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Abstract

We study transport processes on infinite networks. The solution of these processes can
be modeled by an operator semigroup on a suitable Banach space. Classically, such
semigroups are strongly continuous and therefore their asymptotic behaviour is quite
well understood. However, recently new examples of transport processes emerged
where the corresponding semigroup is not strongly continuous. Due to this lack of
strong continuity, there are currently only few results on the long-term behaviour of
these semigroups. In this paper, we discuss the asymptotic behaviour for a certain class
of these transport processes. In particular, it is proved that the solution semigroups
behave asymptotically periodic with respect to the operator norm as a consequence of
a more general result on the long-term behaviour by positive semigroups containing
a multiplication operator. Furthermore, we revisit known results on the asymptotic
behaviour of transport processes on infinite networks and prove the asymptotic peri-
odicity of their extensions to the space of bounded measures.

Keywords Transport equations - Infinite metric graphs - Long-term behaviour -
Operator semigroups

1 Introduction

Consider a transport process on an infinite network, modeled by an infinite, directed
graph G = (V, E), which is assumed to be simple, locally finite and non-degenerate.
Moreover, one can consider G as a metric graph by identifying each edge with the
unit interval [0, 1] and parameterizing it contrarily to its direction (see Sects. 2 and 4
for definitions).
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The distribution of mass transported along one edge e¢;, j € J C N, at some time
t > 01is described by a function u j (¢, x) for x € [0, 1] and the material is transported
along e; with a constant velocity ¢; > 0 satisfying

0 < ¢min < ¢j < Cmax < 00.
Define B¢ := C~'BC, where B denotes the weighted (transposed) adjacency matrix

of the graph G and C := diag(c;) denotes the (diagonal) velocity matrix. In addition,
suppose that the functions u ; satisfy the generalized Kirchhoff law

D ociui(,0) =Y ¢fcui0,1)

jeJ jeJ

foralli € I andt > 0. Then the transport process can be modeled by the initial value
problem

0 0
—uj(t,x)zcja—uj(t,x), xe€(0,1), >0,
X

ot
uj0,x) = fj(x), xe(1), (1.1)
wj(l,6) =Y BSGu(0.0), =0,
kel

where f;, j € J, are the initial distributions of mass along the edges of G.

The investigation of systems of the form (1.1) on metric graphs by methods from
the theory of strongly continuous semigroups has a history. The first results in this
direction are due to Kramar and Sikolya (see [21]). This paper was followed by a
series of papers [4,8—10,13] from several different authors studying various transport
processes. In all these papers, the state space is L' ([0, 1]; £!), where the solution
semigroups turn out to be strongly continuous, and, the asymptotic behaviour of the
solution semigroup is a major point of interest.

Motivated by results from [28,29], Budde and Kramar FijavZ in [6] discuss transport
processes on the state space L>°([0, 1]; £1). In this setting the solution semigroup is
bi-continuous with respect to the weak*-topology on L>([0, 1]; £!) (see [22] for a
definition) but not strongly continuous. However, the asymptotic behaviour of the
solutions in the bi-continuous case is not discussed.

In the present paper, we shall discuss the asymptotic behaviour in the bi-continuous
case (see Theorem 3.4) by combining spectral theoretic observations, the concept of
the semigroup at infinity (see [7]) and classical Perron—Frobenius theory. In particular,
our approach does not make use of any regularity assumptions on the semigroup.
Moreover, it allows us to revisit a result on the asymptotic behaviour from [9] (see
Proposition 4.1) and improve slightly upon the statement as well as its proof.

Finally, inspired by [23], we extend the semigroup on L0, 17; 81) from [9] to the
space of £!-valued measures of bounded variation and show that their extension has
still some regularity and converges with respect to operator norm exponentially fast
to a periodic semigroup.
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258 A. Dobrick

Structure of the article

In Sect. 2 we first recall some basic facts from graph theory and on metric graphs.
Moreover, we discuss vector-valued multiplication operators on L? (€2; E) for a given
Banach space E and a given o -finite measure space (€2, X, 1), and prove some spectral
theoretic results. In Sect. 3 we utilize our spectral observations from Sect. 2 to prove
an abstract result on the long-term behaviour for positive semigroups containing a
multiplication operator. In Sect. 4 we apply that result to several different transport
semigroups on infinite networks and we prove that, under certain conditions, these
transport semigroups are asymptotically periodic with respect to the operator norm.
Finally, in Sect. 5 we extend the solution semigroup of (1.1) from the state space of
¢'-valued L'-functions to the space of £!-valued measures of bounded variation and
prove that this extension is asymptotically periodic with respect to the operator norm.

Notation and terminology

Let E, F be Banach spaces. We endow the space L(E; F') of bounded linear operators
from E to F with the operator norm topology throughout; moreover, we use the
abbreviation L(E) := L(E; E). Further a semigroup is amap T : [0, 00) — L(E)
with T (0) = idg satisfying the semigroup law T (s +1t) = T(s)T (¢t) for all s, > O.
In this case, we call (T'(¢));>0 an operator semigroup. Note that we do not make any
assumption on the regularity of (7' (¢));>0. An operator ' € L(E) is called quasi-
compact if it has less than distance one in the operator norm to the space of compact
operators on E. The dual Banach space of E will be denoted by E'. If (2, =, u) is
a measure space, then LP(Q2; E), 1 < p < oo, denotes the space of L”-Bochner-
integrable functions with values in E. For the definition of the space M (2; E) we
refer to Appendix A.1. For f € L?(2) and x € E we define f ® x € LP(Q2; E) by
(f ® x)(s) := f(s)x for almost all s € .

Throughout the paper, we will make free use of the theory of real and complex
Banach lattices (cf. [24,26,30]). Here we only recall that if E is a Banach lattice, then
an operator T : E — E is called positive if Tf > 0 for all0 < f € E and strictly
positive if Tf > 0, whenever 0 < f € E. Moreover, T is said to be irreducible if for
each0 < f € Eand 0 < f’ € E’' there exists n € N such that (T" f, f') > 0.

If the underlying scalar field is complex, the spectrum of a linear operator A : E 2
D(A) — E will be denoted by o (A); for A € C \ o(A), the resolvent of A at A is
denoted by R(x, A) := (» — A)~!. Further, the point spectrum of A will be denoted
by 0,(A). If T is a bounded operator on E, then r(7') denotes the spectral radius of
T. Finally, the set {A € o(T) : |A| = r(T)} is called the peripheral spectrum of the
operator 7.
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2 Preliminaries
2.1 Basic graph theory

A directed graph G is a pair (V, E), where V. = {v; : i € I} is a set of vertices
and E = {e; : j € J} €V x V aset of directed edges for index sets I, J € N. If
e = (v;, v;) € E is some directed edge, then v; is called the fail and v; is called the
head of e. In particular, e is considered to be directed from v; to v; and we call e and
outgoing edge with respect to v; and analogously an incoming edge with respect to
Vj.

