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Abstract The focus of this article is on the different behavior of large deviations of
random functionals associated with the parabolic Anderson model above the mean ver-
sus large deviations below the mean. The functionals we treat are the solution u(x, t)
to the spatially discrete parabolic Anderson model and a functional A, which is used
in analyzing the a.s. Lyapunov exponent for u(x, ¢). Both satisfy a “law of large num-
bers”, with lim;_, % logu(x,t) = A(k) and lim,— oo % = «. We then think of an
and A (k)¢ as being the mean of the respective quantities A, and log u(z, x). Typically,
the large deviations for such functionals exhibits a strong asymmetry; large deviations
above the mean take on a different order of magnitude from large deviations below

the mean. We develop robust techniques to quantify and explain the differences.
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350 M. Cranston et al.

0 Introduction

The parabolic Anderson model has long been of interest to physicists and mathe-
maticians. It presents a physically relevant model for real world phenomena such as
transport of electrons in crystals with impurities and the temperature on the surface
of the sun to name just a couple of examples, see [3] and [14]. On the other hand, its
analysis has provided mathematical challenges. Thus studying the behavior of solu-
tions to the parabolic Anderson equation is both physically relevant and often requires
a variety of new mathematical ideas. In this paper, we apply techniques developed by
the authors in [1] to deal with large deviations for point to point first passage perco-
lation. We now describe the model treated in this paper. Introduce, on a probability
space (2, F, P), afield {W, : x € Zd} of i.i.d. one-dimensional Brownian motions.
Let A denote the discrete Laplacian and let « be a positive constant. Then consider
the behavior of the solution to

9
a—':(x,t) = Kk Au(x, 1) +ulx, NOW,, xeZ¢ 1>0, 0
u(x,0) =1,

where d denotes the Stratonovich differential. The solution u(x, t) (with the stochastic
integrals appropriately interpreted) has the Feynman Kac representation:

u(x,t) = E; [efédWX(t—s)(S):I

where {X (s), s > 0, Py} is the continuous time pure jump Markov process on Z¢ with
infinitesimal generator k A, independent of {W, : x € Zd}, see e.g. [3]. It is known
that the (random in {W, : x € Zd}) solution satisfies

li

—00

im w =MAk) >0, Pa.s.,
for nonrandom A(«x), see [2,4,9,15] and [17] for more details. This raises the question
of the large deviations regimes for these solutions: for € > 0, how rapidly do the
probabilities of events P(w > A(k) + €) and P(w < Ak) — €) tend
to zero as ¢ tends to infinity? Similar questions for other models were considered in
[6,8] and [12].

In [4], it was shown that for some c(¢) > 0,

p (10g u(x,t)
t

> Alk) + e) <e O a5t — oo,

but the probabilities of small values of u(x, r) were not considered. We remark here
that the random variables {u(x, t), x € Zd} are identically distributed due to the fact
that the field {W, : x € Z%} is iid, but these random variables are correlated. Also,
the above result and all results in this article for the solution to (1) remain true if the
initial condition is replaced by a nontrivial positive function.
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On large deviations for the parabolic Anderson model 351

A closely related question (see [2] or [4]) concerns an additive functional associ-
ated to the Brownian field {W, : x € Z} on (Q, F, P) which we now more cleary
define. Throughout most of this paper (the exception being the remark following the
theorems in this section), we shall consider the space of right continuous, left limit
paths which have only jumps of size one. Define, for 0 < a < bhand A, B C Z% and
k€ Zy ={m e Z:m > 0}, the subspace of this space of paths defined by

Fapi(A, B) = {V tla,bl > Z%: y(a) € A, y(b) € B, N(y,[a, b]) = k} (@)

where N (y, [a, b]) is the number of jumps of y in the interval [a, b]. If A = {x} and
B = 74, we use the more compact notation

Ty ok = Lanr(x}, z) (3)

when [a, b] = [0, t] we write N(y,t) = N(y, [0, t]). Similarly, we simplify the
notation in the special casea = 0,b =n, A = {0}, B = 74 by writing

Lok = To ({0}, Z9).
Then we define, for y € I'; 5 x (A, B), the value of y as

b

Viy) = / AW, (5 (5). @

a

Crucial to the asymptotic behavior of the random field u(x, ¢) is the functional

Apjk = sup V(y). Q)
Y€l k
It is known that (see [13])
A
", a>0, P—a.s. (6)

n

for a nonrandom constant «. Scaling considerations give the limiting behaviour of

A, 1n0) Where [ -] denotes, as usual, the integer part. Again the question is raised as
Apn

to the behaviour, as n tends to infinity of the probabilities P (=

> o + €) and
P(% < a — €). Our results concerning these probabilities are the following.

Theorem 0.1 For A, , as defined above and for € > 0, the lower large deviation
satisfies
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352 M. Cranston et al.

. 1 An,n
— 00 < h_md—HlogP " <oa-—¢€

n—ooll

— 1 A
< lim—logP( n’nfot—e)
n

n—oopd+l

<0, (N

whereas for the upper large deviations,

. Ann
—o0o< lim —logP|—— >a+e€
n

n—ooll

_1 Ann
< lim —logP | —— >a+e€
n

n—oon

< 0. (8)

And for u(0, ) the solution of the parabolic Anderson model described above, we
have

Theorem 0.2 For each € > 0 for the lower large deviations,

1
—00 < lim —— log P
oo 1T 08

(10g ut(O, 1) <) — e)

— 1
< lim ——log

p logu(0, t)
1— 00 td-l—l t

< Ak) — e)
<0, )

and for the upper large deviations,

1
— 00 < lim —log P
—0o0

(logu(O, 1) S ) + e)
— =

— 1
< lim —log P
t—oot

(log ut(O, 1) S ) + e)

< 0. (10)

Remark 0.1 The difference in large deviation rates for lower deviations and upper
deviations can be explained qualitatively as follows. Since A, , involves a supre-
mum of an additive functional of a random medium, an upper deviation of the form
{A, n = (¢+€)n}can occur when there is a single path y for which V(y) > (¢ +¢€)n.
However, in order for a lower deviation of the form {A, , < (¢ — €)n} to occur one
must have for every path y it holds that V(y) < (@ — €)n. Therefore, the upper
deviation can occur when a small region in the random medium is deviant whereas a
lower deviation can occur only when the entire medium is deviant. Part of the proof
for the lower deviation involves decomposing space into disjoint channels which are
space-time rectangles. These channels are large enough so that with probability at
least 1 — e™", there is a path y of duration of order n lying entirely in the channel and
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On large deviations for the parabolic Anderson model 353

having V(y) > (o — €)n. On the other hand, the channels are small enough so that
there are on the order of n¢ of them. Since the channels are disjoint, events depending
on the field in different channels are independent. As a result, the probability that no
path y satisfies V(y) > (« — €)n is on the order of (e_C”)”d — """ This is the
argument for times in an interval [67n, n]. For small times, i.e. on the interval [0, dn], a
different approach is used. The media can be “bad” (in the sense that the value of paths
is low) near the starting point with relatively high probability. By taking paths which
quickly leave a neighborhood of the origin, we can with relatively high probability
arrive at regions where the media is not “bad”. This is quantified in the section on
Small Times.

