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Abstract Consider a large system of N Brownian motions in R? with some non-
degenerate initial measure on some fixed time interval [0, 8] with symmetrised initial-
terminal condition. That is, for any 7, the terminal location of the i-th motion is affixed
to the initial point of the o (i)-th motion, where o is a uniformly distributed random
permutation of 1, ..., N. Such systems play an important role in quantum physics
in the description of Boson systems at positive temperature 1/8. In this paper, we
describe the large- N behaviour of the empirical path measure (the mean of the Dirac
measures in the N paths) and of the mean of the normalised occupation measures of
the N motions in terms of large deviations principles. The rate functions are given
as variational formulas involving certain entropies and Fenchel-Legendre transforms.
Consequences are drawn for asymptotic independence statements and laws of large
numbers. In the special case related to quantum physics, our rate function for the
occupation measures turns out to be equal to the well-known Donsker—Varadhan rate
function for the occupation measures of one motion in the limit of diverging time. This
enables us to prove a simple formula for the large-N asymptotic of the symmetrised
trace of e A1V where Hy is an N -particle Hamilton operator in a trap.
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1 Introduction and main results
1.1 Introduction

In this article, we study the large- N behaviour of a system of N symmetrised Brownian
motions in R? on a fixed time interval [0, B1], i.e. the behaviour of the system under
the measure

N
1
(sym)
PN = N > /..-/m(dxl)...m(de)®Pfi,xa(l_). (L.1)

€GN pa Rd i=1

Here Gy is the set of all permutations of 1, ..., N, ]P’fi y the normalised Brownian
bridge measure on the time interval [0, 8] with initial point x € R? and terminal point
y € R? [also see (1.4) below], and m is the initial probability distribution on R<.
Hence, the terminal location of the i-th motion is affixed to the initial location of the
o (i)-th motion, where o is a uniformly distributed random permutation. Any of the
N paths is a Brownian motion with initial distribution m, but with a peculiar terminal
distribution at time 8. We can conceive IP’%Y’ "1’\} as a two-step random mechanism: First
we pick a uniform random permutation o, then we pick N Brownian motions with
initial distribution m, and the i-th motion is conditioned to terminate at the initial point
of the o (i)-th motion, for any i.

One main motivation to consider this model stems from quantum physics, where
one is interested in the description of the canonical ensemble of large Boson systems
at positive temperature, see Sect. 1.5 below. Beside the application in physics, the
problem is also appealing from a mathematical point of view, since the combinatorics
of arandom permutation is combined with independent, but not identically distributed,
objects.

We consider the distribution of the tuple of N randompaths B, ..., B™: [0, B]—
R under P“nly'x We are interested in the large-N behaviour of the empirical path
measure

N
1
Ly= > g0 € Mi(C), (1.2)

i=1

which is a random probability measure on the set C of continuous paths [0, 8] — R?.
More precisely, we derive a large deviations principle for the distributions of L y under
]P’:f';‘\), as N — oo (Theorem 1.1). (In Sect. 4 below we recall the notion of a large
deviations principle.) We also obtain a large deviations principle for the means of the
normalised occupation measures,
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g
N
1! d
Yy = N;E/dsa&(f) e Mi(RY), (1.3)
- 0

(Theorem 1.2). Our large-deviation rate functions for the two principles are expli-
cit in terms of variational problems involving an entropy term (describing the large
deviations of the permutations) and a certain Legendre transform (describing the large
deviations of Ly and Yy, respectively, for a fixed permutation). We draw a number
of corollaries about variants of the principles, laws of large numbers and asymptotic
independence.

Our results are most beautiful and most striking for the important special case that m
is the Lebesgue measure on a bounded box and that ]P’g y is replaced by the canonical,

non-normalised, Brownian bridge measure, /,Lf’ y [see (1.4)]. In this case, the rate
function for the means Yy turns out to be equal to 8 times the well-known Donsker—
Varadhan rate function, which is explicitly given as the energy of the square root of
the density of the measure considered (Theorem 1.5). This function is well-known as
the rate function for the normalised occupation measure for just one Brownian motion
(or bridge) in the limit of diverging time. We give an interpretation of this remarkable
coincidence in terms of the well-known cycle structure of the permutations in (1.1).
However, let us remark that our proofs do not respect this structure at all and therefore
give no rigorous insight into that.

The mentioned identification of the rate function for the Yx’s as the Donsker—
Varadhan rate function has interesting consequences for the asymptotic description of
the canonical ensemble of a system of N noninteracting Bosons at positive tempera-
ture 1/8 € (0, 00). In fact, we obtain in Sect. 1.5 a remarkably simple formula for the
large-N asymptotic of the symmetrised trace of the N-particle Hamilton operator in
a fixed box (Theorem 1.6). We consider this as a first step towards a rigorous unders-
tanding of large Boson systems at positive temperature. This article has stimulated
several recent developments. Adams and Dorlas used a similar symmetrisation tech-
nique in [6] to study symmetrised systems of random processes on integer lattices with
mean-field type interaction, Trashorras derives in [35] general large deviations results
for symmetrised measures, and Adams applies the method for dilute interacting sys-
tems in [3]. Future work will be devoted to the mutually interacting case. Interacting
Brownian motions in trap potentials have been so far analysed without symmetrisa-
tion, in particular, finite systems for vanishing temperature in [4] and large systems of
interacting motions for fixed positive temperature in [5].

Let us make some remarks on related literature. In [28] Schrodinger raised the
question of the most probable behaviour of a large system of diffusion particles in
thermal equilibrium. Féllmer [18] gave a mathematical formulation of theses ideas
in terms of large deviations. He applied Sanov’s theorem to obtain a large deviations
principle for Ly when B, B® ... are i.i.d. Brownian motions with initial distribu-
tion m and no condition at time 8. The rate function is the relative entropy with respect
to fRd m(dx) P, o B~!, where the motions start in x under ;. Then Schrodinger’s
question amounts to identifying the minimiser of that rate function under given fixed
independent initial and terminal distributions. Interestingly, it turns out that the unique
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minimiser is of the form [py [pa dxdy f(x)g(y) }P’f,y o B7!, i.e. a Brownian bridge
with independent initial and terminal distributions. The probability densities f and g
are characterised by a pair of dual variational equations, originally appearing in [28] for
the special case that both given initial and terminal measures are the Lebesgue measure.
The monograph [25] systematically studies such dual equations and their connections
to the dual time-dependent Schrodinger equations and to Schrédinger processes, i.e.
processes of the form fRd fRd g (dx, dy) ]P’g y that are additionally Markov. [19] obt-
ained conditions from minimising the entropy to derive the Markov property of such
processes; the absolute continuity and the product structure of ¢ turn out to be crucial.

An important work combining combinatorics and large deviations for symmetri-
sed measures is [33]. Téth [33] considers N continuous-time simple random walks
on a complete graph with |pN| vertices, where p € (0, 1) is fixed. He looks at
the symmetrised distribution as in (1.1) and adds an exclusion constraint: there is
no collision of any two particles during the time interval [0, 8]. The combinatorial
structure of this model enabled him to express the free energy in terms of a cleverly
chosen Markov process on Ny. Using Freidlin-Wentzell theory, he derives an expli-
cit formula for the large-N asymptotic of the free energy; in particular he obtains
a phase-transition, called Bose—Einstein-condensation, for large B and sufficiently
large p.

Our proof is partly inspired by the method developed in [24]. The problem there is
the evaluation of the large-k asymptotic of the k-th moments of the intersection local
time in U of p € N\ {1} Brownian motions running in an open subset O of R? or R>.
This moment is known to be equal to

k
/dxl"'/dxk z HG(xo(i—l),xa(i))
U U

oe6i=I

p

Here U is a compact subset of O, and G is the Green’s function of one of the Brownian
motions in O. Even though the motivation for studying this problem is quite different,
similar techniques prove useful for the study of that problem and the one of the present
paper.

The effect of mixing random variables using a random uniformly distributed per-
mutation to large deviation principles has been studied both in [12] and [34], which
were motivated from asymptotic questions about exchangeable vectors of random
variables. [12] studies large deviations for the empirical measures % le:l dy,, where
Y1, ..., Yy have distribution f® u(do) Pj(\?) for some distribution . on some compact
space ®, and the empirical measures are assumed to satisfy a large deviation principle

under P](\?) for each 6. In [34], a similar problem is studied: given a sequence of ran-

dom vectors (Y fN), .Y I(VN)) such that the empirical measures % ZlNzl 8Yi(N) satisfy a

large deviation principle, another principle is established for the process of empirical

[tN] S
1

1
measures > XM where

1
(N) MYy _ N) (N)
(X} ,...,XN)_m (Yg(l),...,YG(N)).

O'EGN
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In both works, the large-deviation rate function is expressed in terms of entropy terms,
like in our main result. However, a substantial difference is that the symmetrisation
mechanismin (1.1) is adequately described only by the pairs (i, o (i)) fori = 1,..., N,
instead of just the sequence of the o (i)’s.

The work [2] analyses the cycle structure of the permutations for path measures for
the large N-limit with respect to the Lebesgue measure on boxes which grow with N
such that the quotient has a finite limit. In particular [2] shows a phase transition in
the mean path measure for certain parameters as inverse temperature and density.

Let us also mention that our problem may also be seen as a particular two-level
large deviations result, which has something in common with general multilevel
large deviations as studied in [9]. There a large deviations principle is established
for % Zlﬁi 16 K, as M, N — oo, under the assumption that, for any i, the sequence

X ;N)) NeN satisfies a principle.

The structure of the remainder of this paper is the following. In Sect. 1.2 we describe
our main results. A couple of remarks and consequences are in Sect. 1.3, and in Sect. 1.4
we consider an important particular case, where we identify the rate function in simple
terms. Some remarks on relations to quantum physics are in Sect. 1.5. In Sect. 2 we
prove some facts about the rate functions, and Sect. 3 contains the proof of the large
deviations principles. Finally, the Appendix, Sect. 4, recalls some notions and facts
about large deviations theory.

o (sym)
1.2 Large deviations for P’ | v

We are going to formulate our first main result: large deviations principles for the
distributions of Ly and Yy under }P’:lyf%, see (1.2), (1.3) and (1.1). (We refer to Sect. 4
for the notion of a large deviation principle and related notation.) Throughout the paper,
we fix B > 0. Let C = C([0, B1; R?) be the set of continuous functions [0, 8] — R<.
We equip C with the topology of uniform convergence and with the corresponding
Borel o-field. We consider N random variables, B, ..., B™, taking values in C.
For the reader’s convenience, we repeat the definition of a Brownian bridge measure;
see the Appendix in [32]. We decided to work with Brownian motions having generator
A instead of %A. We write P, for the probability measure under which B = BV starts
from x € R?. The canonical (non-normalised) Brownian bridge measure on the time
interval [0, 8] with initial site x € R and terminal site y € R? is defined as

P, (B € A; Bg € dy)

B (A) =
wy y(A) & .

A C C measurable. (1.4)

Then ,uf, y is a regular Borel measure on C with total mass equal to the Gaussian
density,

Py (Bg € dy)

o =@ et as)

1 (€)= pp(x.y) =
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The normalised Brownian bridge measure is defined as Pf, y = uf y/ppg(x,y), which
is a probability measure on C.

Now we introduce the rate functions. By M (X) we denote the set of Borel pro-
bability measures on a topological space X. With

~ g (dx)
H(qlg) = | gq(dx)log —— (1.6)
J q(dx)

we denote the relative entropy of ¢ € M (X) with respect to g € M (X). We will
often use this notation for X = R x R? in the sequel, but also for other spaces X. Let
M(f) (R4 x R?) be the set of shift-invariant probability measures ¢ on R? x R¢, i.e.
measures whose first and second marginals coincide and are both denoted by g. Note
that g — H(q|g ®m) is strictly convex. We write (®, u) for integrals fc P (w) pu(dw)
for suitable functions ® on C. Define the functional I5'™ on M (C) by

"= inf  fH@lgem+I1w}. peM©. (17
geM PRI xRY)
where
19() = sup {(d,p) — //q(dx, dy) logEffy [ed>(3)] . e M(©).
PeCh(C) ’

Rd Rd
(1.8)

Hence, 19 is a Legendre-Fenchel transform, but nor the one of a logarithmic moment
generating function of any random variable. In particular, I, and therefore also I5™,
are nonnegative, and I? is convex as a supremum of linear functions. There seems to
be no way to represent [ (1) as the relative entropy of 1« with respect to any measure.