A very natural way to describe the structure of graphs are incidence matrices. The
incoming incidence matrix ®+ = ((b;)ie]’je] is defined by

¢+._{1, if v; is the head of ¢;,
ij

0, else,
and the outgoing incidence matrix ®~ = (¢i; )iel,jes by

b = 1, if v; is the tail of e},
U 0, else.

As the graph G will be assumed to be weighted in what follows, we consider also the
weighted outgoing incidence matrix ®,; = (¢>;’U),~51,J-EJ which is defined by

b = wij, if v; is the tail ofej,
wij o, else.

Here w;; € [0, 1] are weights for all i € I and j € J such that

> wij=1. @2.1)

jeJ

This condition ensures that no material of the network flow is absorbed by the network.

Another way to describe the structure of a given graph is the adjacency matrix. For
our approach the weighted (transposed) adjacency matrix B = (B; ;)icr, jes graph
defined by B := (@;)T &+ will play the most prominent role. Its entries are given by

B — wyi,  if vt is the head of e; and the tail of ¢;,
Yo 0, else.

By positivity of the weights and (2.1), B is a column-stochastic matrix and thus cor-
responds to a stochastic operator on £! with r(B) = ||B| = 1.
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260 A. Dobrick

A directed path p from the vertex v € V to the vertex w € V isatuple (e, ..., e¢)
ofedges ey, ..., e, € E such that the tail of e; is v, the head of ¢, is w and the head of
e;j isthe tail of ;1 foralli =1, ..., £ — 1. In this case, v is called the starting point
and w the endpoint of p and ¢ is called the length of p. A directed graph G = (V, E)
is called strongly connected if for any v, w € V there is a directed path of finite length
between them.

A finite vertex set W C V is called an attractor if there exist L € Nand § > 0 such
that for each vertex v € V there is a path p with head v of length at most L that has
an endpoint if W and such that the sum of the weights of all paths with this property
is greater or equal to 8. Here the weight of a path p = (eq, ..., eg) is defined by the
product of all weights belonging to its edges e;.

Many graph-theoretic properties of G = (V, E) translate into properties of the
operator B and vice versa. The following proposition collects some of these corre-
spondences (cf. [9, Proposition 4.8, Proposition 4.9]) that are relevant to this paper.

Proposition 2.1 Let G be a locally finite graph. Then the following assertions hold:

(1) G is strongly connected if and only if the adjacency matrix B is irreducible.
(ii) G has an attractor if and only if the adjacency matrix B is quasi-compact.

2.2 Vector-valued multiplication operators

Let T be a bounded operator on a Banach space E, (2, ¥, ) a o-finite measure space
and 1 < p < oo. Consider the operator-valued multiplication operator

Mg i LP(Q E) — LP(Q E), (M7 f)(s) :=Tf(s).

It is easy to see that this operator is well-defined and it is easy to see that M7 is a
bounded operator. Moreover, the map

M:L(E)— L(LP(Q; E)), Tw— Mr

is an isometric, unital algebra homomorphism (cf. [27, Proposition 2.2.14] for a more
general result). In particular, projections are mapped to projections by M. Finally, in
the case that E is a Banach lattice, M is positive if and only if 7 is positive and M
maps strictly positive operators to strictly positive operators.

The next lemma lists some rather obvious properties.

Lemma 2.2 Let T be a bounded operator on a Banach space E. Then the following
assertions hold:

(1) If F is a closed, T-invariant subspace of E, then LP(2; F) is a closed M-
invariant subspace of L (Q; E) and Mrt|. = M7tlrr(Q;F).

(1) If E decomposes as E = E| @ E; into closed T -invariant subspaces E| and E»,
then LP(2; E) decomposes as L? (2; E) = LP(Q; E1)® L? (R2; Ey) into closed
Mr-invariant subspaces and My = My, & Mr|g,.
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Now we turn to spectral theoretic results. A simple calculation shows that o (T') =
o (Mr) with

R, M7) = Mg,y (e p).

Recall that in case the spectrum of 7 contains isolated subsets, one can define
spectral projection of T by virtue of the Dunford functional calculus: Namely, for any
isolated subset o of o (T'), the spectral projection P, of T associated to o is

1
Py := —/ R(z,T)dz,
2mi v

where y is a contour in p(7") such that the winding number around each element of
o is equal to 1 and around each element of o (T) \ o is equal to 0. Note that such a
contour always exists and that Dunford’s integral does not depend on the choice of
the contour by Cauchy’s theorem.

In the situation above, as the spectra of T and Mt coincide, it is natural to ask,
whether the spectral projections of 7' and M7 associated to o are related to each other.
This is the content of the following result.

Proposition 2.3 Ler (2, X, i) be a o-finite measure space, E a Banach space and
X :=LP(Q; E), 1 < p <o00.LetT beabounded operator on E, let o be an isolated
subset of o (T') and P the spectral projection of T associated to o. Then the following
assertions hold:

(i) X decomposes as X = MpX @ ker Mp into the Mr-invariant subspaces
MpX = LP(Q2; PE) and ker Mp = LP(Q; ker P).

(i1) The spectral projection of Mt associated to o coincides with the operator-valued
multiplication operator M p.

Proof of Proposition 2.3 Although the following proof is almost trivial, we present it
here for the convenience of the reader:

(i) E can be decomposed as E = PE & ker P. Moreover, PE and ker P are
T-invariant. Therefore, Lemma 2.2(ii) yields the decomposition

X =LP(Q; PE)® LP(Q; ker P)

into M r-invariant subspaces. Finally, we have f € MpX (f € ker M p) if and only
if f(w) € PE (f(w) € ker P) for a.e. w € Q. Therefore, MpX = LP(2; PE) and
ker Mp = LP(R2; ker P).

