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Abstract In the paper we consider the problem of valuation of American options
written on dividend-paying assets whose price dynamics follow the classical multi-
dimensional Black and Scholes model. We provide a general early exercise premium
representation formula for options with payoff functions which are convex or satisfy
mild regularity assumptions. Examples include index options, spread options, call on
max options, put on min options, multiply strike options and power-product options.
In the proof of the formula we exploit close connections between the optimal stop-
ping problems associated with valuation of American options, obstacle problems and
reflected backward stochastic differential equations.
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1 Introduction

In the paper we study American options written on dividend-paying assets. We assume
that the underlying assets dynamics follow the classical multidimensional Black and
Scholes model. It is now well known that the arbitrage-free value of American options
can be expressed in terms of the optimal stopping problem (Bensoussan [4], Karatzas
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[20]; see also [21] for nice exposition and additional references), in terms of variational
inequalities (Jaillet et al. [19]) and in terms of solutions of reflected BSDEs (El Karoui
and Quenez [14]). Although these approaches provide complete characterization of
the option value (see Sect. 2 for a short review), the paper by Broadie and Detemple [7]
shows that it is of interest to provide alternative representation, which expresses the
value of an American option as the value of the corresponding European option plus
the gain from early exercise. The main reason is that the representation, called the early
exercise premium formula, gives useful information on the determinants of the option
value. The formula was proved first by Kim [22] in the case of standard American put
option on a single asset. Another important contributions in the case of single asset
include Broadie and Detemple [6], El Karoui and Karatzas [13] and Jacka [18] (see
also [10,21] and the references therein). The case of options on multiply dividend-
paying assets is more difficult and has received rather little attention in the literature.
In the important paper [7] and next in Detemple et al. [11] (see also [10]) the early
exercise premium formula was established for concrete classes of options on multiply
assets. Note that in the last paper call on min option, i.e. option with nonconvex payoff
function is investigated. A subclass of call on min options consisting of capped options
is studied in [6-8] (see also [10]).

In the present paper we provide a unified way of treating a wide variety of seemingly
disparate examples. It allows us to prove a general exercise premium formula for
options with convex payoff functions satisfying the polynomial growth condition or
payoff function satisfying quite general condition considered in Laurence and Salsa
[26]. Verifying the last condition requires knowledge of the payoff function and the
structure of the exercise set. Therefore it is a complicated task in general. Fortunately,
in most interesting cases one can easily check convexity of the payoff function or
check some simpler condition implying the general condition from [26]. The class of
options covered by our formula includes index options, spread options, call on max
options, put on min options, multiply strike options, power-product options and others.

In the proof of the exercise premium formula we rely on some results on reflected
BSDEs and their links with optimal stopping problems (see [14]) and with parabolic
variational inequalities established in Bally et al. [2]. We also use classical results on
regularity of the solution of the Cauchy problem for parabolic operator with constant
coefficients, and in case of convex payoffs, some fine properties of convex functions.
Perhaps it is worth mentioning that we do not use any regularity results on the free
boundary problem for an American option. The basic idea of the proof comes from our
earlier paper [25] devoted to standard American call and put options on single asset.

2 Preliminaries

We will assume that under the risk-neutral probability measure the underlying assets
prices xXsx1 . XS%" eyolve on the time interval [s, T'] according to stochastic
differential equation of the form

xg,x,lzx,-+/<r—d,»)xg’“ d9+Z/ o Xy tdW], tels,TI. (1)
K j=1 Ky
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Here W = (W!,..., W") is a standard n-dimensional Wiener process, r > 0 is the
rate of interest, d; > 0 is the dividend rate of the asset i and 0 = {o;;} is the n-
dimensional volatility matrix. We assume that a = o - o™ is positive definite. Since
the distributions of the processes X** depend o only through a, we may and will
assume that o is a symmetric square root of a. As for the payoff function ¥ we will
assume that it satisfies the assumptions:

(A1) ¥ is a nonnegative continuous function on R" with polynomial growth,
(A2) For every 1 € (0, T), ¢ is a smooth function on {y = u} N Oy, i.e. there
exists an open set U C R" such that {u = ¥/} N Q, C [0, 7] x U and ¢ is smooth
on U (Here Q; = [0,1) x R", O, = [0, ] x R" and u is the value of an option
with payoff y; see (5) and (9) below)

or
(A3) ¢ is a nonnegative convex function on R"” with polynomial growth.