By n5: C — R? we denote the projection 7y (w) = ws. The marginal measure
of u € Mj(C) is denoted by us = p o n;l e M;(R?); analogously we write
ro.g = o (mo, mp) "' € Mi(RY x R?) for the joint distribution of the initial and the
terminal point of a random process with distribution . Itis easy to see thatg = o, g if
19 () < o0o. Indeed, in (1.8) relax the supremum over all ® € Cy,(C) to all functions
of the form w +— f(wo, wg) with f € Cp(RY). This gives that

00> I19mw) > sup ((Mo,ﬂ, f)—(q,logEgoﬂﬂ [ef(Bo,Bﬂ)D
FeCh(RY)
= sup (MO,/S —-dq, f>7
feCo(RY)

and this implies that 1o g = ¢. In particular, the infimum in (1.7) is uniquely attained
at this ¢, i.e.
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H (o.plio ®w) + sup (i, ® —log Bz, [e*®)]) if 1o = g,
5™ (u)= DeChH(C)

+00 otherwise.
(1.9)

In particular, 7.>™ is convex.
Then our main result reads as follows.

Theorem 1.1 (Large deviations for Ly) Fix 8 € (0, 0c0) and assume that the initial
distribution m € M (R?) has compact support. Then, as N — 00, under the sym-
metrised measure Pg'x the empirical path measures Ly satisfy a large deviations

principle on M (C) with speed N and rate function IS™.

To be more explicit, the stated large deviations principle says that
lim 1 logP®™ (Ly € -) = — inf I™ ()
N—oo N mN NE - m ’

in the weak sense, i.e. there is a lower bound for open subsets of M (C) and an upper
bound for closed ones. The proof of Theorem 1.1 is in Sect. 3. In Sect. 3.1 we give
an outline of its main idea. The assumption that the initial distribution m € M (R%)
has compact support is necessary only in the proof of the lower bound. However, we
prove the upper bound and the exponential tightness without using this assumption.
Stimulated by an earlier preprint of this paper, Trashorras [35] gives an alternative proof
of Theorem 1.1, even on general Polish spaces. His proof relies on earlier results on
large deviations systems and clever choices of certain metrics. In [6] a similar result is
obtained for random walks on the integer lattice without compactness restriction for the
initial distribution. Theorem 1.1 does not rely on the Markov property of the Brownian
bridge processes; only some continuity is required, see in particular Lemma 3.3 below.
We also have the analogous result for the mean of the occupation measures, Yy,
defined in (1.3). For formulating this, we define the functional JE™ on My (RY) by

I (p) = inf {Hglgem) +J9(p)}, peM®RY, (1.10)
ge M (RI xRY)

where

B
feCh(RY) Rd R

Theorem 1.2 (Large deviations for Yy ) Fix B € (0, 00) and assume that the initial
distribution m € M1 (R%) has compact support. Then, as N — oo, under the symme-
trised measure IP’:;Y",'\;, the mean of occupation measures, Yy, satisfy a large deviations
principle on M{(R?) with speed N and rate function J™.
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The proof of Theorem 1.2 is in Sect. 3.5. Via the contraction principle [10, Theo-
rem 4.2.1], the large deviations principle for Yy in Theorem 1.2 is a consequence of
the one for Ly in Theorem 1.1. Indeed, consider W: M (C) — M/ (R%) defined by
W) = /]§ foﬁ ds o nx_l, where we recall that 73 (w) = w(s) is the projection. Then
W is continuous and bounded, and Yy = W(Ly). Hence, the contraction principle
immediately yields the large deviation principle for Yy with rate function given by

T (p) = inf [H(qlg ® m) + T (p)}, (1.12)
geMY R xRY)

where
JTO(p) =inf {I9(): p € Mi(C), ¥(w) =p}, pe MR (1.13)

In Sect. 3.5 below we will show that J@ = J@ for any g € /\/l(f) (R? x R?), which
implies that J0™ = J&™ and finishes the proof of Theorem 1.2. The proof of
J@O > J@ s simple and straightforward. However, a direct analytical proof of the
complementary inequality, J@ < J@, seems rather difficult; we prove this indirectly
by showing that 7@ and J“ govern the same large deviations principle.

Let us give a brief informal interpretation of the shape of the rate functions in (1.7)
and (1.10). As we have remarked earlier, the symmetrised measure ]P’“my";\} arises from
a two-step probability mechanism. This is reflected in the representation of the rate
function ™ in (1.7): in a peculiar way (which we roughly describe in Sect. 3.1),
the entropy term H (g|g ® m) describes the large deviations of the uniformly distri-
buted random permutation o, together with the integration over m®" . The measure
q governs a particular distribution of N independent, but not identically distributed,
Brownian bridges. Under this distribution, Ly satisfies a large deviations principle
with rate function I, which also can be guessed from the Giirtner-Ellis Theorem
[10, Theorem 4.5.20]. The presence of a two-step mechanism makes impossible to
apply this theorem directly to P:f";\),

Let us contrast this to the case of i.i.d. Brownian bridges B, ..., B™"Y with starting
distribution m, i.e. we replace P:lyrx by ( f m(dx) }P’E,X)®N . Here the empirical path
measure Ly satisfies a large deviations principle with rate function

) = sup 1 (@,10) ~log [ m@o) B, [
deCy(C) a ’

as follows from an application of Cramér’s theorem [10, Theorem 6.1.3]. Note that

Im(w) is the relative entropy of u with respect to f m(dx) }P’qu o Bl Although
there is apparently no reason to expect a direct comparison between the distributions

of Ly under IP’%Y";\} and under ( f m(dx) IP’E, )@V the rate functions admit a simple
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relation: it is easy to see that I” > I, for the measure g (dx, dy) = m(dx)d,(dy) €
./\/l(ls) (R? x RY), since

//‘I(dx dy)logEf | [ ‘D‘B’] log/m(dx)Eff,x [e¢(3)]~ (1.14)

R4 R4

In particular, IX™ > I'n.
All the preceding remarks apply to the mean of the occupation measures, Yy, in
place of Ly.

1.3 Extensions and remarks

Let us extend Theorems 1.1 and 1.2 to some larger class of measures }P’“ym) Obviously,
both theorems remain true if the total mass of the initial measure m is not necessarily
equal to one, but positive and finite. (Here we adapt the notion of a large deviations
principle accordingly, which is easily done by dropping the requirement that the infi-
mum of the rate function be equal to zero; see Sect. 4.) A bit deeper lies the fact that
the Brownian bridge measure does not have to be normalised in order that the results
hold:

Proposition 1.3 Fix g € (0, c0) and assume that w is a positive finite measure on
R? with compact support. Fix some continuous function g: R? x RY — (0, o) and
replace IP’f:,y by g(x, y)IPf,y in the definition (1.1) ofIP:{";\),. Then

(i) Theorem 1.1 remains true. The corresponding rate function is (i +— I,(;y ™ () —

(ro,p, log g).
(i1) Theorem 1.2 remains true. The corresponding rate function is

IRy = inf  {H@glgem) +J9(p) - (g, logg)}, peMi®R).
geMP (BRI xRY)
(1.15)
Proof (i) Note that, for any 0 € Gy and any x1, ..., xy € supp(m), with probability
one with respect to ®1N= | IP’fi’ o)
@) p(i)
[T %06 = o2 o BBy _ N (L @),
i=1
where @, (w) = logg(wp, wg). Since ®, is bounded and continuous, the prin-

ciple follows from [23, Theorem III.17], and the rate function is identified as p —
In™ (1) = (1, D) = I™ (W) — (no,p, log g).

(ii) In the same way as Theorem 1.2 is deduced from Theorem 1.1 via the contraction
principle [10, Theorem 4.2.1], (ii) is derived from (i). Indeed, using the principle in
(i), the contraction principle implies the desired principle with rate function
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> inf 1™ (W) — (1o, log g)
P ueM1<C>:ww)=p{m #logg)}

= M&“HL y {H(qlg ®m) + T (p) — (g,logg)}, pe MR,
S 15( xR%)

where J@ is introduced in (1.13), and we recall that ¢ = mo,p if I'9(n) < oo. As
we mentioned below Theorem 1.2, we will show in Sect. 3.5 that J© = J@. This
finishes the proof. O

In the situation of Proposition 1.3, the measure P> N is not necessarily normalised,
and no simple formula for its total mass seems avallable in general. Therefore, the
following consequence of Proposition 1.3 seems helpful. When applied to discrete
measures m, it may have also some interesting consequences for related combinatorial
questions. We also add a standard consequence of a large deviations principle: an
identification of the minimiser of the rate function and a law of large numbers.

Corollary 1.4 Under the assumptions of Proposition 1.3, the following hold.
@)

Nllm —log N1 Z / Hm(dxl) Hg xl,xU(z)

JEGN(Rd)N i=1

= (HGE O™ ~ . logg)). (1.16)
geMy” (RxRY)

(i) The unique minimiser of the rate function y +> I,(flym) (1) — {nmo,p,logg) is

given by
= //q*(dx, dy)Pf o B!, (1.17)

Rd Rd

where g* € M(f) is the unique minimiser of the formula on the right hand side
of (1.16).

(iii)) Law of large numbers: Under the measure IP’iny 1\)/ normalised to a probability
measure, the sequence (Ly)yeN converges in distribution to the measure u*
defined in (1.17).

Proof According to Proposition 1.3, the left hand side of (1.16) is equal to
—inf ey ) (™ (W) — (10,6, log g)) (use the large deviations principle for the
measure of the event {Ly € M;(C)}). Use (1.9) and substitute g = 1o, g (recall that
19 (1) = oo otherwise) to see that this is equal to

- M(i)nfd d[{H(q|c7®m)—(q,logg)}
geM” (R xR4)

inf sup (<,u, loglEf3 [ ¢(B)]>):|. (1.18)
neMi(©C): =115 deCy(C) -7
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It is easy to see that the latter infimum over u is equal to zero. Indeed, for any u pick
@ = 0 to see that ‘>’ holds, and the choice & = [ [pa g(dx, dy) IP’,’?,y o B~! and
an application of Jensen’s inequality shows that ‘<’ holds.

For proving (ii) and (iii) simultaneously, it suffices to show that u* is the unique
minimiser of the rate function, it — 1™ (1) — (1o, log g). Assume that j is a zero
of IE™. Since the map g — H(g|q ® m) is known to have compact level sets, there
isag* e M(f) (R4 x R¥) that minimises the formula on the right hand side of (1.16).
Since in particular 7“” (1) < oo, we have uo, g = ¢q* and therefore

0=1"(w = swp (i, &—1ogEl, . [e*®]).
PeCh(C)

Hence, ® = 0 is optimal in this formula. The variational equations yield, for any
h e Cy(0),

(o) = (1, BE, o, (B

This identifies p as pu*. O

There is an interesting by-product of Corollary 1.4 for the special case g = 1, in
which case it is easy to see that g* = m ® m: In spite of strong correlations for fixed N
under Pi;y"}\}, the initial and terminal locations B(” and B’ of the first motion become
independent in the limit N — oo. One can prove this also in an elementary way, and
also the fact that, for any k € N and for all i1 < i, < --- < i}, the Brownian motions

B, ..., B% under ]P’(sym) become independent in the limit N — oo.

