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Abstract We study invasion percolation in two dimensions, focusing on properties
of the outlets of the invasion and their relation to critical percolation and to incipient
infinite clusters (IICs). First we compute the exact decay rate of the distribution of both
the weight of the kth outlet and the volume of the kth pond. Next we prove bounds
for all moments of the distribution of the number of outlets in an annulus. This result
leads to almost sure bounds for the number of outlets in a box B(2") and for the decay
rate of the weight of the kth outlet to p.. We then prove existence of multiple-armed
IIC measures for any number of arms and for any color sequence which is alternating
or monochromatic. We use these measures to study the invaded region near outlets
and near edges in the invasion backbone far from the origin.
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1 Introduction
1.1 The model

Invasion percolation is a stochastic growth model both introduced and numerically
studied independently by [1,14]. Let G = (V, E) be an infinite connected graph in
which a distinguished vertex, the origin, is chosen. Let (7, ). be independent random
variables, uniformly distributed on [0, 1]. The invasion percolation cluster (IPC) of
the origin on G is defined as the limit of an increasing sequence (G,) of connected
subgraphs of G as follows. For an arbitrary subgraph G’ = (V’, E’) of G, we define
the outer edge boundary of G’ as

AG ' ={e=(x,y)€E : e¢ E',butx € V'ory e V'}.

We define Gy to be the origin. Once the graph G; = (V;, E;) is defined, we select the
edge e;41 that minimizes T on AG;. We take E; 1 = E; U {e;+1} and let G;41 be the
graph induced by the edge set E;1. The graph G; is called the invaded region at time
i.Let Eoo = U2 E; and Vo = U2 V;. Finally, define the IPC S = (Voo, Exo)-

In this paper, we study invasion percolation on two-dimensional lattices; however,
for simplicity we restrict ourselves hereafter to the square lattice Z* and denote by E?
the set of nearest-neighbor edges. The results of this paper still hold for lattices which
are invariant under reflection in one of the coordinate axes and under rotation around
the origin by some angle. In particular, this includes the triangular and honeycomb
lattices.

We define Bernoulli percolation using the random variables 7, to make a coupling
with the invasion immediate. For any p € [0, 1] we say that an edge ¢ € E? is p-open
if . < p and p-closed otherwise. It is obvious that the resulting random graph of
p-open edges has the same distribution as the one obtained by declaring each edge
of E2 open with probability p and closed with probability 1 — p, independently of
the state of all other edges. The percolation probability 6(p) is the probability that
the origin is in the infinite cluster of p-open edges. There is a critical probability
pe = inf{p : 8(p) > 0} € (0, 1). For general background on Bernoulli percolation
we refer the reader to [9].

In [3], it was shown that, for any p > p., the invasion on (Zd, Ed) intersects the
infinite p-open cluster with probability one. The definition of the invasion mechanism
implies that if the invasion reaches the p-open infinite cluster for some p, it will never
leave this cluster. Combining these two facts yields that if ¢; is the edge added at step i
then lim sup;_, o, 7; = pc. Itis well-known that for Bernoulli percolation on (7%, E?),
the percolation probability at p. is 0. This implies that, for infinitely many values of
i, the weight 7,, > p.. The last two results give that 7 = max{t, : e € E} exists
and is greater than p.. The above maximum is attained at an edge which we shall
call é1. Suppose that ¢; is invaded at step i1, i.e. €; = ¢;,. Following the terminology
of [16], we call the graph G;,—| the first pond of the invasion, denoting it by the
symbol V1, and we call the edge ¢ the first outlet. The second pond of the invasion
is defined similarly. Note that a simple extension of the above argument implies that
Tp = max{t, : ¢ € Eoo, i > i1} exists and is greater than p.. If we assume that 7,
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Outlets of 2D invasion percolation and multiple-armed incipient infinite clusters 259

is taken on the edge é; at step ip, we call the graph G, \ G;,—1 the second pond of
the invasion, and we denote it \72. The edge ¢; is called the second outlet. The further
ponds Vi and outlets & are defined analogously. For a hydrological interpretation of
the ponds we refer the reader to [20].

In this paper we study the sequence of outlets (¢ ) and the sequence of their weights
(Tx). In Theorem 1.1 we give the asymptotic behaviour for the distribution of 7y for
any fixed k. For k > 1, we compute the exact decay rate of the distribution of the
size of the kth pond in Theorem 1.2. This result can be also seen as a statement about
the sequence of steps iy at which ¢ are invaded. In Theorem 1.3, we find uniform
bounds on all moments of the number of outlets in an annulus. We use this result in
Theorem 1.4 to derive almost sure bounds on the number of outlets in a box B(2"). An
important consequence of Theorem 1.4 is Corollary 1.1; it states almost sure bounds
on the difference (7x — p.) and on the radii of the ponds.

In Theorem 1.6 we prove the existence of an IIC with several infinite p.-open and
pc-closed paths from a neighborhood of the origin. Last, we show in Theorems 1.8
and 1.9 that the local description of the invaded region near the backbone of the IPC
far away from the origin is given by the IIC with two infinite p.-open paths, and the
local description of the invaded region near an outlet of the IPC far away from the
origin is given by the IIC with two infinite p.-open paths and two infinite p.-closed
paths so that these paths alternate.

1.2 Notation

In this section we collect most of the notation and the definitions used in the paper.

Fora € R, we write |a| for the absolute value of @, and, for asite x = (x1, x2) € 72,
we write |x| for max(|x|, |x2|). Forn > 0 and x € Z?, let B(x,n) = {y € Z* :
ly —x| <n}and dB(x,n) = {y € Z* : |y — x| = n}. We write B(n) for B(0, n) and
dB(n) for 9B(0, n). For m < n and x € Z?, we define the annulus Ann(x;m,n) =
B(x,n) \ B(x,m). We write Ann(m, n) for Ann(0; m, n).

We consider the square lattice (Z*,E?),where B> = {(x, y) € Z*xZ?* : |x—y| =
1}. Let (Z*)* = (1/2,1/2) + Z? and (E*)* = (1/2,1/2) + E? be the vertices and
the edges of the dual lattice. For x € Z?, we write x* for x + (1/2, 1/2). For an edge
e € [E? we denote its endpoints (left respectively right or bottom respectively top) by
ey, ey € 7?. The edge e* = (ex +(1/2,1/2), e, —(1/2, 1/2)) is called the dual edge
to e. Its endpoints (bottom respectively top or left respectively right) are denoted by
ey and e;. Note that, in general, e and e;‘, are not the same as (e;)* and (ey)*. For a
subset IC C Z2, let K* = (1/2, 1/2) + K. We say that an edge ¢ € E? is in K C Z? if
both its endpoints are in K. For any graph G we write |G| for the number of vertices
in G.

Let (t.),cgz be independent random variables, uniformly distributed on [0, 1],
indexed by edges. We call 7, the weight of an edge e. We define the weight of an edge
e* as 1.« = t,. We denote the underlying probability measure by P and the space of
configurations by ([0, I]EZ, F), where F is the natural o-field on [O, I]Ez. We say
that an edge e is p-open if t, < p and p-closed if T, > p. An edge e* is p-open if e
is p-open, and it is p-closed if e is p-closed. Accordingly, for p € [0, 1], we define
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the edge configuration w, € {0, 1}Zz by wy(e) = lifz, < pand 0if 7, > p. We
make a similar definition for w7}, the dual edge configuration. The event that two sets

of sites K1, ICy C Z? are connected by a p-open path is denoted by K PN Ko, and
the event that two sets of sites K, K3 C (Z2)* are connected by a p-closed path in

the dual lattice is denoted by K} PLAN K. Forany n > 1 and p € [0, 1], we define
the event

By, = {There is a p-closed circuit with radius at least n

around the origin in the dual lattice}.

For p € [0, 1], we consider a probability space (2, Fp, P;,), where 2, = {0, 1}IEZ s
Fp is the o-field generated by the finite-dimensional cylinders of 2 ,, and P}, is a prod-
uct measure on (£2,,, ), defined as P, = [[, g2 fte, Where ju, is the probability mea-
sure on {0, 1} with P, (we = 1) = pe({1) =1 — u.({0}) =1 =Py (we = 0) = p.
We say that an edge e is open or occupied if w, = 1, and e is closed or vacant if
w. = 0. We say that an edge e* is open or occupied if e is open, and it is closed or
vacant if e is closed. The event that two sets of sites K, o C Z? are connected by an
open path is denoted by Kj <> K2, and the event that two sets of sites K}, K} C Z?
are connected by a closed path in the dual lattice is denoted by K} S IC5. For any
n>1land p €[0,1],let 7, =P, (0 < dB(n)) and n(n, p) = P,(0 < dB(n)).
Also define the event

B,, = {There is a closed circuit with radius at least n around the origin in the
dual lattice}.
FAor any k > 1, let Iék be thg radius of the union of the first £ ponds. In other words,
Ry = max{|x| : x € UIJ?:] V;}. For two functions g and A from a set & to R, we write
g(2) < h(z) to indicate that g(z)/h(z) is bounded away from 0 and oo, uniformly in
z € X. Throughout this paper we write log for log,. We also write P, for PP, .. All

the constants (C;) in the proofs are strictly positive and finite. Their exact values may
be different from proof to proof.

1.3 Main results
1.3.1 Weight of the kth outlet
Let 7; be the weight of the kth outlet, as defined in Sect. 1.1.
Theorem 1.1 Forany k > 1,
P(# < p) = (log L(p))*"'0(p). p > pe. (1.1)

where the correlation length L(p) is defined in Sect.2.
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Remark 1 Note that the statement is trivial in the case k = 1. Indeed, it follows from
the definition of the invasion that P(7] < p) = 6(p) for all p.

1.3.2 Volumes of the ponds

Theorem 1.2 Forany k > 1,

P(|Ve| = n*m,) < (logn) 'y, n > 2. (1.2)
In particular,
P(|Vi| > n) < (logn)* P, (|C(0)] > n), n > 2. (1.3)

Remark 2 The case k = 1 is considered in [20].

Remark 3 The second set of inequalities follows from the first one using the relations
P..(|C(0)| = n’m,) = m, (see [20, Theorem 2]) and log(n’w,) =< logn.

