1

Note that, when u = 1/n, £, corresponds to the Dirichlet form associated to the
uniform chain on the complete graph (each point jumps to any point with probability
1/n).

In order to prove Proposition 5.1, we need some preparation. Recall that B(n, t)
denotes a binomial variable of parameter n and ¢, and that, for any function
h:{0,1,...,n} — R, B(n, t)(h) = > j_o h(k)Ckek(1 — 1=k,

Lemma 5.3 Letn € N* and t € [0, 1]. For any function h: {0,1,...,n} — R it
holds

%B(n, D) =D [(hk+1)=h(k)(n — k) + (a(k) — h(k — D)k] CxiF (1 —1)"F,
k=0

with the convention that h(—1) = h(n + 1) = 0.

Proof of Lemma 5.3 By differentiating in ¢, we have

9 n - . n e
EB(n, 1)(h) = Zh(k)kc’,;tk Y=k - Zh(k)(n —k)Ckk(1 — pyr1,

k=0 k=0
Now, using that 1 = ¢ + (1 — ¢) and that ka n—k+ I)Ck 1 we get
kCK =11 — " = kCR (= )R =k + DA A = R

with the convention that C n_l = 0. Similarly, using that (n — k)C; k =(k+1)C;, ktl
we have

(n—k)C e (1= T =(n — k) C* R (1 — )" + (k + DK (1 — yn k=L,
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Hence,

9 _ S _ k=1,k—1,1 _ ~n—k+1
8tl’ﬁ’(n,t)(h)_kg(;h(k)(n k+DC, t" (1 -1

=D h(k)(n = R)Ct* (1 ="  + > h(k)kCrt (1 — 1"
k=0 k=0

n
= > h(k) ke + DCFH A = h!
k=0

=D (htk+ 1) = h(k)(n — ) Cyr* (1 — 1"
k=0

+ D (hk) — h(k — D)kCre* (1 = 1)"F,
k=0

with the convention that A(—1) = h(n + 1) = 0. O

We were informed by Hillion [19] that the above elementary lemma also appears
in his thesis. We are now in a position to prove Proposition 5.1.

Proof of Proposition 5.1 Setn = d(x, y) and let I" be a random variable uniformly
distributed on I'(x, y) and N; be a random variable with Binomial law B(n, t) inde-
pendent of I'. By definition v; ” is the law of X; = I" ~, - Using the independence, we
have

v () =ELF(X)] = D h(R)CrFA - )"k,

k=0

with h(k) = E[f(Tx)],k =0, 1...,n. According to Lemma 5.3, we thus get

D xy - Vo
S0 = 2 10K+ 1) = R = k) + (h(k) = hik = K] Cre(1 = 1"~
k=0
= E[(h(N; + 1) — h(N))(n = Np) + (h(Ny) — h(N; — 1)) N;]
=E[(f(TN+1) — FTNDATn,, ¥) + (f(Tn,) = f(Ty,-1))d(x, Ty,)]
=E[(fTH (X)) = fX DXy, y) + (f (X)) = fTT(X))d(x, X,)]
=E[d(x, y)Vr f(X:)].

Finally, observe that the law of I" knowing X; = z € [x, y] is uniform on I (x, z, y).
Indeed,

PC=y, X, =2)=PT =y, yv,=2)=PT =y, Ny =d(x,2), z€ )
_ 1F(x,z,y)(y)

P(N; = d(x, 2)).
T )| Ny =d(x,2))
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On the other hand,

IT'(x, z, y)I

— e x’y = =
P(X; =2) =v; " (2) = P(N; =d(x,2)) IT(x, )|

which proves the claim. By the definition of Vy , f, it thus follows that

0 x.y x
S () =d 0, ) v (Ve ),

which completes the proof. O

Proof of Corollary 5.2 For simplicity, let F' = log(vp/un). We observe that, since
D ey %Uf (z) = 0, by Proposition 5.1 (recall that v] = v and vy = & by
construction),

d - ad - V7 (2) 0 .
EH(UI |M)|t=o = &(; V; (Z) log ;(Zz) ) = &Vt (F)\t=0

lr=0

0 ey
2. Tl )

(x,y)eVv?

