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Abstract We consider an ensemble of interacting charged particles on the line
consisting of two species of particles with charge ratio 2:1 in the presence of an
external field. With the total charge fixed and the system held at temperature cor-
responding to B = 1, it is proved that the particles form a Pfaffian point process.
When the external field is quadratic (the harmonic oscillator potential), we produce
the explicit family of skew-orthogonal polynomials necessary to simplify the related
matrix kernels. In this setting a variety of limit theorems are proved on the distribution
of the number as well as the spatial density of each species of particle as the total
charge increases to infinity. Connections to Ginibre’s real ensemble of random matrix
theory are highlighted throughout.
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1 Introduction

Recent progress in the solvability of Ginibre’s real ensemble (square matrices with
real i.i.d. standard normal entries [9]) [4,8,15] sheds light on our understanding of
ensembles with two different species of eigenvalues. Here we introduce a charged
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128 B. Rider et al.

particle model, based loosely on Ginibre’s real ensemble, but with particles of charge
2 on the line replacing the complex conjugate pairs of eigenvalues. The solvability of
the ensemble (i.e. the existence of a Pfaffian point process on the particles) follows
from a similar analysis to that in [4], though new global phenomena arise which do
not appear in Ginibre’s real ensemble.

Let L, M and N be non-negative integers so that L + 2M = N, and consider
1-dimensional (log-potential) electrostatic system consisting of L particles with unit
charge and M particles with charge 2. We will identify the state of the system by
pairs of finite subsets of R, & = {«1, a2, ..., a1} and & = {By, B2, ... Bu}, where
a1, 02, ..., op represent the locations of the charge 1 particles and By, B2, ..., By
represent the locations of the charge 2 particles.

The potential energy of state £ = (&1, &) is given by

L M
D logla —oxl +4 D Tog Bu — ul 2D > lotr — Pul.

j<k m<n =1 m=1

We assume that the system is in the presence of an external field, so that the interaction
energy between the charges and the field is given by

L M
=D Vi) =2 V(Bn)
=1 m=1

for some potential V : R — [0, 0o). Eventually we will specify to the situation where
V is the harmonic oscillator potential, but for now we maintain generality. The total
potential energy of the system is therefore

L M
E = loglaj —ar|+4 > log|Bn — Bul +2D D loglee — Bl

Jj<k m<n =1 m=1

L M
=D V@) =2 V(Bn). (1.1)
(=1 m=1

Given a pair of vectors (e, ) € RL x RM we will define E (ex, B) to be the right hand
side of (1.1), and call (e, B) a state vector corresponding to the state £. The number
of relabellings of the particles is generically L!M!.

Assuming the system is placed in a heat bath corresponding to inverse tempera-
ture parameter 8 = 1, then the Boltzmann factor for the state vector (e, ) is given
by

L M L M
e F@P =TTwleo) [TwBw)* [Tl —exl [T 1Ba=Bal* TT [T lee—Bnl.
=1 m=1

Jj<k m<n {=1m=1

(1.2)
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A solvable mixed charge ensemble on the line: global results 129

where w(y) = e~ ) is the one-body Boltzmann factor due to the external field. The
partition function of the system is given by

/ / e E@B apl)ydu™ ), (1.3)

RL RM

Zim = M)

where 1 and ! are Lebesgue measure on R and R” respectively. The multiplicative
prefactor 1/(L!M!) compensates for the multitude of state vectors associated to each
state.

Here we will be interested in a form of the grand canonical ensemble conditioned
so that the sum of the charges equals N. That is, we consider the union of all two
component ensembles with L particles of charge 1 and M particles of charge 2 over
all pairs of non-negative integers L and M with L +2M = N. The partition function
of this ensemble is given by

ZX)= > X'Ziu=
(L,M) (L

R [ et @an g

RLRM

Here X > 0 is the fugacity of the system, a parameter which controls the prob-
ability that the system has a particular population vector (L, M). The sum over
(L, M) indicates that we are summing over all pairs of non-negative integers such
that L +2M = N.

Note now that (L, M) is itself a random vector, though we will continue to use
this notation for the value of the population vector as well. For example, for each
admissible pair (L, M), the joint density of particles given population vector (L, M)
is given by the normalized Boltzmann factor,

XL
———e E@h), (1.4)
Z(X)

When X = 1 the probability of seeing a particular pair (L, M), or Prob(L, M), is
the ratio Zy, y/Z, where Z = Z(1). We will focus much of our attention on the case
X =1 due to the analogy with the real Ginibre ensemble: the charge 1 particles play
the role of real eigenvalues in real Ginibre and the charge 2 particles the role of pairs of
complex conjugate eigenvalues which have been forced together on the real axis. As
already mentioned, the solvability of the ensemble (that is the presence of a Pfaffian
point process on the particles) follows from practically the same argument as in the real
Ginibre ensemble. This observation was our original motivation for the present work.

Experts of random matrix theory will have already noticed that when X = 0O the
above reduces to a general orthogonal (or 8 = 1) ensemble. Likewise, as X — oo, the
above formally goes over to the corresponding symplectic (or 8 = 4) ensemble. Thus,
the two-charge ensemble provides an interpolation between two classical and well
studied point processes. Forrester previously introduced and studied the two-charge
ensemble constrained to the circle with uniform weight, obtaining some similar results
to the present (see §6.7 of [7] and the references therein).
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130 B. Rider et al.

2 Statistics of the particles

Here we are primarily concerned with global statistics of the particles when the poten-
tial V is quadratic,

Vi) =v22.  or. wy)=e "2

and the fugacity X = 1. Many of the results presented here are valid for other potentials
and other values of X, as will be indicated in the appropriate places below. Throughout
we restrict ourselves to the situation where N = 2J is an even integer.

The rest of this section describes global behavior of the distribution of L (and M) as
well as the global spatial distribution of each species of particles. These results hinge
on being able to derive a Pfaffian point process for the particles, as well as the con-
nected skew-orthogonal polynomials which allow a simplified formula for the matrix
kernel for the process. These facts are presented in Sect. 3; proofs are contained in
Sect. 4. The local analysis of this kernel (i.e. its scaling limits in the bulk and at the
edge) as well as investigation of the right-most particle of each species will appear in
a forthcoming publication.

2.1 Distribution of population vectors

Sharp results on the law of the state vector (L, M) are consequences of the follow-
ing characterization in terms of generalized Laguerre polynomials. Recall that the
generalized Laguerre polynomials with parameter « are orthogonal with respect to
x%e™ on [0, 0o). For our purposes, we set « = —1/2 and define L to be the degree
J polynomial which satisfies

i ri+3

/x_l/ze_ij(x)Lk(x)dx = a,,k%.
]!

0

Theorem 2.1 When the fugacity is set equal to one, Prob(L, M) is the coefficient of
XL of the polynomial Ly 2(—X?)/Ly2(—1). That is,

Z(X) _ Lyp(=X?)
zZ Lyp(—=1)

and so

2L 2¢
1. Prob(L, M) = L!M!/( Z M) if L is even, and is equal to 0
(€, m)t+2m=N

otherwise,

2. BE(L™) = [(x

d ,Lnp(=X?)

—)" ] for m non-negative integer.
dXx Lynp(=1) 1y,

Properties of the Laguerre polynomials now allow for nice expressions for the mean,
variance, etc. of L for all finite values of N. For example, we have that
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A solvable mixed charge ensemble on the line: global results 131

N/2—1

_d [ZX) _ Lj(=1)
EILY= dX|: V4 :|x=1 =2 jg() Lyj(=1)

) 23 [r (% - ')r (i+%)i!]:'
Zgj[r‘(%—i+l)r(i+§)i!}

Asymptotic descriptions of the law of L are just as readily obtained from Theorem 2.1.

