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Abstract We consider large deviations for nearest-neighbor random walk in a uni-
formly elliptic i.i.d. environment. It is easy to see that the quenched and the aver-
aged rate functions are not identically equal. When the dimension is at least four and
Sznitman’s transience condition (T) is satisfied, we prove that these rate functions
are finite and equal on a closed set whose interior contains every nonzero velocity at
which the rate functions vanish.
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1 Introduction
1.1 The model

LetU := {d:e,-}?:1 where (el-)?:1 denotes the canonical basis for the d-dimensional
integer lattice 74 with d > 1. Consider a discrete time Markov chain on Z¢ with
nearest-neighbor steps, i.e., with steps in U. For every = € Z¢ and z € U, the transi-
tion probability from x to x + z is denoted by 7 (x, x + z), and the transition vector
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464 A. Yilmaz

wy = (w(x, x 4 2));cy is referred to as the environment at x. If the environment
® = (ws),ezq 18 sampled from a probability space (€2, B, P), then this process is
called random walk in a random environment (RWRE). Here, B is the Borel o -algebra
corresponding to the product topology.

For every y € Z4, define the shift 7,, on Q by (Ty®)  := w,4,. Assume that P is
stationary and ergodic under (7)., and

there existsa§ > Osuchthat P{ (0,z) > §} =1
forevery z € U. (Uniformellipticity.) (L.1)

For every = € Z¢ and w € , the Markov chain with environment « induces a
probability measure P2 on the space of paths starting at . Statements about P’ that
hold for P-a.e. w are referred to as quenched. Statements about the semi-direct product
P, :=TP x P2 are referred to as averaged (or annealed). Expectations under P, P
and P, are denoted by E, EY and E,, respectively.

See [24] for a survey of results on RWRE.

1.2 Regeneration times

Let (X,),>¢ denote the path of a particle taking a RWRE. Consider a unit vector
i € S7!. Define a sequence (Ty),=0 = (T (1)),,~, of random times, which are
referred to as regeneration times (relative to it), by 7, := 0 and

Tm :=inf{j>rm_1 (Xi,u) < (Xj,0) < (Xg,u) forall i, kw1th1<]<k}

(1.2)
for every m > 1. If the walk is directionally transient relative to #, i.e., if
P, ( lim (X,, 4) = oo) —1, (1.3)
n—oo

then P, (7, < 00) = 1 forevery m > 1. As noted in [19], the significance of (7,),,>1
is due to the fact that

(Xfm+1 Xfm’ er+2 - Xfm’ R er+1 - XT’")mZ]
is an i.i.d. sequence under P, when
® = (wg),c74 1s an i.i.d. collection. (1.4)

The walk is said to satisfy Sznitman’s transience condition (T, &) if (1.3) holds and

E0|: sup  exp {k| |Xl-|}j| < oo forsomek; > 0. (1.5)

1<i<t (i)

@ Springer



Equality of averaged and quenched large deviations for RWRE 465

When d > 2, Sznitman [18] proves that (1.1), (1.4) and (T, &) imply a ballistic law
of large numbers (LLN), an averaged central limit theorem and certain large deviation
estimates. Denote the LLN velocity by &, # 0.

As stated below in Lemma 7, (T, 1) is satisfied as soon as the walk is non-nestling
relative to u, i.e., when

ess i%fzn(o, )z, i) > 0. (1.6)

zeU

The walk is said to be non-nestling if it is non-nestling relative to some unit vector.
Otherwise, it is referred to as nestling. In the latter case, the convex hull of the support
of the law of Zz (0, )z contains the origin.

1.3 Previous results on large deviations for RWRE

Recall that a sequence (Q;),>; of probability measures on a topological space X
satisfies the large deviation principle (LDP) with rate function 7 : X — R if [ is
non-negative, lower semicontinuous, and for any measurable set G,

1 1
— inf I(x) <liminf —log Q,(G) < limsup —log 0, (G) < — inf I(x).
reG? n—>o00 n

n—oo N zeG

Here, G° is the interior of G, and G its closure. See [8] for general background
regarding large deviations.

Theorem 1 (Quenched LDP) For P-a.e. w, (P(f"(% € -))n>1 satisfies the LDP with
a deterministic and convex rate function 1.

When d = 1, Greven and den Hollander [10] prove Theorem 1 for walks in i.i.d.
environments. They provide a formula for /, and show that its graph typically has
flat pieces. Comets et al. [4] generalize the results in [10] to stationary and ergodic
environments.

When d > 1, Zerner [25] proves Theorem 1 for nestling walks in i.i.d. environ-
ments. Varadhan [20] drops the nestling assumption and generalizes Theorem 1 to
stationary and ergodic environments. Since both of these works rely on the subaddi-
tive ergodic theorem, they do not lead to any formulae for the rate function. Rosenbluth
[16] gives an alternative proof of Theorem 1 in the case of stationary and ergodic envi-
ronments. He provides a variational formula for the rate function /,,. In [23], we prove
a quenched LDP for the pair empirical measure of the so-called environment Markov
chain (TX,, a))n>0. This implies Rosenbluth’s result by an appropriate contraction.

In their aforementioned paper concerning RWRE on Z, Comets et al. [4] prove also

Theorem 2 (Averaged LDP) (P,( % € - ))n>1 satisfies the LDP with a convex rate
function 1,.
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466 A. Yilmaz

They establish this result for a class of environments including the i.i.d. case, and
obtain the following variational formula for /,:

—i Q
L =inf {176+ E1h @)} (1.7)

Here, the infimum is over all stationary and ergodic probability measures on €2, I[(,@(-)
denotes the rate function for the quenched LDP when the environment measure is Q,
and & (- |-) is specific relative entropy. Similar to the quenched picture, the graph of
1, is shown to typically have flat pieces.

Varadhan [20] considers walks in i.i.d. environments, and proves Theorem 2 for
any d > 1. He gives a variational formula for /. (His formula does not resemble (1.7)
in any way.) Rassoul-Agha [13] generalizes Varadhan’s result to a class of mixing
environments.

Let N := {§ e RY: [;(§) =0} and N, := {& € R?: I,(§) = 0} denote the
zero-sets of I, and /. The following theorem summarizes the previous results regard-
ing the qualitative properties of the quenched and the averaged rate functions when
d>2.

Theorem 3 Assume d > 2, (1.1) and (1.4).
(a) 1, and I, are convex, 1,(0) = 1,(0) and Nq = N, cf. [20].
(b) If the walk is non-nestling, then
(i) N, consists of the true velocity &,, cf. [20], and
(ii) 1, is strictly convex and analytic on an open set A, containing &,, cf. [12,21].
(c) If the walk is nestling, then N is a line segment containing the origin, cf. [20].
(d) If (T, a) is satisfied for some ii € S~V in the latter case, then
(i) the origin is an endpoint of N, cf. [18],
(i) 1, is strictly convex and analytic on an open set A,‘l", cf. [21],
(iii) there exists a (d — 1)-dimensional smooth surface patch .Ala’ such that &, €
AL C dAL, of 121],
(iv) the unitvector n, normal to Az (and pointing in A} ) at &, satisfies (1o, &) >
0, cf. [21], and
(v) 1,(t&) =t1,(§) for every & € AZ andt € [0, 1], cf. [12].