= D 7, »d(x, y) Ve F(x).
(x,y)eV?

By the definition of the gradient, for any y € I'(x, y), it holds V, F/(x) = V;r F(x).
Thus, by the definition of V, , F, we get

9 ™ (x, y)d(x, y)
SHOTIW), = D, TS ST VIR,

F )
(x,y)eVv? TG )l yel(x,y)

Now, observe that for (x, y) € V2 given, it holds

> VIF@ = D Fyt))—F) =D (F) — F&)IT(x, z, )1,

yel(x,y) yel(x,y) X

completing the proof. O

5.2 Symmetric HWI inequality for products of graphs

The aim of this section is to prove Proposition 1.2 and to derive a certain reinforced
log-Sobolev inequality (see below for a brief justification of the name) in the discrete
setting, and as a consequence, the classical log-Sobolev inequality of Gross on the
(continuous) line, with the optimal constant.
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Proof of Proposition 1.2 The displacement convexity inequality ensures that for all
1 €[0,1],

H H _
Hvolw) < H oy |) — L0 ); Col) _ (1 — (1 ) + 1 ).

As t goes to 0, this yields

3 n r(n
H(volp) < Hilpw) — —HOT |10)ji=0 — c(I" (1) + IV (1)),
Jat

where 7 € I1(vg, v1). According to Corollary 5.2, it holds

0 . B vo(x) o(Z) ITCx, z, y)l
o =0 = Z (log e BTG )) ZV ax. |F( oy )

. (x) (@)
DN P T

xeV" i=1 | zeN;j(x)

IF(x T, z, )|
d(x , V).
in( T m(x,y)
yeV

+

According to (2.6), by induction on n > 1, we get that for all u, y € V",

d(u, y)!
T, V= | | 1T @, yp)l
[Tj=1 duj, 3! H e
Applying this formula with u = z € N;(x) forsome i € {1,...,n} and u = x, we

get that for all y such that z € [x, y], it holds

TGzl Pl de )t d, yi)t [P, yol _ dGa, yi) [T, vl
|F()C, Y)| |F(x’ y)' d(xr }’)'d(Zu yl)' |F(xis yl)l d(-x’ )’) |F(Xi, )’i)|’
(5.2)

using that x; = z; for all i # j and the relations d(x,y) = 1 + d(z,y) and
d(xi,y;) = 1 +d(z;, yi). Therefore, when z € N;(x),

X, Z, ,Y)| [T (xi, zis i)l
> dix, Y) =D d, y)——— o (x, y)
four IF( = T (xis yi)l
< D> dxi, y)m(x, ).
yeV

Plugging this inequality into the expression for —%H (V| i=0 yields:
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3 “ ,
_&H(vflu)u:o < E E |: E (log 1:((;()) —log ‘;f((zz))):| E d(x;, y)m(x,y)
zEN; (x)

xeV"i=1 | zeN; +er"

IA

> Z|: 3 (log () vo(z)):| S da v )) bo(x)
zeN; (x)

xeVhi=1 | zeN; w(x) M( ) yevn

2
DA (log vo(x) log vo(Z)) w1 o),
xeVmi=1 | zeN;(x) ) ) +

IA

where the last line follows from the Cauchy-Schwarz inequality. This completes the
proof. O

We proceed with the announced reinforced log-Sobolev inequality and its conse-
quences.

Choose vi = w in (1.10) and denote by f(x) = vo(x)/u(x). Then, using the
elementary inequality /ab < a/(2¢)+eb/2,¢ > 0, we immediately get the following
corollary.

Corollary 5.4 (Reinforced log-Sobolev) Under the same assumptions of Proposition
1.2, forall f: V" — (0, 00) with u(f) = 1, for all ¢ < 2c¢, it holds that

2
1 n
Enty(f) = = > > | 2, (log f(x)—log f(2)
€ xeV" i=1 | zeN;(x) +
X fOpx) — (¢ — %)ﬁwfu) — D (fulw). (5.3)

Inequality (5.3) can be seen as a reinforcement of a (discrete) modified log-Sobolev
inequality. The next corollary deals with the special case of the discrete cube.

