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Abstract In this paper we consider the Schwarz radical of linear algebraic semi-
groups as defined in semigroup theory. We give some new characterizations of the
complete regularity, regularity and solvability of irreducible linear algebraic monoids
in terms of Schwar z radical data. Moreover, we give a generalization about the results
of the kernel to the results of completely regular _# -classes.
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1 Introduction

Throughout this paper, Z* will denote the set of all positive integers. Let S be a
semigroup and I C S a (two-sided) ideal of S. Let VT denote the set of all elements
of S which satisfy that some power of them belongs to /, i.e.,

VIi={aeS|a elforsomeieZ").
There are five concepts of radical of S withrespectto 7, called the Cli f f ord radical,

Luh radical, McCoy radical, Schwarz radical, and Sevrin radical (see Definition
3.1), which are natural extensions of the concepts of radical of a ring. Denote the
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2 J.Li

Clif ford radical, Luh radical, M cCoy radical, Schwarz radical, and Sevrin radical
of S with respect to I by R*(I), C(I), M(I), R(I), L(I) respectively. If a semigroup
S has akernel ker(S) (the minimal ideal of S), then the Cli f f ord radical, Luh radical,
M cCoy radical, Schwarz radical, and Sevrin radical of S with respect to ker(S) are
simply called the Clifford radical, Luh radical, McCoy radical, Schwarz radical,
and Sevrin radical of S. Bosdk [3] gives an example in abstract semigroups that all
of the radicals mentioned above are distinct from one anther, and shows that for any
semigroup S and any ideal I of S,

I CR(I) S M) C LU SR(I)ST<SCU)CS.

Kmef [14] prove that R*(I) = VI =C()ifand only if VT isanideal of S. And S is
a semilattice of archimedean semigroups (i.e., b € S'aS! = b’ € §'a>S! for some
i € ZT, foralla,b € S),if and only if for any ideal I of S, VT is an ideal of S (see
[5] and [15]).

Semigroups which satisfy that the set +/7 is a semigroup for any ideal /, are char-
acterized in [1] by Bogdanovi¢ and Ciri¢.

In this paper, we consider the above radicals in linear algebraic semigroups. A
linear (or affine) algebraic semigroup S over an algebraically closed field K is both
an affine variety over K and a semigroup for which the product map § x § — §
is a morphism of varieties. Then S has a kernel ker(S) (see [22, Theorem 3.28]).
Moreover, by [7, 11 2.3.3] S is isomorphic to a (Zariski) closed subsemigroup of total
n by n matrix monoid M,,(K) for some n € Z*, and is strongly 7 -regular (i.e., some
power of each element of S lies in a subgroup of S) by a theorem of Clark (see [22,
Theorem 3.18]). Then we have that the Clif ford radical, McCoy radical, Schwarz
radical, and Sevrin radical of S are coincide, i.e.,

Rker(S)) = M(ker(S)) = L(ker(S)) = R*(ker(S)).

Hence we only need to consider the Schwarz radical of a linear algebraic semigroup.
In particular, the radical-like property, introduced by J. Luh (see [17]), holds for
the Schwarz (or Clifford) radical of a linear algebraic semigroup S, that is, the
Rees factor semigroup S/R(ker(S)) of S modulo R(ker(S)) has zero Schwarz (or
Clif ford) radical.

The following theorems play very important role to study the theory of linear
algebraic monoids. Note that if a linear algebraic semigroup § has a zero element, the
Schwarz radical R(ker(S)) of S is the maximum nilpotent ideal of S and /ker(S) is
the set of all nilpotent elements of S.

Theorem 1.1 [21, Theorem 2.1] Let S be an irreducible linear algebraic semigroup
with zero 0. Then the following conditions are equivalent:

(i) S is completely regular;
(1) S has no non-zero nilpotent elements (i.e., /ker(S) = {0});

(iii) S is a monoid and the unit group of S is a torus.

Theorem 1.2 [22, Theorem 7.3] Let M be an irreducible linear algebraic monoid
with zero O and unit group G. Then the following conditions are equivalent:
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On the radicals of linear algebraic monoids 3

(i) G is reductive;
(1) M is regular;
(iii) M has no non-zero nilpotent ideals (i.e., R(ker(M)) = {0}).

Theorem 1.3 [19, Theorem 23] Let M be an irreducible linear algebraic monoid with
zero O and unit group G. Then the following conditions are equivalent:

(i) G is solvable;
(1) the nilpotents of M form an ideal of M (i.e., R(ker(M)) = v/ker(M));
(iti) J*> C J forall J € UM).

These facts imply that the structure of irreducible linear algebraic monoids with
zero can be characterized in terms of Schwar z radical (or nilpotency) data. In general,
for an irreducible linear algebraic monoid M, it need not have a zero element, that is, its
kernel ker (M) is nontrivial. Brion shows in [4, Corollary 3.1.5] that for any irreducible
non-affine algebraic monoid (that is, it is non-affine as a variety), its kernel must be
nontrivial. The kernel of the linear algebraic monoid M carries a lot of structural
information about M as well as of the unit group G which are well studied by Huang
(cf. [9,10,12]).

The purpose of this paper is to study the structure of linear algebraic monoids in
terms of Schwar z radical data. We give generalizations of the above results (Theorems
1.1, 1.2, 1.3) for an irreducible linear algebraic monoid (without zero). Namely, we
prove the following theorem.

Theorem 1.4 Let M be an irreducible linear algebraic monoid with unit group G.
Then

(i) (Theorem 4.1) M is completely regular if and only if \/ker(M) = ker(M);
(1) (Theorem 4.2) M is regular if and only if the Schwarz radical of M is a com-
pletely simple semigroup (i.e., R(ker(M)) = ker(M));
(iii) (Corollary 4.4) G is solvable if and only if \/ker(M) forms an ideal of M (i.e.,
R(ker(M)) = /ker(M)) and a maximal subgroup of ker(M) is solvable.

