
Digital Object Identifier (DOI) 10.1007/s00440-004-0338-y
Probab. Theory Relat. Fields 129, 261–289 (2004)

C. Donati-Martin · A. Rouault · M. Yor · M. Zani

Large deviations for squares of Bessel and
Ornstein-Uhlenbeck processes

Received: 12 February 2003 / Revised version: 11 January 2004 /
Published online: 25 March 2004 – c© Springer-Verlag 2004

Abstract. Let (X(δ)
t , t ≥ 0) be the BESQδ process starting at δx. We are interested in large

deviations as δ → ∞ for the family {δ−1X
(δ)
t , t ≤ T }δ , – or, more generally, for the family

of squared radial OUδ process. The main properties of this family allow us to develop three
different approaches: an exponential martingale method, a Cramér–type theorem, thanks to
a remarkable additivity property, and a Wentzell–Freidlin method, with the help of McKean
results on the controlled equation. We also derive large deviations for Bessel bridges.

1. Introduction

Let B(1), B(2), · · · B(n), · · · be a sequence of independent standard linear Brown-
ian Motions, and consider

X
(n)
t =

n∑

k=1

(B
(k)
t )2 ,

a representation of the square of the “n–dimensional” Bessel process. Obviously,
the sequence X(n) – considered as taking values in C(R+,R+) – lends itself to the
application of the law of large numbers and of the central limit theorem, which, in
this case, yields

(√
n
(1

n
X
(n)
t − t

)
, t ≥ 0

)
(law)−→
n→∞

(√
2βt2 , t ≥ 0

)
, (1.1)
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where (βu , u ≥ 0) is a one dimensional Brownian Motion (see e.g. [23] Exer-
cise 2.5.2), and the convergence in law corresponds to the weak convergence of
probabilities on C(R+,R+), endowed with the topology of uniform convergence
on compact sets of R+. In fact, a (square of) Bessel process may be defined for
every positive “dimension” δ (see e.g. [18], Chap XI), as solution of the stochastic
equation

dX
(δ)
t = δdt + 2

√
X
(δ)
t dBt , X

(δ)
0 = x ≥ 0 , X(δ)t ≥ 0, for all t ≥ 0. (1.2)

It is denoted by BESQ(δ)
x . The corresponding laws on C(R+,R+), denoted by

Q
(δ)
x , satisfy the additivity property

Q(δ)
x ⊕Q(δ′)

y = Q
(δ+δ′)
x+y , x, y ≥ 0, δ, δ′ ≥ 0 (1.3)

(see e.g. [19], [17]). Now, the convergence (1.1) can be extended to
(√

δ
(1

δ
X
(δ)
t − t

)
, t ≥ 0

)
(law)−→
δ→∞

(√
2βt2 , t ≥ 0

)
. (1.4)

Convergence results such as (1.1) and (1.4) have been motivated by, and are related
to, the so-called Poincaré’s lemma approximating the Gaussian distribution on R

d

from uniform distributions on the spheres of radius
√
n in R

n - see [23], [22] and
references therein-.

The main purpose of this paper is to establish the corresponding large devia-
tions result. For a precise definition of a Large Deviation Principle (LDP) and usual
notions related to it, such as exponentiel tightness and weak LDP, we refer to [6].

Before stating our main results we indicate that this large deviations study may
be understood in the framework of LDP for diffusions with a small parameter.
Indeed we shall look for an LDP for

dXεt = b(Xεt )dt + 2ε
√

|Xεt | dBt , Xε0 = a ≥ 0 , (1.5)

where B is a one dimensional Brownian motion and b a Lipschitz function on R

satisfying b(0) ≥ 0. It is well known that this equation admits a unique pathwise
solution (see [18] Chap. IX Th. 3.5). Nevertheless, the Freidlin-Wentzell theory
on large deviations for diffusions does not apply since the diffusion coefficient
σ(x) = 2

√|x| is not Lipschitz (see [10]). We note that this equation (1.5) leads to

the above equation (1.2) when b ≡ 1 by denoting ε = 1√
δ
, Xεt = X

(δ)
t

δ
and a = x

δ
.

We shall freely go from one presentation to the other. We now present our results
as well as our notations.

Let us fix T > 0, ρ ≥ 0 and a ≥ 0 and consider for δ > 0 the distributions Pδ
and P̂δ on Ca([0, T ],R+) defined by

Pδ(A) = Q
(δρ)
δa

(
{δ−1Xt, t ≤ T } ∈ A

)
, (1.6)

and

P̂δ(A) = Q
(δρ)
δa

(
{
√
δ−1Xt, t ≤ T } ∈ A

)
. (1.7)

We are interested in the large values of δ.



Large deviations for squares of Bessel and Ornstein-Uhlenbeck processes 263

Proposition 1.1. Let us assume ρ > 0.

1) The family of distributions {Pδ}δ satisfies the LDP in Ca([0, T ],R+) with speed
δ−1 and good rate function defined by

J
ρ
a,T (ϕ) =

∫ T

0

(ϕ̇t − ρ)2

8ϕt
dt , (1.8)

for ϕ non-negative, absolutely continuous on [0, T ], such that t 
→ ϕ̇t−ρ√
ϕ
t

∈
L2([0, T ]), and by J ρa,T (ϕ) = ∞ otherwise.

2) The family of distributions {P̂δ}δ satisfies the LDP in C√
a([0, T ],R+)with speed

δ−1 and good rate function defined by

K
ρ
a,T (ϕ) = 1

2

∫ T

0

(
ϕ̇t − ρ

2ϕt

)2
dt , (1.9)

for ϕ non-negative, absolutely continuous on [0, T ] such that t 
→ ϕ̇t − ρ
2ϕt

∈
L2([0, T ]), and by Kρ

a,T (ϕ) = ∞ otherwise.

Before we present our result with a general drift, we discuss the particular case
of affine drifts i.e. we consider the family of squared radial Ornstein-Uhlenbeck
(OU) processes, which are solution of

dY
(δ)
t =

(
δ + cY

(δ)
t

)
dt + 2

√
Y
(δ)
t dBt , Y

(δ)
0 = x . (1.10)

Their distributions denoted by cQ
(δ)
x ([17]) satisfy the same additive property as

(1.3):

cQ(δ)
x ⊕ cQ(δ′)

y = cQ
(δ+δ′)
x+y , x, y ≥ 0, δ, δ′ ≥ 0 (1.11)

We consider the law cPδ defined on Ca([0, T ],R+) by

cPδ(A) := cQ
(δρ)
δa

(
{δ−1Yt , t ≤ T } ∈ A

)
.

Proposition 1.2. Let us assume ρ > 0. The family of distributions {cPδ}δ satisfies
the LDP with speed δ−1 and good rate function cJ

ρ
a,T :

cJ
ρ
a,T (ϕ) :=

∫ T

0

[ϕ̇t − (cϕt + ρ)]2

8ϕt
dt, (1.12)

if
{
ϕ̇t − (cϕt + ρ)

}
/
√
ϕt ∈ L2([0, T ]) and cJ

ρ
x,T (ϕ) = +∞ otherwise.
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The preceding results may be generalized in the framework of (1.5).

Theorem 1.3. Let us assume ρ := b(0) ≥ 0 and a ≥ 0, with a > 0 in the case
ρ = 0. Then, the family of distributions of {(Xεt

)
, t ∈ [0, T ]} in Ca([0, T ],R+)

satisfies a LDP with speed ε2 and good rate function

I (ϕ) =
∫ T

0

[ϕ̇t − b(ϕt )]2

8ϕt
dt, (1.13)

if
{
ϕ̇t − b(ϕt )

}
/
√
ϕt ∈ L2([0, T ]) and I (ϕ) = +∞ otherwise.

If a = ρ = 0, then Xε ≡ 0 and I (0) = 0, I (ϕ) = ∞ for ϕ �≡ 0.

Remark. (1.13) has the following meaning:

– If ρ > 0, I (ϕ) < ∞ implies that Leb{t ∈ [0, T ], ϕ(t) = 0} = 0.

– If ρ = 0, I (ϕ) = ∫ T0 [ϕ̇t−b(ϕt )]2

8ϕt
1(ϕt>0) dt .

Although Theorem 1.3 extends Proposition 1.1 and Proposition 1.2, we also
give alternative proofs of these propositions, using specific properties of squares of
Bessel and OU processes.

The first one is additivity, as said above. We mention that there are other additive
families of Markov processes, e.g. the continuous state branching processes ([11])
for which similar arguments might lead to LDP results.

The second one comes from the particular form of the SDE satisfied by the
Bessel process and is based on a study of the associated Ito map.