Corollary 5.5 (Reinforced log-Sobolev on €2, and Gross’ Inequality) Let i be a
non-trivial Bernoulli measure on {0, 1}. Then, for any n and any f: 2, — (0, 00), it
holds

1 ! 1~
Ent e (f) < > Z Z [log f(x) — log f (o (x))]z+ FOu®" (x) — ETz(fqu),

xe, i=1
5.4)
where o;(x) = (x1,...,Xi—1, | — Xi, Xi+1,...,Xp) is the neighbor of x = (x1, ...,
Xy) for which the i-th coordinate differs from that of x.
As a consequence, for any n and any g: R" — R smooth enough, it holds
1
Ent,, (%) < = [ |Vg| 2e8dy, (5.5)

where vy, is the standard Gaussian measure on R", and |Vg| is the length of the
gradient of g.
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Remark 5.6 Note that the constant 1/2 in the above log-Sobolev inequality for the
standard Gaussian is optimal, see e.g. [1, Chapter 1].

Proof of Proposition 1.2 By Corollary 4.4, Inequality (5.3) holds with ¢ = 1/2.
Observe that N;(x) = {o;(x)} where o;(x) = (x1,...,Xi—1, 1 — Xi, Xit1, ..., Xn)
is the neighbor of x = (x, ..., x,,) for which the i-th coordinate differs from that of
x. For ¢ = 1, Corollary 5.4 gives

1 ! 1~
Ent,en (f) < 3 Z Z [log f(x) — log f (o (x))]i FeOp®(x) — zﬂ(fulu),

xeQ, i=1

which is the first part of the corollary.
For the second part, we shall apply the Central Limit Theorem. Our starting point
is the following modified log-Sobolev inequality on the hypercube:

1 n
Entyen(f) < 5 D D [log f) —log foi )]} fOu®'(x)  (5.6)

xeQ, i=1

that holds for all product probability measures on the hypercube 2, = {0, 1}", for all
dimensions n > 1.

First we observe that, by the tensorization of the log-Sobolev inequality (see e.g. [1,
Chapter 1]), we only need to prove Gross’ Inequality (5.5) in dimension one (n = 1).
Then, thanks to a result by Miclo [37], we know that extremal functions in the log-
Sobolev inequality, in dimension one, are monotone. Hence, we can assume that g
is monotone and non-decreasing (the case g non-increasing can be treated similarly).
Furthermore, for convenience, we first assume that the function g: R — R is smooth
and bounded.

Let 1), be the Bernoulli probability measure with parameter p € (0, 1). We apply
(5.6) to the function f = ¢%», with

o (Zare)
o= (A=) xem

so that Ent 8 (¢“") tends to Ent, (e®) by the Central Limit Theorem. It remains to
identify the limit, when n tends to infinity, of the Dirichlet form [in the right-hand side
of (5.6)]. Let x'y; denote the vector (x1, ..., Xi—1, Vi, Xi+1, ..., Xp). Then,

> 1Gn () = G (N pp(xi) = plGaE'1) — Gu (& 0)]3 O D
x;€{0,1}

+(1 = PG(E0) — Gp(& 1|20
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Now, since
Sioixi—np  2juxi—(-Dp N (L_ 1 )
i —p  Ju-Dpi-p - - p) <\ =1
./p(l - ([ Vi )
Xi Zj;éi Xj

T Um0 =p  Vp(p) (it a1 Java 1

7\/p(1—p)(5ﬁ+¢n—1) 20(%)’

by a Taylor Expansion, we have

—i —i _ 1 Z/;ﬁl 'x] P(n - 1) 1
G =G = T ¢ ( CENE )+0(5)'

Zj;éixj —pn—1)

, it follows that
(n—=1pd—p)

Setting y; (x) =

_ . 2 Gp(x) ) —
X%H[Gn(x) Gnloi NI e9 () = ===

32

g (3i(x))? 8010 Lo ( 1 )
n

Now, since all y; (x)’s have the same law under u?", it follows that

n / 2 p8(1(x0))
g8 ix))~e?
D D 1Gu(x) = Guloi () e uBm(x) =D - wS" (x)
xe, i=1 xe,
1
o{—).
" (ﬁ )
The desired result follows by the Central Limit Theorem, then optimizing over all
p € (0, 1), and finally by a standard density argument. This ends the proof. O

5.3 The complete graph

Combining the differentiation property (5.1) together with the displacement convexity
on the complete graph of Proposition 4.1, we prove the following result.

