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Abstract In the paper expected utility from consumption over finite time horizon for
discrete time markets with bid and ask prices and strictly concave utility function is
considered. The notion of weak shadow price, i.e. an illiquid price, depending on the
portfolio, under which the model without bid and ask price is equivalent to the model
with bid and ask price is introduced. Existence and the form of weak shadow price is
shown. Using weak shadow price usual (called in the paper strong) shadow price is
then constructed.
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1 Introduction

In this paper we study the problem of maximization of expected utility in the discrete
time market with finite horizon and with transaction costs. We introduce the so called
weak shadow price, i.e. a portfolio state dependent price process taking values between
the bid and ask prices for which optimal value of expected utility in this frictionless
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market is the same as in the market with transaction costs. With the use of weak shadow
price we construct shadow price, called in the paper strong shadow price, which is a
sequence of random variables, playing the role of asset prices, taking values between
bid and ask prices, depending on initial portfolio position, such that the optimal value
of expected utility in the market with these asset prices is the same as in the market
with transaction costs.

The problem of existence and construction of shadow price has been first studied
for the Black—Scholes model with transaction costs and discounted logarithmic utility
function (see [9, 10, 15]). Then existence of shadow price was shown for discrete time
finite market in [16]. It appears that in some cases we are not able to find a frictionless
market with price process taking values between bid and ask prices which gives the
same optimal strategy as the market with transaction costs (see [2] and [6]).

In this paper we study general discrete time finite horizon problem with strictly
concave utility function. We consider so called weak shadow price, i.e. a price system
in an illiquid frictionless market, depending on our portfolio, for which optimal value
of the expected utility (and thus also the optimal strategies) coincides with value of
optimal expected utility in the market with transaction costs. This price system is not
a shadow price in the sense considered in [15] or in [16]. This is in fact a more general
notion, which enables us to construct later strong shadow price studied in [15] or in
[16]. Furthermore under our assumptions for power and logarithmic utilities strong
and weak shadow prices are uniquely defined.

The method used in this paper is significantly different from those considered in
the other papers (see [1,2,5,6,9,10,13,15,16,19]). Because of discrete time we don’t
have differential structure of the model as in [15]. We also do not use Lagrange
method studied in [16]. Our method is based on strict concavity of utility function,
which results in uniqueness and continuity of optimal strategies. We are also using
a number of geometric properties of selling, buying and non transaction zones. The
main construction of weak shadow price is based on the Merton’s proportion, i.e. the
optimal proportion between the value of stocks and the wealth.

We assume that on a probability space (€2, F, P) with filtration (fn),l,\]:o we are
given a strictly positive adapted processes S = (S, n)r’:’zo and § = (En),[lv:0 such that
En > §,forn =0,1,2,..., N satisfying the following version of conditional full
support condition (CFS) almost surely

conv (supp EL(Sy_g, -+ S))IFn—k1) = (Sy_i} x [0, 00)",
conv (supp BI(Sn—k, ..., SWIFy—#]) = (Sy—x} x [0,00*  (1.1)

fork =0,1,2,..., N, where conv stands for convex hull and supp is the support of
the random vector. This condition is similar to the condition (CFS) considered in [11].

Assume we are given a market M in which we have a safe bank account and a risky
stock account with infinitely divisible assets. The interest rate on the bank account for
simplicity is equal to 0. At time moment n = 0, 1, ..., N we can buy or sell stocks
paying S, or getting S ,, Tespectively. In the paper we assume that every conditional
expected value is of a regular version, the existence of which is guaranteed by Theorem
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3.1 in [12]. We shall also use the convention that E(—o0|G) := —oo for any o-field
gcF.

Our financial position will be denoted by the pair (x, y), where x is the amount
on the bank account and y is the number of assets in our portfolio. Given a position
(x, y) at a fixed time moment we are allowed to trade stocks just in such way that we
are not allowed to bankrupt. Taking into account the fact that the random variables
S, and S,, which represent the bid and ask prices of the stocks, are fully supported
(see [11]), we are allowed to make an investment policy only in such a way that at
next time moment the amount on bank and stock accounts will be nonnegative almost
surely. Consequently, this way we have short selling and short buying constraints.

Our aim is to maximize the value:

N
Jw) = E(Z y”g(cn)) (1.2)

n=0

over all u from the set of admissible strategies Uy, ) (S, S) which are defined in Sect.
2, with a constant discount factor y € (0, 1], where our initial position (xg, yg) =
(x,y) € R%r is such that x + y > 0 and ¢, is our consumption at time moment
n=0,1,...,N,§,=s, So = 5 and g is a utility function that is a strictly increasing,
strictly concave function defined on (0, co) with g(0) finite or g(0) = —oo. We shall
also assume that g(u) = —oo for u < 0. The class of such utility functions contains
in particular g(c) = Inc, g(c) = ¢* witha € (0, 1) org(c) =1 —e™€.

We assume that the processes S and S are such that assumption (A1) (see Sect. 3),
which guarantees integrability of certain finite horizon value functions, is satisfied.

We will introduce a notion of weak shadow price, i.e. a price system

S={8(x,y,55:n=0,1,...,N,(x,y,s,5) €D}

where
D:={(x,y,55 eRL: 5>5>0}, (1.3)

suchthatn =0,1,..., N:
§n = Sn(xy y,ﬁn,gn) fgn

the random variable 3‘,, (x,y,8,, S,) is Fp-measurable for (x, y) € Rﬁ_ \ {(0,0)} and
the optimal expected value of discounted utility function (1.2) for the market with
price system S is the same as in the market M. More precisely, in this shadow market
the current price of a unit of the stock depends on our position at the beginning of this
period. In other words, we translate the problem of maximization of (1.2) in the liquid
market with transaction costs to the problem of maximization (1.2) in a frictionless
illiquid market with price system S.

Then we construct shadow price (strong shadow price): a sequence of random
variables, depending on initial position, taking values between bid and ask prices such
that optimal values of the cost functional (1.2) for market with shadow price is the
same as for the market with transaction costs.
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The problem of construction of weak and then strong shadow prices for the func-
tional (1.2) is solved for every price processes S and S satisfying (1.1) and (A1). What
is important we do not impose any additional conditions (besides of (1.1) and (Al))
for the processes S and S and we study the case with general strictly concave utility
function.

2 Properties of the Set of Constraints

In this section we introduce the notion of constraints on admissible strategies. Gener-
ally speaking, the strategies are admissible if they are adapted to filtration (F;,) ﬁ:’zo and
they do not lead to bankruptcy almost surely. Note that because of the conditionally
full support condition (1.1), after possible transaction we should have nonnegative
position in bank and stock accounts, since otherwise with positive probability our
wealth in the next time moment could be strictly negative.

For (x, y,s,5) € D with D defined in (1.3) let

Ax,y,5,5) = {(c,1,m) € [0, x +sy] x R%
Vsel0,00) X —Cc+sm — sl +s(y —m+1) > 0}. 2.1

Equivalently we have

A(x,y,s,5) ={(c,I,m) € [0,x + sy] xRi:
xX—c+sm—5l>0,y—m+1[>0}. 2.2)

The set A(x, y, s, 5) consists of one step consumption, buying and selling strategies
we are allowed to use starting from the position (x, y). We summarize below important
properties of this set.

Proposition 2.1 Let (x, y,s,s) € D. Then we have

(i) A(px, py,s,s) = pA(x, y,s,s), for p >0,
(ii) the set A(x, y, s, s) is convex,
(iii) fors > s > 0 the set A(x, y, s, ) is compact,

(iv) fors > s > 0 the following implications hold

(0.1,0) € Alx, y.5.5) = ¥, o7y (0.1 =1,0) € Ax =51,y +1,5.5), (2.3)

(0,0,m) € A(x, y,5,5) = Ypepo.n) (0,0, —m) € A(x +sm,y+m,s,5),

2.4)
(c,l,m) € A(x, y,s,5) = Ypepo,1] (pc, pl, pm) € A(x, y,s,5), 2.5)

and

(c,1,m) e R\ A(x, y,5,5) = Y21 (pc, pl, pm) ¢ A(x,y,5,5), (2.6)
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(v) for (x1, y1), (x2, y2) € R%r, s,5 € Ry suchthats > s > 0andallt € [0, 1] the
following inclusion holds

tA(x1, y1,5,5) + (1 = )A(x2, y2,5,5)
CA@x + (1 = xo, ty1 + (1 —1)y2,5,5), (2.7)
(vi) for (x1,y1,81,51), (X2, y2,8,52) € Difx; <xo,y1 < y2,8) < s, andsy =
EZ) we have A(xlv )’17 £1’ El) g A(-XZs )’27 £2’ 52)7
(vii) if sequence (x,, Yu, S,,Sn) € D converges to (xo, yo, So, S0) € D then the set

cl(A(xo, yo, Sg, S0) U Uf,ozl A(xy, yu, 8,5 Sn)), is compact, where cl stands for the
closure.

The proof is in Appendix.
Denote by & the Hausdorff metric defined on the space H(Ri) of compact subsets
of R3 as follows

h(A, B) := max{d(A, B), d(B, A)}

with d(A, B) := sup{dist(a, B) : a € A} and dist(x, A) := inf{d(x,a) : a € A}.
Clearly (H(Ri), h) is a complete metric space (see e.g. [4]). We have

Theorem 2.1 Let (x,, yn,s,,5n)oe, be a sequence from D, which converges to
(x,y,5,5) € D. Then

n—oo

h(A(-xv v, s, E)vA(xnv yn9£nvgn)) —_— O (28)

The proof is in Appendix.

3 Bellman Equations

Following Theorem 1 of [8] we introduce now a system of Bellman equations. For
(x,y,5,5) € Dlet
wy(x,y,8,5) =g +5Y). (3.1)

The function wy is continuous and concave. For (x,y,s,s) € D and (c,I,m) €
Ax,y,5,5) let

VN—l(-xv y7£7§a Calam) =

g +ywnx—c+sm—5l,y—m+1,Sy,Sn). (3.2)

It is obvious that the random function V_ is continuous in its domain for w € 2.
Assuming tacitly integrability of Vy_; (with respect to @) from Theorem 1.3.1 of
[12] (see also [18]) there exists a regular conditional probability

{pN—l (0), A)}weQ,AEfN_|
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given Fy_1 defined for w € 2 and A € Fy_1 such that the mapping

—> / V_1(x,y,5,5,¢,1,m)(@)py_1(w, do) (3.3)
Q
is well defined for w € 2 and

/ Vn-1(x,y,8,5,¢,l,m)(@)py-1(w,do’) =
Q
E[VN_1(x,y,s,5,¢,l,m)|Fy_1](w) 3.4
for P-almost all w € Q.
In other words, the mapping defined in (3.3) is a version of conditional expected
value of Vy_1(x, y,s,5s, c,l, m) given Fy_1 and as we mentioned in the Introduction

in what follows we shall consider only such versions of conditional expected value.
For (x, y,s,5) € D let

wy-1(x,y,8,5) = sup E[VN-1(x.y.s,5.¢c.l,m)|Fy-1]  (3.5)

(c,l,m)eA(x,y,s,s)
and define inductively

Vn—k(x,y,8,5,¢,l,m) = g(c)+

wa—k+l(-x —C +£m - Elv y—m +ls §N—k+]3§N—k+1)

and
wy_k(x,y,8,5) = sup E[VN_i(x,y,s,5, ¢, ,m)|Fn_k], (3.6
(c,l,m)eA(x,y,s,s)
fork =1,2,..., N.By Theorem 1 of [8] we know that optimal control problem with

gain functional (1.2) is solved using a sequence of Bellman equations (3.6) introduced
above. In what follows we shall assume that

(A1) bid and ask prices § = (Qn)r’:/=0 and § = (En),'lvzo are such that:
V(x,y)eRi\{(o,O)} we have integrability of w; (x, y, S;, S;) (with respect to w)

and Eg(x + S;¥)” < oo as well as Vi, y s 5ep Ew;(x, y,s,5) < oo for
i=1,2,...,N.

We have

Proposition 3.1 Under (Al) fors > s > 0and k = 1,2, ..., N the random map-
pings

(x,y) —> wy_((x,y,8,5)
and

x,v,¢c,l,m)— E[Vy_x(x,y,s,5,¢,1,m)|Fn_x]
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(considered as regular conditional expected value) with (x, y) € Ri \ {(0,0)) and
(c,l,m) € A(x, y, s,5) are well defined continuous Fy_y-measurable random func-
tions.