Moreover, for any completely regular _# -class J € U/ (M), we construct a submonoid
M ; of M with kernel J, defined by

My={aeM]|aJ C J}.

Then M is a linear algebraic monoid with kernel J. Moreover, the unit group of M
is just the unit group of M. Hence we can generalize the known results about the kernel
of a linear algebraic monoid (see [9, 10, 12]). For instance,

Theorem 1.5 (Corollary 5.5) Let M be an irreducible linear algebraic monoid with
unit group G. Let J € U(M) be completely regular, and e € E(J). Then

(1) dim R(G) = dim E(J) + dim R(G,.) + dim R(eGe),
(ii) dim R, (G) =dim E(J) 4 dim R,(G.) + dim R, (eGe);
(iii) G is reductive if and only if G, and J are both reductive groups.
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4 J.Li

The article is organized as follows. Section 2 is for notions and notations. In Sect.
3, we work with various properties of the Schwarz radical of algebraic semigroups.
In Sect. 4, we give characterizations of the completely regularity, regularity and solv-
ability of irreducible linear algebraic monoids in terms of Schwarz radical data. In
Sect. 5, we generalize the results of Sect. 4 to the case in terms of completely regular
¥ ~classes of irreducible linear algebraic monoids.

2 Preliminaries

We now assemble some notions and notations. Z* will denote the set of all positive
integers. If X is a set, then | X| denotes the cardinality of X. Let S be a semigroup.
Let S! := S U {1} be the natural monoid extension of S. The semigroup S is strongly
w-regular (sr) if for each @ € S, there exists i € Z* such thata' lies in a subgroup of
S.Ifa,b € S, then a|b (adivides b) if xay = b for some x, y € S'. § is archimedean
ifforalla,b € S, alb’ forsome i € Z1. Let Sy (o € 2) denote a partition of S into
subsemigroups. Then S is a semilattice (union) of S, («¢ € ) if for all «, B € €2,
there exists y € €2 such that S, Sg U SgSy € §,. According to [22, Theorem 1.15], S
is a semilattice of archimedean semigroups if and only if foralla, b € S, a | b implies
a® | b forsomei € Z*t. Let E(S) denote the set of all idempotents of S.Lete € E(S).
We denote by J,, L., R, and H, the 7-, L-, R- and H-classes of e in S under Green’s
relations, respectively (see [22, Chap. 1]). Suppose S is an swr-semigroup and J is a
J-class of S. Then J is regular if E(J) # <. Moreover, J is completely regular if
J is regular and J? C J. Let U(S) be the set of all regular 7-classes of S. For any
Ji, Jo € U(S), we denote J; < Jp if ap | a; for some (all) @; € J;,i = 1,2. We
write U (S) for the partially ordered set (U4/(S), <). Let @ # I C S. Then [ is a right
ideal of Sif IS C I; 1 is aleftideal of S if SI C I; I is an ideal of S if S'7S! C 1.
The minimum ideal of S, if it exists, is called the kernel of S, denoted by ker(S). A
completely simple semigroup S is an swr-semigroup with no ideals other than S.

Let K denote a fixed algebraically closed field. M, (K) will denote the algebra of
all n x n matrices over K, and GL, (K) its unit group. Let S be a Zariski closed
subsemigroup of M,,(K).If e € E(S) and a € S, then we let det.(a) = det (eae +
1 — e). Thus det.(a) # O if and only if eae € H, by [22, Remark 3.23].

Let M be an irreducible linear algebraic monoid over K with unit group G. M
is regular (resp. completely regular) if it is so as a semigroup. We call M reductive
(resp. semisimple, solvable, nilpotent, a d-monoid) if its unit group is reductive (resp.
reductive with center 1-dimensional, solvable, nilpotent, a torus). We write R(G) (resp.
R, (G)) for the radical (resp. unipotent radical) of G. The rank of G, denoted rank(G),
is referred to as the dimension of a maximal torus of G. Let W(G) denote the weyl
group of G. Then by [13, Proposition 24.1A, Corollary 25.2C], W(G) is finite, and G
is solvable if and only if |[W(G)| = 1. For a subset V of M, denote by V the Zariski
closure of V in M. If N is a closed algebraic subsemigroup of M, let N¢ be the identity
component of N. If e € E(M), then we denote M, = {a € M | ea = ae = e},
G'(e)={xeG|xe=c¢}, Glle) ={x € G| ex =¢},and G, = (G"(e)NG' (e))".
For any subset X of M, Cy (e) = {a € X | ae = eae}, Cé((e) ={a € X | ea = eae},
Cx(e) = {a € X | ae = ea}. Let T be a maximal torus of G. Then A € E(T) is
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On the radicals of linear algebraic monoids 5

a cross-section lattice of M, if [A N J| = 1forall J € U(M) and J, > J; implies
e> fforalle, f € A.If J € U(M), then the width of J, w(J) = |[J N E(T)|. If
e € E(J), w(e) = w(J). For completely regular [7-classes, we have the following
characterizations.

Theorem 2.1 [22, Remark 1.7(iii)] Let S be a linear algebraic semigroup, J € U(S).
Then the following conditions are equivalent:

(i) J is completely regular;
(i1) J is completely simple;
(iii) J? C J;
(iv) E(J)2C J.

Theorem 2.2 [22, Theorem 6.30, Corollary 6.34] Let M be an irreducible linear
algebraic monoid with unit group G, J € U(M) and e € E(J). Then the following
conditions are equivalent:

(i) J is completely regular;
(i) E(J) C B for some Borel subgroup B of G;
>iii) w(e) =1,
(iv) e € E(R(G));
) G = CL(e)CL (e);
(vi) eGe is the H-class of e.

[22,23] are our primary references for algebraic monoid theory, and [2,13,26] for
algebraic group theory.

3 The radicals of linear algebraic semigroups

Let S be a linear algebraic semigroup and / a (two-sided) ideal of S. Let ker(S) be the
kernel of S (the minimum ideal of §). The following concepts are used for abstract
semigroups which are defined analogously to these concepts for rings.

