Probab. Theory Relat. Fields (2013) 156:665-705
DOI 10.1007/s00440-012-0439-y

On fixed points of a generalized multidimensional affine
recursion

Mariusz Mirek

Received: 23 October 2011 / Revised: 26 May 2012 / Published online: 6 July 2012
© The Author(s) 2012. This article is published with open access at Springerlink.com

Abstract Let G be a multiplicative subsemigroup of the general linear group G1(R?)
which consists of matrices with positive entries such that every column and every row
contains a strictly positive element. Given a G-valued random matrix A, we consider
the following generalized multidimensional affine equation

N
RE> AiRi + B,

i=1

where N > 2 is a fixed natural number, Ay, ..., Ay are independent copies of A, B €
RY is a random vector with positive entries, and Ry, ..., Ry are independent copies
of R € R?, which have also positive entries. Moreover, all of them are mutually

independent and L stands for the equality in distribution. We will show with the aid
of spectral theory developed by Guivarc’h and Le Page (Simplicité de spectres de
Lyapounov et propriété d’isolation spectrale pour une famille d’opérateurs de transf-
ert sur I’espace projectif. Random Walks and Geometry, Walter de Gruyter GmbH &
Co. KG, Berlin, 2004; On matricial renewal theorems and tails of stationary measures
for affine stochastic recursions, Preprint, 2011) and Kesten’s renewal theorem (Kesten
in Ann Probab 2:355-386, 1974), that under appropriate conditions, there exists x > 0
such that P({(R, u) > t}) =< t=X, as t — oo, for every unit vector u € S¢~! with
positive entries.
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1 Introduction and statement of the results

We consider the Euclidean space R? endowed with the scalar product (x,y) =
Z?Zl xiyi, the norm |x| = /{x, x), and its Borel o-field Bor(R?). We say that
RY s x = (x1,...,xq) > 01is positive (resp. RY > x = (x1,...,xq) > 0is strictly
positive) when x, > 0, (resp. x, > 0) forevery 1 <n <d. By Ri we denote the set
of all positive vectors and we define the set ST = Rﬂ’r NS?=1 of all positive vectors on
the unit sphere S?=1 = {x € R¢ : |x| = 1} with the distance being the restriction of
the Euclidean norm to S*. Given x € R? we denote its projection on S~! by X = ﬁ

Let GI(R?) be the group of d x d invertible matrices on R¢ with the operator norm
|| - || associated with the Euclidean norm |- | on R i.e. ||a| = Sup, csd-1 |ax| for every
a = (ali, ))1<ij=a € GI(RY).

Suppose that G is a multiplicative subsemigroup of G1(R¢) which consists of matri-
ces with positive entries such that every column and every row contains a strictly
positive element. By G° we denote the multiplicative subsemigroup of G composed
of matrices with strictly positive entries. It is easy to see that G provides a projective
action on ST which is given by

GxS*a(a,x)n—>wx=£eS+.

lax|

Let A be a G-valued random matrix distributed according to a probability measure
won G, and B be a random vector independent of A, taking its values in Ri.

Let Ay, ..., Ay and By be independent random variables, where N > 2 is a fixed
natural number, Ay, ..., Ay are independent copies of A, and By is an independent
copy of B.

The aim of this paper is to find a random vector R € R, independent of A and B,

which solves (in law =) a generalized multidimensional affine equation, i.e.

N
D
R=7 AiRi + Bo, (1.1

i=1

where Ry, ..., Ry are independent copies of R € Ri and independentof A, Ay, ...,
Apn, B, By, (see Theorem 1.7 stated below).

Furthermore, we would like to find possibly mild conditions, which allows us to
establish an asymptotic tail formula for R. More precisely, we are interested in the
existence y > 0, such that

P{(R,u) >t})) <t %, as t— oo, (1.2)
for every u € ST (see Theorem 1.9 stated below).

The one dimensional version of Eq. (1.1) has been considered recently by Jelenk-
ovi¢ and Olvera-Cravioto [13—15] in the context of Google’s PageRank algorithm. The
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On fixed points of a generalized multidimensional affine recursion 667

authors solved Eq. (1.1) and justified formula (1.2) using the renewal theorem. It is
worth emphasizing that the one dimensional version of Eq. (1.1) with B = 0, was stud-
ied by Liu in a series of articles (see for instance [18] and the references given there).

We are also motivated by the recent results of Buraczewski et al. [3], where the
authors considered the multidimensional version of Eq. (1.1) with B = 0, and estab-
lished formula (1.2) with the help of Kesten’s renewal theorem [17] and the spectral
method developed by Guivarc’h and Le Page [6,7]. Their approach sheds some new
light on multidimensional problems and fits perfectly to our situation.

In order to avoid repetitions in the sequel, and shorten article we have decided to
state all necessary definitions and notations in the introduction, and formulate our
main results as general as it is possible.

Let M'(G) denotes the set of all probability measures on G endowed with the
weak topology. We denote by suppu the support of the measure 1 € M'(G). If
E C G, let [E] be the subsemigroup of G generated by the set E. For n € N let
Sy =A,----- A1 € G, where Ay, Ay, ... € G is a sequence of independent copies
of G-valued random matrix A distributed according to .

A subsemigroup [suppu] of G is called contractive if [suppu] N G° # (. In other
words,

]P’( U (S, € G°}) > 0. (1.3)

neN

The condition (1.3) was considered by Hennion [10], Hennion and Hervé [11] in the
context of limit theorems for the products of positive random matrices.

An element a € GI(R?) is proximal if there exists a unique eigenvalue A, (the
dominant eigenvalue) of a, such that r(a) = lim,,_, la™ 17 = gl

According to the Perron—Frobenius theorem [12] every a € G° is proximal. More-
over, for every a € G° and its adjoint a* € G° it is possible to choose v,, w, € Ri
such that v, > 0, w, > 0 and

avg = hqVa, @ Wq = AgWa, (Vg, W) =1, |wg| = 1.

The eigenvector v, determined by these relations will be called the dominant eigen-
vector of a € G°. This means that we can write RY = R - v, @ vj-, and the spectral
radius of a restricted to vf; ={x e R?: (x,v,) = 0} is strictly less than [A,].
Furthermore, by the preceding relations we have

n

n]ggo r(a)" = Ve (4
where v, ® w, is the matrix projector on R - v,. Since v, ® w,x = (x, w,) v, for
every x € RY, (1.4) immediately yields

lim a" - x = = =71, € ST, foreveryx e RZ. (1.5)
n—00 [V @ wax| [val

Vg ® wWex Vg
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A subsemigroup I' C GI(RY) is strongly irreducible if there does not exist a finite
number (k € N) of proper linear subspaces Vi, ..., Vi of R such that

k k
r(Uw)gUw (1.6)
i=1 i=1

If E € GI(R?) we denote by EP™* the set of all proximal elements of E. A subsemi-
group I' € GI(RY) is said to satisfy condition (i — p) if T is strongly irreducible and
'Pr% £ (. This condition was widely investigated by Guivarc’h and Le Page [6,7],
see also [3,8,9] and the references given there.

A subsemigroup [suppu] € G, where u € M'(G), is said to satisfy condition
(C) if [suppu] is contractive and strongly irreducible. Clearly, condition (C) implies
condition (i — p) with ' = [suppu].

For s > 0 we write

1

n

€)=, = tim ([ el @)
G

where 1*" is the nth convolution power of i € M'(G). The limit above exists and it

1
is equal to inf,en ([ llall* " (da)) ", because uy (s) = [ llall**" (da) is submul-
tiplicative, i.e. U4, () < up (s)u,(s) for every m, n € N. Moreover,

I, ={s €[0,00) : ku(s) <0} = {5 €[0,00) :/||a||sy,(da) < 00
G

Let soo = sup{s = 0:k,(s) < oo} € Ry U {oo}, then by the Holder inequality
I, =10, 500) or I;, = [0, s50].
Our “existence” result is the following

Theorem 1.7 Assume that A is a G-valued random matrix distributed according to
a probability measure | on G, and B is a random vector independent of A, taking
its values in Rf{_, such that P({B > 0}) > 0. Let Ay, ..., Ay and By be independent
random variables as in (1.1), where N > 2 is a fixed natural number, Ay, ..., AN
are independent copies of A, and By is an independent copy of B. Suppose further
that [suppu] € G satisfies condition (C) and there exist sy € (0, 1/2], and sy > s
such that E(JA|*1) <+, E(IAI?) < 3. and E(|B|*?) < oc. Then there exists
a unique vector R ¢ Ri and its independent copies Ry, ..., Ry independent of
A, Ay, ..., AN, B, By which solve (1.1) in law. Moreover, E(|R|*) < oo for every

s < 5.

Remark 1.8 The uniqueness of the solution of (1.1) will be explained in details in
Sect. 3—see the discussion after Lemma 3.8.
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On fixed points of a generalized multidimensional affine recursion 669

Section 3 contains a detailed proof of Theorem 1.7, which is similar in spirit to
that of [13]. However, the multidimensional framework, we consider, provides some
difficulties which do not appear in the one dimensional case. Namely, the method
developed in [13], which gives finiteness of appropriate moments for the solution
of (1.1), breaks down in higher dimensions. This problem will be dealt with the help
of condition (C) and additionally for technical reasons we have to assume that there
is s < 1 such that E(J|A[*!) < +.

The last condition allows us to give elementary proof of Theorem 1.7, which follows
the ideas introduced in [13]. If we did not assume that s; < %, it would generate many
obstacles difficult to surmount. In particular straightforward proof of Lemma 3.12
which we propose in Sect. 3 might not work at all. On the one hand, the existence
of s1 < % such that E(J|A|*!) < % can be relaxed in the one dimensional case (see
[13—15]). On the other hand, it can be also relaxed in the multidimensional settings,
but this requires more sophisticated techniques giving the existence of the solution
of (1.1). This approach will be discussed in the forthcoming article of Buraczewski
et al. [4].