Note that convex functions are locally Lipschitz, so assumption (A3) implies (A1).
Assumption (A2) is considered in [26]. It is satisfied for instance if

(A2') The region where  is strictly positive is the union of several connected
components in which i is smooth.

Following [26] let us also note that unlike (A2") or (A3), condition (A2) cannot be
verified by appealing to the structure of the payoff alone. Verifying (A2) requires
additional knowledge of the structure of the exercise set {u = y}.

Let Q = C([0, T]; R") and let X be the canonical process on 2. For (s, x) € Or
let Ps , denote the law of the process X** = (xs* 1 .., X5%") defined by (1)
and let {F}} denote the completion of o (Xg; 60 € [s,]) with respect to the family
{Ps ;15 i a finite measure on B(R")}, where Py ,(-) = fR" Py (-) pu(dx). Then for
eachs € [0, T), X = (2, (F))sels, 11, X, Ps,x) is a Markov process on [0, T].

Letl = {0, 1}". Fort = (i, ...,i,) €  weset D, = {x € R"; (=Dixp > 0,k =
I,...,n}, P =, D, Pr =1[0,T) x P.By It6’s formula,

n
X =xlexp [ r—di —ai)(t —5)+ D o (W — W) |, tels. T 2
j=1

Therefore if s € [0, T) and x € D, for some ¢ € [ then P ,(X;, € D,, t > 5) =
1. From this and the fact that a is positive definite it follows that if x € Pr then
deto (X;) > 0, Py y-as. for every t > s, where o (x) = {0;x;}i j=1,..,n. Moreover,
[s,T]>t a‘l(Xt) is a continuous process. Therefore, if x € Pr then by Lévy’s
theorem the process By,. defined as B, = [ o~ (Xg) dMp, where M} = X! — X —
fot (r — di)Xé df,t e [s,T], is under P a standard n-dimensional {F}}-Wiener
process on [s, T'] and

¢ n t )
X — =/ (r—d,-)ng0+Z/ 0ijXydB!,, tels,T], Py,-as, (3)
s =1 K '

i.e.
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n
Xj=x'exp|(r—di—ai)t—s)+ D 0ijBei |, te€ls,T], Pias. (4)
j=1

The above forms of the assets price dynamics will be more convenient for us than
(1) or (2). Note that from the definition of the process Bs,. and (4) it follows that
0(Xp; 0 € [s,t]) = 0(Bsp; 0 € [s,t]) fors € [0, T), so for every s € [0, T) the
filtration {7} is the completion of the Brownian filtration.

In Bensoussan [4] and Karatzas [20] (see also Sect. 2.5 in [21]) it is shown that
under (A1) the arbitrage-free value V of an American option with payoff function
and expiration time 7 is given by the solution of the stopping problem

V(s,x) = sup Ey (""" Vy(Xy)), ®)
e

where the supremum is taken over the set 7 of all {F}}-stopping times t with values
in [s, T].

From the results proved in [12] it follows that under (A1) for every (s, x) there exists
aunique solution (Y**, Z%*, K%¥), onthe space (2, F3, P x), to thereflected BSDE
with terminal condition v (X7), coefficient f : R — R defined as f(y) = —ry,
y € R, and barrier ¥ (X) (RBSDE; (¢, —ry, ¥) for short). This means that the
processes Y, Z%* K%* are {F]}-progressively measurable, satisfy some integra-
bility conditions and Ps x-a.s.,

Y)r =y Xr) = [T ryytde + Ky — K — [T 2y dByg, 1€ls, T,
Y7z y(Xo, tels Tl
K is increasing, continuous, K3 = 0, fsT XY — (X)) dK " =0.

(6)
In [12] it is also proved that for every (s, x) € Or,
Yts’x = M(t, Xt)’ re [S, T]’ PS,X_a-S‘ﬂ (7)
where u is a viscosity solution to the obstacle problem
min(u(s, x) — ¥ (x), —us — Lpsu(s, x) +ru(s,x)) =0, (s,x) € Or, ®)
u(T, x) = ¢ (x), x eR"
with
n 1 n
Lpsu = Z(r —di)xjuy + 3 Z QAjjXiXjUyx; -
i=1 i,j=1
From [12,14] we know that V defined by (5) is equal to ¥;*. Hence
Vis,x) =Y =u(s,x), (s,x) €[0,T] xR". 9)
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In the next section we analyze V via (9) but as a matter of fact instead of viscosity
solutions of (8) we consider variational solutions which provide more information on
the value function V.

