Probab. Theory Relat. Fields (2009) 144:615-631
DOI 10.1007/s00440-008-0156-8

Dynamics of Mandelbrot cascades

Julien Barral - Jacques Peyriére - Zhi-Ying Wen

Received: 10 October 2007 / Revised: 11 March 2008 / Published online: 14 May 2008
© Springer-Verlag 2008

Abstract Mandelbrot multiplicative cascades provide a construction of a dynamical
system on a set of probability measures defined by inequalities on moments. To be
more specific, beyond the first iteration, the trajectories take values in the set of fixed
points of smoothing transformations (i.e., some generalized stable laws). Studying this
system leads to a central limit theorem and to its functional version. The limit Gaussian
process can also be obtained as limit of an “additive cascade” of independent normal
variables.
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616 J. Barral et al.

1 A dynamical system

Consider the set .« = {0,...,b — 1}, where b > 2. Set &/* = Un>0 /", where,
by convention, <7? is the singleton {¢} whose the only element is the empty word €.
If w € &7*, we denote by |w| the integer such that w € &/l If n > 1 and w =
wy...w, € &" then for 1 < k < n the word w ...wy is denoted by w|;. By
convention, w|y = €.

Given v and w in &7", v A w is defined to be the longest prefix common to both v
and w, i.e., v|,,, Where ng = sup{0 < k <n :v[p = wli}.

Let o/ stand for the set of infinite sequences w = wwy ... of elements of .o/
Also, for x € @/® and n > 0, let x|, stand for the projection of x on <7".

If w € o7*, we consider the cylinder [w] consisting of infinite words in .o/’ whose
w is a prefix.

We index the closed b-adic subintervals of [0, 1] by &7*: for w € &/, we set

I, = Z web*, Z weh K 4 p~Ivl

I1<k=<|w| 1<k<|w|

If f:[0, 1] = Risbounded, for every sub-interval I = [«, §] of [0, 1], we denote
by A(f, I) the increment f(8) — f(«) of f over the interval /.

Let P the set of Borel probability measures on Ry . If © € P and p > 0, we denote
by m, (u) the moment of order p of u, i.e.,

m, (@) = / xP p(dx).
Ry
Then let P; be the set of elements of P whose first moment equals 1:
Pr={neP :mu =1}
The smoothing transformation S,, associated with 4 € P is the mapping from P

to itself so defined: If v € P, one considers 2b independent random variables,
Y (), Y(1),..., Y(b — 1), whose common probability distribution is v, and W (0),

W(l),..., W( — 1) whose common probability distribution is u; then S, v is the
probability distribution of 5" " W (j) ¥ (j).
0<j<b

This transformation and its fixed points have been considered in several contexts,
in particular by B. Mandelbrot who introduced it to construct a model for turbulence
and intermittence [4-7,9-11].

In this latter case, the measure w is in P; so that S, maps P into itself. It is
known that the condition [ xlog(x) +(dx) < logb is then necessary and sufficient
for the weak convergence of the sequence SZ(S] (where &1 stands for the Dirac mass
at point 1) towards a probability measure v, which therefore is a fixed point of S,
[4,6,7,9,10]. In other words, if fxlog(x) u(dx) < logb and if (W(w))we%* is a
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Dynamics of Mandelbrot cascades 617

family of independent random variables whose probability distribution is u, then the
non-negative martingale

Y, =b"" Z W)W wl2) ... W(wl,) (D
we"

is uniformly integrable and converges to a random variable ¥ whose probability dis-
tribution v belongs to P and satisfies S, v = v. This means that there exists b copies
W), ..., Wb — 1) of W and b copies Y (0), ..., Y (b — 1) of Y such that these 2b
random variables are independent and

b—1

Y =0b"" Z W (k)Y (k). )

k=0

In this case, we denote the measure v by Tu. It is natural to try and iterate T.
But, in general this is not possible because v = Tu may not inherit the property
f x log(x) v(dx) < logb. So, we have to find a domain stable under the action of T.
This will be done by imposing conditions on moments.