Remark 4 Let iy be the index such that ¢;, = é;. Then ix is comparable to |\71 |4+
|‘7k |. Therefore the statements (1.2) and (1.3) hold with |\7k| replaced by i.

1.3.3 Almost sure bounds
For any m < n, let O (m, n) be the number of outlets in Ann(m, n), and let O (n) be

the number of outlets in B(n). We first give n-independent bounds on all moments of
O(n, 2n).

Theorem 1.3 There exists c; > O such that forall t,n > 1,
E(O(n,2n)") < (c1t)™. (1.4)
In particular, there exists ¢y, A > 0 such that for all n,
E(exp(LO(n, 2n)'/3)) < ¢;. (1.5)

Next we show almost sure bounds on the sequence of random variables (O (2"));,>1.

Theorem 1.4 There exists c3, ca > O such that with probability one, for all large n,
c3n < 02" < eyn. (1.6)

Theorem 1.4 implies related bounds on the convergence rate of the weights Tk to
pc and on the growth of the radii (Rg)r>1.

Corollary 1.1 1. There exists c5 and ce with 1 < c¢5, ce < 00 such that with proba-
bility one, for all large k,

(c5)* < Ry < (co)*. (1.7)
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2. There exists c7 and cg with 0 < ¢7, cg < 1 such that with probability one, for all
large k,

(e < T — pe < ()b (1.8)

Remark 5 Asymptotics of various ponds statistics as well as CLT-type and large devi-
ations results for deviations of those quantities away from their limits are studied
in [8] for invasion percolation on regular trees. Not only do the results in [8] imply
exponential almost sure bounds s1m11ar to (1.7) and (1.8), they are very explicit. For
instance, it is shown that hmk_>Oo z In(7x — p.) = —1 and 11mk_>Oo T ln(Rk) =1la.s.

Our last theorem concerns ratios of successive terms of the sequence (Tx — pe)i>1.

Theorem 1.5 With probability one, the set

lfk+l_Pc 'k>1}
Tk — Pe -

is a dense subset of [0, 1].

1.3.4 Outlets and multiple-armed IICs

First we recall the definition of the incipient infinite cluster from [12]. It is shown in
[12] that the limit

v(E)= lim Pcr(E|0« 3B(N))

exists for any event E that depends on the state of finitely many edges in E2. The
unique extension of v to a probability measure on configurations of open and closed
edges exists. Under this measure, the open cluster of the origin is a.s. infinite. It is
called the incipient infinite cluster (IIC). In Theorem 1.7 [10, Theorem 3], a relation
between IPC and IIC is given.

In this section we introduce multiple-armed IIC measures (Theorem 1.6) and study
their relation to invasion percolation (Theorems 1.8, 1.9). For this, let k > 1 and
o € {open, closed}*. Let r| be the number of ‘open’ entries in o and let r, be the
number of ‘closed’ entries in o. For ! < n such that [0 B(I)| > |o|, we say that B(I) is
o-connected to d B(n), denoted B(l) <>, dB(n), if there exist r; disjoint open paths
between B(l) and d B(n) and r; disjoint dual closed paths between B(/)* and d B(n)*
such that the relative counterclockwise arrangement of these paths is given by o. In
the definition above we allow n = o0, in this case we write B(l) <>, o0.

Theorem 1.6 Suppose that o is alternating and let | be the minimal number such that
[0B(l)| > |o|. For every cylinder event E, the limit

Vo (E) = lim Pe,(E'|B(l) <> 9B(n)) (1.9)
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exists. For the unique extension of v, to a probability measure on the configurations
of open and closed edges,

Ve (B(l) <> 00) = 1.

We call the resulting measure v, the o -incipient infinite cluster measure.

Remark 6 Note that Kesten’s IIC measure corresponds to the case o = {open} with
I = 0. One can check that Kesten’s original proof [12] also works for the case o =
{open, open}. We use this second IIC measure in Theorem 1.8.

Remark 7 The proof we present of Theorem 1.6 can be easily modified to give the
existence of IICs for o’s which either do not contain neighboring open paths or do
not contain neighboring closed paths (here we take the first and last elements of o to
be neighbors). In particular, it works for any 3-arm IIC and for monochromatic IICs.
In the case when there are neighboring open paths (but no neighboring closed paths)
one needs to change the proof by considering closed circuits with defects instead of
open circuits.

Define O = {e; : k > 1}, the set of outlets of the invasion and let B be the
backbone, i.e., those vertices which are connected in the IPC of the origin by two
disjoint paths, one to the origin and one to co. For any vertex v, define the shift oper-
ator 6, on configurations w so that for any edge e, 6,(w)(e) = w(e — v), where
e —v = (ex — v, ey, — v). For any event £, define

O E = {0y(w) : w € E},
and if K is a set of edges in 2, define
Ex={KCS), 6, K={ceE®:e—veK}, and O,Ex = {6,K C S}.

For an edge e, let p, be the rotation of the lattice around the origin that maps e — e,
to ((0, 0), (1, 0)). We define the operator 6, on configurations w so that for any edge
[1 0 (@)(f) = w(pe(f —ex)). We define 6, E, 6./, and O, Eyc similarly. Let E;C be
the event that /C is contained in the cluster of the origin. We recall [10, Theorem 3],
which states that asymptotically the distribution of invaded edges near a vertex v is
given by the IIC measure.

Theorem 1.7 Let E be an event which depends on finitely many values wp_(-) and let
K c E? be finite.

lim P@,E|v e S) =v(E) and Jim P©,Ex|ve S) = v(Ej),
V[—> 00

|v]—o00
where the measure on the right is the IIC measure.

We are interested in the distribution of invaded edges near the backbone (Theo-
rem 1.8) or near an outlet (Theorem 1.9). While the analysis of the distribution of the
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invaded edges near the backbone is very similar to the proof of Theorem 1.7, the study
of the distribution of the invaded edges near an outlet is more involved. Define %0
to be the measure constructed in the same way as v>? except that we condition that
the origin is connected to d B(n) by two disjoint open paths and take n to co. Define
22 similarly, but by conditioning that the endpoints of the edge ey = ((0, 0), (1, 0))
are connected to 9 B(n) by two disjoint open paths and that the endpoints of efj are
connected to d B(n)* by two disjoint closed dual paths and taking n to co. Obvious
modifications of Theorem 1.6 hold for these measures.

Theorem 1.8 Let E be an event which depends on finitely many values w,_ (-) and let
K C E? be finite.

lim P@,E |ve B)=v>%E) and ‘ llim P(@,Ex |v € B) = 7 O(E)).
v|— 00

|[v|—>o00
Proof Similar to the proof of [10, Theorem 3]. O

Theorem 1.9 Let E be an event which depends on finitely many values wp, (-) (but
not on w,_(ep)), and let KC be a finite set of edges such that ey ¢ K.

lim PB.E|e e ®) =v>*(E) and | l‘im P(©.Ex e € O) = V**(Ej).
e|—oo

|e]— o0

1.4 Structure of the paper

We define the correlation length and state some of its properties in Sect. 2. We prove
Theorems 1.1 and 1.2 in Sects. 3 and 4, respectively. The proofs of Theorems 1.3-1.5
are in Sect. 5: the proof of Theorem 1.3 is in Sect. 5.1; the proofs of Theorem 1.4 and
Corollary 1.1 are in Sect. 5.2; and the proof of Theorem 1.5 is in Sect. 5.3. We prove

Theorem 1.6 in Sect. 6 and Theorem 1.9 in Sect. 7. For the notation in Sects. 3—7 we
refer the reader to Sect. 1.2.

2 Correlation length and preliminary results

In this section we define the correlation length that will play a crucial role in our
proofs. The correlation length was introduced in [2] and further studied in [13].

2.1 Correlation length
For m, n positive integers and p € (p., 1] let

o(n,m, p) = P, (there is an open horizontal crossing of [0, n] x [0, m]).
Given ¢ > O and p > p., we define

L(p,e) =min{n : o(n,n, p) >1—c¢}. 2.1
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L(p, ¢) is called the finite-size scaling correlation length and it is known that L(p, €)
scales like the usual correlation length (see [13]). It was also shown in [13] that the
scaling of L(p, ¢) is independent of ¢ given that it is small enough, i.e. there exists
€0 > 0 such that for all 0 < €1, &3 < g9 we have L(p, €1) < L(p, &2). For simplicity
we will write L(p) = L(p, &) for the entire paper. We also define

pn =sup{p : L(p) > n}.
It is easy to see that L(p) — oo as p — p. and L(p) — 0 as p — 1. In particular,
the probability p, is well-defined. It is clear from the definitions of L(p) and p,, and
from the RSW theorem that, for positive integers k and /, there exists §;; > 0 such
that, for any positive integer n and for all p € [p., pu],
P, (there is an open horizontal crossing of [0, kn] x [0, In]) > &
and

P, (there is a closed horizontal dual crossing of ([0, kn] x [0, In)*) > k.-

By the FKG inequality and a standard gluing argument [9, Section 11.7] we get that,
for positive integers n and k > 2 and for all p € [p¢, pnl,

P, (Ann(n, kn) contains an open circuit around the origin) > ((Sk)k,z)4
and

P,(Ann(n, kn)* contains a closed dual circuit around the origin) > (52k’k_1)4.

2.2 Preliminary results

For any positive / we define log® [ =/ and log"”) I = log(log/=" ) for all j > 1,
as long as the right-hand side is well defined. For / > 10, let

log*l = min{j > 0 : log" [ is well-defined and log"’ [ < 10}. (2.2)

Our choice of the constant 10 is quite arbitrary, we could take any other large enough
positive number instead of 10. For / > 10, let

inf {p > pe: L(p) < oy} i € 0, 1og"D,
i) = p, if j > log*1, 2.3)
1 if j = 0.

The value of C, will be chosen differently in each proof. For any C, notice that there

exists a universal constant Lo(C,) > 10 such that p;(j) are well-defined if/ > Ly(Cy)
and non-increasing in /. The last observation follows from monotonicity of L(p) and
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the fact that the functions //log") [ are non-decreasing in [ for j € (0, log*[) and
l>3.
We give the following results without proofs.