An element a of S is termed a nilpotent element of S with respect to I if a’ € I for
some i € Z*. Let /T denote the set of all nilpotent elements of S with respect to I,
ie.,

Vi={aeS|d €l forsomeiecZ").

By [22, Corollary 3.30], the set VT is closed in S. An ideal (left or right), or a
subsemigroup A of S is nilpotent with respect to I if A’ C I for some i € Z*, and
is nil with respect to [ if every element of A is a nilpotent element of S with respect
to /. For simplicity, an ideal A (left or right) is nilpotent (resp., nil) if A is nilpotent
(resp., nil) with respect to ker(S). An ideal A of S is locally nilpotent with respect to
I if every subsemigroup S; € S, generated by a finite number of elements of A, is
nilpotent with respect to 7. An ideal P of S is called a prime ideal of S if I1 I, C P
implies that /1 € P or I, € P where I and I, are ideals of S. An ideal P of S is
called a completely prime ideal of S if for any two elements a, b € S, ab € I implies
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6 J.Li

that a € I or b € I. Evidently a completely prime ideal is a prime ideal. Now we
define some radicals of S with respect to [.

Definition 3.1 Let S be a linear algebraic semigroup, and / an ideal of S.

(i) The union L([) of all locally nilpotent ideals of S with respect to I is called the

Sevrin (or locally nilpotent) radical of S with respect to 1.

(i1) The union R*([I) of all nil ideals of S with respect to [ is called the Clif ford
(or nil) radical of S with respect to 1 [6].

(i) The union R([) of all nilpotent ideals of S with respect to [ is called the Schwar z
(or nilpotent) radical of S with respect to 1 [24].

(iv) The intersection M (I) of all prime ideals of S containing I is called the McCoy
(or prime) radical of § with respect to I [17].

(v) The intersection C(I) of all completely prime ideals of S containing / is called
the Luh (or completely prime) radical of S with respect to 7 [17].

Obviously, every nilpotent (left or right) ideal of S with respect to / is nil with
respect to 1. By [22, Corollary 3.16], there exists n € Z* such that S is isomorphic
to a (Zariski) closed subsemigroup of M, (K) , and thus for all @ € S, a" lies in a
subgroup of S following [22, Theorem 3.18]. Hence

VIi={aeS|a" el

Then every nil (left or right) ideal of S with respect to / is nilpotent with respect to
I. Therefore, an ideal of S is nil with respect to 7 if and only if it is nilpotent with
respect to 1. Thus R(I) = R*(I). It is known that (see [3])

I SRS M) S LA) SR ) SVISCU)CS.

Sothe Clifford, McCoy, Sevrin, Schwarz radicals of S with respect to I coin-
cide, that is,

R(I) = M) = L) = R*(I).

Hence we only consider the Schwarz radical of a linear algebraic semigroup S with
respect to an ideal /.

Throughout this paper, we use the notation R(/) to denote the Schwarz radical
of a linear algebraic semigroup S with respect to an ideal I of S. We write Rg([), if
we want to specify S. For simplicity, the Schwarz radical of S with respect to ker(S)
is called the Schwarz radical of S, denoted by R ker(S). Clearly, R(I) is the largest
nilpotent (or nil) ideal of S with respect to /. Since every ideal of S contained in /7 is
nil with respect to 7, it is easy to see that R (/) is also the largest ideal of S contained
in /1. The following lemma shows that R(7) is the largest nilpotent (or nil) left (or
right) ideal of S with respect to /.

Lemma 3.2 Let S be a linear algebraic semigroup and I an ideal of S. Then R(I)
contains every nilpotent left (or right) ideal of S with respect to 1.
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On the radicals of linear algebraic monoids 7

Proof Let A be a nilpotent left ideal of S with respect to /. Then there exists some
i € Z* such that A’ C I.So (AS')! € AS' € IS' C I.Hence AS! is a nilpotent
ideal of S with respect to /. Therefore A € AS I c R(I). Similarly, we have that
every nilpotent right ideal of S with respect to / is also contained in R([). O
By Lemma 3.2, we have the following lemma directly.
Lemma 3.3 Let S be a closed subsemigroup of M, (K), I an ideal of S. Then
R(UI)={aeS|(xay)" €I forallx,y e S}
={aeS|(ay) €lforallyeS"
={aeS|(xa)" €l forallx € S}

Proposition 3.4 Let M be a linear algebraic monoid with unit group G and let 1 be
an ideal of M. Then

R(I) ={a e M| GaG < V1)
—f{aeM|aG C I}
=lae M| GacI).

Proof Without loss of generality, we may assume that M is a closed submonoid of
M, (K) for some n € Z*. By Lemma 3.3, we have
R =faeM|MaM CI}={aeM|aM C~NI}={aeM|Ma<I}.

Ifa € R(I), then GaG € MaM C /1.If b € M with GbG C /1, since /T is
closed in M, we have

MbM € GbG = MbM C V1,
which implies b € R(I). Therefore,
R(I) ={aeM|GaG CVI}.
Similarly, we can get
R(I)={aeM|aG I} ={aeM|Gac<I}.

O

Proposition 3.5 Let S be a linear algebraic semigroup, I anideal of S and e € E(S).
Then R(1) is closed in S.
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8 J.Li

In particular,

RSeS)= () 1.

FEE(S)\E(SeS)

where I(f) ={a € S|aft f}.

Proof Consider the product u : S x § — S by u(a,b) = ab forany a,b € S. As
w(S x R(I)) = SR() € R(I), we deduce that

n(S x R(I)) = (S x R(I)) € u(S x R(I)) € R(U).

Similarly, we can get £ (R(I) x §) € R(I). So SR(I)S € R(I), which implies that
R(I) is an ideal of S. Since VT is closed in S, m c V1. By the maximality of
R(I), we get R(I) = R(I), thus R([) is closed in S.