Remark 0.2 Using subadditivity arguments, it can be shown that

1
lim —log P (A,m > (a + e)n) € (—00,0)

n—oon
and

log u(x,1t)
t

1
lim —log P ( > Ak) + E) € (—o00,0).
t—oo t

Remark 0.3 Theorem 0.2 implies the frequency of points x € Z¢ for which u(x, 1) <
e*I=E1 are exceedingly rare. Indeed, suppose ¢ > 0 satisfies P (u(x, 1) < e?)=9))
< e’c’dﬂ, t — oo. Now if L(t) satisfies

pd+1

lim L(t)%e """ =0,
11— 00

and Q; = {||x]| < L(t) : u(x, 1) < e* )79} then

P10/ =1 =< caL()? P (u(O, 1) < e(/\(K)—G)t)
=< CdL(t)de_Ctd-H. (11)
1/d141/d

Thusinabox A; = {x : ||x|| < L} with L = L(t) = o(e*
high probability be no x € Ay for which u(x, 1) < e**)=e1,

) there will with

Remark 0.4 It may be illuminating to compare Theorem 0.1 with an analogous result
in our previous work [1]. There we considered the graph G = (&, E) where

E={(x,n)€ZxZy :|x|+n=0 mod?2}
and E denotes the set of directed nearest neighbour edges from vertices (x, n) to ver-
tices of the form (x &= 1, n 4 1). On the edge set there is a field {X, : e € E} of i.i.d.
N(0, 1) random variables defined on some probability space (22, F, P). Set

g, = EN(Z x {n}) (12)
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354 M. Cranston et al.

and define the set of connected paths in G
Ry ={y :7(0) =0,y(@®) € En}. (13)

If e € E is an edge along y write e € y. Then define

Z, = sup ZXE’ (14)
VR0 oey

which is the “point-to-plane” supremum. Again, simple subadditive considerations
lead us to the conclusion that

V4
lim =% =y, P a.s. for unonrandom.
n—-oo n

It was shown in [1] (see also [6-8,10,11] and [12] for related work) that

.1 Zn
lim —logP|{— > u+e¢€) € (—o0,0).
n

n—oon

However the deviations below for a Gaussian field satisfy

l Z
— 00 < liminf OgnlogP(—” </L—6)
00 n

n— n?
. logn Zy

<limsup ——logP | — <nu—€) <O0. (15)
n—oo N n

At first one might think the upper large deviation rates for Z,, and A, should be the
same since they are both the supremum of a Gaussian field and the graph structures
are relatively similar. However, the case of Z,, is analogous to a discrete time random
walk. A path y in E is obliged to “use” a definite proportion of the random variables
close to the origin in the graph (EZ, E). On the other hand, A, arises in a case analogous
to a continuous time random walk. For A,,, the candidate paths for the supremum have
the possibility of “quick escape” by passing through “bad regions” near the origin in
7 x Z . That is, there are candidate paths which have a lot of jumps in a short, initial
time interval. This accounts for the presence of logn in the case of large deviations
for Z,, and its absence for those of A,,. That is, the field near the origin plays a crucial
role in the order of lower large deviations.

The proof of our results split naturally into a consideration of the field near the
starting point and a consideration of its behavior at some remove from the starting
point. The field “near the starting point” is indexed by a relatively smaller number of
sites. As a result, the probability of a uniform aberration in the field near the starting
point causing a lower deviation is relatively high compared to aberrations in the field
far from the starting point required to cause a similar lower deviation. Accordingly, the
remainder of the paper is split into two sections labelled Small Times and Large Times
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in which we present the proofs of our theorems. The authors gratefully acknowledge
a patient and very helpful referee.

1 Large times

We first prove some propositions which deal with the value of the relevant functionals
over portions of the random field {W, : x € Z¢} for points x far from the starting
point. Recalling the definition of I'y, , ; at (3), define

MSZ",Z",k(l—S)Z" = {x (S [—52”, 82”]d : 3)/ [S F;Z",Z”,k(l—S)Q”’ V(V)
> (o - g) Vi - 921}, (16)
where « is the constant introduced at (6). We take a moment to explain the appearance

of vk in (16). This is due to Brownian scaling. Taking a path y € 'y j k(b—a), the
path ¥ € Tra kb k(b—a) defined by y (r) = y (1) satisfies

b

Viy) =/dWy<s)(S)
b

= [ 4% (7)

ka

kb

» 1

2 / AW ) (1), (17)
ka

where D denotes equality in distribution. Accordingly, V (y) L \/L% V(y), so the exis-
tence of a ¥ € Ty kb k(h—a) Such that

V) = (o - g) k(b —a)

implies the scaled version y € I'y j k(r—q) defined by y (r) = y (kr) satisfies, at least
in law,

Vo) = (o- g) Vk(b — a).

Our first result says that a majority of points in the box [—82", §2"]¢ are the starting
points of paths defined on the time interval [§2", 2"] with a “good” value. Namely, if
we denote by |C| the cardinality of a set C, then

Proposition 1.1 Given any a > 0, for all € > 0, § > 0 there exists a constant
c(e, 8) > 0, so that
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356 M. Cranston et al.

9 _ nyd+1
P (|Mazn,2n,a<la>2n| > E(Z(Sz")d) > 1 — e C@DWa)T (18)

for all n sufficiently large.

Remark 1.1 By elementary scaling considerations it is only necessary to consider
a=1.