1.4 The main result
Assume (1.1) and (1.4). It is clear that
D=, .. 60 eR g+ +lal =1} = e eRT: 1,6) < o]

= {g eRY: I,¢) < —logS}.

For any & € RY, I,(§) < 1,(§) by Jensen’s inequality and Fatou’s lemma.

Proposition 4 If the support of P is not a singleton, then 1, < 1, at some interior
points of D.
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Equality of averaged and quenched large deviations for RWRE 467

Proof 1f the support of P is not a singleton, then P {7 (0, z) = E{x (0, 2)}} < 1 for
some z € U, and

E{log 7(0, 2)} < log E{x (0, 2)} (1.8)

by Jensen’s inequality. For every n > 1, the event {X,, = nz} consists of a single path
marching in the z-direction. In particular, this path never visits the same point more
than once. Therefore,

1
logE{m (0, 2)} = lim —log P,(X,, = nz) < —1,(2). (1.9)
n—-oon
On the other hand, for every € > 0,

—1,(z) < lggioréf % log PY((Xpn, z) > n(l —¢€)) < (1 —e)Eflogm (0, 2)} + O(e).
(1.10)

Explanation: For every n > 1, the number of paths constituting the event {(X,, z) >
n(l — €)} is "9, The probability of each such path is bounded from above by
the product of the probabilities of its jumps in the z-direction taking place at distinct
points. Since there are at least n(1 — €) such jumps, (1.10) follows from Jensen’s
inequality and the LLN for i.i.d. random variables.

Putting (1.8), (1.9) and (1.10) together, we conclude that /,(z) < I,(z). Since the
rate functions are convex and lower semicontinuous, they are in fact continuous on D,
cf. Theorem 10.2 of [15]. This implies the desired result. |

The following theorem is the main result of this paper.

Theorem 5 Assume d > 4, (1.1), (1.4) and (T, i) for some it € S~ 1.

(a) If the walk is non-nestling, then I, = I, on an open set Aqq containing &,.
(b) Ifthe walk is nestling, then

(i) I, = I, on an open set Aj}l,
(i) there exists a (d — 1)-dimensional smooth surface patch Ale’q such that &, €
Ab, COAL,

(iii) the unit vector n, normal to qu (and pointing in A;I) at &, satisfies
(N0, &) > 0, and
(iv) 1;(t&) = t1,;(§) = t1,(§) = [,(t§) for every & € qu andt € [0, 1].

Some remarks

1. Since I, and I, are both continuous on D, it is clear that £ := {5 eD:1,¢) =
1,(§)} is closed. Proposition 4 and Theorem 5 imply that D \ £ and £ both have
nonempty interiors.

2. Assuming d =1, (1.1) and (1.4), Comets et al. [4] use (1.7) to show that 1,(§) =
1,(¢) if and only if & = 0 or I,(§) = 0. In particular, Theorem 5 cannot be
generalized to d > 1. Whether it can be generalized to d > 2 is an open problem.
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(O8]

The analog of Theorem 5 for so-called space-time RWRE is proved in [22].

4. Related results have been obtained for random walks in random potentials, cf.
[9,26], for directed polymers in random environments, cf. [5], and for random
walks on Galton-Watson trees, cf. [1,6,7].

2 Proof of the main result
2.1 Outline

For every 6 € R?, consider the logarithmic moment generating functions

1
Ay(0) := lim —log E [exp{(G,Xn)}] and

n—oon

Ay (0) = nll)ngo % log E, [exp{(@, Xn)}] .

By Varadhan’s Lemma, cf. [8], A4 (6) = supg cpa {(9, &) —1, (5)} = I; (0), the con-
vex conjugate of I, at 6. Similarly, A,(6) = I (6).

Assume d > 4 and (T, &) for some & € S~1. For everyn > 0,0 € RYandw € ©,
define

H, = H, (@) :=inf {i > 0:(X;,a) > n},
B=p@) =inf{i >0:(X;,4) < (X,,4)} and Q2.1
gn(0, ) = E [exp {(6, Xu,) — Aa(@)Hy} , Hy = 7y for some k > 1, B = o0].

When |6] is sufficiently small (and A,(f) > O in the nestling case), we show that
(gn (0, -)),~1 is bounded in L?(P) and E {gn (0, -)} converges to a nonzero limit as
n — oo. These two facts imply that A4 (0) = Ay (0).

Section 3 is devoted to the L? estimate regarding (g, (0, -)),,~; which constitutes
the core of this paper. Assuming that, the equality of the logarithmic moment generat-
ing functions is established in Sect. 2.3. Finally, convex duality is used in Sect. 2.4 to
prove Theorem 5 by showing that the local equality of A, and A, implies the equality
of 1, and I, on certain subsets of D.

We find it more convenient to work with regeneration times relative to a z € U
rather than any 2 € S?~!. In Sect. 2.2, we give some results which imply that there is
no loss of generality in doing so.

2.2 Some preliminaries regarding regenerations

Assume d > 2, (1.1) and (1.4).

Lemma 6 (Sznitman [18]) Assume (T, i) for some ii € S¢~1.

(a) P,(B(it) = 00) > 0, and (i) has finite P,-moments of arbitrary order.
(b) The LLN holds with a limiting velocity &, such that (&,, i) > 0.
(¢) (T, D) is satisfied for every 0 € S~ such that (€,, 0) > 0.
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Equality of averaged and quenched large deviations for RWRE 469

Lemma 7 (Sznitman [17]) If the walk is non-nestling relative to some i € 841 then
E, [exp {/er (ﬁ)}] < 00

for some ky > 0. In particular; (T, ) is satisfied.

Lemma 8 If the walk is non-nestling and some 0 € S~ satisfies (&,, 0) > 0, then

E, [exp {cti(®)}] < o0
for some ¢ > 0.

Proof Since the walk is non-nestling, (1.6) holds for some & € S9=1 with rational
coordinates. Let a > 1 be an integer such that aiz has integer coordinates. Note

that (x,a) > 0 if and only if (x, &) > % for z € 79. Therefore, ]X
(Xpesr(@)s ) > k forevery k > 1.

For every ¢, ¢’ > 0 and b € S?~! such that (£,, 0) > 0,

Tak+1 (i)

E, [exp{cti®)}] = D E, |exp{cti(®)}. sup |X;] e(k—l,k]:|
k=1

1<i<t (D)

IA

Me T[Mz2

o
S

exp {cta1@}, sup |X;| € (k- l,k]}
L 1<i<7i()

= E, | exp {Cfak-i-l (’2)} ( sup  exp {C/ |X; |}):|
k=1 L I<i<t (D)
x exp{—c’(k — 1)}
12 o
~ 1/2
<E,| sup exp{2|X;|} z E, [exp {2ctak41()}] /
1<i<t(D) k=1
x exp{—c’(k — 1)}. (2.2)

Note that (T, @) is satisfied by Lemma 7. Since (§,, 0) > 0, it follows from Lemma 6
that (T, 0) is satisfied as well. Therefore, (1.5) implies that the first term in (2.2) is
finite when ¢’ > 0 is small enough.