(ii) By (i), one has the decomposition X = M pX @ ker M p into M r-invariant
subspaces. Furthermore,

oMrimpx) =0 Mrlrr.pE) =0 Mr7)p) =0 (T|pE) =0,
o (M7 lker Mp) =0 MrTlLr(@iker P)) = 0 (Mrrp) =0 (Tlkerp) =0 (T) \ 0,

by Lemma 2.2(i). Thus, the claim follows from the uniqueness of the spectral projec-
tions on o and o (T') \ o of M, respectively. O
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262 A. Dobrick

The next result is concerned with isolated points of the spectrum of operator-valued
multiplication operators and their spectral properties. The first assertion in the follow-
ing theorem is a special case of [18, Theorem 6].

Proposition 2.4 Let (2, X, u) be a o -finite measure space, let E be a Banach space,
X:=LP(Q2 E), 1 <p<ooandletT € L(E). Then the following assertions hold:

() op(T) = op(Mp).

(i) If A is an eigenvalue of T, then its geometric (algebraic) multiplicity with respect
to T is less than or equal to its geometric (algebraic) multiplicity with respect to
M.

(iii) A is a pole of order k of the resolvent of T if and only if ) is a pole of order k of
the resolvent of Mr.

Proof (i) Let A € 0,(T) and x € E an associated eigenvalue. Choose any non-zero
f € LP(R). Then it is easy to see that (A — Mr)(f ® x) = 0. Hence, 0,(T) C
op(Mr).

On the other hand, suppose that A ¢ o,(T) and that there is f € L?(Q2; E) such
that (A — M7) f = 0. Then (A —T) f (w) = 0 and therefore f(w) = 0 fora.e.w € Q.
Hence, f =0,ie. A ¢ o,(Mr7).

(ii) Let x € E such that (A — T)"x = 0 for some n € N. Choose any non-zero
f € LP(R2). Then

A=Mp)'"(fRx)=Mpo_ry(fQx)=fQ A —T)"x =0,

which shows the claim.
(iii) Suppose that A is an isolated point of the spectrum of 7', or equivalently, of
M. Consider the Laurent expansion of the respective resolvents about A given by

Ru.T)= D Usu=2" R, Mp)= D Valu—n"

n=—oo n=—0oo

for coefficients U, € L(E) and V,, € L(LP(2; E)). We show that V,, = My, for all
n < —1. The case n = —1 follows directly from Proposition 2.3(ii) as the residua in
A coincide with the respective spectral projections. For the general case, observe

Vou =Mz = 0" WVo = Mg My, = Mgy, = Mo,

by [12, Formula IV.1.13]. As M is injective, one has V_, = O ifand only if U_,, = 0.
Hence, the claim follows. O

Remark 2.5 Let T be abounded operator on a Banach space E and (€2, X) ameasurable
space. Then it is not hard to show that the operator-valued multiplication operator

Mr i M(Q; E) - M(Q E), (Mru)(A) :=Tu(A)
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is a well-defined bounded operator. However, in contrast to the L?-case, the map
M:L(E) > LIM(; E)), T My

is just an injective algebra homomorphism and not necessarily isometric. On the other
hand, this operator shares all other properties of the operator-valued multiplication
operator mentioned in the beginning of this section. For this reason all proofs of the
propositions that followed can be carried out for multiplication operators on M ($2; E);
this yields that all of these propositions hold for multiplication operators on M (£2; E)
as well.

3 An abstract result on semigroup asymptotics

The asymptotic behaviour of Cp-semigroups is a topic widely covered in the existing
literature and much less is known when the semigroups are not strongly continuous.
Recently, however, recently several authors investigated the asymptotic behaviour of
semigroups with weaker regularity properties or even no at all (cf. [7,15-17]). In [17]
Gliick and Haase introduced the concept of the semigroup at infinity to investigate the
asymptotic behaviour of semigroup representations with respect to the strong operator
topology. Following this idea, Gliick and the author of the present paper adapted this
concept in [7] to study convergence of semigroup representations with respect to the
operator topology. In the present paper we use the semigroup at infinity to prove an
abstract convergence result, which will be then applied to network flows in Sect. 4.

Let T be a bounded operator on a Banach space E. Then 7 := {T" : n € Ny} is a
semigroup of operators, and we call the set

Too = ﬂ{T”:nzm}

meN

the semigroup at infinity associated with the semigroup 7. If 74, is non-empty and
compact, then one can apply the Jacobs—de Leeuw—Glicksberg decomposition (see e.g.
[11, Chapter 16]) to the semigroup 74, to obtain the projection at infinity Pso € Too
(see the discussion before [7, Theorem 4.3]). Using the semigroup at infinity we can
easily prove the following lemma.

Lemma 3.1 Let T be a power-bounded, positive operator on a Banach lattice E such
that all spectral values of T on the unit circle are poles of the resolvent. Then the
spectral projection of T associated with o (T) N'T is positive.

Proof Let P be the spectral projection of T associated with o (7)) N'T. By [7, Proposi-
tion 4.12], the semigroup at infinity 74, associated to the semigroup 7 :={T" : n €
Np} is non-empty and compact. Since 7 consists only of positive operators and since
the projection at infinity Ps, is contained in the closure of 7, it follows that Ps, is
positive. Now the claim follows as P, = P by [7, Proposition 4.12]. O

The following lemma is basically the spectral theoretic core of the arguments in
the proof of [9, Proposition 4.3]. However, assertion (iii) below is missing in [9]. In
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264 A. Dobrick

the following section, we will be mainly interested in the case that 7 is an infinite
column-stochastic matrix with additional properties.

Lemma 3.2 Let T be a power-bounded, positive and irreducible operator on a Banach
lattice E such that r(T) = 1 is a pole of the resolvent of T. Then the following
assertions hold:

(1) The peripheral spectrum of T consists of the kth roots of unity for some k € N.
Moreover, these roots of unity are all first order poles of the resolvent.

(ii) The spectral projection P of T associated to the peripheral spectrum yields a
decomposition E = PE @ Ker P such that Tk|pE =idpg and r (T |er p) < 1,
where k € N is the index of imprimitivity of T .

(iii) P is strictly positive. In particular, PE is a sublattice of E.

Proof Since T is positive and irreducible and r(T') is a pole of the resolvent of T,
it follows from [26, Theorem V.5.4] that the peripheral spectrum of 7T is cyclic and
consists of first order poles of the resolvent, only. In particular, the peripheral spectrum
of T is a finite group consisting of the kth roots of unity for some k € N. This shows
@).

In the following we denote the primitive kth root of unity by ¢. By spectral decompo-
sition it is clear that 7" acts on P E as the multiplication with the tuple (1, ¢, .. ., {k _1)
and 7 (T |xer p) < 1. Hence, T* acts as the identity on P E which shows (ii).