Theorem 2.2 For X = 1 and N — oo it holds:

1. E(L) =+2N — 1 + #ﬁ +O(N~Y and Var(L) = /2N — g‘ +O(N~1/2),

L—(2N)'? o .
—————— converges in distribution to a standard Normal random variable,

(2N)1/4
3. Prob ('«/%W —1] = e) < CNe_(“l)‘/ﬁ with a numerical constant C for any
€ > 0.

Spelling out a few higher order terms for the mean and variance gives an exam-
ple of what is possible given the explicit Laguerre polynomial formulas. Going out
further in the expansions is possible; naturally one obtains one less order in the var-
iance than the mean. More importantly, the number of real eigenvalues in the real
Ginibre ensemble also has both mean and variance of O (v/N) (see [6,8]), providing
another point of contact between these ensembles. On the other hand, looking through
the proof of Theorem 2.2 shows that the left tail of the distribution of L has the so-
called mean-field form. In particular, the leading order of this tail may be expressed
as exp(—v/N f(t/~/N)) for f(t) = 1 —tlogt —t. This may be taken as an indication
that the fluctuating species (here the charge 1 points) become uncorrelated, see the
discussion in [11]. In fact, in the corresponding circular ensemble due to Forrester
(again, [7] §6.7), it has been shown that the (bulk) connected 2-point function for the
charge 1 points vanishes in the limit. The same does not hold for the real eigenvalues in
real Ginibre, so despite the obvious analogies with our X = 1 ensemble there remain
important differences.

It is also worth pointing out that the shape of the tail (the form of f(¢)) of the
number of real eigenvalues in the real Ginibre ensemble is not known. Whether or not
that number possesses a central limit theorem is also an open question.

2.2 Spatial density of particles

Introduce the (mean) counting measures p; and p, for the charge 1 and charge 2
particles defined by

E[IAﬂéll]Z/dpl and ]}31[|Am§2|]:/dp2

A A
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132 B. Rider et al.

for Borel subsets A € R (where, for instance, |A N &;] is the number of charge 1
particles in A). As we shall see in the sequel, these measures are absolutely con-
tinuous with respect to Lebesgue measure; we write R(N) (x) and R(N) (x) for their
respective densities. (The cryptic notation will be resolved in Sect. 3.2, when we define
the ¢, m-correlation function of the ensemble to be R(N))

Again keeping X = 1, from Theorem 2.2 we see that, as N — 00,

/R(N)(x)dx—E[L] ~ 2N, and /ROI)(x)dx—]E[M]Ng,

One then would ask, when suitably scaled and normalized as in

s™M(x) = R(N) (VNx) and sM(x) = R(N) WNx), @1

V2! N
whether s' 1 )(x)dx and sé )(x)dx converge to proper probability measures.

Theorem 2.2 shows that, with probability one, for all NV large the number of charge 1
particles is /2N (14 0(1)), suggesting that the limiting statistics of the charge 2 parti-
cles should behave as though there are no charge 1 particles present. (Or like a copy of
the Gaussian Symplectic Ensemble, again arrived at from the present ensemble upon
setting L = 0). Indeed we find the scaled density of charge 2 particles approaches the
semicircle law.

Contrariwise, though the charge 1 particles exhibit (at finite N) the same level
repulsion amongst themselves as the eigenvalues in the Gaussian Orthogonal Ensem-
ble (occurring here when M = 0), the preponderance of charge 2 particles leads to a
different limit distribution. This turns out to be the same (up to constant scalings) as that
for the real eigenvalues in Ginibre’s real ensemble ([4]), i.e., the uniform distribution.

Theorem 2.3 As defined in (2.1), s%N) converges weakly in the sense of measures

to the uniform law on [—~/2, ~/2], and séN) converges in the same manner to the
semi-circular law with the same support. In particular,

li oitxg (N) dx = — 2t
Nl_r)nOo (x)dx = «/5 sm(\/_)

and

. 2
lim e’”séN) (x)dx = £J1(ﬁt).
N—oo 1

Here J; is the Bessel function of the first kind, and the point is that f_‘(% o3 /2 — 2

== 4] 1(¥/21). We give an elementary proof of Theorem 2.3, making use of the
explicit skew-orthogonal polynomial system derived below. Given that the number of
charge 1 particles is almost surely o(V), one could undoubtedly make a large deviation
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A solvable mixed charge ensemble on the line: global results 133
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Fig. 1 sgN) (left) and séN) (right) for, from lightest to darkest, N = 10, 30 and 90

proof along the lines of [2] or [3] of a stronger version of the second statement: that the
random counting measure of charge 2 particles converges almost surely to the semi-
circle law. However, it is not immediately clear how to use such energy optimization
ideas to access the charge 1 profile (Fig. 1).

2.3 Tuning the fugacity

Again, the focus on the case X = 1 stems from the transparent connections to the
real Ginibre ensemble. It is also clear that the asymptotic appraisals of Theorems 2.2
and 2.3 will remain unchanged for any fixed X as N — oo, save the adjustment of
constants (Fig. 2).

Other ranges of X remain interesting. In particular it is natural to ask for what
X = X (N) are the number of charge 1 and charge 2 particles of the same order.

Theorem 2.4 Let X = /Ny fory > 0. Then,

E[L]I=Ny/1+2/y = D)1 4+o(1)), Var[L]=Ny (/1 +2/y—=1)(1 4+ o(1))

as N — oc.

We have not considered further statistics of L (such as an actual limit theorem) in
this regime, nor do we spell out the higher order corrections to the mean and variance
(though they are relatively easy to obtain). Do note though that y — y (/T +2/y —1)
is strictly increasing from zero (as y | 0) to one (as y 1 00), so the mean takes values
over its full possible range.

That X = O(~/N) is enough to move the average number of particles (of charge 1)
while X only enters the ensemble average in a polynomial fashion is rather intriguing,
particularly again from a large deviations viewpoint through which one might hope
to prove almost sure convergence of the spatial densities to a maximizer of Z(X).
Just as in the X = 1 setting we content ourselves here with convergence of the mean
densities, via characteristic functions. It is of course still possible that the mean spatial
densities still converge. Similar to (2.1) set

s (x) = fR(N)(fx) and sV (x) = fR(N)(f)
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134 B. Rider et al.

Fig. 2 s§60) (above) and séﬁo) (below) as a function of the fugacity X for the range 0 < X < 10

The added superscript y serves as a reminder that X = /Ny is implicit in the def-
initions on the right hand side. To somewhat ease the notation we have not included

. . o N,
normalizers which would make any limiting s§ 2 ") have mass one.

Theorem 2.5 Define u, (x) = /14 2x/y and v, (x) = m Then,

1
lim e”xs(N’y)(x)dx _ / i (—12x/2)™  dx
N—oo 1 ) o (mH%  uy(x)

1
oo B 2 m s (Uy(x))e dx
+/Z( 1°x/2) ;(m_e)!(m—i-@)! ity (x)°
) =

m=1

2.2)

Denoting the right hand side by o, (t), limy f e”xséN’y) (x)dx = ﬁ]l (V2t) —

oy ().
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A solvable mixed charge ensemble on the line: global results 135

We have not succeeded in inverting o, (¢), but here are a few simple observations.
After normalizing by y ~! (/T + 2/y — 1)1, the first part (line one of the right hand
side of (2.2) has the interpretation of (the characteristic function of) an arcsine random
variable times the square root of an independent random variable with density propor-

tional to u,, (x)~ ! To wit, this term may be rewritten as in fo Jo(v/2x t) Since

ity (x)
uy(x) — land v,(x) — O as y 1 oo, this gives back a well-known characteriza-

tion of the semicircle law. Likewise, as y | 0 simplifications arise from v, (x) — 1,
and we have that y ~' (T + 2/y — 1) "', (¢) tends to ﬁ sin(+/27). In other words,
the not as of yet explicit limit density does interpolate between the uniform and the
semicircle laws. Lastly, the content of the second statement of Theorem 2.5 is that the
limit of the “total” density sl Ny 2s(N ) s semicircle.
3 A Pfaffian point process for the particles

All of the results in this paper follow, in one way or another, from the fact that our
interacting particles form a Pfaffian point process very much like that of Ginibre’s real
ensemble and related to the Gaussian Orthogonal and Symplectic Ensembles.