We now describe the organisation of the paper. In Section 2, we prove some
exponential tightness results which will be helpful in some of our proofs. In Section
3, we prove Theorem 1.3 by using the approach of exponential martingales. Our
change of probability is slightly different from the classical one used for non-degen-
erate diffusions ([10] and [13]). In Section 4, we shall apply a slightly modified
version of Cramer’s theorem in Banach spaces to prove partially Proposition 1.1,
in that we show the existence of a LDP but the computation of a rate function is
presented only in a variational form1. In Section 5, we give another proof of Prop-
osition 1.1, in which our discussion is given in terms of Bessel processes instead
of their squares. Indeed, we would like to use the pathwise resolution of a one-
dimensional SDE, due to Doss and Sussmann (see [18], Exercise IX.2.8), in order
to apply a contraction principle. However, this method does not apply to the equa-
tion of square Bessel processes since the diffusion coefficient σ(x) = 2

√|x| is
1/2 Hölder and the associated ODE dyt = σ(yt )dt admits an infinite number of
solutions. We are then tempted to prove directly the continuity of the Itô map for
the equation of the Bessel processes, which has already been obtained by Mc Kean
(see [14]). The case ρ = 0 is treated separately at the end of Section 5. In Section
6, we show how Proposition 1.1 leads to Theorem 1.3 with the help of the Girsanov
transformation and Varadhan’s lemma, and we prove Proposition 1.2. In Section

1 The approach in Section 3 and 4 is somewhat similar to the usual one for large devia-
tions of Brownian motion: Schilder’s theorem (as seen in Chap. I of [7]) and additivity ([6]
Exercise 6.1.19 or [7] Chap III).
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7 we consider the distributions {Q(δ)
x→0} of squared Bessel bridges r2 which also

enjoy the additivity property

Q
(δ)
x→0 ⊕Q

(δ′)
y→0 = Q

(δ+δ′)
x+y→0, x, y ≥ 0, δ, δ′ ≥ 0 (1.14)

and we obtain the LDP for them, using the representation of r in terms of the
corresponding Bessel process R:

rt = (1 − t)R t
1−t

which requires to complete our previous discussion relative to the time interval
[0, T ] to the positive half line.

In Section 8, we discuss the relation between the two expressions of the rate
functions. Closely connected with this discussion is the well known fact that the
Laplace transform of the {Q(δ)

x } probabilities may be expressed explicitly in terms
of solutions of the Sturm–Liouville equations (see [17] (Theorem 2.1), and [23]),

Q(δ)
x

(
exp
∫ T

0
Xs dµ(s)

)
= φµ(T )

δ/2 exp(
x

2
φ′
µ(0)) (1.15)

where φµ is the unique solution of

1

2
φ′′ = −µφ , φ(0) = 1 ,

1

2
φ′(T ) = µ({T })φ(T ) . (1.16)

In many instances, φµ is known explicitly, and the above mentioned variational
formulae may be verified directly, as we have done in particular for µ a multiple of
the Lebesgue measure (see Section 8.3). Another formula for the infinitely divis-
ible laws Q(δ)

x is provided in [17] (Theorem 4.1) by the following Lévy–Hinčin
representation:

Q(δ)
x

(
exp
∫ T

0
Xs dµ(s)

)
= exp

{
(xM + δN)(exp(

∫ T

0
Xs dµ(s))− 1)

}
,

(1.17)

whereM, N areσ–finite measures on C([0, T ],R+), which are described explicitly
in [17], [16] and [18].

We will use in some places the Cameron-Martin space

H 1
x [0, T ] = {h : [0, T ] → R; hs = x +

∫ s

0
ḣudu ; ḣ ∈ L2([0, T ])} . (1.18)
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2. Exponential tightness

We shall prove the exponential tightness of the law P ε of the solution Xε of (1.5).
The exponential tightness of Pδ (resp. cPδ) follows.
Let us fix x ≥ 0, and let Cαx ([0, T ]) be the space of α–Hölder continuous functions
in Cx([0, T ]). Set, for any f ∈ Cαx ([0, T ])

‖f ‖α,T = sup
0≤t �=s≤T

|f (t)− f (s)|
|t − s|α .

Since the paths of Xε are α-Hölderian for every α < 1/2, we prove the exponen-
tial tightness in Cαx ([0, T ]) by considering as compact sets, α′-Hölderian balls for
1/2 > α′ > α. (This is the method of Exercise 5.2.14 of ([6])).
For the sake of simplicity, we will assume in this subsection and in the following
section that T = 1 and write ‖f ‖α for ‖f ‖α,1. (See Remark after the proof of
Proposition 2.2).

Let us first see why the condition ρ := b(0) ≥ 0 ensures that the solution of
(1.5) is a positive diffusion. Since b is Lipschitz there exists β > 0 such that:

−βx ≤ b(x) ≤ βx + ρ, x ≥ 0.

Denote by Y ε (resp. Zε), the solution of (1.5) for b(x) = −βx (resp. b(x) =
βx + ρ). Then ε−2Y ε , (resp. ε−2Zε), is −βQ0

aε−2 distributed, (resp. βQ(ρε−2)

aε−2 dis-
tributed). These two processes are positive a.s.. By a comparison theorem (see [18]
Theorem IX.3.7), it holds that:

a.s., ∀t, Y εt ≤ Xεt ≤ Zεt . (2.1)

We now assume in the rest of the paper that b is Lipschitz with ρ ≥ 0.

Proposition 2.1. Let Xε be the positive solution of (1.5). There exists λ :=
λ(β, ρ, a) > 0 such that:

∀ε > 0, E

[
exp

(
λε−2 sup

t∈[0,1]
Xεt

)]
≤ exp([ε−2] + 1). (2.2)

Proof. Let X̂ε := supt∈[0,1]X
ε
t , Ẑε := supt∈[0,1] Z

ε
t and X̂ := supt∈[0,1]Xt . From

the remark above we have

E
[
exp
(
λε−2X̂ε

)]
≤ E

[
exp
(
λε−2Ẑε

)]
= βQ

(ρε−2)

aε−2

[
exp λX̂

]
. (2.3)

Taking N := [ε−2] + 1, the comparison theorem gives

βQ
(ρε−2)

aε−2

[
exp λX̂

] ≤ βQ
(Nρ)
Na

[
exp λX̂

]
.

Using the infinite divisibility property (1.11) and the subadditivity of the mapping
X → supt∈[0,1]Xt , we have:

βQ
(ρN)
aN

[
exp λX̂

] ≤
(
βQ(ρ)

a

[
exp λX̂

])N
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for every positive integer N . Now, it is well known that, under βQ(ρ)
a , X̂ admits

some exponential moments (for ρ integer, X is the square of a gaussian process,
and it is a particular case of Fernique’s Theorem ([9], see also [7] p.16)). Thus,
there exists λ := λ(β, a, ρ) > 0 such that:

βQ(ρ)
a

[
exp λX̂

] ≤ e.

Gathering all these inequalities we obtain (2.2). ��
Proposition 2.2. The family of distributions Pε of Xε is exponentially tight in
Cαa ([0, 1]), in scale ε2.

Proof. Let us fix α′ ∈ (α, 1/2) and R > 0. The Hölder ball Bα′(0, R) is a compact
set of Cα([0, 1]).
From (1.5) we have Xεt = 2Mε

t + Aεt where Mε is the martingale Mε
t =

ε
∫ t

0

√
XεudBu and Aεt = ∫ t0 b(Xεu)du, so that

‖Xε‖α ≤ ‖Aε‖α + 2‖Mε‖α.

We shall bound the tails of ‖Aε‖α and ‖Mε‖α .
a) Bounds for Aε .
From

|Aεt − Aεs | ≤
∫ t

s

|b(Xεu)|du ≤ |t − s|(βX̂ε + ρ) ,

we get ‖Aε‖α ≤ (βX̂ε + ρ), and then

P(‖Aε‖α ≥ R) ≤ P(X̂ε ≥ R′)
≤ exp(−λR′ε−2)E[exp(λε−2X̂ε)]

with R′ = R−ρ
β

. Choosing λ > 0 as in Proposition 2.1 we get

lim sup
ε→0

ε2 lnP(‖Aε‖α ≥ R) ≤ −λR′ + 1

and
lim

R→+∞
lim sup
ε→0

ε2 lnP(‖Aε‖α ≥ R) = −∞.

b) Bounds forMε . Fixing 0 < c < 1/2 we use Garsia’s lemma (see [20] p.47 or
[2] p.203.) with
(x) = ecε

−2x − 1 and p(x) = x1/2. So
−1(y) = ε2

c
log(1 + y).