3 Obstacle Problem for the Black and Scholes Equation

Assume that ¢ : R"” — R, is continuous and satisfies the polynomial growth
condition. Let L7 = L*(R"%0*dx), Hy = {u € Ly : i oijxiuy; €
L*(R"; ¢*dx), i =1,...,n}and W, = {u € L*(0, T; Hy) : u; € L*(0, T; H; M},
where u;, uy, denote the partial derivatives in the distribution sense, o(x) = (1 +
|x[>)~” and y > Oischosenso that [p, 0?(x) dx < coand [, ¥*(x)0?(x) dx < oco.
Following [2,25] we adopt the following definition.

Definition (a) A pair (u, ) consisting of u € W, N C (Q7) and a Radon measure 1
on Q7 is a variational solution to (8) if

w(l,)=v, u=y, . (—y)o*du=0

and the equation
u;+ Lpsu=ru—pu

is satisfied in the strong sense, i.e. for every n € C(‘)’O(QT),

(e, m)o, 1 + (Lpsu, N)o,r = r{u,n)2,,1 —/ no’dpu.
or

where

n

1 n
(Lpsu,nor = Z((r — di)Xiltx;, 1)2,0,7 — 3 Z aij (i, (xixjn0%); )27
i= i,j=1

Here (-, -),,7 stands for the duality pairing between L*(0, T; Hé}) and L*(0, T; HQ_I),
(-, )2,0,7 1s the usual scalar product in L%, T; Lz,) and (-, -)2,7 = (-, *)2,0,7 With
o=1.

(b) If 1 in the above definition admits a density (with respect to the Lebesgue
measure) of the form &, (¢, x) = O (¢, x, u(t, x)) for some measurable ® : Q7 xR —
R, then we say that u is a variational solution to the semilinear problem

ur+ Lpsu =ru—®,, u(T,)=v, u=>y. (10)
In our main theorems below we show that if i satisfies (A1) and (A2) or (A3) then

the measure u is absolutely continuous with respect to the Lebesgue measure and its
density has the form @, (t, x) = 1,4 v)=y ¥~ (x), where ¥~ = max{—V, 0} and
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W is determined by ¥ and the parameters r, d, a. In the next section we compute W
for some concrete options.

3.1 Payoffs Satisfying (A1), (A2)

Remark One can check that if u is a solution to (10) then v defined as
v(t,x) =u(T —t, (=D, ..., (=)' = u(T —t, &)

fort € [0, T],x = (x1,...,x,) € D,,t € I (D, is defined in Sect. 2) is a variational
solution of the Cauchy problem

u—Lv=—-rv+®, v>vy, v0, )=,

where

n

1 I <
Lv= Z (V —di — 5‘71%) Uy By Z ijVxix;

i=1 i,j=1

and ®(t, x) = O, (T —t, %), Y(t, x) = (T —t, ¢*). Furthermore, a simple calcu-
lation shows that if 7 is a smooth function on R” with compact support and U C R”
is a bounded open set such that supp[n] C U then v = v7 is a solution of the Cauchy-
Dirichlet problem

O —Li=—ro+f,  90,)=v, bjo.rxsv =0,
where ¥ = ¥, L is some uniformly elliptic operator with smooth coefficients not
depending on ¢ and f € L*(0, T; L*>(U)). By classical regularity results (see, e.g.,
Theorem 5 in Sect. 7.1 in [15]), & € L%*(0, T; H*(U)) N L>(0, T; H} (U)) and

¥, € L*(0, T; L>(U)). From this and the construction of 7 we infer that the regularity
properties of v are retained by u. It follows in particular that

u; + Lgsu =ru — ®, a.e.on Pr. (11

Theorem 1 Assume (Al), (A2).
(1) u defined by (9) is a variational solution of the semilinear Cauchy problem
u+Lpsu=ru—o,, u(l,)=1y (12)
with

o, (t,x) = l{u(t’x):,/,(x)}\lf(x), (t,x) € Or,
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where for x € R" such that (t, x) € {u = ¥},

V(x) = —ri(x) + Lpsy (x).

(ii) Seto(x) = {oijx;}i, j=1,...n and
t
K, :/ ®,0,Xp)d0, tels, T (13)
N

Then for every (s, x) € Pr the triple (u(-, X), o (X)ux(-, X), K;..) is a unique
solution of RBSDE; (Y, —ry, ¥r).