The results in this section are valid for quite general weight functions w and fugac-
ities. Thus, for the time being, we will return to the general situation.

3.1 The joint density of particles

The joint density of particles for a particular choice of (L, M) is given by

1 xt

Z(X) L'M!

Qo B), where Q) =e F@P,

More specifically,

Qrom(e, B)= Hw(ae) Hw(ﬁm) [T lej—eal T 18— ﬂn“]"[]"[ lae =Bl

j<k m<n =1m=1
where, for now, the only assumptions we will make on w are that it is positive and
Lebesgue measurable with 0 < Z(X) < oo.
3.2 Correlation functions
Given ) < £ < Land 0 < m < M, we define the £, m-correlation function R(N)
RY x R™ — [0, 00) by

1 Xt
R (x:y) = >

ZX) (L= ONM = m)!
L>¢,M>m
y / / QL (x Ve, y v B)dut @) du " (B).
RL*E RM*I}?
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136 B. Rider et al.

where, for instance, X V « is the vector in RZ formed by concatenating x € R¢ and
o € RE—£ We will often write R¢ m for Ré]:’n) in situations where N is seen as being
fixed. ’

The correlation functions encode statistical information about the configurations
of the charged particles. To be more precise, given &« € R and B € RM with
L+2M = N, we set

E=¢& B)=(£1.58) = (&1(0). &2(8) = (far. ..., ) {B1. ... Bu}).

Given an L-tuple of mutually disjoint subsets of R, A = (A1, A2, ..., Ar), and an
M-tuple of mutually disjoint subsets of R, B = (By, B», ..., By), the probability
that the system is in a state where there is exactly one charge 1 particle in each of the
Ay and exactly one charge 2 particle in each of the By, is given by

L M XL
E[[H|A£ﬁ§1|][H|Bmm§2|}:|= i [ [ e prant@ane).
=1 m=1 B A

The correlation functions can be used to generalize this formula. If A =
(A1, Ag, ..., Ap)isatuple of disjoint subsets of Rand B = (By, B3, ..., By) another
such tuple, then

l m
E [H|Ajmfl|][H|Bkﬁfz|] ://Re,mo«;y)du%)du’"(ﬁ). 3.1)
j=1 k=1 B A

Here we are assuming ¢ and m are non-negative integers with £ +2m < N. The origin
of the sum in the definition of Ry, is now clear; our choice of A and B no longer
specify a single value of the population vector (L, M) and we have to sum over all
population vectors which contribute to the expectation on the left hand side of (3.1).

3.3 Pfaffian point processes

Consider, for the moment, a simplified system of indistinguishable random points
¢ =A{y1,v2, ..., ¥~} € R with correlation functions R, (z) satisfying

e [Tiayncl| = [ [ R@aw @
=1

Al Ap

for any n-tuple (A1, A, ..., A,) of mutually disjoint sets.
The Pfaffian of an antisymmetric 2n x 2n matrix K = [k ], is defined by

1 n
PfK = > Z sgno Hkg(zn_l),g(zn),

g€Sy, j=1
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A solvable mixed charge ensemble on the line: global results 137

where, as is usual, Sy, is the symmetric group on 2n numbers. Though not obvious
from this formula, the Pfaffian and determinant are related by the important identity
detK = (PfK)2.

If there exists a matrix valued function Ky : R? — R2*2 such that

Ry() = Pf [Kn(zj, 20]} 4,

then we say that our ensemble of random points forms a Pfaffian point process with
matrix kernel K . Much of the information about probabilities of locations of particles
(e.g. gap probabilities) can be derived from properties of the matrix kernel. Moreover,
in many instances, we are interested in statistical properties of the particles as their
number (or some related parameter) tends toward oco. In these instances, it is some-
times possible to analyze Ky (x, y) in this limit (under, perhaps, some scaling of x
and y dependent on N) so that the relevant limiting probabilities are attainable from
this limiting kernel.

For the ensemble of charge 1 and charge 2 particles with total charge N, we will
demonstrate that the correlation functions have a Pfaffian formulation of the form,

KXo, i) K20, ) i jil=12 ¢

N J> ] N ] ’ D IR )

Rz,m<x;y>=2@Pf[ iy 2o : , (3.2)
Ky (2, xir) Ky~ (xg, xpr) kok=1,2,...m

where K}\,’l, K]b’z, 1(12\,’1 and K12v’2 are 2 x 2 matrix kernels.
3.4 A Pfaffian form for the total partition function
In order to establish the existence of the matrix kernels we first need a Pfaffian for-

mulation of the total partition function.
Given a measure v on R we define the operators €] and €} on L?(v) by

1
@ =1 / FO)sen(y —0dv(y)  and €l FG) = /G-
R

(Obviously €, does not depend on v, but it is convenient to maintain symmetric nota-
tion). Using these inner products we define

(flghg = / [f()epg(x) — g)ep f(0)] dv(x), B=1,4.
R
We specialize these operators and inner products for Lebesgue measure p by setting

€g = eg and (f|g)§. We also write f(x) = w(x) f(x). Itis easily seen that

(Fi = / [Faz() - 3wea F@)] dut) = (£lg)"™.
R
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138 B. Rider et al.

Similarly,

(f12)a /[f(x)—g(x) g(X)—f(X)] dpu(x)

R

2 / wZ//.
/w(X) Fg x) —gx) f'(x)] dx = (flg)y "
R

We call a family of polynomials, p = (po(x), p1(x), ..., pN—1(x)), a complete
family of polynomials if deg p, = n. A complete family of monic polynomials is
defined accordingly.

Theorem 3.1 Suppose N is even and p is any complete family of monic polynomials.
Then,

Z(X) = Pf (X2AP + BP) ,
where

AP = [(BulBa)tIN Ly and  BP = [(BnlPu)all) Ly -

Corollary 3.2 With the same assumptions as Theorem 3.1, Z = Pf(AP + BP).

3.5 A Pfaffian formulation of the correlation functions

In order to describe the entries in the kernels K ]{, 'k 11\1 2K [2\;1 and K 12\,’2 appearing in
(3.2), we suppose p is any complete family of polynomials and define

CP = X2AP + BP,

where AP and BP are as in Corollary 3.2. Since we are assuming that Z = Pf CP is
non-zero, CP is invertible and we set the inverse transpose of CP to be

(Cp)7 [;] k]]k 0°
The ¢; x clearly depend on our choice of polynomials. We then define

N-1

N (6, y) = D Bk pr(Y). (33)

jk=0
The operators €] and €4 operate on xy (x, y) in the usual manner. For instance,

N-1

ey (x,y) = Z €4p; (X)) kP ()
k=0
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A solvable mixed charge ensemble on the line: global results 139

and

N—1
xner(x, ) = D P00 ke Pr(y).

Jj k=0

(That is, € written on the left acts on the »y (x, y) viewed as a function of x, etc.).

Theorem 3.3 Suppose N is even, p is any complete family of polynomials and
xn(x,y) is given as in (3.3). Then,

Ky'Ggox) Ky, v S =128
Re,m<x;y>=2‘Pf[ .y ’s : , 3.4
Ky Ok xi) Ky~ (ks yier) kk=12,...m,
where
[ X2xyer(x,y)
KM (. y) = xn(x,y) N , ,
N () | XZeixn(x,y) X*eixyer(x,y) + §sgn(y — x)
K22(x.y) = wn(x,y) nNes(x,y) ’
N ) Leaxn(x,y) eaxnes(x,y)
12 [ v (x,y) X%wel(x,y)]
Ky (x, =
VD= vy Xleaever (x, y)
and
2,1 xN (X, y) nNes(x,y)
Ky (x,y) = .
N ) [X261%N(x,y) X2exnea(x, y)

When £ or m equal O the Pfa]?ian appearing on the right hand side of (3.4) consists
only of blocks formed from K y; "and K ]2\,’2 respectively.