To show (iii), observe first that P is positive by Lemma 3.1. To see that P is even
strictly positive, we consider the absolute kernel

R:={x e E: Plx| =0}

Clearly, R is an ideal in E and that is enough to show that R = {0}. Foreachx € R
one has

0 < P|Tx| < PT|x| =TPx| =0

and therefore P|Tx| = 0. Hence, R is a T-invariant ideal and thus trivial by the
irreducibility of 7. Since P # 0, one has R = {0}, i.e., P is strictly positive. Finally
[26, Proposition III.11.5] shows that P E is a sublattice of E. O

Definition 3.3 We call a bounded semigroup (7'(¢));>0 on a Banach space E asymp-
totically exponentially periodic on E if there exists a projection P that commutes with
the semigroup (7'(¢));>0 such that

(1) (T(t)|pE)+=0 can be extended to a periodic group on PE.
(1) T (?)|ker p 1s uniformly exponentially stable as t — ooc.

The following theorem is a generalized version of [9, Proposition 4.3] by Dorn. In
contrast to Dorn’s result, it does not require any regularity assumptions on the semi-
group. Hence, it is applicable to semigroups with no or weaker regularity properties,
e.g., to bi-continuous semigroups.
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Theorem3.4 Let Q = (R, X, u) be a measure space, E a Banach lattice and
(T (t))i>0 a bounded, positive semigroup on X := LP(Q2; E), 1 < p < oo. Sup-
pose that there is ty € [0, 00) such that T (ty) = Mg for some irreducible operator
B on E withr(B) = 1. If r(B) is a pole of the resolvent of B, then there is a strictly
positive projection P commuting with (T (t));>0 and with the following properties:

(1) (T(t)|px)r=0 can be extended to a positive, periodic group on the Banach lattice
PX.

(1) (T (t)|ker P):=0 is uniformly exponentially stable, i.e., there exist M > 1 and
® > 0 such that |T(t) — T(t)P|| < Me™*'.

Proof As (T (t));>0 is a bounded, positive semigroup, B is power-bounded and posi-
tive. Hence, B satisfies the assumptions of Lemma 3.2 which yields the decomposition
E = P E®ker P, where P denotes the spectral projection of B associated to its periph-
eral spectrum. Moreover, B¥ acts as the identity on PE, where k € N is the index of
imprimitivity of B, and r(B|ker p) < 1. Proposition 2.3 yields the decomposition

X = MpX @ker Mp = LP(Q: PE) ® L (Q: ker P) =: X| @ Xa,

which coincides with the spectral decomposition corresponding to Mp.
Now observe that T'(fo)¥ = M gk and therefore

T(t0)!|x, = Mptlx, = Mg, = Mjg,, = idx,
by Lemma 2.2(i). Furthermore,

r (T (to)|x,) = r(MBpj p) =7 (Blerp) < 1.

So the semigroup (7 (0)"|x,)neN, is periodic. Furthermore, there exists ¢ €
(r(T (1)), 1) such that || T (#0)"|x, |l < g" for n sufficiently large. As M p coincides
with the spectral projection of Mp = T (f) associated with the peripheral spectrum,
it commutes with the operators of the semigroup (7 (¢));>0 and hence the spaces
X1 and X are both invariant under the action of (7'(t));>0. So (T'(t));>0 restricts
to semigroups on X and X5, respectively. Moreover, P is strictly positive on E by
Lemma 3.2(iii) and hence so is M p. In particular, X; is a Banach lattice by [26,
Proposition I1II.11.5] and the semigroup (7' (¢)|x,)>0 is clearly positive in this situa-
tion.

Finally, (T (¢)|x,)s>0 extends to a group on X1. As ||T (t0)"|x, || < ¢" for n big
enough and (T (#)|x,):>0 is bounded, it follows that | T (¢)|x, || < Me~*" for suitable
constants M > 1 and w > 0. Therefore, (7 (t));>0 is asymptotically exponentially
periodic in the sense of Definition 3.3. O

As the proof of the theorem above only used results from Sect. 2 and some spectral
theory on the Banach space in which the LP-functions took their values in, one can
obtain the Theorem 3.4 also on spaces of measures due to the observations made in
Remark 2.5. For later reference we state here this version of the theorem explicitly.
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266 A. Dobrick

Theorem 3.5 Let Q = (2, X) be a measurable space, E a Banach lattice and
(T'(t))i=0 a bounded, positive semigroup on X = M(2; E), 1 < p < oo. Sup-
pose that there is ty € [0, 00) such that T (ty) = Mg for some irreducible operator
B on E withr(B) = 1. If r(B) is a pole of the resolvent of B, then there is a strictly
positive projection P commuting with the semigroup (T (t));>0 with the following
properties:

(1) (T(t)|px)i=0 can be extended to a positive, periodic group on the Banach lattice
PX.

(i1) (T (t)|ker P)r>0 is uniformly exponentially stable, i.e., there exist M > 1 and
w > 0 such that |T(t) — T (t)P| < Me™**.

4 Applications to transport equations in infinite networks
4.1 Transport equation on infinite networks

In this section we consider transport processes on infinite networks. The network will
be modeled by an infinite, directed graph G = (V, E) which is assumed to be

(a) simple, i.e., the graph contains no loops and no multiple edges,

(b) locally finite, i.e., each vertex only has finitely many incident edges,

(c) non-degenerate, i.e., each vertex of the network has at least one incoming as well
as at least one outgoing edge.

Moreover, G will be considered as a metric graph by identifying each edge with the
unit interval [0, 1] and parameterizing it contrarily to its direction. This means, under
this identification, that each edge is assumed to have its endpoint at O and its starting
point at 1.

The distribution of mass transported along one edge e;, j € J C N, at some time
t > 0 will be described by a function u (¢, x) for x € [0, 1]. The material in the
network will be transported along e; with constant velocity ¢; > 0 and we assume
that

0 < cmin < ¢j < Cmax < 00.
Furthermore, we define
B¢ := c7'BC,
where C := diag(c;) denotes the diagonal velocity matrix. In each vertex the material
is distributed to the outgoing edges as governed by the weights of the respective

edges. This will be modeled by assuming that the functions u ; satisfy the generalized
Kirchhoff law

Z¢i;cjuj(1’t) = ZQS;CjUj(Ov 1)

jed jeJ
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foralli € I and ¢t > 0. Altogether this transport process is modelled by the partial
differential equation

d 0
—uj(t,x) = Cja—uj(t,x), xe(0,1), >0,
X

at
uj0,x) = fj(x), xe1), 4.1)
wj(l,0) =Y BGu(0,1), >0,
kelJ

J € J, where f; are the initial distributions of mass along the edges. Solutions to this
equation were investigated by using semigroup theory mainly in two different settings:

(1) Itis shown in [9] that the solutions of (4.1) form a strongly continuous semigroup
on the space Ll([O, 1]; El) in the case that ¢c; = 1 forall j € J.