The proof by induction is postponed to the Appendix.
In Lemma 10.1 in the Appendix we impose some sufficient conditions for processes
(Qn)flvzo and (Sn)ffzo under which assumption (A1) is satisfied.

Basing on continuity results of Proposition 3.1 we obtain existence of selectors in
Bellman equations (3.6).

Lemma 3.1 Let (x,y,s,s) € D. Then there exists an Fy_k-measurable random

variable (¢, f, m) which takes values in the set A(x, v, s, s) such that for v € Q we
have

wyn—k(x, ¥, 8,5 (@) = E[g(E(@)) + ywyn—it1(x — (@) + si(w) — 5l(w),
y =) + (@), Sy_gi1s SN—k+ DIFN—k1(@). (3.7

The proof is in Appendix.

Remark 3.1 Notice that in the Lemma 3.1 thanks to the suitable continuity we have
a nice result on the existence of measurable selectors without necessity to use more
general results of [8] or Theorem B of section 6 in chapter 2 of [7]. See also [17].

For (x,y,s,s) € D denote by Ay_¢(x, v, s,5) the set of all Fy_-measurable
random variables taking values in the set A(x, y, s, 5).

Corollary 3.1 Let (x,y,s,s) € D. Then

WN—k(x,y,8,5) = sup E[VN_k(x, y, 8,5, ¢ ", m*)| Fy_k].
(1% m*) eAn_i (x,,5.,5)

(3.8)

The meaning of (3.8) is very important, because it says that dealing with Bellman
equation wy —; we can look at not only the deterministic set of triples from A (x, y, s, 5)
but we can deal with Fy_;-measurable random variables which take values in this
set.

We also have

Corollary 3.2 Let (x,y,s,5) € D. Let (¢, 1, m) € Ay_i(x, y, s, 5) be such that

wy—k(x,,5,5) = E[VN_k(x, y,5,5, &L, m) | Fy_i).

Then for every random variable (¢, lN, m) from Ay_r(x,y,s,s) we have

E[Vy_x(x, y,5,5, &1, m) | Fy_i] = E[Vy_r(x, y, 5,5, &1L, m)| Fy_i].

Now we will define the set Uy y)(S, S) of all admissible strategies in the market
with transaction costs and with the initial position (x, y) € Ri. A sequence u =
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(u,,)fl\':0 = (cp, Iy, mn)fyzo is called an admissible strategy if forn =0, 1,..., N the
triple (cy, Iy, my) € Ay(xn, yn, S, S,), where the sequences (x,,)f:’:O and (y,,)fyzo
are defined inductively in the following way:

(x0, y0) := (x,y)
Xnt1 =Xy — Cy + S, my — Sply, forn=0,1,2,....,N—1. (3.9)
Yo+l i = Yn — My + 1 forn=0,1,2,...,N —1

Note that any admissible strategy u € Uy, y)(S, S) defines by (3.9) a unique pre-
dictable sequence (x,, yn)flvzo. Thus writing u € Uy y) (S, S) we may think that
u = (cp, by, My, Xp, yn),]q\,:()-

We have

Proposition 3.2 Letu = (¢, I, r?z,,)rl:lzo be a sequence of admissible strategies such
that for the corresponding sequence of market positions (X, y,) defined by (3.9) and
k=1,2,3,..., N the following equalities hold

WN—k (BN —k—1» IN—k—1+ Sy —fy1s SN—k41) =
EIVN kAN k-1, IN—k—1> Sy SN—k» EN—» IN—ks AN 1) | Fr—t]. (3.10)

Then we have
Elwo(x, y,s,5)] = sup Jw) = J@). 3.11)
ueu(x,y) (§’§)

with Sy = sand Sy =5.

Proof It is obvious that in (3.11) we have “<”, because the sequence (¢, fn, ’ﬁn)f,v:o
is a sequence of admissible strategies and hence it must be

N
E [Z g(én)} <Jw).
n=0

But the sequence i is an admissible strategy so that for any u = (cy, I, m,,)fl\’:0
€ U,y (S, S) from (3.10) we have

wo (X0, Y0, Sg» S0) = E[Vi(x0, Yo, Sy, S1. é0, o, I0)|Fo) =
E[Vi(x0, y0, S}, S1, <o, lo, mo)| Fol.

Thus, indeed, we have “>"in (3.11).
In effect, we have the equality in (3.11). This ends the proof. O

To simplify the notation any element of Ay_x(x, y, s, s) also will be called an
admissible strategy.
Almost immediately we obtain
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Lemma 3.2 The random functions wy_x(-, -, s, ) are concave fork=0,1,2, ..., N.
Proof 1t follows easily by induction from concavity of the utility function g. O
Next result plays an important role in the uniqueness of the optimal strategies.

Theorem 3.1 Under (Al) the random mapping

(x, ¥) —> Elwy 106, ¥, Sy_gi1s SNk DI Fn—k]
is strictly concave fork =1,2,..., N.

Proof We use induction in k = 1,2,..., N. The case k = 1 follows directly from
strict concavity of g. Assume inductively strict concavity of the random mapping

(x, ) —> Elwy 420X, ¥, Sy_pras SN—k42) | Fn—k41].

Let F(x,y) = Elwy—g+1(%, ¥, Sy_x11> SN—k+1)|FN—k]. By Lemma 3.2 the map-
ping (x, y) — F(x,y) is concave. Assume this function is not strictly concave. Then
there exist pairs of different financial positions (xy, y1), (x2, y2) € Ri_ such that for
any ¢t € (0, 1) we have

F(t(x1, y1) + (1 =1)(x2, y2)) = 1F(x1, y1) + (1 = 1) F(x2, y2). (3.12)

Let (x3, y3) := t(x1, y1)+(1—1)(x2, y2) and (¢;, I;, ;) be optimal one step strategies
in wy_g+1 (the existence of which is guaranteed by Corollary 3.1) for (x;, y;) with
i = 1, 2. By concavity of g and wy_k42 taking into account (3.12) we clearly have
that (&3, I3, m3) = t(¢1, 11, m1) + (1 — 1)(éa, I, 1irp) is a.s. optimal for (x3, y3).
Furthermore, by strict concavity of g we have a.s. that ¢3 = ¢; = ¢;. Therefore by
(3.12) and (3.7) we have

E[(wy—k+2(x3 — 3+ Sy 773 — SN—kt1l3, y3 — i3 + 13,
Sn—kz2s SN—k+2) | Fn—i] =
tE[(wy—t2(x1 = &1+ Sy M Sy—kili y1o = iy + 11,
Sn—k42s SNt [ Fn—i ]+
(1 = DE[(wN-—k12(¥2 = é2 + Sy_g 4172 — Sn—kpila, y2 — 2 + Do,
Sn_tr20 SN—k42) | FN ] (3.13)

Since by concavity

El(wN—k12(X3 = & + Sy 173 — Sn—k41l3, y3 — 13 + 13,

Sn—it2s SNk | Fn—k41] =
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IE[(wy—k2(x1 = &1+ Sy g1 — Sy—kprli, y1 — i + 11,
Sn—k42s SNkt | Fn—it11+

(1 = OE[(wy—k+1(x2 — 2+ Sy _g 1712 — SN—kt1la, y2 — iy + D,
Sy_ks2r SNkt FN—ks1]. (3.14)

we have equality in (3.13) only when we have equality a.s. in (3.14). By induction
hypothesis the random mapping

(x,y) —> Elwy k26, ¥, Sy_ty0: SN—k42) | Fv—kt1]

is strictly concave so that from a.s. equality in (3.14) taking into account that ¢3 =
¢, = ¢1 we should have a.s.

(3.15)

Xt + Sy g1ttt — Sn—krlt = x2 4+ Sy g2 — Sn_is1b
yi—mi+lhi=y—no+1b

Since the strategies are optimal we have that nAnlA 1=0= ﬁ12f2. Therefore, the cases
X1 > xp and y; > yp or xo > x1 and y, > yp are not allowed. Assume x; < x> and
y1 > y2. Then my = 0 = [} and solving (3.15) we obtain a.s.

- 1 ; Sy
N2 T (1—:N k+‘)=:a+b (3.16)
X2 =Xt SN—k+1 X2 — X1 SN—k+1

Notice that 1= is fixed while SN_k41 is random and by the assumption on the

conditional full support (1.1), since 71 is bounded by y; so that b > 0 is bounded,
a=s L can be arbitrarily big, with a positive probability, which contradicts that
1

N—k
(3.16) shotlld hold a.s. The case x; > x; and y; < y, can be rejected in a similar way.
Consequently, (3.12) does not hold and we have strict concavity of F. O

Immediately from Theorem 10.2 we obtain

Corollary 3.3 For each (x,y,s,s) € D there exists unique Fy_i-measurable ran-
dom variable

@0x,y. 5.5, 100, y,8.5). 0 (x, 3,5, 5)
which takes values in the set A(x, y, s, s) and such that

wy—k(x,y,5,5) =E[gcx,y,s,5)+

wa—k-l—l(x - 6()(:7 Y, s, E) +£n,>l(-xv Y, S, E) _Ei(-xa v, s, §)9

y =, y,8,5) +1(x, 9, 8.5, Sy_gy1s SNk DI Fn—i]. (3.17)
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Moreover, the random mapping

(X, 9,8,5) = @n-k(x,y,5,5), IN_k(x, y,8,5), Nk (x, y,5,5))

is continuous on the set ID.
By simple induction we obtain

Lemma 3.3 For (x,y,s,s) € D we have

wy—k(px, py,5,5) = (L+y + ...+ Y Inp +wy_x(x, y,5,5), (3.18)

when g(u) = Inu, while
wN—k(vapy7£1§):pa'wN—k(-xvy5£7§)v (319)

when g(u) = u®*.

4 Properties of the Optimal Strategies

In this section basing on Bellman equations introduced in Sect. 3 we shall characterize
classes of optimal one step strategies. Let (s, 5) € Ri be such thats > s > 0.

Fork =1,2,..., N let us define the following random sets corresponding respec-
tively to no transaction, selling and buying zones:

NTy_k(s,5) := {(x,y) € R} : wy_k(x, y,5,5) = sup E[g(c)+
cel0,x]
YWN—k+1(X = €, ¥, Sy g1 SN—tt DIFN—#]},

Sn—k(s,5) == {(x,y) € RZ 1 wy_k(x,y,5,5) = sup Elg(c)+
(c,0,m)eA(x,y,s,s)

YWN—kr1(x —cHsm,y —m, Sy_py 1, Syt DIFN 4k IN\NTN (s, 5)

and
By_i(s.5) == {(x,y) € R twy_(x.y.5.5) = sup  E[glo)+
(c,1,0)eA(x,y,s,5)
YWN—ki1 (X = ¢ =51,y +1, Sy g 15 SNkt DIFN—kIN\NTy £ (5, 5).
If the bid and ask prices of a unit of a stock are s, 5 respectively, then after optimal
consumption we do not trade, sell or buy stocks if our position is in NT y_¢ (s, 5),

Sn—i(s,s) orin By_g(s, 5) respectively. Furthermore, by Lemma 3.3 for g(u) = Inu
or g(u) = u“ these sets are cones.

Lemma 4.1 For s,5 € Ry such that s > s > 0 any pair of the random triple
NTyN_k(s,5), SN—k(s,5), By_k(s,5) do not have common points.
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Proof Fix s, 5 € Ry such thats > s > 0. Clearly, by the definition the random sets
Sy—k(s,s) and By_x(s,s) do no have common points with NT y_¢ (s, 5). From the
uniqueness of the optimal strategy (see Corollary 3.3) we obtain that Sy_(s,s) N
By_i(s,5) = 0. a

Proposition 4.1 Fors,s € Ry suchthats > s > 0 the random sets NT y_ (s, 5)(®),
Sn—k(s,5)(w), By_r (s, 5)(w) are connected for each w € Q2.