1. ([10, (2.10)]) There exists a universal constant D1 such that, for every / > Lo(Cy)
and j € (0, log* 1),

Cilog" [ < # < DiCylog" 1. (2.4)
L(pi(j))

2. ([13, Theorem 2]) There is a constant D, such that, for all p > p,,
0(p) < Pp[0 < dB(L(p))] < DaPer [0 < dB(L(p))], (2.5)

where 0(p) = P,(0 — 00) is the percolation function for Bernoulli percolation.
3. ([17, Section 4]) There is a constant D3 such that, for all n > 1,

P, (B(n) <> 00) > Ds. (2.6)

4. ([13, (3.61)]) There is a constant D4 such that, for all positive integers r < s,

P.- (0 <> 9B(s)) r
Per(0 < 0B(n) — D4\/E ' @7

5. There exist positive constants D5 and Dg such that, for all p > p,,

P,(B,) < Dsexp [—DﬁL?p) ] . (2.8)

It follows, for example, from [10, (2.6) and (2.8)] (see also [18, Lemma 37 and
Remark 38]).
6. ([18,Proposition 34]) Fix e = ((0, 0), (1, 0)), and let Aﬁ’z be the event that ¢, and

ey are connected to d B(n) by open paths, and e} and e} are connected to d B(n)*
by closed dual paths. Note that these four paths are disjoint and alternate. Then

(Pn — poIn®Per(A2H) <1, n>1. 2.9)

3 Proof of Theorem 1.1

We give the proof for the case k = 2. The proof for k > 3 is similar to the proof for
k = 2, and we omit the details. Note that [13, Theorem 2] it is sufficient to prove that

P(7, < p) < (log L(p)P¢; (0 <> 9B(L(p))). (3.1
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We first prove the upper bound. We partition the box B(L(p)) into [log L(p)] disjoint
annuli:

P(2, < p) < P(R1 = L(p))
[log L(p)]
. 5 L(p) L(p)
+ Z ]P)(t2<p’Rle|:W’2_k))'
k=0

We show that there is a universal constant C; such that for any p > p, and m <
L(p)/2,

P (fz < p; Ry € [m, Zm]) < C1P. (0 < dB(L(p))) . 3.2)

From [20], ]P’(I%l > L(p)) < CP. (0 <> dB(L(p))). Therefore the upper bound
in (3.1) will immediately follow from (3.2). We partition the event {T» < p; R| €
[m, 2m]} according to the value of 7;:

log* m

P(%2 < piRi€lm2mléi € [pu()puG=1)) . (3)
j=1

~

Note that if the event {I%] >m, 71 € [pm(j), pm(j — 1))} occurs then (a) there is
a pm(j — 1)-open path from the origin to d B(m), and (b) the origin is surrounded
by a p,,(j)-closed circuit of diameter at least m in the dual lattice. Also note that
if the event {7, < p, Iél < 2m} occurs then there is a p-open path from B(2m) to
dB(L(p)).

From the above observations, it follows that the sum (3.3) is bounded from above
by

lo,

g m .
=1

*

~

The FKG inequality and independence give an upper bound of
log* m
Z Pp,.i—-1)(0 <> 9B(m))P,(B(2m) <> dB(L(p))P,,, j(Bnm).
j=1
It follows from (2.4) and (2.8) that P, (j,(Bn) < C3 (log(j*]) m)~%4 for some C3

and Cy4, where C4 can be made arbitrarily large given that C, is made large enough.
Inequalities (2.7) and (2.5) give

Py ;- 1)(0 < 3B(m)) < Cs(logi ™" m)2 P, (0 <> 3 B(m)),
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and (2.5) and the RSW Theorem give
P,(B(2m) <> dB(L(p))) < CePer(B(2m) <> dB(L(p))).
Also, the RSW Theorem and the FKG inequality imply that

Per(0 < 9B(m)Per(B(2m) <> dB(L(p))) < C7P¢r (0 <> dB(L(p))).

Therefore, we obtain that the probability P (fz < p; Iél € [m, Zm]) is bounded from
above by

log* m
CsPer (0 <> dB(L(p))) Z (logli=D my=Ce+1/2,
j=1

As in [10, (2.26)], one can easily show that, for C4 > 1,

log* m
> (logl =Y m)=C+1/2 < ¢y,
j=1

The upper bound in (3.1) follows.

We now prove the lower bound in (1.1). For p > p. and a positive integer m <
L(p)/2, we consider the event Cy, , that there exists an edge e € Ann(m, 2m) such
that

~ Te € (Pcs Pm);

— there exist two p.-open pathsin B(2L(p))\{e}, one connecting the origin to one of
the endpoints of e, and another connecting the other endpoint of e to the boundary
of B(2L(p));

— there exists a p,,-closed dual path P in Ann(m,2m)* \ {€*} connecting the end-
points of ¢* such that P U {e*} is a circuit around the origin;

— there exists a p.-open circuit around the origin in Ann(L(p), 2L(p));

— there exists a p-open path connecting B(L(p)) to infinity.

See Fig. 1 for an illustration of the event C,, ,. It can be shown similarly to [4,
Corollary 6.2] that
P(Cm.p) = C10Per (0 <> dB(L(p))),

where we also use the fact that P, (B(L(p)) <> 00) > C11 [see (2.6)]. It remains to
notice that for fixed p, the events C|; (,y/2,,, are disjoint and each of them implies
the event {7, < p}. Therefore,

log L(p)|—-1

PE<p= > PClgpym.y) = Clollog L(p)|Per(0 < IBL(p))).
k=0
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Fig. 1 The event Cy,, p. The boxes, in order from smallest to largest, are B(m), B(2m), B(L(p)), and
B(2L(p)). The dotted path is py-closed, the path to infinity is p,;-open, and all other paths are p.-open

4 Proof of Theorem 1.2

The case k = 1 is considered in [20, Theorem 2]. We give the proof for k = 2. The
proof for k > 3 is similar to the proof for k = 2, and we omit the details.

We first prove the upper bound. By the RSW Theorem, it is sufficient to bound the
probability IP(| V2| > 2n°m,). We partition this probability according to the value of
the radii R; and R, defined in Sect. 1.2. Without loss of generality we can assume
that n = 2V,

P(|Va| = 2n’m,) < P(Ry > n)

N m
+> > (|\72| >2n2m,: Ry € 21,25 Ry € [2 ) 2'")) .
m=1 k=1

It follows from [4] that }P’(Iéz > n) =< (logn)m,. We now consider the second term.
We decompose the probability of the event

Enkon = [IVal 2 2025 Ry € 271,29 Ry e 2771, 2m)

according to the values of 7| and 7;:

log* 2k log* 2™

D D P(Enmis B € [pa (), por (i —1)); B2 €[pan (), pan(—1)) . (4.1)

i=1 j=1
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We consider the event D,,  ,, that the number of vetices in the annulus Ann(2k, 2m)
connected to B(2%) inside Ann (2%, 2™) is at least n27,,. If the vertices in the definition
of Dj, x.m are connected to B(2F) by p-open paths, we denote the corresponding event
by Dy k.m(p). We also consider the event D, ; that the number of vertices in the box
B(2%) connected to the boundary dB(2%) is at least n%m,,. If the vertices in the defini-
tion of Dy,  are connected to dB(2%) by p-open paths, we denote the corresponding
event by D, x(p). The probability of a typical summand in (4.1) can be bounded from
above by

Py i=1) pon (=)
IED(sz1,,,216(,.);32,,1l,pzm(j);o “— 3B(2%); B2 " oo; ’

Dy km(pam (j — 1) U Dy g (por (i — 1))
where we use the fact that T; > 7, a.s.

We use the FKG inequality and independence to estimate the above probability. It
is no greater than

. k
P (sz_l»sz(i)’ BZ’”*I,pzm(j)) szk(i—l) (O < 0B(2 )) ]P)pzm(j—l)

x (3(2") & o0; Dn,k,m) 4.2)

+P (sz—l’pzk (@5 Ban1 o (j)) Py (0 < dB2Y); Dn,k) Ppom (j—1)

x (B(Zk) - oo) . 43)
The probability P(Byi-1 po (i)} Boyn-1 . (jy) 1s bounded from above by [4, (6.6)]

Ci(log" ™D 297 (logV "V 2" =,

where the constant C» can be made arbitrarily large given C, is made large enough.
We first estimate (4.2). It follows from (2.7) that

Py i-1) (0 o 88(2")) < C3(log =D 25 12p, (0 < 9B(2%))

< C4(10g(i7]) 2k)]/2(10g(j71) 2m)1/2
P (0 <> 9B(2™))
Py (j—1)(B(2F) < 00)”

Substitution gives the following upper bound for (4.2):

Per (0 <> dB(Q2™))C1Ca(logi =D 2K 1ogli =D omy=Cotl2p oy
X (Dn e | BQ2) < 00).

We now estimate (4.3). It follows from the FKG inequality and (2.7) that

Ppi-1) (o o 8B(2k)) < Cs(log=D 2412, (0 o 83(2")) .
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Substitution gives the following upper bound for (4.3):

Per (0 < 9B(2"))C1Cs(log" D 28 1ogV =D 2= 12p ;)
x(Dpx |0 <> 3B(25)).

Therefore, the sum (4.1) is bounded from above by

log* 2k log* om
CePer(0 < dBQ2™) > > (log =D 2k logi =D am)=CH12p, )
i=1  j=1
X (D g | B(2) < 00)
log* 2k log* 2™
+CePer (0 < 3B2Y) D > (log= P2k 1ogi=Dam)=CH12p, ;)
i=1 j=1
X(Dpx |0 < dB(2%)).

Note that [10, (2.26)] if C» > 1/2, then there exists C7 > 0 such that for all &,
log* 2k
Z (log(ifl)zk)7C2+l/2 < C7 < 00.

i=1

Also note that analogously to [20, Lemma 4] one can show that there exist Cg — C1
such that, for all p > p,,

« n2m,
Pp(Dnkm | B(2%) <> 00) < Cgexp {—C9 ]

2Zmg(2m, p)

and

2
k n-my
Pp(Du k0 < dB(2%)) < Croexp [—Cllm] )

where 7, and 7 (n, p) are defined in Sect. 1.2. In particular,

2

n-m,
Ppiim)(D B(2K) < 00) < Cgexp|{—C a
poam (j 1)( nkeom | 2% ) < Cg Xp[ 922mn(2m,p2m(j—1))]

SCSCXP[ 12— —(log! =1 2")~ ‘/2],

22m
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and, similarly,

2
n-m
Ppii—1)(Dpi |0 < dB(2%)) < Crpexp [_Cll z ]

2% (2%, poi (i — 1))

2
scloexp[ Cramm,,, (o (=024~ 1/2].