Remark The factor 2¢ can be moved inside the Pfaffian so that the entries in the var-
ious kernels where an €] appears are multiplied by 2. This maneuver is superficial,
but has the effect of making these particular entries appear more like the entries in
other 8 = 1 ensembles (e.g. GOE). For instance, % sgn(y — x) appears more natural
to experts used to these other ensembles.

We notice in particular that the functions R%) and R(()f\;) given in Sect. 2.2 are given
by

N—1 N—-1
RV )=2X> D" pi)gjeepe(x) and REY (x) = D pi(x)¢jceapi ().
J-k=0 Jj k=0

(3.5)
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3.6 Skew-orthogonal polynomials

The entries in the kernel themselves can be simplified (or at least presented in a sim-
plified form) by a judicious choice of p. If we define

(f19)N) = X2 (flg)1 + (fIg)a,

then

N-1
= [(Pulpn)™] .
m,n=0

Since xy (and by extension all other entries of the various kernels) depend on the
inverse transpose of CP, it is desirable to find a complete family of polynomials for
which CP can be easily inverted.

We say p = (po, p1, - - .) is a family of skew-orthogonal polynomials for the skew-
inner product (-|-) with weight w if there exists real numbers (called normalizations)
ri, ra2, ... such that

(P2j1p2k) = (P2j+1lP2us1) =0 and  (p2jlp2k+1) = —(Paky11p2j) = 8jkrj-

Using these polynomials, the entries in the matrix kernels presented in Sect. 3.5
have a particularly simple form. For instance,

Jziﬁzj(X)Pzﬁl(y) Pt (P20

xN(x,y) = .
Jj=0 J

and the entries of the kernels are computed by applying the appropriate € operators to
this expression.
3.7 Specification to the harmonic oscillator potential

. . . 42
We now return to the case where the weight function is w(x) = e™* 2,

Theorem 3.4 A complete family of skew-orthogonal polynomials for the weight w
with respect to (-|-)X) is given by

X) Li(—X?)

Py (x) = Z(— AL L 0) Li(x?), (3.6)
and
PyX) (x) = 2x Py (x) — P(X) (x)

m—1 _x2 LC D X2
—4x% Y (- 1)"—" . PPN il e ETCN
( ) ( 3)
= ©) 40

(3.7)
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A solvable mixed charge ensemble on the line: global results 141

where Li(x) = L,({fl/ 2 (x) is the generalized kth Laguerre polynomial. The normali-
zation of this family of polynomials is given by

_ 4 1
( (X>|P<X> cop T (m + )

2m+1 m

m (=X L1 (—X?). (3.8)

We can recover a family of monic skew-orthogonal polynomials by dividing by the
leading coefficient. Specifically,

Corollary 3.5 A complete family of monic skew-orthogonal polynomials for the
weight w with respect to (-|-)X) is given by

(0))j!
AP0 = 5 0 e
. k=0

and
(X)

Pry @) = 2pyy (@) = - p2,><x)

The normalization for this family of monic skew-orthogonal polynomials is given by

SO0 _ <~<X>|~(X> Y0 _ LSt (+3)Lin(=x?
J Pajil = j! Li(—=X?) ~

Setting X = 1, we recover a family of skew-orthogonal polynomials for the har-

monic oscillator two charge ensemble with fugacity equal to one, and we will write

pn for p,(l and r; for r( )

4 Proofs
4.1 Proof of Theorem 2.1

We set / = N /2. To prove 1, we use Theorem 3.1 and the skew-orthogonal polyno-
mials from Corollary 3.5 to write

X
O<X> g
—Ty 0 J—1
Z(X) = Pf =[]
o A0 =
w7
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Hence,

L -X)Le(—1) | LX)

Z(X) -
1:[ ~ Ly(—=DLo(=X?  Ly(-1°

where again L;(x) = L(Jfl/z)(x). Note Lo(X) = 1.
The expression for Prob(L, M) then follows from explicit formulas for the corre-
sponding Laguerre polynomials; the expression for E[L™] is self-evident.

4.2 Proof of Theorem 2.2
Point 3 of Theorem 2.1 specified to the first two moments produces

d [Z(X)] |:d ( d Z(X)) (d Z(X))2:|
E[L] = — , Var(L) = X— —
x|z |4, dx \"dx z iX Z .

=1

Now, since L’J(x) = —Ll/_zl(x) and Lj(x) = 1/2( ) — 1/2 1(x), we have that
12 12
— 1
E(L) =2 Lim )_2 D _
Ly(—1) Ly(—1)

Further, using the differential equation x L} (x) + (1/2 —x)L’; (x) + JL;(x) = 0, we
also have that

d dL 2
E Xa J(=x7)

This yields

—dxL/) (—x?) + 4x3 L) (—x?)

(=2x +4x3) L' (—x?) + 4xJL ; (—x?).

Var(L) = 4J — E(L) — E(L)?,

and so asymptotics of the variance follow from those for the mean.
Next introduce a version of Perron’s formula (see [5]),

LY(—1) = /2= 1/4 2m (1 + Cr@)m™ 2 + Cy(aym™! +O(m*3/2)) ’

2me
where m = n + 1 and C;(«) are known explicitly. In particular, C1(1/2) =

—1/6,C2(1/2) = —7/144, C1(—1/2) = —2/3, and Co(—1/2) = 77/144. Substitut-
ing into the above we then obtain

2 1
EL)=2VJ+1-1—-——— +00J H =27 -1+ —+00U,
(L) + s TOUT) Vi T35 O
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and Var(L) = 2+/J — % + O0(J~ V%) which completes the proof of point 1 (recall
J =N/2).
Moving to the limit law for L, we introduce the notation

Cn —1
k) = e .

with Cy = T'(§ + HI[Ly2(=D]7". For k even, py (k) is the probability of k par-
ticles of charge 1, otherwise this probability is zero; this is just a rewrite of point 1
of Theorem 2.1 using the Gamma function. In the continuum limit this distinction is
unimportant; we will show that, as N — oo

2
e ¢ /2 B
N px ([ @' +eme|) = ——a oty @
uniformly for ¢ on compact sets.
First note that by Stirling’s approximation (in the form I'(z) = 27”(2 /e) (1 +

0(%))) and again Perron’s formula (now in the simpler form L,(—1) =

. Jiﬁzezﬁ(l +0(2)).

Cy =27/ Ne (N/2)N/De=N12=V2N (1 4 o(N~1/2y). (4.2)
Next, with both k and N — k large we have

v (k) = )2V Nk (N j2) NP N2k
el (V/2=k/2) log(1=k/N)+(k/2) log(kz/ZN)](1+0(k—1 v (N_k)—l v kN—l))’

(4.3)

again by Stirling’s approximation. Restricting to k = O(+/N), (4.2) and (4.3) yield

pn (k) = [ ——e O (1 4+ 0N, (4.4)
2k

where

k N &k k k k>
¢N(k)=m—§+(3—§)log(l—ﬁ)+§log(—).

Now, quite simply

N k k ko k2
——=)log(1-=)=-—Z+-—+0W?,
( )og( ) 2+4N+ ( )
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if k = O(+/N), and, if k is also such that 1 — % = O(N~Y*), we further have
k k2 k K2\ k K2\’
“log{—)=—=(1-—=)-=(1-=— O(N~4),
ZOg(ZN) 2( 2N) 4( 2N) oW
More precisely, from the last two displays we readily find that

2
242N

Substituting back into (4.4), since (v2N +£)~1/2 = 2N)~1/4(1 4+ O(N~1/*)) again
for £ = O(N~'/*), completes the verification of (4.1).

Last, for the tail estimate, revisiting (4.2) and (4.3) shows the conclusion of (4.4)
may be modified to read

1
dN(V2N +0) = 5+ + O(N~'%),  uniformly for £ = O(N'/%).