Proof Assume that NT y_ (s, ) (w) is not connected for some w € Q2. Then in the con-
vex envelope of NT y_i (s, 5) (w) we should have either elements of Sy_x (s, 5) (w), or
of By_i (s, 5)(w). Assume that we have there elements of Sy_x (s, 5) (w). To simplify
notation we shall skip the dependence on w. Since the set NT y_¢ (s, s) and Sy _x (s, 5)
is a close we may assume that there exist (x1, y1), (x1+smy, y1—m1) € NTy_k(s,5)
for positive m; such that for some positive m’" < m| we have that (x2, y2) =
(x1 +sm’, y1 —m’) and (x3 + sm, y» —m) € Sy_x (s, s) for any m € [0, m| —m’).
Let ¢* be an optimal consumption for (x2, y2). Clearly, (c*, 0, m; —m’) is an optimal
one step strategy for (x2, y2) and

Wy (X2, y2,8,8)=wN_ (X2 +sm, y2—m,s,5) = wy_,(x] +smy, y; —m,s,S).

Furthermore, wy_(x1, ¥1,,5) > wy_r(x2, ¥2,5,5) and by concavity of wy_g
(-, -, s,5) we should have wy_¢(x1, ¥1,5,5) = wy—k(x2, ¥2, 8, 5), since otherwise
using concavity we obtain that for m € (0, m; — m’) we have wy _r(x2 + sm, y» —
m,s,s) > wy_(x2,y2,5,5).

If wy_i(x1, y1,8,5) = wy—_i(x2, y2, 5, 5) then the strategy (c*, 0, m; — m’) can
not be optimal for (x3, y») (by uniqueness of optimal strategies, see Corollary 3.3,
selling is not allowed). The case when the convex envelope of NT y_ (s, 5) contains
elements of By _ (s, ) can be rejected in a similar way. Since the set NT y_ (s, 5) (w)
is close and right boundary of Sy_(s,s) and left boundary of By_ (s, s) are in

NTy_k(s, 5) so that these sets should be connected. O

5 Local Weak Shadow Price

Consider now the case when at a given time moment N — k, where k =0, 1,..., N
instead of bid and ask prices s, s we have a one price § for which we are allowed to
sell and buy assets, while in the next time moments we again have bid and ask prices.

Define the set
D= {(x,y,5) €eR3 : 5> 0} (5.1)

For (x, y,$) € D define

oy (x,y,8) = sup Elg(c) + ywyk41(x —c+5m —1),y —m
(c,l,m)eB(x,y,s)
+ 1, Sy _prrs SN—k+DIFn—k], (5.2)
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where

B(x, y,5) := {(c,[,m) € [0, x + §y] x RY :
Vie[0,00) X —C+ (m — DS +s(y —m+1) > 0}.

or equivalently
B(x,y,5):={(c,l,m) € [0, x+5y] X R%r x—c+sm—=0)>0,y—m-+12>0}.
In fact, this is the set of constraints we impose on admissible strategies at time moment
N — k in the case when the asset price is equal to § (we have no frictions) and we do
not want to have negative position in bank or stock account at the next time moment.
Let
B(x,y,5) :={(c, K):€[0,x +§y] x R:x —c+5K >0,y—K >0} (5.3)

for (x, y,5) € D. Clearly,

vk (x,y,8) = sup  Elg(c) + ywy_is1(x —c + 5K,
(c.K)eB(x,y,5)
Yy =K. Sy i1 SNkt DIFn—k]- (5.4)

Moreover we have

Lemma 5.1 Let (x,y,s,s) € D. Then

(c,0,m) € A(x, y,s,5) < (c,m) € B(x, y, s) (5.5)

and _
(c,1,0) € A(x, y,s5,5) & (c, =) € B(x, y,5). (5.6)

By analogy to Theorem 2.1 we obtain

Proposition 5.1 For (x, y, §) € D the set B(x, y, §) is convex and compact. Further-
more the mapping

D> (x,y,8) — B(x, y,5)
is continuous in Hausdorff metric.
From the Theorem 3.1 using also Theorems 10.1 and 10.2 we obtain
Proposition 5.2 The random mapping

B(x, y,§) 3 (c, K) —> E[g(c)+
YWN—k+1(x —c+ 5K,y — K, Sy_pi1s SNkt DI Fn—k] (5.7
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is a strictly concave for (x,y,5§) € D. Moreover for each (x,y,5) € D there exists
a unique Fy_j-measurable random variable (¢(x, v, s), K (x, y, §)) taking values in
the set B(x, y, §) which is an optimal one step strategy, i.e.

un—k(x,y,8) =E[g((x,y,8))+
wa—k+l(x - 6()6, yv 3:) + 3:1%()(7 y9 §)1
Y= K, y.8), Sy gy SNk DIFN—i]. (5.8)

Furthermore, the random mapping (x, y, §) —> (¢(x, v, §), I%(x, v, 8)) is continu-
ous.

We now introduce the notion of weak shadow price, which we consider first locally.

Definition 5.1 A family {S‘N_k(x, v,s,5) : (x,y,s,5) € D} of random variables is
called local weak shadow price at time N — k, if

(i) for every (x,y,s,s) € D the random variable S‘N,k(x,y,g, s)is Fy_k -
measurable, .
(ii) V(x,y,g,?)eﬂ]) s < Sn—k(x,y,5,5) <5,
(iii) ¥(ry0.5eD ON-k (6 Y, SNk (X, 3,5, 9) = wyk(x, ¥, 5, 5).

The notion of the local weak shadow price is crucial for the construction of global weak
shadow price. We look at our market at time moment N —k for a price S N—k(x,y,58,5),
which is between bid and ask prices, and for which value of our functional correspond-
ing to the case when at time N — k we have just one price S’N_k(x, v,s,5) and in
the next time moments we have again bid and ask prices, is the same as in the case
in which all time we have bid and ask prices. The local weak shadow price depends
on the value of the bid and ask prices s, s at time moment N — k and on the initial
portfolio position at the beginning of this time moment.
Fors >0andfork=1,..., N let

NTy_k(§) == {(x,y) € R2 tuy_k(x,y,5) =
= sup E[g(c) + ywn—ks1(x — ¢, ¥, Sy_ii1s SN—k+DIFn—k]},

cel0,x]

Sy () == {(x,y) € Ri_ SuN—k(x,y,8) = sup Elg(c)+
(c,0,m)eB(x,y,s)

ywN—kr1 (8 —c48m,y —m, Sy i1, SNkt DIFN—i]} \ NTy ()

and
By_i() == {(x,y) e R toy_(x,y,5) =  sup  E[g(o)+
(c,1,0)eB(x,y,5)

ywy ki1 (8 — ¢ —SLy + 1 Sy i Svoia DIFN 41} \ NTy_ (8.
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The sets NTy_x(3), Sy« (5) and Sy_x () correspond to no transaction, selling and
buying zones in the case of one selling and buying price equal to §. For g(u) = Inu
or g(u) = u® these sets are clearly cones.

Proposition 5.3 Foreach w € 2 there exists a continuous function ¢ : R%L — R%_
such that .
NTy- k() (@) = ((f°(t,8) € RY 11 € Ry}, (5.9)

Furthermore if the mapping (x, y) — vy_k(x,y, ) is differentiable for any § > 0
then for s # 5§ we have

NTy_(5) (@) N NTy_x () (w) C [0, 00) x {0} . (5.10)

Proof From Proposition 5.2 and Theorem 3.1 we get that there exists a unique Fy -
measurable continuous random function (¢, K ) D —s R2 such that for each
(x,y,8) € D the random variable (é(x, y,8), K(x, y,§)) takes values in the set
B(x, y, §) and for each (x, y, §) € D we have that

uN—k(x, ¥, §) = E[g(e(x, y,§)) + ywy—s1(x — &(x, y,§) + 5K (x, ,§),
Y= K, 9, 8), Sy gy SNk DIFN 4],

Since on the line x 4+ y§ = ¢ there is a unique point belonging to the no transaction
zone we have that

£, 8) = (t +5K(,0,8), —K(t,0,5)) (5.11)

from which (5.9) and continuitx of f follows. .
Assume now that (X, ¥) € NTy_(8)(w) N NTy_(8)(w) for § < §' and y > 0.
Since fors =§ors = §’

UN—k(X, 3,8) = sup E[g(c) + ywn—k+1(X — ¢, ¥, Sy_pi1» SN—k+1IFN—k]

cel0,x]

(5.12)
we have that vy_¢ (%, 7,8) = vy (X, y,5) = dy_k(x, ). Moreover for (x, y) €
RZ such that x + y§ = X + 3§ or x + y§’ = ¥ + y§' we have vy_i(x, y, §)
uN—k(x,y,8) = vy_r(X,y,s). Furthermore one can easily show that for any §
[§, '] whenever x + y§ = X + y5§ we have also vy_¢(x, y,§) = vy_x (X, V,5)
vN—k (X, ¥, §). Therefore directional derivative of vy _¢ (X, ¥, §) along the line x+y§ =
X + y§ should be equal to 0, as a derivative of a constant function, in particular at
(x, y) we have

mll

Vg B 7, )(=5) + vy (7. 5.5) =0 (5.13)

for any § € (8, §'), which means that v, _, (x,7,5) =0 =v}y_, Y@y, s), which
contradicts the fact that vy _¢ (x, y, §) is strictly increasing in x and y. Consequently
we obtain (5.10). O

Taking into account NT N—k(8) is an image of a continuous function f® which has
exactly one intersection point with each line x 4+ §y = ¢, for t > 0 we easily obtain
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Corollary 5.1 The sets By_i(8) and Sy_i(§) are connected fors > 0.

Ifemark 5.1 In the case, when g(u) = Inu or g(u) = u%, the sets l\fTN_k (),
B N—k (§) and Sy_x(8) are cones, and therefore from Proposition 5.3 we get that the
set NT y_x () is a half line starting from the point (0, 0).

6 Optimal Consumption in the Markets Locally Without Friction
with Logarithmic and Power Utility Functions

In this section we show formulas for optimal consumption in the market in which at
a given time moment we have one selling and buying price (we don’t have frictions).
Notice first that in the equation (5.4) we can replace control variable K by b € [0, 1]
representing a portion of our wealth invested in the stock market. Then for (x, y, §) € D
we have

u—k(x,y,8) = sup  E[g(c) + ywn—k+1(x —c + 35K,
(c,K)eB(x,y,5)

y=m+1L Sy i1 SNk DIFn—i] = sup Elg(c)+
(c,b)e[O,x+§y]x[0, 1]

b(x +5y —¢)

Ywn—i+1((1 = b)(x + 3§y —¢), Sy kit SN—k+DIFn—k] (6.1)

In the case when g(u) = Inu using Lemma 3.3 we obtain

Nk (x,y,8) = sup [Inc+y(d+y+...+ )/k)ln(x —c+Sy)+
ce[0,x+5y]

b _
sup Elwy—i+1(1 = b, =, Sy_py1> SN—k+DIFN—k]. (6.2)
bel0,1] s

and then by Lemma 10.2 the supremum is attained for ¢ = ¢y_¢(x, y, §), where

x+S8y

_ 6.3
Lty +-+yk ©3

Cn—k(x,y,8) =
In the case when g(u) = u® by Lemma 3.3 we have

oN—k(x,y,8) = sup [ +y(x—c+5*
ce[0,x+5y]

sup E[wy—i1(1 = b, =, Sy _gi1s SNkt DIFN—i] =
bel0,1] s

sup  [c% + Dy_x(§) - (x — ¢ + §y)*1, (6.4)
ce[0,x+5y]
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where Dy_(8) := ¥ supyo, 1 Elwn—k1(1 — b, 2, Sy i1 SN—k+1)|Fn—i]. The
supremum in

sup  [¢® 4+ Dy_k(S) - (x — ¢+ §y)°] (6.5)
ce[0,x+5y]

by Lemma 10.3 is attained for ¢ = ¢y_x(x, y, §), where

X+ Sy

= (6.6)
I+ [Dy—($)]T=

CN—k(x,y,8) =

Substituting (6.3) into (6.2) and (6.6) into (6.4) we immediately obtain

Corollary 6.1 If g(u) = Inu or g(u) = u® the function (x,y) — vy_i(x,y,5) is
differentiable and consequently we have (5.10).

7 Properties of Selling and Buying Zones

The construction of shadow price is based on relations between the random sets S N—k»
By _ and Sy_g, By _i respectively which we shall show in this section. We start with
a useful simple

Lemma 7.1 For (x,y,s,s) € Dand§ € [s, 5] we have:
A(x,y,s,s) S B(x, y,9), (7.1

and consequently
UN—k(x, ¥, 8) = wy—k(x, Y, 5,5). (7.2)

First we consider relation between Sy _; and Sy _y.