Garsia’s lemma asserts that if
∫ 1

0

∫ 1

0


( |Mε

t −Mε
s |

p(|t − s|)
)
dsdt ≤ K

then

|Mε
t −Mε

s | ≤ 8
∫ |t−s|

0

−1(4K/u2)dp(u).
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This yields easily that if

∫ 1

0

∫ 1

0
exp
(
cε−2 |Mε

t −Mε
s |

|t − s|1/2
)
dsdt ≤ K + 1 ,

then

|Mε
t −Mε

s | ≤ 8ε2

c
(t − s)1/2[K1 + 2 log

1

t − s
]

with K1 = log(4K + 1)+ 4, hence for any α < 1/2

|Mt −Ms | ≤ (t − s)αR

where R = 8ε2

c
(K1 +K2) with K2 = 2 supu∈[0,1] u

1/2−α log 1
u

.
From the above assertion we have

P
(
‖Mε‖α ≥ R

)
≤ P

(∫ 1

0

∫ 1

0
exp
(
cε−2 |Mε

t −Mε
s |

|t − s|1/2
)
dsdt ≥ K + 1

)
(2.4)

with

K = 1

4

(
e

(
cε−2R

8 −K2

)
−4 − 1

)
(2.5)

whenever cRε−2 > 8K2 + 32. Now by Markov’s inequality,

P
(
‖Mε‖α ≥ R

)
≤ 1

K + 1

∫ 1

0

∫ 1

0
E

[
exp
(
cε−2 |Mε

t −Mε
s |

|t − s|1/2
)]
dsdt. (2.6)

From the usual exponential inequality for continuous martingales EeλZt ≤(
Ee2λ2<Z>t

)1/2, we deduce

E

[
exp

(
cε−2 |Mε

t −Mε
s |

|t − s|1/2
)]

≤ 2

{
E

[
exp

(
2c2ε−2

(t − s)

∫ t

s

Xεudu

)]}1/2

≤ 2
{ 1

t − s

∫ t

s

E
[
exp
(

2c2ε−2Xεu

)]
du
}1/2

(2.7)

(by Jensen’s inequality). Thus, we obtain:

P(‖Mε‖α ≥ R) ≤ 2

K + 1

{
sup
u∈[0,1]

E
[
exp(2c2ε−2Xεu)

]}1/2

, (2.8)

where K + 1 = C exp(cRε−2/8) and C a constant. (See (2.5)).
Now, from (2.1),

E[exp(2c2ε−2Xεu)] ≤ βQ
(ρε−2)

aε−2 [exp(2c2Xu)] .
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From the representation of squared OU processes as deterministic time changes of
squared Bessel processes (see [18]),

βQ
(ρε−2)

aε−2 [exp(2c2Xu)] =
(

1 − 4c2 e
2βu − 1

2β

)− ρε−2

2

exp



 2c2a

ε2(1 − 4c2 e2βu−1
2β )



 .

(2.9)

Choosing c > 0 such that 1 − 4c2 e2β−1
2β > 0, we obtain:

P(‖Mε‖α ≥ R) ≤ CAρε
−2
Baε

−2
e−cRε

−2/8

for positive constants A, B depending on β. Thus,

lim
R→+∞

lim sup
ε→0

ε2 lnP(‖Mε‖α ≥ R) = −∞. ��

Remark. For later purpose, we deduce from this proof a non asymptotic bound
for the BESQ(δ) process on [0, T ]. Let us first note that by scaling

(
BESQ(δ)

x (t), 0 ≤ t ≤ T
) D=

(
T BESQ

(δ)
x/T (t/T ), 0 ≤ t ≤ T

)

and then

Q(δ)
y (‖X‖α,T ≥ R) = Q

(δ)
y/T (‖X‖α,1 ≥ RT α−1) (2.10)

Taking into account (2.8) and (2.9) we conclude that for any α ∈ (0, 1/2), there
exist constants γ,A,B,C,R0 > 0 such that

Q(δ)
y (‖X‖α,T ≥ R) ≤ CAδBy/T e−γRT

α−1
. (2.11)

for any y, δ, T > 0 and R > T 1−α(δ + R0).

3. First method: Exponential martingale approach

We shall prove Theorem 1.3, i.e. the LDP in the space Cαa ([0, 1],R+) of α-Hölder
positive continuous functions, for 0 < α < 1

2 . Since we already have the exponen-
tial tightness, we need only the upper bound for compact sets. According to [6], we
shall show:

i) Weak upper bound:

lim
r→0

lim sup
ε→0

ε2 lnP(Xε ∈ Br(ϕ)) ≤ −I (ϕ) (3.1)

where Br(ϕ) denotes the open ball with center ϕ ∈ Cαa [0, 1] and radius r .
ii) Lower bound : for any open set O ⊂ Cαa [0, 1],

lim inf
ε→0

ε2 lnP(Xε ∈ O) ≥ − inf
ϕ∈O

I (ϕ) . (3.2)
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3.1. The upper bound

Set

H = {h ∈ C([0, 1]) : ḣ ∈ L2} =
⋃

x∈R

H 1
x ([0, 1]) .

For h ∈ H let

M
ε,h
t = exp

(
1

ε2 {
∫ t

0
h(s)(dXεs − b(Xεs )ds) − 1

2

∫ t

0
h2(s)σ 2(Xεs )ds}

)
.

(M
ε,h
t )t is a positive local martingale and thus a supermartingale, ensuring that

E(M
ε,h
t ) ≤ 1. For the lower bound, we shall need a stronger result:

Lemma 3.1. For ε > 0, the process
(
M
ε,h
t

)

t
is a martingale. Thus,E(Mε,h

t ) = 1.

Proof. Mε,h
t = E( 1

ε

∫ t
0 ĥsdBs) where E(N ) denotes the exponential martingale

associated to the martingale N and

ĥs = 2h(s)
√
Xεs . (3.3)

By Proposition 2.1, there exist positive constants β and γ such thatE(exp(βĥ2
s )) <

γ for s ≤ 1. It follows by a Novikov’s type criterion thatE(E(∫ t0 ĥsdBs)) = 1 (see
[18, Exercice VIII.1.40]). ��

By an integration by parts, we can write Mε,h
1 = exp( 1

ε2F(X
ε;h)) where

F(ϕ;h) = G(ϕ;h)− 2
∫ 1

0
h2(s)ϕsds (3.4)

with

G(ϕ;h) = h(1)

(
ϕ1 −

∫ 1

0
b(ϕu)du

)
− h(0)a

−
∫ 1

0

(
ϕs −

∫ s

0
b(ϕu)du

)
ḣ(s)ds , (3.5)

or

G(ϕ;h) = h(1)ϕ1 − h(0)a −
∫ 1

0
ϕsḣ(s)ds −

∫ 1

0
b(ϕs)h(s)ds . (3.6)

Of course, if ϕ is absolutely continuous (with ϕ(0) = a) then

G(ϕ;h) =
∫ 1

0
h(s)[ϕ̇(s)− b(ϕ(s))]ds . (3.7)
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For ϕ ∈ Cαa [0, 1] and h ∈ H , we have :

P
(
Xε ∈ Br(ϕ)

) = P

(
Xε ∈ Br(ϕ);

M
ε,h
1

M
ε,h
1

)

≤ exp

(
− 1

ε2 inf
ψ∈Br(ϕ)

F (ψ;h)
)
E(M

ε,h
1 )

≤ exp

(
− 1

ε2 inf
ψ∈Br(ϕ)

F (ψ;h)
)
,

which yields :

lim sup
ε→0

ε2 lnP
(
Xε ∈ Br(ϕ)

) ≤ − inf
ψ∈Br(ϕ)

F (ψ;h) .

For h ∈ H , the map ϕ −→ F(ϕ;h) is continuous on Cαa ([0, 1]), so that

lim
r→0

lim sup
ε→0

ε2 lnP
(
Xε ∈ Br(ϕ)

) ≤ −F(ϕ;h).

Minimizing in h ∈ H , we obtain:

lim
r→0

lim sup
ε→0

ε2 lnP
(
Xε ∈ Br(ϕ)

) ≤ − sup
h∈H

F(ϕ;h).

We shall now identify this supremum as I , defined in Theorem 1.3.

Proposition 3.2. For ϕ ∈ Cαa ([0, 1],R+),

sup
h∈H

F(ϕ;h) = I (ϕ) . (3.8)

Proof. Coming back to (3.4) and (3.6), we first notice that if h ∈ H and∫ 1
0 h

2(s)ϕsds = 0, then

F(ϕ;h) = G(ϕ;h) = −ρ
∫ 1

0
h(s)ds , (3.9)

(since h and ϕ are continuous, we have h ≡ 0 and ḣ ≡ 0 on the open set {ϕ > 0}).
i) Let us first examine two degenerate cases.