1.4 An important special case

In this section we consider an important special case of Proposition 1.3(ii) that will be
important for the applications in physics in Sect. 1.5. We pick a large bounded closed
box A C R? and put m equal to Leby, the Lebesgue measure on A. Furthermore, we
choose the function g in Proposition 1.3 equal to 1 /pg(x, y), where pg is the Gaussian
density in (1.5). In other words, we replace the normalised Brownian bridge measure
by the canonical, non-normalised one, y,f y» introduced in (1.4). That is, we look at
the symmetrised measure

iy = = Z /dx1 /de ®Mxl,xa<,> (1.19)

0eBy ) i=1

Apart from questions motivated from physics (see Sect. 1.5), this measure is also
mathematically interesting, see the discussion at the end of the present section. Accor-
ding to Proposition 1.3(ii), the distribution of the mean of the normalised occupation

measures, Yy, under ;L(‘ym) satisfies a large deviations principle (even though the term

(%ym)

‘distribution’ is wrong since W, is not normalised). That is, we have
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lim - log (,L“Y"“ ° Y’l(-)) — —inf J&™(p), (1.20)
N ANC N be. A

N—o0

in the weak sense on subsets of M (R), where we introduced

e = it {H@zeLeb) +IHm]. peM®D, (21)
geM P (R4 xRd)

and

B
I ()= sup 1B(f.p) —//q(dx,dy) log Ey [efo JBIS; By e dy] /dy
FeCo(Rd) FS

(1.22)

(In the notation of Sect. 1.3, J*™ = Jisgt‘)“i 1/p-) The main goal of the present section

is to identify J\*™ in much easier and more familiar terms. It turns out that J,*™ (p)
is identical to the energy of the square root of the density of p, in the jargon of
large deviations theory also sometimes called the Donsker—Varadhan rate function,
In: M{(R?) — [0, oo] defined by

2

, if p has a density with square root in HO1 (A°),
2

(1.23)

v./dr
Ix(p) = H dx

o0 otherwise.

Theorem 1.5 Let A C RY be a bounded closed box. Then Jl(\sym)(p) = BIx(p) for
any p € M{(R%).

The proof of Theorem 1.5 is in Sect. 2. In the theory and applications of large
deviations, I plays animportant role as the rate function for the normalised occupation
measure of one Brownian motion (or, one Brownian bridge) in A, in the limit as
time to infinity [13—16,20]. It is remarkable that, in Theorem 1.5, in conjunction
with Proposition 1.3(ii), this function turns out also to govern the large deviations
for the mean of the normalised occupation measures under the symmetrised measure
M(gy'}'\} in the limit of large number of motions. Let us give an informal discussion and
interpretation of this fact.

The measure ,u(;\y "13 in (1.19) admits a representation which goes back to Feynman
[17] and which we want to briefly discuss. Every permutationo € Gy canbe written as
a concatenation of cycles. Given a cycle (i, o (i), o2@i),...,oc* 1)) withok (i) =i
and precisely k distinct indices, the contribution coming from this cycle is independent
of all the other indices. Furthermore, by the fact that Mﬁ-, X0 18 the conditional dis-
tribution given that the motion ends in x,(;), this contribution (also executing the k
integrals over Xol(i) € Aforl =k—1,k—2,...,0) turns the corresponding kK Brow-
nian bridges of length 8 into one Brownian bridge of length kg, starting and ending
in the same point x; € A and visiting A at the times 8, 28, ..., (k — 1)B. Hence,
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® fi(o)

= — Z ® / dyk ”];fﬂ':\ ’

! UGGN keN \\

where fix(o) denotes the number of cycles in o of length precisely equal to k,

and ,ui’,g’[\ is the Brownian bridge measure ,ui’g y as in (1.4), restricted to the event

ﬂf: 1{Big € A}. (See [22, Lemma 2.1] for related combinatorial considerations.) If
fn(o) = 1 (i.e. if o is a cycle), then we are considering just one Brownian bridge
B of length NB, with uniform initial measure on A, on the event ﬂfvzl{Blﬁ e A}.
Furthermore, Yy is equal to the normalised occupation measure of this motion. For
such a o, the limit N — oo turns into a limit for diverging time, and the corresponding
large-deviation principle of Donsker and Varadhan formally applies. This reasoning
applies for permutations ¢ having only cycles whose length is unboundedly growing
with N. Presumably, the contribution from those permutations whose bounded cycles
sum up to something of order N is strictly smaller. A thorough investigation of the
large deviation properties of the cycle structure and the distribution of the cycle lengths
is contained in [2] for the case of boxes A = Ay having volume of order N. There, a
phase transition in 8 for the mean path is obtained. This phase transition is absent in
the present case; the fixed box A forces all cycle lengths to grow unboundedly with N.

1.5 Relation to quantum physics

Let us now describe the relation of our work with the canonical ensemble of large
systems of Bosons at positive temperature. We consider a system of N non-interacting
Bosons in a trap potential W. The system is described by the Hamilton operator

Hy =D (=Ai+ W), x1,....xy €RY, (1.24)
i=1

where the i-th Laplace operator, A;, represents the kinetic energy of the i-th particle,
and W: RY — [0, oo] is the trap potential. The trace of the operator e A7V is the
canonical partition sum of the system at temperature 1/8. However, the characteristic
property of Bosons is expressed by the symmetry of any N-particle wave function
under permutation of the coordinates. This in turn means that the partition sum of a
system of N Bosons is given by the trace of the restriction of e A% to the subspace of
symmetric wave functions, denoted by Tr, (e "#7V). Via the Feynman—Kac formula,
this trace is given as

N
() 3 e [ (@, Yo

o€Bngan en Ni=l
N B
X exp Z / W) ds ¢, (1.25)
i=lyp
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where the canonical Brownian bridge measure was introduced in (1.4), and we wrote
o= (o, ..., ®™). One of our main results is an explicit formula for the logarithmic
large-N asymptotic of this trace, for a certain class of hard-wall traps W. This will
be a consequence of Theorem 1.2, in conjunction with Theorem 1.5 and Varadhan’s
lemma. The main novelty of this result is the combined application of methods from
combinatorics, variational analysis and the theory of large deviations to the study of
the canonical ensemble.

Let us make some historical remarks. Feynman [17] analysed the partition function
of an interacting Bose gas in terms of the statistical distribution of permutation cycles
of particles and emphasised the role of long cycles at the transition point. These
arguments were pursued further by Penrose and Onsager [26]. The arguments for the
role of the cycle statistics have been known for a long time in various contexts, e.g.
Ginibre [22] used them for virial expansion for quantum gases, Cornu [8] for the Mayer
expansions for quantum Coulomb gases, and Ceperley [7] for numerical simulations
for Helium via path integrals. In a couple of papers in the 1960ies, Ginibre studied the
grandcanonical ensemble, where N is a Poisson random variable; see the summary in
[22]. His main interest was in ‘hard-wall’ traps W = ocollxc, where A is a box, in the
limit A 4 R?. This corresponds in the canonical ensemble to the thermodynamic limit,
i.e. the limit N — oo with abox A = Ay 1 R? coupled with N in a way that the
particle density per volume, N/|A |, converges in (0, co). A precise mathematical
and quantitative formulation of the relation between Bose condensate and long cycles
appeared only recently in work of Siit6 [30,31] dealing with the ideal and mean field
Bose gas. However, his methods are only applicable to the ideal gas or the mean field
model, due to the difficult combinatorics of the cycle statistics.

As an application of the large deviations principle in (1.20) and Theorem 1.5, we
identify the large- N asymptotic of the symmetrised trace of Hy in (1.25), where the
trap does not depend on the particle number, as follows. Given a box A C RY, we
denote by

NOE sup (e —1vels) @26

9eC®RY): supp(p)CA, ll¢ll2=1
the principal (i.e. largest) eigenvalue of A+ f in A with Dirichlet boundary condition.

Theorem 1.6 Fixp € (0, 00) andlet A C R? be a bounded closed box. Let W : RY —
R U {00} be continuous in A and equal to oo in A€. Then

lim %Mg (TrJr (e—ﬁHN)) — Ban(W). (1.27)

N—o0

Proof Recall the measure u(gy“;\; from (1.19) and the mean of the occupation measures,

Yy, from (1.3). From (1.25) we have that

Try (e_ﬂHN) = /C_Nﬁ<W’YN)ﬂ{Supp(YN) C A}dﬂiy?\;-
CN
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Recall the large deviations principle of (1.20). Since the map M{(A) 2 Y — (W, Y)
is bounded and continuous, we may apply Varadhan’s lemma to deduce that

1
lim —1 (T ( —ﬁ'HN)) — _  inf JGym e )
Nl_r)n(p N ogllry (e pe./l\21(A) ( A (p) + B( P))

By Theorem 1.5, we may replace J[(:ym)(p) by BIx(p) defined in (1.23). This gives
that the right hand side is equal to sup e p, () (W, p) — Ia(P)]. The substitution

¢*(x)dx = p(dx) and a glance at (1.26) yield that this is equal to Si (W). O

Via Theorem 1.6, also interacting systems can be studied. In [3], dilute systems with
path interaction ZISKJ-SN Nd_I% foﬁ Oﬂ v(N|BY — Bt(j)|) dsdt, are studied, where
v is a positive pair potential with finite integral; the specific free energy is given by
the so-called Gross—Pitaevskii variational formula. These systems have been studied
without symmetrisation in the ground state in [4], and at positive temperature § < 00
in [5]. The Gross—Pitaevskii formula also appeared in Seiringer’s work [29] on the
dilute limit of the trace in (1.25); this work uses entirely different means.

2 Identification of J[(\Sym)

In this section, we prove Theorem 1.5. First we consider the rate function Jj(fym) defined
in (1.21). By Bjo,5) = {Bs: s € [0, 8]} we denote the path of the Brownian motion
B, and C(A) denotes the set of continuous functions A — R.

Lemma 2.1 Fix g € (0,00) and a bounded closed box A C R4, Then, for all
p € M (R?) having support in A,

By = it [HGFeLeby) + I, ()], @1
qeMP(AxA)

where

fz(\q,)p,s(P)Z sup ,B(f»P)—//q(dx,dy)
fec) S

B
x logE, [e-/o FBIUS (B g C A} B € dy] /dy

Proof Note that H(q|g ® Lebp) = oo if the support of ¢ is not contained in A x A.
Hence, in (1.21) we need to take the infimum over g only on the set /\/l(f)(A X A).
From an inspection of the right hand side of (1.22) it follows that the function f
in the supremum must be taken arbitrarily negative outside A to approximate the
supremum. Hence, we may add in the expectation the indicator on the event that the
Brownian motion does not leave A by time 8. But then the values of f outside A do
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not contribute. This shows that we need to consider only continuous functions f that
are defined on A; in other words, (2.1) holds. O

Proof of Theorem 1.5 We start from (2.1) and proceed in three steps: (1) we show
that nym)(p) > BIn(p) for any p € M (RY) with support in A, (2) we show

that the complementary inequality, nym)( p) < BIA(p), holds if ¢ := \/% exists in
C%(R?) with % € C(A), and (3) we approximate an arbitrary p € M (RY) satisfying
(NS HO1 (A°) with suitable smooth functions.

Let us turn to the details. For f € C(A), let ¢  be the unique positive L?-normalised
eigenfunction of A + f in L2(A) with zero boundary condition and corresponding
eigenvalue A, (f); see (1.26). Then

8 _ ©r(Bg)
DY) = el FBYds =B g o A) 2.2)
B 1071 ¢/ (Bo)

defines a martingale (D/(Sf )) p=0 under PP, for any x € A with respect to the canonical
Brownian filtration (see [27, Proposition VIIL.3.1]). Substituting D/(gf ’ on the right hand

side of (2.1) and using the marginal property of g (i.e. [ [ ¢(dx, dy) log(e(y)/¢(x)) =
0), we see that

E, [D/(Sf); Bg € dy]
dy

1, (0= sup | BILS. py=ra(f)]— / / g(dx, dy) log
feC)

where E, denotes expectation with respect to a Brownian motion with generator A
starting at x. Substituting this in (2.1), we obtain that

IV (p) = inf sup [ BI(S p) = Aa ()]
geMP (AxA) feC(A)
/ / g(dx. dy) log 9(dx. dy) 23
F(d0)E, [D(f) By edy]

By the martingale property of (D}{ ) >0, the measure [E, [D/(Sf ) Bg € dy] is a proba-
bility measure on A for any x € A. Hence, the double integral in (2.3) is an entropy
between probability measures and therefore nonnegative, by Jensen’s inequality. This
shows that

JP™(p) =B sup ((f. p) —rn(f)). (2.4)
feCn)

Note that the map f +— A (f) is the Legendre—Fenchel transform of 74, as is seen
from the Rayleigh—Ritz principle in (1.26). According to the Duality Lemma [10,
Lemma 4.5.8], the r.h.s. of (2.4) is therefore equal to S5 (p) since it is equal to the
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Legendre—Fenchel transform of A 5. Hence, we have shown that Jf\sym) (p) = BI(p)
for any p € M (R?) with support in A.