Proposition 7.1 Fors,s € Ry such thats > s > 0 and all € Q we have
SN—k()(@) = Sk (s, ) (@). (7.3)

Proof Assume that (x, y) € SN_k(g)(a)) for certain w € 2. Then there is an Fy_j-
measurable triple (¢(w), 0, m(w)) taking values in B(x, y, s)(w) such that m(w) > 0
and

oN—k(x, ¥, 8) = Elg(®) + ywn—(x = &+ s, y = i, Sy 1y SN—k+DIFN—k],
(7.4)
where to simplify notation we drop the dependence on w. Since also (¢, 0,m) €
A(x, y, s, s) then taking into account (7.2) we have

wy (X, y, 8) = B[g(@) + ywy_i(x — &+ s,y — i, Sy o1 Sn—ks DIFn 4],
(7.5)
which means that (x, y) € Sy_x (s, 5)(w).
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Assume now that (x, y) € Sy_x(s,5)(w). Then there exists an Fy _;-measurable
random triple (¢, 0, m) which takes values in A(x, y, s, s) such that

wy—k(x, ¥, 8, 5) =E[g(0) +ywn—kp1(x —C+sm, y =1, Sy_piqs SN—k+ DI Fn—k]-
(7.6)

If (x,y) € l\fTN_k(g)(w) then there is (¢, 0, 0) € B(x, y, s) such that

oN—k(x, ¥, 8) = E[g() + ywN—k+1(x — & ¥, Sy_ga1s SN—k+DIFN—k]  (7.7)

and since also (¢, 0, 0) € A(x, y, s, 5) then taking into account (7.2) we obtain that

wN—k(-xv Y, S, E):E[g(g) + wa—k+l(-x - 67 Y, §N—k+] ’ EN—](-FI)']:N—](L (78)

which means that (x, y) € NTy_x(s,5)(w), what is a contradiction. If (x,y) €
By _k(s)(w) then there is (¢, [, 0) € B(x, y, s) such that/ > 0 and

oN—k(x, v, 8) = E[g@ + ywy—ip1(x ==L,y + 1, Sy_pr1s SNkt DI Fn—k]-
i (7.9)

Consider now the triple A(¢, 0, m) + (1 — A)(E,1,0) with A = -~ € [0, 1]. Note

i+

that A(¢, 0, m) 4+ (1 = A) (G, 1, 0) € A(x, v, 8, 5). By concavity of the random function

F :B(x, y,s) — R defined in the following way

F(c,l,m) .=

Elg(c) + ywy—ir1(x —c+sm =1,y —m+1, Sy i1, SN—k+DIFn—x]
(7.10)

we have using again (7.2) that

FAé+ (1 — 1), (1 — NI, ai) > E[g(Aé + (1 — M)E+
YWN—k41(x = A¢ + (1 = M, ¥, Sy _ii1s SN—k+DIFN—k] =
)\.U)N_k(x, v, s, E) + (l - )\.)UN_]((X, Y, £) 2 U)N_k(.x, v, S, E) (711)

From (7.11) we have that

wN—k(x,y,5,5) =E[gAc + (1 — 1))+

YWN—k41(x — A+ (1 = 2)E, v, Sy gyt SNk DIFN—r].
which means that (x, y) € NTy_x (s, 5)(w), which is a contradiction. O

Next relation between the sets B N—k(5) and By_ (s, s) shall require two technical
lemmas.
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Lemma 7.2 Let (x,y,s,5) € Dand (¢, f, 0) € A(x, y,s,5), (¢,0,m) € B(x, y,s)

be such that f, m > 0. Then for A € (0, 1) such that ). > l-%h we have

A+ (1 =2 M — (1= 0m,0) € Alx, y,5,5). (7.12)
Proof Forany A € [0, 1] we have 0 < A¢ + (1 — A)¢ < x + sy and
X — [+ A=) =M= =il = Ax — =5 + (1 = A)(x —E+5m) > 0.

Whenever 1 > A > ZL we have Al — (1 — A)i > 0 and (7.12) holds. O

+m

Lemma 7.3 Lets,s € Ry be such thats > s > 0. Then for v € Q we have

Sn—#(®) (@) NBy (s, 5)(@) = 0. (7.13)

Proof Assume this is not true. Then there exists some pair (x, y) of two strictly positive
numbers such that the event

A= {(x,y) € SN_x(3) N By_(s,5)} # 0. (7.14)

Let (¢, 1, i) be an optimal one step strategy in the market locally without frictions

with the price s, i.e. let (¢, [, m) be an F_;-measurable random variable which takes
values in the set B(x, y, 5) such that

vv—k(x,y,5) =

Elg(@) + ywy—k41(x —E+ 500 — 1),y =i+ 1, Sy_ii1s SN—k+DIFN—k]-

Let (¢, 1, /) be an optimal one step strategy in the primary market i.e. (¢,1, /) is
FnN—k-measurable random variable taking values in the set A(x, y, s, s) such that

wy—k(x,y,s,5) =

Elg(&) + ywn—is1(x — &+ sim — 5L,y — i+ 1, Sy i1y Sn—ir DI Fn—rl.

On the event A we clearly have (¢, I,m) = (,0,m), (¢, I, m) = (¢, I, 0) and
I ,m > 0.

Let A be an Fy_j-measurable random variable taking values in the interval [0, 1]
such that on A we have Al — (1 = 2)m > 0. From the property (7.12) we have that
A+ (1 —=2)¢C, A — (1 =x)m, 0) is a well defined F _r-measurable random variable,
which on A takes values in the set A(x, y, s, 5).

Since on A we have

Aé+ (1 = A)E A — (1 — A)m, 0) # (8,1, 0), (7.15)
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from the strict concavity of the function g and of the random function

(0, ) = Elwy 4106, ¥, Sy_ip1s Sv—k 1)1 Fv k],
taking into account the property (7.2) we get that on A we have

wy—k(x,y,s,5) =
gé + (1 =)&) + ywy—ie1(x — A+ (1 — 1)&) — 5L — (1 — M),
Y= (U= 2+ MSy_gys SNkt | Fa—i) >
AB[g(&) + ywn—kse1(x —E =S,y —m +1, Sn—kats SN—k+DIFn—i ]+
(1 = VE[@) + ywy—i+1(x — & + 50 — D),
y =i+ 1 Sy s SNk DIFN-k] =

ANk (X, y,8,5) + (1 —Vov_i(x,y,5) >

AON—k(x, y,8,5) + (1 = VDwy_i(x,y,s,5) = wy_k(x,y,s,5)
which is a contradiction and therefore we have (7.13). O

We are now in position to compare the sets B N—k () (w) and By (s, 5)(w).

Proposition 7.2 Let s, s € Ry be such that's > s > 0. Then for w € Q
By 1 (5)(@) = By_4(s, 5) (). (7.16)

Proof Notice first that by Lemma 7.3 we have that S Nk () (@) NBy_k(s,5)(w) =0
for w € Q. Let for (x, y) € RZ

@& 1,m) = @, y,5),[(x,y,5), m(x, y,5))

be an optimal Fy _i-measurable one step strategy in the market locally without fric-
tions with the price s, i.e.

vN—k (X, ¥,5) = EBIg(@) + ywyn—k11(x —E+500 — D),y — it
+ 1, Sn—kgrs SN—k+DIFN—k]-

Let (x,y) € ﬁN_k (5)(w). Without loss of generality we can assume that l(w) >
m(w) = 0and (¢(w), [(w), 0) € B(x, y,s) and by (5.6) we also have (¢(w), [ (w), 0) €
A(x, y, s, s). Therefore,

wy—k(x,y,5,9)(w) >

Elg@) +ywy—ir1(x—E+50—0D),y —m +1, Sy_ii1s SN—kt DI FN—k] (@)
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which means that (x,y) € By_i(s,5)(w). Let now (x,y) € By_x(s,5)(w) and
assume that (x, y) ¢ FN—k@)(w)- By (7.13) we have also that (x, y) ¢ Sy—x (5)(w).
Therefore, (x, y) € NTy_x(5)(w) and for (¢, 0, 0) € B(x, y,s) we have

UN—k(x, ¥, 5) (@) = E[g(O)+

YWN—it1(X — ¥, Sy _p1s SNk DIFN—k](@) = wy—k(x, y, 5, 5) ().

Since also (¢, 0,0) € A(x, y, s, s) we have that

wN*k(-x’ Y, S, E)(w) = E[g(5)+

YWN—kr1 (X = &Y, Sy _pepps SN—ka DIFN—k (@)
which means that (x, y) € NTy_x(s, 5)(w), which is a contradiction. O

Remark 7.1 From Corollary 5.1 taking into account Propositions 7.1 and 7.2 we obtain
an alternative proof of the fact that the sets By_x(s,s)(w) and Sy_(s, 5)(w) are
connected for w € Q.

8 Construction of Local Weak Shadow Price

In this section we construct shadow price. For this purpose we shall need a number of
properties of selling and buying cones corresponding to different asset prices on the
market locally without friction. We start with an obvious

Lemma 8.1 Let (x,y) € Rﬁ and let 0 < 51 < s2. Then the following implications
hold
(c,0,m) € B(x, y,51) = (c,0,m) € B(x, y, 52) (8.1)

and
(c,1,0) € B(x, y,s) = (c,[,0) € B(x, y, s1). (8.2)

Next Lemma shows relations between selling and buying cones for different asset
prices.

Lemma 8.2 Let 51, 50 € Ry be such that 0 < 51 < s5. Then

Sn_k(s1) € Sn_(52) (8.3)

and R A
By _r(s2) € By_i(s1). (8.4)

{’roof We will prove only (8.4). The proof of (8.3) is similar. Fix w € Q. Let (x, y) €
By —_x(s2)(w). Then there is an optimal one step strategy (¢, [, m) such that

Uk (X, Y, $2) = E[g(E) + ywy—kt1(x — E+ 20 — 1),y — i
+ 1, Sy _jits SNk DI Fn—k].
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Let (¢*, 0, m*) be an Fy_; measurable triple taking values in the set B(x, y, s1).
Taking into account that by (8.1) the random variable (c¢*, 0, m*) takes values in
B(x, y, s2), we have

UN—k (X, Y, s1) (@) =
E[g(®) + ywn—ir1(x —E =51,y + 1, Sy g1, SN—it DI Fn—il(@) >
E[g(®) + ywn—ks1(x = E =52l y + 1, Sy_y10 SN—ka DIFn—1](@) =
UN—k (X, Y, $2) (@) =
Elg(c®) + ywn—i41(x — c* +som™, y —m*, Sy_ i1 SN—k+DIFN—] (@) =
Elg(c™) + ywn—k1(x —c* +sim*™, y —m*, Sy_ii 1 SN—k+DIFN—k ().
Consequently, taking into account that the strategy (c*, 0, m*) could be arbitrary

we have (x,y) ¢ Sy_i(s1)(@) U NTy_i(s1)(), which means that (x,y) €
By _«(s1)(w), which completes the proof. O

The following two properties of no transaction zone will be important later

Lemma 8.3 Assume that s,s € Ry are such thats > s > 0. Then
NTy—i(s.) = |J NTyc®. (8.5)
Sels,s]
Proof Form (8.3) and (8.4) together with (7.3) i (7.16) we have

U NTve® = |J B3\ Gy UBN1(5) =

Sels,s] Sels,s]

BRI\ () Cvi@UBy () ==R3\ Sy_x(3) UBy_4(9) =

Sels,s]

R2 \ (Sy—k(5,5) UBy_k(5,5)) = NTy_(s, 5).

Lemma 8.4 Ifsy, 52,5 € Ry are such that 0 < s; < § < s then
NTy_i(s1) "NTy_(52) S NTy_4(3). (8.6)
Proof From (8.3) and (8.4) we have

NTy_k(s1) "NTy_(s2) =

[R2\ Sn—k(s1) UBN_k (s N [RE N\ (Sy—i(s2) UBy_k(52))] =

R2 N\ [(Sy—k(s1) UBN_k(s1) U Sy—r(s2) UBN_k(52))] =

RE\ By—k(s1) USy—k(52)) € RE\ By—x(5) USy—«(5)) = NTy_ ().
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In what follows we shall try to characterize F, N,k-measAurable random variables
s;’;,_k(x, v, s, s), taking values in [s, 5], such that (x, y) € NTN,k(s?{,_k(x, ¥, 8,5)).