Indeed, it is easily seen that the sequence (Y}),>1 defined by (1) remains bounded
in L? norm if and only if E(W?) = my(u) < b, and that in this case Formula (2)
yields

b—1

EY?= ———
b—EW?2

3)

(since the random variables W (j) and Y (j) are independent and of expectation 1,
squaring both sides of Formula (2) yields b2 EY? = bEW2EY? 4+ b(b — 1)). It
follows thatif » > 3and 1 < EW? < b — 1, we have EY? < E W? (the equality
holding only if W = 1). Therefore, since the condition E W? < b is stronger than
E(Wlog W) < logh when EW = 1 (since the function t — log[E W! is convex),
T is a transformation on the subset of P; defined by

Py={ueP:1<mp) <b-1}.

If u € &, due to (2), we can associate with each n > 0 a random variable W,
as well as 2b independent random variables W,,(0), ..., W,(b—1) and W,,+1(0), ...,
Wy41(b — 1) such that

b—1

1
Wagt = 2 > Wal)Wap1 (), )
k=0

T"u is the probability distribution of W), (k) for every k such that 0 < k < b — 1, and
T+ is the probability distribution of W, and W, (k) forevery 0 < k < b — 1.
We advise the reader that if one writes Formula (4) with n — 1 instead of n, the
variables W, (k) which then appear are different from the previous ones.
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618 J. Barral et al.

In Mandelbrot [9,10], the random variable Y represents the increment between 0
and 1 of the non-decreasing continuous function 4 on [0, 1] obtained as the almost sure
uniform limit of the sequence of non-decreasing continuous functions ¢, defined by

u

sow = [ [T Wi, )

o k=1

where 7 stands for the sequence of digits in the base b expansion of ¢ (of course the
ambiguity for countably many #’s is harmless). In other words, for w € o7*, we have

A, L) =b""yw) [ wwip, (6)

l<j=<|w|

where Y (w) has the same distribution as ¥ and is independent of the variables W (w] ;).

Let us denote by F'(w) the probability distribution of the limit ¢, considered as a
random continuous function.

We are going to study the dynamical system (Z?p, T). This will lead to a description
of the asymptotic behavior of (T"w, F(T"'w)), _, as n goes to co.

We need some more definitions. For b > 3, set

b* —4b* +12b — 8
by=min(b—1, b
w2(b) mm( bt + 8b7 — 12b+4)

and, for ¢ such that 1 <t < wy(b),

b2 1 |b(b* —4b2 +12b —8) —t(b* +8b%2 — 12b + 4
w3(b,t)=?+§\/ b_t( ).

One always has w3 (b, t) < br—1.
Also set

Dy = {u eP mi(u) =1, 1 <my(u) < wy(b), and m3(u) < w3(b,mz(u))}-

Theorem 1 (Central limit theorem) Suppose b > 3. Let u € &, and, forn > 0,
1/2

define o, = (/(x —1)? T"u(dx)) . Then

(1) The limit of (b — 1)"/?0,, exists and is positive; so lim,_ o T'u = 1.

—11\?3
2) If i € Dp, then, sup/ (|x |) T"'u(dx) < co.

n>0 On

) "u(dx) < oo.
—1

(3) Suppose that there exists p > 2 such that sup (

n>0

Then, if W, is a variable whose distribution is T"u, converges in distri-

bution towards N (0, 1).
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Dynamics of Mandelbrot cascades 619

Theorem 2 (Functional CLT) Suppose b > 3. Let u € &),. Then

(1) The probability distributions F (T"w) weakly converges towards 814.
(2) Suppose that there exists p > 2 such that

—_11\?”
sup/ (|x |) T'u(dx) < oo.
n>1 On

(In particular, this holds if | lies in the domain of attraction Dy.) Then, if hy is a
h, —1d
On
weakly converges towards the distribution of the unique continuous Gaussian
process (X;)te[o,1], such that X (0) = O and, for all j > 1, the covariance matrix

M; of the vector (A(X, I“’))weyﬂ is given by

random function distributed according to F (T"~ '), the distribution of

b 2(1+kB-1 ifw=w,
T

b2 (b —1)|lw Aw'| otherwise.