C 1 1/2p—on (k) < py(k) < Cefcpzv(k),

forall1 < k < N withanumerical constant C. (Here we understand (1— %) log(1— %)
to be zero at k = N.) Differentiating yields

d., o_5 k?
d—k¢N( )—5 Og(m),

and so ¢y (k) is decreasing for k < ¢~ 1V/2n and increasing for k > c+/2N for any
¢ > 1. Now, since (1 —€)log(l —€) > —e and log(1 +¢€) > € —62/2 for0 <e <1,

N (1 + €)V2N) > —ev/2N + 2(1 + €)v2N log(1 + €) > e+/2N,

also for 0 < € < 1. Hence, for ¢ > 1,Prob(L > ¢+/2N) < Npn(cv/2N) <
CNe~(€=DADVIN The proof for the left tail is much the same.

4.3 Proof of Theorem 2.3

In both cases we use the expression of the one point function in terms of Hermite
polynomials, see (4.33) and (4.36) below.
We start with

_ ﬁNfl €1 92041V Nx) P2u (WNx) — Pans1 (V' Nx)€1 pon(v/Nx)

N
5™ (x)
n

n=0

and

W 2 NG B N0 B (VNX) = Banit (VN0 B, (VNx)
sy (x) = Z )
ﬁ n=0

I'n
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along with the relations ffoo Pl = €1p21(x) = 2p2,(x) and pjy, (x) =
€1pom(x) = —%52n+1(x). An integration by parts in both instances then allows:

with ty = 1/v/N,
o
/ itx (N)(x)dx
—00

N/2—1
_4
w2 X / €N (F (1))l

e ¢]

N/2—1
2 2it
«/—l 2+ 21N Z r, -1 thxpzn(x)Elpgn(x)dx 4.5)

=0 —0o0

and

o0
/ ei’xséN) (x)dx
—00

5 N2

== Z / ¢ (a1 (x)) dx

ity

N Z ! /E”Nxﬁzn(x)ﬁznﬂ(x)dx. (4.6)

The first, and primary, step is to show that the advertised limits stem from the first
sums on the right of the above expressions.

Lemma 4.1 Lets(l) (t) and s( )(t) denote, respectively, the first term on the right hand
side of (4.5) and (4 6). Then,

sin +/2¢
V2t

s (1) —

§P@) — ?Jl (V20)

as N — oo.

Proof Since IEI}S (xA) = H; (x)e‘xz/ 2 are gle eigenfunctions of the Fourier transform —
in particular (Hy) (x) = —= [% €™ Hi(u)du = i* Hy(x)— we have that

Don(x) = Z(—l)kakHZk(x),
k=0 @7

n

P2n+1(X)—lZ( D¥ax (Hopi1(x) + 4k Hog—1 (x)) = 2ix D~ (=1 ax Hox (x).
k=0 k=0
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The last equality makes use of the three term recurrence H,4+1(x) = 2xH,(x) —
2nH,_1(x). Plancheral’s identity then yields,

N/2 1
§S>(z>— Z LY ) / o x4ty /2) oy (x—ty /2 dx,
0<k,t<n %
4.8)
and
3 N/2—1
Wo=5 2t 2 D aa / (% =ty /2)%) Hok (x4 /2) Hog (x —ty /2) dx.
n=0 0<k,l<n
4.9)

We begin with the asymptotic considerations of (4.8) which is slightly simpler.
From the expansion Hy,(a + b) = > }_ (1) Hx(a)(2b)"~* we find that

m

2(kAL)

/ o1/ oy (x — 1/2) dx =1 /7 Z

NE

Given this, §),° is equivalent, as N — 00, to

N/2 1 n

s 450 Z 712 222k(2k),z(2k)m _i m
SN.d TSN (m !)2 2N

— N2 5 \ l—k+m

8 P, (20)20—2k+m ( t )

MES RS ey, S
e m20 —2k +m)! \_ 2N

(4.10)

in which we have introduced a self-evident notation for the diagonal and off-diagonal

components as well as the (nontraditional) shorthand (n),, := (nf—:n),

Next, recall the definitions @, = (Zn),L( YD(Z1), 1y = 722220+ 2) apan 1
and note the simple appraisals: with ¢ = (4e)™!,

1
= eI+ 0™,
dem/n 4.11)

anan+m22”+2’"(2n)! = Cﬁn_m_l/2e4‘/ﬁ(l + O(mn=1?y),

where the latter will be used for m nonnegative and moderate (compared with n'/2).
We will also make repeated use of the fact

n
1
DT = S V(A 07, 4.12)
valid for any real m.
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Continuing, we change the order of summation to write

N/2—1

2 m n
A,(V”d= Vi Z( d m/,z)];’) St > @oma2* k). @.13)

n=[m/2] k=[m/2]

Then, for fixed m,

N/2—1 n m+1/2

N
~1 2 mat2* k) = ———— (1 1),
St > Qa2 2k Worzome )

n=[m/2] k=[m/2]
by (4.11) and (4.12), and a dominated convergence argument yields

S 1
oA
lim 5y, = E m /] (V2tx)dx, (4.14)
0

for the diagonal contribution. Next, for the off-diagonal terms (second line of (4.10)),
we again change the order of summation and have that

0 8@ "&IET (<2 anyetm

= z Z m!(2q + m)!

N/2—1 n—q

<t D k42 g mararg (20127 (4.15)
n=q+[m/2] k=[m/2]

With now ¢ and m fixed,

N/2-1 n—gq
D DL @k 2@)agmaraity (26)124F4
n=q+[m/2] k=[m/2]
N/2

—4[ Jq+m— 1/2 4[(1+0(1))
Y ey
Nq+m+1/2

A2 2q +2m + 1)
again by (4.11) and (4.12). Hence, for bounded ¢,

2q +m

(I +o(1)),

N/2—1 N—=2g—2

50 (—t2/2)1™
=2 z mZ:: mi2q +m)2q +2m+ 1 LT o)

N 14

N /2 1
= 22 20+ 1) Z =ittt

{=

N

2/2)8 22t 1 | |
Z Q11 ((23)! - (e!)2)( +o(b),
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after changing variables and the order of summation in line two. That is, § tends to

SN 0
% — fol Jo(+/2tx)dx, which, combined with (4.14), proves the first statement of

the lemma.
Turning to (4.9), the preceding shows that, asymptotically, the (x> — (7 /2)?) within

the integrand may be replaced by }‘Hz (x) = x> — 1/2 for which there is the related
evaluation: assuming k < ¢,

/ Hy(x)Ho(x +1/2)Hyp(x — t/2)e_x2 dx

—00
n+m
2k 20 nlm!22 2k+2@ —n—m
=47 ( )( )(—1)"’ — Bz T . (4.16)
0di NS\ (43" + DICeg + Dl = 1!
n—m=0,%2

The resulting diagonal term (when k = £ in (4.9)) then reads

N/2 1

: _ k) (2k — m) 2\"
T D )
N/21 2k—2 2\ mA+1
_ 2k)m+2 t
! 227k (2k)! @Oz (——) . @17
NEX  Sarten 3 e (0

This object does not converge on its own; cancellations from the off-diagonals are
required.

22 ) @
With s1m11ar notation to the above we decompose §y°, as in > oy Sy, p in

which § sN (ortp 1s arrived at by choosing £ = k + p in (4.9). Writing out the p = 1
case in full we have that

Qk+ iz ( 2)"
SN (041) — Z Z (m!)? TON

(N,n,k) m=0
2y 2"2‘1 (2k + 222k — m) (_ 2 )’”“
Py | m!(m + 2)! 2N
2k—2 2
DD - TEY R (“.18)
(N,n,k) m=0 m’(m+4)' 2N ' .