(i) In [6] it is shown that the solutions of (4.1) form a so-called bi-continuous
semigroup on the space L>([0, 1]; £') under some conditions on the velocities Cj.

Although the same equation is investigated (however in different spaces), in [9] the
asymptotic behaviour of the solutions is discussed, whereas no such results can be
found in [6] for the solutions in the bi-continuous case. By making use of the theory
developed in the prior section we close this gap.

But first, we revisit Dorn’s asymptotics result [9, Proposition 4.3]. Our argument
shows that the asymptotical periodicity of the solution obtained by Dorn does not
depend on the strong continuity of the semigroup. On the other hand, the exponential
speed of convergence in the theorem does rely on the strong continuity. In addition, it
is proven that the involved projection is strictly positive.

4.2 Strongly continuous flows on L' ([0, 1]; ¢')

Let us first assume that
cj=1 forall jeJ

and equip the space L' ([0, 1]; £!) with the usual norm given by
1
HfW=AIMmMMs (f € L'(0. 11 ")
Consider the differential operator
. d 1,1 1
A = diag =) domA:={feW" ([0,1];£) : f(1) =Bf(0)}.
X

Notice that W1 ([0, 17; 21y embeds continuously into C ([0, 1]; 21 so that the above
operator is well-defined. By [9, Proposition 3.1], we can translate (4.1) into the abstract
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Cauchy problem

u'(t) = Au(t), t>0,

4.2
u0) = (fj)jes “-2)

on the space L([0, 17; ¢1). Now [9, Proposition 3.3] shows that A generates a strongly
continuous semigroup (7°(¢));>0 on L'([0, 11; ¢Y given by

T f(s)=B"f(s+t—n) (f e L'(0,1]; "),

ifn € Npissuchthatn < s+t < n+1. Moreover, itis easy to see that this semigroup is
both contractive and positive. So (T'(¢));>0 is basically a shift semigroup on the graph
with a “jump" at the end of each edge governed by the weighted adjencency matrix
B.

Proposition 4.1 Ler X := L'([0, 11; £"). Suppose that B is quasi-compact and irre-
ducible. Then there is a strictly positive projection P commuting with the semigroup
(T (t))s=0 with the following properties:

(1) (T(t)|px)r=0 can be extended to a positive, periodic Co-group on the Banach
lattice PX.

(i) (T (2)|xer P)i1>0 is uniformly exponentially stable, i.e., | T (t) — T (t) P|| < Me™*!
for some constants M > 1 and @ > 0.

Proof Clearly, (T (t));>0 is a positive, contractive semigroup on L1([0, 1]; £1) with
T (1) = Mp. Moreover, B is irreducible by hypothesis with r(B) = 1. Since B is
assumed to be quasi-compact, the peripheral spectrum o (B) N T consists of poles
of the resolvent. Hence, by Theorem 3.4 there is a strictly positive projection P on
X such that (T'(¢)|px):>0 can be extended to a positive, periodic Cp-group on the
Banach lattice PX and (7 (f)|ker p)s>0 is uniformly exponentially stable, i.e., there
are constants M > 1 and w > 0 such that | T(¢t) — T (1) P|| < Me™“". O

Remark 4.2 The strict positivity of the projection P in the theorem above could
alternatively be deduced from the irreducibility of the semigroup (7 (¢));>o (cf. [9,
Proposition 4.9]).

However, on other state spaces where the solution semigroup is not strongly con-
tinuous (see Sect. 4.3) there is no characterization of irreducibility of the semigroup
via the resolvent of the generator to the best of the author’s knowledge.

Now let us consider the case where not all velocities c; are equal to 1. However,
assume that the velocities c; are linearly dependant over Q, i.e., g—’, € Qforalli, j € J,

with a common finite multiplier ¢ > 0. This means that

6j:="eN foralljeJ.
cj
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Consider the differential operator

Ac = diag<c,~ : %), dom Ac == {f € Wh([0,11; €Y : £(1) =B £(0)).

The assumption on the velocities allows us to construct a new graph by adding ¢; —
1 vertices on each edge e;, j € J of the graph and let the so-created new edges
inherit the orientation of the original edge. Carrying out this construction one can
show that the operator Ac generates a strongly continuous semigroup (7¢());>0 on
a space isometrically isomorphic to L([0, 1]; £1), i.e., there exists a strictly positive
isomorphism S € £(L'([0, 1]; £1)) such that

Te(eh f =ST'TWSF  (f e L'([0,11; ¢Y)

for all r > 0. Here, (T'(¢));>0 denotes the semigroup defined above. For more details
on the construction we refer to [2, Sect. 3]; or see [25] for even more detail.

Now, the following asymptotics result is an immediate consequence of Proposi-
tion 4.1.

Corollary 4.3 Ler X := L'([0, 11; £"). Suppose that B is quasi-compact and irre-
ducible. Then there is a strictly positive projection Pc commuting with the semigroup
(Tc(1))1>0 with the following properties:

1) (Tc()|pex)i=0 can be extended to a positive, periodic Co-group on the Banach
lattice Pc X.
(1) (T (@)lxer Pc)e=0 is uniformly exponentially stable.

Remark 4.4 By Proposition 2.1 the above results are applicable to each strongly con-
nected graph with an attractor. In particular, the flows on such graphs are asymptotically
periodic.

4.3 Bi-continuous flows on L ([0, 1]; £)
Now we turn our attention to the bi-continuous case considered in [6]. The abstract

theory developed in Sect. 3 allows to prove analogous results to those in the L !-setting.
Again, we assume first that

cj=1 forall jeJ
and consider the space L ([0, 1]; £') equipped with the usual norm

£ 1= esssupyeqo iyl fller  (f € L2(0, 1]; £1).

Moreover, we consider the operator

A= diag(%), dom A := {f € Wh*°([0, 11; €1 : £ (1) = Bf(0)},

@ Springer



270 A. Dobrick

notice that it is well-defined since W1’°°([O, 1]; ¢') embeds continuously into
C([0, 17; €1 and that (4.1) can be translated into the abstract Cauchy problem

{ W' (t) = Au(t), t>0, | 3

u0) = (fj)jes-

but this time on the space L>°([0, 1]; £1). Completely analogously to [9, Theorem 3.2]
one obtains the following resolvent formula on L*°([0, 1]; 21 (see also [6, Proposi-
tion 3.8]).