Proposition 8.1 Let for (x,y,s,s) e D

s for{(x,y) € SNk (s,9)}
Ty c(x.y.s.5) == 1 inf(s € [5,5] : (x,y) € NTy_x(s)} for {(x,y) € NTy_4(s.,5)}
g for{(x,y) € By_k(s,5)}
(8.7)
and
s Sfor {(x,y) € Sy_i(s,5)}
sh_x(x,y.5,5) = { sup{s € [5,5]: (x,y) € NTy_(s)} for{(x,y) € NTy_p(s,5)} -
s Sfor {(x,y) € Bn_i(s,5)}
(8.8)

Then sy _; and s}, _, are well defined Fy _i-measurable random functions from D
to (0, 00). Moreover s_, and s3_, are lower and upper semicontinuous on the
event {(x,y) € NTn_x(s,5)}. Furthermore, for each (x,y,s,s) € D on the event
{(x,y) € NTn_i(s,5)} we have

(x,y) € NTy 4y (x. ¥, 5.5) "NTy 1 (sh_; (x. ¥, 5. 5)). (8.9)

Proof Fix (x,y,s,s) € . We are going to show first that E}‘\,_k(x, y,s,s) and
g*N_k (x,y,s,s) are well defined Fy_,-measurable random variables.
Notice first that from (8.5) for each w € Q2 and each (x, y) € NTy_x (s, 5)(w) there

is sy_x(x, y, ®) € [s, 5] such that (x, y) € NTy_g(sn—i(x, y, ) ().
Furthermore

{Eﬂ;\]—k(xv V.S, E) :ﬁ} = {(-xv }7) € SN—k(ﬁ’ E)} U {(-xs )’) € N\TN—k(E)} € fN—k
and
{iﬂ;\]—k(xv V.S, E) ZE} = {(.X, )’) € BN—k(£9§)} U {(-xv )’) € NTN_k(E)} € -7:N—k~

Moreover using (8.3) and (8.4) we obtain

{Eﬂ]:]_k(xv yv 5’ E) = E} =

={(x,y) € By (s, DU [J 1, 3) eSyrlo)) =

s€ls,5)

={(x,) eBy DU |J {xy) eSva)} e Fvu
s€ls,5)NQ
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and

{sy_r(x,y,8,5) =s}=

={(x,») €Sy NV [J {x,y) e By (s)) =

s€(s,5]

={x, ) eSnaNU |J &y eBya@) e Fya
s€(s,51NQ

For any ¢ € (s, 5) we have

F>syacys9>t= [ >0y >s)=
se(t,s)NQ

= U &y eBya@)eFva

se(t,5)NQ

and

t>sy oy en>st= | fs>six 089 >s)=
se(s,nHNQ

= U (G yeSva@)eFva

se(s,HNNQ

which means that ET\/—k (x,y,s,5)are gj‘\_k (x,y,s,s) well defined Fy_;-measurable
random variables.

We now show that on the event {(x, y) € NTy_x(s,s)} we have (8.9). Fix w €
{(x,y) € NTy_4(s,5)} and let (57,)° | and (s)7° | be any two sequences from the

interval [s, 5] convergent respectively to s _, (x, y,s,5) and s} _,(x, y,s,5) such

that for any n € N we have (x,y) € l\fTN_k(EZ))(a)) N l\fTN_k(gz))(a)). Then for
n € N we have

UN—k (X, ¥, ) (@) = vn—k(x, ¥, 5p) (@) =
= sup E[g(c) + ywn—i+1(x —¢, ¥, Sy_gr1s SN—k+ DI FN—k] ().

cel0,x]

By continuity of vy_x(x, y, -) letting n —> 00 we obtain

UN—k (X, Y, Sy (X, ¥, 8, D) (@) (@) = On—i(x, y, Sy_x (X, ¥, 8, 5)(w)(w) =
= sup E[g(c) + ywn—i+1(x — ¢, ¥, Sy i1 SN—ktDIF Nk ] ().
c€[0,x]

Therefore we have (8.9) on the event {(x, y) € NTy_x(s,5)}.

It remains to show that E;‘V_k (x,y,s,5) and gj‘\,_k(x, v, s,s) are also measurable
functions (of their coordinates). For this purpose it suffices to prove their lower
and upper semicontinuity, respectively, on the set {(x,y) € NTy_(s,s)}. Fix
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w € {(x,y) € NTy_i(s,5)}. Let (x4, yu, S, En)ff’zl be a sequence from D convergent
to (x, y, s, s). We have to show that

lr%n_lggg E*N—k (X5 Yns Su» Sn)(w) > E*N—k (x, y,5,5)(w)
and

hm Sup E*N—k (xns ynv £ns E}’l)(w) S Eﬂ];]_k (-x3 ys £7 E)(a))
n—o0

We shall show only the first inequality since the other can be shown in a similar way.
There are three cases:

1¢ for infinitely many n € N we have (x,,, y,) € Sy—k(s,,, 5,)(w). Choosing a suitable
subsequence we can assume that (x,, y,) € Sy_x(s,,, S»)(@) for n € N and then

55 s s 8, ) (@) = 5, =5 5. By (8.9) for n € N we have

UN—k(Xn, Y, Ex;v_k (Xns Yu» 8,5 Sp) (@) (@) = sup Elg(c) +

(C»lvm)EB()‘n,_)’naET\/,k (Xn>Yn58,,850) (@)
YWN—k+1(Xn — ¢ + ?;jfk(xn’ Yns Sy, Si)(@) - (m —=1), yp —m+1, §N7k+1’

SN—k+DIFn—k](@) = sup Elg(c) +

(c,1,m)EB(xn, Yn,Sy_i K> Yn Sy -5n) (@)

YWN—k+1(Xn = € Ynr Sy i 1> SN—k+DIFN—k](@).
By continuity of vy_x using Theorem 10.1 and letting n —> oo we obtain

UN—k(X, Y, 5)(w) =

sup Elg(c) + ywNn—i+1(x — ¢, ¥, Sy_gy1s SN—k+DIFN—k] (@),
(c,l,m)eB(x,y,s)

which means that (x, y) € NTy_¢(s)(w) and 5%, (x, y, 5, 5)(w) = s.

2° for infinitely many n € N we have (x,, y,) € By_k(s,,5,)(w). As above we
may assume (choosing a suitable subsequence) that (x,, y,) € By_i(s,,, Sn)(®)

—. — — —>00 _ — —
for n € N. Then §5_; (X, Y. 8, S)(@) =5 ——> § = 53, (x, y, 5. ) ().

3° for infinitely may n € N we have (x,,, y,) € NTy_i(s,,, 5,)(w). We may assume
that (x, yp) € NTn_i(s,, S»)(®) for n € N and by (8.9) for n € N we have

(Xn, ) € I\IATN,k(E*N_k(x,,, Vs 8,0 50) (@) (@). Let (n7);2, be such subsequence

— _ [—o00 .. _ —
that s}t/_k(xnl’ ynl7§n1,sn1)(w) —— liminf, Sji/_k(xn»ynaﬁnvsn)(w)- By
continuity of vy_; and Theorem 10.1 we obtain

UN—k (xn[ s Yngs Eﬂ];]_k (xnl > Ynps> Spyo Enl)(a)))(w)

[ C e _
5 oy (e, y, iminf 55 (6 Vs 8,0, 50) (@) (@)
n—s-oo
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and

UN_k(an, yn[ ) 57\/7]( ()Cnl, )’n,, i”l’ En[)(('()))(a)) =

sup Efg(c) +
(c,0,0) EB(xn[ »Vny ,?1(\7,]( (Xn[ »Ynp>Sp, sfnl)(w))
= =00
YWN—k+1(Xn; — €, Ynps Sy i1 SN—k+DIF Nkl (@) ——
sup E[g(c) +

(¢,0,0)€B(x, y,liminf, — o F}i]—k (X, Yn+8p.80) (@)
YWN k41X — ¢, ¥, Sy_g i1 SN—k+DIF N1 (@).

Therefore (x,y) € NATN,k(liminanOOE;‘\,_k(xn,yn,s

Sps Sn)(w))(w), which
completes the proof of lower semicontinuity of E*Nf k-

O
Corollary 8.1 Let Sy_i : D —> (0, 00) be defined by the formula
. _ 1_, _ 1, _
Ska(.x, Y, S, S) = ESN—](('X’ Y, S, S) + EEN_k(x’ Y, S, S) (810)
for (x,y,s,5) € D. Then on the event {(x,y) € NTn_i(s, 5)} we have
(x,y) € NTy Gy x(x, . 5. 5). (8.11)
Proof 1t follows directly from (8.6) and (8.9). O

Remark 8.1 Note that due to the Proposition 5.3 under differentiability of vy_; we
have that the random function §y_; defined by (8.10) is the unique random func-
tion for which (8.11) holds since then s%,_, (x, y,5,5) = Sy_;(x,y,s5,5) . When
Sv_x(x,y,8,5) <Sy_;(x,y,s,5) the random function §y 4 for which (8.11) holds
is not defined in a unique way.

Having defined sy _x(x, y) we are allowed to formulate the main result of this
section

Theorem 8.1 For (x,y,s,s) € D let S’N(x, v,s,5)=sandfork=1,...,N

Sn_k(x, ,5,5) :=Sy_x(x,,5,5) (8.12)

where the random mapping § is defined by (8.10). Then the family {S’N,k (x,y,8,5):
(x,y,8,5) € D} is a local weak shadow price at time moment N — k, for k =
1,2,..., N, ie. itis Fy_g-measurable and

vv—k(x, Y, Sy—k(x,y,8,5)) = sup El[g(c)
(c.lm)eB(x,y, Sn—k(x,,5.5))

+ ywy_ip1(x—c+Sy_i(x, y,8,5) - (m—=1), y—m
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+1, SN pi1> SNkt DIFN ]
=wnN—k(x,y,s,5), (8.13)

and the optimal strategies at time moment N — k in market with price Sy_x and in
the market with bid and ask prices s, s respectively, are the same.

Proof 1Tt is a consequence of previous facts, namely Propositions 7.1, 7.2 and (8.11).
We have to show equality (8.13). By Propositions 7.1 and 7.2 we have equality (8.13)
for (x, y) in Sy_x (s, 5) or in By_g (s, 5) respectively. For (x, y) € NTy_i(s,s) we
have (x, y) € NATN,k (Sn—k(x, y, s,73)), which again implies equality (8.13). Equality
of optimal strategies at time moment N — k in the markets with price Sy and bid
and ask prices s, 5 follows directly from the equation (8.13). O

9 Weak Shadow Price and Shadow Price (Strong Shadow Price)

In the previous four sections we considered a market which was locally at a given time
moment without friction but with the asset price depending on our financial position,
while in the other moments of time we had transaction cots (bid and ask prices). Now,
we shall introduce shadow price over the whole time horizon. The main result of
the paper states that expected values of discounted utilities and the optimal strategies
are the same for the original market with bid and ask prices and for the market with
suitably defined shadow price. We start with the following

Definition 9.1 A family § := {S,(x, y,s,5): n €{0,1,2,..., N}, (x, y,s,5) € D}
will be called weak shadow price, if

(i) foreachn € {0, 1,2, ..., N} and for each (x, y, s, 5) € D the random variable
Sn(x,y,s,s) is F,-measurable,

(11) Vne{O,1,2,...,N}V(x,y,§,ﬂe]]]) s =< Su(x, Y, S, 5) <5,

(iii) the optimal value of the functional (1.2) of an investor in the frictionless market
starting at timeAn e {0,1, 2: .., N} from a position (x, y) and trading stocks
with the price S, (x,y, S,, Sy), is the same as in the market with transaction
Costs.

In the case when market is governed by the family S of asset prices satisfying condi-
tions (i)—ii) of Definition 9.1 we will say that we have a market with price system S.

Proposition 9.1 Letii € U, (S, S) be the optimal strategy in the market with trans-
action costs with initial position (x, y). Assume there exists a weak shadow price S.
Then the strategy u is also optimal in the frictionless market with price system S.

