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Abstract We consider large deviations for nearest-neighbor random walk in a uni-
formly elliptic i.i.d. environment. It is easy to see that the quenched and the aver-
aged rate functions are not identically equal. When the dimension is at least four and
Sznitman’s transience condition (T) is satisfied, we prove that these rate functions
are finite and equal on a closed set whose interior contains every nonzero velocity at
which the rate functions vanish.
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1 Introduction

1.1 The model

Let U := {±ei }d
i=1 where (ei )

d
i=1 denotes the canonical basis for the d-dimensional

integer lattice Z
d with d ≥ 1. Consider a discrete time Markov chain on Z

d with
nearest-neighbor steps, i.e., with steps in U . For every x ∈ Z

d and z ∈ U , the transi-
tion probability from x to x + z is denoted by π(x,x + z), and the transition vector
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464 A. Yilmaz

ωx := (π(x,x + z))z∈U is referred to as the environment at x. If the environment
ω := (ωx)x∈Zd is sampled from a probability space (�,B, P), then this process is
called random walk in a random environment (RWRE). Here, B is the Borel σ -algebra
corresponding to the product topology.

For every y ∈ Z
d , define the shift Ty on � by

(
Tyω

)
x

:= ωx+y . Assume that P is
stationary and ergodic under (Tz)z∈U and

there exists a δ > 0 such that P{π(0, z) ≥ δ} = 1

for every z ∈ U. (Uniformellipticity.) (1.1)

For every x ∈ Z
d and ω ∈ �, the Markov chain with environment ω induces a

probability measure Pω
x on the space of paths starting at x. Statements about Pω

x that
hold for P-a.e. ω are referred to as quenched. Statements about the semi-direct product
Px := P × Pω

x are referred to as averaged (or annealed). Expectations under P, Pω
x

and Px are denoted by E, Eω
x and Ex, respectively.

See [24] for a survey of results on RWRE.

1.2 Regeneration times

Let (Xn)n≥0 denote the path of a particle taking a RWRE. Consider a unit vector
û ∈ Sd−1. Define a sequence (τm)m≥0 = (

τm(û)
)

m≥0 of random times, which are
referred to as regeneration times (relative to û), by τo := 0 and

τm := inf
{

j > τm−1 : 〈Xi , û〉 < 〈X j , û〉 ≤ 〈Xk, û〉 for all i, k with i < j < k
}

(1.2)

for every m ≥ 1. If the walk is directionally transient relative to û, i.e., if

Po

(
lim

n→∞〈Xn, û〉 = ∞
)

= 1, (1.3)

then Po (τm < ∞) = 1 for every m ≥ 1. As noted in [19], the significance of (τm)m≥1
is due to the fact that

(
Xτm+1 − Xτm , Xτm+2 − Xτm , . . . , Xτm+1 − Xτm

)
m≥1

is an i.i.d. sequence under Po when

ω = (ωx)x∈Zd is an i.i.d. collection. (1.4)

The walk is said to satisfy Sznitman’s transience condition (T, û) if (1.3) holds and

Eo

[

sup
1≤i≤τ1(û)

exp {κ1 |Xi |}
]

< ∞ for some κ1 > 0. (1.5)
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Equality of averaged and quenched large deviations for RWRE 465

When d ≥ 2, Sznitman [18] proves that (1.1), (1.4) and (T, û) imply a ballistic law
of large numbers (LLN), an averaged central limit theorem and certain large deviation
estimates. Denote the LLN velocity by ξo 	= 0.

As stated below in Lemma 7, (T, û) is satisfied as soon as the walk is non-nestling
relative to û, i.e., when

ess inf
P

∑

z∈U

π(0, z)〈z, û〉 > 0. (1.6)

The walk is said to be non-nestling if it is non-nestling relative to some unit vector.
Otherwise, it is referred to as nestling. In the latter case, the convex hull of the support
of the law of

∑
z π(0, z)z contains the origin.

1.3 Previous results on large deviations for RWRE

Recall that a sequence (Qn)n≥1 of probability measures on a topological space X

satisfies the large deviation principle (LDP) with rate function I : X → R if I is
non-negative, lower semicontinuous, and for any measurable set G,

− inf
x∈Go

I (x) ≤ lim inf
n→∞

1

n
log Qn(G) ≤ lim sup

n→∞
1

n
log Qn(G) ≤ − inf

x∈Ḡ
I (x).

Here, Go is the interior of G, and Ḡ its closure. See [8] for general background
regarding large deviations.

Theorem 1 (Quenched LDP) For P-a.e. ω, (Pω
o ( Xn

n ∈ · ))n≥1 satisfies the LDP with
a deterministic and convex rate function Iq .

When d = 1, Greven and den Hollander [10] prove Theorem 1 for walks in i.i.d.
environments. They provide a formula for Iq and show that its graph typically has
flat pieces. Comets et al. [4] generalize the results in [10] to stationary and ergodic
environments.

When d ≥ 1, Zerner [25] proves Theorem 1 for nestling walks in i.i.d. environ-
ments. Varadhan [20] drops the nestling assumption and generalizes Theorem 1 to
stationary and ergodic environments. Since both of these works rely on the subaddi-
tive ergodic theorem, they do not lead to any formulae for the rate function. Rosenbluth
[16] gives an alternative proof of Theorem 1 in the case of stationary and ergodic envi-
ronments. He provides a variational formula for the rate function Iq . In [23], we prove
a quenched LDP for the pair empirical measure of the so-called environment Markov
chain

(
TXn ω

)
n≥0. This implies Rosenbluth’s result by an appropriate contraction.

In their aforementioned paper concerning RWRE on Z, Comets et al. [4] prove also

Theorem 2 (Averaged LDP) (Po(
Xn
n ∈ · ))n≥1 satisfies the LDP with a convex rate

function Ia.
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466 A. Yilmaz

They establish this result for a class of environments including the i.i.d. case, and
obtain the following variational formula for Ia :

Ia(ξ) = inf
Q

{
I Q
q (ξ) + |ξ |h (Q |P )

}
. (1.7)

Here, the infimum is over all stationary and ergodic probability measures on �, I Q
q (·)

denotes the rate function for the quenched LDP when the environment measure is Q,
and h (· |· ) is specific relative entropy. Similar to the quenched picture, the graph of
Ia is shown to typically have flat pieces.

Varadhan [20] considers walks in i.i.d. environments, and proves Theorem 2 for
any d ≥ 1. He gives a variational formula for Ia . (His formula does not resemble (1.7)
in any way.) Rassoul-Agha [13] generalizes Varadhan’s result to a class of mixing
environments.

Let Nq := {
ξ ∈ R

d : Iq(ξ) = 0
}

and Na := {
ξ ∈ R

d : Ia(ξ) = 0
}

denote the
zero-sets of Iq and Ia . The following theorem summarizes the previous results regard-
ing the qualitative properties of the quenched and the averaged rate functions when
d ≥ 2.

Theorem 3 Assume d ≥ 2, (1.1) and (1.4).

(a) Iq and Ia are convex, Iq(0) = Ia(0) and Nq = Na, cf. [20].
(b) If the walk is non-nestling, then

(i) Na consists of the true velocity ξo, cf. [20], and
(ii) Ia is strictly convex and analytic on an open set Aa containing ξo, cf. [12,21].

(c) If the walk is nestling, then Na is a line segment containing the origin, cf. [20].
(d) If (T, û) is satisfied for some û ∈ Sd−1 in the latter case, then

(i) the origin is an endpoint of Na, cf. [18],
(ii) Ia is strictly convex and analytic on an open set A+

a , cf. [21],
(iii) there exists a (d − 1)-dimensional smooth surface patch Ab

a such that ξo ∈
Ab

a ⊂ ∂A+
a , cf. [21],

(iv) the unit vector ηo normal to Ab
a (and pointing in A+

a ) at ξo satisfies 〈ηo, ξo〉 >

0, cf. [21], and
(v) Ia(tξ) = t Ia(ξ) for every ξ ∈ Ab

a and t ∈ [0, 1], cf. [12].

1.4 The main result

Assume (1.1) and (1.4). It is clear that

D :=
{
(ξ1, . . . , ξd) ∈ R

d : |ξ1| + · · · + |ξd | ≤ 1
}

=
{
ξ ∈ R

d : Ia(ξ) < ∞
}

=
{
ξ ∈ R

d : Iq(ξ) ≤ − log δ
}

.

For any ξ ∈ R
d , Ia(ξ) ≤ Iq(ξ) by Jensen’s inequality and Fatou’s lemma.

Proposition 4 If the support of P is not a singleton, then Ia < Iq at some interior
points of D.
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Equality of averaged and quenched large deviations for RWRE 467

Proof If the support of P is not a singleton, then P {π(0, z) = E{π(0, z)}} < 1 for
some z ∈ U , and

E{log π(0, z)} < log E{π(0, z)} (1.8)

by Jensen’s inequality. For every n ≥ 1, the event {Xn = nz} consists of a single path
marching in the z-direction. In particular, this path never visits the same point more
than once. Therefore,

log E{π(0, z)} = lim
n→∞

1

n
log Po(Xn = nz) ≤ −Ia(z). (1.9)

On the other hand, for every ε > 0,

− Iq(z) ≤ lim inf
n→∞

1

n
log Pω

o (〈Xn, z〉 > n(1 − ε)) ≤ (1 − ε)E{log π(0, z)} + O(ε).

(1.10)

Explanation: For every n ≥ 1, the number of paths constituting the event {〈Xn, z〉 >

n(1 − ε)} is enO(ε). The probability of each such path is bounded from above by
the product of the probabilities of its jumps in the z-direction taking place at distinct
points. Since there are at least n(1 − ε) such jumps, (1.10) follows from Jensen’s
inequality and the LLN for i.i.d. random variables.