Now we proceed with the second step. Let ¢ = g—f be in C2(R?) such that

f* = —% is in C(A). Then (A 4+ f*)¢ = 0in A. In other words, ¢ = @« is
the unique positive normalised eigenfunction of A + f* in A with corresponding
eigenvalue A4 (f*) = 0. Consider the measure

Bk
g*(dx, dy) = ()¢ (y) / e @8 a5y € A} (do) dxdy
C
B rx
= 9P, [l 7 EIS (B 5y C A); By € dy] dx

on A x A. Then g* is obviously symmetric. With the help of the martingal property
of (ngf)),gzo , the marginal of ¢* is identified as

770 = gOB, [ 7 EIS B by C AJp(Bp)] dx = () dx = p(d).

Hence ¢* € M?) (A x A). Using this ¢* in (2.3), we obtain, also using the marginal
property of ¢*,

I (p) < sup | B p) + / / g*(dx, dy)
feCn) o

B rx .
E, [efO f7(By) ds I{Bjo,s1 C A}; Bg € dy]
log

i 2.5)
E, I:efo f(Bs)ds I{Bjo,) C A}; Bg € dy]

Now we show that the variational problem on the r.h.s. of (2.5) is solved precisely in
f = f*. Indeed, by strict concavity we only have to show that f = f* solves the
variational equation, which reads

Vi eC(A):

B[ neBo ds) el B0 (B0 by  AY; By € dy]
B, p>=//q*<dx,dy) - :
J) E, [efo FBYS (B, g C A} B € dy]

This is indeed solved for f = f*, because the right hand side of the variational
equation then equals
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B

B o
//dxdy P (y)Ex /h(Bs)ds e I"BId (B 5 € A}: By € dy
A A 0

i B
=/dx(p2(x)]EX Dg‘*)/h(Bs)ds =/ds@f*) [h(By)],

A 0 0

where EU is expectation with respect to the Girsanov transform with martingale
(D:gf *))ﬂzo defined in (2.2), starting in its invariant distribution, ¢2(x) dx = p(dx).
Note that the transformed Brownian motion does not leave A and is stationary, when
started with distribution p. Hence, BV “[h(By)] = (h, p) for any s € [0, c0). There-
fore f = f™* solves the variational equation and is a maximiser on the right hand side
of (2.5). Hence,

TP (p) < BUf*, p) = —BlAg, ) = BIIVel5 = BIA(p).

Now we finish the proof. Let p € M (R?) be arbitrary with support in A. We need

to show that J>™ (p) < B (p). Certainly, we may assume that ¢ = ./ g—f exists and

lies in HO1 (A°). Hence, there is a sequence of smooth functions ¢, € C* such that
supp(¢,) C A° and ¢, — ¢ in H'-norm. _

We need to approximate ¢, with suitable smooth functions ¢, such that A g
continuous in A. For this purpose, choose §, > 0 such that supp(¢,) C A(;'; =
{x € A:dist(x, A°) > §,}. Pick some small ¢, > 0 and some smooth function
kn: RY — [0, 1] satisfying supp(x,) C A° and k,(x) = 1 for x € A;, such that
Ak, [k, and Vi, /K, are continuous in A. Then we put ¢, = K,],/z(go,% +¢,)/2. Then
®n_is smooth with support in A°, and @, converges towards ¢ in L?. Furthermore,
A% is continuous in A. If &, is small enough (depending on 4, and «,, only), we also
have that lim sup,_, .. [|V@, 2 < | Vel (use that g, (x) = 0 for x € A \ Ag,).

Along a suitable subsequence, ¢, converges almost everywhere to ¢. Let p, €
M (R?) be the measures with density @, /||@y ||2. By the second step of the proof, we
have Jj(\sym)(pn) < BIA(py) for any n € N. With the help of Fatou’s lemma, we see
that (f, p) < liminf,_, (f, pn) for any f € C(A). Hence, it is clear that

T (p) < liminf J™ (p,) < liminf 15 (pn) < BIA(p).
n—00 h—00

This ends the proof. O

3 Proof of Theorem 1.1

In this section we prove Theorem 1.1. The following is a reformulation of that theorem,
making explicit what a large deviations principle is.

Theorem 3.1 (Reformulation of Theorem 1.1) Fix B € (0, 00) and m € M;(R%).
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(1) Assume that m has compact support. Then, for any open set G C M(C),

N 1 (sym) : (sym)
l}vrglgofNIOngy,N(LN eG) > _;irelg L™ (). 3.1

(ii) For any compact set F C M (C),

1 : :

N—o0

(iii) The sequence of distributions of L y under P&y";\; is exponentially tight.
An outline of the proof is in Sect. 3.1. The respective parts of Theorem 3.1 are
proved in the remaining subsections.

3.1 Outline of the proof

Let us briefly outline the main idea in the proof of Theorem 3.1(i) and (ii). The
methods of the proof consist of a discretisation argument similar to [24], combined
with combinatorial considerations (see, e.g. [1]) and large-deviations arguments.

For technical reasons, we first replace R? by a large ball A, which contains supp(m)
in the proof of the lower bound, respectively is later sent to R in the proof of the upper
bound. The first main idea is that there is no problem in proving a large deviations prin-
ciple for L y under a measure of the form ®r,x (Pfr X YONN(5) if the integers Nn(r, s)
sum up to N over a finite index set of ’s and s’s, and if the x,, € A are fixed. Such a
large deviations principle follows in a standard way from the Gértner-Ellis Theorem
[10, Theorem 4.5.20]. Here we consider the mean of N random variables 6 g, who are
independent, but not identically distributed, but the number of distributions is fixed.

However, the problem is that, in (1.1), for fixed 0 € Gy and for fixed integration
variables x1, . .., xy, the variety of measures }P’fr _x, appearing is much too large for an
application of this idea; the complexity is too high. Therefore, we introduce a partition

of A into finitely many small subsets U,. For any s, we treat all P,’i., o) as equal if
Xg (i) lies in the same Uy. More precisely, we relax the condition that the motion ends
precisely in x4 ;) by the requirement that it ends somewhere in Uy. If the fineness is
small enough, the replacement error will be small. Then we integrate out with respect
to m over all x; within their partition set U,, say. In this way, we have replaced the
‘microscopic’ picture of the ]P’fl.,xa & by a ‘macroscopic’ one that registers only the
partition sets, U, and Uy, in which the motion starts and terminates, respectively. This
we do for any r and s simultaneously. In this way, we now obtain a finite complexity
of different types of Brownian bridges, ordered according to their initial and terminal
partition sets. Say, for any r, s, we have Nn(r, s) motions that start in U, and end in
U;. Certainly, we have to sum over all admissible multi-indices 7.

So far, we have not talked about the role of the permutations. For a given admissible
n and given integration variables xy, . .., xy,only those 0 € & contribute that have the

property that, for any r, s, precisely Nn(r, s) indices i satisfy x; € U, and x5y € Us.
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The point is that these ¢’s yield precisely the same contribution. Therefore only their
cardinality is to be examined. This causes some combinatorial work that can be done in
an elementary way. The result is expressible in terms of quotients of factorials, which
can asymptotically be well approximated by entropies, using Stirling’s formula. In this
way, one arrives at a discrete version of the variational formula on the right hand sides
of (3.1) and (3.2), respectively. Some analytical work has to be done when letting the
fineness of the partition vanish.

3.2 Proof of Theorem 3.1(i)

We have to introduce some notation, which will be used frequently in the entire section.
For any compact set A C R? and any partition i = {U,: r € £} of A we denote
by fiy = max,cy diam(U,) its fineness. We always tacitly assume that the sets U,
are measurable and satisfy m(U,) > O for any r € X. In particular, for the proof of
the lower bound (3.1), we choose A such that supp (m) C A. By m(r) = my(r) =
m(U,)/m(A) we denote the coarsened and normalised version of m on A; hence
m € M;i(X). Furthermore, we introduce the set of probability measures 7 on 2
having equal marginals 77(r) = ZseZ n(r,s):

MY (2% = [n e Mi(Z%): D n(r.s) =D n(s.r), ¥r e 2} . 33)
SEX SEX
Additionally, let M;N) (22) = Ml(Ez) N %N(?z be the set of those pair measures 7

such that all the numbers N7 (r, s) are integers, and M(IS’N) (z?) = ./\/l(ls)(Ez) N %NEZ.
We also need to introduce the probability measure

B B QNn(r,s) 5N 5
Pyvu = ® (PUV,US) » e MPT(ED), (3.4
rSEX

where

d m(d , y)d
P, = [ b (s U= QIPsCID _ps o 1 ses,

e m(U;) m(U;) fUr pp(x,z)dz ™
U, U, xUs ’
3.5)

is a coarsened version of the Brownian bridge measure, see (1.5). The entropy of
measures on X7 is also denoted by H, that is,

n(r,s)

r](r, S) lOg m (36)

Hof@m) =Y.

rseX

is the relative entropy of n € Mf)( %2) with respect to the product 7 ® m. By d we
denote the Lévy metric on M (C), which generates the weak topology; see (3.13)
below. By dist(u, A) = inf,c4 d(u, v) we denote the distance to a set A C M (C).
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Our first main step is presented now; it basically summarises all combinatorial
arguments needed in the proof of Theorem 3.1(i).

Proposition 3.2 Let an open set G C M (C) be given, fix § > 0 and put Gs = {|n €
G: dist(u, G°) > 8}. Let A C R? be a compact set such that supp (m) C A and pick
any partition U = {U,: r € X} of A with fineness < 8. Then, for any N € N,

sym —5 2 — 7
PON(Ly € G) = (CN) 262" 3" -NHGmSmpl (1 € Gy),

neMN (52
(3.7)

where C € (0, 00) is an absolute constant, introduced in (3.24) below.

Proof According to (1.1),

1
P(sym) (L c G) Z /m(dX]) m(dXN) (® Xi xo(z))(LN S G)

G'EGNAN

(3.8)

LetU = {U,: r € £} apartition of A. Hence, A = UreZ U,,and U, NU; = @ for
r # s. We split the integration over A into sums of integrations over the subsets as

[z )

rNEX U

For the ease of notation we sometimes write r (i) instead of ;. Using (3.9), we can
estimate

IP“Y“” (Ly € G)

Z Z /m(dxl) /m(de)® Xr(i)» X»(a(z») (Ly €G)

aeGN r,. rNGZU

> Z > /m(dxl) /m(de)
UGGN r,. "NGEU UrN
N
; B
% yieUr(gl{SisN (@ er(i),ya(,->) (Ly € G). (3.10)
Introduce

B _ m(dx) 8 d

PU,,y = / m(Ur)Px’y’ yeRY rex. (3.11)

Uy
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Using this notation, (3.10) reads

PV (Ly € G)

N
B N‘ Z Z Hm(rl yieU, (l?§<z< (® (l)»ya(i))(LN €G). 3.12)

oceSy i, INEX i=1

In the following we replace the measures ]P”lg]r(i)’ y on the right hand side of (3.12)

with the measures IP’S,“US defined in (3.5). To that end, we need to make the set G
a bit smaller, more precisely, we have to replace it by the set Gs. Recall the Lévy
metric d on the Polish space M(C) [11], defined for any two probability measures
w,v e Mi(C)as

d(u, v) =inf{8 > 0: uw(I') < v(I'®) +8 and v(I') < w(T®)+68 forall T =T C C},
(3.13)

where F® = {1 € M;(C): dist(u, F) < 8} is the closed 8-neighbourhood of F.