Proof Denote by Uy y) (S) the set of all admissible strategies in the frictionless mar-
ket with price system S and with initial position (x, y). From the condition (ii7) of
Definition 9.1 we have that

sup Jw)=  sup  J(w) =J@). 9.1)
u€l(x, ) (S) ueldx,y)(S.5)
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Therefore it remains to show that # is admissible in the frictionless market with the
price system S. Since for eachn € {0, 1,2, ..., N} we have

§n S S\‘n(-)?na j\)n?§7 g) S El’l'

Taking into account that it € Uy, y)(S, S) we have that

0<én < &n+ 8,9 < %+ 8 Gus $nv Sy S) s
0<%, — +§nmn—§ni <
< & = Cn + SuGn. Pus S Sdtitn — Sy, Fns S, Sl <
< B = Cn + SuGns Pus S,y Su) - Gty — 1),

O<§)n_ncln+il’l’

which means that, indeed, &1 € U, y)(S’). This ends the proof. O

In the following definition we stress very firmly the dependence on the initial
position in the market with transaction costs.

Definition 9.2 Fora giveninitial position (x, y) € ]Ri_\{ (0, 0)} aprocess S =(Sy ,1:]:0
depending on this initial position will be called shadow price (strong shadow price),
if
(i) itis adapted, B
(i) VYnel0,1,2,...N) Sy < Sn = Sn,
(iii) the optimal value of the functional (1.2) in a frictionless market with price process
S is the same as in the market with transaction costs with the initial position (x, y).

In an analogous way as in the proof of Proposition 9.1 we show that

Proposition 9.2 Letii € U, (S, S) be the optimal strategy in the market with trans-
action costs with initial position (x, y). Assume there exists a shadow price (strong
shadow price) S, then the strategy u is an optimal strategy in the frictionless market
with price process S.

One can notice that there is a clear difference between weak and strong shadow
prices. Weak shadow price is in fact a random field satisfying (i)—(iii) of Definition
9.1, while strong shadow price is just a sequence of random variables the choice of
which adjusted to the initial position at time 0.

We now formulate our main result of the paper

Theorem 9.1 Let the family S be defined by (8.12). Then § is a weak shadow price.
Furthermore, the optimal strategies in the market with shadow price are also optimal
in the original market with bid and ask prices.

Proof The proof is by backward induction. Our induction hypothesis /j is the equality

vt(-xa Y, gt(-xv yagtvgt)) = wl(x7 y7§[’§t)
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fort e {(N—k,N—k+1,...,N}and (x,y) € ]Ri \ {(0, 0)} and the fact that optimal
strategies in the markets with shadow price and bid and ask prices over time span {N —
k, N—k+1, ..., N}coincide. First, consider the case k = 0. Let (x, y) € Ri\{(o, 0)}

be our position. Clearly, the shadow price S‘N x,y, Sy, EN) = S, because at time
moment N it is optimal to sell all assets. For (x, y) € Ri \ {(0, 0)} we have

un (e, . Sy (x, v, Sy, SN)) = g(x + Sy (x, ¥, Sy, Sh)y) =
gx + Syy) = wy(x,y, Sy, Sn).

Therefore for k = 0 the hypothesis [ is satisfied. Assume it also holds fork <n — 1.
Then for (x, y) € Rﬁ \ {(0, 0)} we have that

UN—I‘H—I(xs Y, SN—H—FI(-X’ Y, §N—n+11 §1\/—!’!-&-1)) =

wN*)’l‘l’l(xs ) §N—n+1v§N71’l+1)' (92)
Since by Bellman equation

UN—n(x7yvS‘N—n(xa)%iansEN—n)):
sup Elg(c)+
(c.lm)EB,Y, Sn—n(x..Sy_p SN=n))

YWN—nt1(X — €+ Snon (X, ¥y Sy_ps SNen)(m — 1),y —m +1,
SNent1(x — ¢4 Syon(x, ¥, Sy _ps Sy—n)(m — 1),
y —m + 17 §N_n+1,§N—n+l)|-7:N—n]7

using (9.2) we obtain

vN—n(-xv yv SN—n(xa y’ §N_n’§N—n)) =
= sup Elg(c)+
(c.L,m)EBX,y, SN (X, 3. Sy _psSN-n))

YWN-ni1(X — ¢+ Sy—n(x, ¥, Sy _ps SN—n) - (m = 1),
y—m+1, §N_n+1a EN—n—§—1)|~7:.N—n],

which coincides with vy_, defined in (5.2). By Theorem 8.1 we obtain /,,. O

Notice that

Corollary 9.1 Let S be defined by (8.12). For each (x,y,s,s) € D and for every
ke{l,2,3,..., N} we have that

oN—k(x, Y, SNk (x, y,5,5)) =

sup Elg(c)+
(c.l.m)EB(x,y, Sy—k (x.7,5.5))

YON—k1 (x — ¢+ Sn—k(x, ¥, 8,5) - (m — 1),y —m +1,
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SN—kr1(x —c + Sy_i(x, v, 5.5) - (m = 1),
y=—m+1 Sy i1 SN Fy—i] =
WN—k(X,y,s,5). 9.3)
In the next Theorem we prove the existence of strong shadow price and we show
the connection between strong and weak shadow prices.

Theorem 9.2 If it € Uy ) (S, S) is the optimal strategy in the market with transac-
tion costs with initial position (x, y) and (X, )A),,),’lvzo are the corresponding market

positions then there exists a strong shadow price S = (S,) yI;v:o which is of the the form
Svn(fns )A/nv §ns En) = Svn~ (94)

forn €{0,1,2,..., N}, where S is a weak shadow price.
Proof Notice first that forn € {0, 1,2, ..., N — 1} we have

wy (X, )A’n’ §n’ En) = ]E[g(én) + Wp41 (xAn-i-la )A’n—i-l» Sn+1’ §n+1)|Fn]a 9.5)

where ¢, is the corresponding to i optimal consumption.
For (x, y,5) € D let
UN(x, ¥, ) = gx +5Y),

and fork € {1,2,3,..., N} let

Uy—k(x,y,5) = sup Elg(c)+
(c,l,m)eB(x,y,s)
YON-kp1(x —c+5-(m =1,y —m+1, Sy_jyD)| Fn_i]. (9.6)
Clearly
wy &N, I, Sy SN) = v (En, I, Sv) = vv Gws Iv, Sy Ewns I, Sy S)).
9.7)
By Theorem 8.1 and (8.13) we have that
UN-1EN—1, IN—1, SN—1 BN—1, IN-1, Sy_1» SN—1))
= wy_1(EN_1, IN—1, Sy_1» SN—1) 9.8)
and therefore by (9.6)
WN—1EN—1, N1, Sy_1» SN—1) = DN—1(EN—1, IN—1, SN—1). 9.9)
Assume now that fork € {2, ..., N}
WN k1 RNk 1INk 1o Sy g1 SN—k+1) =
ON k1 RNkt 15 PNk 15 SN—k+1)- (9.10)
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By (8.13) we have again that
UN—k BNt IN ks SNk BN —ks IN—ks Sy SN—k)) =
WN—k EN—ks IN—ks Sy SN—k) 9.11)

and therefore by (9.10) and (9.6) we have that
WN—k(EN—ks IN—ks Sy_t> SN—k) = DNk (EN—ks IN—ks SN—)- 9.12)

Consequently wq(x, y, S, S) = olx, v, S'o) which means that (S',,);V:O is a strong
shadow price. This ends the proof. O

10 Examples

In this section we show two examples for which the results presented in the paper can
be applied. The first example concerns so called Markov price model considered in [3].
Let£y, &, &3, ..., £y be asequence of independent and identically distributed random
variables such that supp&; = [—1, 00). Moreover let 7, := o (&1, &, &3, ..., &,) for
nef{l,2,3,...,N}and

Spi=So-(1+&)-(1+&)-(1+&)----- (1+ &), (10.1)
where Sy > 0 is a fixed constant. Define bid and ask prices
S,:=0—mwS, and S, :=(1+21)S,. (10.2)

forn € {0,1,2,..., N} with constants . € [0, 1) and A € [0, 00).
We are going to maximize the functional

N
Jw :=> y"Inc, (10.3)

n=0

in the market with the bid and ask price processes S and S given by (10.1) and (10.2).
By (3.1) and (3.6) the sequence of Bellman equations corresponding to above
problem is of the form

wy(x,y, (1 —pws, (14+A)s) =In(x + (1 — p)sy)

and

wN—k(x, y, (1 = pw)s, (1 +2)s) :=
= sup Ellnc+ ywy_f+1(x —c+ (1 — p)sm — (1 + X)sl,
(c,l,m)eA(x,y,(1—p)s,(14+1)s)
y=m+L 0 —=ws(+Ev—r+1), A+ 1)s(1 +En—k+1))] (10.4)

for (x,y,s) € Dand k € {1,2,3,..., N}
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Moreover, by Corollary 3.3 for all (x, y,s) € D and for all k € {1,2,3,..., N}
there exists a unique

(en—k (e, ¥, 8), In—k(x, y, 8). my—k(x,y,5)) € R (10.5)

for which supremum in (10.4) is attained.
From Sect. 6 by (6.1) we have

vN—k(x,y,8) =

= sup Ellnc + ywy—i+1((1 = b)(x + 8y — o),
(c,h)€[0,x+5y]x[0,1]

b(x +5y —c)

F s SNkt SN=k+DIFN—k] (10.6)

where (x, y,5) € D and k e {1,2,3,..., N}. By the properties of logarithm (see

(6.3)) we get that the optimal consumption in (10.6) is given by the formula
X+ Sy

T+y+y24- 4k

CN—k(x,y,8) = (10.7)

Letu € U, y,(1-1)S0,(141)So) be an optimal strategy in the market with proportional
transaction costs. Clearly the sequence (¢, (X, Yn, Sn)),/;/:0 is uniquely determined.

From (10.7) there exists only one Fy_;-measurable random variable S N—rk such
that

Nk (XN—ks YNk SN—k) = EN—k (XN—ks YN—k» SN—k-) (10.8)

Namely, from (10.8) we obtain that

Sy_y = A+y+y2 4+ en vk, yv—k Sv—k) — XN—&
YN—k

(10.9)

The sequence (S, r]lV:O given by (10.9) is the strong shadow price.

Note that the optimal one step strategy given by (10.5) after consumption can be
characterized from Lemma 3.3 by a cone NT y_;((1 — u)s, (1 4+ X)s), which has the
following representation

NTy_x((1 —w)s, (1 4+A)s) =
= |J G+a—wsmyile,y, ) = A+ W)slyi(x, y, ),
(x,y)eRY
y—mn—(x,y,8) +IN-k(x,y,5)) =
- conv[ U & = (14 Dsly—i(x, 0, 5), Iy—i(x, 0,$)) U

xeR4

U U (I = w)smy—i(0,y,s), y —my—(0, y, S)]‘ (10.10)
yeR4
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Denote by

_ o IN—x(1,0,5)
Nk = T s (105 (10.11)

and | ©.1.5)
fy_(5) == MmNk S (10.12)
(] - I'L)SmN—k(O’ ]1 S)
the slopes of lower and upper boundaries of NT y_;((1 — w)s, (1 4+ X)s). Note that
0 <ftn—k(s) <ty_;(s) <oo0.
Assume now that at the time moment N — k after consumption the investor has the
position (x, y) € R%r and the bid and ask prices are given by (1 — w)s and (1 4+ A)s
respectively, with s > 0. Then

(i) he does not trade if and only if 7y (s) < ;‘—C <ty i (5);
(ii) he sells some amount of stocks if and only if z;,_, (s) < %;
(iii) he buys some amount of stocks if and only if % < IN—k($).

Moreover, from (10.8) we obtain that for each (x, y, s) € D such that y > 0 there
exists a unique Sy _x(x, y,s) € [(1 — w)s, (1 + A)s] for which

CN—k(X, Y, SNk (x,¥,8) = cn—k(x, y,5) (10.13)
and

1 24 ... Ky en_i(x, v, s) —
§N_k(x7y’s):( +y+y v en—i(x,y, ) X (10.14)
y

Consequently the family
{S‘n(x, v, (I —w)s, (1 +X1)s): (x,y,s) € ]ﬁ>, nef{0,1,2,...,N}} (10.15)
where S’n(x, y, (1 —ws, (1 +A)s) := §,(x, y, s), forms a weak shadow price and
S G yus (1= 1S, (1+2)8y) = 5, (10.16)

where S, is given by (10.9).

Another example concerns the case when S, = exp {0 X, + f,} where X, is a
fractional Brownian motion with Hurst parameter 0 < H < 1 and f;, is a deterministic
sequence with the same cost functional (10.3). By Proposition 4.2 of [11] we have that
conditional full support condition is satisfied. Consequently expected values in (10.4)
and in (10.6) have to be replaced by conditional expectations and functions wy_ and
vy — are random. The optimal strategies (10.5) are also random as well as the slopes
for lower and upper boundaries of NT y_x ((1 — w)s, (14 X)s), which is again random.
Nevertheless (10.9) and (10.14) define strong and weak shadow prices.