Therefore, the sum ZZZI > iy P(E, k,m) is not bigger than

N log* 2™
Tom i—1) Am\—Ca+1/2
Ci4(l logl/—b 2my=€2
1a(logm)m, D - Z (log )
m=1 j=1
Xexp’ C1222m (log G- l)2m) 1/2}
N - log* 2k
k .
+C 1 _2 1 (l—l) 2k —C2+1/2
1a(logm)m, - Z (log )
k=1 i=1
2
xexp[ C1322k (log"~ D oky= 1/2}’ 4.4)

where logn comes from the fact that >}' | 1 = m < N = logn. Finally, it follows
from [20, p. 419] that

lOg* om

N -
TTom 1) pm\—Ca+1/2 TTn (=1 pmy—1/2
logt—D 2 2 e e logV =" 2
E - ]El( g ) Xp 1222m —(log )

< Ci5 < 0.

m=1

A similar bound holds for the summand (4.4). The proof for the second inequality in
(1.2) is completed.
We now prove the first inequality in (1.2). Form < N, let C,, ,, be the event that
there exists an edge in Ann(2"~!, 2™) such that
— its weight 7, € (p¢, pam);
— there exist two disjoint p.-open paths, one connecting an end of e to the origin,
and one connecting the other end of e to d B(2n);
— there exist a pyn-closed dual path connecting the endpoints of ¢* in Ann(2"~!,
2y,
— there exists a p.-open circuit in Ann(n, 2n).
It can be shown similarly to [4, Corollary 6.2] that P(C, ,,) =< m,. We also note
that the events C, , are disjoint and each of them implies the event {Iéz > n}.
Using the arguments from the proof of [4, Corollary 6.2], it follows that, for any
x € Ann(2V"1 n) = A, and 1 <m < N -2,

P(x <2 3B(2n) | Com) = Cro7n,
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from which we conclude that
E(I(Vi UV2) N Ayl Cum) = Cryn’rmy. 45)
We will show later that, for 1 <m < N — 2,
E((V1U V) N Aal? [ Cam) < Cis (EA(V1U V) N A | Cn,m>)2. (4.6)
If (4.6) holds, the second moment estimate gives that, for some Cj9 > 0,
P(|Vy U Va| = Cron®7ty; Cam) = C1oP(Cpm) = Ca07.

Therefore

P(|Vi U Va| > Cron’my; Ry > n)

MZ

(|‘71 U Va| > Cron’my,; Cn,m)

> C o(N )1y

In partlcular usmg (2.7), we obtain ]P’(|V1 U V2| > n’my,) > C21(logn)nn Recall
that ]P(|V1| > n?m,) = m,. It immediately gives the inequality ]P’(|V2| > nln,) >
Ca(logn)m,.

It remains to prove (4.6). Note that

E((ViUVD) N A2 [Com) = D Plx,y € Vi|Cum)

X,YEA,
+ > P(x,y € V2| Cum), (4.7)
X,YEA,

where we use the fact that, by construction, \71 and ‘72 cannot both intersect A,. We
estimate the two sums on the r.h.s. separately. We only consider the first sum. The other
sum is treated similarly. We decompose the probability P(x, y € \71; Cy.m) according
to the value of 7:

log*n
> P(x.y € Vis Comi 1 € [pa(i)s pai — D).
j=1

Using arguments as in the first part of the proof of this theorem, the above sum is
bounded from above by
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log* n 0 < 9B(2™1); B(2™) << 9B(2N2);
Z ]P) pn J 1) aB( 2N 2) pn(/ ) a (y’ 2N_2);
- anpn(])
<P (0 < dBQR" )P (BQ2™) < dB2N2))
log* n
X D P, (h (BPy, (- (x < 9B(x, 2V )1y < 9B(y.2V7?)).
j=1
Again, using tools from the first part of the proof of this theorem (see also the proof
of Theorem 1.5 in [4]), the above sum is no greater than

C3Per (0 < dBm)Per (x <> 8B(x, 2V 7)1 y & 9B(y,2V72)).
Similar arguments apply to the second sum in (4.7). Since P(C, ) =< m,, we get
E((Vi U V2) N Axl* | Com)

<Cu > P (x < 9B(x,2V2), y < 3B(y, 2N—2)) .
x,yEA,

The last sum is bounded from above by C25n4n3 (see, e.g., the proof of Theorem 8§
in [12]), which along with (4.5) gives (4.6).

5 Proof of Theorems 1.3-1.5
5.1 Proof of Theorem 1.3

We will use the following lemma. For m,n > 1, and p € [0, 1], let N(m, n, p)
be the number of edges e in the annulus Ann(n, 2n) such that (a) e is connected to
dB(ex, m) by two disjoint p-open paths, (b) e* is connected to d B(ey, m)* by two
disjoint p,.-closed paths, (c) the open and closed paths are disjoint and alternate, and
(d) 7 € [pc, Pl

Lemma 5.1 Let m be such that m < L(p) and m < n. There exists C such that for
allt,n,

E(N(m, n, p)') < 1! (Cl%)” . (5.1)

Proof The proof is very similar to the proof of the upper bound in [12, Theorem 8],
where we need to use [4, Lemma 6.3] to deal with p-open paths. We omit the details.
O

To continue the proof of Theorem 1.3, define forn > 1 and k with 0 < k < log*n,
the event

There exists a p, (k) — open circuit in Ann(n/4,n/2)

Hn i = which is connected to infinity by a p, (k) — open path.

(5.2)
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where pj, (k) is defined in (2.3). Let us decompose the tth moment of O (n, 2n) accord-
ing to the events H, x. By (2.4) and (2.8), there exists C2, C3 such that for all n, k,

P(HY ;) < Co(log® =V n)=S, (5.3)

Writing ny = and using the Cauchy-Schwarz inequality for 1 < k < log* n,

__n_
Cilog® n
E(O(n,2n)"s Hyx, H ) < (BN (g, n, p())*) 2 (P(HS )

CxC:
l/z(log(k) n)—TS

4t — C*Cg

< (@Y (C1Clog® my* €

= (C220)) (€ C1)* (1og™® n)

4t+2

Choosing C, = , this becomes

4t + e\
(C220n'/2 (%) (log® m) ™" < (Cat)™ (log® )~
3
for some Cjy. For the case k = 0, we have

C
E(O(n.2n)'s Hy ) < n'B(H ) < —> < Ca.

If we sum over k and bound z(log m-1 (log(k) n)~! independent of n asin [10, (2.26)],
we get

E(O(n, 2n)") < (Ct)*.

5.2 Proof of Theorem 1.4

Proof of upper bound Consider the event A that, for all large n, forall 1 <i < n,
the annulus Ann (27, 201¢102m) contains a p.-open circuit around the origin. Note that
P(A) = 1 for large enough c. We assume that c is an integer. Then 2¢1°¢” = 5¢ is an
integer too.

In the annulus Ann (27, 20+2¢102n+1) "we define the graph G!' as follows. Let U be
the union of p.-open clusters in Ann(2f, 2i+2¢10gn+1y attached to d B(2/H2clogn+1y,
In particular, we assume that all the sites in 8 B(2/T2¢1°27+1) are in 24. If I contains
a path from B(2) to 9 B(2"F2¢loentl) "we define G as U. Otherwise, we consider
the invasion percolation cluster Z in Ann (2!, 21+2¢102n+1) of the invasion percolation
process with Gy = B(2') (that is B(2) is assumed to be invaded at step 0) terminated
at the first time a site from ¢/ is invaded, and define G}' as Z Ul{. We say that an edge
e is disconnecting for G, if the graph G \ {e} does not contain a path from B(2) to
8B(2i+2610gn+1)_
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Let X? be the number of disconnecting edges for G in Ann(2+¢logn pitclogntly
Note that if the event A occurs then, for all large n, X! dominates 0(21'*"'10g n
pitclogntly “the number of outlets of the IPC S of the origin in Ann(2i+clogn,
itclogntly ‘Noreover, for any i < |3clogn], (Xi”JrkBClOgnJ),E":/gdo(‘"mk1 are inde-
pendent and the reader can verify that the proof of Theorem 1.3 is valid when the
number of outlets is replaced with X7'. Therefore, there exist constants A > 0 and

Cs < oo so that, for all n and i,
E exp (k (Xf)lﬂ) < Cs.

Let Y; be a sequence of independent integer-valued random variables with P(Y; >
n) = min{1, Cse """}, Then, for any i < [3clogn]. (X2, 3c108n b0’ =0 i

stochastically dominated by (Y) ]&n:/(f)i clogn]=1 1 particular,

n [n/3clogn]—1
IP’(Z X! > C6n) < 3clognP Z Y; > C¢n/3clogn
i=1 i=l

< C7logn exp(—Cgn®).

The last inequality follows, for example, from [15]. Therefore, a.s., for all large n,
Z?: 1 X ;1 < Cen.
Note that, if the event A occurs, then, for all large n,

n
018" 2m) <" X' < Cen.

i=1
Finally, since the event A occurs with probability one,
0(2}1) S 0(2C10gn’ 2n) + 0(2C10g(610gn)’ chogn) + |B(2C log(c logn)) | S ClOn-

O

Proof of lower bound For i > 1, let G; be the event that there is no p,i-closed dual
circuit around the origin with radius larger than 2/*1°¢/ and let G be the event that
G; occurs for all but finitely many i. It is easy to see [using inequality (2.8)] that
P(G) = 1.