Lemma 3.3 Let § > 0. Pick a partition U with fineness fyy < 8. Then, for any
r,...,tnv € X, anyy1 € Uy, ..., yn € Upny and any o € Gy, we have,

(1) for any open set G C M(C),

N

N
B B
(%)PUWM (Ly € G) > (&HDUMUM)) (Ly € Gy),  (3.14)
1= 1=

(ii) for any closed set F C M (C),

N N
B B 8
®]P>Ur(i)a)'(7(i) (Ly €F) = ®PUr(i),Ur(a(i))(LN € F7). (3.15)

Proof Foranyi = 1,..., N, we construct a Brownian bridge B under the measure

gm,)’ya(i) and a conditioned Brownian motion B® under the measure IP”ISJ i Uriotn
jointly on one probability space as follows. Let Wy, ..., Wy be independent Brownian
motions on [0, B] starting with distributions mU,(,), RPN LTTA respectively, where

my = ;tlll]/:) for r € . Put, for ¢ € [0, B],

r

BY = Wi(r) + ;mm — Wi(B)).

BY = i) + ;<zg<l-> — W),
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where Z, ;) has distribution IP”3 Bﬁ_1 and is independent of Wy, ..., Wy.

Ur(i),Ur(o (i) °~
Since diam U, (5(jy) < 8, we have ||B? — B?”|| < §. This implies that

1 & 1 &
d{| — Spi, — Sz | <96,
(7w 2m)-
and therefore both assertions. O

Using Lemma 3.3, we arrived, for any § > 0, at the estimate

P(Sym)(L €G) > ﬁ Z z Hm(rl ( r(a(:)))(LN € Gs),

oceBy i, ryexi=I1

(3.16)

for any partition/ of A with fineness f;; < §,where Gs = {u € G: dist(u, G) > §}.

An important observation is that the probability term on the right of (3.16) does not
really depend on the full information contained in o and ry, ..., ry, but only on the
frequency of all the pairs € »2 in the sequence (r1,r(o(1)),..., (rn,r(c(N))). In
order to take advantage of this observation, we rewrite the right hand side of (3.16) in
terms of probability measures 1 on £2. For n € M (22)and R = (r1,...,7rn) €
>N let

GN(R,n) = {a eBy:tHi:ri=rrs0)=5}=Nn(,s), Vr,s € E} (3.17)

be the set of those permutations o such that 5 is equal to the empirical measure of
the sequence (r, r(o (1)), ..., (ry,r(c(N))). Recall the path probability measures
Pr’f ~ ¢ defined in (3.4) and note that

N
IP’@”‘U'_(J(I_)) = PﬁN’u, ne MM (£, 0 € SN(R, 1), r1, ..., rN € .
i=1

(3.18)

Note that the measure in (3.18) does not depend on o, as long as 0 € Sy (R, n). Fur-
thermore, note that 7 is the empirical measure of the configuration R = (ry, ..., rn),
and therefore

Hm(r,) = [[m@M. (3.19)
rex

On the right hand side of (3.16), we insert a sum on 1 € M(f‘m(EZ) and restrict
the sum on o to o € Gy (R, n). Substituting (3.18) and (3.19), we arrive at

Py (Ly € G)
= 1
= > (]‘[m(r)N"“’)P,fN,u(LN €Go)yy 2, 16N (R, ). (3.20)
nEMES’N)(Zz) rex RexN
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Now we compute the counting term ZRezN iGN (R,n). For R = (ry,...,ryn)
and 0 € Gy, we write R, = (r(o(1)),...,r(c(N))). Let L(R)(r) = %ﬁ{i €
{1,..., N}: r;, = r} denote the empirical measure of the configuration R. In the fol-
lowing, we also sum over all configurations ¥ = R, with empirical measure L (/).
Then, for any 7 € M(IS’N ’(£?), we compute

> 46N (R, )

RexN

::Z:ZZEZM&:WWWJ#annmzﬂszMH

0By RexN yexN

Z Z WVr,s: #{i:ri =r, i =s} = Nn(r,s)} Z {Ry; = v}

RexN: yexN: 0eBy
7=L(R) 7=L()
N! . -
= vy & Mnss#lisn =rgi =) = Nn.o) [Tvae:
rex yexV s

(3.21)

The last equality is explained as follows. First, it is easy to see that, for fixed R, ¢
having empirical measures equal to 77, there are precisely [ [, .5, (N7(r))! permutations
of the coefficients of R which are indistinguishable from /. Second, observe that the
term

Z WVr,s: #{i:ri =r, ;i =5} = Nn@,s)}
I//EEN:
=L (W)

does not depend on R as long as L(R) = 7. It is elementary that the number of confi-
gurations R, whose empirical measure is equal to 7, is equal to N!/ [], .5 (N7 (r))!.
Now the remaining counting factor may be evaluated using

[, ex(N7(r))!
Hr,se): (Nn(r, 5))!

z WVr,s:#{i:ri=r,¢Y; =5} =Nn(r,s)} = , (3.22)

pexN

as is e.g. seen via a well-known formula for the number of Euler trails in a complete
graph (cf. [1] and references therein), but also follows from elementary combinatorial
considerations. Thus we get from (3.20)

PV (Ly € G)

nr HreE(Nﬁ(r))! B
> z | I m(r)Nﬂ( ) (N s))!PﬂvN»u(LN € Gs). (3.23)
HEMES’N)(EZ) rex HV,SEE

Using Stirling’s formula, we know that there is an absolute constant C € (0, co) such
that
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N! | C
1< — <.,/ — forany N € N. (3.24)
(N/e)N2x N 2w Y

Hence one sees that, for any n € M(ls’N)(Zz),

wi | res (NT0)! ~5 (%) =N H(nlij®m)
(Hm(r) )Hr,xez(Nn(r,s))! > (CN)" 205 . (3.25)

rex

Here H is the entropy made explicit in (3.6). Substituting (3.25) in (3.23), we arrive
at the assertion. O

Now we let the partition i = Uy = {U: r € Ty} depend on N such that the

N
m(U, M)

fineness fi4, vanishes. We also write my (r) = A

forr € Xy, and Hy for the
relative entropy of pair measures on 212\,.

The proof of Theorem 3.1(i) directly follows from a combination of Proposition 3.2
and the following.

Proposition 3.4 There is a sequence (UN) NN oOf partitions Uy = {U,<N): r € Xy}
of A satisfying y = fy, — Oand Xy = o(NY*) such that

1 _
liminf — 1 *NHN(m’I@mN)Pﬁ Ly eG
Nose N8 > nN Uy (LN € Goy) 326)
neMN (x2) @.

> —inf 1™ ().
neG

Proof Recall (1.6)—(1.8). It suffices to construct, forany 4 € G and g € /\/l(f)((]Rd )2),
some Uy € /\/l(f’N)(E,z\,) such that

. — 1 _
lim sup (HN(UN|77N®mN)—ﬁ log p? Ny (LN € GBN)) <H(qlg ® m) + I'(w).

N—o0 -

(3.27)

Fixu € Gandg € MT)((Rd)Z). We may assume that H (¢|g ® m) < oo. This implies
thatsupp (¢) C A x A, because H (¢[g®m) = H(q|g®q)+ H (g|m) and the support
of m is contained in A. We choose a sequence of partitions Uy = {Ur(N) :r € Xy}of
A such that 12y = o(N!/%) and 8y = fyy, — 0as N — oo. We write U, = U,"’
for any r € X in the following.

First consider n € M{’(X3) defined by n(r,s) = q(U, x Uy),r,s € Zy. The
sequence of probability measures gy € /\/l(f) ((R4)?) having Lebesgue density

gn(dx, dy) n(r,s)
—————— —]1 N y
dxdy Z |U, x Us| Urxts (%, ¥)

rSEXN
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is easily seen to converge weakly towards g as N — oo. The main technical task
consists in finding a measure 1y in M(IS‘N) (212\,) that approximates 1 well enough:

Lemma 3.5 Let (Un)neN be a sequence of partitions Uy = {UV(N): r e Xy}lof A
satisfying oy = fy, — 0and §Xy = o(N'%). Then, for any N sufficiently large
and for any n € M;‘S)(EIZV), there is NN € M(IS'N)(E,Z\,) such that

(tZn)?
— <2—.
r’rxneagN [n(r,s) —nn(r, s)| < N

(3.28)

Proof Due to the assumption that 1%y = o(N!/%), we may assume that there is a
(ro, s0) € X% with

(tZn)?

n(ro, o) > 2 forall N € N, (3.29)

because, if otherwise all entries are strictly smaller than 2(% N)2 /N, then n would
have, for all large N, total mass Zr,sefzv n(r,s) < 2(8ZN)2(EZN)?/N < 1. Without
loss of generality, we assume that 7o # so. The case ro = sp is in fact easier and
follows analogously. We denote by | x | the largest integer smaller or equal tox € R
We define ny: Xy x Ty — Rby

N (r,
(. s) = % for r € Sy \ {ro}.s € Ty \ {so): (3:30)
LNT(r))
Mn(rso) = =—p= = D an(rs) for re Ty \frok (33D
seXn\{so}
N7(s)
NN (ro. s) = LTI_N(J — D> an(rs) for s €y \{ro, sk (332)
rexy\f{ro}
LNT(r))
o) =1— > s = > o (3.33)
reXy\{ro} rexy\f{ro}
(o, s0) =1— > nn(s). (3.34)
(r,.y)eZIZV:
(r,8)#(r(,50)

Obviously, ny (r, s) € %Z for any r, s € Xy. Furthermore, by (3.34), they sum up
to one. It remains to show that ny(r, s) > O for any r, s € Xy, that ny satisfies the
marginal property, and that (3.28) holds.

From (3.30) it is clear that 0 < ny(r,s) < n(r,s) forr € Ty \ {ro} and s €
2N \ {so}. Using the estimate |x + y| > |x] 4+ |y] forany x, y € R, we see from
(3.31) and (3.32) that ny(r, so) > 0 forr € Xy \ {ro} as well as ny(rg, s) > 0 for
s € En \ {ro, so}. Using | x| < x we estimate

anGro,ro) = 1= > W) — D nrro) =) — D>, n(rro) =0.

reXy\{ro} reXy\{ro} reXy\{ro}

@ Springer



Large deviations for symmetrised Brownian bridges 105

Using now the estimate x — /N < [Nx] /N < x for x € R, we see from (3.31)
that ny (r, so) < n(r,s0) + Xy — 1)/N for any r € Xy \ {ro}, and we see from
(3.32) that ny (ro, s) < n(ro,s)+ (EXy —1)/N forany s € Xy \ {ro, so}. In the same
way, we see from (3.33) that

Yy —1
o) <1— > a1 +22E LS 6 ) = 6, o)

reXy\{ro} ol reXy\{ro}
Xy — 1
+2—.
N

Using all the preceding estimates, we see that

tZv - D _gEy -1
,5) < ,8) 42 2 ,
> = DL s+ TR A v
(r,s)e):lzv : (r.s)EZIZV :
(r,)#(rg,s0) (r,5)#(r(,50)

and (3.34) implies that ny (ro, so) > 1(ro, o) — Z(ﬁE)z/N, which is nonnegative by
(3.29). Hence, we have shown that ny is a probability measure on X x Xy. From
the preceding, it is also clear that (3.28) holds.