Proposition 5.7 (HWI type inequality on the complete graph) Let u = 1/n be the
uniform measure on the complete graph K,. Then, for any f: V(K,) — (0, o) with
[ fdw =1, it holds

1 ~ _
Ent, (f) < &.(f,log f) — 3 (T (ul f) + Ta(frlw)),
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where

1
Eu(filog f) = 7 > (f) = fO))(og £ () = log f())E)u(y)

x,yeKn

corresponds to the Dirichlet form associated to the Markov chain on K, that jumps
uniformly at random from any vertex to any vertex (i.e. with transition probabilities

K(x,y) = u(y) =1/n, forany x, y € V(Ky)).

Proof We follow the same line of proof as in Proposition 1.2. Fix f: V(K,) —
(0, o0) with f fdu = 1. By Proposition 4.1, applied to vi = wu (which implies that
H(vi|pn) = 0)and vog = fu, we have

t(l—1)

Hwlpw) < (1 —1)H(volp) — (T2 lvo) + Ta(volv)),

where v, = (1 — #)vg + tv1. Hence, as ¢ goes to 0, we get

ol 1 ~ ~
/flog fdp = H(vwlp) < 5 A0 — 35 (Z2(wilvo) + Ta(volv)).

The expected result follows from (5.1). O

In the case of the two-point space, one can deal with any Bernoulli measure (not
only the uniform one as in the case of the complete graph).

Proposition 5.8 (HWI for the two-point space) Let i be a Bernoulli-p, p € (0, 1),
measure on the two-point space 21 = {0, 1}. Then, for any f: Q1 — (0, co) with
w(f) =1, it holds

1 ~ _
Ent, (f) < &.(f,log f) — 5 max (Ll f) +T(fulw), | fe—wlrv}
where,

Eu(filog f) = p(1 = p)(f(1) — f(0)(log f (1) — log f(0)).
See Remark 4.3 foracomparisonbetween’]N'z(Mfu) + ’7’2(f,u|u) and || fu—pullTv.

Proof Reasoning as above, Proposition 4.1, applied to vi = u and vp = fu, implies

9 1 ~ -
Ent, (f) < —EH(WW)\,ZO - zmaX{Tz(ulfu) +D(fulw. I fu—wlrv}.

where v, = (1 —t)fuu +tu. Set g = 1 — p. Since H(v ) = [(1 — 1) f(0)g +
tqllog[(1 =) f(O) +¢]1+ [(1 —t) f(1)p +tp]llog[(1 — 1) £ (1) + ¢], it immediately
follows that
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a
3 Al = q(1 = F(O0)log f(0)+¢(1—f(0)+p(1—f(D)log f(1)+p(—f(1))
=q - f(0)log f(0) + p(1 — f(1))log f(1)

where the second equality is a consequence of the fact that p + g = 1 = u(f) =
qf(0) 4+ pf(1). Using again that 1 = g (0) 4+ pf (1), we observe that

q(1 = f(0)log f(0) = pg(f(1) = f(0))log f(0)

and

p(I = fM)log f(1) = =pq(f(1) = f(0)log f(1),

from which the expected result follows. O

6 Prékopa-Leindler type inequality

In this section we show by a duality argument that the displacement convexity property
implies a discrete version of the Prékopa-Leindler inequality. (This argument was
originally done by Lehec [27] in the context of Brascamp-Lieb inequalities.) Then
we show that this Prékopa-Leindler inequality allows to recover the discrete modified
log-Sobolev inequality (5.6) and a weak version of the transport entropy inequality of
Remark 4.6.

Let us first recall the statement of the usual Prékopa-Leindler inequality.