If ρ = 0 and ϕ ≡ 0 (which occurs only when a = 0), F(ϕ, h) = 0 for all h
and (3.8) holds, in view of the definition of I (see Remark after Theorem 1.3).
If ρ > 0 andLeb{s;ϕs = 0} > 0, we can find h0 ∈ H such that

∫ 1
0 h

2
0(s)ϕsds

= 0 and
∫ 1

0 h0(s)ds > 0. Then (3.9) yields F(ϕ, h0) = −ρ ∫ 1
0 h0(s)ds which

gives supH F(ϕ, h) ≥ supλ<0 F(φ, λh0) = +∞ and (3.8) holds again.
ii) In other cases, we define the finite positive measure

µ(ds) = ϕsds .

First, we will prove that

sup
h∈H

F(ϕ;h) = sup
{
F(ϕ;h); h ∈ H, ‖h‖L2(µ) > 0

} =: S(ϕ) , (3.10)
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and then that

S(ϕ) = I (ϕ) . (3.11)

Replacing h by λh in (3.4), it is easy to see that

S(ϕ) = 1

8
sup
{
G(ϕ;h)2; h ∈ H, ‖h‖L2(µ) = 1

}
≥ 0 . (3.12)

• If ρ = 0, the condition ‖h‖L2(µ) = 0 implies F(ϕ, h) = 0 (by (3.9)) and (3.10)
holds.

• if ρ �= 0 and Leb{s;ϕs = 0} = 0, the condition ‖h‖L2(µ) = 0 implies h ≡ 0
and again (3.10) holds.

Let ϕ ∈ Cαa ([0, 1]) such that S(ϕ) < ∞. The linear form Gϕ : h 
→ G(ϕ;h)
(defined in (3.5) for h ∈ H ) can be extended to L2(µ) and by Riesz theorem, there
exists k ∈ L2(µ) such that, (keeping the notationGϕ for the extended linear form)

Gϕ(h) = 〈k, h〉L2(µ) = 〈kϕ, h〉L2 (3.13)

Comparing with (3.5) we see that the function ϕ− ∫ ·
0 b(ϕ(s))ds is absolutely con-

tinuous and from(3.7) we deduce

ϕ̇s = b(ϕs)+ k(s)ϕs . (3.14)

Applying the Cauchy-Schwarz inequality to (3.13) we get

G(ϕ;h)2 ≤ ‖k‖2
L2(µ)

‖h‖2
L2(µ)

= 8I (ϕ)‖h‖2
L2(µ)

(3.15)

with equality for h proportional to k. We conclude that S(ϕ) ≤ I (ϕ) and then the
equality (3.11) holds since H is dense in L2(µ) .

If I (ϕ) < ∞, ϕ is absolutely continuous and we use (3.14) to define k ∈ L2(µ)

and (3.13) holds. Hence, by (3.15) S(ϕ) ≤ I (ϕ) < ∞, which yields S(ϕ) = I (ϕ)

in all cases. This ends the proof of the above proposition, hence the proof of the
weak upper bound. ��

3.2. The lower bound

In order to establish the lower bound, following the classical way, it is enough to
find a subclass H ⊂ Cαa ([0, 1]) such that for all ϕ ∈ H and all r > 0,

lim inf
ε→0

ε2 logP(Xε ∈ Br(ϕ)) ≥ −I (ϕ) , (3.16)

and to prove that this class is rich enough, that is for any ϕ satisfying I (ϕ) < ∞,
there exists a sequence ϕn of elements of H such that ϕn → ϕ in Cαa ([0, 1]) and
I (ϕn) → I (ϕ).

Let H be the set of elements ϕ ∈ Cαa ([0, 1]) satisfying I (ϕ) < ∞ and such that
h given by

h(s) := ϕ̇(s)− b(ϕ(s))

4ϕ(s)
(3.17)
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belongs to H . As before, for h chosen as above, we introduce the martingale(
M
ε,h
t

)

t
and

P ε,h = M
ε,h
1 · P (3.18)

where P denotes the Wiener measure on Cαa ([0, 1]). By Girsanov’s theorem, Xε is
solution to the following SDE:

Xεt = a + 2ε
∫ t

0

√|Xεs | dβs +
∫ t

0
(4h(s)Xεs + b(Xεs ))ds (3.19)

where β is a P ε,h-Brownian motion. Since h is continuous and b is Lipschitz, the
ODE:

{
ẏt = 4h(t)yt + b(yt )

y0 = a
(3.20)

admitsϕ as unique solution. From (3.19) we see that limε→0 P
ε,h(Xε ∈ Br(ϕ)) = 1

for every r . Now,

P
(
Xε ∈ Br(ϕ)

) = P ε,h

(
Xε ∈ Br(ϕ); 1

M
ε,h
1

)

≥ exp

(
− 1

ε2 sup
ψ∈Br(ϕ)

F (ψ;h)
)
P ε,h(Xε ∈ Br(ϕ))

Thus,

ε2 logP
(
Xε ∈ Br(ϕ)

) ≥ − sup
ψ∈Br(ϕ)

F (ψ;h)+ ε2 logP ε,h
(
Xε ∈ Br(ϕ)

)

and
lim inf
ε→0

ε2 logP
(
Xε ∈ Br(ϕ)

) ≥ − sup
ψ∈Br(ϕ)

F (ψ;h) ,

and by continuity of F(.;h)
lim
r→0

lim inf
ε→0

ε2 lnP
(
Xε ∈ Bδ(ϕ)

) ≥ −F(ϕ;h).

Since F(ϕ;h) = I (ϕ), we have proved (3.16). It remains to prove:

Proposition 3.3. For any ϕ satisfying I (ϕ) < ∞, there exists a sequence ϕn of
elements of H such that ϕn → ϕ in Cαa ([0, 1]) and I (ϕn) → I (ϕ).

Proof. Step 1. Since the problem lies when ϕ hits 0 we will reduce it to the case
ϕt > 0 for t > 0, setting for γ > 0 :

ϕ
(γ )
t = ϕt + γ t2 .
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Indeed we get immediately limγ→0 ϕ
(γ ) = ϕ in Cαa ([0, 1]). Moreover,

ϕ̇
(γ )
t − b(ϕ

(γ )
t )√

ϕ
(γ )
t

= ϕ̇t + 2γ t − b(ϕt + γ t2)√
ϕt + γ t2

−→
γ→0

ϕ̇t − b(ϕt )√
ϕt

a.e.

and

|ϕ̇(γ )t − b(ϕ
(γ )
t )|√

ϕ
(γ )
t

≤ |ϕ̇t − b(ϕt )|√
ϕt

+ 2
√
γ + β

√
γ t ∈ L2([0, 1]) ,

so that, by dominated convergence, lim
γ→0

I (ϕ(γ )) = I (ϕ).

Step 2. We take ϕ as in the first step.

The case a > 0: We have inf t∈[0,1] ϕt = m > 0. Then, ϕ̇ ∈ L2, so it can be
approximated by a smooth function ϕ̇(n) and set ϕ(n)t = a + ∫ t0 ϕ̇(n)s ds. Since

‖ϕ − ϕ(n)‖α ≤ ‖ϕ̇ − ϕ̇(n)‖L2 ,

then limn→∞ ϕ(n) = ϕ in Cαa ([0, 1]) and forn large enough inf t∈[0,1] ϕ
(n)
t ≥ m/2 >

0. Now, it is easy to see that ϕ(n) ∈ H (for n large enough) and limn→∞ I (ϕ(n)) =
I (ϕ). This ends the proof in that case.

The case a = 0. We assume ρ = b(0) > 0 since the case ρ = 0 is trivial. In i)
we will reduce the problem to the case where h := (ϕ̇ − ρ)/4ϕ ∈ L2([0, 1]) and
in ii) we will find an approximating sequence in H.

i) Let us first remark that the condition I (ϕ) < ∞ implies lim
t→0

ϕt/t = ρ (see

Feng [8]). For r ∈ (0, 1], let us define an absolutely continuous function ψ(r)

such that ψ̇(r) = ρ on [0, r/2), ψ(r) > 0 on [r/2, 1] and ψ(r) = ϕ on [r, 1].
More precisely let ar := 2ϕr

r
− ρ and

• ψ
(r)
t = ρt, t ∈ [0, r2 ],

• ψ
(r)
t = ρ r2 + ar(t − r

2 ), t ∈ [ r2 , r],

• ψ
(r)
t = ϕt , t ∈ [r, 1] .

We are now sure that (ψ̇(r)−ρ)/ψ(r) ∈ L2 and limr→0 ψ̇
(r) = ϕ̇ inL2([0, 1]).