Leta € R(SeS) and f € E(S)\E(SeS).Ifa | f,then f € SaS C R(SeS), thus
f € E(R(SeS)) = E(SeS), a contradiction. So a 1 f, and thus a € I(f). Hence

RSes)< () 1.

FEE(S)\E(SeS)

On the other hand, suppose a € Sanda 1 f forevery f € E(S)\E(SeS). We claim
that a € R(SeS). In fact, if not, there exists y € S, such that (ay)” ¢ SeS for some
n € ZT by Lemma 3.3. Thus there exits f € E(S)\E(SeS) such that (ay)" € Hy.
Then a | f, a contradiction. So a € R(SeS). Therefore,

R(SeS) = N 1(f).

FEE(S)\E(SeS)
]
For a linear algebraic semigroup S with kernel ker(S), recall that an idempotent e €
E(S) is called primitive if E(eSe) \ E(ker(S)) = {e}, that is, for any f € E(S),
e > f implies f € E(ker(S)). The following corollary gives a characterization of
the Schwarz radical of an irreducible linear algebraic monoid in terms of primitive

idempotents as follows.

Corollary 3.6 Let M be an irreducible linear algebraic monoid with unit group G.
Let T be a maximal torus of G, A € E(T) a cross-section lattice of M. Then

Rker(M) = ﬂ I(e),

eelg

where I(e) = {a € M | ate}and Ay = {e € A | e is primitive}.
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On the radicals of linear algebraic monoids 9

Proof First, we claim thatif e, f € E(M) withe < f,then I(e) € I(f). In fact, for
any a € I(e),ifa ¢ I(f),thena | f. Since f | e, we have a | e, a contradiction.
Let Q = {e € E(M) | e is primitive}. By [22, Corollary 6.9, Theorem 6.20], for any
e € E(M)\E (ker(M)), there exists ¢ € Q such that e > ¢'. Hence, by Proposition
3.5,

Rker(M) = ﬂ I(e) = ﬂ 1(e).

ec E(M)\E (ker(M)) ecQ

Next, we claim thatif e, f € E(M) with J, = Jy, then I (e) = I(f). Since J. = Jy,
by [22, Corollary 6.8], there exists x € G such that x lex = f.Leta e I(e).Ifa | f,
then f € MaM. Thus e = xfx_1 € MaM, which implies a | e, a contradiction. So
I(e) € I(f). Similarly, we get I (f) < I(e).Therefore, I(e) = I(f). According to
[22, Corollary 6.10], E(M) = |, x 'E(T)x. So

Rker(M) = ﬂ I(e) = ﬂ I(e),

ec2 e
where Ag = {e € A | e is primitive}. O

Remark 3.7 (i) For an irreducible linear algebraic monoid M with unit group G, if
e € E(M) suchthatthe ¢ -class J, of M is completely regular, then by the proof
of Proposition 5.8,

I(e)={aeM|ate}={aeM]|det(a) =0},

and I (e) is the union of some irreducible components of the non-units of M. In
particular, if M is solvable with zero, then for any e € E(M), the ¢ -class J, of
M is completely regular by [22, Corollary 6.32]. Hence following Corollary 3.6,
we obtain that

Rker(M) ={a € M | det,,(a) =0, 1 <i <n},

Where {e; | 1 < i < n} are the set of all primitive idempotents of E(T) for a
maximal torus 7 of G.

For example, let M be the set of all upper triangular matrices in M3(K), i.e.,

K K K a by c
M=[0 K K|=3(0 a by|lai.bj,ceK, 1<i<3,1<j<2
0 0 K 0 0 a3
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10 J.Li

0 K K
Then ker(M) = {0}, and the Schwarz radical of M, Rker(M)=|0 0 K
0 0 O
Choose
1 0 0 0 0 0 0 0 O
e1=10 0 0}),e=10 1 0}),e3s=(10 0 O
0 0 O 0 0 O 0 0 1
Thus
0 K K K K K K K K
Iep) =10 K K|,I(es) =10 0 K|, I(e3)=|0 K K
0 0 K 0 0 K 0O 0 O
So

Rker(M) = (1) I(ei).

1<i<3

Note that the ¢;s are primitive idempotents of M, and the I (¢;)s are exactly the
irreducible components of the set of all non-units of M.

(i) Even thought the Schwarz radical of any linear algebraic semigroup is closed
which is showed in Proposition 3.5, it may not be irreducible. Let

K K 0 1
v=laworave (G )] ma= (g o).

Then the Schwarz radical of M, Rker(M) = S; U S;, where

K K
Sl={a®E12|a€<0 K)}

K K
SzZ{E12®b|b€<0 K)}

So R ker(M) is reducible.

Now we discuss the properties of the minimal non-nilpotent ideals of linear
algebraic semigroups determined by primitive idempotents. We have the following
proposition which is similar to the result of [16, Theorem 1] in compact semigroups
with zero.

Proposition 3.8 Let S be a linear algebraic semigroup, e € E(S). Then the following
are equivalent:

(1) e is a primitive idempotent of S;

(1) the set eSe \ v/ker(S) is a group;

(iii) Se is a minimal non-nilpotent left ideal of S;
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On the radicals of linear algebraic monoids 11

(iv) eS is a minimal non-nilpotent right ideal of S;
(v) SeS is a minimal non-nilpotent ideal of S;
(vi) each idempotent in SeS \ ker(S) is a primitive idempotent of S.

Proof (i) = (ii): Assume that e is a primitive idempotent of S. Then we have
H, C eSe\ker(S).Leta € eSe\ker(S). Thena™ € Hy forsome f € E(eSe)
and some m € ZT. Since a ¢ +/ker(S), we have f ¢ E(ker(S)), which implies
f = e.Hence a™ € H,, and then a € H,. Therefore, the set eSe \ ker(S) = H,
is the maximal subgroup of S containing e.