In Sect. 4, we will give an alternate construction of this Gaussian process X: It will
be obtained as the almost sure limit of an additive cascade of normal variables.

Remark 1 1t would be interesting to know whether the new limit process and central
limit theorems provided in this paper could be useful for modeling in any area.

2 Proof of Theorem 1
Throughout this section and the next one, we assume b > 3.

Proposition 3 If n € P, and o,} = /(x — 1)2T"u(dx), the sequence (b — 1)"/?a,,

. b—-2
converges to oy | ——.
§ 0 b—2—c702

b—
Proof Equations (4) and (3) yield E Wn2 H = ST Ew from which we get the
formula "
2 2 o,
n
Ot =BWp —l=7——. @)
n
which can be written as
ol _(b—-D7'o?
b—2-07, b-2-0}"
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620 J. Barral et al.

This yields

2 2
(of o)

. b—1)7". 8
b—2—02 b- 2—03( . ®

m}

Proposition 4 If u € 9, then both sequences (mz W ))
non-increasing and converge to 1 as n goes to oo.

and (m3 (" )) | are

n>1

Proof Forn > 0, we set u,, = mp(T"w) and v, = m3(T"w) and deduce from (4) that,
for all n > 0, we have

b—1 ©)
Up+1 = b—u, s

b—1)(3 +b—-2
g = L Dt 0 22) 10)

b2 — v,

ifu, < bandv, < b?

(Formula (9) is a restatement of (3), and taking cubes in Formula (4) yields
PPEW} | = bEWIEW? , +3b(b — )EWZEW?, | + b(b — 1)(b — 2) hence
Formula (10)). Since 1 < up < b — 1, as we already saw it, Eq. (9) implies that u,
decreases, except in the trivial case © = §;. Moreover u, converges towards 1, the
stable fixed point of t — (b — 1)/(b — 1).

The conditions my () < wy(b) and m3 () < w3 (b, my (u)) are optimal to ensure
that v < wvg, and also they impose vy < b? — 1. We conclude by recursion: if
Upt1 < vy < b2, then we have

(b —1)(Bunsiunir +b—2)

Up42 = bz—v,,
b—1)(3 +b—-2
- ( )( u;un+1 ) .
b — v,

Thus (v,)n>0 is non-increasing and 1 < v, < b? — 1, so we deduce from (10) and the
fact that u,, converges to 1 that v, converges to the smallest fixed point of the mapping
x = (b* — 1)/(b* — x), namely 1. O

Proposition 5 There exists C > 0 such that, for u € D and n > 1, we have
(B> —EW)E|Z} 1 < (b —D¥*E|Z}+ C(EIZ]D?P + E|1Z]D'P +1),

W, —1

On

where Z,, =
Proof We use the following simplified notations: W = Wn, Y = Wyy, Uy and ow

stand for the standard deviations of Y and W, Zy = o |Y —1|,Zw = O'W W —1],
and r = oy /oy.
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Dynamics of Mandelbrot cascades 621

b—1 b—1
Then Eq. (2) becomes b|Y — 1| < Z W@i)|YG) — 1]+ z (W) — 1], ie.,
i=0 i=0
b—1 b—1
bZy <> W) Zvay +7 D Zw), (In
i=0 i=0
which yields
33\
(0 ~EWH)EZ}) < rPE(Zj) + D () r' T,
l
(=0
where

To=30b—-1DHEW?EZ}EZy + (b — 1)(b —2)(E Zy)>,

T) =EW?Zw)E Z} 4+ 2(b — 1) E(W Zw)(E Zy)?
+b-—DEZyEW?*EZ2 + (b — 1)(b—2)E Zw(E Zy)?,

Th=EZyEWZ}) +2(b - )EWZw)EZyE Zy
+(b—-DEZyEZY + (b — 1)(b—2)EZy(E Zy)?,

T3 =3b—-DEZyEZY + (b — 1)(b—2)EZy)’.