It is immediate from the renewal structure that

E, [CXP {2CTak+l (12)}]1/2
= E, [exp {2cti@)}]"? E, [exp {2ct1(@)}| B(@) = 00] ™.

By Lemma 7, E, [exp {K2T1 (12)}‘ Bw) = oo] < oo for some kp > 0. When ¢ > 0 is
small enough,

E, [exp {2cti(@)}| B(@) = 00]"? < E, [exp {kami(@)}] B(@) = 00]"/* < &

and the summation in (2.2) is finite. This implies the desired result. O
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470 A. Yilmaz

Corollary 9 Assume (T, ii) for some i € S, Since &, # 0, (£,,z) > 0 for some
zeU.

(@) P,(B(z) = 00) > 0, and t1(z) has finite P,-moments of arbitrary order.
(b) If the walk is non-nestling, then there exists a k3 > 0 such that

E, [exp{2/<3rl (z)}] < 00.

(c) If the walk is nestling, then there exists a k3 > 0 such that

E(,[ sup exp {«3 |X,~|}] < 00.

1<i<7i(2)

2.3 Equality of the logarithmic moment generating functions
Assume d > 4, (1.1), (1.4) and (T, i) for some & € S?~!. Since &, # 0, (§,,z) > 0

for some z € U. Assume WLOG that (§,, e;) > 0. Refer to (1.2) and (2.1) for the
definitions of

(Tm)mzl = (Tm(el))mzls (Hn)nzO = (Hn(el))nz() and B = B(ey).

Fix k3 as in Corollary 9. For every « € (0, k3], define

{0 eR?: 0] < K} if the walk is non-nestling,
Cali) := . . o 23)
{0 eR?: 18] <k,As00) > 0} if the walk is nestling.
By Jensen’s inequality,
.1 o1
(0,&) = lim —E,[(0, X,)] < lim —log E, [exp{(0, Xx)}]
n—-oon n—oo n
1
— Ag(0) < lim - logE, [elf)'"] —161. (2.4)
n—-oon

In the nestling case, {6 € RY : 0] < k, (9, &,) > 0} C Ca(x) by (2.4). Hence, C, (k)
is a non-empty open set both for nestling and non-nestling walks.

Lemma 10 E, [exp{(0, X,) — Aa(0)T1}| B = 00] = 1 for every 6 € Cq(k3).
Proof This is Lemma 12 of [21]. O

For every 0 € C,(k3) and y € Z, let

4" (y) == E, [exp{(0, Xz,) — Aa(®)T1}, X7, = y | B = 00]. 2.5)
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Equality of averaged and quenched large deviations for RWRE 471

Since 3 74 q%(y) = 1 by Lemma 10, (qg(y))yezd defines a random walk (Y})x>0

on Z¢. For every x € 7, this walk induces a probability measure 139? on paths starting
at z. As usual, 12“2 denotes the corresponding expectation. It follows from Corollary 9
and Holder’s inequality that

Eg [|Y1|m] < oo foreverym > 1. (2.6)

Foreveryn > 1,6 € C,(k3) and w € €2, recall from Sect. 2.1 that
gn (0, w) := EJ [exp {(0, Xn,) — Aa(0)Hy} . H, = 7 for some k > 1, B = 00].
Lemma 11 For every 6 € C,(k3),
Jim E{ga (8. )} = Po(B = 00)/ Eg [(Y1. e1)] > 0.

Proof Foreveryn > 1and 6 € C,(k3),

E{ga(0,)} = Eo [exp{(0, Xp,) — Aa(®)H,}, Hy = ¢ for some k > 1, f = o0]

= P,(B=00) D E,[exp{(6. Xn,) — Aa(®)H,}, Hy = 7t | B = o0]
k=1

= Py(B=00) D_ E, [exp{(0, Xo,) = Aa(@) 1}, (Xr, e1)=n | B=00]
k=1

o0
= Py(B=00) D P (Yi,er) =n).
k=1
Note that 13(? ((Y1,e1) = 1) > 0by (1.1) and part (a) of Lemma 6. Hence, the desired
result follows from the renewal theorem for aperiodic sequences, cf. Theorem 10.8 of
[3]. O

Lemma 12 There exists a k.q € (0, k3) such that

supIE{g,,(@, -)2} < 00

n>1
forevery 8 € Cy(keq).
Remark 13 Lemma 12 is proved in Sect. 3.

Lemma 14 For every 6 € Cy(k.q),

IP’{a): lim g,(0, w) =0} <1 2.7
n— oo

@ Springer



472 A. Yilmaz

Proof Takeany 6 € C,(key). Notethat (g, (0, -)),>1 is uniformly integrable by Lemma
12. If g, (@, -) were to converge P-a.s. to 0 as n — o0, then lim,,—, o0 E{g,(0, )} =0
would hold. However, this would contradict Lemma 11. O

Lemma 15 Forevery 0 € RY, € > 0 and P-a.e. w,

lim E [exp {(6, Xp,) — (Aq(0) + ) Ha}] = 0.

Proof Foreveryn > 1,60 € RY, ¢ > 0 and P-a.e. w,
E? [exp{(0, Xp,) — (Aq(0) + €)Hy}]
o0
= Z E? [exp{(6, Xn,) — (Aq(0) + ) H,}, Hy = i]
O:On o ) ) o .
< ZE;” [exp { (0., Xi) — (A4(0) + ©)i}] = Zeo(l)—et < Ze—e:/z
i=n i=n i=n

when n is sufficiently large. Therefore,

-1
lim sup EZ [exp {(6, Xp,) —(Aq () + €)Hy }] < limsupe /2 (1—e‘6/2) =0.
n—oo

n—oo

Lemma 16 A, (0) = A,(0) for every 6 € Cy(keq).

Proof For every 6 € R?, it follows from Jensen’s inequality and the bounded conver-
gence theorem that

.1 o1
Ay(0) =]E[n1g20,—llogE;° [exp{(@,Xn)}]] ZHIL“SO ;E{log E? [exp{(0. Xa)}]}

< lim llog E, [exp{(@, X,,)}] = Ay(0).

n—oo n

Let us now establish the reverse inequality. For every 6 € C,(k.q) and € > 0,

P{w  1im_EY [exp {(6, Xp,) = Aa(0) H}] =0} <1 and

P {a) lim EZ [exp {(0, Xu,) — (Ag(0) + ) Hy}] = 0} =1

by Lemmas 14 and 15, respectively. Therefore, A, (0) + € > A,(0). Since € > 0 is
arbitrary, we conclude that A, (0) > A, (0) for every 0 € Cy(keq). O
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Equality of averaged and quenched large deviations for RWRE 473

2.4 Equality of the rate functions

Since Ay = Ay on Cy(key), it will follow from convex duality that 1, (§) = 1,(&) for
every £ € D that defines a supporting hyperplane of A, at some 6 € C,(k.4). In order
to show that the set of such £ satisfies the properties stated in Theorem 5, we need two
preliminary lemmas.