It remains to show the marginal property of ny. The first marginals, i.e. the sum
over the right entries, are identified as

Z nn(r,s) = W for r € Ty \ {ro} and z nn (ro, s)

SEXN SEXN

v
-y W) ”N(r”. (335)

rexny\{ro}

We check that they coincide with the second marginals, i.e. the sums over the left
entries. For r € Xy \ {ro, so} we get from (3.30) and (3.31) that erzN M, r) =

@; hence the marginals coincide for r € Xy \ {ro, so}. Using (3.33) we see that

o
2 rexy N 10) = N (ro, 10)+ 2 esy\(ro) TN 70) = 1205\ (1) L ',’V(’”,and

hence the marginals coincide also in ry. Since all marginals of iy are probability mea-
sures on Xy, the two marginals coincide also in s¢. This shows that ny € ./\/l(f’N ) (212\,).
O

Let ny be as in Lemma 3.5 for n defined by n(r,s) = ¢q(U, x Us) as above.
Consider the probability measures gy € /\/l(f) (R x R?), having Lebesgue density

gn (dx, dy) nn(r,s)
RS E — 1 ,Y).
dxdy |Ur x Us| UrxUs (%, 7)

rSEXN
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From (3.28) and the convergence of gy towards g we have that also ¢y converges
weakly towards ¢. To see this, note that for any g € Cp(R? x R?),

[{g.q) — (g, an)| < (g, q) — (g.qn) |

. Z/ In(r, s) ng<|r,s)||g(x’y)|dxdy

rveZNU U,
% 2
<o) +2llglke Y EEN <o)
rSEXyN
#=n)*
N

+211gllco =o0(1), as N — oo. (3.36)

Observe that the marginals gy of ¢ have Lebesgue density x — > exy v (M 1y,
(x)/|Ur|; in particular g y (U,) = 7y (r). Note further that the relative entropy can be
written as

Hgnlgy ®m) = H(gy|m) + H(gnlgy ® qn)- (3.37)

Jensen’s inequality, applied for the function ¢(z) = zlog z, gives for the first entropy
on the right of (3.37),

dgy d d
H(c—mlmz/ I Jog (U)/ m ("N)
reXn

Rd
dm dgy | _ qnWUr)
= 2 WU | [ oS | = 22 TvUnloe s
rexy Ur rex
= D n()log (()) = Hy @iy |my). (3.38)
rexy

In the same way one shows that H(gy|gy ® gn) = Hyv(n |1y ® 1y ), resulting in

H(gnlgy ® m) > Hy(my [y @ my).

By [21, Proposition. 15.6], we have limy_, oo H(gn|gn ® m) = H(g|q ® m). Hence,
we have shown that

limsup Hy(ny |y @ my) < H(glg @ m).

N—o0

That is, we have shown the first half of (3.27).
In our final step, we are going to use the Girtner-Ellis Theorem to deduce that

1 B @
11m1an10gP Ny (Ly € Gs) > —I'V(w).

N—o0
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For doing this, we first introduce, for any ® € C,(C),

Nnn (r,s)
Ly(P) := logEij’N’uN [eN<¢’LN)] = log H IEZ“US [ed)(B)]

rSEXN

N Z nw (7, s)logE'f,hUs [e‘D(B)]

rSEXN

_ B @(B)
=N / / qn(dx,dy)logBy .y [e ] (3.39)
R4 R4

where ry (x) € Xy is defined by x € U, (x). From the proof of Lemma 3.3 it is easily
seen that

tim B, o]
N—oo rN () Yry ()

o] =g [eoo]
uniformly in x, y € A. Recall that gy — ¢ as N — oo weakly. Hence, the limit
L(P) = limy— oo 3Ly (P) exists, and

L(D) = //q(dx, dy) logEf’y [e‘b(m].

R4 R4

Since it is easily seen that £ is lower semi continuous and Gateaux differentiable, and

by the exponential tightness of the family (Pf VN UN) NeN (see Lemma 3.10), [10,
4.5.27] implies that

1
liminf — log P”

N—oo N nn.N.Uy (Ly € Gs) = _I(q)(//L)- (3.40)

This shows the second half of (3.27) and ends the proof. O

3.3 Proof of Theorem 3.1(ii)

Our proof of the upper bound uses the same machinery as the proof of the lower
bound. Recall that we assume that m is a probability measure on R, not necessarily
having compact support. Also recall the notation from the beginning of Sect. 3.2, in
particular, the partition i/ = {U,: r € X} of a given set A C R? and (3.3)—(3.6).

In the following, we will have to work with probability measures on ¥ x X that
satisfy the marginal property only approximatively. Fore € (0, 1) andn € Nintroduce
the set

MPE) = [ne M) don®. ) < 26)
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where d is some metric on M (£?) that induces the weak topology, and " and n® are

the two marginal measures of 1. By M| (£?) we denote the set M|”(£2) N %NEZ.
Our first main step is the following.

Proposition 3.6 (Combinatorics) Fix a closed set F C M/ (C) and a compact set
A C RY. Then, for any § > 0, any partition U of A having fineness fiy < 8 and for
anye >0and N € N,

PO (Ly € F) < 2Vm(AN 4 (CN)RE NG %
(1—2¢)N<n<N
x> eHumSIph (L, € FET), (341
UEM(S’")(EZ)

where C > 0 is given in (3.24), and C; > 0 vanishes as ¢ | 0.

Proof Consider (1.1). We split each of the N integrations over the starting points of
the Brownian bridges into an integration over A and over the complement A€. Thus
we can write

_ // (3.42)

(Rd)N ae{l,c}V ya; AN

where we used the notation A! = A. The sum on « is split into the two sums where
more than ¢ N integrals are on A and the remainder:

= Z / / > // (3.43)

d\N ae{] c ae{l, c)N a a
(R ) ti: a; —(.}>FN aliaj=1}>(1— E)NA ! AN

]P;(sym) — ]P;(Sym) 1 + P(sym) 11

Using this in (1.1), we write , with obvious notation. It is

clear that
P Ny e F) <2Vm(A%)=N. (3.44)

This is the first term of the right hand side of (3.41), and now we show that the second

part is an estimate for IP’X,Y"E’” (Ln € F). For doing this, we distinguish all the sets /
of indices i such that a; = 1:

(sym) II(L e F) Z Z Z

UEG Ic{l,...N} 1
SR aC,)_l)

/ / m(dxy) .. m(de)((X)lex “))(LN e F).

A9l
(3.45)
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In the product over the Brownian bridges we only want to consider those Brownian
bridges whose initial and terminal points arein A. Giveno € Gyand /! C {1,..., N},
we consider the subset I, = {i € {l,...,N}: 0(i) € I} = o~'(I). We want to
replace the measure @', ]Pfft.,xn(i) by the measure ®);; n; Pﬁi»xa(i)’ i.e. we want to
forget about all the motions whose initial point x; or whose terminal point x (; is not
in A. We do this by replacing the empirical path measure Ly by the empirical path
measure L ns, where

1
L,:n_JZ(sB@, Jc{l,...,N}.

ieJ

Recall that we work with sets I C {1, ..., N} satisfying §/ > (1 — ¢)N and have
therefore d(Ly, L;,n;) < 2¢, since (I, N 1) > (1 — 2¢)N. Hence, if Fd={u e
M (C): dist(u, F) < 8} denotes the closed §-neighbourhood of F, then

N
it 1o = (@, Javer = (@ #h, | v r
i=1

iclyNl

(3.46)

Using this in (3.45), we can freely execute the N — 1 integrations over those m(dx;)
with j ¢ I since they do not contribute anymore. These integrations may be estimated
from above by one, and we are left with the f/ integrations over those x; satisfying
i € I, which means that x; € A. Hence, all the remaining integration areas are equal
to A. Note that then the sum on all a € {1, c}" satisfying I = {i: a; = 1} just yields
a factor of one. This gives

sym ]
v e =g 20 20 [ [m@n| @ ¥, | Cunrer®.

CoeGy Il N} iel icl,NI
7 le>(1w)NAll (o

(3.47)

Now we introduce a partition i/ = {U,: r € £} of A and split the integration over
A into a sum on integrations like in (3.9):

J Mmoo = ST [ w@w. &=ty (3.48)

. 15
Al iel ReYx lEIUr(’_)

For fixed R € ! and for multi-indices x; € U,y with i € I, we may estimate

B 2¢e B 2¢
Q) Phy | Linr € F¥) = sup P yoe | Lini € F?).
iel,NI «‘zeier[(:)- ielyNI

(3.49)
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The right hand side does not depend on the x; withi € I\ I,. Hence, after substituting
(3.48) and (3.49) in (3.47), the integrations over x; € U,y withi € I \ I, may be
executed freely and their contribution gives a factor of m(r(i)), where we recall that
m(r) = m(U,) for r € ¥. Now we perform the integrations over all the remaining x;,
i.e.overx; € U,y withi € I, N 1. Recall the notation in (3.11), to obtain, also using
(3.48) and (3.49),

/ [Tm@ | &Q BL.. | LinreF*)

Al iel ielyNI
< ' Py L F
= m(r(i)) sup Uriyvory | Elont € F7)
Rexlicl iclriy \ je, NI
iel
. B 2e+6
<
< > [Imeo | @ B0, | Lionr € FF. (3.50)
Rex! i€l iel,NI

In the last step, we introduced some small § > 0, assumed that the fineness f;; =
max,cy diam(U, ) is smaller than §, and used Lemma 3.3 (recall the notation in (3.5)).
So far, we have deduced that

PN (Ly € F) < % 2. 2 2 [Imew

. Ic{1,..., N} Iiel
oceSy N Rex!li

B 2e+8
x ® Pl Urowy | Llont € F4). (351
iel,NI

Put n = (I, N I). Observe that the probability measure &);.; IE’”Z does

(@) Uro
not depend on the full information contained in o, but only on the freque(ricie(s E))Izi el
such that (i) = r and r (o (i)) = s, for any r, s € X. In the next step we add a sum
over pair measures 7 in MY‘)(E2), the set of probability measures ¥> — %NO, and
add the constraint that these frequencies are equal to nn(r, s). Under this constraint,
Xic 1,n1 IP’@M)’UHG(I_)) does not depend on o, but only on 7, such that we may just count
all the o’s that satisfy the constraint. Note that these 1’s do not necessarily have equal
marginals. More precisely, their left marginal " is equal to the empirical measure of
(ri)ier,ni» and its right marginal n® is equal to the empirical measure of (ro (i))ier, NI-
However, since n > (1 — 2&) N, these 1’s are elements of the set M(f’”) defined prior
to the lemma. Thus,

sym O ni(r,s)
Py (LyeF) s > > JIme" (R (#,0)

TcIc{l...N}: neM(lg‘")(Ez)rEZ rSEX
n=gT>(1-2e)N |
2e+8 T
x (L, € F**79%) Z Z HIi=1I, m}mu
Rex! 0eBy
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x{oc € Gy:Vrs: i € I: ri=r,rei=s}=nn(r,s)} H m(r;)
ie\I

1)
= 2 2 [ImeyOR (L € P

(1-2¢)N<n<N ne/\/t“'”)(z% rex

x Z Z 1:16N(R 1,n) H m(ri), (3.52)

Tcicil ReZ’ ie\I
ﬁl n

where we used the notation in (3.4) and introduced
GN(R,I~, n) = {a eGy:Vrs: i e I:ri= I Fo(i) =S} :nn(r,s)}.

Let us estimate the combinatorial terms in~the last line of (3.52) as follov&LS. Fix
(1-2)N <n<N,npe M (% andI c I C{l,..., N} satisfying 4] = n.
Furthermore, fix R = (rj)ies € 211 such that n¥ is equal to the empirical measure of

(ri);ej- We add a sum on ¥ € %! with the constraint that ¥ = (ro(i));ef- Recall that
L(y) € M(]”)(Z) is the empirical measure of . This gives

ESN (R, T n) = Z KVrs:tli e I: ri=r; Y =s} =nn(r,s)}

WEET
Ly)=n?

x > MY =rea), Yiel) (3.53)

UEGN

The last term is written and estimated as follows:

Z Wi=roay, Viel}= Z t{o: I — I’ bijective: 1/fi=r0(i),Vief}
ceBy I'cl: 1'=4T
xtg{o:{1,....N}\T — {1,..., N}\ I’ bijective}

8l @ _
S(n)(H (nn (r))!)(N n)!. (3.54)

rex

The remaining term in (3.53) is identified as

[Les ()"
[T ses (anCr, )Y

Z Kvrs:g{i € I: ri=r;y; =s}=nn(,s)} =
¢e27
L)=n?
(3.55)

which is derived in the same way as (3.22) above. Note that the estimates in (3.54)—

(3.55) do not depend on R as long as nV is equal to the empirical measure of (ri)iet-
The number of these (ri)iel\f is equal to n!/ [[,cx (nn”(r))!. We write the sum on
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R € ! as sums on (ri)ie7 € 27 and on (r,-)l-el\,~ € 21\7. Taking into account the
term [, c 1\7m(r,-) in the last line of (3.52), the latter sum can be estimated against
one. Hence, the last line of (3.52) can be estimated as follows.