Proof Fix (s, x) € Pr.Let (Y**, Z%*, K**) be a solution of RBSDE; , ({, —ry, ¥)
and let u be a viscosity solution of (8). For #y € (s, T) let U C R" be an open set
of assumption (A2). Then there exists n € C*°(R") such that n > 0, n = 1 on
{u =¢¥}N Q4 and n = 0 on U® (we make the convention that n(z, x) = n(x)).
Of course (Y*¥, Z5*, K5¥) is a solution of RBSDE; ,(Y;"*, —ry, ¥) on [s, fo]. It is
also a solution of RBSDE, (Y, —ry, ¥) on s, fo] with ¥/ (x) = n(x)¥ (x), because
¥ < ¢ and by (6) and (7),

1o - o -
/ (V5 — (X)) dKS = / Wt X0) = B X)Lt x o (x0y AKE
s S

fo
=/ (u(t, X;) — W(Xt))thS’x =0.

Since ¥ is smooth, applying Itd’s formula yields

- - "ot A (R o
w(xz)=w<xs)+§/s Ty axy + 5 3 [ XX i, (X do.

ij=1""%

From the above, (7) and [12, Remark 4.3] it follows that there exists a predictable
process o** such that 0 < ** < 1 and

n
dK}™ = o] Ljumyy (X)) | =10 (X)) + D (r — d) X[, (X))
i=1
1 < ; )
+5 > aiXiX{ Y (X)) | dt
i,j=1

on [s, tp]. Thus
dK;™ = o) Ve x)=px )V~ (X)) dt (14)

on [s, ty] for every 79 € [s, T). Consequently, the above equation is satisfied on [s, T'].
Since the coefficients of the stochastic differential equation (3) satisfy the assumptions
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of the “equivalence of norm” result proved in [3] (see [3, Proposition 5.1]), it follows
from [2, Theorem 3] that there exists a function « on Q7 such that 0 < o < 1 a.e.
and fora.e. (s,x) € Qr,

o) =alt,X;), dtQ® Py -as. (15)

Moreover, u € C (QT) by [12, Lemma 8.4] and from [2, Theorem 3] it follows that
u € W, and u is a variational solution of the Cauchy problem

ur + Lpsu =ru —aly—y, V™", u(T,-)=1.
By the above and (11),
u; + Lpsu =ru —aly—yy ¥~ ae.on Qr,
so by Lemma A.4 in Chapter II in [23],
Y+ Lpsy =ry —aW™ ae.onf{u=1y}.
On the other hand, by the definition of W,
Vi+Lpsy =Lpsy =ry +¥ onfu=1y}

Thus ¥ = —a¢W™ a.e. on {# = ¥}, which implies that ¥ = W a.e. on {# = ¢}, and
hence that
Ly—ypjo¥™ =1p—y) ¥~ ae. (16)

Accordingly (12) is satisfied. From (2) itis clear thatif s € [0, T) and x € D, for some
te€lthen P x(X; € D, t >5)=1and for every t € (s, T] the random variable X,
has strictly positive density on D, under Ps . From this and (16) it follows that

Ly—yy (¢, X)a(t, X)W (X)) = 1=y (1, X))V (Xy), dt ® Psx-as.  (17)

for every (s, x) € Pr.In [24] it is proved that the function 1;,—y ) is a weak limit
in L>(Qr) of some sequence {a,} of nonnegative functions bounded by 1 and such
that a, (1, X;) — « weakly in L>([0, T] x Q: dt ® P,) for every (s, x) € Or.
Therefore using once again the fact that for every (s, x) € Pr the process X has a
strictly positive transition density under Ps , we conclude that (15) holds for every
(s, x) € Pr, which when combined with (17) implies (13). What is left is to prove
that for every (s, x) € Pr,

70 = o(X)uy(t, X)), di ® P, c-as. (18)

From the results proved in [12, Sect. 6] it follows that for every (s, x) € Or,

T
Esyx sup |V — YN + Eg i / |Z]*" — ZP P dt — 0, (19)
S

s<t<T
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where (YS-*" Z%%") ig a solution of the BSDE
T

Y = y(Xr) —/ Yy do

t
T 3 T
+/ n(Yy©" —y(Xg) do —/ Zy " dBsyg. (20)
t t

It is known (see [27]) that

YIS’LH =uy(t,X;), tels, T, Py y-as., (21)
where u,, is a viscosity solution of the Cauchy problem

(Un)e + Lpsun = —rup +n(un =)=, un(T,) = 9.