To prove that limr→0 I (ψ
(r)) = I (ϕ), it remains only to check that the con-

tribution of [0, r] to I (ψ(r)) tends to 0, since ψ(r) = ϕ on [r, 1]. We have

∫ r

0

(ψ̇
(r)
t − b(ψ

(r)
t ))2

4ψ(r)t
dt ≤

∫ r

0

(ψ̇
(r)
t − ρ)2

2ψ(r)t
dt +

∫ r

0

(b(ψ
(r)
t )− ρ)2

2ψ(r)t
dt

We can choose r0 such that ϕr/r ∈ [ρ/2, 2ρ] for r ≤ r0, so the first term of
the right hand side is bounded by 2(ar − ρ)2/ρ and the second one by β2rϕr .
Since lim

r→0
ar = ρ, we conclude that limr→0 I (ψ

(r)) = I (ϕ).



Large deviations for squares of Bessel and Ornstein-Uhlenbeck processes 275

ii) Take h(n) a sequence of smooth functions converging to h in L2([0, 1]) and
define ϕ(n) ∈ H as the solution of the differential equation

{
ϕ̇
(n)
t = 4h(n)t ϕ

(n)
t + ρ

ϕ
(n)
0 = 0

Using an explicit expression or a Gronwall type argument we see that ϕ(n)

converges uniformly to ϕ as n → ∞ . Moreover ϕ̇ = lim ϕ̇(n) in L2 so that
ϕ = limn→∞ ϕ(n) in Cαa ([0, 1]). Now,

ϕ̇
(n)
t − b(ϕ

(n)
t )

2
√
ϕ
(n)
t

= 2h(n)t

√
ϕ
(n)
t + ρ − b(ϕ

(n)
t )√

ϕ
(n)
t

L2

−→
n→∞ 2ht

√
ϕt + ρ − b(ϕt )√

ϕt
= ϕ̇t − b(ϕt )

2
√
ϕt

Thus, lim
n→∞ I (ϕ

(n)) = I (ϕ) and the proof is finished. ��

Remark. Our diffusion satisfies the SDE

dXεt = b(Xεt )dt + εσ (Xεt )dBt

with σ(x) = 2
√|x| and we used in the above subsections (see (3.18), (3.17) and

(3.3)) the change of probability whose Radon-Nikodym derivative is E( 1
ε

∫ t
0 ĥsdBs)

with

ĥs = ϕ̇s − b(ϕs)

σ 2(ϕs)
σ (Xεs )

For a non-degenerate diffusion, Lipster-Pukhalskii [13] used an exponential mar-
tingale with

ĥs = ϕ̇s − b(Xεs )

σ (Xεs )
,

(this change of probability was introduced by Wentzell-Freidlin in [10]).

4. Second method: additivity

For ρ > 0, a ≥ 0 or ρ = 0, a > 0 the additivity property (1.3) gives

Q
(δρ)
δa ⊕Q

(δ′ρ)
δ′a = Q

((δ+δ′)ρ)
(δ+δ′)a (4.1)

for δ, δ′ > 0. We are in the situation of a Cramer’s theorem for the family (Pδ)
(defined by (1.6)) in the Banach space Ca([0, T ])whose dual is M[0, T ], the space
of bounded signed measures on [0, T ].
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4.1. LDP (Cramer’s theorem)

On M[0, T ], let us define the logarithmic moment generating function

δa,T (µ) = logQ(δ)
a

[
exp
∫ T

0
Xs dµ(s)

]
. (4.2)

Theorem 4.1. For ρ > 0, a ≥ 0 or ρ = 0 and a > 0, the family {Pδ}δ of distribu-
tions on Ca([0, T ]) (equipped with the topology of uniform convergence) satisfies
the LDP with speed δ−1 and good rate function∗, (the Fenchel-Legendre dual of
) given by

∗(ϕ) = sup
µ∈M[0,T ]

{
∫ T

0
ϕ(t) dµ(t)−

ρ
a,T (µ)} (4.3)

for ϕ ∈ Ca([0, T ]). More generally the LDP holds in Cαa ([0, T ]) for any α ∈
(0, 1/2).

Proof. We will use additivity in δ as in the standard proofs of Cramer’s theorem
(see for instance [7] chap. III, [6] chap. 6, [1]). This yields a weak LDP

First step. For A a convex measurable subset of C([0, T ]) the function fA(δ) :=
− logPδ(A) is subadditive. Let us prove that if Pδ(A) > 0 for some positive δ, then
there exists η0 such that

inf
η≥η0

Pη(A) > 0 .

We follow the path of [7] p.60. One can find a convex compact K ⊂ A such that
Pδ(K) > 0. Let ε < d(K,Ac)/2 where d(., .) is the uniform norm distance, and
define G := {f : ‖f −K‖ < ε}. For η > δ, define q ∈ [0,∞) and r ∈ [0, δ) so
that η = qδ + r . From the additivity (4.1) we have

Pη(A) = Q(ηρ)
aη (ηA) ≥ Q

(qδ)
qδa (ηG) Q

(r)
ra (‖X‖ < ηε) . (4.4)

From the tightness study in the above paragraph, we deduce

lim
R→∞

sup
r≤δ

Q(r)
ra (‖X‖ < R) = 1 (4.5)

so that there exists η1 with supr≤δ Q
(r)
ra (‖X‖ < ηε) > 1/2 for η > η1. Besides,

Q
(qδρ)
qδa (ηG) = Q

(qδ)
qδa ( inf

k∈K
‖X − ηk‖ ≤ ηε) . (4.6)

Now, if X ∈ qδK then infk∈K ‖X − ηk‖ ≤ δM where M := sup{‖q‖, q ∈ K}
and then, if η > η2 := δM/ε we get

Q
(qδd)
qδa (ηG) ≥ Q

(qδd)
qδa (qδK)

From the subadditivity and (4.4) we conclude

inf
η>max{η1,η2}

Pη(A) ≥ 1

2

[
Q
(δρ)
δa (K)

]q = 1

2
[Pδ(K)]

q > 0 .
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Second step. Fix an open convex subset A ⊂ C. Either Pδ(A) = 0 for all δ, in
which case LA := − limδ→+∞ 1

δ
logPδ(A) = +∞ , or else the limit LA exists by

Lemma 4.2.5 of [7]. Then we apply Theorem 4.1.11 and Lemma 4.1.21 of [6]. This
yields a weak LDP with a convex rate function I . Then, following Lemma 6.1.8 of
[6] we have, for every open, convex subset A ⊂ C

lim
δ→∞

1

δ
logPδ(A) = − inf

A
I .

Last step. Identification of the rate function. We follow the proof of Theorem
6.1.3. of [6], the only new point is that we need a Cramer’s theorem for the additive
family of real r.v.

∫ T
0 X

(δ)
t µ(dt) and an equivalent of Corollary 2.2.19. of [6]. We

don’t know of any explicit reference for this fact, but the proof is straightforward.
��

5. Third method: Wentzell-Freidlin approach

Here we consider the normalized process ξ (δ)t = δ−1X
(δρ)
t with X(δ)0 = δa, which

satisfies

dξ
(δ)
t = ρ dt + 2√

δ

√
ξ
(δ)
t dBt , ξ

(δ)
0 = a . (5.1)

When δ → ∞ , we are in the domain of the Wentzell-Freidlin asymptotics of LDP
for diffusions. There is a broad literature on these problems, [1] [3] [13] [21]... The
difficulty here lies in the singularity of the diffusion coefficient.

Let us assume ρ > 0. Since we are interested in the large values of δ, we may
assume δ ≥ 2/ρ, in which case, ξ (δ)t > 0 for t > 0. In the Bessel (not squared

Bessel ) notations, the process η(δ)t =
√
ξ
(δ)
t satisfies

dη
(δ)
t =

(
ρ − 1

δ

) dt

2η(δ)t
+ 1√

δ
dBt , η

(δ)
0 = √

a . (5.2)

When the diffusion coefficient is constant (as here) and the drift coefficient is
smooth, Azencott’s method ([1]) uses the relation linking the process and its driv-
ing (rescaled) Brownian motion, to apply the contraction principle. Here we adapt
this scheme to the process η(δ) (with a non smooth drift) and begin with a study of
the controlled equation.

5.1. The controlled equation

The controlled equation corresponding to (5.2) is the integral equation

u(t) = �(t)+ ρ

2

∫ t

0

ds

u(s)
, u ≥ 0 (5.3)

with � continuous and �(0) ≥ 0.



278 C. Donati-Martin et al.

We may use the results of H.P McKean ([14] and [15] p.80) obtained for ρ = 2.

Proposition 5.1 (Mc Kean). For � ∈ C([0, T ]), �(0) ≥ 0, there exists a unique
non negative solution of (5.3) when ρ = 2. Let us denote it by S2(�). Given �1, �2
we have

‖S2(�1)− S2(�2)‖∞ ≤ 2‖�1 − �2‖∞
where ‖.‖∞ is the uniform norm.