This immediately gives

Corollary 1.1 If B C R™ is a finite set then with c(e, 8) as in Proposition 1.1
9 ~ xHn
P (Va € B, [Ms2n 27 a(1-5)27| = E(Z(Sz”)d) >1— |B|e—c(e,6>(JcT2 )i (19)

for n sufficiently large, where a* denotes the smallest element of B.
Denote for xeZ? and M > 0,

(1=8)t

e, (1= 8)0) = By [el Vs Oty g | 20)

Then similarly, we also have,

Proposition 1.2 For M, €,5 > 0 there exists a positive constant c(M, €, §) so that
for all t sufficiently large,

9
P (|{x € [=581, 811 s up (x, (1 — 8)1) > ==y > m(zsz)d)
> 1 — e—cMed ! 1)

The reader might have noted that in Proposition 1.1 only the media between times
82" and 2" is involved. In Proposition 1.2 the media between times 0 and (1 — §)¢
comes into play. These are equivalent in distribution, (when t = §2"), by stationarity
in time of the time increments of the Gaussian field {Wy : x € Z4}. The form of
Proposition 1.2 is suited to an application of the Markov property in the course of the
proof of Theorem 0.2. The proof of these propositions follows the pattern of proof of
Proposition 2.1 from [1]. The idea is to establish the existence of disjoint channels
which with high probability contain paths with values near their predicted asymptotic
value.

2 An FKG argument

In this section, we use the FKG inequality to establish a key lemma used to prove
Proposition 1.1. The proof of Proposition 1.1 appears in the next section. Here, we are
concerned with behavior between the times §2" and 2" for n large. We refer to these
as large times. In the next section, we deal with behavior between time 0 and §2". To
begin we define
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On large deviations for the parabolic Anderson model 357

Definition 2.1 For a path y € I’y 5 (A, B) and a subset C C 74, we say y C Cif
y(s) € Cforalla < s < b. The set of such paths will be denoted by I';, » x (A, B, C).
If A = {x}, then write I'; , , (B, C) = I'q 5k ({x}, B, C). We shall write I'; , , (C) =
ngb,k({x}, 74, C). Then Fg,b,k = Fg’b’k(Zd) is consistent with the notation estab-
lished at (3).

Lemma 2.1 Givenk > 0,¢ > Qandl > 0 let
Ari(e) = {Vx €10,/ N7, Iy € T§, 1,10, DY), V() > (@ — e)ﬁl}.

Then for any € > 0 for all | sufficiently large (depending on €, )

€

P(Ajx(e) = 1— m-

Proof For notational convenience, we restrict our exposition to d = 1. We only need
prove the lemma with k = 1, the case of arbitrary k follows by the scaling argument
preceding Proposition 1.1. Given @ > € > 0, set €’ = aj_3. Then there exists [y so
that for I > [, (for notational convenience, we will suppose that I’ and [’ /¢’ are even

integers)

2

) 6/3
P(Eyerd, v z@-er)=1- (100) '

Consider the equally probable, decreasing events

Al ={By e, . yU) €Ly, V(y) > (a@— €)'}
Ay={Ay €Ty, . yI)eZ_V(y) = (@—e)l},
where Z_ = {m € Z : m < 0}. From the F K G inequality applied to these events we
have
2

E/3
(100) > P(A1 N Az)
P(A1)P(Ay), FKG

= P(A))?

v

and consequently,

/3

€
P(A]) = P(A) = 1— 100" (22)

Notice that the y under consideration in either A{ or A§ mustsatisfy y C [—1’, '] since
such a y starts at 0 and has only /" steps of size 1. We now concatenate paths. First find,
with high probability, a path y; € 1"8 ;p for which V(y1) > (« — €')I’ by selecting a
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358 M. Cranston et al.

path as prescribed in A;. This path satisfies both y; C [/, '] and y;(I") > 0. Treat
(y1(I"), I) as the new origin, and continue by selecting a path y, € Fl}flg,) , inan appro-
priately shifted version of A; (require y»(2/ "y < y1(I").) By stationarity of the medium,
the shifted versions of Af and Ag also satisfy (22). Note this path stays in [—21’, 2]
and has y,(2l') € [/, y1(I")] C [-U',l'] and V(y») > (a — €')I'. Repeating this
procedure % times of going back and forth to stay in [—2/’, 2I'] and concatenating the
resulting paths gives a path y € Fg ,/ ([=20',2l') with V(y) > (a — ’)26—1,,. By

2!
)

the independence of the field {W, : x € Z} and (22), we have for all I’ > Iy,

0 21/ 6/2
P (Ely ey o (-2.20). V) = @ - e/)?) >1- 5.

This, by translation invariance and independence of the field {W, : x € Z}, yields that
with probability at least 1 — %, for all of the (no more than) % points

U U
y € |:——+l’ ——l]ﬁZl’

there is a path yg € I‘; % ([y =2U', y +2I']) with

+2U, 2

i) lyjG)—yl =2, Vielo, %]
i) V)= @—eHZ

That is if, we define the event A by conditions (i) and (ii) holding for every y €
L4, L 1N 7Z then

/

€
PA)>1—-—. 23
(A) = 0 (23)
Nowtoeachxe[— —l’ l,—i—l]ﬁZ we associate a
i i
ye|-L+rb-r]nz,

with |y — x| < 2I’. For each such x and its associated point y, pick (arbitrarily) a
path 2 € | ) 2l,([—é—/, -, i—/, + 1']) with y2(2') = y. For these x denote the

concatenation of yx2 and yyl by y,. We then have

/

21
Vyy) = (Ol - 6/) o +Z
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On large deviations for the parabolic Anderson model 359

where Z = mmx V(y ) and each path satisfies, y, C [— —l’ 1, +U.IfZ > -4l
then since €’ a%,
l/
V(ye) = (a—e)— -4/
2l
= (e —3¢) =
€

( ) 2l n 3 21
= — € —_— _—
* €’ (@ +3)(a—c¢€) €
2l ,
>@—o (5 +27). (24)
€
Thus, on the event A N {Z > —4l'},
21 ,
V(yx) = (@ —€) ?4-21 .