> > %neN(R,T, n [ mo

Tcic(l...N): Rex! iel\]

tl=n

™

Tj{(ri)iefe ET: L ((ri)ief) = n(l)}

IcIc{l,...N}
#l=n
X (ﬁl) HreZ (”n(l)(r))! HreE (’“7(2)(”))! (N —n)!
n Hr,seE (nn(r, s))! N!
(ru : n! [Ires (1) [1,ex (m1® 0))! (N = n)!
= N
n [1ex (n®())! [ ses (an(r, $))! N!
N\?  [Les (an®0)!
N . 3.56
=(3) Moo (0. )] (350

In (3.52), we substitute (3.56) and use Stirling’s formula in a similar way as in (3.25),
to arrive at the assertion. O

Now we use large-deviation arguments for identifying the large-deviation rate of
the last line of (3.41). Introduce the rate function

L= sup ((@.0) = > nei9)logEl , [*®]). 357)
Peh(©) r,SEX

Lemma 3.7 (Large deviations) Fix a closed set F C M(C) and a compact set
A C RY. Then, for any €, 8 > 0, and any partition U of A with fineness < 8,

1
lim sup — log Z e—”H(ﬂlm®7](2))pr/)3n z,{(Ln c F2s+5)
— n S,
n—o0 neMgs,nJ(Zz)
=— inf = inf {HGIm@n?)+ 17w} (3.58)

/LEF28+5 ﬂEMiE)(ZZ)

Proof From Lemma 3.10 it follows that there is a sequence of compact sets K; C
M (C) such that

1
lim lim sup — log sup sup an u(LN € KZ) = —o00. (3.59)
L=0o0 nsoo 1 U: fu<i ne/\/lg”)()jz) o

Hence, it suffices to assume that F2¢79 is a compact subset of M (C).
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We consider the logarithmic moment generating function of the distribution of L,
under Pﬂ s
n.n,U

£, (@) =log EN o [e"®H0 [ =n 7 ner ) logBl, y, [*®]. (3.60)

rseX

Let now 1, € M{" (x?) be maximal for n > e—ﬂH(ﬂ|m®71(2))pfn (L € F259),
Since Mf)(EZ) is compact, we may assume that lim, ., 1, = n for some 1, €
M (£2). Certainly, the limit

1
L(®) = lim ~L0%(@) = > n(r.5)logEf ;[P

rseX

exists, and is lower semi continuous and Gateaux differentiable. Observe that Iz(j) is
the Fenchel-Legendre transform of Az}) . Now the Gértner—Ellis theorem yields that

1
lim sup — log Pr’lg auLn € Frtdy <

n—oo N

1 f I(V}) .
u€11£12s+5 u (M)

Since the cardinality of /\/l(f’")(Zz) is polynomial in n, and by continuity of n
H(nlm ® n®), the assertion follows. O

Substituting Lemma 3.7 on the right hand side of (3.41) we obtain that for any
e > 0,8 > 0, and any compact set A C R? and any partition I/ of A having fineness
smaller than §

1
lim sup I logIP’ﬁly";’\),(LN € F) < —min [ —log2 — elogm(A°),

N—o0

C. + inf inf Hlmy @ n®) + I ] 3.61
P MerneM?)(EZ){ (mlmy @ n®) + L7 (1)} (3.61)

In order to finish the proof of Theorem 3.1(ii), let § | O on the right hand side of
(3.61), replace £ and A by sequences ey | 0Oand Ay 1 R suchthat ey log m(A§) —
—o0, and use the following lemma.

Lemma 3.8 Fixaclosedset F C M1 (C). Then, for any sequence (¢n) yen in (0, 1/2]
satisfying ey — 0as N — oo and any sequence (A ) yen of compact sets Ay C R?
satisfying Ay + R? as N — o0,

liminfliminf inf inf {H @y 4 » }
Y R
> inf inf  {H@lg®m) +19w), (3.62)

= qEMES)(Rdx]Rd)

where Uy is a partition of Ay with fineness smaller or equal to §.
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Proof Let us first roughly explain the nature of the argument. We pick approximating
sequences of n’s and p’s and employ a compactness argument in order to extract a
convergent subsequence. This easily finishes the proof by lower semi continuity. The
compactness argument relies on the compactness of the level sets of the entropy term
(which is well-known) and on that of the /-term, which we derive from exponential
tightness of certain probability measures whose large deviation principle is governed
by the I-term (this is in the spirit of the proof of [10, Lemma 1.2.28 (b)]). Let us come
to the details.

We proceed in two steps. First we consider the limit § | 0. Fix e > 0 and a compact
set A C RY. Note that there is a compact set K5 C M (C) such that, forevery § > 0,
the set F2¢+9 can be replaced by F*%9 N K, without changing the value of the
infimum on the left hand side of (3.62). This can be seen as follows. From (3.59),
together with the lower bound in the large deviations principle for Ly (see the proof
of Proposition 3.4), one deduces that the set {u € M/ (C): infy, , IZ(/;) (n) < C}is
compact for all C € [0, c0), where the infimum is taken over all partitions ¢/ of A and
overall n € M, (22) (adapt the proof of [10, Lemma 1.2.28 (b)]). Hence, also the set

K= [M e Mi(0): 515 {Hmm @ n®) + 1) (W} < C}

is compact. Choosing C large enough we can pick Ky = K .
For u € M{(C) and ¢ € M (A x A), introduce

IZ;D(M)z sup (fD,M)—//q(dx,dy) logE’?} U [ecp(B)] . (3.63)
PeCy(0) 4 () Ur@)

where r(x) € X is defined by x € U, (y). Then we have,

inf inf  {H@lmy ®n®) + L) ()}
MEFZL‘F(SOKA nEMis)(zz)

> inf inf  {H(glmy ® ¢®) + L)}, (3.64)
M€F2£+60KAqEM(lg)(A2){ qimy q u I’L}

as is seen from considering

n(r,s)

q(dx,dy) = Z 0, x Ul

rSEX

Iy, xu, (x, y) dxdy.

Here my/(dx) = >, .5 %Hu, (x)dx € M(A).
Fix ® e Cy(C) and note that there is Co,s > 0 satisfying lims o Co,s = 0 such
that, for any ¢ € M (A?),

@ Springer



Large deviations for symmetrised Brownian bridges 115

//q(dx dy) logEU( . Ur(v) ‘D(B) 5//q(dx,dy) logIEf’y [e(D(B)] + Co.s,
A

(3.65)

as follows from the proof of Lemma 3.3 (we used that the fineness f;; is not larger
than §). We recall the representation of the entropy as a Legendre transform (see [11,
Lemma 3.2.13]): for any ¢ € M (A x A),

H(glmy ® q®) = sup [(g.q) —log(e?, my ® ¢@)]. (3.66)
2€Ch(AXA)

We now write s instead of . For § > 0, let us € F2TNK A andgs € /\/l(f)(A2)
be minimisers for the variational formula on the right hand side of (3.64). Since
A is compact, as § | 0, along suitable subsequences us and gs converge weakly
towards suitable © € F! N Kx and ¢ € M (A?), respectively. In particular, q(Z)
converges weakly towards ¢® and g; converges weakly towards ¢‘". Certainly, we
have 1 € Ns=oF* ™ N Ky = F?* N K, since F?¢ is closed, and ¢ € M| (A?).
From (3.63), (3.65) and (3.66), we have, for any § > 0,

inf inf H(glmy, ® ¢?) + L' (n)
M€F2£+SQKA quga)(Az) { q 8 q u }

> (g, gs) — log(e®, my, ® q57) + (P, 1s)
- / / gs(dx, dy) log Ef | (e“’<3>) —Cos. (3.67)
A

where g € Cp(A x A) and ® € Cp(C) are arbitrary. Note that mz;, — ma weakly
as 6 | 0, where m, is the conditional distribution of m given A. Hence, my;; ® qéz)
converges, as § | 0, weakly towards ma ® ¢?. Consequently, letting § | 0 on the
right hand side of (3.67) and recalling (3.64), we obtain that

liminf  inf inf Hlm @ n®) + L ()
ninf At eM@(zz){ nlm @ 1) + 1, (W)

— log(e?, ma ® ) + (®, 1)
/ / g(dx.dy) logEf  [*®]. (3.68)

Since this holds for any g € Cp(A x A) and ® € Cp(C), the left hand side is not
smaller than H (g|mp ® ¢@) + 19 (1), where we extended ¢ trivially to a probability
measure on RY x R? (with support in A x A). Hence,

Lhs. (3.68) > inf inf {H(glma ® ¢?) +19(w)}.

UEF2 quie)(Rded) (3.69)
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In the second step of the proof, we replace £ by ey | 0and A by Ay 1 R and
consider the limit as N — oo. Clearly, ms, — m weakly. For any N € N, pick
un € F?N and gy € M(fN)(]Rd x R¥) such that the sequence (H(gnImay ®q1(\2,)) +
1% () nen converges to the left hand side of (3.62) and may therefore be assumed
to be bounded. Since

H(gnlmay, ® gy) = H(gy' Ima,) + H(gnlgy ® qi).

the sequence (H(ql\l, |ma,))neN is also bounded. Since H(q]\l,)|m) H(q;\})|mAN)
the sequence (qN)) NeN is tight, because the level sets of the relative entropy are
compact (see [10, Lemma 6.2.12]). Since d(gy, gyy) < 2ey — Oas N — oo,
also (qN )NeN is tight. By boundedness of (H(qNIq(” ® q;\z,)))NeN, also the set Q :=
{gn: N e N}istight. According to Prohorov s theorem, we may assume thatgy = ¢
forsomeg € M;(R?xR?).Sincealsogy’ = ¢ andq(z) =g andd(qy. qy) — 0,
we have that g € /\/l(f) (R? x RY).

For sufficiently large C > 0, the sequence (4n)yeN 1S contained in the set {u €
Mi(C): infyey I () < C}. It turns out that this set is relatively compact. For
proving this, it suffices to find a family of compact sets K; C C, L > 0, such that

lim inf inf 719 = co.
L—oogeQ Ky

Consider a sequence of compact sets A y 1 R? (not necessarily those we picked above)
and a sequence of partitions Uy = {U,: r € L} of Ay whose fineness vanishes as
N — o0. Given g € Q, pick r/(’“ € M(lN)(Elz\,) such that the probability measures

(q) (4)(,- S)
N (dx,dy) := Z WHU,XUS()C’ y)dxdy
rSEXN r §

converge weakly to ¢g. Then the sequence of empirical path measures, (Ly)yeN, 18
exponentially tight under Pﬁ(q) N U uniformly in g € Q (see Lemma 3.10). Further-
Ny - VUN

more, it satisfies a large deviations principle with rate function . This is seen as
follows. The logarithmic moment generating function of L y under Pﬂ(q) N U defined
Ny >NV UN

in (3.60), is easily shown to converge towards the function @ — fRd fRd q(dx, dy) log
Efz y [e®®)]. Since its Fenchel-Legendre transform is equal to 1, the Girtner—Ellis
theorem implies the mentioned large deviations principle.

For L € N, pick a compact set K; C C such that P’g(q)
7)N N

forall L, N € Nand g € Q. Using the lower bound in the mentloned large deviations
principle, this implies that

(LNeK)<eNL

1
inf inf 1 > —lim inf — log p’ (Ly € K$) > L.

q€0 K¢ N—oo nn.N.Uy

Hence, the sequence (1) yeN is tight.
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Therefore, we may assume that uy = u for some u € FV. Since uy € F@N
for any N € N and since ¢y — 0, we even have that u € F, since F is closed. Now
in the same way as we derived (3.69), one derives that (3.62) holds. O

3.4 Exponential tightness

In this section, we prove the necessary exponential tightness assertions for the sequence

of the empirical path measures under the symmetrised measures, Péiy']’:,), and under the

mixed product measures, p’ NUy . The proof of the latter exponential tightness is a
variant of the standard proof for faws of empirical measures. Here, the main ingredient
is the product structure of the probability measure. The proof of the first exponential
tightnedss exploits a compactification argument due to the starting distribution m €
Mi([RY).

Lemma 3.9 Ler m € M (R?) be the initial distribution. Then the family of distri-
butions of the empirical path measures Ly under the symmetrised measure P> mN S
exponentially tight.