As, for X € {W,Y}wehave E Zx < (]EZi)l/2 =1,andEX%2 <b—1,we get the
simpler bound

3
3 .
(B> ~EWEZy <r*EZj, + z (i)rl T/,
i=0

where

Ty = (b — 1)(4b - 5),

T = E(W?Zy) +2(b — )E(WZw) + (b — 1)(2b — 3),
Ty =EWZi) +2(b— DEWZy) + (b — 1)2,

T, =b"—1.

Since E W3 < b? — 1, the Holder inequality yields

EW?Zw) < EWHPEZy)'?P < 0 = DPEZ3)'
and

E(WZy) < EW)'PEZ3)*? < 0> - D'PE Z3,)*°.

Furthermore, E (W Zy) < (IE W2IEZ%V)1/2 <b-—1.
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622 J. Barral et al.

We know from (7) that r < /b — 1. Therefore, there exists a constant C > 0
independent of w such that

(> —EWEZ} < (b— D?EZj, + C(EZj)** + EZ))'? +1).

Corollary 6 If u € P then sup/a,f3 Ix — 11> T"u(dx) < oo.

n>1

Proof Since b2 —E Wn3 converges towards p>—1,andb*—1 > b— 1)3/ 2. the bound
in the last proposition yields that Z,, is bounded in L°. O

This accounts for the first two assertions of Theorem 1. Proving its last asser-

W, —1
tion requires a careful iteration of Formula (4). Recall that we set Z,, = 1 .
(oF
Equation (4) yields !
122! o
Zn+1 = Z |:0n Zn(k) ZnJrl (k) + . Zn(k) + Zn+1 (k):| . (12)
=0 On+1

If we set

b1 b—1
1 1 (o, .
Bo= 23 2,021 + ("U Iy 1) > 2 03

b
j=0 !

then Eq. (12) rewrites as

/—b 1 b—1 1 b—1
Zngt = Rup1 +=—— > Zu(®) + 2 > Zns1 (K). (14)
k=0 k=0

We are going to use repeatedly Formula (14). Let € stand for empty word on any
alphabet. Fix n > 1, define R,(€,€) = R, as well as Z,(¢,€) = Z,, and write
using (14)

Vb -1

Zy=Zy(e,€) = Ry(e, ) + 5

1
Z Zna (G 0) + 5 Z Zu(j, ). (15)
jesd jed

Since we are interested in distributions only, we can take copies of these variables
so that we can write

. S b . 1 .
Zn(j, 1) = Ry (j, 1) + 2 Zn R 10) + 5 > Zu(ik, 1),
kedl ket
. S Wb . 1 .
Zu-1(j,0) = Ry1(j, 0) + D Zua(jk,00) + = D" Z, 1(jk, O1).
b b
keo/ ke
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Dynamics of Mandelbrot cascades 623

Notice that since by definition in Formula (15) the random variables of the form
Zy—1(j, w) and Z,(j, w), (j, w) € & x {0, 1}, are mutually independent, and the
same holds for the random variables R, (j, w) and R, (j, w), (j, w) € & x{0, 1}, as
well as for the random variables Z,,_>(jk, w), Z,—1(jk, w) and Z,(jk, w), (jk, w) €
/* x {0, 1)2.

Then Formula (15) rewrites as

Zn(e.) = Ra(e.) + 57" D" (Vb= TRu_1(.0) + Ru(ji D))
jeod

> ((b—l) Zn—2(w, 00)43/b — 1 (Zy_1 (w, 01)+Zyy_ 1 (w, 10))+Zy (w, 11))
wea/?

and so on. At last we get Z, = T1 , + T»,,, with

n—1
Tin=D b7 D (=D "R, iy (w, m), (16)
k=0 mef0, 1}
wegr*
Tow=b" % (b=1D""PZ 0w, m), (17
mef0,1}"
wed"

where ¢(m) stands for the sum of the components of m. Moreover, all variables in
Eq. (17) are independent, and in Eq. (16), the variables corresponding to the same k
are independent.