Let Ay be the Lebesgue measure on R?. If v is a probability measure on R?, then
by v = v, + v; we denote its Lebesgue decomposition with respect to A4 where v, is
the absolutely continuous part with respect to Ay, i.e. v, < A4, and vy is the singular
part with respect to A4, i.e. v L Az. We have also v, L v,. Since v is positive then its
total variation ||v| = v(RY) = 1. We say that the measure v is singular if |Jvg]| = 1,
otherwise v is nonsingular, i.e. ||vs] < 1.

Now we can state our main “tail” result.

Theorem 1.9 Fix a natural number N > 2, a G-valued random matrix A distributed
according to u, and a random vector B with law n, independent of A, taking its values
in R, such that P({B > 0}) > 0.

e Assume that [suppu] € G satisfies condition (C), and there is 51 € (0, 1/2], such
that E(J|A|I*!) < % Moreover, we assume s, > s1 and limg_, s k(s) > % Then
there exists x > s1 such that Nk (x) = 1.

o Furthermore, if E(]|A||X log™ |Al) < oo, E(|B|X™¢) < oo for some ¢ > 0, and
either

(1) n is nonsingular, i.e. |ns|| < 1, or
(i1) n is singular, i.e. ||nsll = 1, and P({(B,u) = r}) = 0 for every (u,r) €
ST x Ry.

Then there exists a positive function el St (0, 00) and a constant Cy, > 0 such
that

lim PR, 1) > 1)) = Cyek () = 0, (1.10)

for every u € ST, where R € Ri is the stationary solution of Eq. (1.1) as in Theo-
rem 1.7. Moreover, if x > 1 then C, > 0, and the limit in (1.10) is strictly positive.

Now we give an example of singular measure 7, i.e. ||7s|| = 1, on the plane (d = 2),
such that n({x € R? : (x,u) = r}) = 0 for every (u,r) € ST x Ry, and n({x €
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670 M. Mirek

R?:x > 0}) > 0. Define S = {(cosa, sina) : 0 < & < 7/2} € ST and let 5 be the
normalized one dimensional Lebesgue measure on S, i.e. suppn = S™ and n(S) = 1.
Itis not hard to see that 7 is singular with respect to two dimensional Lebesgue measure
A2.Obviously n({x € R?:x > 0}) = n(S) = 1, andnotice that {x € R? : (x, u) = r}
intersects S at most two points, hence finally n({x € R?: (x,u) =r}) =0.

As we mentioned before, the proof is based on concepts of [3] with considerable
complications determined by the structure of Eq. (1.1). The most important tool which
allows us to establish relation (1.10) is Kesten’s renewal theorem [17]. We need to
check that its assumptions are satisfied (see Sect. 4). This is the most difficult part of
the paper and requires the spectral theory of transfer operators developed by Guivarc’h
and Le Page [3,6,7], which is summarized in Sect. 2. But we touch only a few aspects
of their theory and restrict our attention to the results which will be used in Sects. 3
and 4. Guivarc’h and Le Page approach significantly simplifies and clarifies proofs
developed by Kesten [16], and what is most important for us, it is applicable to our
situation.

The positivity of the limit constant C, > 01in (1.10) if x > 1, is a very delicate
issue. This relies strongly on the positivity of matrices and the fact that x > 1. In the
case when x < 1 the positivity of C,, > 0 seems to be a very difficult problem and is
unavailable in our situation at the moment. However, in the one dimensional case and
the case of group of similarities (instead of group G), a very careful study (requiring
complex analysis methods) of the formula defining the limit constant C,, > 0 allows
us to conclude that the constant C, is nonzero. A detailed exposition of these, and
related problems, are discussed in [4].

Remark 1.11 We would like to emphasize that there are some possible extensions of
Theorems 1.7 and 1.9 which relax the assumption that N > 2 is constant and allows us
to consider an integer-valued random variable N > 2 with appropriate moment con-
ditions (see [3,13-15,18]). But this is not the main issue of this paper and therefore,
for simplicity, we decided to assume that N > 2 is constant.

2 Transfer operators

Let C(S™) be the space of continuous functions on ST with the supremum norm | - | .
He =1{¢p € C(ST) : |9lle = |@|oo+[P]e < 00}, & € (0, 1]is the space of all e-Holder
functions on ST with

(6], = sup lp(x) — ¢(y)|.
x#y |x — y[®

Given a closed subset V of ST, M!(V) denotes the set of all probability mea-
sures on V, endowed with the weak topology. We say that U C ST is a subspace
of S*,if U = V N ST for some subspace V. C RY. A measure v € M'(St) is
said to be proper if v(U) = 0 for every subspace U & ST. Here and subsequently,
AT) = {v, € ST : v, is the dominant eigenvector of a € T'P™X}, where I is a
subsemigroup of G such that ['P"% £ ¢.
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The following Proposition 2.1 due to Guivarc’h and Raugi [8] (see also [9]) contains
the relevant properties of (i — p) semigroups which will be used in the sequel.

Proposition 2.1 Let u € M'(G) and T = [supp] satisfies condition (i — p). Then
there exists a unique proper ji-stationary measure v € M'(S1) such that suppv =
A). Furthermore, A(T") is the unique T'-minimal subset of St (i.e. if Z € ST is
closedandT - Z C Z, then A(T") C Z), and the subgroup of RY generated by the set
{IAq] : a € TP} is dense in RY..

Let w € M'(G). For s € I,,x € S* and a measurable function ¢ on S* we
consider the following transfer operators

PS¢(X)=/|aXIS¢(a~X)/L(da),
G

2.2)
Pig(x) = / ' p (@ - ¥)p(da) = / lax ' (a - s (da),

G G

where 11, € M'(G) and 114 (U) = u({a € G : a* € U}) for every U € Bor(G).
The main purpose of this section is to summarize a number of properties of operators
P?¥, P?, see Theorem 2.3 below.

Theorem 2.3 Assume that u € M LG),sel w and I' = [suppu] satisfies condition
(i — p). Then

e there exists a unique probability measure v¢ € M'(S1), (i € MY(S)) such that
1) PV =k (s)vE, (Pivi = k(s)v)).
(ii) suppv® = A([supppl), (suppvy = A([suppp+])) and it is not contained in
any proper subspace of ST.
(i) Iy >35>V € M (ST, Iy 35— e MY(S1)) is continuous in the
weak topology.
o I, 35 +> k(s) is strictly log-convex function.
e there exists a unique s-Holder continuous function €® : ST +— (0, 00), (&5 : ST +—
(0, 00)) with s = min{s, 1} such that
(1) Pfe’ =«(s)e’, (Pjel =k (s)ed).
(i1) e°, (e}) is given by the formula

¢ (x) = / o) vidy), (e = / oy v dy) | for x €St
S+ S+

(i) I, s > €& € C(ST), U, > 5 > € € C(ST)) is continuous in the
uniform topology.
e Moreover; there exists a unique stationary measure t° € M'(St), (m3 eM 1(ST))

for operator QS f = L&D (Qif = M) where f € C(ST), such that

K(s)es K(s)es

; s e’ s v
O 7 =555 (7 = b))
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i) (OH"f, Q)" f) converges uniformly to 7w*(f), (wi(f)) for any f €
C(S™).
(iii) suppm® = A([suppp]), (suppmy = A([suppirs])).

This result was proved by Guivarc’h and Le Page and its, quite long and far from
being obvious, proof can be found in [6,7]. Notice that in view of the cocycle property
o’ (x,axa1) = o’ (x,a1)0’ (a1 - x, az), (0} (x, axay) = 0 (x,ar)o; (a) - x, a2)), ay,
a e G,x e Stof

of(x,a) = |ax|s%, (cr;kY (x,a) = |ax|S@) , 2.4)

the Markov operators Q° and Qf defined in Theorem 2.3 can be rewritten in the
following form

(0M)"¢(x) =/¢(a'X)qZ(x,a)M*"(da), (2.5)
G
(0)"$(x) =/¢(d-X)Qﬁ;’*(x,a)l«tin(da), (2.6)
G
where
s ef(a-x) s o(x,a)
g a) = —— " Dy = 200
K" (s) eS(x) K" (s) 27)
NN B (CAE I AC ) e
WD = GG aw T e

neN,x €St aeGandgisan arbitrary measurable function on St.

3 Construction of the solution

Recall that A stands for a G-valued random matrix distributed according to the mea-
sure & € M'(G), and B for a random vector taking its values in R, independent of
A. In this section we construct a solution of Eq. (1.1). The idea of the construction
goes back to [13]. It is not difficult to imagine that we have to study a sequence of
random variables that are obtained by iterating (1.1). Let N > 2 be a fixed natural
number and RE)“’I, ceey R(’)“  be independent and identically distributed (i.i.d.) copies

of the initial random variable R € Ri. Throughout the paper we will assume that
E(IR;*?) < oo, for s > 0 as in Theorem 1.7. We consider the sequence (R;),>0
such that

N
Ry, = Z Ant1kRy i + Buy1, foreveryn >0, 3.1
k=1
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*

where A,41.1, ..., Ant1.N, Bur1and R , R;"N, n > 0 are independent. More-

over, forn > IR::‘], e, R:’ y areiid. c’(l)’;ies of R} obtained at the previous iteration.
Forn > 0A,+1.1, ..., Aps1 N are ii.d. copies of A and B, is an independent copy
of B.