Theorem 4.5 For ) > 0 one has

o 1 1
(RO A f)(s) =) e / e M=t £ (1) dr + / e f (1) dr
=0 0 s
for all f € L*([0, 1]; Y and s € [0, 1]. Furthermore, for A € C one has the
characteristic equations

Leo(d) = e eoB), (4.4)
Aeop(d) & e co,B) (4.5)

As seen in the section before, the solution semigroup of (4.1) on L!([0, 1]; hH
is basically a shift with some jump. So would be a reasonable guess that something
similar if not the same stays true for L*°([0, 1]; £1Y. However, it is well known that the
shift semigroups are generally not strongly continuous on L°-spaces. Hence, one can
not expect that A generates a strongly continuous semigroup. However, it is proven
in [6, Theorem 3.9] that A generates a semigroup with a weaker regularity property,
a so called bi-continuous semigroup (see e.g. [22] for a definition).

Theorem 4.6 The operator A generates a contractive, bi-continuous semigroup
(T (1))1=0 on L*([0, 1]; £') given by
T f()=B"f(s+1—n) (f L0, 1];¢"),

if n € Ny is such thatn < s +t < n + 1, with respect to the weak*-topology.

In [9, Theorem 4.10] Dorn gives a characterization for asymptotic periodicity of
the strongly continuous flow semigroup on L' ([0, 1]; £!). Using the abstract theory
from Sect. 3 and ideas from the proof of [9, Theorem 4.10], we can prove that the
same characterization holds for the bi-continuous semigroup (7 (¢))s>0.

Theorem 4.7 Let G be a strongly connected graph. Then the following two assertions
are equivalent:

(1) G has an attractor.
(i1) (T (t))s>0 is asymptotically exponentially periodic in the sense of Definition 3.3.
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In this case, the period 0 of (T (t)|x,)=0 is given by the greatest common divisor of
all cycle lengths which occur in the graph G.

Proof (i) = (ii): As G is strongly connected and has an attractor, B is irreducible
and quasi-compact. In particular, the peripheral spectrum of B consists of poles of the
resolventof B. So it follows from Theorem 3.4 that (7 (¢)),>0 is asymptotically periodic
since the flow semigroup is bounded and positive with 7 (1) = Mp. Moreover, it
follows from the proof of Theorem 3.4 that 6 is smaller than or equal to the index of
imprimitivity of the matrix &, i.e., by the number of spectral values of B with modulus
equal to 1. But due to the characteristic equation (4.5) and the spectral mapping theorem
for the point spectrum (see [14, Corollary 1.5.2]) it follows that & = k. Hence, by the
arguments given in the first part of the proof of [9, Theorem 4.10], 6 equals the greatest
common divisor of all cycle lengths which occur in the graph G.

(i1) = (i): Suppose that there exists a strictly positive projection P on X such that
(T (t));=0 commutes with P and satisfies the assertions from Definition 3.3. Then
X = PX @ ker P and we have

o(T(1)) =o(T()|px) Yo (T(D)lkerp)-

Moreover, o (T (1)|px) € T as T(1)| px is doubly power-bounded and o (T (1) |xer P)
is contained in a ball with center O with radius O < r < 1 because (7' (1))" |ker p tends
to 0 with respect to the operator norm as n — 00. Moreover, we have o (B) = o (T (1))
and therefore, the peripheral spectrum of B is isolated. So denote by [P the spectral
projection onto the peripheral spectrum of B. Then Mp is the spectral projection onto
the peripheral spectrum of 7'(1) and it follows from the uniqueness of the spectral
projection that P = Mp.

Moreover, (T(¢)|px):>0 is periodic. Denote the period of (7 (f)|px):>0 in the
following by 6. Since (T'(¢)|px);>0 is periodic, one has 1 € o, (B|r). Hence, [20,
Proposition 2.1] shows that there exists a strictly positive fixed vector x € £! of B and
this fixed vector is clearly an element of P¢!. In particular, f ® x is an element of
L°([0, 1]; P¢Y) foreach f € L*([0, 1]). Now choose k € Nsuchthatk <6 < k+1.
Suppose that k < 6 and fix ¢ < 8 — k. Then

L0,61(5)x = (110,61 ® x)(s) = T(0) (110,61 ® x)(5)
= T0.61(0 +5 — k)B*x = 1j9.1(6 + 5 — k)x

for a.e. s € [0, 1] which is absurd. Hence, we infer that & = k which means that
T(1)|px is algebraic, i.e., mapped to 0 by a polynomial. Therefore, the spectrum of
T(1)|pyx is finite and consists of poles of the resolvent and, by Proposition 2.4(iii),
the same holds true for the spectrum of B|p,1. Now it follows just as in the proof of
[9, Theorem 4.10] that the peripheral spectrum of B consists of entirely of first order
poles which implies that B is quasi-compact. O

Consider again the case where not all velocities c; are equal to 1 but the velocities
c; are linearly dependant over Q, i.e., g—; € Qforalli, j € J, with a common finite
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multiplier ¢ > 0, i.e.,

L = eN forall j € J.
€j

Analogously to the L!-case, consider the differential operator
Ap = diag<cj . i) dom Ac 1= [f € WoHOEE:FD=EC 0)
dx )’ ' ’

By using the same construction as mentioned in the former section one shows that
the operator Ac generates a bi-continuous semigroup (7¢(f));>0 on L*°([0, 1]; b
(see [6, Proposition 3.11]) and that there exists a strictly positive isomorphism S €
L(L>®([0, 17; £1)) such that

Te(et)f =ST'TWSf  (f e L'([0,11; ¢1))

for all + > 0. Consequently, we obtain the following result.

Corollary 4.8 Let X := L°([0, 1]; £Y). Suppose that B is quasi-compact and irre-
ducible. Then there is a strictly positive projection Pc commuting with the semigroup
(Tc(1))r=0 with the following properties:

(i) (Tc(@®)|pex)i=0 can be extended to a positive, periodic Cy-group on the Banach
lattice Pc X.
(i1) (T (t)lker pc)r=0 is uniformly exponentially stable.