Putting (1.8), (1.9) and (1.10) together, we conclude that Ia(z) < Iq(z). Since the
rate functions are convex and lower semicontinuous, they are in fact continuous on D,
cf. Theorem 10.2 of [15]. This implies the desired result. ��

The following theorem is the main result of this paper.

Theorem 5 Assume d ≥ 4, (1.1), (1.4) and (T, û) for some û ∈ Sd−1.

(a) If the walk is non-nestling, then Iq = Ia on an open set Aeq containing ξo.
(b) If the walk is nestling, then

(i) Iq = Ia on an open set A+
eq ,

(ii) there exists a (d − 1)-dimensional smooth surface patch Ab
eq such that ξo ∈

Ab
eq ⊂ ∂A+

eq ,

(iii) the unit vector ηo normal to Ab
eq (and pointing in A+

eq ) at ξo satisfies
〈ηo, ξo〉 > 0, and

(iv) Iq(tξ) = t Iq(ξ) = t Ia(ξ) = Ia(tξ) for every ξ ∈ Ab
eq and t ∈ [0, 1].

Some remarks

1. Since Iq and Ia are both continuous on D, it is clear that E := {
ξ ∈ D : Iq(ξ) =

Ia(ξ)} is closed. Proposition 4 and Theorem 5 imply that D \ E and E both have
nonempty interiors.

2. Assuming d = 1, (1.1) and (1.4), Comets et al. [4] use (1.7) to show that Iq(ξ) =
Ia(ξ) if and only if ξ = 0 or Ia(ξ) = 0. In particular, Theorem 5 cannot be
generalized to d ≥ 1. Whether it can be generalized to d ≥ 2 is an open problem.
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3. The analog of Theorem 5 for so-called space-time RWRE is proved in [22].
4. Related results have been obtained for random walks in random potentials, cf.

[9,26], for directed polymers in random environments, cf. [5], and for random
walks on Galton-Watson trees, cf. [1,6,7].

2 Proof of the main result

2.1 Outline

For every θ ∈ R
d , consider the logarithmic moment generating functions

�q(θ) := lim
n→∞

1

n
log Eω

o

[
exp{〈θ, Xn〉}] and

�a(θ) := lim
n→∞

1

n
log Eo

[
exp{〈θ, Xn〉}] .

By Varadhan’s Lemma, cf. [8], �q(θ) = supξ∈Rd

{〈θ, ξ 〉 − Iq(ξ)
} = I ∗

q (θ), the con-
vex conjugate of Iq at θ . Similarly, �a(θ) = I ∗

a (θ).
Assume d ≥ 4 and (T, û) for some û ∈ Sd−1. For every n ≥ 0, θ ∈ R

d and ω ∈ �,
define

Hn = Hn(û) := inf
{
i ≥ 0 : 〈Xi , û〉 ≥ n

}
,

β = β(û) := inf
{
i ≥ 0 : 〈Xi , û〉 < 〈Xo, û〉} and (2.1)

gn(θ, ω) := Eω
o

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, Hn = τk for some k ≥ 1, β = ∞]

.

When |θ | is sufficiently small (and �a(θ) > 0 in the nestling case), we show that
(gn(θ, ·))n≥1 is bounded in L2(P) and E {gn(θ, ·)} converges to a nonzero limit as
n → ∞. These two facts imply that �q(θ) = �a(θ).

Section 3 is devoted to the L2 estimate regarding (gn(θ, ·))n≥1 which constitutes
the core of this paper. Assuming that, the equality of the logarithmic moment generat-
ing functions is established in Sect. 2.3. Finally, convex duality is used in Sect. 2.4 to
prove Theorem 5 by showing that the local equality of �q and �a implies the equality
of Iq and Ia on certain subsets of D.

We find it more convenient to work with regeneration times relative to a z ∈ U
rather than any û ∈ Sd−1. In Sect. 2.2, we give some results which imply that there is
no loss of generality in doing so.

2.2 Some preliminaries regarding regenerations

Assume d ≥ 2, (1.1) and (1.4).

Lemma 6 (Sznitman [18]) Assume (T, û) for some û ∈ Sd−1.

(a) Po(β(û) = ∞) > 0, and τ1(û) has finite Po-moments of arbitrary order.
(b) The LLN holds with a limiting velocity ξo such that 〈ξo, û〉 > 0.
(c) (T, v̂) is satisfied for every v̂ ∈ Sd−1 such that 〈ξo, v̂〉 > 0.
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Equality of averaged and quenched large deviations for RWRE 469

Lemma 7 (Sznitman [17]) If the walk is non-nestling relative to some û ∈ Sd−1, then

Eo
[
exp

{
κ2τ1(û)

}]
< ∞

for some κ2 > 0. In particular, (T, û) is satisfied.

Lemma 8 If the walk is non-nestling and some v̂ ∈ Sd−1 satisfies 〈ξo, v̂〉 > 0, then

Eo
[
exp

{
cτ1(v̂)

}]
< ∞

for some c > 0.

Proof Since the walk is non-nestling, (1.6) holds for some û ∈ Sd−1 with rational
coordinates. Let a ≥ 1 be an integer such that aû has integer coordinates. Note
that 〈x, û〉 > 0 if and only if 〈x, û〉 ≥ 1

a for x ∈ Z
d . Therefore,

∣∣Xτak+1(û)

∣∣ ≥
〈Xτak+1(û), û〉 > k for every k ≥ 1.

For every c, c′ > 0 and v̂ ∈ Sd−1 such that 〈ξo, v̂〉 > 0,

Eo
[
exp

{
cτ1(v̂)

}] =
∞∑

k=1

Eo

[

exp
{
cτ1(v̂)

}
, sup

1≤i≤τ1(v̂)

|Xi | ∈ (k − 1, k]
]

≤
∞∑

k=1

Eo

[

exp
{
cτak+1(û)

}
, sup

1≤i≤τ1(v̂)

|Xi | ∈ (k − 1, k]
]

≤
∞∑

k=1

Eo

[

exp
{
cτak+1(û)

}
(

sup
1≤i≤τ1(v̂)

exp
{
c′ |Xi |

}
)]

× exp{−c′(k − 1)}

≤ Eo

[

sup
1≤i≤τ1(v̂)

exp
{
2c′ |Xi |

}
]1/2 ∞∑

k=1

Eo
[
exp

{
2cτak+1(û)

}]1/2

× exp{−c′(k − 1)}. (2.2)

Note that (T, û) is satisfied by Lemma 7. Since 〈ξo, v̂〉 > 0, it follows from Lemma 6
that (T, v̂) is satisfied as well. Therefore, (1.5) implies that the first term in (2.2) is
finite when c′ > 0 is small enough.

It is immediate from the renewal structure that

Eo
[
exp

{
2cτak+1(û)

}]1/2

= Eo
[
exp

{
2cτ1(û)

}]1/2
Eo

[
exp

{
2cτ1(û)

}∣∣β(û) = ∞]ak/2
.

By Lemma 7, Eo
[

exp
{
κ2τ1(û)

}∣∣ β(û) = ∞]
< ∞ for some κ2 > 0. When c > 0 is

small enough,

Eo
[

exp
{
2cτ1(û)

}∣∣ β(û) = ∞]a/2 ≤ Eo
[

exp
{
κ2τ1(û)

}∣∣β(û) = ∞]ac/κ2 < ec′

and the summation in (2.2) is finite. This implies the desired result. ��
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Corollary 9 Assume (T, û) for some û ∈ Sd−1. Since ξo 	= 0, 〈ξo, z〉 > 0 for some
z ∈ U.

(a) Po(β(z) = ∞) > 0, and τ1(z) has finite Po-moments of arbitrary order.
(b) If the walk is non-nestling, then there exists a κ3 > 0 such that

Eo
[
exp {2κ3τ1(z)}

]
< ∞.

(c) If the walk is nestling, then there exists a κ3 > 0 such that

Eo

[

sup
1≤i≤τ1(z)

exp {κ3 |Xi |}
]

< ∞.

2.3 Equality of the logarithmic moment generating functions

Assume d ≥ 4, (1.1), (1.4) and (T, û) for some û ∈ Sd−1. Since ξo 	= 0, 〈ξo, z〉 > 0
for some z ∈ U . Assume WLOG that 〈ξo, e1〉 > 0. Refer to (1.2) and (2.1) for the
definitions of

(τm)m≥1 = (τm(e1))m≥1, (Hn)n≥0 = (Hn(e1))n≥0 and β = β(e1).

Fix κ3 as in Corollary 9. For every κ ∈ (0, κ3], define

Ca(κ) :=
{{

θ ∈ R
d : |θ | < κ

}
if the walk is non-nestling,

{
θ ∈ R

d : |θ | < κ ,�a(θ) > 0
}

if the walk is nestling.
(2.3)

By Jensen’s inequality,

〈θ, ξo〉 = lim
n→∞

1

n
Eo [〈θ, Xn〉] ≤ lim

n→∞
1

n
log Eo

[
exp{〈θ, Xn〉}]

= �a(θ) ≤ lim
n→∞

1

n
log Eo

[
e|θ |n]

= |θ |. (2.4)

In the nestling case,
{
θ ∈ R

d : |θ | < κ, 〈θ, ξo〉 > 0
} ⊂ Ca(κ) by (2.4). Hence, Ca(κ)

is a non-empty open set both for nestling and non-nestling walks.

Lemma 10 Eo
[

exp{〈θ, Xτ1〉 − �a(θ)τ1}
∣∣β = ∞] = 1 for every θ ∈ Ca(κ3).