Theorem 6.1 (Prékopa-Leindler [28,43,44]) Letn € N*andt € [0, 1]. Forall triples
(f, g, h) of measurable functions on R" such that

(A =0x+1ty) =1 =0 f(x)+1g(y), Vx,y eR",

it holds

1—t 1
/ehm dz > (/ o/ @ dx) (/ 80 dy) .

Using the identity (with || - || denoting the Euclidean norm),

llx —yllz

X
|| ||2 N SN et

—||(1—f)x+IYI|2—(1— n—= >

one can recast, without loss, the preceding result into an inequality for the Gaussian
distribution.

Theorem 6.2 (Prékopa-Leindler: the Gaussian case) Let y,, be the standard normal
distribution on R" and t € [0, 1]. For all triples (f, g, h) of measurable functions on
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R™ such that

1 —
h((A—Dx +1y) = A —1)f(x) +18(y) — %llx —yl3.  Vx.yeR",
6.1)

it holds that

1—¢ 4
/eh(z) Yu(dz) > (/ el @) ]/n(dx)) (/ 8 yn(dy)) .

The next result shows that a discrete Prékopa-Leindler inequality can be derived
from the displacement convexity property of the relative entropy.

Theorem 6.3 (Prékopa-Leindler (discrete version)) Let n € N*, t € [0, 1] and . €
P (V™). Suppose that  verifies the following property: for any vo, vi € P(V"), there
exists a coupling w € T1(vo, v1) such that

HO ) < (1= ) Holp) + tH( ) — et (1 — ) 11 (). (6.2)

If (f, g, h) is a triple of functions on V" such that: Vx € V", Vm € P(V"),
/ / B (dm(dy) = (1 — 1) f () + 1 / () m(dy) — et (1 —1)
n 2
x> ( / d(xi, yi) m(dy)) : (6.3)
i=1

then it holds

1—1¢ 1
/eh(Z) w(dz) > (/ o/ ,u(dx)) (/ 8 M(d)’)) .

Proof Letn e N, f, g, h: V" = R, u € P(V"),t € [0, 1]and ¢ € (0, 00) satisfying
the hypotheses of the theorem. Given vy, vi € P(V"), let = be such that (6.2) holds
and let p be such that w(x, y) = vo(x)p(x, y), x,y € V"

Then, integrate (6.4) in the variable x with respect to vo, with m(y) = p(x, y), so
that (recalling (2.3))

/hdvf > (l—t)/fdvo+t/gdv1 —ct(1 =) ().

Together with (6.2), we end up with

[ravr = mor=a-n (/ favo - H(VOI.U«)) +r (/gdv] - H(vlm)) .
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The result follows by optimization, since by duality (for any «: V" i R),

sup [/ozdm—H(mLu)] =10g/e“du.
meP(vVn)

This ends the proof. O
An immediate corollary is a Prékopa-Leindler inequality on the discrete hypercube.

Corollary 6.4 Let p be a probability measure on {0, 1}, n € N* and t € [0, 1]. For
all triple (f, g, h) verifying (6.4) with ¢ = 1/2, it holds

1—t t
/eh(z) ,bL®n(dZ) > (/ ef(X) M®n(dX)) (/ eg(}') M®"(dy)) .

It is well known that Talagrand’s transport-entropy inequality and the logarithmic
Sobolev inequality for the Gaussian measure are both consequences of the Prékopa-
Leindler inequality of Theorem 6.2 [4]. Similarly the discrete version of Prékopa-
Leindler inequality implies the modified logarithmic Sobolev inequality induced by
Corollary 5.4 and the transport-entropy inequality associated with the distance 7, of
Remark 4.6.

Corollary 6.5 Assume that the following Prékopa-Leindler inequality holds: for
all t € (0, 1), for all triples of functions (f, g, h) on V" such that: Yx € V",
Ym € P(V"),

//h(z) v (dm(dy) = (1 — 1) f(x) +r/g(y>m<dy) —ct(1—1)
n 2
x> (/ dx, y»m(dy)) ,
i=1

it holds that

1—t !
/eh(Z) wu(dz) > (/ PYACY) M(dx)) (/ 8 M(d)’)) .