Fori > 1, let K; be the event that (a) there exists a p,i-closed dual circuit C around
the origin in Ann(2¢, 2/+1)*, (b) there exists a p.-open circuit C’ around the origin in
Ann(2', 211 and (c) the circuit C’ is connected to d B(2/11°¢%) by a Poi-open path.
See Fig. 2 for an illustration of the event G; N K;. Note that C’ is in B2 Next(C).
By RSW theorem and (2.6),

P(K;) > C11 > 0,
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Fig.2 Theevent G;NK;. The boxes, in order from smallest to largest, are B(2Y), B(Zi Jfl ),and B(2/tlogi),
Because there is no p,;-closed circuit around the origin of radius larger than 2! tlogi the P,i-open path

which connects 3 B(2!11°81) to the circuit in Ann(2¢, 2071y must be connected to co by a p,;-open path

for some Cq; that does not depend on i. Fix an integer n, and let j be an integer

between 1 and logn. We consider events K l] =

the events (K lj )§L=n()/ logn)=1 are independent.
Let XlJ =1I. Recall that IP’(Xij = 1) > C11. We need the following lemma. Its

proof is standard, so we omit it.

K jtilogn- Note that, for any fixed j,

Lemma 5.2 Let ¢ > 0. There exist « > 0 and B < 1 depending on c with the follow-
ing property. If X; are independent 0/1 random variables (not necessarily identically
distributed) with P(X; = 1) > c for all i, then for all n,

n
P ZX,- <an | < p".

i=1

It follows that there exist « > 0 and 8 < 1 such that foranyn and 1 < j < logn

ln/logn]—1 wn
P X/ < < n/logn.
Z " logn p
i=0
Therefore,
logn |n/logn]—1
BI> > X <an
j=1 i=0
ln/logn]—1 '
=P Z X! < an/logn for some j € [1,logn] | < lognp™ 1",
i=0
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In particular, it follows from Borel-Cantelli’s lemma that, with probability one, for
all large n,

n
Z Ix, > an.
i=1

Finally, observe that the event G occurs With probability one, and the event G; N K;
implies that there exists an outlet in Ann (2!, 2i+1) The lower bound in (1.6) follows.
[m}

Proof of Corollary 1.1 The inequalities (1.7) follow immediately from those in
Theorem 1.4. Therefore we will only prove (1.8). First we show the upper bound.

Choose c¢s from (1.7). Using (2.4) and (2.8), we can show that if C, is made suffi-
ciently large, then with probability one, for all large n, after the invasion has reached
dB(n), the weight of each further accepted edge is no larger than p, (1), where p, (1)
is defined in (2.3). Therefore, for all large k,

Tk = Pe = Pesyc(1) — pe
Since there exists C12, C13 > 0 such that for all n, p, (1) — p. < C1on~C13 [use (2.9)]
and the fact that the 4-arm exponent is strictly smaller than 2 (see, e.g., Section 6.4 in
[21]), we have

- —Ci3k
Tk — pe < Cra(cs5)™ -85,

proving the upper bound. To show the lower bound, choose c¢ from (1.7). Fora < 1,
we obtain

P(f; < pe + ¥, Ri < (c6)*) < P(B((ce)") 2 o)
< C1aPr (B((c6)*) <> B(L(pe + a")))

k N\ C17
(c6) —Ciok
f C15 (m S C]ge 19 ,

for constants C14 — C19, where the last inequality holds for small enough a. The second
inequality follows from (2.5). The third one follows from, for example, [9, eq. 11.90]
and the fact that L(p) > (p — p,:)_‘s for some 6 > O (see, e.g., Cor. 1 and eq. 2.3 from
[13]). Borel-Cantelli’s lemma gives the lower bound of (1.8). O

5.3 Proof of Theorem 1.5

Given any nonempty subinterval of (0, 1], we will show that with probability one,
( T”‘ z “:5-°) is in this subinterval for infinitely many k. We will use the following fact.
From [13 (4.35)] it follows that, for any a > 0,

L(pc +ad) < L(pc +9).
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Fig. 3 The event Dj,. The boxes, from smallest to largest, are B(n), B(2n), B(4n), and B(8n). The edge
ey is connected to both B(n) and d B(4n). The edge e; is connected to both B(4n) and infinity. The solid
curves represent occupied paths and the dotted curves represent vacant dual paths. In the figure, both e
and e, are outlets of the invasion

The constants above depend on a but do not depend on é so long as § is sufficiently
small.
Pick a nonempty interval [x, y] C (0, 1] and choose a, b > 0 such that

a<b and 1 <bx <ay.

We consider the event D, that there exist p.-open circuits around the origin in
the annulus Ann(n, 2n); and in the annulus A(4n, 8n), and there exist two edges,
e1 € Ann(2n, 3n) and ex € Ann(8n, 9n) such that

— there is a p.-open path connecting one of the ends of e to B(n), and there is a
pc-open path connecting the other end of e; to d B(8n);

— there is a p.-open path connecting one of the ends of e; to B(4n), and there is a
pn-open path connecting the other end of e to infinity;

— thereisa (p; +b(p, — pc))-closed path P; in the dual lattice inside Ann(2n, 3n)*
connecting the ends of e} such that Py U {e]} is a circuit around the origin;

— thereisa (p.+ay(p, — pc))-closed path P; in the dual lattice inside Ann(8n, 9n)*
connecting the ends of e; such that P, U {e3} is a circuit around the origin;

— the weight ., € (pc + a(pn — pe)s pe + b(pn — pe)), and the weight 7., €
(pe +bx(pn = Pe)s Pe + ay(pn — pe))-

See Fig. 3 for an illustration of the event D,. By RSW arguments and [4, Lemma
6.3] (similar to the proof of [4, Corollary 6.2]), there exists a constant Cpg > 0 which
depends on a, b, x, and y but not on n such that

P(D,) > Cx. 5.4

Since lim sup,, D,, does not depend on the states of finitely many edges, P(lim sup,,
D;) € {0, 1}. Assume that this probability is 0. Then there exists N (deterministic)
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such that
P(D,, occurs for some n > N) < Cyp/2.
But this probability is, in fact, at least P(Dy). This contradicts (5.4). Therefore

P(lim sup D,) = 1. (5.5)
n

Note that the event D, implies that there exists k = k(n) such that e; and e>
are respectively the kth and (k + 1)st outlets of the invasion. In particular, using the

above bounds for 7., and 7,, Tkrzl_—_pp‘ € [x, y]. Combining this with (5.5), we get
P(f"f:‘_—;’.’c € [x, y] for infinitely many k) = 1. This completes the proof.

6 Proof of Theorem 1.6

Since the proof is very similar to the proof of Theorem 3 in [12], we only sketch the
main ideas. From now on we fix o € {open, closed}z’”, and assume that o consists of
m ‘open’ and m ‘closed’.

The RSW theorem implies that there exists § > 0 such that for all N,

P., (there exists an occupied circuit in Ann(N,2N)) > 4.

Since events depending on the state of edges in disjoint annuli are independent, we
can find an increasing sequence N; such that

o = P, (there exists an occupied circuit in Ann(N;, Nit+1)) — 1,

as i — o0o. We fix the sequence N; and write A; for Ann(N;, Nijt1).

Let C be a (self-avoiding) circuit in (Z2,E?). We say that C is occupied with m
defects if all but m edges of C are occupied. Write Fl.(m) for the event that there
exists an occupied circuit with m defects in A;. On the event B(N;) <>5 dB(Nj+1),
define F; (C, ..., ) as the event that there exists an occupied circuit with m defects in
A; around B(N;), and moreover, the innermost such circuit is C with defected edges
el, ..., en.Recall from Section 1.3.4 that the number/ is defined so that [0 B(I)| > |o|.
Let E be any event depending only on the state of edges in B(r) (where we assume
that » > ) and let i be such thatr < N; < Nj4+1 < n. Then

Per (EN{B() <>, dB(n)}) =P, (EN{B() <, dBm)}INF™)°)

Let {B(l) <> Ce,.....¢, } denote the event that B(/) is o-connected to C so that the m
disjoint closed dual paths connect B(I)* to the edges e, ..., e}, in the interior of C.
Similarly, let {C, <>, dB(n)} denote the event that C is o-connected to d B(n)

----- €m
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so that the m disjoint closed dual paths connect d B(n)* to the edges ei‘, ..., ey inthe
exterior of C.

We now estimate the probability P, (E N {B(l) <>, 8B(n)} N (F"™)°). By Meng-
er’s theorem [6, Theorem 3.3.1], the event {B(l) <>, dB(n)} N (Fl.(m))c implies that
there exist (m 4 1) disjoint closed crossings of the annulus A;. We use Reimer’s
inequality [19] to conclude that the probability P, (E N {B(l) <>, dB(n)}N (Fl.(m))c)
is bounded from above by

P (B(l) <»4 0B(n))P..( there exists a closed crossing of A;)
< (1 —a;)Per (B(l) <o dB(n)).

We have just shown how a statement similar to (17) in [12] is obtained. An anal-
ogous statement to (18) in [12] is also valid. The remainder of the proof is similar to
the proof of Kesten [12], where in the proof of the statement analogous to Lemma 23
in [12] we use extensions of arm separation techniques from [18, Section 4]. We use
the following analogue of Kesten’s Lemma 23.

Lemma 6.1 Consider circuits C in annulus A;, D in annulus A;13, sets of edges
er,....,emonCand fi,..., fm on D respectively. Let P(C, D) be the probability,
conditional on the event that all edges in C\{ey, ..., ey} areopenandey, ..., e, are
closed, that (1) there are disjoint closed dual paths from e} to f, (2) there are m
disjoint open paths that connect C to D such that, for any two of them, there is a closed
dual path (one of the paths from (1)) between them, (3) D is the innermost open circuit
with defects f1, ..., fm in annulus A;43, (4) there is an open circuit with m defects
in annulus Aj4+>. (Dependence on the edges e; and f; is suppressed in the notation.)
We similarly define C', D', etc. There exists a finite constant C1 that may depend only
on m (it does not depend on particular choice of circuits or defects) such that

P(C,D)P(C', D)

PC.D)PC.D) ~ "

To prove Lemma 6.1, we need the following extension of Kesten’s arm separa-
tion [13, Lemmas 4 and 5]. Let 7 be a fixed partition of dB(1) (in R?) into 2m
disjoint connected subsets Z;, each of diameter at least 1/(2m) (ordered clockwise).
Let Z(s) be the corresponding partition of d B(s) into 2m disjoint connected subsets
Zi(s) = sT; = {sx : x € I;}. Let Z(n, n’) be the partition of Ann(n,n’) into 2m
disjoint connected subsets Z; (n, n’) = Up <5< Z; (5).