Lemma 17 Assume that the walk is nestling. Define
Chlkeq) = {0 € 3Calkeq) : 10] < Keq) - (2.8)

(@) If10] < Keq, then 6 & Cq(keq) if and only if E, [ exp{(6, X+,)}| B = oo] < 1.
(b) If 10| < ke, then 8 € Cl(keq) if and only if E, [exp{(0, X+,)}| B = 00| = 1.

Proof This is Lemma 13 of [21]. O

Lemma 18 A, is analytic on Cq(keq). Its gradient V A, extends smoothly to Cy(keq),
the closure of Cy(k.q). Moreover, the extension of the Hessian H, of A, is positive
definite on Cq(kegq).

Proof This follows immediately from the proof of Lemma 6 of [21]. O

Proof of Theorem 5 (a) The non-nestling case: Recall that A, is analytic on Cy (keq).
Define Aoy := {VA4(0) : 0 € Calkeq)}. VA4 : Calkeg) — Aeq is invertible
since the Hessian H,, of A, is positive definite on C, («.4). The inverse, denoted
by Iy : Aeqg — Calkeq), is analytic by the inverse function theorem (cf. Theorem
6.1.2 of [11]), and A, is open.

For every & € Ay,

1a(§) = sup {{(0,8) — Au(0)} = (Ta(8),§) — Aa(Ta(§)). 2.9

feRd

Thus, I, is analytic on A,,. Differentiating (2.9) twice with respect to & shows
that the Hessian of 1, at & is equal to H, (T (S))’l, a positive definite matrix.
Therefore, I, is strictly convex on A, .

It is shown in [19] that &, = (EO [Xn ’ B = oo])/(E(, [T1] B = o0]). Since 0 €
Ca(keq), it follows that £, = VA, (0) € Agy.

Ay = Ag on Cy(keq) by Lemma 16. For every &€ € Ay,

Iy(§) = sup {(0,€) — Ag(®)} = (Ta(§), §) — Aa(Ta(§)) = La(5).

feRd

(b) The nestling case: Recall that VA, extends smoothly to C,(ke,). Refer to
the extension by VA,. Define AL, = {VAu0) : 0 € Caliceq)} and .A?q =
{VAL(0): 0 € Chkeg)} with CE(key) as in (2.8). Note that 0 € Cl(keq) C
9Cq(keq) by Lemma 17, and &, = VA,(0) € AL, C dA],.
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474 A. Yilmaz

Similar to the non-nestling case, I, is strictly convex and analytic on .qu which
is an open set, and I, (§) = I,(§) for every & € A;Lq. Moreover, .A’e’q isa(d—1)-
dimensional smooth surface patch and item (iii) is satisfied. (The latter facts follow
from part (d) of Theorem 3 since Aqu - AZ ,cf. [21].)

It remains to show that I, (t§) = t1,(§) = t1,(§) = 1,(¢t§) for every & € qu and
t € [0, 1]. The rest of this proof focuses on this statement.

For every & € AP there exists a 6 € ij (keq) such that § = VA, ) and

eq’
E, [ (X, e1) exp{(0. X7,)}| B = o0]

, = V_Aa9 s =
(&,e1) = ¢ ©), e1) Eo[tl exp{(Q,Xn)”ﬂ:OO]

> 0. (2.10)

Suppose £ = VA, (0') for some 0’ € C(l; (keq) such that 6 7 6. Then, for every
t € (0, 1), & defines a supporting hyperplane of A, at 8, := 16 + (1 — 1)8’. Recall
Lemma 17. E,[exp{(6;, Xfl)}| B = oo] < 1 by Jensen’s inequality, and 6 is an inte-
rior point of C, (keq)¢. Therefore, VA, (6;) = 0 since A, is identically equal to zero
on {6 : 0] < Keq} \ Ca(keq). However, this contradicts (2.10). We conclude that there
exists a unique 0 € ij (keq) such that & = VA, (6). Denote the inverse of VA, by T,.

For every £ € .qu and t € [0, 1], 36, € Cy(key) such that 6, — T, (&) and
&y = VA4(0,) — & asn — oo. Note that A,(T,(&)) = 0 since T,(&) € C2(keq).
By the continuity of 7, and A,

La(§)= lim I,(§,)= lim {0y, &) —Aa(On) = (Ta(§), &)= Aa(Ta(§))=(T(§), 8 and

o0

I, (t§) = sup {(6,15) — Aa(0)} = (Ta(§), 18) — Aa(Ta(§)) = 1(Ta(§), ) = 11a(5).

feRd

Conversely, 1,(t&) < tl,(§) + (1 —1)1,(0) = t1,(§) by Jensen’s inequality (and the
fact that 1,(0) = 0, cf. Theorem 3). Hence, I,(t&) = t1,(§).

The continuity of the rate functions implies that I, = I, on .Ale’q. Recall that
1,(0) = 0, cf. Theorem 3. Since the averaged rate function is always less than or equal
to the quenched rate function, we conclude that

1,(t8) = t1y(§) + (1 — 1)1 (0) = t1,(§) = t1a(§) = [, (t§) = 14 (1§).
O
Remark 19 The argument above, due to its structure, not only proves Theorem 5, but
also reproduces some of the proofs of the statements in Theorem 3 that are given in

[21]. Moreover, it provides a new and concise proof of item (v) of part (d) of Theorem 3
which is originally obtained in [12].

3 The L2 estimate

In our proof of Theorem 5 given in Sect. 2, we assumed Lemma 12. In this section, we
will verify this assumption. The following fact will play a central role in our argument:
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Equality of averaged and quenched large deviations for RWRE 475

if the dimension is at least four, then, with positive averaged probability, the paths of
two independent ballistic walks in the same environment do not intersect.

3.1 Some preliminaries regarding two walks

Assume d > 4, (1.1), (1.4) and (T, &) for some & € S9!, Also, like in Sects. 2.3 and
2.4, assume WLOG that (£,, e1) > 0.