(ii)) == (iii): Assume (ii) and that [; is a left non-nilpotent ideal of S contained

in Se. We claim that there exists an idempotent f € E(I;) \ E(ker(S)). Since
S is a linear algebraic semigroup, /; is a non-nil ideal of S. Thus there exists
x € I\ Vker(S). But by [22, Theorem 3.18], there exist f € E(S) andm € Z*
such that x™ € Hy N ;. So there exists y € § such that yx™ = f e I,
since 1; is a left ideal of S. Since x ¢ +/ker(S) and x™ € Hy, we have f ¢
E(ker(S)). Now f € Se, implying f = fe. Thenef = efef € E(eSe). Since
fef = f ¢ E(ker(S)), ef ¢ E(ker(S)). Since eSe \ /ker(S) is a group and
ef € E(eSe\ Vker(S)),e =ef € I;. Hence I; = Se.

(iii)) == (v): Suppose I is a non-nilpotent ideal of S contained in SeS. Then [ is

a non-nil ideal of S, as § is a linear algebraic semigroup. Thus there exist x €
I\ Vker(S)andm € Z* suchthatx™ € Hy NI forsome f € E(S)\ E (ker(S)).
So there exists some y € § such that f = yx™ € I € SeS. Hence there exist
a, b € S such that f = aeb. Let g = bfae € I. Then g> = bfaebfae =
bfae = g € E(Se). Since f ¢ E(ker(S)) and f = aegb, g ¢ E(ker(S)).
By the minimality of Se, we have Se = Sg. Thus SeS = Sg§ C I, implying
I =SeS
(v) = (i): Assume (v). If e were not primitive, there would exist f € E(eSe) \
E (ker(S)) such that e # f. Thus SfS in a non-nilpotent ideal of S contained
in SeS. By the minimality of SeS, SfS = SeS. Hence f € eSe N J,. By [22,
Theorem 1.4(iii)], eSe N J, = H,. Then f = e, a contradiction. Therefore, e is
a primitive idempotent of S;
The result (vi) <= (i) follows from (v) <= (i). And by symmetry, we finish
the proof. O

In a similar way in [6, Theorem 1.1] and by Proposition 3.8, we have the following
proposition.

Proposition 3.9 Let S be a linear algebraic semigroup and let 1 be a minimal non-
nilpotent ideal of S. Then any proper ideal of 1 is nilpotent. In particular, there exists
a primitive idempotent e € E(S) such that I = SeS.

Proof Note that the kernel of [ is equal to ker(S) by [25]. Let A be a proper ideal
of 1. Suppose (by way of contradiction) A is not a nilpotent ideal of / with respect
to ker(S). Then I Al is a two-sided ideal of S contained in /, and TAl € A C [.
By the minimality of I, T AI is a nilpotent ideal of S, and thus 7AI < Rker(S).
Then (IA)?> = TAIA C Rker(S)A C Rker(S).SoIAisa nilpotent left ideal of S.
Similarly, A/ is a nilpotent right ideal of S.
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Now, SAS is a two-sided ideal of S contained in /. By the minimality of I, we
have that SAS is a nilpotent ideal of S or SAS = I. In either event, since /A is
nilpotent, we have that (SA)> = SASA is nilpotent. Hence SA is a nilpotent left
ideal of S. Therefore, SA € Rker(S). Thus there exists some m € ZT such that
(SA)™ C ker(S). So A" = (A- A)" C (S - A)™ C ker(S). Hence A is a nilpotent
ideal of I, a contradiction. Therefore, we have that any proper ideal of [ is nilpotent.

Since I is non-nilpotent, I is non-nil, and thus there exists a € I such that a ¢
Jker(S). By [22, Theorem 3.18], there exist some n € Z* and e € E(S) such that
a" € H,. Clearly, e ¢ E(ker(S)). Hence there exists b € S such that e = a"b, which
implies e € E(I) \ E(ker(S)). So SeS is a non-nilpotent ideal of S contained in 7,
which implies SeS = I. By Proposition 3.8, e is a primitive idempotent of S. O

4 The structure of linear algebraic monoids in terms of Schwarz radical
data

For an irreducible linear monoid M, it is easy to see that

ker(M) C Rker(M) C \/ker(M).

In the Sect. 4.1, we give a characterization of the condition that ker(M) = R ker(M).
And in the Sect. 4.2, we give a characterization of the condition that R ker(M) =

Jker(M).

4.1 Completely regularity and regularity conditions

Theorem 4.1 Let M be an irreducible linear algebraic monoid. Then the following
are equivalent:

(i) M is completely regular;
(i) ~/ker(M) = ker(M);
(iii) {a € M | a' = f forsomei € "} C fGf forevery f € E(ker(M)).

Proof (i) = (ii). Suppose M is completely regular and a € v/ker(M). Then there
exists f € E(ker(M)) such thata € Hy. Hence a € ker(M) as Hy C ker(M). So
Jker(M) = ker(M).

(i) = (iii). Assume that \/ker(M) = ker(M). Let f € E(ker(M).If a' = f
for some i € Z*,thena € «/ker(M), and thus a € ker(M). So there exists e € E(M)
such that @ € H,. Then @’ = f € H, which implies ¢ = f. Therefore, a € H r- By
Theorem 2.2, we have that Hy = fGf. Therefore,a € fGf.

(iii)) == (i). Suppose (iii) holds. For any f € E(ker(M), if a is a nilpotent
element of M, then a' = f forsome i € Z*. Thusa € fGf N My = {f},
then a = f. This shows that My has no non-zero nilpotent elements, hence by [22,
Theorem 5.12], M s is completely regular. Following [22, Theorem 7.4], we obtain
that M is regular. Moreover, by[18, Theorem 3.7], E(My) = {e € E(M) | e > f}is
finite. Therefore, M is completely regular following [20, Theorem 3.10]. O
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Theorem 4.2 Let M be an irreducible linear algebraic monoid. Then M is regular
if and only if the Schwarz radical of M is completely simple (i.e., Rker(M) =
ker(M)).