Proof This is Lemma 12 of [21]. ��

For every θ ∈ Ca(κ3) and y ∈ Z
d , let

qθ (y) := Eo
[

exp{〈θ, Xτ1〉 − �a(θ)τ1}, Xτ1 = y
∣∣β = ∞]

. (2.5)

123



Equality of averaged and quenched large deviations for RWRE 471

Since
∑

y∈Zd qθ (y) = 1 by Lemma 10,
(
qθ (y)

)
y∈Zd defines a random walk (Yk)k≥0

on Z
d . For every x ∈ Z

d , this walk induces a probability measure P̂θ
x on paths starting

at x. As usual, Êθ
x denotes the corresponding expectation. It follows from Corollary 9

and Hölder’s inequality that

Êθ
o

[|Y1|m
]

< ∞ for every m ≥ 1. (2.6)

For every n ≥ 1, θ ∈ Ca(κ3) and ω ∈ �, recall from Sect. 2.1 that

gn(θ, ω) := Eω
o

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, Hn = τk for some k ≥ 1, β = ∞]

.

Lemma 11 For every θ ∈ Ca(κ3),

lim
n→∞ E {gn(θ, ·)} = Po(β = ∞)/Êθ

o [〈Y1, e1〉] > 0.

Proof For every n ≥ 1 and θ ∈ Ca(κ3),

E {gn(θ, ·)} = Eo
[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, Hn = τk for some k ≥ 1, β = ∞]

= Po(β = ∞)

∞∑

k=1

Eo
[

exp
{〈θ, X Hn 〉 − �a(θ)Hn

}
, Hn = τk

∣∣ β = ∞]

= Po(β =∞)

∞∑

k=1

Eo
[

exp
{〈θ, Xτk 〉−�a(θ)τk

}
, 〈Xτk , e1〉=n

∣
∣ β =∞]

= Po(β = ∞)

∞∑

k=1

P̂θ
o (〈Yk, e1〉 = n) .

Note that P̂θ
o (〈Y1, e1〉 = 1) > 0 by (1.1) and part (a) of Lemma 6. Hence, the desired

result follows from the renewal theorem for aperiodic sequences, cf. Theorem 10.8 of
[3]. ��
Lemma 12 There exists a κeq ∈ (0, κ3) such that

sup
n≥1

E

{
gn(θ, ·)2

}
< ∞

for every θ ∈ Ca(κeq).

Remark 13 Lemma 12 is proved in Sect. 3.

Lemma 14 For every θ ∈ Ca(κeq),

P

{
ω : lim

n→∞ gn(θ, ω) = 0
}

< 1. (2.7)
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472 A. Yilmaz

Proof Take any θ ∈ Ca(κeq). Note that (gn(θ, ·))n≥1 is uniformly integrable by Lemma
12. If gn(θ, ·) were to converge P-a.s. to 0 as n → ∞, then limn→∞ E {gn(θ, ·)} = 0
would hold. However, this would contradict Lemma 11. ��

Lemma 15 For every θ ∈ R
d , ε > 0 and P-a.e. ω,

lim
n→∞ Eω

o

[
exp

{〈θ, X Hn 〉 − (�q(θ) + ε)Hn
}] = 0.

Proof For every n ≥ 1, θ ∈ R
d , ε > 0 and P-a.e. ω,

Eω
o

[
exp

{〈θ, X Hn 〉 − (�q(θ) + ε)Hn
}]

=
∞∑

i=n

Eω
o

[
exp

{〈θ, X Hn 〉 − (�q(θ) + ε)Hn
}
, Hn = i

]

≤
∞∑

i=n

Eω
o

[
exp

{〈θ, Xi 〉 − (�q(θ) + ε)i
}] =

∞∑

i=n

eo(i)−εi ≤
∞∑

i=n

e−εi/2

when n is sufficiently large. Therefore,

lim sup
n→∞

Eω
o

[
exp

{〈θ, X Hn 〉−(�q(θ) + ε)Hn
}] ≤ lim sup

n→∞
e−εn/2

(
1−e−ε/2

)−1 =0.

��

Lemma 16 �q(θ) = �a(θ) for every θ ∈ Ca(κeq).

Proof For every θ ∈ R
d , it follows from Jensen’s inequality and the bounded conver-

gence theorem that

�q(θ) = E

{
lim

n→∞
1

n
log Eω

o

[
exp{〈θ, Xn〉}]

}
= lim

n→∞
1

n
E

{
log Eω

o

[
exp{〈θ, Xn〉}]}

≤ lim
n→∞

1

n
log Eo

[
exp{〈θ, Xn〉}] = �a(θ).

Let us now establish the reverse inequality. For every θ ∈ Ca(κeq) and ε > 0,

P

{
ω : lim

n→∞ Eω
o

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}] = 0

}
< 1 and

P

{
ω : lim

n→∞ Eω
o

[
exp

{〈θ, X Hn 〉 − (�q(θ) + ε)Hn
}] = 0

}
= 1

by Lemmas 14 and 15, respectively. Therefore, �q(θ) + ε > �a(θ). Since ε > 0 is
arbitrary, we conclude that �q(θ) ≥ �a(θ) for every θ ∈ Ca(κeq). ��
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Equality of averaged and quenched large deviations for RWRE 473

2.4 Equality of the rate functions

Since �q = �a on Ca(κeq), it will follow from convex duality that Iq(ξ) = Ia(ξ) for
every ξ ∈ D that defines a supporting hyperplane of �a at some θ ∈ Ca(κeq). In order
to show that the set of such ξ satisfies the properties stated in Theorem 5, we need two
preliminary lemmas.

Lemma 17 Assume that the walk is nestling. Define

Cb
a (κeq) := {

θ ∈ ∂Ca(κeq) : |θ | < κeq
}
. (2.8)

(a) If |θ | < κeq , then θ 	∈ Ca(κeq) if and only if Eo
[

exp{〈θ, Xτ1〉}
∣
∣β = ∞] ≤ 1.

(b) If |θ | < κeq , then θ ∈ Cb
a (κeq) if and only if Eo

[
exp{〈θ, Xτ1〉}

∣∣β = ∞] = 1.

Proof This is Lemma 13 of [21]. ��
Lemma 18 �a is analytic on Ca(κeq). Its gradient ∇�a extends smoothly to Ca(κeq),
the closure of Ca(κeq). Moreover, the extension of the Hessian Ha of �a is positive
definite on Ca(κeq).

Proof This follows immediately from the proof of Lemma 6 of [21]. ��
Proof of Theorem 5 (a) The non-nestling case: Recall that �a is analytic on Ca(κeq).

Define Aeq := {∇�a(θ) : θ ∈ Ca(κeq)
}
. ∇�a : Ca(κeq) → Aeq is invertible

since the Hessian Ha of �a is positive definite on Ca(κeq). The inverse, denoted
by �a : Aeq → Ca(κeq), is analytic by the inverse function theorem (cf. Theorem
6.1.2 of [11]), and Aeq is open.
For every ξ ∈ Aeq ,

Ia(ξ) = sup
θ∈Rd

{〈θ, ξ 〉 − �a(θ)} = 〈�a(ξ), ξ 〉 − �a(�a(ξ)). (2.9)

Thus, Ia is analytic on Aeq . Differentiating (2.9) twice with respect to ξ shows
that the Hessian of Ia at ξ is equal to Ha(�a(ξ))−1, a positive definite matrix.
Therefore, Ia is strictly convex on Aeq .
It is shown in [19] that ξo = (

Eo
[

Xτ1

∣∣β = ∞])
/(Eo [τ1| β = ∞]). Since 0 ∈

Ca(κeq), it follows that ξo = ∇�a(0) ∈ Aeq .
�q = �a on Ca(κeq) by Lemma 16. For every ξ ∈ Aeq ,

Iq(ξ) = sup
θ∈Rd

{〈θ, ξ 〉 − �q(θ)
} = 〈�a(ξ), ξ 〉 − �a(�a(ξ)) = Ia(ξ).

(b) The nestling case: Recall that ∇�a extends smoothly to Ca(κeq). Refer to
the extension by ∇�a . Define A+

eq := {∇�a(θ) : θ ∈ Ca(κeq)
}

and Ab
eq :=

{∇�a(θ) : θ ∈ Cb
a (κeq)

}
with Cb

a (κeq) as in (2.8). Note that 0 ∈ Cb
a (κeq) ⊂

∂Ca(κeq) by Lemma 17, and ξo = ∇�a(0) ∈ Ab
eq ⊂ ∂A+

eq .
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Similar to the non-nestling case, Ia is strictly convex and analytic on A+
eq which

is an open set, and Iq(ξ) = Ia(ξ) for every ξ ∈ A+
eq . Moreover, Ab

eq is a (d − 1)-
dimensional smooth surface patch and item (iii) is satisfied. (The latter facts follow
from part (d) of Theorem 3 since Ab

eq ⊂ Ab
a , cf. [21].)