Foreveryxandx € 74, consider two independent walks X = X (x) := (X;);>0and
X=X () = (X' /) j>0 starting at z and Z in the same environment. Denote their joint
quenched law and joint averaged law by P“C = PYx P2 and P, ;() := ]E{Pw )}
As usual, E? - and E, ; refer to expectatlons under P“’~ and P, ;, respectlvely

Clearly, PL # # Py x Pz. On the other hand, the two walks don’t know that they
are in the same environment unless their paths intersect. In particular, for any event A
involving X and X R

Py (AN {v) = 00}) = Ppx Pr(AN{v = oo}) (3.1

where
vi:=inf{m € Z : X; = )~(j forsomei >0, j >0, and (X;, e1) =m}. (3.2)
Similar to the random times (Tp)m>1 = (tTm(€1)m>1, (Hp)n=0 = (Hp(e1))n>0
and 8 = ﬂ(el) defined in (1. 2) and (2.1) for X, consider (T,)m>1 = (Tm(e1))m=>1,

(H, In>0 = (H, (e1))n=0 and B = B(ey) for X. In our proof of Lemma 12, we will
make use of the joint regeneration levels of X and X, which are elements of

={n>0:(X;,e1) >nand (X;,el) > n foreveryi > H, and j > I:In}.
This random set has been previously introduced and studied by Rassoul-Agha and

Seppildinen [14] Note that if the starting points x and z are both in V; :=
{Z eZ%: (z,e1) _O} then

0el < B=f=00 < [ :=inf L =0.

Let V!, := V4 \ {0}. As mentioned in the opening paragraph of this section, the
following lemma is central to our proof of Lemma 12.

Lemma 20 (Berger and Zeitouni [2], Proposition 3.4)

mf P, (l1 =0) > mf P, (vi = 00,11 =0) > 0.

Zed ZEd

The proof of Lemma 20 is based on certain Green’s function estimates which fail to
hold unless d > 4.
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3.2 A renewal argument
Foreveryn > 1,60 € Cy(k3),z € Vg and w € €,

gn(0, @) =E2 [exp{(6, Xu,) — Aa(®)H,}, Hy =7 forsomek > 1, =00] and
900, Tow) = Eg™ [exp ({6, Xu,) — Aa(0)H,} . Hy = w forsome k=1, = o]
= e “UEY [exp{(6, Xn,) — Au(®)H,}, Hy = 7 for some k = 1, 8 = o0].

Thus,

Gnz(0):=E{ga(0, Vg0, T-)} =~ "I E, . [f(e, n.X.X.nel.l :0] where
fO,n, X, X) :=exp{(6, Xp,) — Aa(0) Hy } exp{(6, X ;5 ) — Aa(0) H}.
Our aim is to show that (Gn,o (6))nZ , is bounded. We start the argument by considering

arelated family of functions (Fn, 1(6’))n>1 eV where
ZhzeVy

Fn,Z(G) = e_<0!Z>E0,Z I:f(ev na Xa X)a ne ‘Ea X[—]" ;é Xﬁn’ll == 0] .

Recall (3.2). It follows from the definitions and the regeneration structure that
n
Foz@) =Y > e “IE,, [f(e, n, X, X), k=inf{l € L:1>v1, Xy #X ),
k=1zeV),
Xﬁk — XH, =7, n EE,XH,, #Xﬁn‘ll :0]

+e I, [ FO.n X, X).n < vin € £,Xn, # Xy |1 =0]

n
=3 > o, [f(e, kX, X),k=inf{l € £:1> v, Xp, # X ).
k=1z'eV),

X5 — Xn =7|n =0]

e E, [f(@, n—k X X).n—kel Xp_, #Xg

11=0]

+e I, [ fO.n X, R).n < viin € £,Xn, # Xy |1 =0].

—k

Therefore,

n
Foo® <> e OIE, [f(e, k, X, X)k=inf{l € £ :1>v, Xp, ;é)?gl}‘ I :0]
k=1
X sup Fy_g (0)
eV,

+ei<9’z>EU»Z [f(@,n,X, X)vn S Vi, n € C’ XH" 7& Xﬁﬂ‘ll - 0] ’
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In other words,

n
Fu2(0) <D Bi2(0) sup Fy_t2(0) + Cy - (0)
k=1 Zevy

where

Bi.(0):=e YYE, . [f(@, k, X, X), k=inf{l € L :1>v, Xp, ;e)},;[}

I =0] and

CH,Z(Q) = e_<01Z>E(},Z I:f(ev n’ X? X)’ n S Vl’ ne ‘C’ XHn 75 iﬁn‘ll = O:I .

Lemma 21 There exists a k.4 € (0, k3) such that
o
(a) C@) :=supsup Cy;(f) <oo and (b) B(B):= sup ZBk,z(G) <1
n>1 ZGV; ZGV; k=1

forevery 6 € Cy(keq).
Remark 22 Lemma 21 is proved in Sect. 3.3.

Lemma 23 For every 6 € Cy(keq),

sup sup Fy (0) < oo.
nzlzeV)

Proof Foreveryn > 1, N >nandz e V/,

n
Fpo(0) <D Biz(0) sup Fyt2(0) + Co2(0)
k=1 Zevy

=< (Z Bk,z(e)) sup sup Fm,z’(e) + Cn,z(e)

k=1 m=<N Z’EV;,
< B(0) sup sup Fy »(0)+ C(6).
m=<N z/eV),

Therefore,

sup sup Fy .(0) < B(6) sup sup F, .(0) + C(9).
n=N zeV) n=<N zeV),

Finally, by Lemma 21,

sup sup F, .(8) < C©®) (1 - B®) " < 0.

nzlzeV,

O
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Proof of Lemma 12 Foreveryn > 1,6 € Cq(k.q) and z € v,

Fuite®) = e VB, [ fOn+1,X. %) n+1 € L, Xp,., # Xj |

i =0]
Z e_<0’Z)E0,Z I:f(esn+ 17 X? )’Z)vn S Ev

Xu, =Xg.n+1€L, Xp,, # 5(;,”“

I = o]
—e 09, [f(@, nX,X),nel, Xy = 5(,;,”(11 = 0]

XEoo [ £61,X, %), 1€ £, Xp, # X |11 =0].

Therefore,

Gue®)
Po,z(ll = 0)

= "VE, [ fO.n X, 0,0 e £, Xn, =Xy |11 =0]

F 2 (0)

~ ~ —1
< Epo £O0.1.X. 50,1 € £, Xp # X |1 =0] Fur20). 33)

By the uniform ellipticity assumption (1.1), Lemma 20, and part (a) of Lemma 6,
the first term in (3.3) is bounded from above. This, in combination with Lemma 23,
implies that

sup sup G, ;(0) < oco.

nzlzeV),
Foreveryz € UNVy,

9n (0. Tow) = e~ I EL[exp{(0., Xu,) — Aa(0)Hy} , Hy =Ty for some k> 1, f=od]
>e "I EL[exp{(0, X1,) — Aa(0) Hy} , Hy =1, for some k> 1, X1 =0, f=0d]
> (Se_w’?’)_A“(Q)E;"[exp{(O, Xp,)—Aa(0)H,} , Hy =7 for some k> 1, f=00]
=802 O g (9, w) > se 1 g, (6, w).

Hence,

supE{g, (9. %} <871¢™s sup sup Elg, (¢, )9, 0. T:-)

n>1 nzlzeV),

= 8 'eXe sup sup G,..(0) < oo.
nzlzeV),
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3.3 Proof of Lemma 21

Let us start by proving the easy part.