For reader’s convenience, we also provide a more constructive approach to obtain
the previous decomposition of Z,. At first, we notice that the meaning of Eq. (14)
is the following: given independent variables Z, (k) and Z, (k) (for 0 < k < b)
equidistributed with Z, and Z, 4, if we define R, by Eq. (13), then the right-hand
side of Eq. (14) is equidistributed with Z,, 4.

Let n be fixed larger than 2. One starts with a collection

{Zl(w’ m)}OSISn, we, (0,1}

of independent random variables such that the Z; (-, -) have the same distribution as Z;.
One defines by recursion

b—1 b—1
1 1 fo—
Ri(w,m)=1 > Zi_1(wj, m0) Zy(wj. mDor 1+ (“— —vb=1) > Z1_1(wj. m0)
b 4 b\ o £
j=0 j=0
and
b—1 b—1
Vb —1 1
Zi(w,m) = Ry(w,m) + S—— 3 Zi1(wj,m0) + 3 > Zi(wj, m1),

j=0 J=0

for0 <l <n, (w,m)e o’ x{0,1}/ with j >n—1.
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624 J. Barral et al.

Due to (14), all these new variables Z;(-.-) are equidistributed with Z;, and we get
Zy(e,e) =T+ Ty

Proposition 7 We have lim ET?, =0, so Ty, converges in distribution to 0.
n—oo ?

Proof Setr? =T R2. We have

2
bri=o> , + (a,,_1 — Vb — 1) ,

On

which together with Formulae (7) and (8) implies that there exists C > 0 such that
r,% < C(b — 1)7" for all n > 1. By using the independence properties of random
variables in (16) as well as the triangle inequality, we obtain

1/2
k .
E12,)77 < > bk > (,)bk(b—l)fr,f ;
0<k<n 0<j<k J
172
k . )
<C Z bk Z (,)bk(b—l)f (b—1)/"
O0<k<n 0<j<k J
<C > b o -12+ 1) P -
O0<k<n
b—1)2+1\"?
=c-n"? Yy (( . )
0<k<n

b—2 \n/2
—o((1-272 ),
bb—1)
Proposition 8 If there exists p > 2 such that

—11\?”
sup/ (|x |) T'u(dx) < oo,
n>1 On

(i.e., (|Zy)n>1 is bounded in LP), then Ty, converges in distribution to N'(0, 1).

Proof If Y is a positive random variable, a, p and ¢ are positive numbers with p > 2,
we have

E (a2Y2 1W>g}) <a® (EY?)? (Pay > &) "

@ EYP)7 (e7Pa? EYP)' TP = aPe? PEYP.

IA
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Dynamics of Mandelbrot cascades 625

So, we have

—2n, _ 1\(n—g(m)) 2
> -1 E(de)(“”m) l{b*"(b—1)<"*€(m>)/2\zg(m)(w,m>|>a})

mef{0,1}"
wed/"

n — /2 !
< n bﬂ—"l’(b_1)p("_k)/282_p]E|Zk|p < w 82—17 su Elzklp’
I p
“ k bpP k>0

and this last expression converges towards 0 as n goes to co. But, as we have

n
ET;,= >, b20-1)"s"=>" (Z) b — 1)k =1,

mef0,1)" k=0
wed"

the Lindeberg theorem yields the conclusion. O

3 Proof of Theorem 2

We begin by the following observation: for any real function f on [0, 1], one has

o(f,8) <20b—1) D> sup A(f. L), (18)
J_i%we%/

where, o (f, §) stands for the modulus of continuity of a function f on [0, 1]:

w(f,8) = sup [f(1) = f(s)l.
i

Proposition 9 Suppose that i € Pyp. If hy, is a random continuous function distrib-
h, —1d

uted according to F(T" ), set Z, = . The probability distributions of the
n
random continuous functions Z,, n > 1, form a tight sequence.