It remains to show that Iq(tξ) = t Iq(ξ) = t Ia(ξ) = Ia(tξ) for every ξ ∈ Ab
eq and

t ∈ [0, 1]. The rest of this proof focuses on this statement.
For every ξ ∈ Ab

eq , there exists a θ ∈ Cb
a (κeq) such that ξ = ∇�a(θ) and

〈ξ, e1〉 = 〈∇�a(θ), e1〉 = Eo
[ 〈Xτ1 , e1〉 exp{〈θ, Xτ1〉}

∣∣β = ∞]

Eo
[
τ1 exp{〈θ, Xτ1〉}

∣∣β = ∞] > 0. (2.10)

Suppose ξ = ∇�a(θ ′) for some θ ′ ∈ Cb
a (κeq) such that θ 	= θ ′. Then, for every

t ∈ (0, 1), ξ defines a supporting hyperplane of �a at θt := tθ + (1 − t)θ ′. Recall
Lemma 17. Eo[exp{〈θt , Xτ1〉}

∣∣β = ∞] < 1 by Jensen’s inequality, and θt is an inte-
rior point of Ca(κeq)c. Therefore, ∇�a(θt ) = 0 since �a is identically equal to zero
on {θ : |θ | < κeq} \ Ca(κeq). However, this contradicts (2.10). We conclude that there
exists a unique θ ∈ Cb

a (κeq) such that ξ = ∇�a(θ). Denote the inverse of ∇�a by �a .
For every ξ ∈ Ab

eq and t ∈ [0, 1], ∃ θn ∈ Ca(κeq) such that θn → �a(ξ) and

ξn := ∇�a(θn) → ξ as n → ∞. Note that �a(�a(ξ)) = 0 since �a(ξ) ∈ Cb
a (κeq).

By the continuity of Ia and �a ,

Ia(ξ)= lim
n→∞ Ia(ξn)= lim

n→∞〈θn, ξn〉−�a(θn)=〈�a(ξ), ξ 〉−�a(�a(ξ))=〈�a(ξ), ξ〉 and

Ia(tξ) = sup
θ∈Rd

{〈θ, tξ 〉 − �a(θ)} ≥ 〈�a(ξ), tξ 〉 − �a(�a(ξ)) = t〈�a(ξ), ξ 〉 = t Ia(ξ).

Conversely, Ia(tξ) ≤ t Ia(ξ) + (1 − t)Ia(0) = t Ia(ξ) by Jensen’s inequality (and the
fact that Ia(0) = 0, cf. Theorem 3). Hence, Ia(tξ) = t Ia(ξ).

The continuity of the rate functions implies that Iq = Ia on Ab
eq . Recall that

Iq(0) = 0, cf. Theorem 3. Since the averaged rate function is always less than or equal
to the quenched rate function, we conclude that

Iq(tξ) ≤ t Iq(ξ) + (1 − t)Iq(0) = t Iq(ξ) = t Ia(ξ) = Ia(tξ) ≤ Iq(tξ).

��
Remark 19 The argument above, due to its structure, not only proves Theorem 5, but
also reproduces some of the proofs of the statements in Theorem 3 that are given in
[21]. Moreover, it provides a new and concise proof of item (v) of part (d) of Theorem 3
which is originally obtained in [12].

3 The L2 estimate

In our proof of Theorem 5 given in Sect. 2, we assumed Lemma 12. In this section, we
will verify this assumption. The following fact will play a central role in our argument:
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Equality of averaged and quenched large deviations for RWRE 475

if the dimension is at least four, then, with positive averaged probability, the paths of
two independent ballistic walks in the same environment do not intersect.

3.1 Some preliminaries regarding two walks

Assume d ≥ 4, (1.1), (1.4) and (T, û) for some û ∈ Sd−1. Also, like in Sects. 2.3 and
2.4, assume WLOG that 〈ξo, e1〉 > 0.

For every x and x̃ ∈ Z
d , consider two independent walks X = X (x) := (Xi )i≥0 and

X̃ = X̃(x̃) := (X̃ j ) j≥0 starting at x and x̃ in the same environment. Denote their joint
quenched law and joint averaged law by Pω

x,x̃ := Pω
x ×Pω

x̃ and Px,x̃(·) := E{Pω
x,x̃(·)}.

As usual, Eω
x,x̃ and Ex,x̃ refer to expectations under Pω

x,x̃ and Px,x̃, respectively.
Clearly, Px,x̃ 	= Px× Px̃. On the other hand, the two walks don’t know that they

are in the same environment unless their paths intersect. In particular, for any event A
involving X and X̃ ,

Px,x̃(A ∩ {ν1 = ∞}) = Px×Px̃(A ∩ {ν1 = ∞}) (3.1)

where

ν1 := inf{m ∈ Z : Xi = X̃ j for some i ≥ 0, j ≥ 0, and 〈Xi , e1〉 = m}. (3.2)

Similar to the random times (τm)m≥1 = (τm(e1))m≥1, (Hn)n≥0 = (Hn(e1))n≥0
and β = β(e1) defined in (1.2) and (2.1) for X , consider (τ̃m)m≥1 = (τ̃m(e1))m≥1,

(H̃n)n≥0 = (H̃n(e1))n≥0 and β̃ = β̃(e1) for X̃ . In our proof of Lemma 12, we will
make use of the joint regeneration levels of X and X̃ , which are elements of

L := {n ≥ 0 : 〈Xi , e1〉 ≥ n and 〈X̃ j , e1〉 ≥ n for every i ≥ Hn and j ≥ H̃n}.

This random set has been previously introduced and studied by Rassoul-Agha and
Seppäläinen [14]. Note that if the starting points x and x̃ are both in Vd :={
z ∈ Z

d : 〈z, e1〉 = 0
}
, then

0 ∈ L ⇐⇒ β = β̃ = ∞ ⇐⇒ l1 := inf L = 0.

Let V
′
d := Vd \ {0}. As mentioned in the opening paragraph of this section, the

following lemma is central to our proof of Lemma 12.

Lemma 20 (Berger and Zeitouni [2], Proposition 3.4)

inf
z∈V

′
d

Po,z(l1 = 0) ≥ inf
z∈V

′
d

Po,z(ν1 = ∞, l1 = 0) > 0.

The proof of Lemma 20 is based on certain Green’s function estimates which fail to
hold unless d ≥ 4.
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3.2 A renewal argument

For every n ≥ 1, θ ∈ Ca(κ3), z ∈ Vd and ω ∈ �,

gn(θ, ω)= Eω
o

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, Hn =τk for some k ≥ 1, β =∞]

and

gn(θ, Tzω) = ETzω
o

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, Hn = τk for some k ≥ 1, β = ∞]

= e−〈θ,z〉Eω
z

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, Hn = τk for some k ≥ 1, β = ∞]

.

Thus,

Gn,z(θ) := E {gn(θ, ·)gn(θ, Tz ·)}=e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), n ∈ L, l1 =0

]
where

f (θ, n, X, X̃) := exp
{〈θ, X Hn 〉 − �a(θ)Hn

}
exp{〈θ, X̃ H̃n

〉 − �a(θ)H̃n}.

Our aim is to show that
(
Gn,o(θ)

)
n≥1 is bounded. We start the argument by considering

a related family of functions
(
Fn,z(θ)

)
n≥1,z∈V

′
d

where

Fn,z(θ) := e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), n ∈ L, X Hn 	= X̃ H̃n

∣∣∣ l1 = 0
]
.

Recall (3.2). It follows from the definitions and the regeneration structure that

Fn,z(θ) =
n∑

k=1

∑

z′∈V
′
d

e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), k = inf{l ∈ L : l >ν1, X Hl 	= X̃ H̃l

},

X̃ H̃k
− X Hk = z′, n ∈ L, X Hn 	= X̃ H̃n

∣∣
∣ l1 = 0

]

+ e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), n ≤ ν1, n ∈ L, X Hn 	= X̃ H̃n

∣∣∣ l1 = 0
]

=
n∑

k=1

∑

z′∈V
′
d

e−〈θ,z〉Eo,z

[
f (θ, k, X, X̃), k = inf{l ∈ L : l > ν1, X Hl 	= X̃ H̃l

},

X̃ H̃k
− X Hk = z′

∣
∣∣l1 = 0

]

× e−〈θ,z′〉Eo,z′
[

f (θ, n − k, X, X̃), n − k ∈ L, X Hn−k 	= X̃ H̃n−k

∣∣∣ l1 = 0
]

+ e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), n ≤ ν1, n ∈ L, X Hn 	= X̃ H̃n

∣∣∣ l1 = 0
]
.

Therefore,

Fn,z(θ)≤
n∑

k=1

e−〈θ,z〉Eo,z

[
f (θ, k, X, X̃),k = inf{l ∈ L : l >ν1, X Hl 	= X̃ H̃l

}
∣∣∣ l1 =0

]

× sup
z′∈V

′
d

Fn−k,z′(θ)

+ e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), n ≤ ν1, n ∈ L, X Hn 	= X̃ H̃n

∣∣∣ l1 = 0
]
.
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In other words,

Fn,z(θ) ≤
n∑

k=1

Bk,z(θ) sup
z′∈V

′
d

Fn−k,z′(θ) + Cn,z(θ)

where

Bk,z(θ) := e−〈θ,z〉Eo,z

[
f (θ, k, X, X̃), k = inf{l ∈ L : l >ν1, X Hl 	= X̃ H̃l

}
∣∣∣ l1 =0

]
and

Cn,z(θ) := e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), n ≤ ν1, n ∈ L, X Hn 	= X̃ H̃n

∣∣∣ l1 = 0
]
.

Lemma 21 There exists a κeq ∈ (0, κ3) such that

(a) C(θ) := sup
n≥1

sup
z∈V

′
d

Cn,z(θ) < ∞ and (b) B(θ) := sup
z∈V

′
d

∞∑

k=1

Bk,z(θ) < 1

for every θ ∈ Ca(κeq).

Remark 22 Lemma 21 is proved in Sect. 3.3.

Lemma 23 For every θ ∈ Ca(κeq),

sup
n≥1

sup
z∈V

′
d

Fn,z(θ) < ∞.