We will look more closely at the sequence (R}),>0. Let A = {A i
@i1,...,0iy) € {1,..., N}*, n € N} be the set consisting of i.i.d. copies of A, and

B = {Bh,..‘,in 2@, .., 0p) € {1, ..., N}, n € N}U {Bp} the set consisting of i.i.d.
copies of B independent of .4. Additionally we assume that Ag = Id a.s. and the initial
random variable Ra“ is always independent of A, B, A and B.

Now let Wy = AgBg = By a.s.,

W = Z Aj Ay oo Ay Biy iy, 121 3.2)
(>i1,..in)€{l,..., N}

and forn > 0
n
RM — Z Wi, 3.3)
=0

be the partial sum of the sequence (W,),>0. Since R+ — R™ > 0 is a positive
vector for every n € N then

o0
_ 1 (n) _ .
R= lim R" = Z(;W (3.4)
1=l

exists a.s. and is a candidate for a solution of (1.1). Indeed, it is not hard to see that
W, satisfies

Wi = > A Aigip oo Ady i Biy i
(GRS TR

N N
= ZAk Z Ay =oo- Akin,inBroin,.in | = ZAkWn—l,k,
k=1 (ksinyorsin) (1., N} k=1

(3.5)

where Ay and W, _; ; are independent of each other and W,_1 1, ..., W,_1 ny have
the same distribution as W,_;. In view of the above calculations, R®™ satisfies the
recursion

N
R™ =" AR + By, (3.6)
k=1
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for every n € N, where Rf"il), e, RX,“]) are independent copies of R@=D_ This
allows us to conclude that R is a solution of (1.1) in law provided that R is finite a.s.,
but this will be shown in the proof of Theorem 1.7 below.

To obtain a solution with an initial condition, let R(’)“’ (1oin)? (ity...,0iy) €
{1,...,N}",n € N, be i.i.d. copies of the initial random variable R € R‘i inde-
pendent of the families .4 and B. For n > 1, we define similarly as in (3.2)

,,,,,

Wn(Rg) = Z All Ail,iz ..... All ..... inR(j)c’(il’_"’in)- (3.7)
(i1,esin)€ll,...,N}"

Moreover, as in (3.5), we obtain W, (R;) 2 ZI]:J:l ArWy,_1k(Rj), where Ay and
Wu—1,k(Rj) are independent of each other and Wy, 1 1(Rgj), ..., W1 n(Rj) have
the same distribution as W,,_ (R(’; ). Now we have the following

Lemma 3.8 Assume now that (R}),>0 and (R("))nzo are the sequences defined
in (3.1) and (3.3), respectively, then for every n € N we have

R*Z RO=D 4w, (RY). (3.9)

Proof Observe that forn = 1, (3.9) follows from definition. For more details we refer
to [13]. O

In view of formula (3.9) we will be able to show (in the proof of Theorem 1.7 below)
that every sequence (R}),>0 obtained from the iterations described at the beginning of
Sect. 3 (see (3.1)) converges in law to the random variable R defined in (3.4), provided
that E(| R;j|*?) < oc. The uniqueness of the solution of (1.1) will be understood exactly
in the sense described above. Therefore, one may think that the solution of (1.1) does
not depend on the choice of the initial random variable Rj.

Now we have the simple, but very useful

Lemma 3.10 Under the assumptions of Theorem 2.3 there exists cs > 0 such that for
everyn € N we have

s / lall* i (da) < k" (s) < / lall* 1" (da). 3.11)
G G

Proof We refer to [6]. O
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To take the limit in (3.4) we need an estimate for [E (|W,,|*). Suppose for a moment
that s < 1. Then, in view of inequality (3.11), we have

E(|W,l') <E > 1AG Ay -+ Aiy i 1By i
(i1seersin)€{L,..,N}"

< > E(lAyAng e Aipi ) E(1BI)
(i15eemrin)€{l,...,N}"

1
=N / lall* ¥ @da)E (|BI) < —E (|BI) N"«" (s).
G

Cs

We would like to show that for an appropriate s > 0, not necessarily less or equal 1,
the quantity [E (|W,|*) decays exponentially. This is contained in Lemma 3.12. For
the sake of computations we have to assume that there exists s; € (0, 1/2] such that
E(|AI") < -

Lemma 3.12 Assume that [suppu] € G satisfies condition (C), and there exist s| €
(0, 1/2], and so > 1 such that E(] A|*!) < %,E(HAH”) < % and E(|B|*?) < oo.
Then for every s € (s1, $2), there exist finite constants Ky > 0 and n < 1 such that
foreveryn e N

E (IW,|*) < K. (3.13)

Proof By Theorem 2.3 «(s) is strictly log-convex so Nk (s) < 1, for every s €
(s1,52) and for s < 1, (3.13) follows from the calculation above. From now we
assume that s € (1,s2) and it is fixed. Let S;, . i, = AiAiip - -« Aiy.in
for (i1,...,iy) € {l,...,N}" and n € N. We order the set of indices writing
{1,..., N}Y* = {iy,...,iyn} and we choose p € Nand p > 2, suchthat p — 1 <
s < p.Thens; < 1/2 < s/p < 1 (here is the first time where we have used that
s1 < %, this allows us to make the specific choice of p, which in turn guarantees that
ks/p € (s1,s2) forevery k € {1, 2, ..., p} and the inequalities Nk (ks/p) < 1, hold
forevery k € {1, 2, ..., p}). Moreover

E (1Wa )
P
<E Z 1Si1,....i Bi|,‘..,i,,|s/p
(i1,-msin)€{l,....N}"
=E z ( P . )|SilBil|Sjil/p e |SiNn BianxjiNn/p
-]il’ 7]iNn

ji] +'”+jiNn =p

= 2 (Jp 7 J.W)E((usil|||Bi1|)”'il/") ----- E ((1Siya I Biya )57 /7).
)4

Jy s =
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Notice that E (|Bi1 |Sji1 /p) B (|BiNn |5jiNn /P) ”B”jjll ;i o ||B||j;an ji <
Inn
| BIIS, since || B]l, = E(|B|")!/" is increasing and || B|lo = 1. This implies that

2 (Jp 7 jiNn)E((||Si1|||Bi||)”'“/”) ~~~~~ E ((1ISiyn 11 Biyn )57

Jiy s =p

<E(BF) (ji] " )E(||silllsfin/1’) ~~~~~ E (IS0 I70/7)

Jiy oA ign =p

=) 3 (5 " J)/ a7 [ e
G

Jo i =p

Observe that by the inequality (3.11), there exist constants Csj; /p, Csji,/ps -+
Csjiyn /p € (0, 1], such that for all n € N

/||a||Sjil/p,lL*"(da) SC;/ill/pKn(Sjil/p),

/ lall2/? " (da) < el k" (sfin/ D).

[are 7w day < 65 i )

Since ji;, Jips - -+ Jiyn € {0, 1, ..., p}, the constants above do not depend on n € N
_ -1 -1 -1 -1 1 .
aﬁd }Ntehmay define ¢, s = max{c, , Cs/p Cos/pr 2 Cp—1ys/p> Cs } that dominates
all of them.
When N" < p, we have
/ lall* /P ™ (day - - - - -/||a||s1w" P (da) < ch sk (i /p) -+ kK" (Sfiya / P)-
G

(3.14)

Therefore,

> ( ) / lal* /P @da) - - - - - / llal[ i /P (da)
Jila-"vlan G

jil +'”+jiNn =p

p . .
<chs > ( . . )Kn(SJh /p) e k™ (Sfiya /)
]il’ "'V.IiNn

ji1+“'+jiNn =pr
< cg,s -max{k(s/p),k2s/p),...,k((p — 1)s/p), k(s)}"
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On fixed points of a generalized multidimensional affine recursion 677

p
Z (jil""?jiNn)

Jy e lign=p
< ch NP max{k(s/p), k(2s/p), ... k((p — Ds/p), k(s)}"
< ch pPTIN" -max{x(s/p), k2s/p), ..., k((p — Ds/p), k(5)}",

since ks/p € (s1,s2) for every k € {1,..., p}. This yields (3.13) with K; =
cﬁ,sppflE(IBls) <ooand n = N -max{k(s/p), ..., k(s)} < 1. As we said before
the assumption s; < 1/2 is indispensable, because it guarantees that N -k (ks/p) < 1
forevery k € {1,2,..., p}.

When N > p, (3.14) also holds with the universal constant cg, s Which does not
depend on n € N, but we have to estimate

> ( P )K"(sjil/p)-----K”(sjw/p),
Jits - Jiyn

./i] +'”+jiNn =p

in a more subtle way. Before we do that we need to introduce a portion of necessary
definitions.
Foreveryr <k,and j; <--- < ji,let

k
L(ji,...,Jr) = s
(1 Jk) (11,12,...,lr)

when jl == jll < jll—H == jl2+l1 < j12+11+1 == jl3+l2+ll < - <
Jly4etli+1 = =+ = Ji 4t and Iy +1p 4+ - - + 1, = k. Then it is not difficult to
see that for every k < p

L(ji, ..., k) <k,
(. P .)Ep!,
Jls oo Jk
N" LG ) < N™| <k

Let now n = max{ni, n2, ..., np} < 1, where

nk = max{(N«k(sji1/p)) - ---- (N«(sjx/p)) : j1 +---+ jr = p, and
1< <j} <L

This implies that

D ( P )x”(sjil/p) K (Sfign /D) = N"K" (5)
Jirs - Jiyn

./i1+"'+jiNn =p
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Nn
(%) T () isitmesiin

J1ti=p
J1=n

N" p ... . . .
+( ) E ( . .)L(Jl,Jz,Js)K"(SJl/p)K"(SJz/p)K”(SJa/p)
3 ) ~ Ji,J2, J3
J1ti2tiz=p
N=R2=J3

Nn
+(k) = (j‘ ’ ')L(jl""’jk)""(sjl/l?)~-~--K”(sjk/P)

Jitetik=p o Jk
J1="=k

er
+( ) Z (jl ; .)L(jl""’j”)’(n(sjl/l?) ~~~~ K" (sjp/P)

P/ Fp=p o Jp

Jj1=+<jp

< N"k"(s) + Z p!N2”/c”(sj1/p)K"(sj2/p)
1ti=r
=R

4+t Z p!Nk"K”(Sjl/p)-""Kn(sjk/p)
j_1+‘“+j_k=”
J1="=Jk

p
ot D PINT(sji/p) ek sy /p) <Pt Y D]
Jittip=p k=1 ji+-+ix=p
j1=+=jp J1=+=Jk

P
p—1 _
<n"-p!D (k_l)SZ” e,
k=1

Hence in this case (3.13) follows with K, = 27"!plch (E(|B|*) <ooandn < 1. O

Proof of Theorem 1.7 First of all we show that E(|R|*) < oo for every s < s, where
R was defined in (3.4). This shows that R is finite a.s. moreover, in view of formula (3.6)
R solves Eq. (1.1) in law. Its uniqueness will be a consequence of Lemma 3.8 as we
mentioned above.