Proof of part (a) of Lemma 21 For every n > 1,6 € Cq(k3) and z € V/,,

e—(0.2) B )
Cn,z(@) = mEo,z I:f(e,l’l, X, X),n<vi,neLl,p=00,B8= OO]
e—(0.2) _ ) i
——F,; 0,n, X, X), {X;i:0<i<H,}N{X;:0<j<H,})=0,
N Po,z(ll =0) oz [f( " )- X <i < H}n{ J =J< n} @
'8 = Hn’ B > I:In]
e—(0:2) B i )
= —E,xE O,n, X, X),{Xi:0<i<H,}JN{X;:0 ; =9,
Po,z(ll:O) o Z|:f( o ) { t =i< "} { J §]<Hn} [%)
:6 = an,g > gn:l (34)
e—(0.2) B o
—————E,xE; X, X H H
= Po,z(l] =0) 0x Lz |:f(9,l’l, X, B = HVﬁ > n]
! 2
=5 gk 0,Xn,) — Aa(O)H, H1T. _
By =0y Lo [0 Xoa) = Aa@) i} = 1] (3.5)

Here, (3.4) is similar to (3.1). Both facts follow from a standard coupling argument
(cf. [2], Proposition 3.7.) Note that

E, [exp {(6’ XH,1> - Aa(e)Hn} B> Hn]

_ B(f=00) B

= Pp = oo Lo [0 {0 X)) — Au@ ) B = 1]
B —— 0.Xy)— Ag(0)H,}. B> H
= B o0 Lo [0 (6. Xu) = M@ Ha} . p = Hy]

X Py({X;, e1) = n forevery i > H,)

:%EO [exp{(@, XHn)—Aa(G)Hn} , H, =1 forsome k > 1, ,3:00]
= E{gn (0, )}/ Po(B = 00).

Therefore, (3.5), Lemma 11 and Lemma 20 imply that

2
sup sup Cy ;(6) < Py(B = 00) "% sup P, (I =0)"" (supE{gnw, -)}) < oo.

nzlzeV) zeV), n>1

O
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The proof of part (b) of Lemma 21 is more technical. At6 = 0,

o0
B(0) = sup D Bi:(0)
2€Vy k=1

o0
sup > P, (k —infll e £:1> v, Xp # Xﬁ]}(zl - 0)
2€Vy k=1

=sup Po;(vi <oollj=0)=1-— ieng/ P, (vi=o00|l1 =0) <1 (3.6)
€V

!
zeV),

by Lemma 20. For every 6 € C,(k3) and z € V/,,
o o0 o0
> Bi:®0) =D B0+ D (Bi:(0) — Bio(0)) and
k=1 k=1 k=1

B(©) = sup > Bi:(6) < sup > Bio(0)+ > sup (Bi:(6) — B.-(0))

!

€V k=1 2eVy k=1 k=12€Vy

= B(0) + Z sup (By;(8) — Bi.(0)). (3.7)
k=12€Vy

The next three lemmas control the sum in (3.7).

Lemma 24 For every k > 1 and € > 0, there exists a k4 = k4(k, €) € (0, k3) such
that

sup  sup (Br:(0) — B-(0)) <e. (3.8)
zeV:l 0eCq(ky)

Proof Forevery k > 1,0 € C,(k3) and z € V/,,

Bio(0) = Bro(0) = Eoc [ "9 £(0. k. X, ) — 1,

k=inf{l € £:1> v, Xp, #Xﬁ,}‘ll :o]
. 2 1/2
< Pocli =0)""Eo.: [(e‘<9’z>f(0, kX %) - 1) }
172

Py (k —inf{le £:1> v, Xp # ;zﬁ]})

1,2
<P,.(l1=0""E [E(‘j’xE,,TZw [(f(e, kX, X) — 1)2“

1/2
< 5 b4
x| Poz| sup |Xi|2u + P, | sup ‘Xj—zlzu
1=i<H 2 1<j< Ay 2
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< Py.(l; =0)"! (E {Eg) x EJ¢ [f(e, kX, 5()2]} i 1)1/2

12
xﬁpo( sup |X;| > %)

1<i<H

< Poo(lh =0 (E, [exp {40, Xn,) — 4Ma(0)Hi }] +1)'?
1/2
x2P, | sup |Xi| > RN (3.9)
l<i<t 2

For every € > 0, it follows from (3.9), Corollary 9 and Lemma 20 that there exists an
N > 1 such that

sup  sup (Bk,z(e) — Bk,z(O)) < e. (3.10)
ze V), 0€Cq(i3/4)
|zl > N

Note that 0 — f (0, k, X, f() is continuous. Hence, for every k > 1 and z € V/,,
the map 6 +— By (6) is continuous at O by Schwarz’s inequality, Corollary 9 and
the dominated convergence theorem. Consequently, there exists a k4 € (0, k3/4) such
that

sup  sup |By:(0) — Bi . (0)| <e. (3.11)
zeV;, 0eCy(ks)
lzZl =N

Clearly, (3.10) and (3.11) imply (3.8). O

Lemma 25 There exists a ks € (0, k3) such that

8]

Z sup sup B (0) < oo.
k=1 2€V/, 0€Cq(k5)

Proof Foreveryk > 1,k € (0,«3),0 € Cy(k) and z € V/,,

By - (0) = e*(G‘z)EU,z [f(@,k, X, X),k=inf{l e £L:1> vy, Xp # Xﬁ[}’ll = 0]

k—1
=2 > e IE, [ Ok XK, j=supll € L1 v} Ry — Xu, =2,
Jj=0z7ev,

k=inf{l € £L:1> vy, Xpg, ;ﬁf(;,]}

I :0]

k—1
=D e B, [ 105X %) je £oj v Ry - Xu, =2|h =0]
Jj=027'eVy
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xe " E, [ fO.k - j X, %),

k—j:inf{leE:I>O,XH1;éf(gl},k—j>v1‘11:0}

k—1
= VB [£60.0, X5, j e £] v Ky = Xy = 2|l = 0] e .0 ©)
Jj=0z7ev,
k—1
<> sup e @IE,, [f(e,j, X.X),jeLl,j<v. Xy — Xy, = z/\z. = o]
i=07'€Va !
X > hyj(0) (3.12)
7’eVy

where, for every i > 1,

hiw(©)=e"OE, [f(e, i X, X)i=inf(l € L1150, Xp #X ),

i>u1)zl = o] . (3.13)
For every 7’ € Vy,

e OIE, [f(e, LXK el jsw Ry — Xy =20 = 0]
<e 0AE, [f(e,j, X X) (X :0<n<H}N(Kp:0<m<H}=0,
Xpg, —Xu, =2 B=Hj. p> Hi]
— e 0DE < E, [f(@,j, X, %) (X, :0<n<H}N{(Xp:0<m<H} =0,
Xj = Xu, =2.p=Hj =]
<e 0IE X E. [f(e, S X %), Xy~ Xy =7 B = Hy B = Hj]
— E,xE, [f(@,j,X,f(),f(Ef — Xy, =7 -z 8> H;, B> Hj