5 Extension to M([0, 1]; £")

In this section, it is shown that the semigroup from Sect. 4.2 can be naturally extended
to the space of £!-valued measures of bounded variation and it is be shown that this
extension has still some regularity properties. Furthermore, the abstract argument
from Sect. 3 can be used to show that this extended semigroup is still asymptotically
periodic. This is motivated by [23], where something similar was done for a different
kind of flow on finite networks. Furthermore, the asymptotic behaviour of such an
extended semigroup was investigated in [23, Corollary 4.17] (just for the case of finite
networks) but this investigation relied on a non-constructive argument.

For the introduction of £!-valued measures of bounded variation and for the used
notation, we refer the reader to Appendix A.

Define the operators S(r) : M ([0, 1]; £') — M([0, 1]; 1), > 0, by

(S(O) = 8_(1—n) * MBrptlr—n,1]) + Snp1—r * (Mpn+1 teljo,1—n)),
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where n € Ny such thatn <t < n + 1. In particular, one has

(SOW(A) =B"wu(ANT[t —n,1]) — (t — n))
+B" T u((AN[0,t —n) +n+1—1),

for each Borel measurable set A € B([0, 1]). It is not hard to see that (S(#));>0 is a
contractive semigroup on M ([0, 1]; Zl).

Lemma5.1 (S(2));>0 defines a contractive semigroup on M ([0, 1]; Yy such that
S(1) = Mp.
Proof 1t is easy to see that (S(¢));>0 defines a semigroup on M ([0, 1]; ¢') such that
S(1) = Mp.

To see that (S(¢));>0 is contractive, let u € M ([0, 1]; El) and Ay, ..., Ay C [0, 1]

measurable, pairwise disjoint sets such that [0, 1] = U11<V=1 Aj. Now let ¢ > 0 and
pick n € N such thatn <t < n + 1 and consider the sets

B = (ANt —n, 1) =@t —n), Cr:=AN[0,t—-n)+A+n-1)
for k = 1,..., N. Observe that all these sets are pairwise disjoint and [0, 1] =

U, en Br U Ci. Hence,

N
1B (Bl + YIB! w(Colly
1 k=1

M=

N
D ISOuADIh <

k=1

~
Il

N
(Bl + Z I (Coll < llul]
1 k=1

M=

=<

>\.
I

and therefore || S(#)u| < |||l by taking the supremum over all finite partitions of the
unit interval [0, 1]. |

In the following, we call (S(7));>0 the extended flow semigroup on M ([0, 1]; h.
This is motivated by the following result which shows that the semigroup (S(¢)):>0
actually extends the semigroup (7' (¢));>0 on L'([0, 1]; €") from Sect. 4.2 for the case
that all velocities c; are equal to 1. To clarify what we mean by this extension, note if
f e LY([0, 17; £, then

(fds): B0, 1)) — €', (fds)(A) = / fds
A
defines a £!-valued measure of bounded variation with || f ds|| = || f|I1. Hence,
L'([0,13; ") — M([0,11; £"), [ fds

is a linear isometry and therefore, in what follows, elements of LY([0, 1]; £1) will be
freely identified with their respective images in M ([0, 1]; 21y under this embedding.
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Proposition 5.2 The identity
(T()f)ds = S@)(f ds)

holds for all f € L'([0, 1]; £1).

Proof Let f € L'([0, 1]; £!). By Dynkin’s Lemma A.1 it is enough to show that both
measures (7 (¢) f)ds and S(¢)(f ds) coincide on all intervals [a, b], where 0 < a <
b < 1 and by the semigroup law it suffices to suppose 0 < ¢ < 1. Firstly, one has

1
(T(0) f) ds(la. b]) = /0 L) ()T (1) £ (s) ds
=/ f(t+s)ds+f Bf(t+s— 1)ds.
la,1—t] [1—2,b]
On the other hand,

S@)(f ds)([a, b])
1
Z/O Lia,p1(s) d(—r % (f d$)li,11)(s)

1
+/(; Lia,p1(8) d(81— % MB(f ds)|, 1) ()

/ ]l[u,b](s —t)f(s)ds + / ]l[u,b](s +1—-0)Bf(s)ds
[£,1] [0,7)

/ ]l[a,b](s)f(s +1)ds + / ]l[a’b](s)ﬁf(s +t—1)ds
[0,1—¢]

[1—t,1)

=/ f(s+t)ds+f Bf(s+t— 1)ds.
la,1—t] [1—t¢,b]

Hence, (T (t) f)ds = S(t)(f ds) forall f € L1([0, 1]; £!) and ¢ > 0. o

Now the regularity of (S(¢));>0 is investigated. In the appendix, the nilpotent left
shift semigroup (7o (¢));>0 on the space M ([0, 1]; E’) is defined for an arbitrary Banach
space E. For E = cg, i.e., E' = £!, we obtain the following regularity result as a direct
consequence of Proposition A.S5.

Lemma 5.3 The nilpotent left shift semigroup (to(t)):>0, given by

(o) (A) := (0 * plir1)(A) = n((ANT[e, 1) —1) (A € B([0, 1)),

is weak*-continuous on M ([0, 1]; £1).

Now we turn back our attention to the flow semigroup and its regularity.
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Theorem 5.4 The flow semigroup (S(t));>0 is a weak*-continuous semigroup on
M([0, 13; £").

Proof Let f € C([0, 1], cp) and nE M (0, 1]; 81). As in the proof of Proposition A.5,
we consider the trivial extension f € B(R; co) of f to R. Then for ¢ € [0, 1), one has

(s SOm — )| = |(f, 8= * plpap)| 4+ (f 81— = Meplio,n) — (f. 1)

< 1Ufs t0(Op — )] + /R fR s + 1) dMa il o.0)(s) dS1_ (r)

= F. T0 (O — i) + /R Fls+1 =0 d(Msulpon)(s)

— 0,

= [(f, () — )| + o Fls4+1—1)dMpp)(s)
1

where the first term goes to 0 due to Lemma 5.3 and the second by the dominated
convergence theorem (Theorem A.2). O

Using the framework of operator-valued multiplication operators, one can obtain
an asymptotic result for the extended flow semigroup similar to [9, Proposition 4.3].
The proof works analogously to our proof of Proposition 4.1 with the only difference
being that one needs to employ Theorem 3.5 instead of Theorem 3.4.

Proposition 5.5 Let X := M([0, 1]; £"). Suppose that B is quasi-compact and irre-
ducible. Then there is a strictly positive projection P commuting with the semigroup
(S(1))i=0 with the following properties:

(1) (S@)|px)i=0 can be extended to a positive, periodic Co-group on the Banach
lattice PX.