We know that P (X, € D,,t > s) = 1 if x € D,. Moreover, by classical reg-
ularity results (see, e.g., [17, Theorem 1.5.9] and Remark preceding Theorem 1),
u, € C“2(Pr). Therefore applying I1td’s formula shows that (20) holds true with
Zy"" replaced by o (Xg)(un)x (6, Xg). Since (20) has a unique solution (see [12,
Corollary 3.7]), it follows that

Z;v,x,n =0 (X)) (un)x(t, Xy), dt® Ps,x'a's' (22)
for every (s, x) € Pr.By (19) and (21), u,, — u pointwise in Q7. Moreover, from

(21), (22) and standard estimates for solutions of BSDEs (see, e.g., [12, Sect. 6]) it
follows that there is C > 0 such that for any (s, x) € Pr,

T
Esx sup |un(t, X,)|* + Es.x / o (X,) (un)x (£, X)) dt < CEs . |¥(X1)?,
5

s<t<T
(23)
while from (19), (22) it follows that
T
Eg sup / lo(Xs)((un)x — (um)x)(2, Xt)|2dt — 0 (24)
s<t<T Js

as n, m — oo. From (23) one can deduce that u,, € L2(0, T’; H,) and then, by using
(24), that u,, — u in L%(0, T; H,) (see the arguments following (2.12) in the proof
of [25, Theorem 2.3]). From the last convergence and (19), (22) it may be concluded
that

T
ES,X/ lo (X)) (un)x(t, X;) — Z}Y’x|2dl =0
S
for (s, x) € Pr, which implies (18).
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3.2 Convex Payoffs

Assume that ¢y : R" — R is convex. Let m denote the Lebesgue measure on R", V;
denote the usual partial derivative with respectto x;,i = 1, ..., n, and let E be set of
all x € R” for which the gradient

Vy(x) = (Vi (x), ..., Va¥r (x))

exists. Since v is locally Lipschitz function, m(E“) = 0 and Vi = (¥y, ..., ¥yx,)
a.e. (recall that yr,; stands for the partial derivative in the distribution sense). Moreover,
fora.e. x € E there exists an n-dimensional symmetric matrix { H (x) = {H;;(x)} such

that
. Vi (y) = V) —Hx)(y —x)
1m =
E>y—x |y — )C|

0, 25)

i.e. H;j(x) are defined as limits through the set where V; v exists (see, e.g., [1, Sect.
7.9]). By Alexandrov’s theorem (see, e.g., [1, Theorem 7.10]), if x € E is a point
where (25) holds then i has second order differential at x and H (x) is the hessian
matrix of ¥ at x, i.e. H(x) = {v,?jw(x)}.

The second order derivative of ¥ in the distribution sense D%y = {Ynix;} is @
matrix of real-valued Radon measures {y;;} on R" such that 1;; = 1 ;; and for each
Borel set B, {i1;;(B)} is a nonnegative definite matrix (see, e.g., [16, Sect. 6.3]). Let
Wij = ,u?j + s ; be the Lebesgue decomposition of ;; into the absolutely continuous
and singular parts with respect to m. By Theorem 1 in Sect. 6.4 in [16],

1 (dx) = Vi (x)dx. (26)
For R > Oset Dg = PN{x € R" : |x] < R} and tg = inf{r > s : X; ¢ Dg}.
Let L ps denote the operator formally adjoint to Lpg. By [28, Theorem 4.2.5] for a
sufficiently large a > O there exist the Green’s functions G%, G% for « — Lgs and
o—L Bs on Dg. Let A be a continuous additive functional of X and let v denote the

Revuz measure of A (see, e.g., [29]). By the theorem proved in Sect. V.5 of [29], for
every nonnegative f € Co(RY),

TR
Bu [ fOX0 Al = /R @ (x, ) F () v(dy).
s n
Since G%(x, y) = G%(y, x) by [28, Corollary 4.2.6], it follows that

Es,gm/ e ™ f(X)dA] =/Rn %) f () v(dy) 27)

for any nonnegative g € Co(Dg), where Ej ¢.,, denotes the expectation with respect
to the measure Py ¢., (1) = [ P ((-)g(x)dx and

5% 6(y) = / 59 (y, x)g (x) dx.
GRr
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Note that if g is not identically equal to zero then G% g is strictly positive (see [28,
Theorem 4.2.5]).
Set

n n
1
Lps = .§l(r D 1aum/V?j :
= L=

Theorem 2 Assume (A3). Then assertions (i), (ii) of Theorem 1 hold true with L g
replaced by Lps.