Proof For every n ≥ 1, N ≥ n and z ∈ V
′
d ,

Fn,z(θ) ≤
n∑

k=1

Bk,z(θ) sup
z′∈V

′
d

Fn−k,z′(θ) + Cn,z(θ)

≤
(

n∑

k=1

Bk,z(θ)

)

sup
m≤N

sup
z′∈V

′
d

Fm,z′(θ) + Cn,z(θ)

≤ B(θ) sup
m≤N

sup
z′∈V

′
d

Fm,z′(θ) + C(θ).

Therefore,

sup
n≤N

sup
z∈V

′
d

Fn,z(θ) ≤ B(θ) sup
n≤N

sup
z∈V

′
d

Fn,z(θ) + C(θ).

Finally, by Lemma 21,

sup
n≥1

sup
z∈V

′
d

Fn,z(θ) ≤ C(θ) (1 − B(θ))−1 < ∞.

��
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Proof of Lemma 12 For every n ≥ 1, θ ∈ Ca(κeq) and z ∈ V
′
d ,

Fn+1,z(θ) = e−〈θ,z〉Eo,z

[
f (θ, n + 1, X, X̃), n + 1 ∈ L, X Hn+1 	= X̃ H̃n+1

∣
∣∣ l1 = 0

]

≥ e−〈θ,z〉Eo,z

[
f (θ, n + 1, X, X̃), n ∈ L,

X Hn = X̃ H̃n
, n + 1 ∈ L, X Hn+1 	= X̃ H̃n+1

∣∣∣l1 = 0
]

= e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), n ∈ L, X Hn = X̃ H̃n

∣
∣∣ l1 = 0

]

×Eo,o

[
f (θ, 1, X, X̃), 1 ∈ L, X H1 	= X̃ H̃1

∣∣∣ l1 = 0
]
.

Therefore,

Gn,z(θ)

Po,z(l1 = 0)
− Fn,z(θ)

= e−〈θ,z〉Eo,z

[
f (θ, n, X, X̃), n ∈ L, X Hn = X̃ H̃n

∣∣∣ l1 = 0
]

≤ Eo,o

[
f (θ, 1, X, X̃), 1 ∈ L, X H1 	= X̃ H̃1

∣
∣∣ l1 = 0

]−1
Fn+1,z(θ). (3.3)

By the uniform ellipticity assumption (1.1), Lemma 20, and part (a) of Lemma 6,
the first term in (3.3) is bounded from above. This, in combination with Lemma 23,
implies that

sup
n≥1

sup
z∈V

′
d

Gn,z(θ) < ∞.

For every ẑ ∈ U ∩ Vd ,

gn(θ, Tẑω) = e−〈θ,ẑ〉Eω
ẑ

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, Hn =τk for some k ≥1, β =∞]

≥ e−〈θ,ẑ〉Eω
ẑ

[
exp

{〈θ, X Hn 〉−�a(θ)Hn
}
, Hn =τk for some k ≥1, X1 =0, β =∞]

≥ δe−〈θ,ẑ〉−�a(θ)Eω
o

[
exp

{〈θ, X Hn 〉−�a(θ)Hn
}
, Hn =τk for some k ≥1, β =∞]

= δe−〈θ,ẑ〉−�a(θ)gn(θ, ω) ≥ δe−2κeq gn(θ, ω).

Hence,

sup
n≥1

E

{
gn(θ, ·)2

}
≤ δ−1e2κeq sup

n≥1
sup

z∈V
′
d

E{gn(θ, ·)gn(θ, Tz ·)}

= δ−1e2κeq sup
n≥1

sup
z∈V

′
d

Gn,z(θ) < ∞.

��
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3.3 Proof of Lemma 21

Let us start by proving the easy part.

Proof of part (a) of Lemma 21 For every n ≥ 1, θ ∈ Ca(κ3) and z ∈ V
′
d ,

Cn,z(θ) ≤ e−〈θ,z〉

Po,z(l1 = 0)
Eo,z

[
f (θ, n, X, X̃), n ≤ ν1, n ∈ L, β = ∞, β̃ = ∞

]

≤ e−〈θ,z〉

Po,z(l1 = 0)
Eo,z

[
f (θ, n, X, X̃), {Xi : 0 ≤ i < Hn} ∩ {X̃ j : 0 ≤ j < H̃n} = ∅,

β ≥ Hn, β̃ ≥ H̃n

]

= e−〈θ,z〉

Po,z(l1 = 0)
Eo×Ez

[
f (θ, n, X, X̃), {Xi : 0 ≤ i < Hn} ∩ {X̃ j : 0 ≤ j < H̃n} = ∅,

β ≥ Hn, β̃ ≥ H̃n

]
(3.4)

≤ e−〈θ,z〉

Po,z(l1 = 0)
Eo×Ez

[
f (θ, n, X, X̃), β ≥ Hn, β̃ ≥ H̃n

]

= 1

Po,z(l1 = 0)
Eo

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, β ≥ Hn

]2
. (3.5)

Here, (3.4) is similar to (3.1). Both facts follow from a standard coupling argument
(cf. [2], Proposition 3.7.) Note that

Eo
[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, β ≥ Hn

]

= Po(β = ∞)

Po(β = ∞)
Eo

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, β ≥ Hn

]

= 1

Po(β = ∞)
Eo

[
exp

{〈θ, X Hn 〉 − �a(θ)Hn
}
, β ≥ Hn

]

×Po(〈Xi , e1〉 ≥ n for every i ≥ Hn)

= 1

Po(β =∞)
Eo

[
exp

{〈θ, X Hn 〉−�a(θ)Hn
}
, Hn =τk for some k ≥ 1, β =∞]

= E{gn(θ, ·)}/Po(β = ∞).

Therefore, (3.5), Lemma 11 and Lemma 20 imply that

sup
n≥1

sup
z∈V

′
d

Cn,z(θ) ≤ Po(β = ∞)−2 sup
z∈V

′
d

Po,z(l1 = 0)−1

(

sup
n≥1

E{gn(θ, ·)}
)2

< ∞.

��
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The proof of part (b) of Lemma 21 is more technical. At θ = 0,

B(0) = sup
z∈V

′
d

∞∑

k=1

Bk,z(0)

= sup
z∈V

′
d

∞∑

k=1

Po,z

(
k = inf{l ∈ L : l > ν1, X Hl 	= X̃ H̃l

}
∣
∣∣ l1 = 0

)

= sup
z∈V

′
d

Po,z (ν1 < ∞| l1 = 0) = 1 − inf
z∈V

′
d

Po,z (ν1 = ∞| l1 = 0) < 1 (3.6)

by Lemma 20. For every θ ∈ Ca(κ3) and z ∈ V
′
d ,

∞∑

k=1

Bk,z(θ) =
∞∑

k=1

Bk,z(0) +
∞∑

k=1

(
Bk,z(θ) − Bk,z(0)

)
and

B(θ) = sup
z∈V

′
d

∞∑

k=1

Bk,z(θ) ≤ sup
z∈V

′
d

∞∑

k=1

Bk,z(0) +
∞∑

k=1

sup
z∈V

′
d

(
Bk,z(θ) − Bk,z(0)

)

= B(0) +
∞∑

k=1

sup
z∈V

′
d

(
Bk,z(θ) − Bk,z(0)

)
. (3.7)

The next three lemmas control the sum in (3.7).

Lemma 24 For every k ≥ 1 and ε > 0, there exists a κ4 = κ4(k, ε) ∈ (0, κ3) such
that

sup
z∈V

′
d

sup
θ∈Ca(κ4)

(
Bk,z(θ) − Bk,z(0)

)
< ε. (3.8)

Proof For every k ≥ 1, θ ∈ Ca(κ3) and z ∈ V
′
d ,

Bk,z(θ) − Bk,z(0) = Eo,z

[
e−〈θ,z〉 f (θ, k, X, X̃) − 1,

k = inf{l ∈ L : l > ν1, X Hl 	= X̃ H̃l
}
∣∣∣ l1 = 0

]

≤ Po,z(l1 = 0)−1 Eo,z

[(
e−〈θ,z〉 f (θ, k, X, X̃) − 1

)2
]1/2

×Po,z

(
k = inf{l ∈ L : l > ν1, X Hl 	= X̃ H̃l

}
)1/2

≤ Po,z(l1 = 0)−1
E

{
Eω

o ×ETzω
o

[(
f (θ, k, X, X̃) − 1

)2
]}1/2

×
(

Po,z

(

sup
1≤i≤Hk

|Xi | ≥ |z|
2

)

+ Po,z

(

sup
1≤ j≤H̃k

∣∣
∣X̃ j − z

∣∣
∣ ≥ |z|

2

))1/2
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≤ Po,z(l1 = 0)−1
(
E

{
Eω

o ×ETzω
o

[
f (θ, k, X, X̃)2

]}
+ 1

)1/2

×√
2Po

(

sup
1≤i≤Hk

|Xi | ≥ |z|
2

)1/2

≤ Po,z(l1 = 0)−1 (
Eo

[
exp

{
4〈θ, X Hk 〉 − 4�a(θ)Hk

}] + 1
)1/2

×√
2Po

(

sup
1≤i≤τk

|Xi | ≥ |z|
2

)1/2

. (3.9)

For every ε > 0, it follows from (3.9), Corollary 9 and Lemma 20 that there exists an
N ≥ 1 such that

sup
z ∈ V

′
d|z| > N

sup
θ∈Ca(κ3/4)

(
Bk,z(θ) − Bk,z(0)

)
< ε. (3.10)

Note that θ �→ f (θ, k, X, X̃) is continuous. Hence, for every k ≥ 1 and z ∈ V
′
d ,

the map θ �→ Bk,z(θ) is continuous at 0 by Schwarz’s inequality, Corollary 9 and
the dominated convergence theorem. Consequently, there exists a κ4 ∈ (0, κ3/4) such
that

sup
z ∈ V

′
d|z| ≤ N

sup
θ∈Ca(κ4)

∣∣Bk,z(θ) − Bk,z(0)
∣∣ < ε. (3.11)

Clearly, (3.10) and (3.11) imply (3.8). ��

Lemma 25 There exists a κ5 ∈ (0, κ3) such that

∞∑

k=1

sup
z∈V

′
d

sup
θ∈Ca(κ5)

Bk,z(θ) < ∞.