Lemma 6.2 (external arm separation) Let nog and n be positive integers with ng <
n — 3. We consider a circuit C in B(2") and a set of edges ey, ..., ey on C. Let
E(Ce,.,...c,) be the event that (1) the edgesinC\{ey, ..., ey} are openandey, ..., ey
are closed, (2) there are m disjoint closed dual paths from e’; to d B(2"")*, (3) there are m
disjoint open paths from C to the boundary of B(2") in (B(2") \ int(C)) \{e1, ..., em}
such that these paths alternate with the closed paths defined in (2). Let E(C,,
the event that E(C,, ..., ) occurs with 2m paths P1, ..., Py, (ordered clockwise, all

,,,,,
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paths with odd indices are closed, and the ones with even indices are open) satisfying
the requirement that, for all 1 <i < 2m, P; N Ann(2"~1,2") C L(Z”’], 2™M). Then

P(E(Cey.....en)) < C2aP(E(Coy.....e0))

where the constant Cy may depend on m but not on n, ng, or the choice of circuit.
Remark 8 The event E is reminiscent of the event A in [13, p. 127 and Figure 8].

Remark 9 1t is actually believed [7] and is the aim of ongoing work of Garban and
Pete that a much stronger statement holds: given any configuration inside B(2"0),
if we condition on the existence of m open paths and m closed dual paths from a
neighborhood of the origin to d B(2") and these paths are alternating, then they will be
well-separated (refer to [13] for this definition) on d B(2") with positive probability
independent of n and the configuration inside B(2"0).

Lemma 6.3 (internal arm separation) Let n andn| be positive integers withn+3 < nj.
Consider a circuit D in B(2"')° and a set of edges fi, ..., fm onD. Let F(Dy, .. )
be the event that (1) the edges in D\{ f1, ..., fm}areopenand f1, ..., fy are closed,
(2) there are m disjoint closed dual paths from f ; to B(2")*, (3) there are m disjoint

open paths from D to B(2") in int(D) such that these paths alternate with the closed
dual paths defined in (2). Let F (Dy,.....1,) be the event that the event F(Dy, . r.)
occurs with 2m paths Py, ..., Py, (ordered clockwise, all paths with odd indices are
closed, and the ones with even indices are open) satisfying the requirement that, for
all1 <i <2m, P; N Ann(2", 201 C Z;(2", 2" 1), Then

P(F(Dy,....1)) < C3P(F(Dyy. 1),

where the constant C3 may depend on m but not on n, ni, or the choice of circuit.

The proofs of Lemmas 6.2 and 6.3 are similar, and we only give the proof of
Lemma 6.2 here. Moreover, parts of the proof of Lemma 6.2 are similar to the proof of
Lemma 4 in [13]. We will refer the reader to [13] for the proof of those parts. Before
we give the proof of Lemma 6.2, we show how to deduce Lemma 6.1 from the above
two lemmas. Using Lemmas 6.2, 6.3 and “gluing” arguments (see [13,18]), we prove

Lemma 6.4 For two circuits, Cy in annulus A; and D in annulus A; 12, sets of edges
er,...,eqonCrand fi,..., fy on Dy, if M(Cy, D) is the probability, conditioned
on the event that all edges in C1 \ {ey, ..., en}andin D1\ {f1, ..., fu} are open and
€ly---»sem, f1,..., fm are closed, that there are disjoint closed dual paths from e;‘ to
fi for all i, and there are m disjoint open paths from Cy to D in int(Dy) \ int(Cy),
which alternate with the closed dual paths defined above (and similar definitions for
C> and D;), then

M(Cy, D1)M(Co, D>)
M(Cy, D2)M (Ca, Dy)

< Cy,

for some constant Cy4 that does not depend on the particular choice of circuits or
defects. (Dependence on the edges e; and f; is suppressed in the notation.)
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Proof This lemma follows from Lemmas 6.2, 6.3, the RSW theorem (Section 11.7 in
[9]), and the generalized FKG inequality [13, Lemma 3]. For more details we refer
the reader to the proof of (2.43) in [13]. O

Proof of Lemma 6.1 Consider circuits C; in annulus A; 42, D; in A; 43, sets of edges
gls---,gmonCrandhy, ..., hy, onDj respectively. Let H(Cy, D) be the probability
of the event that (1) C; is the outermost open circuit with defects g1, . . ., g, in annulus
Ai+2, (2) Dy is the innermost open circuit with defects Ay, ..., h;,, in annulus A; 3,
(3) there are disjoint closed dual paths from g} to A}, and (4) there are m disjoint open
paths from C; to Dy in int(Dy) \ int (Cy), which alternate with the closed dual paths
defined above. (Dependence on the edges g; and A; is suppressed in the notation.)
We write

P(C.D)P(C'. D)= > M(C.Cl)H(C1.D) > M(C'.C})H(C}. D).
Ci c

We then apply the previous lemma to C, Cy, C" and Cj. ]

Proof of Lemma 6.2 We only consider the case m = 2. The case m = 1 is simpler,
and the general case is similar to the case m = 2. Fix a circuit C in B(2") and edges
e, f onC, and assume that the event E(C,, ) occurs.

We define )/11 as the leftmost closed dual path from e* to d B(2" 4+ 1/2) in B(2"0 +
1/2) \'int(C), and y{ as the rightmost closed dual path from e¢* to d B(2"° + 1/2) in
B(2" 4+ 1/2) \ int(C). We denote the first vertex on d B(2"?) to the left of yll asaj, and
the first vertex on 9 B(2") to the right of y; as as. Let )/21 be the leftmost open path
from the right end-vertex of e (using the clockwise ordering of vertices end edges on
C) to ay. This path is necessarily contained in B(2") \ int(C). Let y; be the rightmost
open path from the left end-vertex of e (using the clockwise ordering of vertices end
edges on C) to a1 in B(2"°) \ int(C). Similarly we define yé, V3, a3, a4, yi and y; (see
Fig. 4).

Fori € {1, 2, 3, 4}, let T; be the piece of d B(2"?) between (and including) a; and
a;+1 that does not contain a; 7 or a;43, where we use the convention a; = a;_4 for
i > 4. Note that it is possible that a; = a3 (in which case T» = {a3}) or a4 = a; (in
which case 74 = {a4}); however, we necessarily have a; # a; and a3 # a4.

Let y; be the part of yl.l U y/ U C that consists of the piece of yil from the last
intersection with ¢/ UC, the piece of y; from the last intersection with yl.l UC, and the
piece of C that connects the first two pieces (if the pieces are disconnected). Note that
it is possible that y» or y4 is a single point set on d B(2""?), which happens if a; = a3
or as = ay, respectively. Let R; denote the connected subset of R? with the boundary
that consists of 7; and y; (see Fig. 4). Note that these sets are disjoint. Moreover, if y»
or y4 is a single point set ({az} or {a4}, respectively), then R, or R4 is the same single
point set. Let S := B(2")° U Ry U R, U R3 U R4. Note that once y, y2, ¥3, and y4
are fixed, the percolation process in S is still an independent Bernoulli percolation.

Let E(y1, ..., ya) bethe event that (1) y; and y3 are connected to d B(2")* by closed
dual paths P; and P3 in S, and (2) y» and y4 are connected to d B(2") by open paths
P> and P4 in S. Let E(yl, ..., ya) be the event that E(yy, ..., y4) occurs with paths
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Fig. 4 The event E(Ce.....e,,) occurs if and only if y; and y3 are connected by closed paths to AB(2™M)*,
and y; and y4 are connected by open paths to d B(2") in B(2"0)“ UR; U Ry U R3 U Ry

Py, ..., Py satisfying the requirement that, forall 1 <i <4, P; N Ann(2"~1,2") C
Z; (2", 2™). Lemma 6.2 follows if there exists a constant C5 which does not depend
on n, ngp, or the choice of y;’s, such that

P(E(y1, ..., 1) < CaP(E(y1, . .., va)). (6.1)

If T1, ..., Ty are comparable in size, the proof of (6.1) is essentially the same as the
proof of Lemma 4 in [13]. If 71, ..., T4 are of different scales, the proof of (6.1) is
similar in spirit to the proof of Lemma 4 in [13], but more involved. We indicate the
differences below. We first construct a family of disjoint annuli in four stages. We
define

L;(D=min{l : 3x € 2'Z* N aB2") s.t. B(x,2)) D T;}

if such [ exists (the definition implies that it is no bigger than ng), and let B; (1) =
B(x;(1),2%M) be such a box. If there are several choices for the box, we pick the
first one in clockwise ordering. If there are no such [, we let /;(1) = ng + 1 and
B;i(1) = B(2"F1) (in this case x; (1) = 0). The boxes B; (1), ..., B4(1) form a cov-
ering of d B(2"0) such that B;(1) D 7;, and either x; (1) € T; or x;(1) = 0 (in which
case B;(1) = B(2"t1)). We also define

E(l) =min{/ > [;(1) : B(x;(1), 21) D Bj(1) for some j # i}.
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Let Ann;(1) = Ann(x;(1); 26D 26M=3) = B(x; (1), 2iM=3)\ B;(1),if[;(1) =5 >
1; (1); otherwise, let Ann; (1) = (. Note thatif [; (1) > [;_{(1) or [;(1) > l;41(1), then
Ann,(l) = (. In particular, if /; (1) = no + 1, then Ann; (1) = (. If Ann;(1) ;é 7, we
let B;(1) = B(x; (1), 2!i(D=3); otherwise, we let B;(1) = B;(1). We write B;(1) =
B(x; (1), 2L ). We observe that the boxes B (1) form a coverlng of 83(2"0) and
that there exists i such that |/; 1 (1) — [;(1)’| <5, in other words, l+1(1) and B (1)
are comparable in size. This completes the first stage of our construction.
We proceed further by defining

1;(2) = min{l : 3x € 2'Z*> N 9B(2™) s.t. B(x,2') D (B;(1) U Biy1 (1))}

if such / exists (it is necessarily not bigger than ng), and let B; (2) = B(x;(2), 2li2)) pe
such a box (if there are several choices, we pick the first one in clockwise ordering).
If there are no such [, we let [;(2) = ng + 1 and B;(2) = B(2"*!) (in this case
x;(2) = 0). We also define

1;(2) = min{l > [;(2) : B(x;(2),2") D Bj(1) for some j #i,i + 1}.