Proof By [22, Theorem 3.15], M is isomorphic to a closed submonoid of M, (K) for
some n € Z™, thus v/ker(M) = {a € M | a* € ker(M)}. Suppose M is regular. For
any a € Rker(M), there exists e € E(M) such that MaM = MeM. So

e € MeM = MaM C Rker(M),
which implies ¢ € R ker(M). Thus e = ¢" € ker(M). Therefore,
MaM = MeM = ker(M),

and then a € ker(M). This prove that R ker(M) = ker(M).

Suppose R ker(M) = ker(M). Let G be the unit group of M. If M is not regu-
lar, then R(G) is not completely regular following [22, Theorem 7.4]. Hence, from
Theorem 4.1, there exist a € R(G) and f € E(ker(R(G)), such that a" = f and
a¢ fRG)S. _ o

Let x € M. Then x € B for some Borel subgroup B of G. Now a € R(G) C B.
From [22, Corollaries 1.16, 1.17, 3.20], we have that for all by, by € B, b | by
implies b} | b}. So a | ax implies a” | (ax)", ie. f | (ax)". But (ax)" | f
following f € E(ker(R(G)) and E(ker(R(G)) € E(ker(M)). So f_#Z (ax)". Thus
(ax)" € ker(M), ax € v/ker(M). This proves thataM C /ker(M). Thus by Lemma
3.3,a € Rker(M) = ker(M). Since a* = f, we have f € aM, fM C aM. But by
[9, Lemma 3(2)], a M is a minimal right ideal of M since a € ker(M).So fM = aM,
a € fM. Similarly, a € Mf. Therefore, a € fMf, and thus a € fR(G)f, a
contradiction. So R(G) is completely regular, and hence M is regular.

Finally, by Proposition 3.5, R ker(M) is closed. Therefore, R ker(M) is a linear
algebraic semigroup which implies that R ker(M) is an swr-semigroup. Note that the
kernel of R ker(M) is just ker(M). Hence we have that R ker(M) = ker(M) if and
only if R ker(M) is completely simple. O

4.2 The solvability condition

Theorem 4.3 Let M be an irreducible linear monoid with unit group G and e €
E (ker(M)). Then the following are equivalent:

(1) G, is solvable;
(i) [W(G)| = [W(H,)I;
(iii) M is a semilattice of archimedean semigroups;

@iv) ker(M) forms an ideal of M (i.e., Rker(M) = /ker(M));

(v) U(M) is a relatively complement lattice.

Proof That (i) <= (iii) <= (v) follows from [20, Theorem 2.15]. Let T be
a maximal torus of G. By [22, Proposition 6.25] and [22, Theorem 6.16], we know
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that |[W(G)| = w(e)|W(Cg(e)| where w(e) = |J, N E(T)|, and |W(Cg(e))|
IW(G,)| - |W(H,)|. Since e € E(ker(M)), we have w(e) = 1, thus |W(G)|
[W(Cg(e)] = |W(Ge)| - IW(H,)|. S0 (1) < (ii).

By [22, Theorem 3.15], M is isomorphic to a closed submonoid of M,,(K) for some
n € Z1, thus

Vker(M) ={a € M | a" € ker(M)}.

If M is a semilattice of archimedean semigroups, by [22, Theorem 1.15], for every
a,b € M, a | bimplies a®> | b’ for some i € Z*. Let a € Vker(M), b € M.
since a | ab, we have a” | (ab)". Moreover, (ab)" | a" following a" € ker(M). So
a" 7 (ab)", ab € /ker(M). Similarly, ba € /ker(M). Hence MaM € \/ker(M).
This proves that y/ker(M) is an ideal of M, that is Rker(M) = /ker(M). Thus
(i) = (>v).

Now we clam that (iv) = (iii). Suppose R ker(M) = /ker(M).Let J € U(M)
such that J covers ker(M). By [19, Theorem 23, Remark 24], we just need to show
that w(J) = |J N E(T)| = 1. Suppose w(J) > 1, then there exist e, f € J N E(T),
suchthate # f.By [22, corollary 6.8], there exists x € G suchthat f = xex~!. Since
e, f € E(T),ef = fee E(M).Soef = fe <e, f.Butef # e, ef # f. Thus
ef = fe € E(ker(M)) as J covers ker(M). Then exex ! = xex™'e € E(ker(M)).
So exe, ex e € ker(M). Hence

(ex)(ex) = (exe)x € ker(M), (x_le)(x_le) = x_l(ex_le) € ker(M).

Therefore, ex, x Le € /Ker(M). Since /ker(M) is an ideal of M, e = (ex)(x~le) €
Jker(M), whichimplies thate € E(ker(M)), acontradiction. This shows thatw (J) =
1. Therefore, M is a semilattice of archimedean semigroups. O

Corollary 4.4 Let M be an irreducible monoid with unit group G. Then G is solvable
if and only if \/ker(M) forms an ideal of M and a maximal subgroup of ker(M) is
solvable.

Proof 1t is known that G is solvable if and only if |W(G)| = 1. Let e € E(ker(M)).
From the proof of Theorem 4.3, we have that |W(G)| = |W(G,)| - [W(H,)|, and
IW(G,)| = 1 if and only if v/ker(M) forms an ideal of M. So G is solvable if and
only if /ker(M) forms an ideal of M and the subgroup H, is solvable. m|

5 On completely regular [ -classes

It is known that the kernel of a linear algebraic semigroup S is a completely regular
J-class of S, and every completely regular [7-class of S is completely simple (as a
semigroup). In this section, we generalize the results about the kernel to completely
regular [J-classes of linear algebraic semigroups.

The following construction plays an important role in this section.
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Proposition 5.1 Let S be a linear algebraic semigroup. Let J € U(S) be completely
regularandlet Sy ={a € S | aJ C J}. Then Sy is a linear algebraic semigroup with
kernel J. If S is irreducible, Sy is irreducible.