Proof For every k ≥ 1, κ ∈ (0, κ3), θ ∈ Ca(κ) and z ∈ V
′
d ,

Bk,z(θ) = e−〈θ,z〉 Eo,z

[
f (θ, k, X, X̃), k = inf{l ∈ L : l > ν1, X Hl 	= X̃ H̃l

}
∣∣∣ l1 = 0

]

=
k−1∑

j=0

∑

z′∈Vd

e−〈θ,z〉 Eo,z

[
f (θ, k, X, X̃), j = sup{l ∈ L : l ≤ ν1}, X̃ H̃ j

− X Hj = z′,

k = inf{l ∈ L : l > ν1, X Hl 	= X̃ H̃l
}
∣
∣∣ l1 = 0

]

≤
k−1∑

j=0

∑

z′∈Vd

e−〈θ,z〉 Eo,z

[
f (θ, j, X, X̃), j ∈ L, j ≤ ν1, X̃ H̃ j

− X Hj = z′
∣∣∣ l1 = 0

]
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×e−〈θ,z′〉 Eo,z′
[

f (θ, k − j, X, X̃),

k − j = inf{l ∈ L : l > 0, X Hl 	= X̃ H̃l
}, k − j > ν1

∣
∣∣l1 = 0

]

=
k−1∑

j=0

∑

z′∈Vd

e−〈θ,z〉 Eo,z

[
f (θ, j, X, X̃), j ∈ L, j ≤ ν1, X̃ H̃ j

− X Hj = z′
∣∣∣l1 = 0

]
hk− j,z′ (θ)

≤
k−1∑

j=0

sup
z′∈Vd

e−〈θ,z〉 Eo,z

[
f (θ, j, X, X̃), j ∈L, j ≤ ν1, X̃ H̃ j

− X Hj = z′
∣∣∣ l1 = 0

]

×
∑

z′∈Vd

hk− j,z′ (θ) (3.12)

where, for every i ≥ 1,

hi,z′(θ) :=e−〈θ,z′〉Eo,z′
[

f (θ, i, X, X̃), i = inf{l ∈ L : l >0, X Hl 	= X̃ H̃l
},

i >ν1

∣
∣∣l1 = 0

]
. (3.13)

For every z′ ∈ Vd ,

e−〈θ,z〉Eo,z

[
f (θ, j, X, X̃), j ∈ L, j ≤ ν1, X̃ H̃ j

− X Hj = z′, l1 = 0
]

≤ e−〈θ,z〉Eo,z

[
f (θ, j, X, X̃), {Xn : 0 ≤ n < Hj } ∩ {X̃m : 0 ≤ m < H̃ j } = ∅,

X̃ H̃ j
− X Hj = z′, β ≥ Hj , β̃ ≥ H̃ j

]

= e−〈θ,z〉Eo×Ez

[
f (θ, j, X, X̃), {Xn : 0 ≤ n < Hj } ∩ {X̃m : 0 ≤ m < H̃ j } = ∅,

X̃ H̃ j
− X Hj = z′, β ≥ Hj , β̃ ≥ H̃ j

]

≤ e−〈θ,z〉Eo×Ez

[
f (θ, j, X, X̃), X̃ H̃ j

− X Hj = z′, β ≥ Hj , β̃ ≥ H̃ j

]

= Eo×Eo

[
f (θ, j, X, X̃), X̃ H̃ j

− X Hj = z′ − z, β ≥ Hj , β̃ ≥ H̃ j

]

= Po×Po( j ∈ L)

Po×Po(l1 = 0)
Eo×Eo

[
f (θ, j, X, X̃), X̃ H̃ j

− X Hj = z′ − z, β ≥ Hj , β̃ ≥ H̃ j

]

= Eo×Eo

[
f (θ, j, X, X̃), j ∈ L, X̃ H̃ j

− X Hj = z′ − z
∣∣∣ l1 = 0

]

= P̂θ
o × P̂θ

o

(
∃ n, m such that 〈Yn, e1〉 = j and Ỹm − Yn = z′ − z

)
(3.14)

where (Yn)n≥0 and (Ỹm)m≥0 denote two independent random walks on Z
d , both with

transition kernel qθ (y)y∈Zd given in (2.5).
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Let μ = μ(θ) := Êθ
o [〈Y1, e1〉]. For every j ≥ 1, (3.14) is equal to

∑

〈x,e1〉= j

P̂θ
o (∃ n such that Yn = x) P̂θ

o

(
∃ m such that Ỹm = x + z′ − z

)

≤ sup
〈x,e1〉= j

P̂θ
o (∃ n such that Yn = x)

∑

〈x,e1〉= j

P̂θ
o

(
∃ m such that Ỹm = x + z′ − z

)

= sup
〈x,e1〉= j

∑

n≥1

P̂θ
o (Yn = x) P̂θ

o

(
∃ m such that 〈Ỹm, e1〉 = j

)

≤ sup
〈x,e1〉= j

∑

n≥1

P̂θ
o (Yn = x)

= sup
〈x,e1〉= j

⎛

⎝
∑

|n− j/μ|≤√
j/μ

P̂θ
o (Yn = x) +

∑

|n− j/μ|>√
j/μ

P̂θ
o (Yn = x)

⎞

⎠

≤ S(θ) j−(d−1)/2. (3.15)

Here, (3.15) follows from (2.6) and the local CLT. S(θ) depends on the mean and
covariance of

(
qθ (y)

)
y∈Zd . In particular, supθ∈Ca(κ3)

S(θ) < ∞.
Putting (3.12), (3.14) and (3.15) together, we see that

sup
z∈V

′
d

sup
θ∈Ca(κ)

Bk,z(θ) ≤ supθ∈Ca(κ) S(θ)

inf z∈V
′
d

Po,z(l1 = 0)

k−1∑

j=0

max(1, j)−(d−1)/2

×
∑

z′∈Vd

sup
θ∈Ca(κ)

hk− j,z′(θ) and

∞∑

k=1

sup
z∈V

′
d

sup
θ∈Ca(κ)

Bk,z(θ) ≤ supθ∈Ca(κ) S(θ)

inf z∈V
′
d

Po,z(l1 = 0)

⎛

⎝1 +
∞∑

j=1

j−(d−1)/2

⎞

⎠

×
∞∑

i=1

∑

z′∈Vd

sup
θ∈Ca(κ)

hi,z′(θ).

The desired result follows from Lemma 20 and Lemma 26 (stated below.) ��

Lemma 26 Recall (3.13). There exists a κ5 ∈ (0, κ3) such that

∞∑

i=1

∑

z∈Vd

sup
θ∈Ca(κ5)

hi,z(θ) < ∞.

Remark 27 Lemma 26 is proved in Sect. 3.4.

Finally, we are ready to give the
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Proof of part (b) of Lemma 21 Let ε := 1−B(0). Note that ε > 0 by (3.6). Lemma 25
implies that

∞∑

k=N+1

sup
z∈V

′
d

sup
θ∈Ca(κ5)

(
Bk,z(θ) − Bk,z(0)

) ≤
∞∑

k=N+1

sup
z∈V

′
d

sup
θ∈Ca(κ5)

Bk,z(θ) < ε/2

for some κ5 ∈ (0, κ3) and N ≥ 1. Also, for every k ≥ 1, there exists a κ4 =
κ4(k, ε/2N ) ∈ (0, κ3) such that

sup
z∈V

′
d

sup
θ∈Ca(κ4)

(
Bk,z(θ) − Bk,z(0)

)
< ε/2N

by Lemma 24.
Let κeq := min (κ5, κ4(1, ε/2N ), κ4(2, ε/2N ), . . . , κ4(N , ε/2N )). Recall (3.7).

For every θ ∈ Ca(κeq),

B(θ) ≤ B(0) +
∞∑

k=1

sup
z∈V

′
d

(
Bk,z(θ) − Bk,z(0)

)

= 1 − ε +
N∑

k=1

sup
z∈V

′
d

(
Bk,z(θ) − Bk,z(0)

) +
∞∑

k=N+1

sup
z∈V

′
d

(
Bk,z(θ) − Bk,z(0)

)

< 1 − ε + N (ε/2N ) + ε/2 = 1.

��

3.4 Tail estimates for joint regenerations

Recall that our proof of Theorem 5 given in Sect. 2 relies on Lemma 12 which, in
turn, is proved in Sect. 3.2 assuming Lemma 21. In Sect. 3.3, the latter assumption is
verified using yet another result, namely Lemma 26. Therefore, in order to complete
the proof of Theorem 5, we need to prove Lemma 26.

For every i ≥ 1, θ ∈ Ca(κ3) and z ∈ Vd , it follows from Hölder’s inequality that

hi,z(θ) = e−〈θ,z〉

Po,z(l1 = 0)
Eo,z

[
f (θ, i, X, X̃), i = inf{l ∈ L : l >0, X Hl 	= X̃ H̃l

},

i > ν1, β =∞, β̃ =∞
]

≤ Eo,z
[
exp

{
4〈θ, X Hi 〉 − 4�a(θ)Hi

}
, β = ∞]1/4

× e−〈θ,z〉Eo,z

[
exp{4〈θ, X̃ H̃i

〉 − 4�a(θ)H̃i }, β̃ = ∞
]1/4

× Po,z(l1 = 0)−1

× Po,z

(
i = inf{l ∈ L : l > 0, X Hl 	= X̃ H̃l

}, l1 = 0
)1/4

Po,z (i > ν1)
1/4
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= Eo
[
exp

{
4〈θ, X Hi 〉 − 4�a(θ)Hi

}
, β = ∞]1/2

× Po,z(l1 = 0)−1 Po,z

(
i = inf{l ∈ L : l > 0, X Hl 	= X̃ H̃l

}, l1 = 0
)1/4

× Po,z (i > ν1)
1/4 . (3.16)

The next four lemmas control the terms in (3.16).