Proof The proof is in the spirit of the proof of [10, Lemma 6.2.6]. For [ € N, choose
abox Q; C R? such that m(QlC) < e, Furthermore, choose §; > 0 so small that

1
sup ]P’fiy( sup |Bsy — B;| > ?) < e_lz. (3.70)

x,yeQ; ls—t]<8;

Consider

[s—1]<6;

1
=[f€Cif(0)€Qz,f(ﬁ)€Qz, sup If(S)—f(t)IST].

According to Arzela-Ascoli’s theorem, A; is relative compact in C. Put M; := {u €
Mi(©C): /L(AIC) < %} and note that M; is closed by Portmanteau’s theorem. Let L € N

be given and consider K; := ﬂfoL M;. 1t is easy to see that K is tight hence K 1,

is compact by Prohorov’s theorem. We shall show that IE”(by N(LnN € X 1) <e LN for
any N € N, which implies the assertion. Observe that

. ; N
{LNEMIC}CHﬁ{le{l,...,N}:B(')EAlc}>7]
st By e 0y = Sl ulsti BY e 0y = o
no =3 "B =3

. p) ) @) o) 1 N
Uitqi: By te,Bﬁte, sup |B —B,|>7 > 1.

Is—t]<8; — 3l
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Clearly,

sym i N
P(y)(ﬁ{l BUGQ[}ZE)

=Py (u{z By € Qf} = ﬁ)

~ 3l
N

SR Y B - ETE

G osSwg L=
< Z m(QH! < 2Ne=IN/3, (3.71)

11=%
Furthermore,
(sym) (t) ( ) (l) (i) 1 N
[s—1]<8;

<> w2/ [T

----- N}: UGGN(Rd)N i=1

\Ilz%
> 1
®IP’§ Viel:BY eQ.ByeQ. sup |BY—B" >
i o Is—tl<8 l
i=1 s
. . 1
= m(dx;) [ [ P2 sup |BY — BV > —
ZN i) eQ /H l l_! |s—t|I;6, y ! l
|[|73, iliel [Ql i€ ic
< e IN/3 < gN—IN/3, (3.72)
111> 5

Hence,

P(sym)(L c KL) < Z]P;(sy (Ly € M[) <3 x 2N Ze IN/3 <6 X2N —NL/3
I=L =L
<efNL/5

for all large N if L > 24. This ends the proof. O
Now we prove the exponential tightness of the empirical path measures Ly under

the measures P? NU introduced in (3.4). We continue to use the notation introduced
at the beginning of Sect. 3.2.

@ Springer



Large deviations for symmetrised Brownian bridges 119

Lemma 3.10 Ler (A y)yen be a sequence of compact subsets of R and let (Uy) yen
be a sequence of partitions Uy = {U,: r € Ly} of An. Forany N € N, let ny be in
M(IN)(E%V) such that the sequence of probability measures qy defined by

nn(r,s)

gn(dx,dy) = Z U, x U]
r N

rSEXyN

]lUrXUx (x’ y) dXdy’

is tight. Then the families of distributions of the empirical path measures Ly and
the one of the means Yy of occupation measures under the measures PT'IB VN @Te
exponentially tight.

Proof We prove the exponential tightness for the empirical path measures, the one for
the means Yy follows analogously. As we have seen at the beginning of the proof of
Lemma 3.9, for any / € N there exists a compact set Q; C R4 such that forall N € N
we have gy ((Q; X 0))°) < é. Furthermore, there exists a compact set I'; C C such

that

sup PP (BeT) <e (e —1). (3.73)

X, yEQI+1

The set M; = {v € M (C): v(I'}) < 1/} is closed by Portmanteau’s theorem.
For L € N define K; = ﬂj’i 1 M;. By Prohorov’s theorem, each K is a relative
compact subset of M (C). We may assume that diam U, < 1 for any r € Xy. Then
Chebycheff’s inequality gives that for any N € N, any partition {/y of Ay and any
v € MV(ZR)
PP v Ly & M)

nv.NUy N

_ pb 1 B INP(Ly(T$)—1/1)

= Pf (LN(Ff) > 7) <E vus [e NTH-1/

N
—2NI =B 2 i
=e El Ny |:exp(21 Z 1{B" e Ff})]

i=1
Nnpy (r,s)
—eV [ B, [exp CRE Ff})] v

rSEXN

2 Ny (r,s)
M ] (]P@h u(Bel)+e'Pl | (Be rf))

rSEXN

< e 2N H (YN (:s) (e3lz)NqN((Ql><Q1)C) <e N2 (374
rSEXN
UrxUsC 07, |

where in the last line we also used that [see (3.5)]

P, (BeTH<e @ —1) if U xUs C 0},
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that 1 + 2!’ < 3 and that gn((Q; x O))°) < é. Therefore,

o0 o0
PP iy N EKD) <D PP (Ly ¢ M) <y e N2 < 0em VLR,
I=L I=L
(3.75)

which implies the exponential tightness. O

3.5 Proof of Theorem 1.2

In this section we prove Theorem 1.2. We recall that a large-deviation principle for Yy
under ]P’(r:ly";\; with rate function f&ym) [see (1.13)] directly follows from the principle
of Theorem 1.1 for L via the contraction principle [10, Theorem 4.2.1], since Yy =
W(Ly), where W(u) = % foﬁ wo ! ds. The rate function is given as JE™ defined

in (1.12). Therefore, it suffices to show that JY™ coincides with J&™ introduced
in (1.10). For this, it suffices to show that the two functions J@ and J@, defined in
(1.13) and (1.11), coincide for any g € M(f)(]Rd x R9).

Fix g € MT)(R‘{ x R?) and let us first show that 7@ > J@_ Given u € M,(C),
we specialise the supremum over ® € C(C) in the definition (1.8) of 1 to functions
of the form ®(w) = %3 foﬂ ds f(w(s)) with f € Cp(R?), to obtain that

B
I'9(u) = sup /M(dw)l/ds fw(s))
FeCh(RY) P

1B
_//Cl(dx,dy)logEf’y |:eﬂ Jo f(B.Y)ds]

R4 R4
= J (W (). (3.76)

Taking the infimum over all u satisfying (i) = p, it is clear that J@ (p) = J©@(p)
for any p € M;(R?). B

It remains to show the complementary bound, J“ (p) < J%(p). Proving this
directly in an analytical way seems to cause major difficulties. Therefore, we proceed
in an indirect way by showing that both J@ and J@ are the rate function for the
same large deviations principle. By the uniqueness of the rate function, this implies
the assertion [even without using (3.76)].

Measures that satisfy a large deviations principle with rate function I have been
constructed at the end of the proof of Lemma 3.7. Indeed, consider a sequence of
compact sets Ay 1 R? and a sequence of partitions Uy = {U,: r € Xy} of Ay
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whose fineness vanishes as N — oo. Pick ny € M(N )(E ) such that the probability
measures

nn(r, s)
dx,dy) := AR | ,y)dxd
gn(dx,dy) E U, > Us| U xUs (x, y)dxdy
rSEXN

converge weakly to g. According to Lemma 3.10, the sequence of empirical path
measures, (Ly)yeN, 1S exponentially tight under Pﬁ N.Uy . As has been explained
in the proof of Lemma 3.7, it satisfies a large dev1at10ns pr1n01ple with rate function
1@, According to the contraction principle, the sequence (Yy) yen satisfies, under the
measures P’3 Ny 2 large deviations principle with rate function J@.

Now we show that (Yn)nen satisfies, under the measures P‘3 Ny @ large
deviations principle with rate function J“, which ends the proof. For this, we have to
consider the logarithmic moment generating function of Y under Pf VN Uy which
is identified, for any f € Cp (Rd), as

’ B . Nnn(r,s)
Ln(f) = loglEigN,N’uN [eN<.f,YN>] =log| [] E@,,US [elo f(Bs)ds]
r,SEXN
6

=N > an(.s)logE} [ejo f(Bs)ds]

rSEXN
=N dx, dy) logE, JE rBoas -
- qn(dx,dy) logBy, v, |© , (3.77)

R4 Rd

where ry(x) € Xy is defined by x € U, (x). From the proof of Lemma 3.3 it is seen
that

lim E?

JE f(Bs)dS] _mB [foﬁf(Bs)dS]
Novso Uy Uy [e =Eeyle :

uniformly in x, y on compact sets. Recall that gy — g as N — oo weakly. Hence,
the limit £(f) = limy_ o0 % L (f) exists, and

L(f) = //q(dx, dy) logEfyy [eﬁ)ﬂ f(B:)ds].

R4 R4

Itis easily seen that £ is lower semi continuous and Géateaux differentiable. Note further
that the Fenchel-Legendre transform of £ is equal to J. Furthermore, according to

Lemma 3.10, the sequence (Yy)yeN 1 exponentially tight under (P VN MN) NeN-
Hence, the Girtner-Ellis theorem [10, 4.5.27] implies that (Yy)yeN satlsﬁes under
the measures Pf Ny 2 large deviations principle with rate function J, which
ends the proof.
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4 Appendix: large deviations

For the convenience of our reader, we repeat the notion of a large-deviation principle
and of the most important facts that are used in the present paper. See [10] for a
comprehensive treatment of this theory.

Let X denote a topological vector space. A lower semi-continuous function/ : X —
[0, oo] is called a rate function if I is not identical oo and has compact level sets, i.e. if
I71([0,¢c]) = {x € X: I(x) <c}is compact for any ¢ > 0. A sequence (Xn)yenN of
X-valued random variables X y satisfies the large-deviation upper bound with speed
ay and rate function [ if, for any closed subset F of X,

1
lim sup—logP(XN eF)<-— mf I(x), “.1)
N—oo AN

and it satisfies the large-deviation lower bound if, for any open subset G of X,

1
liminf — logP(Xy € G) < — 1nf 1(x). 4.2)
N—oo an

If both, upper and lower bound, are satisfied, one says that (X )y satisfies a large-
deviation principle. The principle is called weak if the upper bound in (4.1) holds only
for compact sets F. A weak principle can be strengthened to a full one by showing
that the sequence of distributions of X is exponentially tight, i.e. if for any L > 0
there is a compact subset K of X' such that P(Xy € K§) < e N forany N € N.
One of the most important conclusions from a large deviation principle is Va-
radhan’s Lemma, which says that, for any bounded and continuous function F: X — R,

1
lim —1 NFXN) 4P = — inf (I(x) — F(x)).
im N og/e xng( (x) (x))

N—o0

All the above is usually stated for probability measures P only, but the notion easily
extends to sub-probability measures P = Py depending on N. Indeed, first observe
that the situation is not changed if P depends on N, since a large deviation principle
depends only on distributions. Furthermore, the connection between probability distri-
butions Py and sub-probability measures Py is provided by the transformed measure
IPN(XN € A) = Py(Xy € A)/Py(Xy € X): if the measures Py o XN satlsfy a
large deviation principle with rate function 7, then the probability measures Pyo Xy
satisfy a large deviation principle with rate function / — inf 7.

One standard situation in which a large deviation principle holds is the case where
P is a probability measure, and Xy = %(Yl + -+ Yy) is the mean of N ii.d. X-
valued random variables ¥; whose moment generating function M (F) = [ ef ) gp
is finite for all elements F of the topological dual space X* of X. In this case, the
abstract Cramér theorem provides a weak large deviation principle for (Xn)yeN
with rate function equal to the Legendre—Fenchel transform of log M, i.e. I (x) =
suppey+ (F(x) —log M(F)). An extension to independent, but not necessarily identi-
cally distributed random variables is provided by the abstract Girtner—Ellis theorem.
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In our large deviations results we shall rely on the following conventions. For
X = Cor X = R?, we conceive M;(X) as a closed convex subset of the space
X = M(X) of all finite signed Borel measures on X. This is a topological Hausdorff
vector space whose topology is induced by the set C,(X) of all continuous bounded
functions X — R. Then Cy(X) is the topological dual of M(X) [11, Lemma 3.2.3].
When we speak of a large deviation principle for M (X)-valued random variables,
then we mean a principle on M (X) with a rate function that is tacitly extended from
M (X) to M(X) with the value +00.
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