But the random variables V (yx ), forx € [— ==, = Ll 1N Z, are centered Gaussian
random variables with variance 2/’. Thus, for some ¢ > 0,

P(z>-4' =P min V(y2) = -4l
xe[—g,—l’,g,+l’}ﬂz
4 I
= 1—P(V(yxz)§—4l/,forsomexe |:——/—l’ —+l] )
€
1-=p (V(yx) < —41’)
—4r
. 20 1 / -2 J
=1-— e
¢ amal Y
—/8l

! 2 1 / 7§d
=1-=—— e
€ J2r Y

—00

v

/ .o, .
>1-— c—/e_4l , forsome positive constant c. (25)
€

Now shift the interval [—% — I, & + '] to the right by L, + " and set/ = 2 + 21",
Then we see from (23) and (25) and the independence of the events A and {Z > —41'}
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that

P(A1(€)) = (1 - 6_) (1 _ cﬂezw)
10 e’

By taking !’ large enough we get

€
P(AL1(e) = (1 - m)

As remarked earlier, the case of general k follows from scaling. O

We need a (crude) bound on the lower tail of the distribution of the random variable

min max V(y) =Y k.
x€[0.1]yery, , (0.)9)

If Y; x can take on big negative values with high probability, then there would also
potentially be a high probability that V (y) < («¢ — €)2" on a path y of length 2". The
following will suffice to show such an outcome is unlikely.

Lemma 2.2 There exists ¢ > 0, ly and ro so that for all |l > 1y

P (Yl,k < —r l) < [decrl Sforall r > ry. (26)
Proof For each x € [0, l]d consider the constant path y,(s) = x, and the random
variable

l

Viye) = / AW, (5)(s) = Wy (1) — Wy (0).
0

Then for r > ro,

P (V(yx) = —rl) = P (=roV(yx) = rorl)

< e—rorlE[e—VOV(Vx)]
Ir2
[}
— e—rorl+T

o
< 677”.

Thus

P| min max Vy) < —rl ) <ife .
xel0.114 yery, , (0.H)%)
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3 Proof of Propositions 1.1 and 1.2

In the proof of Proposition 1.1, we need

Definition 3.1 For (i,r) € {0,1,.... 2 — 1} x {0, 1,..., &= — 1} say Cy(i,r) =
[li,1(i + 1)) x {rl} is k — good if for all x € [li, (i 4+ 1)) N Z, there exists a path
Ve € T3 iy (LS LG+ 1)) such that V() > (@ — s)Vkl.

Although the definition is stated for the case d = 1, it can be readily adapted to the
cased > 1.

Proof of Proposition 1.1 We continue to give proof in the case d = 1. The strategy
of the proof is to use Lemma 2.1 to show there are on the order of 2" channels of
width / starting at time §2" and ending at time 2”. There is a high probability that each
channel contains a path with value not less than (o — €)(1 — §)2". Then we exploit
the independence of the field in different channels.

Recall that given € € (0, @), by Lemma 2.1, we can fix [ so large that

€

P(A[’k(f)) >1— m

27

Thus

€

P(Ci(i,r) isk — d l— ——.
(Ci(i,r) is good) > 200 +3)

Suppose also that § > 0 is given. Without loss of generality we take §2" and 2" to be
multiples of /.
Denote the set of k-good intervals by G; and set

Y, r)=1g (i, 1G + 1) x {rl}).

By (27) and the fact that the field {W, : x € Zd} isi.i.d. Brownian, the ¥ (i, r), (i, r) €
{0,1,...,2"/1—1}x{0,1,...,2" /1 — 1} are i.i.d. Bernoulli random variables with
parameter exceeding 1 — m. Now for each such (i, r), define

Yir = min max V(y). (28)
x:(,rDeC(ir) yelyy gy UL1GE+1)

Then we have that the random variables Y(; ,) are i.i.d. with lower tail behaviour
governed by (26) in Lemma 2.2. We now partition

R
[-82",82"] x {[82"1) = | G x {182"])

m=1

into R = 52’;“ disjoint subintervals with C,, = [—82" 4 (m — 1)I, —=82" +ml), m =

1,2,..., R of side length /. (In the case of arbitrary dimensions, d, we have
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R = (52;—+|)d. This is the source of the dimensional dependence in the lower large
deviation rates.) Also partition the channels, C,,, x [62", 2"), as follows

(1-8)2"

1
Cp x [827,2") = U Cpm X [82" 4+ (j — DI, 82" + jI)
j=1

into w disjoint squares, C,, x [82" 4+ (j — 1)I, §2" + jlI), of side length /. Abbre-
viate the notation by writing

Rij = Cn x [62" + (j = DI, 82" + jD).

Fixm € {1,2,..., R} and let Y, ; be the, so-to-speak “worst good situation” random
variables as in (28), for the squares R, j, j =1,2,..., % That is,

Yy, j = min max V(y). 29)
X€Cm vy €lon onyoon 1 jiu (Cm)

Notice that the Yy, j, j =1,2,..., U+W are independent. For ¢ a small constant,
set

(1 —8)2"
Alerm) =131 €112 |

ci1(1—6)2" €
< D Y= —pVkA =921 (0)
jeJ

In words, lower deviations arise from the event A(c, m). We now establish some
— n .
control over the number of sub-blocks R, j, j = 1,2,..., A=02" 4 a channel,

C, x [827", 2], which are “bad” as specified in the definition of the event A(cy, m).

Lemma 3.1 There exists ¢ > 0 so that for c1 small and n, [ sufficiently large,

P(A(ci, m)) < e~¢c(1=92", (31)

P 0
(1 - e < =0 /0-8)F
6127 -

for I(0) = —6logh — (1 — 0)log(1 — ), by large deviations for binomial random
variables. This bounds the number of subsets J under consideration.