Now, let us remark that if γ > 0, the function v = γ S2(�) is solution of

v(t) = γ �(t)+ γ 2
∫ t

0

ds

v(s)
,

and the converse holds. So, (5.3) has a unique solution

Sρ(�) :=
√
ρ

2
S2

(√
2

ρ
�

)
, (5.4)

and we have

‖Sρ(�1)− Sρ(�2)‖∞ ≤ 2‖�1 − �2‖∞. (5.5)

Proposition 5.2. If � ∈ H 1
x ([0, T ]), and x ≥ 0 then, Sρ(�)(t) > 0 for t ∈ (0, T ].

Proof. Let us first assume x > 0. For � ∈ Cx([0, T ]), McKean [14, 15] constructed
a positive solution on [0, t1) where t1 = inf{s : �(s) = 0} and extended it to a non-
negative solution on [0, T ]. We claim that if � ∈ H 1

x ([0, T ]) this (unique) solution
is actually strictly positive.

First, from (5.3), we have (as long as u is positive)

u̇ = �̇+ ρ

2u
(5.6)

hence

2uu̇ = 2u�̇+ ρ ≤ u2 + �̇2 + ρ (5.7)

and by Gronwall’s inequality:

u2(t) ≤ (x2 + ρT + ‖�̇‖2
2)e

T =: M. (5.8)

Now, (5.3) and (5.6) entail

˙(log u) = u̇

u
= �̇

u
+ ρ

2u2 (5.9)

(log u(t))− +
∫ t

0

ρ ds

2u2(s)
= (log u(t))+ − log x −

∫ t

0

�̇(s)ds

u(s)
(5.10)

≤ 1

2
(logM)+ − log x +

∫ t

0

ρ ds

4u2(s)

+ρ−1‖�̇‖2
2 (5.11)
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for t ≤ T hence

(log u(t))− +
∫ t

0

ρds

4u2(s)
≤ 1

2
(logM)+ − log x + ρ−1‖�̇‖2

2 =: γ . (5.12)

This yields u(t) ≥ e−γ .
Given this uniform lower bound, it is classical that the solution may be extended.
Let us now study the case x = 0. Since, by definition of u in (5.3) u−1 is in L1,

for every t0 > 0 there exists 0 < t ′ < t0 such that u(t ′) > 0. Then we have

u(.+ t ′) = S(�(.+ t ′)− �(t ′)+ u(t ′))

(which is positive from the above results) and u is positive on the full interval
[0, T ]. ��

A useful property of the family Su(�), u > 0 is given by the following lemma.

Lemma 5.3. If u, v > 0 and � ∈ C0([0, T ]) then

‖Su(�)− Sv(�)‖ ≤ |√u− √
v|
[√
T + 4‖�‖∞√

u

]
(5.13)

Proof of Lemma 5.3. Since Su(0)(t) = √
ut , a first application of (5.5) entails

‖Su(�)‖∞ ≤
√
uT + 2‖�‖∞ (5.14)

Moreover from (5.4)

Su(�)− Sv(�) = Su(�)−
√
vu−1Su

(√
uv−1�

)

=
(

1 −
√
vu−1

)
Su(�)+

√
vu−1

[
Su(�)− Su

(√
uv−1�

)]

It is enough to apply (5.14) and (5.5) again. ��

5.2. Another proof of Proposition 1.1

Proof. We prove only part 2 of that theorem , since the mapping η 
→ η2 allows to
carry it to part 1 by the contraction principle. Moreover we will assume a = 0 to
simplify.

It is not possible to apply the classical Wentzell-Freidlin results since the drift
is neither bounded nor Lipschitz. Since the diffusion coefficient in (5.2) is constant,
we may use a version of the contraction principle.

We have η(δ) = Sρ−δ−1(Bδ) where Bδ := 1√
δ
B. From Proposition 5.1 the

mapping Sρ is continuous. Schilder’s theorem ([6] Th. 5.2.3) yields a LDP for
Bδ with good rate function � 
→ 1

2‖�̇‖|22. Corollary 4.2.21 of [6] on approximate
contractions will allow to use Sρ−δ−1 instead of Sρ . It says that if

lim sup
δ→∞

1

δ
logP

(
‖Sρ(Bδ)− Sρ−δ−1(Bδ)‖∞ ≥ R

)
= −∞ (5.15)



280 C. Donati-Martin et al.

for every R > 0, then η(δ) = Sρ−δ−1(Bδ) satisfies the LDP with good rate function

I ′(ϕ) := inf
{1

2
‖�̇‖2

2 ; � ∈ H 1
0 ([0, T ]) ; ϕ = Sρ(�)

}
. (5.16)

From Proposition 5.1 the mapping Sρ is clearly injective. From Prop. 5.2, if I ′(ϕ) <
∞ thenϕ(t) > 0 for t > 0 and from (5.6) I ′(ϕ) = K

ρ
0,T (ϕ). Conversely, ifϕ(0) = 0

andKρ
0,T (ϕ) < ∞, then ϕ̇− ρ

2ϕ ∈ L2 and ϕ− ∫ .0 ρ
2ϕ ∈ H 1

0 . Hence Proposition 1.1

is proved modulo (5.15). Now we apply lemma 5.3 with u = ρ and v = ρ − δ−1.

‖Sρ(�)− Sρ−δ−1(�)‖∞ ≤ δ−1ρ−1/2(
√
T + 4ρ−1/2‖�‖∞) (5.17)

It remains to apply the classical exponential inequality P(‖B‖ ≥ a) ≤ 4e−
a2
2T to

obtain (5.15). ��

5.3. The case ρ = 0

When ρ = 0 and a > 0 (BESQ of 0-dimension starting at δa and rescaled by δ), our
Theorem 4.1 says that the family {Pδ} satisfies the LDP with good rate function the
dual of ρa,T . Nevertheless, the case ρ = 0 is excluded from the previous analysis
of this section. Feng ([8]) gives a partial answer to the problem. He showed that if
ϕ is a path starting from a and reaching 0 at τ(ϕ) then

lim sup
γ→0

(
lim sup
δ→∞

1

δ
logP

(
sup

0≤t≤τ(ϕ)
| ξ (δ)t − ϕ(t) |≤ γ

))

≤ −J 0
a,τ (ϕ)(ϕ) = −1

8

∫ τ(ϕ)

0

ϕ̇2
s

ϕs
ds . (5.18)

He claims that “In this case a LDP can also be established by an approximation
argument”.

Actually we can explain how to get the LDP on [0, T ] by means of a Girsanov
transformation on BESQ processes. In the sequel of this subsection, we will denote
P 0
δ the distribution Pδ given by formula (1.6) not to forget that we are handling the

case ρ = 0. According to [22] formula (2c), if τ = τ(X) = inf{u > 0;Xu = 0}
and Ft = σ(Xs, s ≤ t), then

Q
(0)
a|Ft∩(t<τ) =

(
a

Xt

)
. Q

(4)
a|Ft

(5.19)

Let ϕ belongs to Ca([0, T ]; [0,∞)) and J 0
a,T (ϕ) < ∞. Let B = {f ∈

Ca([0, T ]; [0,∞)) : supt∈[0,T ] |f (t) − ϕ(t)| ≤ γ }. If ϕ > 0 on [0, T ] and γ
small enough, then τ(f ) > T for every f ∈ B. Moreover there exist two positive
constants A1 and A2 such that A1 ≤ |f (t)| ≤ A2 for all t ∈ [0, T ] and f ∈ B.
Scaling by δ we get

P 0
δ (B) = P 0

δ (B ∩ (T < τ)) = Q
(4)
δa

(
δa

XT
1B

(
X.

δ

))
≤
(
a

A1

)
Q
(4)
δa (δB) ,

(5.20)
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and

P 0
δ (

◦
B) = P 0

δ (
◦
B ∩ (T < τ)) = Q

(4)
δa

(
δa

XT
1 ◦
B

)
≥
(
a

A2

)
Q
(4)
δa (δ

◦
B) , (5.21)

so that

lim inf
δ→∞

P 0
δ (

◦
B) = lim inf

δ→∞
Q
(4)
δa (δ

◦
B) ≤ lim sup

δ→∞
Q
(4)
aδ (δB) = lim sup

δ→∞
P 0
δ (B) .

(5.22)

We have now to study large deviations for the rescaled BESQ4 process Q(4)
δa (δ·).