Proof By Theorem 7.3 of [3], since (h, — Id)(0) = 0 almost surely for all n > 1, it
is enough to show that for each positive ¢

gim lim sup IP’(w(Zn, §)=2(b—-1) 8) =0, (19)

-0 nooo

We first establish the following lemma.

Lemma 10 Let y and H be two positive numbers such that 2H +y — 1 < 0. Also
let nog > 1 be such that SUPy > po—1 E W,% <bY.Forj>1,n>ngandt > 0 we have

IP’( sup A(Z,, Iy) = tb_jH) < (b—1)172(j + 1)3pi CHAY=D
wed
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626 J. Barral et al.

Proof Let j > 1, w € /7 and n > ng. Formula (6) shows that the increment
Ap(w) = A(Z,, 1,) takes the form

J
Ap(w) =b"To, | Wy(w) [ Wacrwlp) — 1

k=1
] J ) J on_1 -1
= b Zy) [ [Wac1 i) +577 D == Zy s wl) [ [Wa1wl). (20)
k=1 =1 9n k=1
Consequently,
j ; / tb=iH
P (180l = 157 <P (670 Z,(w) [T Wamr(wlo) = =
i1 j+1
J i Opn—1 I tb—iH
+> Pl ==Z, i) [ | Wamr(wli) = = :
I=1 On k=1 J+1

By using the Markov inequality, the equality E Z,% = 1, and the fact that E an_l >1,
we obtain that each probability in the previous sum is less than

(b— 1) 172( + D22 E w2 ),

so that the sum of these probabilities is bounded by (b — 1) 172(j + 1)3p) r—20=H)
Consequently,

P (3 we !, |Ay(w)| > tb—./H) < (b—1)t72(j + 1)3p v -20=H+D
= (b -1t + 1)p/CHH=D,

]

Now, we can continue the proof of Proposition 9. Fix H, y, and ng as in Lemma 10,
set js = —log, 6, and assume that n > ng. Due to (18) and Lemma 10, we have

{0(Z,,8) =201 e} C Z sup A(Zy, L) > ¢
j=js wed

C U sup A(Z,1,) > (1 —b Hypistgp=iH 1

jzjs Lwed!
SO
(b — 1) b2 , o
P(w(Z,,8) >2(b—1)¢) < = Z(f 4 1)3pCHAY=D

J=Js
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Dynamics of Mandelbrot cascades 627

Consequently,

lim sup P(w(Z,,8) >2(b—1)¢) = 0.

—>UYUn>ng
O
Proposition 11 Suppose that ;o € Dyp. For every n > 1 let h,, be a random contin-
uous function whose probability distribution is F(T"w). Fix j > 1. The probability

distribution of the vector (A(h”g;ld, Iw)) i converges, as n goes to oo, to that of
n wel/

a Gaussian vector whose covariance matrix M; is given by

b2+ (b —Dw|) ifw=uw,

/
M; (. ) [b_zj (b—D|wAw'| otherwise.
Proof We use the same notations as in the proof of Lemma 10.Let j > landw € o7/ .
In the right-hand side of (20), the random variables Z,(w) and Z,,_1(w|;), 1 <[ < j,
are independent and their probability distribution converge weakly to A/(0, 1), while
the common probability distribution of the W,_j(w|;), 1 <[ < j, converges to §,
and °Z* converges to /b — 1.

This implies that there exist (A (U))veU i

N0, 1) random variables so that all the random variables involved in these families
are independent, and

oy and (Nw)),, .. two families of

j
lim (Ayw)), s = b~ [ Nw)+vVb—1> Nwl) L@

n—00
k=1 wea//

The fact that the vector in the right-hand side of (21) is Gaussian is an immediate
consequence of the independence between the normal laws involved in its definition.
The computation of the covariance matrix is left to the reader. O

4 The limit process as the limit of an additive cascade

Recall that, if v € @™, [v] stands for the cylinder in &/ consisting of sequences
beginning by v. Let &7 stand for the set of non-empty words on the alphabet 27

We are going to show that there exists a finitely additive random measure M on
o/ satisfying almost surely for all w € &/

J
M(wD) = b~ [c)+ Vb =1 &l | . where j=[w|  (22)
k=1

instead of (21), where the variables (E (w)) e+ are independent with common distri-
bution (0, 1) and the variable ¢ (w) is N'(0, 1) and independent of (£(w/;))

1<j=lwl®
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628 J. Barral et al.