Here Z(N,n,k) is shorthand for 16‘F Dt /2 ! — ]1 r, “arag 122 (2k)!.
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A solvable mixed charge ensemble on the line: global results 149

Consider now the first sum on the right of (4.17) for k = n only:

N/2 1

2/2N)"
Z —1 222n(2n)v2(2k)m(2 )%
n=1 .
87 Nt (—2anyn NS }
"N 2 ,1:%:/21 42 Eml2)™ (1 4 o(1)

N

- (—12/2)"
= ZmZZO m(l + o(1)),

by the same type of estimates used in the analysis of §](Vl). Next, using the additional

fact that 1 — 4kak+1a,:1 = —k’l/z(l + O(k’l)) the remainder (or k < n — 1 part)
of the first sum in (4.17) plus the first sum in (4.18) is asymptotic to

8T 2 (2ppym A& —
N mZ:%) (m!)? 2 2 a2 @0 x —(2k)

n=[m/2] k=[m/2]

=1*/2)"
_,;) o (o)

The last two displays combine to produce the advertised limit ‘/5 Ji («/_ 2t).

The above ideas propagate. In particular, the remaining terms of §¢ N d + A/(VZ)( ot 1)
balance to produce a o(1) contribution, and this appraisal extends to the full sum over

p>1lofs 5¢ N (0 +p) We do not reproduce the details. O

Revisiting second terms in (4.5) and (4.6) shows that the proof of Theorem 2.3 can
be completed by the following (rough) overestimates.

Lemma 4.2 As N — oo,

N/2—1

Sr / Fan ()1 om0 = O(NV/2),
n=0 o

N/2—1

Z / | P20 (X) p2nt1(x)|dx = O(N).
n=0

Proof Along with the well known evaluation ||ﬁ,,|| 2 = a1/4212/n) used several
time already, it holds that ||H,||;1 = ¢2"/*V/n!n=1/*(1 + O(n~") with a (known)
numerical constant ¢, see [10]. Next note that || fe1g||,1 < ||fI.1]lg]l,1 and so
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n
~ 2
~ ~ ~ 2
[12n€1Baallr = (1Pl = (D al 1 el |11 )
k=0

Here we have used, again, that aka V2K ~ g7V 4e2‘/z . Recalling that rn_1 ~
n~1/2¢4" finishes the first part.

For the second estimate we can get by with an application of Schwarz’s inequality.
Simply compute

n n
- ~ 1
17222 = > allHul? < C D Te“” = 0(eMM),
k=0 k=0 k

and

n n—1

1Pantill72 = D ad (1 Haqrl72 + 16k> [ Ha11172) +2 D arar—1 || Hoera 17
k=0 k=0
n
< €D VkeVE = 0V,

k=0

to find that ;7 '|| pan |l .2 [| P2ns11].2 = O(1), which suffices. O

4.4 Proofs of Theorem 2.4 and 2.5

For the asymptotic mean and variance what is important is that the statement
of Theorem 2.1 is easily adjusted to account for general fugacities. In particu-
lar, for the ensemble with fugacity = X, Prob(L, M) is the coefficient of ¢ in
Ly2(—X%c?) /Ly ja(—X?). It follows that,

1/2 2
LH=X?)

~1/2

E[L] = zxz(
LN/2 (=X?)

- 1), Var[L] = 2X>N + (1 — 2X?)E[L] — E[L)>.

Using Ly, 212 = (=4) ™" ()" Ha, (1), Ly/* (%) = (—=4) ™ (2nt) "  Hyp 41 (1) (see

also (4.34) for related identities), along with the standard representation Hy(t) =
12 [k its—s2 /4 _ds . . :
e f (—is)‘e NorE we can write for the regime of interest that

foo tN+leNy(2t—t2)dt

E[L] = 2Ny( —0 - 1). (4.19)

o N ,Ny(2t—t?
S tNeNY =10y
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It remains to consider the asymptotics of

o
I(N, p) =/tp€N(l°g’+2V’7V’2)(l (=N FPe 2NV gy
0

for p = 0, 1, which stem from the extremal point t* = % + % 1+ % of the exponent

log t+2yt —y 2. Inparticular, the standard Laplace method gives I (N, 1)/I (N, 0) =
* + O(N~2) which is sharper than what is claimed for the mean. The result for the
variance again follows from that for the mean.

As to the proof of Theorem 2.5, we only describe the computation for the limiting
charge 1 density. Considerations for the charge 2 density are much the same. Fur-
thermore, since s{N’V) is structurally identical to s( ) the only differences are the
scaling parameters and the dependencies of the various weights (a,’s, r,’s)on Ny — a
formula like (4.5) still holds for [ ¢i"*s"*") (x)dx. In addition, for similar reasons to
the above (recall, Lemma 4.2) the second term in this corresponding formula vanishes
inthe N — oo limit. That is to say, to determine the limit of the characteristic function

(N,y)

of 5, it is sufficient to take the limit of

N/2—1  n

2 m
](Vl)y(t)_zz (—t /2) Z z 2 k)m v(k.0)

n=[m/2] k=[m/2]
N/2—1 N—-2g— 2( t2/2)q+m N/2-1 n—q

2k 4+2q)2g+m
+4 Z Z m\(2q + m)! Z Z #v(k,q).

n=q+[m/2] k=[m/2]

(4.20)
Here
vk, q) = 4y r, " agagsq (2k) 122,

compare (4.13) and (4.15). Now ry = rg(Ny), ax = ax(Ny), and it is convenient to
write v in the form

1 n! 2%k +2¢\ ! k124
b=t () ) e
VAINT(n+H \\ k+¢q k+q)!

« (I’l')2 (N )2(k n)+q [k(NV)[k+q (Ny)
k!(k + ¢)! Li(Ny)nt1(Ny)

4.21)

in which I(Ny) = ftzkeNV(Z’_’z)dt. We have simply put all appearances of
Ly(—Ny)’s appearing in the ay’s, r’s in the same type of integral representation
used for the asymptotics of the mean, see (4.19).
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Next, for the asymptotics of (4.20) one makes the change of variables k = n — ¢,
intuitively viewing n as large and ¢ moderate. In that regime, the integrals I, _;(Ny)
concentrate around the point

11
) = 5+ VT, x=Niy, (4.22)

(note the obvious connection to the extremal point * occurring in the mean calcula-
tion), and it holds

Ii—e(Ny) _ (t* na

—2¢
LNy Ny)) (I+o(1)),

for n, N large compared with £. Returning to (4.21) we then have, in the same regime
(and fixed ¢q):

1 n 20—q n —40+2q -2
vin—14,q) = N(Zn)_q (N_)/) (t*(N—y)) (1+4+o0(1)). (4.23)

Now go back to the inner sums (those over n,k = n — £ in (4.20)): for ¢ =
0,1,2,... we have that,

N/2—1 n—[m/2]

Z Z (2n _2£+ZQ)2q+mv(n —0,q)

q+m
n=q+[m/2] {l=q N

N/2—1 g+m ) n_ =4 n n 32 \*
%) (%) (L) Z(L) 1+ o(1)
N Ny "(§5) iz \/ (77)
q+m -2 _n 4q
_ ! (2_”) o (L) (*(N,f)z) L +oy
N =0 N N)/ Z(N_V) (1_ (1\7V)2)
()
1/2

= /(zx)q+m ( X )q dx (14 o(1)).
) yti(x/y)) t:(x/y)? — (x/y)?/t¥(x/y)?

The first line uses (4.23). The second line is just the geometric series; one may check
that x2¢*(x)~* < 1 for x > 0. The final line identifies the obvious Riemann sum. To
finish, a bit of algebra shows that

1

2||I
1M

1 1 1

tr(x /)2 — (x/y)2 /5 (x/y)2 T STy uy(2x)

of the statement. Likewise, m = vy, (2x), also from the statement. Then, after
a self-evident change of variables, the rest of the calculation goes through just as the
analogous part of the X = 1 case.