Since, under Q(4)
a ,

Xt =
(√
a + B

(1)
t

)2 +
(
B
(2)
t

)2 +
(
B
(3)
t

)2 +
(
B
(4)
t

)2
, (5.23)

we have by rescaling, under Q(4)
δa

Xt

δ
=
(

√
a + B

(1)
t√
δ

)2

+
(
B
(2)
t√
δ

)2

+
(
B
(3)
t√
δ

)2

+
(
B
(4)
t√
δ

)2

, (5.24)

We can now use the Schilder theorem and the contraction principle ([6]) to get the
following action functional for (Xt/δ, t ∈ [0, T ])

I(ϕ) = inf

{
1

2

∫ T

0

[
4∑

i=1

ψ̇1(t)
2

]
dt; (√a + ψ1(t)

)2 +
4∑

i=2

ψi(t)
2 = ϕ(t), ∀t ∈ [0, T ]

}

It is easy to see that the above infimum is reached at ψ1 = √
ϕ − √

a, ψ2 = 0 ,
ψ3 = 0, ψ4 = 0 and is then equal to

J 0
a,T (ϕ) = 1

8

∫ T

0

ϕ̇2
s

ϕs
ds if ϕ0 = a .

Afterwards, a detailed study of paths touching 0 as in [8] would allow to get the
LDP.

Remark. A heuristic explanation involving another relation between BESQ0 and
BESQ4 can also be given. According to classical results ([18] Ex. 1.23 p. 451), the
law of {Xt, t ≤ τ } under Q(0)

b is the same as the law of {XLb−t , t ≤ Lb} under

Q
(4)
0 , where Lb = sup{t : Xt = b}.

Scaling again by δ we are lead to the large deviations for Q(4)
0 (δ·) in reversed

time until its last visit to a. We may imagine that it corresponds to reverse the time
in the integral of (5.18).
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6. Non-constant drift

6.1. The family of squared radial OUδ processes

For Y defined by (1.10), let us notice that the family yε := ε2

2 Y
(ρ/2ε2) satisfies the

SDE

dyεt = (cyεt + ρ
)
dt + ε

√
yεt dBt , (6.1)

and we are in the situation of Feng ([8]). We recover his result (see p.117 and remark
on top of p. 122), but our method is different.

We use a time change. Let ec(t) = c−1
(
1 − e−ct

)
and

G : C ([0, T ]; (0,∞)) → C ([0, ec(T )]; (0,∞))

x 
→ (
t 
→ ectx(ec(t))

)
.

The mapping G is continuous for the uniform topologies. Since Y
D= G(X), we

may apply Proposition 1.1 and the contraction principle to see that the action func-
tional for the LDP of cPδ is J ρ

a,(ec)−1(T )

(
G−1(ϕ)

)
which after an obvious change

of variable is equal to cJ
ρ
a,T .

6.2. Case of the general drift

We show how Proposition 1.1 leads to Theorem 1.3 using Varadhan’s lemma, under
some smoothness assumptions on the drift coefficient b. We assume that b̂(x) :=
b(x)−ρ

4x is well defined on R+ and differentiable, with b̂′ Lipschitz.
From Girsanov’s theorem, denoting byQε , resp. Pε , the law of Y ε solution of (1.5)
associated to b(x) = ρ, resp. the law of Xε solution of (1.5) associated to b, we
have the following absolute continuity relation:

dPε

dQε

= exp

(
1

ε2

{∫ T

0
b̂(Xs)(dXs − ρds) − 2

∫ T

0
b̂2(Xs) Xs ds

})
.

Now, from Itô’s formula, for f (t) := ∫ t0 b̂(s)ds,

f (Y εT )− f (a) =
∫ T

0
b̂(Y εs )dY

ε
s + 2ε2

∫ T

0
b̂′(Y εs )Y

ε
s ds

Thus, dPε
dQε

= exp
(

1
ε2Fε(X)

)
with

Fε(X) = f (XT )− f (a)−
∫ T

0
(ρb̂(Xs)+ 2Xsb̂

2(Xs)) ds

−ε2
∫ T

0
2Xsb̂

′(Xs) ds

=: F(X)+ ε2G(X)

and F , G continuous.
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We are almost 2 in the situation of Varadhan’s Lemma ([6] Theorem 4.3.1 and
Exercise 4.3.11). The validity of Eq. (4.3.2) of [6] Theorem 4.3.1 follows from the
exponential tighness result. We conclude that (Xε) satisfies the LDP with good rate
function J b(0)a,T (ϕ)− F(ϕ). It is easy to see that we recover the expression given in
(1.13).

7. The family of squared Bessel bridges

We use the fact ([18] ex. 3.6) that under Qδ
x , the process

Xbr(u) := (1 − u)2Xu/(1−u), 0 ≤ u < 1 ,

(and Xbr(1) = 0) has the law Q
(δ)
x→0. Set

C̄a =
{
ϕ ∈ C([0,∞); R) : ϕ(0) = a and lim

t→∞
ϕ(t)

t2
= 0

}
(7.1)

equipped with the norm

‖ ϕ ‖= sup
t≥0

| ϕ(t) |
(1 + t)2

which makes it a separable Banach space. The mapping ϕ 
→ ϕbr is continu-
ous (Lipschitzian) from C̄a to the space C0,1

a,0 := {ϕ ∈ C([0, 1]; R) : ϕ(0) =
a and ϕ(1) = 0} equipped with the uniform norm.

7.1. Extension of the previous results to C ([0,∞); [0,∞))

The extension of the results of Proposition 1.1 1) to C̄a follows from a theorem of
Dawson and Gärtner [5] on LDP for projective limits. From this theorem we see
that the LDP holds for the topology of uniform convergence on [0, T ] for every
T . To strenghten it, it is enough to show exponential tightness. We will follow the
scheme of [7] Lemma 1.3.25. Set

V (ϕ) =
∞∑

n=1

1

2n
sup

0≤s<t≤n
| ϕ(s)− ϕ(t) |

| t − s |1/4 + sup
t≥1

| ϕ(t) |
t3/2

.

For any L > 0 the set {ϕ : V (ϕ) ≤ L} is compact ([7] p.17) so we have to prove

lim
L→∞

lim sup
δ→∞

δ−1 logQδρ
δa (V (X) > δL) = −∞ . (7.2)

2 Here, the continuous functional Fε depends on ε with Fε → F . We can show that the
proof of Varadhan’s Lemma remains true in this case.
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First, for any θ ∈ (1/2, 1)

Q
δρ

δa

( ∞∑

n=1

1

2n
sup

0≤s<t≤n

| Xs −Xt |
| t − s |1/4 > δL

)
≤

∞∑

n=1

Q
δρ

δa

(
‖ X ‖1/4,n>

δL

θ(1 − θ)
(2θ)n

)

≤ CAδρ
∑

n

Bδa/n exp

[
−γ δL(2θ)n

θ(1 − θ)n3/4

]
(7.3)

(from (2.11). There exists λ > 0 such that (2θ)n ≥ n7/4λ for every n ≥ 1 so,

lim sup
δ→∞

δ−1 logQδρ
δa

( ∞∑

n=1

1

2n
sup

0≤s<t≤n
| Xs −Xt |
| t − s |1/4 > δL

)

≤ ρ logA+ x logB − γLλ

θ(1 − θ)
(7.4)

and letting L → ∞ gives half the result. It remains to prove that

lim
L→∞

lim sup
δ→∞

δ−1 logQδρ
δa(X

∗ > δL) = −∞ (7.5)

where X∗ := supt≥1
Xt
t3/2

. Without loss of generality we will assume that ρ = 1.
Let n such that n − 1 ≤ δ < n. By additivity we may assume that the processes
X(n−1), X(δ), X(n) are defined on the same probability space and satisfy for every
t X

(n−1)
t ≤ X

(δ)
t ≤ X

(n)
t ; then (by the comparison theorem and the exponential

inequality)

I := Qδ
δa

(
X∗ > δL

) ≤ Qn
na(X

∗ > δL) ≤ e−λδLQn
na

(
exp λX∗) . (7.6)

Now,

Q(n)
na

(
exp λX∗) ≤

[
Q(1)
a

(
exp λX∗)]n

and by Fernique’s Theorem ([9] and [7] p. 17-18) there exists λ > 0 such that
U := Q

(1)
a (exp λX∗) < ∞, which gives,

I ≤ Uδ+1e−λδL . (7.7)

Letting δ and L go to infinity gives the expected conclusion. ��

7.2. Main result

Theorem 7.1. The family of distributionsQ(δρ)
δa→0

(
δ−1Xt, 0 ≤ t ≤ 1 ∈ . ) on C0,1

a,0
satisfies a LDP with good rate function

J br(ϕ) :=
∫ 1

0

(
ϕ̇(u)+ 2ϕ(u)

1−u − ρ
)2

8ϕ(u)
du . (7.8)

Proof of Theorem 7.1. Apply the contraction principle and the above result. ��
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Remark. It is worthwile to notice that the rate function J br can be obtained infor-
mally by applying the Wentzell-Freidlin formula for small parameter diffusions to
the squared Bessel bridge which is actually solution of

Xt = 2
∫ t

0

√
XsdBs +

∫ t

0

(
δ − 2Xs

1 − s

)
ds , (7.9)

(see [18] Exercise 3.11).