By Lemma 3.12 there exist n < 1 and K < oo such that for every n € N we have
E(W,|%) < Kgn". Observe now

n N
E(|R|)*) = E(iminf |[R™|*) < liminf E(R™|*) < lim ianE(z |Wk|) .
n—0o0 n— 00 n— oo =0

When 0 < s < 1, we have

n s n n
K
. . . . s . . k_ s
llnn;g(lijE(E |Wk|) 5]&{11012)1“1[5(2 | Wil )Shnlglo%fl(s E nt = < 00.

k=0 k=0 k=0 I=n
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On fixed points of a generalized multidimensional affine recursion 679

When s > 1, we have

n s n s
.. L. s\1/s
hnrglor(l)fE(z |Wk|) 51}11215?(2 E (|Wkl*) )

k=0 k=0

n S
K
L. Z kfs ) — 5 o
fh,fﬂgém( ! ) A=y

k=0

It immediately implies that E(|R|*) < oo, which in turn gives |R| < oo a.s.

Now we want to show that R is the unique solution of (1.1). It is enough to show
that R, with an arbitrary initial random variable Rj Ri converges weakly to R
as n — 00. Recall that the initial random variable R(’)k has finite spth moment, i.e.
E(|R;I°?) < oo. We show that E(f(R;)) ;5= E(f(R)) for an arbitrary uniformly

n—od
continuous function f defined on R?. Fix & > 0, and choose § > 0 such that

x =yl <8 = |f(x) = fI <e.

By (3.9) we know that R 2 R"=D 4w, (Rgy) for every n € N, hence

[BCR = FRD| < [BCRO™D + Wa(RG) = £(ROD))|

+ [EGFROD) = f(R))|.

It is enough to show that [E(f(R"V + W, (R})) — f(R"™V))| ;=5 0.Fixs < s,

n—oo
and observe that, in view of inequality (3.13) with W, (R;;) instead of W,,, we have

(B RO 4+ Wa(RE) = ROV
< By, rp<sy (f R~V + W (R5)) — fF(R™™D))))
+ E( 1w, (k=0 (F (R ™D + Wy (R) — f(RD))])
< eP({|Wu(R))| < 8)) + 2M ;P({| W (R))| > 8})

E(Wa(RY)I")
ol

<&+ 2MP{|W,(R)| > 8}) <& +2M 5

2M K
ss+%n"m&

for some n < 1 and K; < oo (see Lemma 3.12). Since ¢ > 0 is arbitrary we have
shown that E(f (R}})) ;== E(f(R)), and Theorem 1.7 follows. O

n—o00

4 Application of Kesten’s renewal theorem

In order to prove Theorem 1.9, as mentioned in the introduction, we will use Kesten’s
renewal theorem [17] which allows us to describe the desired tail asymptotic (1.10).
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680 M. Mirek

Before we state Kesten’s theorem we have to introduce necessary definitions and to
prove a number of auxiliary results. They are contained in the three lemmas of Sect. 4.1
and they will be used later on to check that the assumptions of Kesten’s renewal theo-
rem are satisfied in our settings. The material presented in this section is adapted from
[3,6,7,16].

4.1 Some general results

At first we define the probability space 2 = G. Bor(X) stands for the Borel o-field
of the space X. For any sequence w = (aj, az, ...) € Q we write

Sy(w)=a,-----a1 € G, forneNand Sy(w) =1d € G.
Let 0 : Q —  be the shift on 2, i.e.
0((a1,az,...)) = (a2, a3,...), foreveryw = (aj,as,...) € Q.
As in Sect. 2 (see (2.4) and (2.7)), for every n € N, we define the kernel
n
q, (x, a)):qu(Sk_l(a)) -x,ay), foreveryxeST and w = (a1, a2,...) €.
k=1

The cocycle property gives a very useful relation, i.e. for every m, n € N, x € ST and
w € Q we have

Tngn (X, @) = @, (X, Sp (@), (Su (@) - x, S (0" (w))). (4.2)

The Kolmogorov’s consistency theorem guarantees the existence of the probability
measure Q) on 2 being the unique extension of measures g; (x, a) w*(da). Next we
define the probability measure

Q= /Qins(dx), on €,
S+
where 7% is the unique Q° stationary measure on S* (see Theorem 2.3). By ES we
denote the expectation corresponding to Q5. We extend the probability space €2 to
Q=S x Q.Let 9 :* Q —*Q be the shift defined by
Y(x,w) = (a - x,0(w)), foreveryx € ST and o = (aj,a2,...) € Q.
We now define the probability measure “Q* on “Q as follows

“Ws = /Sx ® Q57*(dx).
S+

@ Springer



On fixed points of a generalized multidimensional affine recursion 681

In the same way, starting with w, instead of w, and with kernels qﬁ;’* instead of g},
(see (2.7) for the definition) we introduce the measure Q3 and E}* denotes its
expectation. Moreover, the probabilities Q°* and ¢ Q** are defined similarly, i.e.

Q** :/Q;*n;(dx), and “Q"* =/3x ® Qv (dx),
S+ St

where 7} is the unique Q3 stationary measure on ST (see Theorem 2.3). Let 0* =
(af,a3,...) € Qforevery w = (a1, a2, ...) € Q. Then S, (0*) =a;; - ----af € G.
Remark 4.3 The properties of the stationary measures 7° and ] developed in Sect. 2
imply that (2, Bor(2), Q%, 0), (2, Bor(2), Q**, 0), (“Q, Bor(“Q),*0*,%0) and
(“Q, Bor (“Q), * Q°-*,40) are ergodic.

From now we will work with the measures Qy*, 75, Q%* and “ Q%*. Clearly, all
the results stated below remain valid for the measures Q}, 7*, Q° and ¢ Q°.

We begin with the following
Lemma 4.4 Assume that © € M LG, s € 1, and I = [suppu] satisfies condition
(i — p). Then there exists ¢ > 0 such that Qy* < cQ%* for every x € ST. Moreover
the constant ¢ does not depend on x € St.

Proof We can repeat the argument from Sect. 3 in [3]. O

Lemma 4.5 Assume that u € MYG),s € I, and I = [suppu] satisfies condition
(i — p). Then for every x € ST we have

Q" ({weQ:3C>0VneN [S(0)x|=ClSu(@|h =1, and  (4.6)
Q*{weQ:3C>0¥neN [Sy(w)x| > ClSy(w)]|}) = 1. 4.7

Proof Observe that (4.7) implies (4.6). Indeed, let
Zy={weQ:3C>0VneN [S,(0)x]|=>C|S,(w)]},
and let Z¢ be the complement of Z,. Then by Lemma 4.4
QY*(Z8) < Q¥ (Z5) = 0.

The proof of (4.7) is adapted from [16]. Condition (1.3) yields the existence of ng € N
and 0 < t < 1 such that

p=P" ({weQ:SC(a,j) >r foralll <i,j <d}) >0, 4.8)
where P* = u®N. Let us introduce

T (w) = min{n > ng : S, (0" " (w)) € G°}.

@ Springer



682 M. Mirek

First of all we need to show that

Q*{weQ:T(w) <oo}) =1, foreveryx € St and 4.9
Q" ((weQ: Tw) < oo)) = 1. (4.10)

Notice that (4.9) immediately gives (4.10), since the event {T' < oo} does not depend
onx € Stand Q** =[5 Qv 7f(dx).

Assume for a moment that (4.10) holds and prove (4.7). If x = (xq, ..., x,) € ST
is such that x > 0 then for any a € G we have

d

lax| > d*]/zz(a(i, Dxi+---+a(i,n)x,) >d” 12 mm X Z a(i, j)
i=1 i,j=1

1/2

> a1 min x; - sup (z (a(i, Dy; + - +a(i,n))’n)2)

Isizd = jyj=1

=d "2 min x;|al.
1<i<d

We will use this inequality to show that (4.7) holds. Now fix an arbitrary x € ST
and let Q; = {T < oo} C Q. By assumption, Q**(2;) = 1. It is easy to see that
St (@*)x > 0 for w* € Q). Fix * €  then for any n > T (w*) we have

|Sp(@)x] = 18,7 (07 (@) S (@*)x] = d™'/2 min (S7(@")x)i|Sn-7O" @]

< d71/2 minlgisd(ST (0*)x);

Sy (0.
= isr@op @)l

It implies that | S, (w0*)x| > C7 x(0*)||Sn (@*)| holds with the constant C1_ (@*) > 0

independent of n > T (w™*), for every w* € Q. Recall that G is the multiplicative

semigroup of d x d invertible matrices with positive entries such that every row and

every column contains a strictly positive element. Now take n < T (w*) and notice

that C, (0*) = 'fg((“; Hl > 0, for every »* € Q) by the definition of G and x € S*.