Proof First note that
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Let J be a subset as described in (30). Using Lemma 2.2 and the constants ¢ and
ro there and Chebychev bounds, for ¢ > ¢’ > 0 not depending on ¢, L or n, we have

<L — n —¢' Gk (1-8)2" [ _C/Y] 7
P(ZYI,]S 10\/%(1 8)2 <e €T (E e )
jeJ
= (E I:e—C’Y; Y > _r[)\/];ljl
4 [/
+E [e_L Yy < —m«/l?l])

7c’ {5 V/k (1-8)2"

cp(1-)2"

_um[(l §)2n ( croﬁ1+czle(c/+c)1) 7

< o (€€2000=8)2" ¢ g small enough. (32)

Thus P(A(cy, m)) < e e1/(1=8) 7 —ce/20(1-8)2" Again by taking [ to be large we
obtain the desired bound. O

Now returning to the proof of Proposition 1.1 consider, with fixed m,

(1-8)2"

> 1G(Cu x 82" + (j — DI,
j=1

We have that

Vi is stochastically larger than a binomial random variable, X,,,

. (1—-28)2" €
with parameters -7 and 1 — —— (33)

200(x +3)°
= (57 a- o2 nacrmr
B=1v, > (1 =8)2"t N Aer, m)e,

On the event

for each point x € Cy,, there exists a path y, € Fg‘z,, 2 k(1—5)2n (Cy,) which is con-
structed by concatenating paths with values exceeding (« — €/100)~/k [ through the
k — good squares R, j and on A(cy, m), the total value for paths in the squares which
aren’t k — good can not be less than — 16_0\/% (1 —46)2", so we find that on B, the value
of such a concatenated path satisfies,

V) = Vi (a—_) fl__f(l 5)2"

100
= (1 =ene - =) - 5) Ve -2
> (o — 6/5)\/%(1 —8)2", for c; small enough. (34)
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Define the event
Dy, = {Vx €Cp,Iyx € Fggn)gn)k(]g)zn (Cn), V(yx) = (0‘_6/5)\/% (1 _8)2n}- (35)

Then it follows from Lemma 3.1 and (33) that for / large enough, there is a constant
c(e) >0,

Pum>=P(A@hmr(Mwnz(L}ﬁ)a—wnﬂ)

cl) (1— 5)2") _

P(A(c1,m)) + P (Vm > (1 —

. n l -
> (1—emect=0) 4 p (Xm > ( lcl) (1- 5)2") ~1
Z (1 _ 6766(175)2") + (1 _ eI(Cl_200(Z+3>)(1_8)2n/1) _ 1
> 1 — e @2 (36)
Now the events D,,, m = 1,2, .. 5% are independent so z 1 D, is stochasti-

cally bounded by a Bernoulli randorn variable with parameters R and e=¢©?" Thus,
withp = e 2" and ®,0) =0 log +(1-6) log and recalling R = 52 , we
have by large deviations

R R
P Ir:>—

o (@r(rom)R

-[(5) (oo™

521

1 9 1
|:(i> 10 (2) 10] e_c(e)%(l _ 9—0(5)2")9%1 o0 (1)321n
10 10

< (2™ , foranew valueofthe constantc(¢). (37)

IA

Sle

—-R
] ph (1= p)TeeWF

But the discussion above shows that {fo;:l Ipe < %} is a subset of

<|x € [—82",82"] : Iyx € Ty g1 gy V (7x)

> (a —€/5)Vk (1 —8)2"| > 82”“] (38)
and Proposition 1.1 is proven for d = 1. The case of arbitrary d follows on noting that
instead of “R = 5221 disjoint intervals with C,,,, m = 1,2, ..., R of side length [,” we
would have R = (5 )d disjoint d-dimensional cubes with Cm, m=1,2,...,Rof
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side length /. This changes the bound in (37) from e (g p=e(@2TI" i gives

the result in d > 1 dimensions and Proposition 1.1 is proven. O

We now sketch the proof of Proposition 1.2 drawing on results in [4] using the
following steps. First we note that, since we are dealing with a fixed time ¢, we may
consider

M/(O, t) = Eo[ef(; dWX(s)(S)]

which is equal to #(0, ) in distribution but which has better subadditive properties.
Secondly, we note that for all € > 0, with probability tending to 1 as £ tends to
infinity

u' (0, 0) > () —€/109)¢
and then argue that for k not depending on £.
P (Eo[efo[ dWX(S)(S)I{N(X,Z)SkZ}] > e(l(K)fé/IOS)e) -1 6/105

if £ is sufficiently large.
We then note that since there are only a polynomial number (in £) of final positions,
X (1), for a path starting at 0 making at most k¢ jumps, we have

¢ 4
P (mfx Eo[e.fo dWX(S)(S)I{X(Z):x}I{N(X,K)SkK}] > e(A(K)—e/IO )Z) >1— 64/106

provided £ is large enough.
From this, in the one dimensional case for simplicity, we can use the F K G inequal-
ity to deduce that

¢ "
P (I)lcflg())( Egleh xS [y )=y I x,0<key] = PO =¢/10 )Z) > 1-2€%/10%.
and
£
P (133())( Eolelo WX0O) [y o v, <key] = e(A(K)_€/1°4)E) > 1-2€2/10%

for ¢ large.
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Next we use the fact that for any x = xp,...,x1 with probability exceeding
1— 6/104, we have

l/e
Eqleh™ IYX00 Iy 1<k, 0=t /)]
1/€
> max HEx,_ [eo Wxe @DE) o Tvex,p<kel]

Xlyeens Xl/s

4
e(A(K)—e/lO )e/e

where the maximum is taken over x1, x3, ... with |x; |, |x; —x;—1| < k€, i =1...1/€.
Given this we arrive at the following analogue of Lemma 2.1.

Lemma 3.2 Fixe > 0. Then

lim P (Vx € [0 L)d sup Ex[ef() dWx (5) (s )[{X(Y)E [0,L)4,0<s<L, X(L)—Z}]

L—oo

(ML) = 1. (39)

We can prove an analogue of Lemma 2.2 after which the path to Proposition 1.2 is
entirely analogous to the proof of Proposition 1.1 given Lemmas 2.1 and 2.2.
This concludes the proof of Proposition 1.2.

4 Small times

Next we examine the influence of the field {W, : x € Z¢} for points x near the starting
point 0 and small times. We seek paths that leave a neighborhood of the origin in a
hurry so that they can avoid a potentially bad realization of the media {W, : x € Z%}
near the starting point. For the upper bound to the lower large deviation probabilities,

hm d+] log P(A" s

< a —€) < 0, we consider a basic path space

Tson = {7/ 10, 62" — 74, 1 (0) = 0} (40)

whose paths are right continuous with left limits and again all jumps of size one. Recall
that for € I'son and for I C [0, §27],

Ny, D={sel:|y(s) -y =1},
denotes the number of jumps of y on the interval /. Define, for a positive function
f(k, n) to be fixed later but having values not exceeding 1, the values a; by ap = 0
and ag1 = ax + 2F f (k, n) and intervals

I = [ax, ax+1) = lax, ax + 2 f(k, n)).
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Define subintervals of I} by
Ljj=lag+ G = Dfle,m),ax+if ko)), i=1,2,...,25 (41)

Denote the interior of an interval I by 7°. We will restrict attention to paths in

oo g ={y € Do s NG L) = N 0 S 1,k 20, i=1,...,2). @)

We define, for ||x]||c0 < %, the random variables
ZE = sup{We(t) = We(s): 5,1 € g, s > 1},

which are i.i.d.
The following follows simply from the reflection principle bounds on the maximum
and minimum of Brownian motion on an interval

Lemma 4.1 Forallt > 0,

P(Z, >1) 54(1 -® (ﬁ))

where @ is the standard normal distribution function.
Remark 4.1 This is in fact a poor upper bound, see e.g. [16].