8. Rate functions and variational formulae

8.1. Laplace transform

We now present two known expressions of the log-Laplace transform
ρ
x,T defined

in (4.2). The first one comes from (1.15):


ρ
x,T (µ) = ρ

2
logφµ(T )+ x

2
φ′
µ(0) . (8.1)

where φµ is solution of the Sturm–Liouville equation,

1

2
φ′′ = −µφ , φ(0) = 1 ,

1

2
φ′(T ) = µ({T })φ(T ) . (8.2)

This result is usually found in the literature when µ is a negative measure. It may
be extended to measures µ such that φµ is strictly positive on [0, T ].

Noting as above, that under Q(1)
x , X is B2, the square of Brownian motion, a

classical Gaussian calculus is possible. In the most simple case x = 0 it gives

Q
(1)
0

[
exp
∫ T

0
Xs dµ(s)

] = det [I − 2Aµ]−1/2 (8.3)

where Aµ is the symmetric trace-class operator on the Cameron-Martin space
H 1

0 ([0, T ]) (see (1.18)), given by

< Aµh, h >=
∫ T

0
h2
s dµ(s) . (8.4)

This holds as soon as the greatest eigenvalue λ1(µ) of Aµ, satisfies 2λ1(µ) < 1.
In the general case x �= 0 it can be proved that

Q(1)
x

[
exp
∫ T

0
Xs dµ(s)

] = det[I − 2Aµ]−1/2exk(µ) (8.5)

with

k(µ) =
[∫ T

0
dµ(s)+ 2

∞∑

0

(
∫ T

0 fndµ)
2

1 − 2λn

]

where (fn) is an orthonormal basis of eigenvectors of Aµ. It is of the same form as
in (1.15). Comparing with (1.15) , we get

φµ(T ) = det[I − 2Aµ]−1 ,
1

2
φ′
µ(0) = k(µ) .
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8.2. Variational formulae

We will restrict ourselves to the BESQ case to simplify the discussion. Using three
methods, we obtained three variational formulae.

• The “exponential martingale method” yields

J
ρ
x,T (ϕ) = sup

h

(
G(ϕ, h)− 2

∫ 1

0
h2(s)ϕsds

)
(8.6)

• The “Cramer method” yields

J
ρ
x,T (ϕ) = sup

µ

(∫ T

0
ϕsdµ(s)−

ρ
x,T (µ)

)
(8.7)

• The “Wentzell-Freidlin method” yields

J
ρ
x,T (ϕ) = inf {1

2
‖�̇‖2; � ∈ H 1√

x
, Sρ(�) = √

ϕ} . (8.8)

Our aim is to explain the relations between the different quantities involved in these
formulae.

1) For ϕ ∈ H we saw in section 3.2 (see (3.20)) that the optimal h in (8.6) is given
by

h = ϕ̇ − ρ

4ϕ
. (8.9)

2) Let us make the correspondence precise between ϕ and the optimalµ in (8.7) (if
any). If µ is a negative measure, then φµ is positive on [0, T ] and (µ) < ∞.

From [18] p.550, it is known that Fµ := φ′
µ

φµ
is solution of the Ricatti equation

(in the Schwartz distribution sense)

Ḟ + F 2 = −2µ on (0, T ), F (T ) = 2µT . (8.10)

which entails that


ρ
x,T (µ) = ρ

2

∫ T

0
Fµ(s)ds + a

2
Fµ(0) . (8.11)

Now, if ϕ is absolutely continuous, an integration par parts using (8.10) gives
∫ T

0
ϕtdµ(t)−

ρ
x,T (µ) = 1

2

∫ T

0

[
(ϕ̇t − ρ)Fµ(t)− ϕtFµ(t)

2)
]
dt . (8.12)

Since ϕt is nonnegative the integrand is bounded above by (ϕ̇t−ρ)2
4ϕt

and then the

right hand side is bounded above by J ρx,T (ϕ). It takes exactly this value if

Fµ = ϕ̇ − ρ

2ϕ
(8.13)
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(which is close to (8.9)). That means

φ′
µ

φµ
= ϕ̇ − ρ

2ϕ
. (8.14)

Giving ϕ we can find µ by (8.10) where F is taken as in (8.13).
Conversely, it is interesting to look for ϕ when µ is given, solving the dual

problem. Indeed, by the duality lemma (Lemma 4.5.8 in Dembo-Zeitouni ([6]))

sup
ϕ:ϕ(0)=x

(∫ T

0
ϕs dµ(s)− J

ρ
x,T (ϕ)

)
= 

ρ
x,T (µ) , (8.15)

If we denote

g(y, z) = (z− ρ)2

8y
then the optimal path ϕ solves the Euler-Lagrange equation (in the Schwartz dis-
tribution sense)

µ+ d

dt

(∂g
∂z
(ϕ, ϕ̇)

)
=
(∂g
∂y

)
(ϕ, ϕ̇) on (0, T ) (8.16)

with the initial condition ϕ(0) = x and the final condition (free end point)

(
∂g

∂z
(ϕ, ϕ̇)

)

t=T
= µT . (8.17)

It is then easy to see that the auxiliary function ϕ̇−ρ
2ϕ is solution of the Riccati equa-

tion (8.10), so by unicity, equation (8.14) is satisfied. Solving it (this is a linear
equation in ϕ) we get

ϕ(t) = ρφµ(t)
2
∫ t

0

ds

φµ(s)2
+ xφµ(t)

2 (8.18)

We may obtain another expression of the path ϕ, introducing as in ([18]) Ex. 1.34,
the function

ψµ(t) = φµ(t)

∫ t

0

ds

φ2
µ(s)

. (8.19)

which solves also the Sturm–Liouville equation with the boundary conditions

ψµ(0) = 0, ψ ′
µ(0) = 1. (8.20)

(and it satisfies the Wronskian relation φµψ ′
µ − φ′

µψµ ≡ 1). The optimal path ϕ
becomes

ϕ(t) = ρφµ(t)ψµ(t)+ xφµ(t)
2. (8.21)

3) Going back to Mc Kean’s construction, we see that Sρ(�) = √
ϕ gives

� = ϕ̇ − ρ

2
√
ϕ

= 2h
√
ϕ

which we saw already in the exponential martingale (3.3).
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8.3. Examples

In the above subsection we considered only negative measures, in order to make sure
that the Sturm-Liouville machinery works. If we take the particular case µ(ds) :=
−β ε1(ds) for s ∈ [0, 1] (Dirac mass in 1), then we get easily φµ(t) = 1+β(2−t)

1+2β ,


µ(t) = t , Fµ(t) = −β
1+β(2−t) and

ϕ(t) = ρ
t (1 + β(2 − t))

1 + 2β
+ x

(1 + β(2 − t))2

(1 + 2β)2

(the equation of a parabola). Actually, everything holds true for β > −1/2.
Let us give a detailed analysis of a more interesting case (well studied, as far

as computation of distributions is concerned). Assume that dµ(s) = −β2

2 ds for
s ∈ [0, 1]. From [17] and [18], Corollary 1 p.445, it is known that

φµ(t) = cosh βt − tanh β sinh βt = cosh β(1 − t)

cosh β
(8.22)

which gives


ρ
x,1(µ) = −ρ

2
log cosh β − x

2
β tanh β . (8.23)

The operator approach (8.4) gives here :

Ah(t) = −β
2

2

∫ 1

0
(s ∧ t)h(s)ds, t ∈ [0, 1]. (8.24)

Its eigenvalues and associated eigenvectors are (n ≥ 0)

λn = −2β2

π2(2n+ 1)2
, fn(t) = 23/2

(2n+ 1)π
sin

(2n+ 1)πt

2
. (8.25)

This entails

det(I − 2A) =
∞∏

n=0

[
1 + 4β2

π2(2n+ 1)2

]
= cosh β, (8.26)

and

k(µ) = −β
2

2
+ 16β4

π2

∞∑

0

1

(2n+ 1)2[(2n+ 1)2π2 + 4β2]

= −β
2

tanh β . (8.27)

For a study of the second parts of equalities (8.26) and (8.27), see [12] and [4].
To identify the optimal path, let us remark thatFµ(t) = −β tanh β(1− t). From

(8.20) we deduce that ψµ(t) = β−1 sinh βt , and then

ϕ(t) = ρ
sinh βt cosh β(1 − t)

β sinh β
+ x

cosh2 β(1 − t)

cosh2 β
. (8.28)
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