Lemma 28 There exists an a1 < ∞ such that

Eo
[

exp
{
4〈θ, X Hi 〉 − 4�a(θ)Hi

}∣∣ β = ∞] ≤ iea1|θ |i

for every i ≥ 1 and θ ∈ Ca(κ3/4).

Proof Recall κ3 from Corollary 9.

(a) The non-nestling case: For every i ≥ 1 and θ ∈ Ca(κ3/4),

Eo
[

exp
{
4〈θ, X Hi 〉 − 4�a(θ)Hi

}∣∣ β = ∞]

≤ Eo
[

exp {(4|θ | + 4|�a(θ)|)Hi }| β = ∞]

≤ Eo
[

exp {8|θ |τi }| β = ∞] = Eo
[

exp {8|θ |τ1}| β = ∞]i

≤ Eo
[

exp {2κ3τ1}| β = ∞]4|θ |i/κ3

by Jensen’s inequality. Since a1 := log Eo
[

exp {2κ3τ1}| β = ∞]4/κ3 < ∞ by
Corollary 9, we are done.

(b) The nestling case: For every i ≥ 1 and θ ∈ Ca(κ3/4),

Eo
[

exp
{
4〈θ, X Hi 〉 − 4�a(θ)Hi

}∣∣β = ∞] ≤ Eo
[

exp
{
4|θ | ∣∣X Hi

∣
∣}

∣
∣β = ∞]

=
i−1∑

j=0

i−1∑

k= j

Eo
[

exp
{
4|θ | ∣∣X Hi

∣
∣} , τ j < Hi ≤ τ j+1, 〈Xτ j , e1〉 = k

∣
∣β = ∞]

≤
i−1∑

j=0

i−1∑

k= j

Eo

[
exp

{
4|θ | ∣∣Xτ j

∣∣} , τ j = Hk

∣∣∣β = ∞
]

× Eo
[

exp
{
4|θ | ∣∣X Hi−k

∣∣} , Hi−k ≤ τ1
∣∣β = ∞]

≤
i−1∑

j=0

Eo
[

exp
{
4|θ | ∣∣Xτ j

∣∣}∣∣β = ∞]
Eo

[

sup
1≤n≤τ1

exp {4|θ | |Xn|}
∣∣∣∣∣
β = ∞

]

≤
i−1∑

j=0

Eo

[

sup
1≤n≤τ1

exp {4|θ | |Xn|}
∣∣∣∣∣
β = ∞

] j+1
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≤ i Eo

[

sup
1≤n≤τ1

exp {4|θ | |Xn|}
∣∣
∣∣∣
β = ∞

]i

≤ i Eo

[

sup
1≤n≤τ1

exp {κ3 |Xn|}
∣∣∣∣
∣
β = ∞

]4|θ |i/κ3

.

Since a1 := log Eo
[

sup1≤n≤τ1
exp {κ3 |Xn|}∣∣β = ∞]4/κ3 < ∞ by Corollary 9, we

are done. ��
Lemma 29 For every p ≥ 1, there exists an A1 = A1(p) < ∞ such that

Po,z (i > ν1) ≤ A1i p max(1, |z|)−p

for every i ≥ 1 and z ∈ Vd .

Proof For every i ≥ 1, z ∈ V
′
d and p ≥ 1,

Po,z (i > ν1) ≤ Po,z

(
{Xn : 0 ≤ n ≤ τi } ∩

{
X̃m : 0 ≤ m ≤ τ̃i

}
	= ∅

)

≤ Po,z

(
τi ≥ |z|

2

)
+ Po,z

(
τ̃i ≥ |z|

2

)
= 2Po

(
τi ≥ |z|

2

)

≤ 2

( |z|
2

)−p

Eo
[
τ

p
i

] = 2p+1|z|−p Eo
[{τ1 + · · · + (τi − τi−1)}p]

≤ 2p+1|z|−pi p−1 Eo
[
τ

p
1 + · · · + (τi − τi−1)

p]

= 2p+1|z|−pi p−1 (
Eo

[
τ

p
1

] + (i − 1)Eo
[
τ

p
1

∣∣β = ∞])

≤ 2p+1 Po(β = ∞)−1 Eo
[
τ

p
1

]
i p|z|−p

by Hölder’s inequality. Since A1(p) := 2p+1 Po(β = ∞)−1 Eo
[
τ

p
1

]
< ∞ by Corol-

lary 9, we are done. ��

Lemma 30 supz∈Vd
Eo,z

[
ea3l+

∣
∣∣ l1 = 0

]
< ∞ for some a3 > 0, where l+ := inf{l ∈

L : l > 0}.
Proof For every nearest-neighbor path (xi )i≥0 on Z

d , define

β ′((xi )i≥0) := inf{i ≥ 1 : 〈xi , e1〉 < 〈xo, e1〉} and

M((xi )i≥0) := sup{〈xi , e1〉 : 0 ≤ i < β ′((xi )i≥0)}.

In particular, β ′(X) = β and β ′(X̃) = β̃ for X = (Xn)n≥0 and X̃ = (X̃m)m≥0. Define

λ = λ(X, X̃) :=
(

M(X) ∧ M(X̃)
)

+ 1, λ1 := 1 and

λ j+1 := λ

(
(Xn)n≥Hλ j

, (X̃m)m≥H̃λ j

)
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for every j ≥ 1. It is easy to see that l+ := sup{λ j : λ j < ∞} when Xo ∈ Vd and
X̃o ∈ Vd .

For every z ∈ Vd ,

Eo,z
[
eκ3λ, λ < ∞] ≤ Eo,z

[
eκ3(M(X)+1), β < ∞

]
+ Eo,z

[
eκ3(M(X̃)+1), β̃ < ∞

]

= 2Eo

[
eκ3(M(X)+1), β < ∞

]
≤ 2Eo

[

sup
1≤n≤τ1

eκ3|Xn |, β < ∞
]

.

By Hölder’s inequality,

Eo,z
[
eaλ, λ < ∞] ≤ Eo,z

[
eκ3λ, λ < ∞]a/κ3 Po,z(λ < ∞)1−a/κ3

≤
(

2Eo

[

sup
1≤n≤τ1

eκ3|Xn |
])a/κ3 (

1 − Po,z(l1 = 0)
)1−a/κ3

for every a ∈ (0, κ3). Therefore, it follows from Corollary 9 and Lemma 20 that

sup
z∈Vd

Eo,z
[
ea3λ, λ < ∞] ≤

(

2Eo

[

sup
1≤n≤τ1

eκ3|Xn |
])a3/κ3

×
(

1 − inf
z∈Vd

Po,z(l1 = 0)

)1−a3/κ3

< 1 (3.17)

for some a3 ∈ (0, κ3).
For every j ≥ 2,

Eo,z
[
ea3λ j , λ j < ∞] =

∑

z′∈Vd

Eo,z

[
ea3λ j , X̃ H̃λ j−1

− X Hλ j−1
= z′, λ j < ∞

]

=
∑

z′∈Vd

Eo,z

[
ea3λ j−1 , λ j−1 < ∞, X̃ H̃λ j−1

− X Hλ j−1
= z′

]

× Eo,z′
[
ea3λ, λ < ∞]

≤ Eo,z
[
ea3λ j−1 , λ j−1 < ∞]

sup
z′∈Vd

Eo,z′
[
ea3λ, λ < ∞]

.

By induction,

sup
z∈Vd

Eo,z
[
ea3λ j , λ j < ∞] ≤ ea3

(

sup
z∈Vd

Eo,z
[
ea3λ, λ < ∞]

) j−1

.
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Therefore,

sup
z∈Vd

Eo,z

[
ea3l+

]
≤

∞∑

j=1

sup
z∈Vd

Eo,z

[
ea3l+ , l+ = λ j

]
≤

∞∑

j=1

sup
z∈Vd

Eo,z
[
ea3λ j , λ j < ∞]

≤
∞∑

j=1

ea3

(

sup
z∈Vd

Eo,z
[
ea3λ, λ < ∞]

) j−1

= ea3

(

1 − sup
z∈Vd

Eo,z
[
ea3λ, λ < ∞]

)−1

< ∞

by (3.17). This implies the desired result since inf z∈Vd Po,z(l1 = 0) > 0 by Lemma
20. ��

Lemma 31 There exist a2 > 0 and A2 < ∞ such that Po,z ( l∗ = i | l1 = 0) ≤
A2e−a2i for every i ≥ 1 and z ∈ Vd , where l∗ := inf{l ∈ L : l > 0, X Hl 	= X̃ H̃l

}.

Proof Fix a3 as in Lemma 30. Define ν+
1 := inf{m > 0 : Xi = X̃ j for some

i ≥ 0, j ≥ 0, and 〈Xi , e1〉 = m}. For every z ∈ Vd and a ∈ (0, a3), by Hölder’s
inequality,

Eo,z

[
eal+ ,ν+

1 <∞
∣∣∣ l1 =0

]
≤ Eo,z

[
ea3l+

∣∣∣ l1 =0
]a/a3

Po,z
(
ν+

1 <∞∣∣ l1 =0
)1−a/a3 and

sup
z∈Vd

Eo,z

[
eal+ , ν+

1 < ∞
∣∣∣ l1 = 0

]
≤

(

sup
z∈Vd

Eo,z

[
ea3l+

∣∣∣ l1 = 0
])a/a3

×
(

sup
z∈Vd

Po,z
(
ν+

1 < ∞∣∣ l1 = 0
)
)1−a/a3

.