Consequently, for
k "
who=(Vikm)  Zk,

and M sufficiently large and all k, n, Wf’ iIwk = 1s stochastically less than V Iy >y
for V a M (0, 8) random variable. Thus, we obtain

Lemma 4.2 There exists finite K so that for c sufficiently small and all k, n, if
t > K25 then

_n—kd=1) 2

P > 27wl =2 | <e

ok
l1x]loo < 37-i=1,....2F
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Proof Using independence and Chebychev’s inequality we have for A > 0,

P > 27wy > 2

k.
I¥loo< 37 i=1,...,2k

IA

e ME [l'[ ok

22~k
X,
||XHooS*4d,i=1 ,,,,, 2k

_on —dk ik (2k+1+1)d+1
— 2 tE[exz Wx,l]

_yon 752~ =2dk (9k+1 d+1
<e 220t A2k QR4 ) , by Lemma4.1

_A2n—k(d—1),2
<e c2 t

) (43)

with a constant ¢, which depends only on d, by taking the optimal choice of

22d k

Y
h=2 tzc/(2k+1 + 1)d+1'

O

. . - ko
Remark 4.2 The appearance of 4d in the spatial restriction ||x||s < i—d is due to our
soon to be introduced random selection of path procedure. We will look at paths that

begin in the box {x € Z¢ : ||x||o < 2} and finish in {x € Z¢ : ||x||oc < 2} and
take at most 2X steps. The factor 4d insures the path can begin and end at arbitrary
points in this box.

The following lemma is clear.
Lemma 4.3 Forany y € Usyn ¢, with supgey, [y ()]0 < %, we have

2k

k k
/dem(s) >-2. (Zy(ak+if(k,n)),i + ZV(akJr(ifl)f(k,n)),i)
I i=1

We now specify a random selection procedure for paths y*: Iy — Z¢ as follows:

1. Pick y¥(az) uniformly on {x € Z¢ : ||x||os < 2}
2. Pick (independently of y*(ap)) yk(ak+1) uniformly on {x eZ% : ||x|loe < % .

3. Pick y*(ax +if(k,n)), i =1,2,...,2%, as follows.

Letn; = ||[y*(ax+1); — y¥@@);ll, j = 1,2,...,d, and let ey, ..., eq denote the
unit basis vectors in Z¢. For 1 <i<ni,

YiGak +if (e, n) — y¥ae + G — 1) flk, n) = e sgn(yF (@)1 — @),
forn; +1<i <ny+ny,
yi(ar +if (e, n) — yMae + G — 1) flk, n) = ex sgn(yX(@rs1)2 — v (ar)2)

etc.
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forzallni+1§i§2k,

v a +if (k,n) = y*(a + (i — 1) f(k, n)).

Let P denote the probability measure involved in this random selection of path which
is independent of the field {W, : x € Z¢}. The selection procedure yields the following
result.

. . k1
Lemma 4.4 There is a constant ¢ = cg4 so that ¥V(x,i) € {u : ||u]|lco < 24_d} X

0,1,2,...,28

~ Cd

P (x =@ +iftkn)) = 357

Proof The casei = 0O isclear sowetakei > 1. Letu = yk(ak) andv = yk(ak+1) be
the initial and final points of yk. Let Z: (n1, ..., ng) be the vector defined above by
specifyingn; = ||yk(ak+1 )j— yk (ax) jlloo- For a given i, there are d + 1 possibilities
for the position of i relative to the sum of the n ;. Namely, for x = yk (ap +if (k,n)),
one of these two possibilities occurs:

d
M Donj<i
j=1

(44)
m—1 m
(2) for some 1 <m <d, an <i< an with
j=1 j=1

25)':1 taken to be 0.
The event {Z?zl n; < i} is contained in the event {v = x}, which is an event of

probability bounded by ¢2~%¢ for some c.

On the other hand, for the event {ZT:_]1 nj<i=< 271:1 n j} we must have that for
=1,2,....m—1, xy=vgandforl{ =m,m+1,...,d, xg = uy. In this case, we
say that v, u are m-compatible with (x, i). Given ny, na, ..., n,_1, for all choices of
n,, there are at most two choices of v,,, u,, so that x = yk(an + if (k, n)) with

m—1 m

Z nj < i < an.

j=1 j=I

Thus we can choose the number of v, u that are m-compatible with (x, i) as follows

(1) choose u; and hence n; (there are at most 2% choices)

(2) choose u» and hence n, (there are at most 2k choices)
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(m — 1) choose u,,,_; and hence n,,_; (there are at most 2¥ choices)
(m) choose n,, and sgn(u,, — v,,) (there are at most 2% choices)
(m 4+ 1) choose v;,,+1 and hence 7,41 (there are at most 2k choices)

(3) choose vy and hence ng (there are at most 2% choices).