@ Springer



A solvable mixed charge ensemble on the line: global results 153

4.5 Proof of Theorem 3.1

We will prove something slightly more general which will be useful in the sequel.
Given measures v; and v, on R, define

Zpy= L,M,//[Hm,—am]_[mm B TTTT o - ﬁmlz}dvl @ dvl! (),

RL RM J<k m<n =1 m=1

(4.24)

and

z(x)y= > xtzpr. (4.25)
(L.M)

Theorem 4.3 Suppose N is even and p is any complete family of monic polynomials.
7V (X) = Pf (XZAP + BP) , (4.26)

where

AP = [(pulpa)i' ooty and  BP = [(pwlpa) 2],

mnO

4.5.1 The confluent Vandermonde determinant

A special case of the confluent Vandermonde determinant identity [12] has that

1 1 1 0 1 0
o] ar B 1 Bm 1
det| o oef B 20 - By 2Bu
T 1 T
L M
=[x —ap [TBn =B T] [] e — B (4.27)
j<k m<n =1 m=1

We will denote the matrix on the left hand side of (4.27) by V(«, B) and its deter-
minant by A(a, B). We will later use the fact that the monomials which appear in
the definition of V (e, ) can be replaced by any family of monic polynomials p =
(po, P2, - - -, pN—1) with deg p, = n without changing the determinant. We will write
the resulting matrix VP (a, B), and we note that A (e, ) = det VP («, B).

It follows from (4.24) that

ZZ‘,’M"Z = L'M'//Ideth(oc ﬂ)|dv1 (oz)dv B).
RL RM
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4.5.2 Notation for minors

Given a non-negative integer L, we denote the set {1, 2, ..., L} by L. By convention,
if L = 0, then L is the empty set. Given a strictly increasing function t : L / N
we denote by t’ the unique function N — L N whose range is disjoint from t. We
denote by i the function L /' N which is the identity on L.

We define sgn t as follows: Let eq, e, ..., ey be any particular basis for RN, We
then specify that

e A Aeyry Aeyy A Aeyn—p) =sgnt-e; Aex A Aey.
That is sgn t = (—1)* where k is the number of transpositions necessary to put the set
(1), ---t(L), ¥'(1),--- ,'(N = L)

into order. Clearly, sgni = 1.
Given t : L /' N and the vector & € R", we define the vector o € R” by

o= (Olt(l), Q2)y « v+ at(L))

Ifu: L / N is another increasing function, and A = [a,, ,] an N x N matrix, we
define A, to be the L x L minor of A given by

Agu= [at(j),u(k)],L',k:l :

4.5.3 The Laplace expansion of the determinant

Using this notation, the Laplace expansion of the determinant is given by

detA = Z sgnt-detAy;-detAy y.
tL/N

In particular, the Laplace expansion of the determinant of VP («, ) is given by

VP(@. )= > sgnt-det VP (@) detV} (B).
tL/N

where the notation reflects the fact that minors of the form VE ; depend only on e and
minors of the form Vlz, y only depend on .
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4.5.4 The total partition function

Using the previous definitions, we may write

| det VP (e, B)| = Z sgn t[ H sgn(ag — Olj)] detVzi(a) detVf,’i,(ﬂ),

tLN j<k
and
Zpw = Z sgnt—/ [ Hsgn(ak —a])] detVEi(a)dvlL(oc)
tL/N pr i<k
xﬁ / det V() dvy" (B).
' M
We define
A= / [ []senteu - oz])] det V} (@) dvy (a0,
RL Jj<k
and
1 P M
By = il detvy,y(ﬂ)d‘)z B,
'
so that
ZZI,’MVZ = Z sgnt- A¢By. (4.28)
tL/N

4.5.5 Simplifying A¢
The exact integral defining A¢ appears in the calculation of the partition function of
Ginibre’s real ensemble. As such, we may simplify A¢ by using Lemma 4.2 of [14] to
find

A¢=PfA}.
4.5.6 Simplifying By
We remark that the integral defining By is related, but not identical to an integral

appearing in the calculation of the partition function of Ginibre’s real ensemble. How-
ever, the maneuvers necessary to write By as a Pfaffian are similar in both cases.
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We first write

M
det Vo (B) = D sgno [ peoo@m—1-1Bn) Pagamy—1 (Bm)-

o€Som m=1
so that
1 M
By = — sgno / [ H pt’oa(Zm—l)—l(ﬁm)plyog(zm)_l(,gm)] v (B)
‘oeSm RM m=1
M
1
=N gno H /Pt’oa(2m i) l(ﬂ)pt/og'(Zm) 1(B) dva(B)
og€Som m=1R
Next we set
[lhy={ceSHy:0@2m—1)<o@m)form=1,2,..., M},
then

M
1
By=—5 D sao H / Ptoc@m—1~1(B) Doy ) (B)

oelly

— Porem B)Pos am1y-1(B) | dv2(B)
= PfBY.

4.5.7 The Pfaffian formulation for the total partition function
It follows from (4.28) that

Zzl”an Z sgnt~Ppr Pfo:,,
tL/N

and therefore that,

ZVI2(X) = z xt Z sgnt-PfAlt)~PfBIt)/
(L,M) tL/N

= > > sent-X"PfA}.PfBY.
(L.M) L/ N

Next, we set X = X1 where I is the N x N identity matrix. It is clear that, for each
t:L /N,

(XAPXT); = X,APX/,
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and
Pf(X(APX]) = det X¢ - PfAY = xL PFAP.
It follows that

Z(X)= > > sgnt-Pf(XAPX") - Pf B} = PF(XAPX' + BP)
(L,M) tL/N

where the last equation comes from the formula for the Pfaffian of a sum of antisym-
metric matrices [16]. Finally, since XAPXT = x 2AP . we arrive at Theorem 4.3.

4.6 Proof of Theorem 3.3

The proof of Theorem 3.3 is almost identical to the proofs of Propositions 5 and 6 in
[4], we therefore will give only an outline of the salient points.

Given x1, ..., XN, Y1, ..., YN € Randindeterminants ay, ..., an, by, ..., by we
define the measures 17 and 1, on R given by

N N
dm(@) =D ads(@—x,) and  dn(B) =D budd(B — ya),

n=1 n=1

where § is the probability measure with unit point mass at 0. Using these measures,
we will specialize the situation in Sect. 4.5 to the measures vi = w(u + 1) and
vy = w2(u + 12). We will derive a Pfaffian form for the correlation functions of the
microcanonical ensemble with weight w by expanding both the integral and Pfaffian
sides of (4.26) for this choice of v; and v, and equating coefficients of the various
products of the indeterminants.

4.6.1 Expanding the integral definition of Z""2
Starting with (4.24), and setting Z"1""2 = Z"1>¥2(1), we have

zn(X) 1 3 Xk

- M)
Z(X) Z(X) o LM

/ / QL (e, B+  (@)d (b )™ (B).

RL RM

Expanding the products d (11 + 1)~ (et) and d (. + 12)™ (B) and relabelling the vari-
ables of integration we find

znn(x) 1 LY xt
Z(X)  Z(X) Z ZZ (L — O)m! (M —m)!

(L, M) €=0 m=0

< / / Qu (e, B) dint (e dic™ery) dnf (B di™ " (By).

RLRM
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Next, we expand the products defining d n‘f (e¢y) and d nﬁ (B;) and simplify to arrive at
the formula

m

ZVi, VZ(X) L M ¢
RSP IPIpNPIEPS ’Hau(j)Hbﬂ(k)]Rli,m(“u;ﬁn)- (4.29)
=

(L,M) =0 m=0wL /N v:m /N * j=I k=1

That is, Z"1"¥2/Z is the generating function for the correlation functions of our micro-
canonical ensemble.