Therefore, we take C(w*) = min{C} ,(@*), ..., Cr x(®*)} > 0, and (4.7) follows.
We need only to prove (4.9). In this purpose we define the events

Ex={weQ: SO )i j)>r foralll <i,j<d}, keN,
We show that there exists y € [0, 1) such that for all/ € N
QY (T > Ing}) < QY*({E jn, does not occur forany 0 < j < [}) < vy (@11
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Then (4.11) with Borel-Cantelli lemma yield Q%" ({T < oo}) = 1.In factitis enough

to show that
Q;’*(Eé n---N E(Cl—l)no) = V@;’*(E(C) n---N E(Cl_z)no) = Vfoc’*(ES n---N E(C]_3)n0)
< --- and inductively --- < yl. 4.12)

_inf g+ €} (x)
Let rg = m Then

5%
Qv (EGN - NEG 5,0 N E@—1)ny)

_ PR * *lng
—/lEgm---nE(f,_z)nOmE(,,.)no (@), (x, Spng (@) ™" (dw)

Q

rsT¢ ) * sy 8,k * *[n
e o I e LT g v S TR o Pt
Q

_ rsT’ * S % c

= gyt E-om) QT E O O EGgy,)

— prst’ S,% e c

= o) & oM N EGayg) (4.13)

(np € Nand t > 0 were defined in (4.8)) since by (4.2) we have the following lower
bound

1E<H)n0 (w*)qlsﬁ: (x, Stng (@™))
S s -1
= L8 @8 1y (5 St @)@ (St—1ymg @) - %, 2 (0970 0))
rs g, % 1—1 s
= 0y Y- 1mg @ 1y (¥ Sa=1m0 @) S (6710 @) (S 1ymp @) - %)
- I's 1
T dS/2eno(s)

d S
(Z Sng (047179 (")) (S(1—1yng (@) - x),-)

i=1

E(l,l)y,o (w*)qfl‘j])no (X, S(l—l)no (a)*))

X

rsT®

8%
= B ems) Euimg @ 1y (5 Sa=1ymp (@)

> ds/24n0 (s)

Let 0 < y; = min {1 "—} Fory =1 — y, € [0, 1), by (4.13), we obtain that

QY (EGN - NEG o) NEG 1)) < vQY (EGN - NEG 5,0 N Ga—1yny)
=yQy (EfN---N EEII*Z)no)'

This finishes the proof of (4.12) and completes the proof of the lemma. O
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Lemma 4.14 Assume that 1 € MY(G),s € 1, and ' = [suppu] satisfies condition
(i — p). Assume additionally that | ||a||* log" ||lalln(da) < oc. Then for any x € ST

1 1 !
lim —log|S,;(w)x| = lim —log||S,(w)] = a(s), ¥ and Q%* a.s.,  (4.15)
n—oon n—-oon
where

a(s) = //log|ax|q‘f’*(x,a),u*(da)ni(dx). (4.16)

St G

Proof We show that f(x, w) = log|Si(w)x| is * Q** integrable. Observe that there
exists 0 < § < 1 such that

0 < lax| <8 = |ax|*log|ax|™"

Then

OV = / / |log |S1(@)]18x (dy)QY ™ (dw)7s (dx)
St @

//IaXI |log |ax]||~ ()*( )M*(da)ﬂi(dX)

SCs//IaXISI10g|aXIIM*(da)7Ti(dX)

St G
/ lal* log™ llallu(da) + C / / jax|® log™ lax| s (da)rs (dx)
St G
cs/ lall® log™ llallu(da) + Csps ® wi({(a,x) € G x ST :0 < |ax| < §})
G

1
+ Cy log (5) e @i{(a,x) € G x ST 18 < |ax| < 1))

! 1
Cy / lall* log™ flallu(da) + Cs (1+log (5)) < 0.
G

Hence in view of Remark 4.3, on the one hand, by the Birkhoff ergodic theorem
(applied to “ Q% * and “6) we obtain

1
aQS’*([(X,w) €“Q: lim —log|S,(w)x]
n—-oon

1 - a 8§,% — —
= lim -~ Zfo 0" (r,0) =“Q (f)—oc(s)})—
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On the other hand by the Kingman subadditive ergodic theorem (applied to Q** and
0) we have that for every s € I, there exists oy € R such that

1
QF* ([a) € Q: lim —log| S, (w)| = as]) =1.
n—oo n

Define @ = {weQ:3C>0VneN|s,(0)x]| > C||S,(w)| and lim,_ o ﬁlog
1S (w)|| = s}, for every x € ST. By Lemma 4.5 and calculations stated above
we know that Q**(Q') = 1. Fix arbitrary x € ST, take any »* € Q' and notice that

S %
0<Cx(w*)§M§ ,
[|:Sn (@)l
imply
1 1 1 Sy (w*)x 1
—log Cy (") 4+ —log || S, (@]l < —log [Sn@)x] + —log [|Sy (@)l
n n n [[Sn()| ~ n

1 3k
< —log [|Su(@M)]|.
n
Since lim,,_, 5o % log Cy (w™) = 0 we have
S, % : 1
Q> weQ: lim —log|S,(w)x|=as¢ ) =1.
n—oon
And so, in view of Lemma 4.4,
S, % : 1
Q) weQ: lim —log|S,(w)x|=ast ) =1,
n—>o0o n

for all x € ST (by considering complements). Since  Q%* = [o, 8, ® Qy "7} (dx)
we get a(s) = oy and Lemma 4.14 follows. O

4.2 Kesten’s renewal theorem
For x € ST and w € Q define Xo(w) = x, and forn € N
Xp(w) = gn(w) - Xp—1(®) = Sp(w) - x,

and

Va(w) = log|Sy(w)x| = ZUl-(a)), where Ui(w) = log|gi(w)Xi—1(®)].
i=1
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Let F(dt|x, y) be the conditional law of Uy, given Xo = x, X| = y, i.e.

Q" (X1 €A, U €eB)= //F(dt|x,y)Qi(x,dy).
A B

A function g : ST x R — R is called direct Riemann integrable (dRi), if it is
Bor(S™) x Bor(R) measurable and for every fixed x € ST and 0 < L < oo the
function ¢ — g(x, t) is Riemann integrable on [—L, L], and satisfies

o0 o0
D>kt Dsup{lgtr.0)|: x € Coy1 \Cr. and £ e[l1+1]} < oo,
k=0l=—00

4.17)

\% 1 1
Ckz[xeS+: ;*([ > ,forallmzk])zi], for all k € N.
(4.18)

For the reader’s convenience we formulate Kesten’s renewal theorem [17].

Theorem 4.19 Assume the following conditions are satisfied:

e Condition 1.1 There exists w5 € M'(ST) such that wi QS = w$ and for every
open set U C ST with w3(U) > 0, QY™ (X, € U for somen € N) = 1 for every
x e St.

e Condition 1.2

///|t|F(dt|x,y)ka(x,dy)JTi(dx) < 00,
St St R

and for all x € ST,

lim ﬁ = a(s) :/tF(dt|x, VO (x, dy)ri(dx) >0 Qy* —ae (4.20)

n—oo n

e Condition 1.3 There exists a sequence {;} C R such that the group generated by
¢; is dense in R and such that for each &; and A > O there exists y = y(¢i, L) € ST
with the following property: for each & > 0, there exists A € Bor(ST) with
w3 (A) > 0and my, my € N, v € R such that for any x € A

{1 X o =yl <& Vi, — 7] <A} >0, 4.21)
I Xmy =yl < & [V, —T — Gl <A} > 0. (4.22)
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e Condition 1.4 For each fixed x € ST, e > 0 there exists ro = ro(x, &) > 0 such
that for all real valued functions f measurable with respect to Bor ((S+ X R)N)
and for all y € ST with |x — y| < r( one has:

EY* f(Xo, Vo, X1, Vi, ...) < EJ* f*(Xo, Vo, X1, Vi, ...) + &l floos
EV* f(Xo, Vo, X1, Vi, ..) < EY* f9(Xo, Vo, X1, Vi, ..) + &l floos

where f¢(xo, vo, X1, v1,...) = sup{f(yo,uo, y1,u1,...): Vi € N|x; — y;|+
lvi —u;l < e}

If a function g : ST x R > R is jointly continuous and (dRi), then for every x € ST

lim ES* i Xp,t—=Vy) )= L/ / (v, x)dx | wi(dy)
iy Og n» n = a(s) gy, «\ay),
n= S+

R

for a(s) defined in (4.20).

In the next four subsections we indicate how the material developed in Sects. 2
and 4.1, under the hypotheses of Theorem 1.9, may be used to check the assumptions
of Theorem 4.19. From now we will work with the measures Qf"* for x € ST, where
x > 0 solves equation x(x) = % Such x > 0 exists since « (s) is strictly log-con-

vex and limg_, 4 k(s) > %, (see Theorems 1.9 and 2.3). We are going to prove that
Conditions I.1-1.4 are satisfied for s = y.

4.3 Condition I.1.

Proof of Condition 1.1. Theorem 2.3 with Breiman’s strong law of large numbers [2]
allow us to repeat the argument contained in Sect. 5 in [3]. O

4.4 Condition 1.2.

Proof of Condition 1.2. We know that [ [|a||* log* |la||n(da) < oo, hence

/ 11 (dt]x, y) O (x, dy)r (dx)
S+ S+ R

://|log|ax||qf<’*(x,a)u*(da)mﬁ((dx) < 00,
St Q

by the arguments of Lemma 4.14 applied to s = x. The only point remaining concerns
the positivity of a(x) defined in Lemma 4.14 (see also (4.20)).