Therefore, the lemma follows. O

An immediate consequence is:

Corollary 4.1 For cq from Lemma 4.4 and vk selected as above

2k 2k
I k k —dk k
E| 2 Zkariramyit 22 Zyttarion pimy.i | 52642 2. Zu
i=1 i=1 llxlloo = 25, 17 <0k
We now set

flk,n) = —k)3279@=D0=b 0 <k <pn+logs

—1
and with £, x = (\/f(k, n)(n — k)3) , define the event A(k, n),0 < k < n + log 3
by

Alk,n) = {279 Z Wi, <2tk

k .
Ix|loo< 3. 1<i<2k

Then by Lemma 4.2,
Corollary 4.2 For n sufficiently large,

__on(d+1)
e ¢? )

P (M5 A m) = 1 -

Furthermore, on ﬂZ:éOgaA(k, n) we have for any 0 < k <n + log$é,

2/(
- k k —dk
E\ D 2y wvir@mni T Zoransaomy.i | < 2¢aV/flkn)2
i=1

X Z Wf,izcd f(ka n)2n[n’k <2cq4(n— k)—3/2 o

k .
Ixlloo< 3. 1<i<2k

and so we have
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Corollary 4.3 There exists positive constant C, d such that on the event ﬂn+]0g o\ (k, n),

there exists a path from 0 to x, call it yx,for Toof x € {u:|ullec < 4d } such that
both

®

An-+log s

1\ 12

dBVx(S) > —Cy2" (log (E))
0

and

(i) N(yx, [0, anqiogs]) < 2"

Proof From Lemma 4.3.

An+log§ n+log8 Zk
k
/ y ki) = 2 Z( k(ag+if (k,n)),i + Zyk(ak+(i—1)f'(k,n)),i)' (45)
0

By Corollary 4.1,

2k
= k k —dk
E Z(Zyk(ak+if(k,n)),i+Zyk(ak+(i—1)f(k,n)),i) =2¢ca2 2 Z
i=l1 2k
||xHoo<4d
So, by Chebychey,
2k
5 k k
P Z(Zyk(amf(k,n)),i+Zyk(ak+(i_1>f(k,n>>,i)
1=
2k |
> 200 ¢, 27 zk | < —. 46
2 2 2| =g 46)
Uixloo<Z

Consequently, for% of the points x in {u : ||u||cc < %}there isapathyy y : [y — 74
. . k .
for % of the points y in {u : ||u||cc < i—d} for which yy y(ax) =x, vy y(aks1) =,

2k
SUPs ey Yx,y($)lloc < 77 and

2 2k
k —dk k
Z ( Ve (arif m)i T Zyx.y(ak+<i71>f<k,n>>,i) <1002 YT DT 7y

i=1 2k
[IXlleo =37

(47)
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By an induction argument we conclude that for % of the points x € {u : ||ul|oo < %}
we can select successive pairs (xg, yx), k = 1,2, ...,n +logd with x;411 = y; and
concatenating the resulting paths, y; = yy,,y, to obtain a path y € I'son f satisfying
y(82") = x, supspo.s0n) 1Y ($)lloo < 82", N(y,[0,82"]) < 62" and

n+logs 2k
k k
Z Z (Zy(ak+i,f'(k,n)>,i + Zy(ak+(i—1>f(k,n)>,i)
k=0 i=1
n+logé
<200cq27%* D> > 7y, (48)
k=0

xllo<2y
Thus, by (45) and (48) we have

An+log § n+10g8 2k

k
/ dB)/k(S) - z Z ( k(ak+l}‘(k n)),i + Zyk(ak+(i—l)f(k,n)),i)

0
n+logs 2k

—100cg . > > 2%zk . (49)

k=1 i=1 k
o<

v

v

—log(})

Observe that on ﬂk -0 Ak, n)

n+logs 2k n+log§

200c; > > > 27 zE < 200¢ Z («/n— )

k=0 i=1 <2k
N2
< Cy (log E) 2" (50)

xllo<%z
log L
for a universal Cy4. By (49) and (50), on the event ﬂzzéog Ak, n)

3/2

An-+log s | —12
/ dBVk(S) > Cd (log 5) 2",
0

This concludes the proof. O
The developments to this point will now be used to prove Theorem 0.1.

Proof We first prove lim ndlﬁ log P(A,,, < (e —€)n) < 0. By Corollarys 4.2, 4.3
n—oo

. . . _epntd+1)
and Proposition 1.1 we can, with probability at least 1 — 3e 2"V select a common

point x in the intersection of the two sets involved in those results which occupy %
of the points in [—§2", s21d together with a path y € I'g 2» o» such that
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)
Y (1) =X, aptiogs <1 = 52",

(1)

An+log s "

Cy2

dBy-(s)(S) Z
! log 1)1/2

o (log 5)

(iii)
€
B, (82") — By (An+tlogs) = _ﬁ(azn — dn+logs)s
(iv)
2"
/dByx(s)(s) > (@ —e)(1 —68)2".
8§21
Thus, with probability at least 1 — 3e=<>"“"” we find a y € Tg.2n 2 for which
C 2" €
Viy) = —W - m@z” — Gptlogs) + (@ —€)(1 — 8§)2"
8
> (o —2€)2". (5D

That proves the upper bound. We now prove the lower bound

. 1
h_mn_)oomlogP (A,,,n < (o — e)n) > —00. (52)

For the Brownian field, {W, : x € Z%} there exists a natural decomposition
t
We(t) = BY (1) + =Wi(n), 0 <1 <n,
n

where {B} : x € 7%} are independent Brownian bridges over the time interval [0, n]
independent of the Gaussian field {W,(n) : x € Z%}. In the following we use this
decomposition A, = {x € Z% : ||x|lse < n}. Now we have for a vector u €
R+ A, = 21 + 1)?, the function @ — F(u, w) is measurable with respect
to o{B! : ||x||ec < n} given by F(u,w) = A, , for the trajectories

WE(t) = B (1) + %g(x),
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that is

n

F(u,w) = sup / de(t)(t).
yerg.n,n 0

So of course F(W.(n), ) gives the original functional A, , where we take W_(n) to
be the vector (W (n))||x||.o<n- We have the following obvious bound:

IF, )= F', o)l < llu—ulloo. (53)

Also, for each w, u — F(u, w) is a nondecreasing function of the components of u.
Monotonicity of F by components of u and (53) give that, with probability at least
1/2, for large n

F(n??3, w) < (@ +e)n

2/3

where n?/3 is the vector each of whose components equals n%/3. Now define the event

Ac(n) = (W, (n) < —2en,Vx € A} N{F(n*3, w) < (a + €)n}. (54)

Then we have easily that for n large

o P(Acn) > Jee
and
e ontheevent Ac(n), A, < F(42/3, w) —2en —n?3 < (@ — e)n.

d+1 . .. .
“ for a positive constant ¢y not depending on n

This proves the lower bound (52) and the proof of (8) of Theorem 0.1 is complete.
The proof of (7) is relatively easy. By Borell’s inequality (see ([4] for a justification
of its use in this context), we have lim,,_, oo %E[An,,,] = « and there exist K, ¢’ such
that