4.6.2 Expanding the Pfaffian formulation of ZV'**?

It is easily computed that

N
(FIa = (Fleh +2D an [fxn)e1g (i) — B(xn)er f(xn)]

n=1

VY ~ sgn(x, — Xxu)
-2 Z Z andm f(xn)g(xm)#,

n=1 m=1

and

N
(f18)a+ D bn [ FOmeaB8(n) — Eom)eaf ()]

n=1

(fle)y

For convenience let us write
1
E1x,y) = 7 sgn(y —x) and  &a(x,y) =&(x,y) =E2(x,y) =0,

and define
[ (n) = 1 1<n<N,; X — X 1<n<N,;
'W=14 N<n<2N, "711 N<n<2N,’

[Za,, 1 <n<N; Xn 1 <n<N;
Cp =

b,y N <n<2N, Yo—nN N <n <2N.

and an[
so that,
2(f1)) + (flayg = X% flg 1+ (flg)a
+ch [F@n)eim @) — E@n)€im ()]

2N 2N

- z Z CnCanme(zn)g(zm)gi(m),i(n) (Zm> Zn)-

n=1m=1
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Defining AP and BP as in Theorem 3.1 and
N N
APV = [(Pj|l7k>]1)l]j,k:1 ) BP" = [(Pj|Pk>‘1jl]j,k:1 s
we immediately see that
X2APVI L BP2 — CP +WP,
——
=X2AP-+BP
where the j, k entry of WP is given by
2N
> enXn [ @n)€itn Pr(zn) — Pr(zn)€in P (2n)]
n=1
2N 2N
- Z z CnCmX,%;iij (Zn)ﬁk(zm)gi(m),i(n)(zmv Zn)-
n=1m=1
Next we define the N x 4N matrix X by
X = |:4/_cmﬁ,‘(zm) Afcmxfnei(m)ﬁj(zm)} j=0,...N—1; m=1,...,2N.

We also define the 4N x 4N matrix J by

01
—-10

01
—-10

and the 4N x 4N matrix Y by

0 0

m,n=1

2N
Y=—J+ |:\/ CmCn 5i(m),i(n)(zma Zn) O:|

Finally, we set Z = (CP)~ T = [é‘j,k]?’k_:lo.

A bit of matrix algebra reveals that
APV BPY = 77T 4 XYXT,
and therefore,

zU2(X)  PRZT —XYX")
ZX) Pf(Z-T)
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This is useful, since by the Pfaffian Cauchy—Binet identity [4,13],

z2(X)  PR(Y T —XTZX)
zZ(X) Pf(Y-T)

A bit more matrix algebra reveals that

N-1 N1 2N
A/ CnCm Z ﬁj(zm){j.kﬁk<zn) \/CnCmX,% Z ﬁj(zm){j.kei(n)ﬁk(zn)
XT7ZX = J:k=0 Jik=0
L No _ B Lo, N N _
\/cncmxm Z ei(m)pj(zm)é'j,kpk(zn) \/cncmxnxm Z ei(m)pj(Zm);j,kéi(n)pk(Zn)
J.k=0 J-k=0 mn=1
And since

2N

N [0 0 }
B 0 vV CmCn gi(m),i(n)(zm, Zn)

s
m,n=1

we have that Pf(Y~T) = (—1)V. This implies that

ZV (X
O, (XTZX . Y_T)
Z(X)
It follows that
20 N pf(—J — K) = PEJ + K)
ZX) Bl ’
where
. . 2N
K= [Q/CanK;VSm)J(n)(Zm, Zn)}
m,n=1

Using these definitions and the formula for the Pfaffian of the sum J + K, [16], we
find that

YA

2N
~ =Z Z Pf Ky,

n=1tn 2N

where Ky is the 2n x 2n antisymmetric matrix given by
Fot(j).iot(k) !
K¢ = [«/Ct(j)ct(k)K;\? IR 2y jy,s Zt(k))]

Jok=1
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Finally, after expanding Pf K¢ and unravelling the definitions of the cs and zs, we
have

N

AR N 4 m
7 =22 5 5 [ [[ro)]
l: =

=0m=0we /N v:m N

Kl’l( ‘ )[(1’2( - ) 0,0,m,m
w2t Pf|: 1}/1 Xu(j)» Xuj’) N _Xu@)s Vo) i| (4.30)

’ + 2, ’
Ky Yoty xuiihy) Ky~ oys Yor') Ji k=]

Comparing the coefficient of ajas - - - agb1bs - - - by, in this expression with that in
(4.29) we find that

)

1,1 1,2 0,4, m,m
Ky'(xj.xj) Ky (x,-,yw}

RZ,m(X; y) = 2€ Pf |: 21 20
Ky Ok, xj) Ky~ Ok, yir)

JoJ' sk k=1

as desired.

4.7 Proof of Theorem 3.4
Let H,, be the standard Hermite polynomial. It is known (cf. [1])
(Hom, Hyyq1 — AnHyy 1) = 4h2n8m,na (4.31)

where

By :=/H,$(x)e—x2dx — JT2"n.
R

Using the fact that H,; (x) = 2k H—1(x), it follows readily that

(Hom, Hons1)a = / (o (6) iy () — Hiypy (6) o1 (1) dx

R
=22n+ 1)hn‘sm,n - 4‘thm—ISm,n+1
= h2n+18m,n - h2n+18m,n+1~ (432)

We look for skew orthogonal polynomials in the form of

m
Py (x) = D axHy(x), ag=1,
k=0

and determine the coefficients ax, 1 < k < m, by the orthogonal conditions

(Pom, Hypy1 —4kHy 1) =0, k=0,1,...,m—1.
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This gives, by (4.31) and (4.32), the following equations on ay,
—hajag—1 + [h2k+1 + 4k + Xz)th:I ax — hokpoar1 =0, k=0,1,...,m—1,

where we define a_; = 0. Rescale by setting a := %ak, the above equations
become

—(k+1)ﬁk+1+(2k+%—X2)?z‘k—(k+%)b‘k_1, k=0,1,...,m—1,

which can be used to determine @ recursively, starting from a_; = 0 and ap =
1. It turns out, however, that this is precisely the three-term recurrence relation for

_1 _1
L,* (—X?). Consequently, ax = L,* (—X?). Hence, we conclude

i k!
Pop(x) = %akﬂyc(x), a = @L—%<—X2). (4.33)

The Hermite polynomials are related to the Laguerre polynomials by [17, p. 106]

Hop () = (=) 2% KL P (x2),  Hypr () = (—1F 22+ ke L P (x2). (4.34)

Using this relation and the facts that

LE(0) = k +a) nd (2k)! = il"(k + hr@+1) (4.35)
k == k a .= ﬁ o) 5 .

we see that (4.33) becomes (3.6). Since P»,, is determined by (4.31) and (4.32), the
same process shows that

Pons1 () = D a(Ha1 (1) — 4k H (1), ap = — —L73(~X2). (436)

pard (2k)!

Using the fact that Hz’j (x) =4jHyj_1(x) and Hyj1(x) = 2xHaj(x) — Hz’/.(x), we
see that '

Pyny1(x) = zak(Ztzk(X) — 2H3(x)) = 2x P (x) — 2P3,,(x).
k=0

It remains to compute (P, Pom+1). By (4.31) and (4.32), we have

(Pans Pomy1) = am(Pom, Hypy1 — 4mHyp 1)
am[—hamam—1 + (hams1 + 4(m + X*)how)aom]
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_1
= /72" m! |:—(2m — DL, (-=X?)
1
+ (4m +2X* + 1)L’ (—X2):|
_1
= au/m2"ml2(m + DL, 2 (—X?),

where the last step follows from the three-term relation of the Laguerre polynomials,
from which (3.8) follows readily.

Finally, we turn to the proof of (3.7). Using %Lg x) = —inll (x) and Lg (x) =
Lz"H(x) — LY, (x) ([17, p. 102]), (3.6) gives

Panii(6) = 26 D (~DFE 2 (—x2) [L,% () + L,§1<x2)]
k=0

m—1
= 2x Z(—l)kL% (x?) (Zk%(—xz) - Zkfl(—XZ))
k=0
b )T (—XHLAED) |

where Zg (x) := LY (x)/L{(0), the formula (3.7) then follows from
xLE(x) = —(@+ 1) (L§(x0) — LY, (x0),

which is a rescaling of the identity ngH(x) =—(k+DLY () +*k+1+a)Lf(x)
([17, p. 102]).
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