Let Ann;(2) = Ann(x;(2); 2i® 26iD=3) = B(x;(2), 2iP=3)\ B;(2),if[;(2) =5 >
1;(2); otherwise, let Ann;(2) = @. If Ann;(2) # #, we define B;(2) = Bi11(2) =
B(xi(2), 20 @)~ 3) For all remaining indices i for which B; (2) is not yet defined,
we let B 2) = B (1). In other words, if we have not succeeded in building a non-
empty annulus around B;(1), we take this box unchanged to the next stage of our
construction. We write Bl- 2) = B(x;(2), 2li (2)/). We observe that the boxes B,- 2)
form a covering of 3 B(2"), and that there exists i such that |[;11(2) — [;(2)| < 5,
li42(2) — 1;(2)'| < 5 and |[;42(2) — ;41(2)'| < 5. In other words B;(2), Bj41(2)
and B;7(2) are comparable in size.
In the third stage, for any i, we define

[;(3) =min{l : 3x € 2'Z*> N 9B(2") s.t. B(x,2') D (B;(2) U Bi1+1(2) U Bi12(2))}

if such [ exists (it is necessarily not bigger than ng), and let B; (3) = B(x;(3), 20i3)) pe
such a box (if there are several choices, we pick the first one in clockwise ordering).
If there are no such I, we let [;(3) = ng + 1 and B;(3) = B(Z”O‘H) (in this case
x;(3) = 0). We also define

1:(3) =ng+ 1.

Let Ann;(3) = Ann(x;(3); 23, 2i®=3) = B(x;(3), 21O =3)\ B;(3),if [;(3) -5 >
l; (3) otherwise let Ann;(3) = 0. If Ann;(3) # (, we define B; (3) = Bl+1(3) =

Bi+2(3) = B(x; (3) 2’ 3)=3). For all remaining indices i for which B (3) is not yet
defined, we let B 3) = B (2) In other words, if we have not succeeded in building
a nonempty annulus around B;(2), we take this box unchanged to the next stage of
our construction. We write B,- (3) = B(x; (3), 211'(3)/). We observe that the boxes Bi 3)
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ﬁ]

.

Fig. 5 The family of annuli in the left figure consists of one annulus of each level. The family of annuli
in the right figure consists of two level 1 annuli and one level 4 annulus. In general, there are at most two
non-empty level 1 annuli, at most one level 2, 3 or 4 annulus each

form a covering of 8 B(2""°) such that |/;1(3)’ —;(3)| < 5 for all i. Moreover, all of
these boxes are contained in B(2"0t1).

Finally, we define the annulus Ann;(4) = Ann(2m0t1 omy,

Note that (Ann;(1));, (Ann;(2));, (Anni(3))k, and (Ann;(4)); are disjoint among
levels and between levels. In addition, the event E(y1, ..., y4) implies the existence
of crossings of annulus Ann; (1) by path P;, annulus Ann;(2) by paths P; and P;1,
annulus Ann;(3) by paths P;, Pi+1 and P;4>, and annulus Ann;(4) by all four paths
Py, ..., Ps. Some examples of families of annuli are illustrated on Fig. 5.

To show (6.1), our strategy is to bound the probability of the event E(yy, ..., v4)
by the product of probabilities of crossing events in such annuli. We should be more
careful though, since we have to take into account that we consider paths in S. For
k < 4 and for each nonempty annulus Ann;(k), we define a; (k) as the first point on
yi—1 (seen as an oriented path from a;_; to a;) that belongs to Ann;(k), and b; (k) as
the last point on y;44 (seen as an oriented path from a;44 to @;+x+1) that belongs to
Ann; (k). Note that such points always exist if Ann; (k) # (). We then define the set
Si (k) as the subset of S with boundary that consists of four pieces (in clockwise order):
the piece of 8 B(x; (k), 2/i0=3) between a; (k) and b; (k), the piece of y; from b; (k)
to the last intersection of y; 1 with 9 B(x; (k), 260y the piece of d B(x; (k), 26Ky jn
S, and the piece of y;_ from a; (k) to the last intersection with 9 B(x; (k), 2Ly Let
L; (k) be the common piece of the boundary of §; (k) and d B(x; (k), 2li()=3Y between
ai (k) and b; (k) (Fig. 6).

For k < 4 and for each nonempty annulus Ann;(k), let E; (k) be the event that
there exist k disjoint paths from B(x;(k), 20y to L; (k) in S; (k) such that the order
and the status of paths (occupied or vacant) are induced by the order and the status
of P;, ..., Pitx—1. For k < 4 and for each empty annulus Ann;(k), let E; (k) be the
sure event. Let E;(4) be the event that the annulus Ann;(4) is crossed by two open
and two closed dual paths such that the open paths are separated by the closed paths.
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Ly(2

Anmimy(2)
82

\ Nt
i It )
Ry g
4, 2

Fig. 6 The small box is B(x1(2), 2112)) and the big box is dB(x1(2), 271 (2)_3). The event E|(2) occurs
if there is a closed dual path P and an open path P> from B(x(2), 2h (2)) to L1(2) in S1(2)

Since the sets S; (k) and Ann;(4) are disjoint, we obtain

4

PE(y1,...,74) = P(E; (k).
i k=1

It remains to prove an arm separation statement (analogous to Lemmas 4 and 5 in [13])
for each of the crossing events E; (k). Once this is done, we can proceed similarly to
the proof of (2.43) in [13]. We can ‘glue’ tllose crossing into solid paths from the
y;’s to dB(2™) in such a way that the event E(yy, ..., y4) occurs, and there exists a
constant C5 such that for any choice of y;’s, H?,k:l P(E;(k)) < CsP(E(yl, cees V).
Since this is a standard application of the RSW theorem (Section 11.7 in [9]) and the
generalized FKG inequality [13, Lemma 3], we omit the details.

The main difficulty in the proof of the arm separation statement for E; (k) is that the
boundary of §; (k) is irregular. In the proof of Lemma 4 in [13] it was enough to make
sure that with high probability (uniformly in r) all the crossings of Ann(2",2"*1)
have well-separated extremities. In our case, it is not enough to know that with high
probability (uniformly in r) all the crossings of Ann(x;(k);2",2"+!) in S;(k) are
well-separated. It is possible that their extremities are “trapped” in the sense that they
cannot be connected or can only be connected through narrow bottlenecks to L; (k)
in S; (k) \ B(x;(k),2"*1). An application of the RSW theorem shows that this is very
unlikely. The remaining strategy of the proof is similar to the proof of Lemma 4 in [13],
and we omit it. The interested reader may find the details in the second version of [5].

O

7 Proof of Theorem 1.9

We prove only the first statement; the proof of the second is similar (see the proof
of the second statement in [10, Theorem 3]). We follow the same method used in
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[10, Theorem 3] but because many difficulties arise, we present details of the entire
proof. Pick an edge e and let n = 2|e|/3 (this choice makes e in the middle of
Ann(n, 2n)). Lete > 0.

Step 1. First we give a lower bound for the probability that e € O. The constant C,
will be determined later. Consider the event D, that

1. there exist p.-open circuits around the origin in the annuli Ann(n/2,n) and
Ann(2n, 4n);

2. there exist two disjoint p.-open paths, one connecting e, to the circuit in
Ann(2n, 4n) and one connecting e, to the circuit in Ann(n/2, n);

3. thereexistsa (2p, — p.)-closed dual circuit with one defect around 0 in the annulus
Ann(n, 2n)* which includes the edge e* as its defect;

4. T €[pn,2pn — pc); and

5. the pc-open circuit in Ann(2n, 4n) is connected to oo by a p,-open path.

By RSW arguments, [4, Lemma 6.3] and the fact that L(2p,, — p.) is comparable
with n (see e.g. [13, (4.35)]),

P(D,) = (pn — pe)Per (AZ?), (7.1)

where A%l is the event that the edge e — e, (we recall this notation means (0, ey —ey))
is connected to d B(n) by two disjoint p.-open paths and (e — ey)* is connected to
dB(n)* by two disjoint p.-closed dual paths such that the open and closed paths
alternate. Since D, implies that e € O, we have for all e,

Pe € O) > Ci(pn — pe)Per (A2?). (7.2)

Step 2. Let Ay p(ex, pe) be the event that there is a p.-open circuit with 2 defects
around e, in Ann(ey, N, M). We will show that P(Ay um(ex, pc), 6. E |e € O) is
closeto P(6,E | e € O) for certain values of N < M. To this end, recall the definition
of the event H,  in (5.2) and write H for the event H, ;. By (5.3) and (7.2), we can
choose C, independent of n such that

P@O.E, H |e € O) < e. (7.3)

When the event H occurs, the invasion enters the p, (1)-open infinite cluster before
it reaches e. Hence if e is an outlet, then e must be connected to d B(ey, n/4) by two
disjoint p, (1)-open paths and e* must be connected to d B(ey, n/4)* by two disjoint
pc-closed dual paths such that the open and closed paths alternate and are all dis-
joint. Also, the weight t, must be in the interval [p., p, (1)]. If, in addition, the event
An.m(ex, pc) does not occur, then there must be yet another p.-closed dual path from
B(ex, N)* to dB(eyx, M)*. This crossing has the property that it is disjoint from the
two p.-closed paths which are already present; however, it does not need to be dis-
joint from the p;,(1)-open crossings. Therefore, P(6, E, H, Ay pm(ex, pc), e € O) is
at most

< Ca(pu(1) = p)P(AZZ (pa(1), p)P(AY 3 (pa (1), p) | ANy (pa(D). pe)).
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where A%\}?M (p, g) denotes the event that B(N) is connected to 0 B(M) by two p-open
paths and that B(N)™* is connected to d B(M)* by two g-closed Eaths so that the open

and closed paths alternate and are all disjoint. The symbol Ai,y;,( P, q) signifies the

event that A?\;?M (p, q) occurs but that there is an additional ¢-closed path connecting
B(N)to d B(M) which is disjoint from the two other g-closed paths but not necessarily
from the two p-open paths. The above inequality, along with the estimate (7.2), gives
that P(6,E, H, An p(ex, pc)€ | e € O) is at most