Proof We use the notation of Theorem 1. Fix s € [0, T). Since ¥ is a continuous con-
vex function, from It6’s formula proved in [5] it follows that there exists a continuous
increasing process A such that for x € R”,

t
v (X:) = ¥ (Xs) + A +/ VY (Xg)dXg, t€l[s,T], Pyy-as. (28)

From (28) it follows that A is a positive continuous additive functional (PCAF for short)
of X. Let v denote the Revuz measure of A. We are going to show that1p-v =1p-pu
where u is the measure on R” defined as

n
u(dx) = Z a;jjxix;j pnij(dx).
ij=1
To this end, let us set
2

ER “
nij = 93103, *pe, Mo(dx) = Z aijxixj pi; (dx),

i,j=1

where {p;}¢~0 is some family of mollifiers. Fix a nonnegative g € Co(Dpg) such that
g(x) > Oforsome x € Dg and denote by A® the PCAF of X in Revuz correspondence
with .. Then for a sufficiently large o > 0,

Evn [ € fX0dAT = [ Ghetf 0 dy) 29)

for all nonnegative f € Co(Rd).By [9, Theorem 2], E, ; sup;s |AfMR —Aipgl = 0
ase | 0forevery x € R?. Hence fSTR e f(Xy)dA; — fSTR e f(X;)dA; weakly
under P; , forx € R4, Since

INTR
Arre = Ve (Xipeg) — e (Xo) — / Ve (Xg) dXo

and sup,.. g SUP|x|<R [Vie(x)] < C(R) < oo by Lemma in [9], it follows that for

every compact subset K C R", sup, ¢ sup,-g Es.x|Ajr7, |> < 0o. Therefore
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TR TR
Es om / e Y f(X))dA — Eg gm / e Y f(X)dA, (30)
S N

as ¢ | 0. On the other hand, since ufj — Wij weakly* fori, j = 1,...,n and, by
[28, Theorem 4.2.5], fé%g € Co(GR), we have

> /Rn GRe) f Waijyiyj i dy) - D /Rn G%g(y) f () aijyiyjmij(dy).

i,j=1 i,j=1

Combining this with (27), (29), (30) we see that for every f € Co(R"),
/R” G%g () f(r(dy) =/Rn G%e(y) f () v(dy).

Since G%g is strictly positive on Dy, we conclude from the above that © = v on D
for each R > 0. Consequently, u = von P.Forx € P, P, x(X; € R"\ P) =0 for
t > s. Hence

t
A =/ 1p(X,)dAY = AV = A H 1> Py as. 31)
N

forx € P.Let u® denote the absolutely continuous part in the Lebesgue decomposition
of 1p - . By (26), u%(dx) = Zﬁj:l lp(x)aijxixjvizjl[f(x) dx. Hence

a n t . .
AR = Z/ aij X)X Vi (Xe)do, =5, Py.-as. (32)
i,j=1"%

for x € P. From (28), (31), (32) and [12, Remark 4.3] it follows that

n
AR = o 1= gy (X)) (—rth) + D —d)X[Vip(X,)
i=1
1 « o )
+5 > aiXiX[ViyX,) | dr
i,j=1

Let u be a viscosity solution of (8). From the above and the results proved in [2]
(see the reasoning following (14)) we conclude that u € W, N C (O7) and there is
a function o« on Q7 such that 0 < o < 1 a.e., (15) is satisfied and u is a variational
solution of the Cauchy problem

ur + Lpsu =ru —aly—p)v~, u(l,)=y¢ (33)

with
W =—ry+ Lpsy onf{u=y} (34)