Proof By [22, Corollary 3.16], we can assume that S is a closed subsemigroup of
some M, (K). Forany a,b € S;,abJ C aJ < J,soab € Sy, which implies S is
a semigroup. Since J is completely regular, /> C J, thus J C S;. Lete € E(J).
Now we claim that S; = {a € S | det.(a) # 0}. Let a € S such that eae € J.
Then e | ea | eae | e, thus ea € J. Then for any b € J, we have eab € J. So
ab | eab | b | ab, thus ab € J which implies aJ < J. On the other hand, if b € S
with bJ C J, then ebe € J since J?> C J. Hence we get eae € J if and only if
alJ € J,ie., Sy ={a € S| det.(a) # 0}. Similarly, we have eae € J if and only if
Ja C J.Butby [22, Remark 3.23], we obtain that eae € J if and only if det.(a) # 0.
So

Sy={aeS|JaCJ}={aeS|det,(a) #0}.

Note that J is an ideal of Sy and J is completely simple, thus J is the kernel of S. Since
Sy ={a € S| det.(a) # 0} which is open in S, §; is a linear algebraic semigroup
with kernel J, and if S is irreducible, S is irreducible. O

Throughout this section, we use the notation S, defined by
Sy={aeS|al CJ}

for a linear algebraic semigroup S and a completely regular J-class J of S. Let
e € E(Sy). By [22, Remark 1.3(iii)], the H-class of e in S is equal to the H-class of
e in S;. Moreover, if f € E(S) witheLf in S, thenef =e, fe = f. Thus f € S,
and eL f in S;. Therefore, we have that the two sets of idempotents of the L£-class of
e in § and in S; coincide. Similarly, the two sets of idempotents of the R-class of e
in S and in S, coincide. Then applying the results of the structure of the kernel of S
described in [9] for Sy, it is easy to give the structure of completely regular 7 -classes
of S by the following two corollaries directly.

Corollary 5.2 Let S be a linear algebraic semigroup. Let J € U(S) be completely
regular. Then

@) J=J =

heE(J)

(ii) for any e, f € E(J), H, is isomorphic to Hy as an algebraic group under the
morphism given by x +— gxf for some g € E(J).

Corollary 5.3 Let S be a linear algebraic semigroup. Let J € U(S) be completely
regular, and e € E(J). Then

() J = E(LJ)HE(R,);
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(i1) under the Rees construction J = E(L,) x H, x E(R,),

EU) ={(f.eN7 9| f e ELo), g€ ERJ,

which is isomorphic to E(L,) x E(R,) as an algebraic variety.

Theorem 5.4 Let M be an irreducible linear algebraic monoid with unit group G,
JeUM)ande € E(J). Then

dim J = 2dim G + dim H, — dim CJ;(¢) — dim CL (e).
In particular, if J is completely regular,
dim J = dim G — dim G,.
Proof The algebraic group G x G acts on M via left and right multiplication: (g, &) -
X = gxh’l. From [22, proposition 6.1], we know that the orbit of the element e €

E (M) under this action is just the J-class of e, J,. Consider (G x G),, the isotropy
subgroup of e under the action of G x G. Then

(GXG)eZ{(X,y)GGXG|xey_1:e}
={(x,y) € G x G | xe = exe = eye = ey}.

Hence (G x G), is a closed subgroup of G x G, which contained in Cy; (e) x CIG (e).
By [22, Theorem 6.16] and its proof, we have

Cl.(e)e = eCL(e) = eCg(e) = H,,
dim C;; (e) = dim G’ (¢) + dim H,, dim CL(e) = dim G'(e) + dim H,,

and dim Cg(¢) = dim G, + dim H,.
Let¢ : (G x G) - H, x H,, defined by (x, y) — (xe, ey). Obviously, ¢ is a
homomorphism of algebraic groups. Then

¢((G x G)e) = {(xe, ey) € H, X H, | xe = ey}

is isomorphic to H, as algebraic groups. Hence dim ¢ ((G x G),) = dim H,. Note
that ker(¢) = G” (e) x G!(e). So

dim(G x G), =dim ¢ ((G x G),) + dimker(¢) = dim H, + dim G" (¢) + dim Gl(e).
Since J isthe G x G-orbitof e in M and (G x G), is the isotropy subgroup of e, we have
dim J = dim(G x G)—dim(G x G), = 2dim G —dim H,—dim G (¢)—dim G'(¢) =
2dim G + dim H, — dim C%;(e) — dim CL (e).
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If J is completely regular and e € E(J), then by Theorem 2.2, G = Cé; (e)Cg(e).
Hence dim G = dim CZG (e) +dim Cg; (e) — dim Cg(e). So

dim J = dim G — dim Cg(e) + dim H, = dim G — dim G,.

O

If M is a linear algebraic monoid with unit group G, then the unit group of M
is exactly the unit group G of M. Hence we can study the structure of the algebraic
group G in term of the data of completely regular 7-classes of M. By Theorem 2.2,
e € E(R(G)) if only if J, is a completely regular 7 -class of M. Then using the results
about the kernel [8, Theorem 2.1], [10, Theorem 5.5], [11, Proposition 2.3, Theorem
2.4], we obtain the followings directly.

Corollary 5.5 Let M be an irreducible linear algebraic monoid with unit group G,
and let e € E(R(G)). Then

(1) dim R(G) = dim E(J.) + dim R(G.) + dim R(eGe);
(i) dim R,(G) = dim E(J,) + dim R,(G,) + dim R, (eGe).
(iii) G is reductive if and only if G, and J, are both reductive groups.

Corollary 5.6 Let M be an irreducible linear algebraic monoid with unit group G,
and let e € E(R(G)). Let P be a parabolic subgroup of G. Then

(i) P=Cp(e)R(G) = Cp(e)Ry(G);
(i) P =Cp(e) X R,(G) if and only if G, and H, are both reductive groups;
(ii1) if G, is a reductive group and J, = E(J,), then P = P, X R,(G).

Now we want to generalize the results (Theorems 4.1, 4.2, 4.3) of the Schwarz
radical to the case in terms of a completely regular [7-class J in an irreducible linear
algebraic monoid M. First, we give some properties of M.