It is an easy consequence of (1.1) and Lemma 20 that supz∈Vd
Po,z

(
ν+

1 <∞∣∣ l1 =0
)
<1.

Hence,

sup
z∈Vd

Eo,z

[
ea2l+ , ν+

1 < ∞
∣∣∣ l1 = 0

]
< 1

for some a2 ∈ (0, a3).
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It follows from the regeneration structure that

Eo,z

[
ea2l∗

∣∣∣ l1 = 0
]

= Eo,z

[
ea2l∗ , l+ < l∗

∣∣∣ l1 = 0
]

+ Eo,z

[
ea2l∗ , l+ = l∗

∣∣∣ l1 = 0
]

= Eo,z

[
ea2l+ , X Hl+ = X̃ H̃l+

∣∣∣ l1 = 0
]

Eo,o

[
ea2l∗

∣∣∣ l1 = 0
]

+Eo,z

[
ea2l+ , l+ = l∗

∣∣
∣ l1 = 0

]

≤ Eo,z

[
ea2l+ , ν+

1 < ∞
∣∣∣ l1 = 0

]
Eo,o

[
ea2l∗

∣∣∣ l1 = 0
]

+Eo,z

[
ea2l+

∣∣∣ l1 = 0
]
.

Therefore,

sup
z∈Vd

Eo,z

[
ea2l∗

∣
∣∣ l1 = 0

]
≤ sup

z∈Vd

Eo,z

[
ea2l+ , ν+

1 < ∞
∣
∣∣ l1 = 0

]

× sup
z∈Vd

Eo,z

[
ea2l∗

∣∣∣ l1 = 0
]

+ sup
z∈Vd

Eo,z

[
ea2l+

∣∣∣ l1 = 0
]

and

A2 := sup
z∈Vd

Eo,z

[
ea2l∗

∣∣
∣ l1 = 0

]
≤

(

1 − sup
z∈Vd

Eo,z

[
ea2l+ , ν+

1 < ∞
∣∣
∣ l1 = 0

])−1

× sup
z∈Vd

Eo,z

[
ea2l+

∣∣∣ l1 = 0
]

< ∞.

Finally, for every i ≥ 1 and z ∈ Vd ,

Po,z
(

l∗ = i
∣∣ l1 = 0

) ≤ Eo,z

[
ea2l∗

∣∣∣ l1 = 0
]

e−a2i ≤ A2e−a2i

by Chebyshev’s inequality. ��
Proof of Lemma 26 Recall (3.16). For every κ5 ∈ (0, κ3/4) and p ≥ 1, Lemmas 28,
29 and 31 imply that

∞∑

i=1

∑

z∈Vd

sup
θ∈Ca(κ5)

hi,z(θ)

≤
∞∑

i=1

∑

z∈Vd

sup
θ∈Ca(κ5)

Eo
[
exp

{
4〈θ, X Hi 〉 − 4�a(θ)Hi

}
, β = ∞]1/2

×Po,z(l1 = 0)−1

×Po,z

(
i = inf{l ∈ L : l > 0, X Hl 	= X̃ H̃l

}, l1 = 0
)1/4

×Po,z (i > ν1)
1/4
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≤
∞∑

i=1

∑

z∈Vd

sup
θ∈Ca(κ5)

(
iea1|θ |i)1/2

Po,z(l1 = 0)−1
(

A2e−a2i
)1/4

× (
A1i p max(1, |z|)−p)1/4

≤ (A1 A2)
1/4

inf z∈Vd Po,z(l1 = 0)

( ∞∑

i=1

i1/2+p/4 exp{(2a1κ5 − a2)i/4}
)

×
⎛

⎝1 +
∑

z∈V
′
d

|z|−p/4

⎞

⎠ (3.18)

for some a1 < ∞, a2 > 0, A1 < ∞ and A2 < ∞. Clearly, (3.18) is finite when
p > 4d and κ5 ∈ (0, a2/2a1). ��
Acknowledgments I sincerely thank O. Zeitouni for many valuable discussions and comments.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.

References

1. Aidékon, E.: Large deviations for random walks in random environment on a Galton-Watson tree.
(2008). arXiv:0811.0438

2. Berger, N., Zeitouni, O.: A quenched invariance principle for certain ballistic random walks in i.i.d.
environments. In: In and Out of Equilibrium. 2, volume 60 of Progr. Probab., pp. 137–160. Birkhäuser,
Basel (2008)

3. Breiman, L.: Probability, volume 7 of Classics in Applied Mathematics. Society for Industrial and
Applied Mathematics (SIAM), Philadelphia, 1992. Corrected reprint of the 1968 original

4. Comets, F., Gantert, N., Zeitouni, O.: Quenched, annealed and functional large deviations for one-
dimensional random walk in random environment. Probab. Theory Relat. Fields 118(1), 65–114 (2000)

5. Comets, F., Shiga, T., Yoshida, N.: Directed polymers in a random environment: path localization and
strong disorder. Bernoulli 9(4), 705–723 (2003)

6. Dembo, A., Gantert, N., Peres, Y., Zeitouni, O.: Large deviations for random walks on Galton-Watson
trees: averaging and uncertainty. Probab. Theory Relat. Fields 122(2), 241–288 (2002)

7. Dembo, A., Gantert, N., Zeitouni, O.: Large deviations for random walk in random environment with
holding times. Ann. Probab. 32(1B), 996–1029 (2004)

8. Dembo, A., Zeitouni, O.: Large Deviations Techniques and Applications, volume 38 of Applications
of Mathematics, 2nd edn. Springer-Verlag, New York (1998)

9. Flury, M.: Coincidence of Lyapunov exponents for random walks in weak random potentials. Ann.
Probab. 36(4), 1528–1583 (2008)

10. Greven, A., den Hollander, F.: Large deviations for a random walk in random environment. Ann.
Probab. 22(3), 1381–1428 (1994)

11. Krantz, S.G., Parks, H.R.: The implicit function theorem. In: History, Theory, and Applications.
Birkhäuser, Boston (2002)

12. Peterson, J., Zeitouni, O.: On the annealed large deviation rate function for a multi-dimensional random
walk in random environment. ALEA (2008 , to appear). arXiv:0812.3619

13. Rassoul-Agha, F.: Large deviations for random walks in a mixing random environment and other
(non-Markov) random walks. Comm. Pure Appl. Math. 57(9), 1178–1196 (2004)

14. Rassoul-Agha, F., Seppäläinen, T.: Almost sure functional central limit theorem for ballistic random
walk in random environment. Ann. Inst. Henri Poincaré Probab. Stat. 45(2), 373–420 (2009)

123



Equality of averaged and quenched large deviations for RWRE 491

15. Tyrrell Rockafellar, R.: Convex Analysis. Princeton Landmarks in Mathematics. Princeton University
Press, Princeton (1997). Reprint of the 1970 original, Princeton Paperbacks

16. Rosenbluth, J.: Quenched large deviations for multidimensional random walk in random environment:
a variational formula. PhD thesis in Mathematics, New York University (2006). arXiv:0804.1444

17. Sznitman, A.-S.: Slowdown estimates and central limit theorem for random walks in random environ-
ment. J. Eur. Math. Soc. 2(2), 93–143 (2000)

18. Sznitman, A.-S.: On a class of transient random walks in random environment. Ann. Probab. 29(2), 724–
765 (2001)

19. Sznitman, A.-S., Zerner, M.: A law of large numbers for random walks in random environment. Ann.
Probab. 27(4), 1851–1869 (1999)

20. Varadhan, S.R.S.: Large deviations for random walks in a random environment. Comm. Pure Appl.
Math. 56(8), 1222–1245 (2003). Dedicated to the memory of Jürgen K. Moser

21. Yilmaz, A.: Averaged large deviations for random walk in a random environment. Ann. Inst. H. Poincaré
Probab. Statist. (2008, to appear). arXiv:0809.3467

22. Yilmaz, A.: Large deviations for random walk in a space-time product environment. Ann. Pro-
bab. 37(1), 189–205 (2009)

23. Yilmaz, A.: Quenched large deviations for random walk in a random environment. Comm. Pure Appl.
Math. 62(8), 1033–1075 (2009)

24. Zeitouni, O.: Random walks in random environments. J. Phys. A 39(40), R433–R464 (2006)
25. Zerner, M.P.W.: Lyapounov exponents and quenched large deviations for multidimensional random

walk in random environment. Ann. Probab. 26(4), 1446–1476 (1998)
26. Zygouras, N.: Lyapounov norms for random walks in low disorder and dimension greater than

three. Probab. Theory Relat. Fields 143(3–4), 615–642 (2009)

123


	Equality of averaged and quenched large deviations for random walks in random environments in dimensions four and higher
	Abstract
	1 Introduction
	1.1 The model
	1.2 Regeneration times
	1.3 Previous results on large deviations for RWRE
	1.4 The main result

	2 Proof of the main result
	2.1 Outline
	2.2 Some preliminaries regarding regenerations
	2.3 Equality of the logarithmic moment generating functions
	2.4 Equality of the rate functions

	3 The L2 estimate
	3.1 Some preliminaries regarding two walks
	3.2 A renewal argument
	3.3 Proof of Lemma 21
	3.4 Tail estimates for joint regenerations

	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