Co(pa(1) = pIP(AZ2(pa(1), o)) 234 22
PAYY (pa (1), pe) | A2, (pu(1), po).
C1(pn — pe)Per(AZ?) M NM

From (2.9) and Lemma 6.3 in [4], we can deduce

Ca(pa(1) — po)P(AZ2(pa(1), po))

5 < C3(Cxlogn)?, (7.4)
Ci(pn — pe)Per (A7)
so that
PO.E. H, Ay m(ex. po)°le € O)
< C3(Cilogm) P(AR 5 (pu(1). pe) | Ay (pa (1), po)). (7.5)

The above can be made less than € provided that M /N grows fast enough with n. Let
us assume this for the moment; we shall choose precise values for M and N at the end
of the proof. Therefore, using (7.3), we have

IP(OE |e € O) —P(OE, H, AN, m(ex, pc) | e € O)] < 2e. (7.6)

Step 3. We now condition on the outermost p.-open circuit with 2 defects in
Ann(ey, N, M). For any circuit C with 2 defects around the origin in the annulus
Ann(N, M), let D(C) be the event that it is the outermost p.-open circuit with 2
defects. Notice that D(C) depends only on the state of edges on or outside C. For
distinct C, C’ (i.e. the sets of edges in C and C’ are different or the sets of edges in C
and C’ are the same but the defects are different), the events D(C), D(C’) are disjoint.
Therefore, the second term of (7.6) is equal to

1
e R — P@®.E, H,0.D(C), 0), 7.7
Ple € O) E (CA eD(C),e € O) (7.7
CcAnn(N,M)

where it is implied that in the sum, and in future sums like it, we only use circuits
which enclose the origin.

Step 4. Let Q(6.C) be the event that there exists f # e interior to 6,C with
77 € [pe, pn(1)]. We will now show that with high probability, the event Q(6.C)
does not occur. In other words, we will bound the probability of the event { H, O (6.C),
08.D(C), e € O}. Supposing that this event occurs, then both t, € [p,, p,(1)) and
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Ai,fn(pn(l), pc) must occur. Notice that the events Aﬁ,fn(pn(l), Pe), 0.D(C), {t. €
[pe, pn(1))}, and Q(6,C) are all independent. Hence P(H, Q(6,C), 0,D(C), e € O)
is at most

P(AS, (Pu(1). p)PB DC)HP(QOC)P(Te € [pe. pa(1)))
2 (pa(1) = po)?
P(AY (pa(1). pe))

< C4M

P(A22(p,(1), pe))P(B.D(C)),

where in the last inequality we used Corollary 6.1 from [4]. Consequently,

2 p—
P(H, Q(6.C). 6. D(C)le € O) < [@M (P (1) m)}

Py, 1) (A3
y [(pna) — POP(AR (pa(1), pe))
C1(pn — po)Per (An%)

]P(QeD(C)),

which, by (7.4), is at most

Cs5(Cy 1 M2
G Celogm) M (1) — poP(@.DC)).
P, 1) (Ayy

As long as M is not too big, from Pp,,(l)(Ai,}z) =< P (Ai,’lz) > cM~? (see, e.g.,
Theorem 24 and Theorem 27 in [18]), we get an upper bound of

Co(Cilogn)>M*(p,(1) — po)P(6,D(C)) < €P(8,D(C)). (7.8)

We will be able to choose such an M (in fact it will be of the order of a power of log n),
but we delay justification of this to the end of the proof. We henceforth assume that
P E | e € O) is within 3¢ of

1 .
s—— > P@O.E H6.DC), Q0L ¢ecO). (7.9)
P(e € O)
CCcAnn(N,M)

Step 5. We write our configuration w as n @ &, where 7 is the configuration outside
or on 6,C and £ is the configuration inside 6,C. We condition on both 1 and t,: the
summand of the numerator in (7.9) becomes

E[P@.E, H,0.D(C), Q(0.C), e € O|te, m]. (7.10)

Call the defected dual edges in 6,C e’l" and ez‘. Given the value of 7., on the event
8.D(C) N H N Q(B,0), the event {e € O} occurs if and only if all of the following
occur:
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Fig.7 The edge e is connected to the circuit 6,C by two te-open paths (the solid lines) and two p.-closed
paths (the dotted lines). The outer dotted circuit represents the t.-closed path P and the circuit 6,C is
connected to 0o by a 7.-open path. It is assumed that the invasion from the origin touches 6,C before it
touches P

1. eisconnected to6,.C\ {e}, €5} in the interior of 6,C by two disjoint p.-open paths;

e* is connected to {e], €5} in the interior of 6.C by two disjoint p.-closed dual

paths so that the p.-closed paths and the p.-open paths from item 1 alternate and

are disjoint;

outside of 6,C, 6,C is connected by a 7.-open path to co;

Te € [pe, pa(1)); and

5. there exists a 7,-closed dual path P outside of 6.C, connecting ej to ¢} (both of
which are t,-closed) such that (a) P U B(e,, M)* contains a circuit around the
origin and (b) the invasion graph contains a vertex from C before it contains an
edge f with f* from P.

Eal

We will denote by e <>35 . 6.C the event that the first two events occur, we will
denote by 6,C <>, oo the third event, and we will use the symbol X (C) for the fifth
event. See Fig. 7 for an illustration of the intersection of these events. The term (7.10)
becomes

E[PO.E, H,0.D(C), e <22, p, 6:.C, 0.C <7, 00, Q(6,C)°,
Te € [pe, pn(1)), X(C) | e, n)]. (7.11)

On the event {e <22, pe GeC} N {OeC <, oo} Nt, € [pe, pn(1)), the event H occurs
if and only if there exists a p, (1)-open circuit Co enclosing the originin Ann(n/4, n/2)

. n ] n 1 .
and either Cy <’l2 6,C or Cy M oo outside of 6,C. Denote by Y the event that such
a circuit Cy exists and that either one of the above occur. Note that ¥ is measurable
with respect to 7. The term (7.11) becomes
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E []P)(eeE, Y,0.D(C), e<—>2,2,pl.9ecv eecergOO, 00.C), te €[pe, pu(1)), X (C) | Te, 77)]

=E [1y1g,0(¢)16,C>r00 L. € [pe.pu() 1 X (@ POE, € <322 p. 0.C, Q(0.C)° | Te, )]
(7.12)

We now inspect the inner conditional probability. Clearly we have

P@6.E, e <>2.2,p¢ 6.C, Q(eec)c | Te, 1) < P@6.E, e <>2.2,p¢ 6.C | Tes 1)
<P@B.E,e <22.p 6.C, Q(0.0) | e, 1)
+P(Q6.0)). (7.13)

Using arguments similar to those that led to (7.9), one can show that the same choice
of M and N that will make (7.8) hold will also make

1
PO > E[lylgpe)loceor,colnclpemnlx@P(Q@.L0)] < €.
CcAnn(N,M)

Therefore we conclude from (7.13) that P(6. E | e € O) is within 4¢ of

1
——— > E[lylgne)16.Conooludpepn lxc)
PlecO)
CCAnn(N,M)

XP(O,E, e<>22 p.0.C | 7o, )] (7.14)

Step 6. Notice that since the events 6. E and e <> > . 6.C do not depend on 7, or
on 71, we have

P@6.E, e 2.2, p, 0.C|Te,n) =P (E,0 <22 C) as., (7.15)

where 0 <>22 C denotes the event that the edge ¢ — e, is connected to C by two
open paths and the dual edge (¢ — ex)™ is connected to {(e; — ex)*, (e2 — ex)*} by
two closed paths such that all of these connections occur inside C and the open and
closed paths alternate. The quantity P, (E|0 <>22 C) from the right side of (7.15)
approaches 172’2(E) as long as N — oo as |e] — oo (this is a slight extension of
Theorem 1.6) so, assuming this growth on N, we have

Per(E,0 <22 C) < 722 (E)P. (0 <22 C) < =

P. (E,O 0).
dro ( <22 C)

It is straightforward now (following the end of the proof of [10, Theorem 3]) to show
that

(1—e)(1 —4e)v>%(E) < R < (1 + e)(1 4+ 4€)v>%(E),

where R is the term which comprises the entire line of (7.15). Since R is within 4¢€ of
PO, E | e € O), all that remains is to choose M and N correctly.
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Step 7. Choice of M and N. Recall, from (7.5), that we need the inequality
2 2,3% 2,2
Cs(CulogmP (A3 (pa (1), p) | Ay (a(D. p)) <€ (7.16)

to hold. In addition, we need to satisfy (7.8). Using the facts that P, (Aif) > Co/M?
and

. VY’
P (AN 5 (Pa(D. PO | AR (p(D), pO) < Cro (M) (7.17)

for some B > 0 (which is easily proved for what will be our choice of M and N, and
which we assume for the moment), the reader may check that a choice of

N =logn, M = (logn)***/#

satisfies these two conditions for n large. The reason that this choice satisfies (7.8)
is that (logn)? (p,(1) — p.) — O for any y [use (2.9)] and the fact that the 4-arm
exponent is strictly smaller than 2 (see, e.g., Section 6.4 in [21])).

We now prove (7.17). Let Q(M) be the event that there exists an edge in B(M)
which has weight in the interval [p., p,(1)). If Q(M) does not occur then the event

AIZ\,%;[ (pn(1), pe) implies the event A?\;?M(pn(l), pe) (i.e. the same event but with all
five paths disjoint). Therefore, by Reimer’s inequality, ]P’(Ai?;l (pn (1), pc)) is at most

P (AN (Pa(D, p0)) + PN < P (A3 (a1, o)) Per (4%'y,)
HBMD|(pu(1) = po), (7.18)

where A?\}}M is the event that B(N) is connected to d B(M) by a p.-closed path. Putting
this estimate into (7.17), the term on its left is at most

pn(l) — Pc
P (A3 (Pa (D), p)

Per (A%y) +1BOD

Using the fact that

P(AV (D p0) w2

P (A0 (P (). p0)) 2 Por (Afl) WP (ANL)

we see that the term (7.18) is at most
0.1 CioM* 10 N\’
P (A%10) |1+ Z23 a1 = po | = 280 (a35) = s (5
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for some B > 0, as we have chosen N and M on the order of log n. This shows (7.17)
and completes the proof.
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