Notice that if ¢ > 0 is sufficiently small, then for every ¢ € (x — ¢, x), we have
k(t) < k(x), since k(s) is strictly log-convex and limg_,,  k(s) > %, (see Theo-
rems 1.9 and 2.3). Fix t € (x — &, x) such that x /¢ < 4/3 and take y > 0 such that
k(t)e¥ < k(x).In view of inequality (3.11), there is C > 0 such that
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/||a||’pc*”(da) < Ck"(t)e’?, foreveryn € N,

since 1 < e”/3. Fix x € ST. Then for § = y/3 we have

1w"({a e G:lax|' > e} <€ /|ax|tﬂ*"(da) < Ck"(1)e*" )3,

Now let p = y /6. Throughout the proof will use the convention that D > 0 stands
for a large positive constant whose value varies from occurrence to occurrence. Then

Q" (fw € @ Su(@)x|" < e} = / LaeGiaxl <ermyqy ™ (x, @) (da)

G
= Kn(x)/l{aeG:Iaxl’<e/’”}|axlxl":n(da)
G
D X % D
= Kn(X)G 1{a€G:|ax|’<e*5"}|ax| Moy Kn(X)

X / 1{aeG:e“”’§|ax\’<e/’”} lax |XMI’Z (da)
G

DK"(t) 1 / . *(a *n
— d
=000 0 = ,() (da)

”
w'(fa € G :lax|" > e 8”})6 ]

)
< De (V+X R ) + De Y Rrn/3 rnx/t
pe

ZL5)n 4 De¥n/3+2vn/9 < po=bn.
for some B > 0. Thus

ZQ§’* ({a) € Q:log|Sy(w)x| < ,ot_n}) < 00.

neN

Therefore, by the Borel-Cantelli lemma we obtain that for every x € ST

log |S,
Qx* ([a) eQ: liminfM > L > 0]) =1.

n—00 n t

This shows that () > 0Q%™* as. for every x € ST and finishes the proof of Condi-
tion [.2. O
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4.5 Condition 1.3.

Proof of Condition 1.3. Proposition 2.1 and Theorem 2.3 allow us to use arguments
from Section 5 in [3]. O

4.6 Condition 1.4.

Proof of Condition 1.4. The proof is a consequence of Lemma 4.5 and the argument
given by Kesten [16]. O
4.7 Direct Riemann integrability

Now we derive an interesting criterium which significantly simplifies condition (4.17).

Lemma 4.23 Assume that the hypotheses of Theorem 1.9 are satisfied. If h is any
bounded and continuous function on ST x R which satisfies

o
> sup{lh(x.0)|: x €St andt € [l,1+1]} < oo, (4.24)
[=—00
then h is direct Riemann integrable i.e. it satisfies condition (4.17).
Proof We give only a sketch of the proof, for more details we refer to [3]. First of all
we prove that C;, = ST, for some sufficiently large k € N, (C was defined in (4.18)).

Then obviously (4.24) implies (4.17). There is a finite number N of points such that
St c Uf\gl B(x;,2), since ST is compact. Let

log | Sux;
Q = [ li)rréOM —a(x) >0, and3C > 0Vn € N [S,x;] > ClISull,
n n

foralll§i§N1].

Then Q%*(Q') = 1, by Lemmas 4.5 and 4.14. Take any y € ST, then there exists
1 <i < Nj such that y € B(x;, 2). This implies the existence of mo € N such that

log |S 1
o ([a) e 8IS 02, foralln = my ]) =1- 5.
n ¢

with the constant ¢ > 0 defined in Lemma 4.4. Taking any 1/k < min{a(s)/2, 1/m¢}
Lemma 4.23 follows. O
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5 Proof of the main theorem

In this section we give a detailed proof of Theorem 1.9. For that we consider the
following smooth version of P({(R, u) > t})

t

! /rX[P’({(R, u) > r}dr, where (u,t) € ST x R, 5.1
0

D= T w

where R € Ri solves Eq. (1.1). Let B(ST x R) be the space of all bounded measurable
functions on ST x R. Define a linear operator ® : B(ST™ x R) — B(S* x R) given
by the formula

Of (u, 1) =B (f(X1.t = V1))

! . o e (S1 @) u)
zry F($1@) s 1 =logSy(@"uh =

|S1 (0" ul*P(dw).

Observe that for every n € N
" fu, ) =Ef™ (f(Xu, t = V).

First we express G (u, t) as a potential of a function g(u, t) that turns out later on to
be direct Riemann integrable. Recall that A, A, A>, ... € G is a sequence of inde-
pendent copies of G-valued random matrix A distributed according to u and they are
independent of R. Forn e Nlet S, = A, ----- A; € G.

Lemma 5.2 Assume that the hypotheses of Theorem 1.9 are satisfied. Let G (u, t) be
the function defined in (5.1), and

er
N
Go(u, 1) = — /rX]P’({(AR, u) > r})dr,
eles (u)
0
then
Go(u,t) =0G(u,t), and (5.3)
lim ©"Gu,t) = lim EX* (G(X,.t — V) =0. (5.4)
n—0o0o n—o0
Moreover,
o0
Gu,t) = Z@"g(u, 1), where (5.5)
n=0
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1

elef (u)

g(u,t) = /rX P{(R,u) > r}) — NP{(AR,u) > r}))dr. (5.6)
0

Proof First of all we show Go(u,t) = ©G(u, t). Indeed,

et

) O/rXIP’({(R,A* u)|A*ul > rhdr

Go(u,t) =
et
N
=E /rxl . (R, A* - u))dr
etef (u) ) (\A*u\"’o) < !
1

e

[A%u]
N
=E| ——— / P .00) (R, A* - u))| A% ul X dr
TAFu] &% (W) 5

ol

|A%u|
1 1 ef(A*.
e [ (R AT AT

Mﬁ—,fulef,f @ -u J k() el

|A ul

=0G(u,t).

Now we have

O"G(u,t)

1 el(S, u)
=FEX* (G Xp, t — V) =E*(G(S,, - u,t —log|S 22 S, ulX
u (G(Xp ) ( (Sp-u og | nuDK”(X) e,)f(u) [Spul

t

S £(Sy -
=N | [ (RS, ) S S
etey (S, - u) / e (u)
S x+1
=NnIE>'< % / rxl(r’oo)((R,Sn-u))dr
*
e.t
41 S
Nk |S"M|X X * d
=N"E m r 1(|Snu|r,oo)(<SnR’“)) r
*
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/ FXE* (1,00 (S2 R, u))dr)

elel (u)

= e (u) E (100 (A1 - -+ - AR, u))dr),

where S, = A, - --- - Ay. By the continuity of /,, 5 s — «(s) (see Theorem 2.3) we
can find p < x, such that k(p) = 1%, for some ¢ > 0, then

E([A;----- AP E(RIP) _ Ce"(p)E(IR]?)
E (14,00 ({A1 - -+ - AR, u))) < =) d <7 .
rpP rpP
This implies that
O"G(u,t) = 1(, o0) ({A .- AR, u))dr)
6’6*(u)
CN™
< rX*f’«"(p)E(mV’) dr
ee*(u)
CN™ I—e\"
< — E(|R|p)( 8) /rx_pdr
eles (u) N
0
CE(IRIP) ;¢ -
=~ ¢ TP —g)" — 0.

Now it is easy to see that for any n € N we have
Gu, 1) = glu, 1)+ Ogu, 1) + O%g(u, 1) + - + 0" 'g(u, 1) + ©"G(u, 1),

and (5.5) follows. This completes the proof of Lemma 5.4. O

Lemmas 5.8 and 5.16 below imply that g(u, t) is direct Riemann integrable. Lem-
mas 5.7, 5.12 and 5.14 contain some necessary technicalities.

Lemma 5.7 Assume that the hypotheses of Theorem 1.9 are satisfied. Then
P({(R,u) =r}) =0, for every (u,r) € ST x R U {0}. Moreover, for every r > 0
the functions

S s u P(R, u) > r}), and S '>ur> PQ(AR,u) > r}),

are continuous.
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Proof At the beginning, we assume that the law 1 of B is nonsingular, i.e. ||ns] < 1.
Let v be the law of R and u be the law of A € G. Let * be the classical convolution on
R?. Moreover, we define & = % v, where g v(D) = Jo Jra 1p(ax)v(dx)pu(da)
and D € Bor(R?). Obviously £ defines a probability measure on R? which coincide
with the distribution of AR. Notice that v = &*V x5, since R D ZIN=1 A;R; + B, and
observe that by the Lebesgue decomposition we obtain

Vg t+vg=v=(~& +Es)*N * (Mg + 1ns)

(N S (N
=3 (e e+ > (Ve s g e,
n=1

n=0
+ EN s n0)a + EN xny)s,

and by its uniqueness vy = (ES*N % 1g)s. This gives ||vg|l < ||& v Ins]l. Again by the
Lebesgue decomposition and its uniqueness we have £ = g v = (*G vy + U *G Vs,

hence ||| = [I(n *G Vsl = lln*6 vivll < |lvgll. Now combining || v, || SAIIISSIIINIInsll
and [|& ]| < [lvsll we get [[vsll < [lvsI™ Insll, if flusll > 0, then I < [lvg [ {Ins |l <
IIns|l < 1. This contradiction shows that ||vg|| = 0 hence v is absolutely continuous

with respect to the Lebesgue measure, which in turn implies that P({{R, u) = r}) =0,
forevery (u,r) € ST x RT U {0}.