Then one has, for all functions h: V"' — R,

2

1 n
Bt = = > > 2 (0 —h@) | "),

xeVmi=1 | zeN;(x) +

and for all probability measures v, absolutly continous with respect to |,
cT(uv) < Holw), (6.4)

cH(vlw) < Hwlw), (6.5)
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Proof We first prove the transport-entropy inequalities (6.4) and (6.5). Let k be a
function on V" (necessarily bounded, since V is finite). We apply the discrete Prékopa-
Leindler inequality with h = 0, g = —(1 — t)k and f = t Qk, with Qk defined so
that the condition (6.4) holds: for all x € V",

n 2
Qk(x) ZmGiIgl(fV") {/k(y)m(dy) +CZ (/d(xi’)’i)m(dY)) }

i=1

Therefore, one has for all t € (0, 1),

1/t 1/(1=1)
(o) (feta) =1

As t goes to 1, we get for all functions k on V",

/eQ"du < b,

and this is known to be a dual form of the transport-entropy inequality (6.4) (see [17]).
Similarly as r goes to 0, we get for all functions k on V",

/e_kdu < (00,

which is a dual form of the transport-entropy inequality (6.5).

Let us now turn to the proof of the modified discrete logarithmic Sobolev inequality.
Fix a bounded function # : V" — R and choose g = th and f = h + tR;h with R;h
designed so that condition (6.4) holds. Namely, for all x € V",

. 1 X
R =i |t ([ neomi > @man - a = onco)

n 2
- ﬁ/h(y)m(dy)+c§(/d(x,-,yl-)m(dy>) } ,

where the infimum runs over all probability measures m € P(V"). Then the Prékopa-
Leindler inequality reads

1—1 t
/ehdﬂz (/ehethhdM) (/ethdﬂ) ,

which can be rewritten as

1/t 1/(=1)
1 2 (/ethhd,l‘Lh) (/e(t_l)hdﬂh) ,
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with duy, = j':h_hdu du. Letting t go to 0, we easily deduce (leaving some details to

the reader) that,

/(liminf R,h)ehdu < /ehdulog/ehdu.
t—0

This can equivalently be written as

Entu(eh) < / (h — liminf R,h)ehdu.
t—0

We conclude using the following claim. O
Claim 6.6 For all x € R, we have

2
n

. 1
h(x)—llglélfR,h(x)SEZ > (hx) = h(2))

i=1 | zeN;(x) +

Proof of Claim 6.6 By a Taylor expansion and by Proposition 5.1, for all x, y € V",

/h(z)vf’y(dz) = v (h) = vy (h) + td (x, y)vy” (V5'h) + o(t)
= h(x) +td(x, y)V"Vh(x) + o(1),

with the quantity o(¢) independent of y since % is bounded. Now, from the definition

of the sets N;(x),i € {1, ..., n} and using the identity (5.2), one has
1 IT(x, z, )
VYR(x) = ——— h —h(x) = h(z) — h(x)) —— 2
®) = 5 > ) —h)) = > (h(2) —h(x) TG )]
yel(x,y) €V, z~x

S d(xi, y)IU(x;, zi, yi
= z z (h(z) — h(x)) (Z( y)llr(zc -z )yl )I.
i=1zeN;(x) X, Y, yi

Therefore

@ Springer



92 N. Gozlan et al.

hx) = Rih(x) = sup /Z 3 ) — h@) do, vy ooz 0] ?"Z”y’)'m(dy)
o e TG )l

n 2
—c> (/d(x,-, y,-)m(dy)) +o(1)

i=1

IA

Ssupd | 3 e —he@n | [ dessomay

=1 ™ ZEN; (x) N

2
—c(/d(xl-,ynm(dy)) +o(l)

<Zsup v Z h(x)—hz) | —cv?l +o(1)

=1 v20 ZEN; (¥) 4
2
1 n
= o 2| 2 G =h@) | +o.
i=1 | zeN;(x) "
The claim follows by letting ¢ go to 0. O
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