Similar results we can also obtain for power utility function both for Markov and
fractional Brownian motion prices. The only problem is that we don’t have explicit
form for S N—k since we are not able to express § as a function of ¢y_i from (6.6).
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Appendix

Proof of Proposition 2.1 The only nontrivial property is compactness of the set
A(x,y,s,s). It is clear (see (2.2)) that A(x, y,s,s) is closed. Since m < y + [

andx —c+s(y+1) —5sl > 0 we then have [ < % from which boundedness and
then compactness of A(x, y, s, s) follows and also we have (vii). O

Proof of Theorem 2.1 We show first that for every sequence (cy,, I, my,);2 ; such that
for n € N we have (c,, I, m,) € A(x,, yu, s, 5n) We get

n—oo

dist((cp, ln, mn), A(x, y, 5,5)) —— 0. (A.D)

Assume that (A.1) does not hold. By compactness of the set c/(A(x, y,s,s) U UZ‘; 1
A(xy, yn, S,,,5,)) there is a subsequence (cp, In; , My, )7 converging to (c*, I*, m*)
and a strictly positive ¢ such that

dist((cny, Iy, mp), A(x, y, s,5)) > €. (A2)

Since 0 < Cnp = Xpy +£nkynks 0< Xny — Cny +£nkm"k _Enkynks 0< Yni — My, +lnk
and 0 < my,, Iy, , letting k — oo, weobtain 0 < c* <x +s5y,0 <x —c*+s5 -7y,
0<y-—m*+41* 0 < m* [*, which means that (c*, [*, m*) € A(x, y, s, 5), which
contradicts (A.2) so that (A.1) follows.

We are going now to show that for any sequence (c,,l,, m,) taking values in
A(x, y,s,s) we have

n—o0

dist((cn, ln, mp), AQxn, yn, in’gn))) — 0. (A3)

Assume that (A.3) does not hold. By compactness of A(x, y,s,s) there exists a

subsequence (cp,, Iy, my,) from A(x, y,s,s) converging to some (c*,[*, m*) €
A(x, y, s, s) and a strictly positive ¢ such that for k € N we have

diSt((an, ll’lk ) mnk)a A(-xnk ’ )’nk ’ i"k’ El’lk)) > €. (A4)

We shall show that there is a sequence (cp, I, , My, )y taking values in
Axy, Y, Sy Sn,) and convergent to (c*, [*, m*), which will contradict (A.4). The
construction of such sequence or subsequence for simplicity denoted as (¢, , In; , My, )
taking values in A(xy,, yn,, S Enk),fil shall consist of several steps:

step 1. 1f ¢* > Xy, +s5,, Yyn, thenletting k — 0o, we obtain ¢* > x +sy. Therefore,
c*=x+sy,l =0andm =y and we let ¢ := Xp; + S, Vg Iny = 0, Mpy 1= ypy..
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step 2.1 0 < ¢* < xp + 5,

n, Yy » for infinitely many k € N, then
0<x—c"+sm* —5"=xp — " +s, m" =5y 0" +dy

m* = 1" <y, + by,

withdy, = (x —xu)+ (s =5, )m* + Sn, —)I* and by, = y — yp,.. Letl, :=1*+b,
and e, :=5,(I, — I*). Clearly, d,,, by, ey, 7% 0 and m* — l~,,k < ¥n,- We have four
cases:

case a) for infinitely many k € N we have d,,, < 0 and b,, < 0. We can choose a
further subsequence to simplify notation denoted again by ny such that d,, < 0 and
by, <0.Asd,, <O0,thenwehave0 < x,, —c* +§nkm* — Sl dny < xp— "+
gnkm*—gnkl* andsince b,, < 0,wehavem™ —[* <y, +b,, < y,,.Therefore, taking
into account that 0 < ¢* < xy, + 5, Yn, We obtain that (¢, , In, , mp,) 1= (c*, I*, m*)
takes values in A(x,,, yn, . Spps Sni ), and it is a required sequence.

case b) for infinitely many k € N we have d,, < 0 and b,, > 0 and as above we
consider further subsequence denoted again by ny such that d,, < 0 and b,, > 0.
Then 0 < x,, — c* + gnkm* — Sl dy, < xp — (cF — ) + gnkm* - E,,kfnk.
Since b,, > 0, we have I,, = I* + b,, > [* and consequently e,, > 0. Moreover,

en, e 0, and for k € N sufficiently large 0 < ¢* — e, < xy, + 5, yn,. Since

0<y—m*4I* = ynk—m*+l~nk we have that (c*—ey,, , l~nk, m) € A(Xy, Yy, gnk,Enk)

for k € N sufficiently large and clearly (., ln;» Mn,) = (¢* — ey, Ing, m™) i

(c*, I™, m™).

case c) for infinitely many k € N we have d,,, > 0 and b,, < 0 and we consider
further subsequence ny such that d,, > 0 and b,, < 0. Since (dnk),f‘; | converges to
zero, for sufficiently large k € Nwehave 0 < c*—d,, < c¢* < x,, +5,, Yn, - Moreover,
0<x—(c"—dy) +§nkm* —Splfand0 <y +0* —m* =y, + by, +1* —m* <
Yn, + ¥ —m™, which together means that (c* — d,,, I*, m*) € A(xp,, Yu,. gnk,Enk)

and (cuy . g 1) o= (€* — dyg, 5. m*) 2255 (1%, m*).

case d) for infinitely many k € N we have d,, > 0 and b,, > 0 and we consider
further subsequence denoted again by ny such that d,, > 0 and b,, > 0.

We have 0 < x — ¢* +sm* — 5" = xp, — (¢* —dp, —€ny) + 5, m" — Suelng
and 0 < y+1* —m* = y,, + ink — m*. Since sequences (dy, ), and (en )7,
are nonnegative and converge to zero, then for k € N sufficiently large we have
0 < c¢*—dy, —en, <¢* <Xy +5,, Yn,- This means that for k € N sufficiently large

(c* —dy, —en,, fnk, m*) € AQxp,, Yn;, Sy, Sni)- Therefore, we let (cny s ng, mpy) =
(c* = du, = engo I m®) = (e, 17 m).

step 3. If 0 = ¢* < xp, + Sy Yni> W have two cases: either lim infy_, oo (x,, +
Sy ym) =0and thenx +sy =0andx = y = ¢* = m* =[* = 0 and we let
(an: lnkv mnk) = (07 07 O) € A&(}C}’Lkr yl‘lkv ﬁnk’ Enk)» or hm infk—)OO(xl’lk + ﬁnkynk) >
0 = ¢*. In the last case we have 0 < x + sy so that there is 0 < ¢ — 0 such that
(ci,I*,m*) € A(x, y, s, 5), which using step 2, can be approximated by elements of
AQxn,, Yo, S Sn,)- Since ¢ — 0, then we easily construct (¢, , In, , My, )-
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Summarizing, we have (A.3) which together with (A.1) implies the convergence
(2.8). O

Proof of Proposition 3.1 The proof'is by inductionink = 1,2, ..., N. We show first
the case k = 1.

Fix (x,y) € R%_ and (c,l,m) € A(x,y,s,s). Assume the sequence (x,, Vy, cn,
In, my)o2 is such that for n € N we have (x,,y,) € Ri and (cu,1,,m,) €
A(xy, yn,s,5) and it converges to (x, y, ¢, [, m). Consider the following two cases.

1°.x—c+sm—5sl>0and y —m + [ > 0 and at least one of this inequalities is
strict.

From the convergence of the sequence (X, Yn, Cn, Iy, my);2; We have that there
exist &1 > 0 and g2 > 0 such that €] + &3 > 0 and for n € N sufficiently large we
have x,, — ¢, + sm;,, —5l, > erand y, —m,, + [, > &3.

Let &1 := sup,cn(xy — ¢p +smy —5l,) and &3 := sup, (¥ — my +1,). Clearly,
0<61,60 <ooanddy + 6 > 0.

Consequently, for n € N sufficiently large we have

wy (61, €2, Sy, SN) < Wy (X — n + SMy — 5y,
)’n—mn +ln7§N,§N)SwN(51752,§N7§N), (AS)

because the random function wy (-, -, Sy, Sy) is strictly increasing with respect to
both variables.
Let

My = max{|wy (e1, €2, Sy, Sn)I, [wn (8%, 87, Sy, Sw)I}.

From the integrability of wN(ex, g7, S EN) and wy (8X, 87, Sns §N) using
Lebesgue’s dominated convergence theorem we obtain

lim E[wy (X, — ¢p + smy — Sy, yo — my + Iy, §N’§N)|fN—1] =
n— 00

Elwy(x —c+sm —5sl,y —m +l,§N,§N)|fN_1].

From the continuity of the function g : [0, x + sy] — R U {—o0} we finally
obtain

HILH;OE[VN—l(Xn, Y 8,8, Cny by mp) | -1l = E[Vy_1(x, y, 8,5, ¢, 1, m)| Fn_1].

2 x—c+sm—sl=0andy —m+1[=0.
In this case when g(0) is finite we use monotonicity argument as in the previous
case. Consider now the case of g(0) = —oo. In such case

U)N(.X—C+£m—El,y—m+l,§N,§N) ZU)N(O,O,EN,EN) = —0Q.
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Since the sequence (c,,);’f’: | is bounded from above, we have that —co < g(c) < oo.
Therefore, Vy_1(x, y, s, s, ¢,l, m) = —oo and using our convention we have
E[VN-]()C, yv £1 Ev C,l,m)|.7:N_1] = —0OQ. (A6)

It remains to show that

Q:i Cn,lnymn)|]:Nfl] = —0Q. (A'7)

lim E[Vy_1(xn, yu,
n—00

It suffices to show that any sequence contains a subsequence which diverges to —oo.
If the sequences (X, — Cpy + SMp, — 5ly )70 and (yp, — My, + 1y, )2 are positive
and converge to x — c + sm — sl = 0 and y — m + [ = 0 respectively, then there

exists subsequence (k j)j?O | such that the sequences (xnk/_ = Cny, + Sy, — Elnkj );?‘;] ,

(¥ KT Mg + Iy . );?i] and (¢, kj) are decreasing. Consequently the sequence
o

(V-1 (xnkj s i s Cng s l,,kj ST E))jijfl is decreasing to —oo and by Lebesgue’s
monotonic convergence theorem we obtain (A.7).

From Theorems 2.1 and 10.1 we get that random function wy_1(-, -, 8, 5) is con-
tinuous.

In the case of k > 1 we assume continuity wy_x+1 and then show similarly as in
the case k = 1 the continuity of the mapping

(x,y,c.l,m) —> E[VN_i(x,y,s,5,¢,],m)|Fn_i]

for (x, y) € Ri and (c,l,m) € A(x, y,s,s), taking into account required by (A1)
integrability of wy—k+1(x, ¥, Sy 411, SN—k+1). The continuity of wy_x follows
then from Theorems 2.1 and 10.1.

This completes the proof. O

Proof of Lemma 3.1 From the continuity of the random function
E[VN—k(-xv Y, S, E, ) )|~7:N—k]
we get that for v € 2 we have

wy—(x,y,8,85)(w) =
sup E[Vy_i(x,y,s,5,¢,1,m)|Fy_i]l(w)
(c,l,m)eA(x,y,s,5)NQ3

where Q stays for rationals. Let (c,,l,,m,);°, be the set of all elements of
A(x,y,s,5) N Q3. Define the sequence of (én,in,n%n)zo:o of Fy_k-measurable
random variables taking values in A(x, y,s,s) N Q> in the following way. Let

(o, lo, mo) = (co, lo, mo),

Ay = {E[VN_k(x,y,s,5,c1,l1,m)|Fn_i] >
E[VN—k(x, ¥, 5,5, ¢0, lo, 1110)| Fny—i]1}
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and
@1, D i) o= (er, 1, mD (A + @o. Do, 0) 1(2 \ Ay)
Then we define inductively

Apt1 = {E[VN_k(x, ¥, 8,8, cut1, b1, Mpgp1) | Fn—k] =

E[VN kX, ¥, 8,55 éns b, )| Fy—i1)

and

ot 1 bt 15 g1 i= (€t bpsts Mar )1 (Ang1) + @ by ) 1R\ A1)

Directly from the construction we have that

E[VN_k(x, ¥,8,5, Cat1s bntt1, Mpr )| FN—k] =

B[V kX, ¥, 8255 éns b, 1) Fy—i] (A.8)

and

BV _5(X, ¥, 8.5, Ensg 1o bng 12 ns DI Fn—i] >
]E[VN—k(x5 ya £7 Ev Cl’ta ln» mn)|-7:N—k]

forn =0, 1... Therefore, for w € 2 we have

Wy (6, Y, 8.5) (@) = 1im B[V (x, ¥, 8.5, Entt Dngt g DI F—](@).
(A.9)
By Lemma 2 of [14] there is a random F_,-measurable subsequence (1;)50 | of N

and Fy _i - measurable random variable (¢, I , m) taking values in the set A(x, y, s, 5)
such that for each w € Q

Jim (@1 o (@), [ (@) (@), 1y (@) (@) = (E(@), L), m(w)).