Indeed, if we set S(w) = 21{:1 E(wlk), since M([w]) = > ,cy M([we]) we
should have

j+l
b(Ew) +Vb—TSw) = > [cO) +vVb—T" &(whlk)
led k=1
= > (cwd + VB =Tsw0) +bvh—1S(w).
led

Iterating this last formula, gives

cw)=b" > cwv)+vb—1> b7 D" Ew).

ved/n j=1 vedJ

The first term of the right-hand side converges to 0 with probability 1 since its L?
norm is b~"/2. The second term is a martingale bounded in L? norm. Therefore its
limit, a A/(0, 1) variable, is a.s. equal to ¢ (w).

Finally, we get a finitely additive Gaussian random measure defined on the cylinders
of &7 by

Mwh ="V =1 [ lim > b7 Mo+ > sl ]. @3
vell_, @ 1<k<|w|

Then, the limit process of the previous sections can be seen as the primitive of the
projection of M on [0, 1].

Of course (23) makes sense even for b = 2.

It is easy to compute covariances:

b=2l(1 4+ (b — D)) ifw=nu,

(b — 1) b=IHwD |y A w| otherwise.

E(M([v])M([w])) = {
It is then straighforward to check that, with probability 1, for all ¢ > 0 we have
SUp, e IM([V])| = o(b™1=#)) This can be refined, in particular thanks to the
multifractal analysis of the branching random walk S(w) = 215 i<iwl E(wl;). In

term of the associated Gaussian process (X;)e[o,1], it is natural to consider for all
o € R the sets

faz[te[o,l):limsupwza b—l],

n— 00 nb—"

n
00 n

g:[te[o,l):nmi f%:a«/b—l],
n— n
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and
Ey = Ea nan

where I, (t) stands for the semi-open to the right b-adic interval of generation n
containing 7.
In the next statement, dim E stands for the Hausdorff dimension of the set E.

Theorem 12 With probability 1,

(1) the modulus of continuity of X is a 0(8 log(l/é)),

(2) X does not belong to the Zygmund class,

(3) the set Eq contains a set of full Lebesgue measure at each point of which X is
not differentiable,

a2

~ Tloeb if la| < /2logh, and Eq, = 0 if
og
la| > «/21logb. Furthermore, E_ /iogh and E /5165 are non-empty.

4) dim E, = dim E, =dim E, = 1

Remark 2 We do not know whether there are points in E at which X is differentiable.
We do not either if the pointwise regularity of X is 1 everywhere.

Proof Forw € .o7*, as above we set { (w) =+/b — 11im,,_ ZUGUZ:I ok b“”'é(wv).

We have 3, - P(Iw e &, [¢(w)| > 24/2Togh/n) < 00, hence, with proba-
bility 1, sup,,c. o [£(w)| = O(/n).

Also, anl ]P’(Ei w e A", |S(w)| > 2ny2log b) < oo and, with probability 1,
SUP,, e |S(w)| = O(n). This yields the property regarding the modulus of continuity
thanks to (18). This proves the first assertion.

To see that X is not in the Zygmund class, it is enough to find # € (0, 1) such that

t+h t—h)—2f(h
lim sup futh+ /( ) = 2/¢ )) =o00. Taker = b~ ' and h = b™". Let ¢
h—0,h2£0 h
and 7 stand for the infinite words 0(b — 1)(b —1)...(b—1)--- and 1(b — 1)(b —
1)...(b—1)---. We have

fatm+fu-h =2/ ' - 'f(“’) s - ()] -

h/b — 1 Vb —1

Since £ (t},) — ¢l = O(4/n) and since the random walks S(7},) and S(t,) are
independent, the law of the iterated logarithm yields the desired behavior as h = b™"
goes to 0.