(i) (S(t)|ker P)s>0 is uniformly exponentially stable, i.e., |S(t) — S(t)P|| < Me™*"
for some constants M > 1 and w > 0.
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Appendix A: Vector valued measures and the Bartle integral

The Pettis integral is a well-known generalisation of the Bochner integral which has
various applications in operator theory. The Bartle integral, although not as general as
the Pettis integral, is another such generalization far less known. It has many appli-
cations to integration theory in vector-valued function spaces and will be used it
frequently throughout Sect. 5 of this paper. In this paper it is used to identify the
duality of the space of vector valued continuous functions that vanish at infinity. This
brief appendix shall serve as a short introduction to the topic.

A.1.Vector valued measures

Let (2, ) be a measurable space and let E be a Banach space. A o -additive function
u . X — E is called a vector measure if u(¥) = 0. If u is a vector measure, its
variation || : £ — [0, oo] is

l(A) = sup > (B,

Berm

where the supremum is taken over all finite partitions 7z of A. The total variation |x|
is a positive measure with || (A)|| < |u|(A) for all A € . Moreover, u is said to be
of bounded variation if ||(2) < oo. The set of all vector measures i : ¥ — E with
bounded variation is denoted by M (2; E). M(L2; E) is clearly a vector space and one
can show that ||| := |®|(f2) defines a norm on M (2; E) that renders M(2; E) a
Banach space. Obviously, Dynkin’s lemma [19, Lemma A.1.3] still holds for vector
valued measures.

LemmaA.1 (Dynkin) Let i, v : ¥ — E be two vector measures and D C X with the
following properties:

(a) QeD.
(b) A, B € Dimplies AN B € D.
(c) The o-algebra o (D) generated by D coincides with X.

If n(A) = v(A) forall A € D, then u = v.

A.2.The Bartle integral

Let (€2, ¥) be a measurable space and let £ be a Banach space. Then function f :
Q — E is called simple if there are finitely many vectors xq, ..., x, € E and sets
Ay, ... A, € Tsuchthat f = Y7 | 14,x;. The space of simple functions on Q with
values in E will be denoted by S(Q; E). If f € S(2; E) and u € M(R2; E’) then

n

/Qfdu =) (%, u(A)) e C

i=1
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is independent of the representation of f and is called the Bartle integral of f with
respect to w (cf. [3, Sect. 4]). In particular, the map

S E) x M E) — C, (f ) > / fdu
Q

is bilinear and one has

‘/Qfdu

Hence, the map admits a continuous bilinear extension of norm of most one to the space
B(Q2; E) x M(R2; E"). Here B(2; E) denotes the space of Bartle integrable functions,
which is the closure of S(2; E) in the space of bounded E-valued functions on 2 with
respect to the supremum norm. The following dominated convergence theorem follows
directly from the scalar one.

< 3 il < 3 illlul(A) = /Q 1 dlpel < 07 Nl
i=1 i=1

Theorem A.2 (Dominated Convergence Theorem) Let E be a Banach space and . €
M(2; E'). Further let (f;)nen be a bounded sequence in B(Q2; E) and f € B(R; E)
such that f,, — f pointwise. Then

lim fodu =/ fdu.
Q Q

n— oo

A.3.The vector-valued Riesz representation theorem

Let Q2 be a o-compact metrizable space, B(£2) the Borel o-algebra on 2 and E
some Banach space. Since B(2; E) is the closure of S(€2; E) with respect to the
supremum norm, one easily sees that Co(€2; E) € B(S2; E). This observation is
interesting because it allows to use the concept of the Bartle integral to generalize
the Riesz Representation Theorem to the space Co(2; E) (cf. [5] or [1, Appendix,
Theorem 2.2.4]).

Theorem A.3 The mapping
M E') — Co(% EY, > (f - / fdu>
Q

is a isometric isomorphism. In particular, M(2; E') is isometrically isomorphic to

the dual of Co(R2; E).
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A.4. Convolution of measures and nilpotent shifts

Let E be a Banach space. For measures i € M (R) and v € M (R; E’) we define their
convolutional product * : M(R) x M(R; E') - M(R; E’) via

/fd(M*V)=f/f(S+r)dv(S)dM(r) (A1)
R RJR

forall f € S(R; E). By density of S(R; E) in B(R; E) the identity above holds even
forall f € B(R; E).
Consider the left shift group (t;);cr on the space M (R; E'), given by

MR E) > MR; E), (tu)(A) == u(A —1).

Since the left shift (z;);cr on M (R; E’) is the dual semigroup of the right shift semi-
group on Co(R; E) by Theorem A.3, which is well-known to be strongly continuous,
(t1)rer is a weak*-continuous semigroup on M (R; E’). In particular, one has

fR F) (@) (s) = /R Fs — 1) ducs) (A2)

forall f € Co(R; E). As a straightforward application of (A.1) and (A.2) one obtains
the following lemma which shows that we can express shifts by convolutions with
Dirac measures.

Lemma A.4 The identity §_; x o = T )4 holds for all u € M(R; E') and t € R.

Let B be a closed subset of R and u € M(R; E’). Recall from that the measure
ilp € M(B; E"), defined by i|g(A) := u(A N B), is called the restriction of 1 to
B. Moreover, 14|p can be seen as an element of M (R; E’) via identification with its
canonical zero extension to R.

Using this identification, we can define the nilpotent left shift semigroup (7o (#));>0
on M([0, 1]; E’) by

(to(D)(A) 1= (8¢ * plr 1) (A) = n((ANT[e, 1)) — 1),

for all A € B([0, 1]). Note that supp(6—; * wlz,17) < [0, 1] for all # > 0 — so the
semigroup is indeed well-defined.

Proposition A.5 Let E be a separable Banach space. Then the nilpotent left shift
semigroup (to(t));>0 is weak*-continuous on M ([0, 1]; E).

Proof Let f € C([0, 1]; E) and consider its trivial extension

f(s), ifs e [0, 1],

f:R— E, =
f - Fs) 0, else.
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Then fe B(R; E). So for t € [0, 1) one has

I(fs to() i — i)

|(f, )| — (f, 1)

= /fd(a_,*ul[t,l])—f
R [0,

= //f(s+r)dul[z,1](8)d5—z(r)—/ f(s)du(s)
R JR (0.1]

fdu‘
1]

= /f(s—r)dm[t,u(s)—/ f(s)dpu(s)
R [0,1]

= / f(s—t)d/L(S)—/ f)duls)| — 0
[t,141] [0,11
as ¢ N\, 0 by the dominated convergence theorem (Theorem A.2). O
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