J
_ P,xPy(j €L)
- Poxpo(ll =O)

onEo[f(e,j,X,f(),j €L Xy — Xy, =z/—z‘ll :0]

EoxEo[£©.1.X. %), Ry = X, =2 = 2.8 = Hy, B = 1))

J

= Afx Af (Hn,m such that (Y,,e;) = jand ¥, — ¥, =7/ — z) (3.14)

where (¥,),>0 and (?m)mzo denote two independent random walks on 74, both with
transition kernel q9 (y)yezd given in (2.5).
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Let u = n(@) := Ef[(Yl, e1)]. For every j > 1, (3.14) is equal to

Z PY (3n such that ¥, = z) P? (Elm such that Y, = z + 7/ —z)
(z.e1)=j
o B < - )
< sup P)(3nsuchthat, =x) Z P, (Elm suchthatY, =2 +z — z)
fren= (r.er)=j
= sup Z 13(? Y, = x) 13(? (Elm such that (Y,,, e1) = j)

(z.e1)=J n>1

< sup .Zﬁf(Ynzx)

(z,e1)=] n>1
= sup Z f’f(Yn:x) + Z ﬁge(Yn:.T)
@en)=i \|n—j/ul<yiTi In—j/nl>/iTn
< S(e)j—(d—l)/Z. (3.15)

Here, (3.15) follows from (2.6) and the local CLT. S(@) depends on the mean and
covariance of (qg(y))yezd. In particular, supycc, ;) S() < oo.
Putting (3.12), (3.14) and (3.15) together, we see that

k—1

su S
sup sup B (0) < - PocCyt) S(©) Zmax(l, j)_(d_l)/2
eV, 0€Ca () inf ey, Poz(lh =0) 7=
X Z sup hy_j (@) and
JeV, 0eCy (k)
ad sup NG ad
sup sup Bk,z(e) < - 960{1(’() 1+Zj—(d—l)/2
k=1 2€V/, 0€Ca () mfzeV’d Po,- (1 = 0) =
o0
x> sup by (0).
i=17eVy, 0eCy ()
The desired result follows from Lemma 20 and Lemma 26 (stated below.) m]

Lemma 26 Recall (3.13). There exists a k5 € (0, k3) such that

Z Z sup h;;(0) < oo.

i=1zeVy 0€Calks)

Remark 27 Lemma 26 is proved in Sect. 3.4.

Finally, we are ready to give the
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Proof of part (b) of Lemma 21 Lete := 1—B(0). Notethate > 0by (3.6). Lemma 25
implies that

oo oo

sup sup (Bk,z(Q) — Bk,Z(O)) < Z sup sup By (0) <€/2
k=N+12€V; 0€Calks) k=N+12€V; 0€Calks)

for some x5 € (0,k3) and N > 1. Also, for every k > 1, there exists a k4 =
ka(k,€/2N) € (0, k3) such that

sup sup (Bk,Z(O) — Bk,Z(O)) < €/2N
2€V/, 0€Calks)

by Lemma 24.

Let kpq := min (x5, ka(1, €/2N), k4(2,€/2N), ..., k4a(N, €/2N)). Recall (3.7).
For every 6 € Cq(keq),

B(®) < B(0)+ D _ sup (Br.(6) — Bi:(0))

k=12€VY)
N 00
=1—ec+ > sup (Brz(0) — Be:(0) + > sup (By:(0) — Bz (0)
k=1 ZGVQ k=N+1 ZEVQ

<1—€e+N(/2N)+¢€/2=1.

3.4 Tail estimates for joint regenerations

Recall that our proof of Theorem 5 given in Sect. 2 relies on Lemma 12 which, in
turn, is proved in Sect. 3.2 assuming Lemma 21. In Sect. 3.3, the latter assumption is
verified using yet another result, namely Lemma 26. Therefore, in order to complete
the proof of Theorem 5, we need to prove Lemma 26.

Foreveryi > 1,60 € C,(«x3) and z € V, it follows from Holder’s inequality that

e_(e’z> . oy . . <
ie0) = g o [£6.i. %, %0, i=infll € £:1>0, Xp, £ X ),

> vl,ﬂ:oo,B:oo]

1/4

IA

E,: [exp{4(0, Xn,) — 4A.(0)H;}, B = 0]
~ ~ - 1/4

x e "E, [exp(4(6. X ) — 40, 0) ;). f = 0]

X Py (11 =0)""

S & 174 . 1/4
X Po (i =infll € £:1>0, Xp # Xl li =0) " Poc(i > w)
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= E, [exp {4(0, Xp,) — 4A,O)H;} . p = 00]'"?

1 - 1/4
X Pyl =071 P, (i —inf(le£:1>0.Xp # X0 = 0)
X Py, (i > )74, (3.16)

The next four lemmas control the terms in (3.16).

Lemma 28 There exists an a; < oo such that
E,[exp {4(6, Xp,) — 4A4(0)H; }| B = oo] < eIl

foreveryi > 1and 0 € Cy(k3/4).

Proof Recall k3 from Corollary 9.

(a) The non-nestling case: For every i > 1 and 0 € C,(x3/4),

E,[exp{4(0, Xp,) — 4A.(0)H; }| B = o0]
< E, [exp{(4]6] +4|A.(0))H;}| B = 0]

< E, [exp {81015} B = o0] = E, [exp (810|171 }| B = o0]'

<E, [eXp {2i371}| B = 00]4\9\i/l<3

by Jensen’s inequality. Since a; := log E, [exp {2k311}| B = 00]4/K3

Corollary 9, we are done.
(b) The nestling case: For every i > 1 and 0 € C,(k3/4),

< oo by

E,[exp{4(0, Xp,) — 4Aa(0)H; }| B = 00| < E, [exp {416]| X 1|} B = 0]
i—1i—1

= > > E,[exp{410] |Xn,

j=0k=j
i—1i—1

<> >E, [exp {4161] X+,

j=0k=j
x E, [exp {4101 | X b,

bt < Hi <141, (X0 e1) = k| B = o]

},‘L’jZHk‘ﬂZOO]

}oHi g <1| B=o0]

i—1
< ZE [exp {410]|X<;|}| B = o0] E, [1 sup exp {4[6] X[}

=n=t

j+1
p= oo}

-

I=<n<t

i
< ZEO |: sup exp {40 X}
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=

1<n<t

SiEo|: sup exp {40 | X[}

4101i /x3
<iE,| sup exp{k3|Xp|}|p =00 .
1<n<t
Since ay := log E, [ sup;—, <, exp {«3 | X,[}| B = 00]4/K3 < oo by Corollary 9, we
are done. O

Lemma 29 For every p > 1, there exists an A1 = A1(p) < oo such that
Py, (i > v1) < Api? max(1, |z|)7?

foreveryi > 1andz € V.