@ Springer



Appl Math Optim (2016) 73:99—114 111

By Remark preceding Theorem 1, u(z, -) € leu - (R"). Therefore by Remark (ii) fol-

lowing Theorem 4 in Sect. 6.1 in [16] the distributional derivatives uy;, Uy, x ; are a.e.
equal to the approximate derivatives Vl.ap u, (Ve )lzju Let E{;”S denote the operator
defined as Lpg but with V;, V;; replaced by Via Po(ver )12] Then u is a variational

solution of (33) with L pg replaced by L(g; and (11) holds with L g replaced by E‘éps.
Hence

ur + LYsu =ru —aly—yy ¥~ ae.on Qr.
On the other hand, since v is convex, ¢ € BV},.(R") as a locally Lipschitz continu-
ous function and, by Theorem 3 in Sect. 6.3 in [16], ¥y, € BV;,c(R"),i =1, ..., n.
Therefore i is twice approximately differentiable a.e. by Theorem 4 in Sect. 6.1 in

[16]. It follows now from Theorem 3 in Sect. 6.1 in [16] that LPu = L+ a.e. on
{u = ¢}. Consequently,

Lyw =ry —aV™ ae. onf{u=1y} (35)

Moreover, since ¥ is convex, Lpsyy = Ly¢¥ ae. on R" by Remark (i) follow-
ing Theorem 4 in Sect. 6.1 in [16]. Therefore combining (34) with (35) we see that
W = —gW™ a.e. on {u = ¥} from which as in the proof of Theorem 1 we get (17).
To complete the proof it suffices now to repeat step by step the arguments following
(17) in the proof of Theorem 1. O

4 The Early Exercise Premium Representation

Let & denote the payoff process for an American option with payoff function ¥, i.e.
s=e"yX), 1els T,

and let n denote the Snell envelope for &, i.e. the smallest supermartingale which
dominates &. It is known (see, e.g., Sect. 2.5 in [21]) that

m=e""IV@E, X)), tels, Tl

Assume (A1), (A2) or (A3). Applying Itd’s formula and using Theorem 1 or 2 we get

T
m= e VY =TTy (X + / eI (Xy. Yy ) db

t

T
—/ e "0 Z AWy, te[s,T1, Pyy-as.,
t

which leads to the following corollary.
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Corollary 3 For every (s, x) € Qr the Snell envelope admits the representation

T

m = Egx (e’<TS>¢(XT)+/ e O (Xy, Yy N) db |]—',), tels, Tl
t

(36)

Taking + = s in (36) and using (7) we get the early exercise premium representation
for the value function.

Corollary 4 For every (s, x) € Qr the value function V admits the representation

T
Vis,x)=VE(s, x) + Es,x/ eI v xp=p ¥ (X0 dt,

N

where

VEG, x) = Ex (7" Ty (X7))

is the value of the European option with payoff function r and expiration time T.

In closing this section we show by examples that for many options W~ can be explicitly
computed. Using results of Sects. 4 and 5 in [30] one can check that the payoff functions
Y in examples 1-4 below satisfy (A3). It is also easy to see that the payoff function v
in example 5 satisfies (A2"). Note that the payoff function in example 1 also satisfies
(A2') and, by [7,26], the payoff functions in examples 2—4 satisfy (A2). We would
like to stress that the last assertion is by no means evident. On the other hand, the
convexity of ¥ in examples 2—4 is readily checked.

In all the examples we have computed the corresponding functions W™~ on the region
{u = ¥}. When computing ¥ we keep in mind that {u = ¢} C [0, T] x {¢ > 0}.

1. Index options and spread options

n + n +
Y(x) = (Z wix; — K) , U (x) = (Z wid; x; — rK) (call)
i=1 i=1

n + n +
Y(x) = (K - Z wixi) , V()= (VK - Zwidixi) (put)
i=1 i=1

(Here w; e Rfori =1,...,n).
2. Max options

W (x) = (max{xi, ..., x,} — K)T (call on max)

n +
() = (Z di1p, (x)x; — rK) :

i=1

where B; = {x e R"; x; > xj, j #i}.
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3. Min options

V¥ (x) = (K —min{x, ..., x,})7 (put on min)

n +
W) =(rkK =D dile(x)xi |

i=1

where C; = {x e R"; x; < xj, j #i}.
4. Multiple strike options

1p‘(x) = (max{xl - Klv ceesXp — Kn})+1

n +
) =D 150 — K)dixi —rKi) |
i=1
where K = (K, ..., K,).
5. Power-product options
Y(x) = (lx;-... - x,]” — K)* forsomey > 0.

Ifx € D, witht = (iq, ..., i) € {0, 1}" then

+

V@) = (| r—y D —di—ai) =y D aij | f) —rK |

i=1 i,j=1
where f(x) = (=D xy-...-x,)7 and |t| =iy + - - + iyp.
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