If the law 1 of B is singular, i.e. ||7s|| = 1, then for fixed (u, r) € St x Rt U {0},
we have P({(R, u) = r}) = 0, since P({(B, u) =r}) = 0.

Now we prove that Sl 5y P{(R,u) > r}) is continuous. Take any
()neN € ST such that lim,,—, o0 4, = 1 € ST and consider

[PA(R, un) > r}) — PR, u) > rP| = P(R, un) > r, and (R, u) <r})
+P{(R,up) < r, and (R, u) > r})

then

PR, u) =r < (R,un)}) =P{0 =r — (R, u) < (R, un) — (R, u)})
=P{0O=r —(R,u) < |R|[up —ul}), and

PA(R, un) <7 < (R, u)}) =P{(R, un) — (R, u) <r —(R,u) <0}
= P{—IRllun —ul =r — (R, u) < O}).

If lup, — u| < 1/m, then

PR, un) > r}) —PA(R, u) > rP| = PI (R, u) —r| < [Rllun — ul})
= P{I(R,u) —r| < [R|/m}).

We also know that lim,,— oo P({| (R, u) — r| < |R|/m}) = P({{R,u) = r}) =0,
hence

Jlim_ (PR, uy) > ) = P((R. 1) > r})| =0.
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The same arguments work for u — P({(AR, u) > r}), since A € G is independent
of R. O

Lemma 5.8 Under the assumptions of Theorem 1.9, there exists 0 < 1 < 1 such
that for every B € [0, B1), there is a finite constant Cg > 0, such that for every
(u,t) € ST x R we have

dr

IP’({ max (A;R;,u) > r]) — NP{{AR,u) > r})

1<i<N

g1(u, 1) = o)

< Cge P, (5.9)

and

/(N]P’({ (AR, u) > r}) — P ([11“” (AR u) >rD) Bl g,
0

1 N i x+B
__ R. X _ R
- ﬂE(Z (A;R;, u) (1121"1\; (A;R;, u)) ) (5.10)

i=1

Moreover, ST x R 3 (u, t) — gi(u,t) is continuous.
In the proof we extend the approach developed in [13].
Proof Let B € (0, min{1, x/2}) and take any O < 8 < B;. Then for every t > 0

t

ING) :eiﬁtef(lfﬂ)’/rx
0

IP’([ max (A;R;,u) > r]) — NP({(AR, u) > r})‘dr

1<i<N

et
< e—ﬂt/rx+ﬁ—l
0

Now observe that NP({{AR,u) > r}) > P ({maxlSiSN (AiR;, u) > r}), then

1
/ (NIP({(AR, uy>r)—P (LEI»EE‘N (iR, u) > r})) pA=1 gy
0 ==

1
< N/rX“Lﬁ_ldr < 00.
0

IP([ max (A;R;,u) > r]) — NP{(AR, u) > r})‘dr.

1<i<N

Let us define f(y) = P{(AR,u) > y}),and y = x —t,B — B, and_notice
NP({{AR,u) > r})—P ({maxi<i<y (AiRj,u) > r}) = 1-F@)N —1+NF(r) <
e NFW) _ 1 4+ NF(r), and for some ¢ > 0
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F(r)=P{(AR,u) > r}) <r "E ((AR,u)?) < cr7.

Clearly, 1 < #, and B; < x/2impliesy = x + B8 — B1 > x/2 + B/2, hence
# < 2. Then

/ (N]P({(AR, u)y>rh) —P ([1?-331\/ (AjR;,u) > r’)) rXTB=1gy
1 ==

o0
(e_NF(r) -1+ Nf(r)) XA < / (e_CNFV —1 +ch_y) pXtB=1g,
1

IA

—‘\8 —‘\8

N~ 1\ v dr

—cNr7Y - -

= -1 N J’) Nr— V) — i

(e +cNr ((c r ) cN) p

N xtB c¢N s N xtB oo i
Y _xtB_ Y _xtB
= GRS /(e_r —1+rr v Lar = emr /(e_r —l+rr v Lar
14 Y
0 0

N x+B 1 1 » [ .
v _x+B _x+B
57(6) (/rl Vdr—i—/r Vdr)
y 2
0

We have shown that /] (1) < C,ge’ﬁ’, forevery 8 € [0, B1) andt > 0 with the constant
Cg > 0 which does not depend on u € ST. If is not difficult to see that the statement
is clear for t < 0. A straightforward applications of Fubini theorem yields

/ (NIP({(AR, uy>rp—P ([11<n_a<)§v (AiRi, u) > r])) rXTB=lgy
0 ==

o0 N
= /(]E (Z 1{<A,-R,-,u>>r}) —-E (1{max.515N<A,~R,v,u>>r}))r“’s_ldr
0 i=1

X/ N
=E /(Zl{<A,~R,-,u>>r} —1{maXI§,-§N<A,~RI-,u>>r})r”ﬁ_ldr

0 i=1
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max|<;<n(A; R;,u)

)
X Bl — P X1 gy

(AiRj,u
=E

%

1 N X+B
= mE Z (A;R;, u)*+P — (]Ifnia;xN (A;R;, u)) .

i=1

N

1

(==}

In order to show the continuity of St x R 3 (u,t) — g1(u, t) it is enough to prove
the continuity of

et
1
U —[/rx (N[P({(AR, u) >r}) —IP([ max (A;R;, u) > r])) dr. (5.11
e 1<i<N
0
In this purpose observe that P ({maxliifN (A;jR;, u) > r}) =1-(1—-P{(AR, u) >

rY = 1—(1 =F @)V, where F(y) = P{{AR, u) > y}), hence Lemma 5.7 guar-
antees that

ut—> NP{(AR,u) > r}) — P({lg;axN (A;jR;, u) > r])

=

= 1=Fr)Y =1+ NF@),

is continuous. Observe that

NP{(AR,u) > r}) —]P’({ max (A;R;,u) > r])

I<i<N
N, ifr <1,
e NFO 1 L NF(r), ifr>1,

then arguing in a similar way as above with 8 = 0, and using Lebesgue dominated
convergence theorem we obtain the continuity of (5.11) and the lemma follows. O

Now we are going to prove inequality (5.13) and (5.15), that will provide necessary
estimates for Lemma 5.16. The first one was proved in [13] and was sufficient in the
one dimensional case discussed there. The second one is more subtle and allows us to
deal with our situation.

Here and subsequently [«] denotes the smallest integer > «.

Lemma 5.12 Let @ > 1 and p = [a] > 2. For any sequence of nonnegative i.i.d.
random variables Y, Y1, Yo, ... such that ]E(Y”_l) < 00, and any k € N we have

k o k o
E (Z Y,-) -S>y sk“IE(Y”’])"T'. (5.13)
i=1 =i
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Proof As mentioned before the proof is contained in [13]. O

Lemma 5.14 Let p € N and B € (0, 1). Then for any § € (0, %) for any

sequence of nonnegative i.i.d. random variables Y, Y|, Y2, ... such that E(YP _‘S) <
oo, and any k € N we have

k ptB k s
E (Z Yi) =Sy < kR (yr ) e (5.15)
i=1

i=1

Proof Define A, (k) = {(j1, ..., jr) eZF:ji+--+jx=p, and0 < j; < p}and
observe that

I
U Ny
M~ <
<
~
+
M

(_ p _ )Yljl ..... ykfk
. : J1s -5 Jk
i=1 (s Ji)EAp (k)

p (j1 jk)T
Yl .....y .
Z (jl,--~»jk) ! k

i=l (s Ji)€Ap(K)

IA
M»
<
bi
+

Now observe that 8 + 8 <  + % < 1. By the above inequality

. A=A
- > ( r ) (ylfl ..... ykfk) IR DR v
Jl""’]k l:l

U1sesji)E€Ap (k)
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It follows that

k By k ' pes
Sy Sty % ( P ,)(Ylfl ..... vi)'T i
i=1 i=1 i=1 (o j)eApy M1 Jk
+> v Yf*‘s.
i#j

But j; < p—1.Hence @+ﬁ+8 < %(p—l)(p—8)+ﬂ+5 < p+ﬂ—l+% < p=4,
since

1— 1 )
0<5<u:8(1+—)<1—,3 — p—-1+—-<-$
+1 )4 p
)
:>p+/3—1+;<p—3.
Now we have
J1(p=%) J,(p 5)+ﬁ+8 Jk(p—=8)
[[«](Y1 L .....yl, ..... Y, P
J1(p=9) J,(p 8)+/3+ Jk(p—3)

<I¥l,s - 1Y, R 4
=)o+,

because j; + --- 4 jx = p. Observe that

p—-p)
p+1

§ < = § <

#2 B+d<p—34,

8y, B+6 +6 +
henceE(Y” v’ )_||Y||” SYIGE < 1v12%, and so

tc

Pt Pt
5

4 kZE (Yp 5)78

k ptE g
(o) "5 <uw o
i=1 i=1

— kPHR (YP*B) %?

O

Lemma 5.16 Under the assumptions of Theorem 1.9, there exists 0 < Br < 1 such
that for every B € [0, B2), there is a finite constant Cg > 0, such that for every
(u,1) € St x R we have
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o(u, 1) = e’ef}(u) /rX P({{R,u) > r}) —P(LISHiaSXN (AiRi,u) > r])‘dr
0

Cpeti (5.17)

IA

and

/,,)H-ﬂ—l (]P’({(R, u) >rj)) — ]P’(Lr<na<x (A;R;, u) > r])) dr (5.18)
0

1 x+B
=—FE( (R, u)x? — ( max (A;R;, u)) )
x+p 1<i<N

Moreover, ST x R 3 (u,t) — go(u,t) is continuous.