P(Ayn — E[Ap,] > an) < Ke 4",
Thus,

P(An,n > (ax+e)n) = P(An,n - E[An,n] > (a+e€— E[An,n]/”)n)
< Kefc’ezn’ (55)

with some positive ¢’. This implies the upper half of (7). On the other hand, if one
takes the path y (s) = 0, then we easily see that

P(Apn = (@ +€)n) = P(Wo(n) = (a + €)n)
> e, (56)

for some positive ¢, which gives the proof of the lower estimate in (7). This completes
the proof of Theorem 0.1. O
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We now use the previous results to deal with the large deviations for the solution
to the parabolic Anderson model (1). We first remark that the distribution of u(x, ¢)
is independent of x. Also,

u(x,t) £ E, [efbt dWX<s>(S)] ]

As remarked earlier, the right hand side is more convenient for applications of the
results on A, ,, (time is running in the same direction in X and in W.) Therefore in

our arguments we shall use Eg [eﬁ)[ dWx ©®)7] instead of u(x,t). We now extend this
approach to solutions of (1). The point is that the paths y, created in the proof of The-
orem 0.1, are chosen randomly and uniformly: their law is thus absolutely continuous

with respect to that of a random walk. The arguments for large deviations for A, , tell

*C(€,(S)2n(d+l)

us that outside of a set of probability e for 9/10 of x € A ;s there exists
ad

a sequence of values in Z4
velap +ife,n) i=1,2,...,2 k=0,1,...,n+log$
with |yy(ar + (0 + 1) f(k,n)) — yx(ar +if (k,n))|; < 1 for all i and k, so that for

any curve ¥y : [0, apqiogs] — Z9, if ye(ax +if (k. n)) = yelax + (@ + 1) f(k,n))
then for all s € [a, +if (k,n),ar + (@ + 1) f(k, n)],

Y (8) = yulay +if (k, n)),

and if

lyx(ak +if (k,n)) —yx(an + (@ + D fk,n)h =1

then y, makes exactly one jump on [a, + if (k,n), a, + (i + 1) f(k, n)], necessarily
from yy (ar + if (k,n)) to yx(ax + (i + 1) f(k, n)). Then

An+logs

1 —1/2
dByx(s)(S) > —Cy (log 5) 2,

Now take random y, (for suitable x) according to the above recipe with (in the
case of yy(ar + if(k,n)) # yx(ax + (i + 1) f(k, n)) the jump time in the interval
lar +if(k,n),a, + (@ + 1) f(k, n)] chosen uniformly on this interval independently
of other jumps. The random walk probability of such a path is

n+logs 2k f (e, n)
— k, — k’ ’
p=[1 [l "0y + e EW=m =01 - 0y)

k=0 j=1
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where ©; = 1 if and only if there is no jump on interval [ax+jf (k, n), ar+(j+1)

f(k,n)] and otherwise is equal to 0. Then, if § is fixed small,

n+logs 2k
ok ST 0k f (k) o 1 — Kf(k, n)
, T T (6 -0 55"

n+logé (»«f(k n))

> e —K2”n5 H >e

—27¢/100

n+log 8

Thus, we have that outside the event N A(k,n), for 9/10 of x € A s,
ad

+1 € __ 1
|: jon " W) | X(an+]og8) - x:| >e 10 casl log(a)2".

Staying at x, obviously gives
i 521
AWy (5) (s AWy (5) (s
E, I:e‘]“n+log6 X )(c):| > E, [e‘/an+10g5 X( )(Y)IN(X,t):OiI

and for any r > 0,

( |: “n+log5 WX(S)(s)lN(X,t)=Oi| > ef(‘szn—anﬂoga))

<e —re(82" —Qn-+logs)
52/
x Ey [E [e’ Jan 105 ¢ WX“)(”H

2
— e *_VE)((SZ —dn+logs)

< e~ 7 (82" 7an+]og5) .

But applying Proposition 1.2, we have for 9/10 of x € A x5,
7d
E, [eﬁszzﬁ dWX(x)(s)] > () —€/3)@2"—52").

Thus, there is an x with

Eo [ef"z dWX(”(S)] > Eo [ef"wogadwx(‘”(s) | X (@ntiogs) = xi|

62"
x Ey [e‘f"nﬂogadWX(”(S)lN(X n= 0} [ JszndWXm)(Y)]

o—2"€/100—Cy3/(log §)' 722"+ (1 (k)—€/3)(2" ~an)

= (=02

v
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provided § is chosen small enough. We next show that the large deviation can be
achieved in this order of probability. We can argue similarly to the above that Vi, 3¢,
< o0 so that for all large n

P (Eo [e‘;g dWX(")(S)I{IX(x)hsmr, vossgt}] < e(A(K)—ze)z) > e_cmezd,um‘

This will suffice since Jm so that
P (Eo [efédwx<s><s> I0=s=r X(s)lzmot}:l < e(x(KHe)r) > 1/2.

We now make appeal to the FKG inequality applied to the positively correlated events

A= {Eo [efé AWX O [ (o)1 <. vosxsz}] < e(A(K)fZG)t}
and

B = { Eo [efédwx<s><s> Igo=s=r X(s)lzmot}] < e(x(x)—zen}
to conclude

P (u(t, 0) < 26()»(/()72e)t) > %efcmoezdt(dﬂ)

for ¢ large. Of course, for ¢ large,

2e(k(x)—26)t < e(k(lc)—e)t

and we are done with the proof of (9).
Again the proof of (10) is easier. Observe that

Eo I:eﬁ; dWX(A')(S)] > e—Kt+W()(t)

and so there is a positive constant ¢ such that

p (Eo [efgdwxm(s)] - e(k(/c)-i-e)t) - p (e—m+wo(z) - e(k(lc)+e)t)

e . (58)

Thus,

lim

1, (logu(O, 1)
t

t—ool

> Ak) + e) > —00.
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For the other direction, if r > 0,

P (Eo [efgdwx(s>(s)] > e(k+e)t> < TGN [Eo [er fgdwx<s)(s)]]
— T g [E [er M dWX(S)(s)]]

— e—()»(l()-l—é)rt-f—%l’ (59)
which gives, on selecting » small,

lim

t—oot

i L (2400 4 ) <o

That completes the proof of Theorem 0.2.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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