Lemma 5.7 Let M be an irreducible linear algebraic monoid. Let J € U(M) be a
completely regular [J-class and e € E(J). Then a | e if and only if eae | e for any
aecM.

Proof Let G be the unit group of M, and a € M. If eae | e, then a | eae | e. So
we only need to prove that if a | e, then eae | e. Suppose a | e. It follows from [22,
Corollary 6.13] that a € GM,G, and thus there exist x, y € G and b € M, such that
a = xby. Thus eae = exbye. And exbe = exe’He following Theorem 2.2. Soexb | e
which implies exb € J. Clearly, ye € J. Since J is completely regular, J> = J.
Hence eae = exbye € J and thus eae | e. O

Proposition 5.8 Let M be an irreducible linear algebraic monoid with unit group G,
and let J € U(M) be a completely regular J-class, e € E(J). Let S = M\ G =
Ujer Si, where S; are the irreducible components of S. Then

Mj={alaeM,ale}=GMG =M\ (Uica$i),

where A ={i € I | foralla € S;, a{e}.
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Proof Given an element a € M, by Lemma 5.7, we have a | e if and only if eae | e.
By the proof of Proposition 5.1, M; = {a | a € M, eae | e}. Hence

Mjy={alaeM, ale}=GM,G
following [22, Corollary 6.13]. In particular,
ate < caete < eae ¢ H, < det,(a) =0.

LetI(¢) ={a|ae M,ate}. ThenlI(e) = {a | a € M,det.(a) = 0} and thus
M\ Mj=1I(e).

If M = G,then S = @ and M; = G. And if J = ker(M), then M; = M.
Suppose M # G and J # ker(M). Now we claim that 7(e) = U;caS;, where
A ={i el | foralla € S;, a t e}. By [22, Theorem 3.15], we can assume
that M is a closed submonoid of some M, (K). Consider ¢ : M — K given by
¢(a) = det,(a) = det(eae + 1 — e). Thus I (e) = ¢~ (0). By [22, Theorem 2.21],
the dimension of every irreducible component of I (e) is p — 1. Since J is completely
regular, w(e) = 1. From Theorem 2.2, we have eGe is the H-class of e. Thus ifa € G,
then eae € H,, which implies a ¢ I(e). So I(e) € M \ G = S. Moreover, by [22,
Proposition 6.2], the dimension of every irreducible component of S is p — 1. Hence
every irreducible component of 7 (e) is also the irreducible component of S. Let Sy be
an irreducible component of S which satisfy that for any element a € S, a t e. Then
So € I(e). Hence I (e) = U;eaS;. Therefore, My = M \ I(e) = M \ (UjeaS;). O

Corollary 5.9 Let M be an irreducible submonoid of M, (K) with unit group G, and
let J € U(M) be a completely regular J-class. Then

laeM|a"eJy={aeM;|a"e€J}.

Proof If a € M with a" € J.Lete € E(J). Thena | a" | e. Soa ¢ I(e). By
Proposition 5.8,a € Mj.Hence {a e M |a" € J} ={ae My |a" € J}. O

For an irreducible linear algebraic monoid M with unit group G. Let J € U(M) be
a completely regular 7-class, we denote

ﬁ:{aeM|aileorsomeieZ+}

and R(J) = {a € M | GaG C +/J}. By Proposition 3.4 and Corollary 5.9, it is easy
to see that the Schwarz radical R ker(M ;) of M is equal to R(J). Moreover, J, A
and R(J) are both affine variety. This is because M is an affine variety and J, VI,
R(J) are both closed in M.

For an irreducible linear algebraic monoid M with unit group G, there is a natural
algebraic group G x G acts on M via left and right multiplication:

(g,h)-x:gxh_lforg,heGanda eM.
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From [22, Proposition 6.1], we know that the orbit of an element a € M under this
action is just the J-class of a, J,. Now we can give a generalization of the results in
Sect. 4 in the language of linear algebraic group actions.

Corollary 5.10 Let M be an irreducible linear algebraic monoid with unit group G,
and let J € U(M) be a completely regular J-class, e € E(J). Then

(i) G, is reductive if and only if J is the unique G x G-stable affine subvariety of
M contained in T (i.e., R(J)=J),

(i) G, is solvable if and only if \/J is a G x G-stable affine subvariety of M
(i.e., R(J)=~T)

Proof Let My ={a € M | aJ C J}. By Proposition 5.1, M is an irreducible linear
algebraic monoid with kernel J. Obviously, the unit group of M; is G. Moreover,
as we see above, the radical of the kernel of M; is equal to V7, and Rker(My) =
Rum,;(J) = R(J). By [22, Theorem 7.4], M is regular if and only if G, is reductive
since e € E(J). Apply Theorems 4.2 and 4.3 for M;, we have G, is reductive
if and only if R(J) = J, and G, is solvable if and only if R(J) = JJ. Since
R(J)={a e M| GaG C +/J}and J is the G x G-orbit of e in M, we have that that
R(J) = J is equivalent to that J is the unique G x G-stable affine subvariety of M
contained in v/J, and R(J) = +/J is equivalent to that VT isa G x G-stable affine
subvariety of M. O

As an immediate consequence of Corollary 5.5(iii), 5.10 and [22, Proposition 6.25]
we have,

Corollary 5.11 Let M be an irreducible linear algebraic monoid with unit group G,
let J € U(M) be a completely regular J-class. Then

(1) G is reductive if and only if J is both a reductive group and the unique G x G-
stable affine subvariety of M contained in \/J ;

(ii) G is solvable if and only if ¥/J is a G x G-stable affine variety and a maximal
subgroup of J is solvable.

Remark 5.12 Let M be an irreducible solvable linear algebraic monoid. Since M is
an sr-semigroup, it is easy to verify that

M= ] V.

JeUU (M)

which is a semilattice of +/J (J e U(M)), and every V/J is an archimedean semigroup
and a nil extension of the completely simple semigroup J.
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