The fact that Eq contains a set of full Lebesgue measure on which X is nowhere
differentiable is a consequence of the Fubini theorem combined with the property
1< (7|n)| = 0(4/n) and the law of the iterated logarithm which almost surely holds for
the random walk (S(7,)),>1 for each ¢ € [0, 1].

Since, with probability 1, we have sup,,c ./ [£(w)| = O(4/n), we only have to take

A(X, Iy)

into account the term S(w) in the asymptotic behavior of ool
w

as |w| goes to co.
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. .. — A(X, Iy)
Thus, in the definition of the sets £, E, and Eg,

Vb — 1|w|bw!
S(w)

by |— Then the result is mainly a consequence of the work [2] on the multifractal
w

can be replaced

analysis of Mandelbrot measures.
To get an upper bound for the Hausdorff dimensions, we set

. 1
B(g) = liminf —— log, E exp(gS(w))
n— 00 n
we"

for g € R. Standard large deviation estimates show that dim F, < inf %4 B(q)
geR logh

foralla € Rand F € {E, E, E} (the occurrence of a negative dimension meaning
that the corresponding set is empty). Also, using the fact that 8(g) is the supremum
of those numbers 7 such that lim sup,,_, ., o™ >" _ /n exp(gS(w)) < oo yields

qZ

2logh’

) 1
Blq) = lim —~log, B > exp(gS(w)) = —1 -

we/"

Since both sides of this inequality are concave functions, we actually have, with prob-
ability 1, B(g) = —1 — g*/2logb for all ¢ € R. Consequently, the upper bound
for the dimension used with @ = —pB'(¢)logh = ¢ yields, with probability 1,
dim F, < 1 —¢?/2forall ¢ € [-+/2Togh, \/2Togh] and F, = B if |q| > /2Togb.

For the lower bounds, we only have to consider the sets Ey.

If ¢ € [—/2Togb, /2Togh], let ¢, be the non-decreasing continuous function
associated with the family (W, (w) = exp(gW (w) — ¢*/2)), _,/+ as ¢ was with
(W(w)), .+ inSect. 1. We learn from [2] that, with probability 1, all the functions
¢q. g € (—+/2logb, /21ogb) are simultaneously defined; their derivatives (in the
sense of distributions) are positive measures denoted by .. Then, computations very
similar to those used to perform the multifractal analysis of w; in [2] show that, with
probability 1, forall g € (—+/2logb, /2log b) the dimension of 1, is 1 — q°/2logh
and g (Eg) > 0.

For g € {—+/2Togb, +/21log b} it turns out (see [2,8]) that the formula

/Lq(lw)zpli_)moo— Z T (wv) log I (wv),

ved/P
where
[w] p
Mwv) = b~ "7 TT Wy wo) [T Wy w),
k=1 j=1
defines almost surely a positive measure carried by E,. O
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5 Other random Gaussian measures and processes

This time b > 2, (E(w))w e/t 18 @ sequence of independent N (0, 1) variables, and
(@(w)), . p+ and (B(w)), . .,/+ are sequences of numbers subject to the conditions

a(w) = D a(wl),
tedd

> lawv)?|B(ww)|” < oo forsome p € (1,2].
ved/t

Then, for all w € /T, the martingale > vewn a(wv) B(wv) E(wv) is bounded L7
norm (if p < 2 this uses an inequality from [1]) and the formula

M(wh=lim > a(wo) f@v)Ewotaw) Y. BwlpE@l) @4

vell_, ok 1<j<lwl

almost surely defines a random measure which generalizes the one considered in the
previous sections. Here again, the primitive of the projection on [0, 1] of this measure
defines a continuous process, which is Gaussian if p = 2.

Remark 3 The hypotheses under which this last construction can be performed can
be relaxed: if the random variables &(w), w € &/, are independent, centered, and
D e+ la)P1B(wv)|PE(J&(wv)|P) < oo, Formula (24) still yields a random
measure.

The fine study of the associate process as well as some improvement of Theorem 12
will be achieved in a further work.
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