Proof Foreveryi > 1,z € V), and p > 1,

Poci>v) = P ((Xa:0=n =)0 {Xui0=m <) £0)

] .zl |z]
SPo,z<fi27 + P, ; TiZ? =2P, Ti_7

P
<2 (—) E,[tf] =22/ PE, [{ri + -+ (m — 1)) ]

< 2P PP E [tf 4 4 (= T
= 2P 2| 7Pt (Ey [t ] + (i = DE, [1]] B = o0])

<2771 P,(B = 00) ' E, [ iP)2] 77

by Holder’s inequality. Since A;(p) := 2P P, (8 = 00)'E, [1{"] < oo by Corol-
lary 9, we are done. O

N
Lemma 30 sup_y, E, [e“3l

L:1>0}

I = O] < oo for some az > 0, where ™ := inf{l €

Proof For every nearest-neighbor path (z;);>0 on 74, define

B’ ((xi)i=0) == inf{i = 1: (x;,e1) < (o, €1)} and
M((xi)i=0) = sup{{zi, e1) : 0 < i < B'((xi)i=0)}-

In particular, 8/(X) = B and B/ (X) = B for X = (X4),=0 and X = (X,»)m=0. Define
A= A(X, X) = (M(X) AM(}?)) +1, A =1 and

)"j+1 = A ((Xn)nZH)Lj ’ (}?m)m>l-1k.)
-7
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for every j > 1. Itis easy to see that /™ := sup{); : 1; < oo} when X, € V,; and
X, e Vy.
For every z € Vg,

E, . [e9" 2 < 0] < E, . [eK3(M(X)+]), B < oo] +E,; [e’“(M(;()“),B < oo]

=2E, [eK3(M(X)+1), B < oo] <2E, |: sup e31Xnl B < oo:| .

1<n<t

By Holder’s inequality,

E, . [e“)‘, A< oo] <E,; [e"3’\, A< oo]a/K3 Py (A < oo)l7a4/ks

a/ks
<|2E,| sup es¥n! (1= P, = 0)' "
1<n<t

for every a € (0, k3). Therefore, it follows from Corollary 9 and Lemma 20 that
as/k3
sup Eg’z [e"’}k7 A< Oo] < 2E0 sup eK3|X,,\
ZEVd lfnfrl

1—a3z/x3
X (1 — inf P, (1 = 0)) <1 (3.17)

ZEVd

for some a3 € (0, «3).
For every j > 2,

azh; azhj v !
E,; [e 3 A< oo] = E E, |:C 3 I’Xl:lkj,l_ Xij,l =z,Aj < oo:|
Z/EVd
— azhj—1 4 . Y- —
- Z Eo.: |:e 77 Aj—1 < 00, XH-A/;l XHAj,l _Zi|
Z/EVd

X E,p [e4*, 1 < 0]
< E, . [e®"1,0j_1 < 00] sup E, [P A < oo].
z’eVd
By induction,
j—1
sup Eo, - [eaﬂj, Aj < OO] < e‘”(sup E,. [e‘”}‘, A< oo]) )

zeVy z2eVy
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Therefore,
o o0
sup E, ., [e‘”ﬁ] < Z sup E, ., [e“3l+, It = )Lj] < Z sup E, . [eB", 1 < 00|
zeVy j=12€Va j=12€Va
[e9) j—1
< 26“3 (sup E,. [6“3}‘, A< oo])
j=1 zeVy

—1
=eb (1 — sup E,; [e‘”)‘, A< oo]) < 00

ZEVd

by (3.17). This implies the desired result since inf ¢y, P, (I = 0) > 0 by Lemma
20. O

Lemma 31 There exist ay > 0 and Ay < 00 such that P, (I* =il|l = 0) <
Are™ ! foreveryi > 1and z € Vg, where I* :=inf{l e L:1 > 0, Xp, # Xgl}.

Proof Fix a3 as in Lemma 30. Define vfr = inf{m > 0 : X; = f(j for some
i >0,j >0, and (X;, e;) = m}. For every z € V; and a € (0, az), by Holder’s
inequality,

aja —
EO,Z[e“1+,vr<oo‘11:0] < EO,Z[e’”lJr 11:0] ? P, (v?'<c><>|11:O)1 /% and

ajasz
sup E, ; [e“ﬁ, v < oo‘ll = O] < (sup E,; [e‘”ﬁ‘ll = 0])

zeVy z€Vy

l—a/az
x(sup Po,z(vf<oo]h:0)) :

Z EVd

Itis an easy consequence of (1.1) and Lemma 20 that sup, oy, Py, (vr< oo| L= 0) <1
Hence,

N
sup E, ; [e“zl ,v?‘ < oo’ll = 0] <1
zeVy

for some a; € (0, a3).
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It follows from the regeneration structure that

E,. [eazl*’ll _ 0] — E,, CQZI*,I+ < [*

I :0]

I =o]

I = 0] +E,. [e“Z’*, =
=FE,; eazﬁ’ XH1+ — XI:IH. ‘ I = 0] Eoo I:eazl*
I = 0]

+E0,Z I:eazlJr’ l+ =[*
< E,.[em" vF < oo‘ll - o] Eoo [e“ﬂ*’ll _ 0]

VE,. [e“2l+ ’ I = 0] :
Therefore,

sup Eo,z[eazl*‘ L= 0] < sup Ea,z[eazﬁ, vfr < oo‘ I = O]

zeVy zeVy

X sup Eoyz[eazl*‘ I = 0] + sup Eoyz[eazﬁ‘ll = O]

zeVy zeVy

and

—1
Ay = sup E, [e“zl*’ll = O] < (1 — sup E, ; [e“zl+, vf' < oo‘ll = 0])

zeVy zeVy

+
x sup E, ; [e“zl ’11 = O] < 0.
ZEVd

Finally, for everyi > 1 and z € V,
Poc (I =il =0) = B, [ 1y = 0]e ' < ape !

by Chebyshev’s inequality. O

Proof of Lemma 26 Recall (3.16). For every k5 € (0, x3/4) and p > 1, Lemmas 28,
29 and 31 imply that

o0

> D sup hi(6)

i=1 zeV, 0€Ca(ks)

o

<S> sup E,[exp{4(6. Xu,) — 40, O)H;} . p = 00]'?
i=1zeVy, 0eCal(ks)
X Py (I =0)"

. 1/4
Py (i —inf{l € £:1>0, Xy # Xy}l = 0)

X P, (i > v)'/4
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- N1/2 1/

=22 sw ie‘”'e") Py (1] = 0)7! (Aze*azz)
i=1zeVy 0€Cq(s)
X (Alip max(1, |Z|)*p)1/4

(A1A2)1/4 00 . .

= oF T le/z+p/4 exp{(aiks — az)i/4}
mlzev, o,z( 1=0) P
< |1+ Dl Gis)

for

U
zeV),

some a; < 00, ay > 0, A] < oo and Ay < oo. Clearly, (3.18) is finite when

p > 4d and ks € (0, ax/2ay). O
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