Letting subsequence n;y — oo in (A.9) taking into account (A.8) and assumption (A1)
by continuity of the mapping

(c.l,m) = E[VN_x(x,y,5,5, ¢, 1, m)| Fn—i]

we obtain (3.7), which completes the proof. O

Theorem 10.1 Let (X, d) be a metric space and let the mapping x +——> A(x) be
compact valued continuous in Hausdorff metric. Assume the function f : X x X —>
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R, where R stands for RU {—o0, 400}, is continuous. Then the function ¢ : X —> R
defined in the following way:

@(x) = sup B(x,y) (A.10)
yeA(x)

IS COntinuous.

Proof Fix x € X. Assume the sequence (x,);°, from X converges to x. We shall

n— o0
prove that p(x,) —— @(x).
Forn € N let y, € A(x,) be such that

@xy) = sup B(xp,y) = Bxu, yn)-
yEA(Xn)

Since the sequence (x,);2 | is convergent, then the set c/(U72 ;| A(x,) U A(x)) is
compact. Consequently there exists a subsequence (y,,);e; of (yn),—; which con-

le'S] k— 00

verges to some y* € cl(Up2 | A(x,) U A(x)). Clearly y* € A(x), since A(x,,) —
A(x) in Hausdorff metric. Furthermore, every convergent subsequence (y,, )7, of

(¥n)52., converges to an element of A(x). Therefore,

P(n) = By V) =22 Bx,y*) < sup B(x,y) = p(x).

yeA®X)
Since this holds for any convergent subsequence (yn; )7 ; of (yn),2 ;. then we have
liminf ¢(x,) < limsup ¢(x,;) < @(x). (A.11)
n—od

n—o0

Let now y € A(x) be such that ¢(x) = pB(x,y). From the convergence

A(x,) =y A(x) in Hausdorff metric there exists a sequence (y,,)?

to y and such that y,, € A(x,) for n € N. Thus,

| convergent

P(x) = sup Bn, ¥) = B, V) —— B(X,7) = ¢(x).
yeA(xy)

This means that

¢(x) < liminf ¢(x,) < limsup ¢(x,). (A.12)
n—oo

n—o0
From (A.11) and (A.12) we obtain that
¢(x) < liminf ¢ (x,) < limsup (x,) < @(x),
n—oo

n—o00

i.e. p(x) = lim,— o0 ¢(x,) and the function ¢ is continuous. O
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Theorem 10.2 Let (X, d) be a linear metric space and for each x € X let C(x) C X
be a compact and convex set. Assume the function p : X x X — R is continuous
and such that for x € X the mapping B(x,-) : C(x) — R is strictly concave. Let the
function ¢ : X — R be defined as follows:

p(x) == sup B(x,c) (10.13)
ceC(x)

for x € X. If the mapping x —— C(x) is continuous in Hausdor{f metric, then for
every x € X there exists a unique ¢(x) € C(x) such that

@(x) ;= sup B(x,c) = B(x, c(x)). (A.14)
ceC(x)

Furthermore, the mapping x — ¢(x) satisfying (A.14) is continuous.

Proof By Theorem 10.1, from the continuity of the mapping  we get the continuity of
@. We will prove first that for every x € X there exists only one ¢(x) € C(x) satisfying
(A.14). Assume this is not true. Then there exist x € X and ¢ (x), ¢2(x) € C(x) such
that ¢ (x) # ¢(x) and

px) == Sgp B(x,c) = B(x,c1(x)) = B(x, E2(x)).
ceC(x)

By strict concavity of 8(x, -) : C(x) —> R and convexity of the set C(x), for every
t € (0, 1) we have t¢1(x) + (1 — 1)¢a(x) € C(x) and

p(x) = Sgp B(x,c) = Bx,tc1(x) + (1 —1)C2(x)) >
ceC(x)

tB(x, c1(x) + (1 —)B(x, &2(x)) = @(x),

which is a contradiction. Consequently for every x € X there exists a unique ¢(x) €
C(x) satisfying (A.14).

We will show now that the mapping x —> ¢(x) is continuous. Fix x € X and
assume the sequence (x,)52 | converges to x. Since /(U3 ,C(x,) UC(x)) is compact
there exists a subsequence (n;)72, such that the sequence (C(xy,));2, converges to
some ¢ € C(x). By continuity of ¢ and 8, we have

p(x) = lim @) = lim B, ) = Blx. ).

As ¢(x) = B(x, ¢(x)) and ¢(x) is uniquely determined, we have ¢ = ¢(x). Since it
holds for every convergent subsequence of (E(x,,k)),f"zl, then the mapping x —> ¢(x)
is continuous.

Below we present a sufficient condition for the condition (A1) to be satisfied.
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Lemma 10.1 Iffork =0,1,...N

+SN ny
Vi meR2\ (0.0 E [zyg(N k+1) < 0o (A.15)
and (Y] (N)
ST Sy
E-L N <00 (A.16)
6 (N) ’
S7 Sy

for any sequences (o (1),...,0(N)) and (t(1), ..., T(N)) taking values in the set
{0, 1} then the condition (Al) is satisfied.

Proof First, note that for every (x,y) € Rﬁ_ \ {(0,0)} and s,s € R4 such that
s > s > 0 we have

— oo < ZV g (Nx +k-i 1) < wy_k(x, ¥, 5. 5) (A17)

fork = 0,1,2,..., N. It is a consequence of the following fact: the strategy such
that at time moment N — k we sell all our stocks and in the future we do not buy
stocks and at time moments N —k, N —k + 1, ..., N we consume the fixed amount
Afjfil is an admissible strategy. Thus, indeed, (A.17) holds and consequently for
k=0,1,2,....,N

V(x,y)eRi\{(O,O)} Elwy x(x, ¥, Sy_» EN—k)]_ < 0. (A.13)

Note that from the fact that for u > O we have Inu < 1 +wuwand u®* <1+ u
we get that for every random variable S which takes values in the interval [0, co) the
integrability of (1 + S) implies the integrability of g(S)™.

Note also that for (x, y) € R%r \ {(0,0)} and 5,5 € R such thats > s > O the
following inequalities hold

c<x+sy,

xX—cH+sm—5l <x+sy,

X
Y—m+l§y+§

for (c,l,m) € A(x, y,s,5).

Define the sequence (Fy_(-, '))11<V=0 of random functions from R%r to Ry induc-
tively in the following way. Let Fy(x,y) :=14+x+Syyandfork =1,2,3,..., N
let

X
Fy_ix(x,y) =14+x+Sy_y+VFN-i+ (x + Sy gy y+ 3
N—k

) . (A.19)
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Clearly the following implication holds

(Vk=0.12,.0. NV . yy el ELFN -k (x, )] < 00) =

:>(Vk=0,1,2,4..,Nv(x’y)€R2+E[wN—k (X, ¥, Sy SN < 00). (A.20)

From the fact thatfork =0,1,2,..., N wehave 0 < Sy_; < EN_k and from the

construction of the sequence (Fy_x (-, ~)),]<V:O of random functions taking into account
(A.16) we obtain

Vi=0.1.2,...N¥ (., y)er2 ELFN—k (%, It < oo (A21)

which completes the proof. O

Below we formulate two simple lemmas without proofs.

Lemma 10.2 Let x, a > 0 and for ¢ € [0, x]

G(c) :=Inc+aln(x — ¢).

Then sup,c(. G(¢) = G(&), where ¢ = 1+

Lemma 10.3 Let x,a > 0 and for ¢ € [0, x]

F(c) :i=c* +a(x —c)“,

X

where a € (0, 1). Then sup, (o ) F(c) = F(C), where ¢ = —.
l4+aT-«

References

1. Bayer, C., Veliyev, B.: Utility maximization in a binomial model with transaction costs: a duality
approach based on the shadow price process. Int. J. Theor. Appl. Financ. 17(4), 1-27 (2014)

2. Benedetti, G., Campi, L., Kallsen, J., and Muhle-Karbe, J.: On the existence of shadow price. Financ.
Stoch. 17(4), 801-818 (2013)

3. Bobryk, R., Stettner, L.: Discrete time portfolio selection with proportional transaction costs. Prob.
Math. Stat. 19, 135-248 (1999)

4. Castaing, C., Valadier, M.: Convex Analysis and Measurable Multifunctions. Lectures Notes in Math-
ematics no. 580, Springer, Berlin (1977)

5. Choi, J.H., Sirbu, M., Zitkovic, G.: Shadow prices and well-posedness in the problem of optimal
investment and consumption with transaction costs. SIAM J. Control Optim. 51(6), 4414-4449 (2013)

6. Czichowsky, C., Muhle-Karbe, J., Schachermayer, W.: Transaction costs, shadow prices in discrete
time. SIAM J. Financ. Math. 5(1), 258-277 (2014)

7. Dynkin, E.B., Yushkevich, A.A.: Controlled Markov Processes. Springer, Berlin (1979)

8. Evstigneev, 1.V.: Measurable selection and dynamic programming. Math. Methods Oper. Res. 1(3),
52-55 (1976)

9. Gerhold, S., Muhle-Karbe, J., Schachermayer, W.: Asymptotics and duality for the Davis and Norman
problem. Stochastics 84(5-6), 625-641 (2012)

10. Gerhold, S., Muhle-Karbe, J., Schachermayer, W.: The dual optimizer for the growth-optimal portfolio

under transaction costs. Financ. Stoch. 17(2), 325-354 (2013)

@ Springer



Appl Math Optim (2015) 72:391-433 433

11.

12.

13.
14.

15.

16.

17.
18.

19.

Guasoni, P., Rasonyi, M., Schachermayer, W.: Consistent price systems and face-lifting pricing under
transaction costs. Ann. App. Probab. 18(2), 491-520 (2008)

Tkeda, N., Watanabe, S.: Stochastic Differential Equations and Diffusion Processes. North-Holland
Publishing Company, Amsterdam (1981)

Herchegh, A., Prokaj, V: Shadow price in the power utility case. Ann. App. Probab. (to appear)
Kabanov, Y., Stricker, Ch.: A teachers’ note on no-arbitrage criteria. Seminaire de Probabilites XXXV,
Springer Lecture Notes in Mathematics 1755(2001), 149-152 (2001)

Kallsen, J., Muhle-Karbe, J.: On using shadow prices in portfolio optimization with transaction costs.
Ann. App. Probab. 20(4), 1341-1358 (2010)

Kallsen, J., Muhle-Karbe, J.: Existence of shadow prices in finite probability spaces. Math. Methods
Oper. Res. 79, 251-262 (2011)

Molchanov, I.: Theory of Random Sets. Springer, London (2005)

Rasonyi, M., Stettner, L.: On utility maximization in discrete-time financial market models. Ann. App.
Probab. 15(2), 1367-1395 (2005)

Rokhlin, D.: On the game interpretation of a shadow price process in utility maximization problems
under transaction costs. Financ. Stoch. 17, 819-838 (2013)

@ Springer



	Construction of Discrete Time Shadow Price
	Abstract
	1 Introduction
	2 Properties of the Set of Constraints
	3 Bellman Equations
	4 Properties of the Optimal Strategies
	5 Local Weak Shadow Price
	6 Optimal Consumption in the Markets Locally Without Friction  with Logarithmic and Power Utility Functions
	7 Properties of Selling and Buying Zones
	8 Construction of Local Weak Shadow Price
	9 Weak Shadow Price and Shadow Price (Strong Shadow Price)
	10 Examples
	Acknowledgments
	Appendix
	References