Proof LetO < B < min{e, 1} (¢ >0asin Theorem 1.9 and 8; > 0asinLemma5.8)
and take B € [0, B2). Then for every t > 0

el

L(t) = e_ﬂte_(l_ﬁ)[/rx
0

o
- e—ﬂt/,,x+/3—1
0

Observe that (R, u) > maxj<;<y (A;R;, u). Then applying Fubini theorem as in
Lemma 5.8 we obtain

/rX+/3_1 (]P({(R, u)y>r}h —P ([IEI'ELXN (iR ) = r})) o
0 N

1 xX+B
= —F( (R, u)**F - ( max (A;R;, u)) .
X+ B 1<i<N

If0 < x < 1, take any B8 € [0, B2) such that 0 < x 4+ 8 < 1 and notice

x+B
Ef (R, u)*tF — (]m_axN (AiR;, u))

N x+B
<E((B,uyx*? —i—E(Z (Ai R, u) P — (max (AiRi,M)) )< 00,
i=1

dr

1<i<N

P{(R,u) >r}) —P ([ max (A;R;,u) > r])

P{(R,u) > r}) —]P’({ max (A;R;,u) > r])‘dr.

1<i<N

1<i<N
since E(|B|X**) < oo for some ¢ > 0, and the second term is finite by Lemma 5.8.
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If x > 1 we write

xX+B
Ef (R, u)x+F — ( max (A;R;, u))
1<i<N

N
= ]E((R, W P =" (AR, u>x+ﬂ)

i=1
N x+B
Z (A;R;, u)xtF — (max (A,-R,-,u)) .
= 1<i<N

We have to estimate only the first term, since the second one is finite by Lemma 5.8.
In this purpose we use Lemmas 5.12 and 5.14. Notice that

N
E(<R, w P =" (AR, u>X+ﬁ)

i=1

N x+B N x+B
<ZAiRi+B,u> —<ZAiRl-,u>
i=1 i=1
N x+B N
<ZAiRi,u> —Z(AiRi,u)X+ﬂ
i=1

i=1

N x+B-1
<(x+pE |B|(Z|AiRi| + |B|)
i=1

N Xt N
<ZAiRi,u> _Z<AiRi,u)X+ﬁ
i=1

i=1

x+B-1
E (|B| (Z,-Nzl |AiRi| + |B|) ) is finite, since E(| A *T#~1) < oo, E(|B|**9)

< 0o and Theorem 1.7 yields E(|R|*TF~1) < oo.

If x ¢ Nwe assume additionally that [ x + 8271 = [x 1, (which holds for sufficiently
small B > 0). Applying inequality (5.13) with p = [x] =[x + 8] and B € [0, B2)
we obtain

+

N x+B N
<ZA,-R,',u> — > (AR u) P < NXH (E ((AR )P~ 1)) <00,
[ = i=1

-

since p — 1 < .
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If x e Nand g € [0, B) take any § € (O, %) as in Lemma 5.14 with p = x,
then by inequality (5.15) we get

%‘m

< Q0.

N XtF N
<ZA,~R,~,M> — D (AR, u) P < N¥T(E ((AR, u)*~ 5))
i=1

i=1

Finally, we have proved I(¢) < C,ge_ﬂ“', for every B € [0, B2) and t > 0 with
Cp < oo independent of u € ST. If t < 0 there is nothing to do and the statement
follows.

It remains to prove that S* x R 3 (u, ) — g2(u, t) is continuous. In this purpose
it suffices to show continuity of

u é/rx (IP’({(R,M) >r}) —]P)({ILIIELX (A;R;, u) > r]))dr. (5.19)
0

Observe that

Ik
0
- (P({<R, ug) >r}) —F ([1I<nfix (AiRi, uo) > ]))
B 0
- (IP’({<R, ug) > rj) — P ([lrgix (AiRi, uo) > }))

It is enough to show that the last integral converges to 0 as lim,—, o #;, = ug. In this
purpose we will use an extended version of Lebesgue dominated convergence theorem
(see for instance in [1]). Namely,

P{(R, u,) > r}) —]P’(Lmix (A;R;, u,) > r})

dr

P{{(R,u,) >r}) —P ([lmax (AiR;, u,) > r])

dr.

Theorem 5.20 Given a measure space (X, M, u) (where u may take values in
[0, oo]). Let (fu)nen and (hp)neN, f and h be M measurable, real valued functions
on X. Suppose

o lim, f = fandlim,cchy, =hae onX,
o (hp)nen and h are all y integrable on X and lim,, o0 [y hpdp = [y hdp,
e |ful < hy,ae onX foreveryn € N.

Then f is u integrable on X and lim, o0 [y fudp = [y fdpu.
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We will apply Theorem 5.20 with

fur) = er'IP’({(R, uy) >r}h) —P ([ max {A;R;,u,) > ]

I<i<N

— (IP’({(R, ug) >r}) —P ([1I<na<x (A; R;, up) ])) '

ha(r) = rX—l(P({(R, up) >r)) —P (Lmax (AiR;, up) )

+(P({(R,uo) >r})—P([1r<na<x (A;R;, ug) > ]))),

and

h(r) = 2%~ ([P({(R,uo) >r}) —IP’([ max (A;R;, ug) > ]))

1<i<N

Clearly, | f,| < hy, for every n € N, and (h,,),en and & are all integrable. Lemma 5.7
guarantees that lim,_, o, f,(r) = 0 and lim, . h, (r) = h(r). In order to show that
limy— oo Jo hn(r)dr = [§° h(r)dr, notice that by (5.18) with B = 0 we have to
show that

X
lim E ((R, up)X — ( max (A;R;, un>) )
n—o00 1<i<N

X
=E ((R, ug)* — ( max (A;R;, uo)) ) . (5.21)

I<i<N

But in view of the first part of this lemma and the estimates given there (5.21) is a
simple consequence of a classical Lebesgue dominated convergence theorem. This
finishes the proof of Lemma 5.16. O

Proof of Theorem 1.9 From Lemma 5.2 we know that

Gu.t) =) O"gu.t1),

n=0

where
glu,1) = %/rx (P((R,u) > r}) — NP((AR, u) > r}))dr.
eley (u) /

As a consequence of Lemmas 5.8 and 5.16 the function ST x R 3 (u, t) — g(u, t)
is jointly continuous. Moreover, it is possible to find 8 > 0 and a positive constant
Cp < oo such that
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lgu, t)] < C,ge_ﬁ‘”, for every (u,t) € St x R,

since |g(u, t)| < g1(u,t) + ga2(u, t), for g (u, t) and g»(u, t) defined in Lemmas 5.8
and 5.16, respectively. This shows that g(u, f) satisfies condition (4.24). By the Ke-
sten’s renewal theorem 4.19 we obtain

Jlim G, 1) = lim B (Zg(X,,, V) )

= / /g(y,x)dx i (dy) =
a(x)

In other words we have proved that for every u € ST

el

lim G(u, 1) = lim /rXIP’({(R,u) > rhdr = Cy > 0.

t—o0 lei( (u)

Hence in view of Lemma 9.3 of [5], for every u € ST

Jim t*P({(R, u) > t}) = Cyek(u).

— 00
It remains to prove that C,, > 0 for every x > 1. (It is worth emphasizing, as we
mentioned in the discussion given after Theorem 1.9, that the case when x < 1 is

unavailable at the moment. However, some positive results in this direction can be
found in [4].) In this purpose notice that

1
CX=(HXg[</§uhnm)n$wm

:ALi// /rMM{Ru>wD—NPGARu > r))dr | diX (@du)
a(x) ) elef (u)

:;L/J1 ; /awmmm&m>fn—mmm&m>amm dir) (du)
a(x) e'e (u)

P +1)
_ ///~ X ({{R,u) > €'}) — NP({{AR, u) > &' }))dt |dsn} (du)
a(x) e@@)

= // {(R,u) > ') — NP({{AR, u) > ¢*}))dsn} (du)
a(x) e (u)

= 7/ 5 /rx YP(R, u) > r}) — NP({(AR, u) > r})dral (du)
a(x) ) e J

@ Springer
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1 1 e N
= o | oo — x—1 X
a a(x) / 6,,)5 (u) / E(1{<Z,N_] A,‘R,-+B4,u>>r} Zl:l[(AiRi,M)>r])r drmy (du)
st 0 i=
1 X N
= AiR; + B, (AiR; x
O‘(X)XS/ eX(u) <<Z + u> gl‘, ) u) ) 7y (du)
> 1 / 1 ]E((B u)X)JTX(du)
- Ol(x)xS+ el (u) ’ * '

since we have used (the fact that we are working with positive matrices and x > 1 are

indispensable)

i=1

We need only to show that

/;E ((B, u)*) & (du) > 0.

e (u)
f
We will show that there exists ¢, > 0 such that

(x, u)* wf (du) > ¢y llx|%,

S+

N Ux  wn
(z (AiRi,u)X-i-(B,M)X) < (AiRi,u) + (B, u).
i=1

(5.22)

(5.23)

for every x € Ri. Observe that ST > x +— [o. (x,u)* 7 (du) is continuous and
nonzero for every x € S*, since suppr is not contained in any proper subspace of

ST (see Sect. 2). This allows us to conclude that x — fS+ (x, u)X
minimum ¢, > 0 on S+, and in fact this proves (5.23).
In order to prove (5.22) notice that by (5.23) we obtain

1
- X X
/ei((u)E((B,u) )7l (du)
S+

> S | B ) o

! E /(B,M)X 7l (du)
+

T osup,cst ef (u)

Cx E (I|B]|*) > 0

= sup,es+ ef (u)

since P({B > 0}) > 0. This completes the proof of Theorem 1.9.
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