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                    Abstract
The purpose of this work is to develop an innovative procedure for reconstructing the pressure field from PIV velocity measurements of unsteady, incompressible flows. The proposed technique is based on a generalization of the Glowinski–Pironneau method for the uncoupled solution of the incompressible Navier–Stokes equations written in primitive variables and exploits a finite element discretization of the measurement grid. By virtue of the underlying mathematical formulation, the method is stable and more accurate than the other techniques proposed so far in the literature. The method is first applied to an exact solution of the Navier–Stokes equations, showing second-order convergence of the \(L^{\infty }\) error for the pressure variable. The robustness of the method with respect to stochastic perturbations in the velocity field is then tested and the results compared with other techniques proposed in the literature. Finally, the proposed technique is applied to both phase-averaged and time-resolved PIV velocity measurements of the flow around a pitching airfoil employed to investigate the dynamic stall. The reconstructed pressure is compared with direct pressure measurements, showing very encouraging results.
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Appendix: Treatment of Dirichlet boundary conditions for the pressure
Appendix: Treatment of Dirichlet boundary conditions for the pressure
When reliable pressure measurements are available, Dirichlet boundary conditions for the pressure variable can be enforced in that part of the boundary. The starting problem is the following:
$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial \varvec{U}}{\partial t} + (\varvec{U} \cdot \varvec{\nabla }) \varvec{U} - \nu \nabla ^2 \varvec{U} + \varvec{\nabla }P = \varvec{F} &{}\quad \hbox {in}\;V, \\ {\varvec{\nabla}} \cdot \varvec{U} = 0, \\ \varvec{U} = \varvec{B} &{}\quad \hbox {on}\;S_{\rm U}, \\ P = \bar{P}, \quad \varvec{U}\cdot {\varvec{n}}=\varvec{B}\cdot {\varvec{n}}, \quad \frac{\partial (\varvec{U}\cdot \varvec{\tau })}{\partial n}=\beta &{}\quad \hbox {on}\;S_{\rm P}, \end{array}\right. } \end{aligned}$$

                    (24)
                

where \(S_{\rm P}\) is the portion of the boundary where pressure measurements are available, while in \(S_{\rm U}\) the velocity measurement is only available, so that \(S_{\rm P} \cup S_{\rm U} =S\). The new uncoupled formulation reads:
$$\begin{aligned} {\left\{ \begin{array}{ll} -\nabla ^2 p = - {\varvec{\nabla}} \cdot \varvec{g}, &{}\quad p|_{S_{\rm P}} = \bar{p},\\ \left( -\nabla ^2 + \gamma \vartheta \right) {\varvec{v}} = - \varvec{\nabla }p + \varvec{g}, &{}\quad {\varvec{v}}|_{S_U} = {\varvec{b}}, \quad {\varvec{v}}\cdot {\varvec{n}}\big |_{S_P}={\varvec{b}}\cdot {\varvec{n}}, \quad \frac{\partial ({\varvec{v}}\cdot \varvec{\tau })}{\partial n}\big |_{S_{\rm P}}=\beta , \\ -\nabla ^2 \varphi = {\varvec{\nabla}} \cdot {\varvec{v}}, &{}\quad \varphi \big |_S = 0, \qquad \frac{\partial \varphi }{\partial n}\big |_S = 0.\\ \end{array}\right. } \end{aligned}$$

                    (25)
                

By introducing decomposition (7), one obtains the following sets of equations:
$$\begin{aligned} {\left\{ \begin{array}{ll} - \nabla ^2 p^0 = - {\varvec{\nabla}} \cdot \varvec{g}, &{}\quad p^0|_{S_{\rm U}} = 0, \quad p^0|_{S_{\rm P}} = \bar{p}, \\ \left( - \nabla ^2+ \gamma \vartheta \right) {\varvec{v}}^0 = - \varvec{\nabla }p^0 + \varvec{g} , &{}\quad {\varvec{v}}^0|_{S_{\rm U}} = {\varvec{b}},\quad {\varvec{v}}^0\cdot {\varvec{n}}\big |_{S_{\rm P}}={\varvec{b}}\cdot {\varvec{n}}, \quad \frac{\partial ({\varvec{v}}^0\cdot \varvec{\tau })}{\partial n}\big |_{S_{\rm P}}=\beta , \\ - \nabla ^2 \varphi ^0 = {\varvec{\nabla}} \cdot {\varvec{v}}^0 , &{}\quad \varphi ^0|_S = 0, \end{array}\right. }\end{aligned}$$

                    (26)
                


                  $$\begin{aligned} {\left\{ \begin{array}{ll} - \nabla ^2 p^k = 0 , &{}\quad p^k|_{S_U} = \mu ^k , \quad p^k|_{S_P}=0 \\ \left( - \nabla ^2+ \gamma \vartheta \right) {\varvec{v}}^k = - \varvec{\nabla }p^k , &{}\quad {\varvec{v}}^k|_{S_U} = 0, \quad {\varvec{v}}^k\cdot {\varvec{n}}\big |_{S_{\rm P}}=0, \quad \frac{\partial ({\varvec{v}}^k\cdot \varvec{\tau })}{\partial n}\big |_{S_{\rm P}}=0, \qquad k=1:\infty \\ - \nabla ^2 \varphi ^k = {\varvec{\nabla}} \cdot {\varvec{v}}^k , &{}\quad \varphi ^k|_S = 0, \end{array}\right. } \end{aligned}$$

                    (27)
                

The remaining equations are analogous to those derived in Sect. 2.2, with the difference that now \(N_{\rm D}\) does not represent the total number of the boundary nodes, but only the number of nodes belonging to \(S_{\rm U}\).
A final word of caution for the reader is in order. By partially enforcing Dirichlet boundary conditions for pressure, additional errors may be introduced in the pressure-field reconstruction due to the pressure measurement error. The authors recommend to use the standard formulation of the proposed technique, in which the boundary values are derived from the velocity field, unless highly reliable pressure measurements are available.
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