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Abstract. Let k be a field, and M and N two finitely generated graded modules over standard
graded k-algebras A and B, respectively. We will study generalized, sequentially, almost,
and approximately Cohen–Macaulay as well as clean, and pretty clean properties of the
A ⊗k B-module M ⊗k N through the corresponding properties of M and N . The behavior
of these properties with respect to the simplicial join of two simplicial (multi)complexes will
be revealed as corollaries.

1. Introduction

Let � be an abstract simplicial complex on the vertex set [n] := {1, . . . , n}, and
k a field. The Stanley–Reisner ring k[�] of � over k is by definition the quo-
tient ring R/I� where R = k[x1, . . . , xn] is the polynomial ring over k, and I�
is a squarefree monomial ideal generated by all monomials xi1 . . . xir such that
{i1, . . . , ir } �∈ �. When we talk about algebraic properties of � we refer to those of
its Stanley–Reisner ring. Let �′ be a second simplicial complex whose vertex set
differs from �. The simplicial join � ∗ �′ is defined to be the simplicial complex
whose simplicies are of the form σ ∪ σ ′ where σ ∈ � and σ ′ ∈ �′.

The algebraic and combinatorial properties of the simplicial join �∗�′ through
the properties of � and �′ have been studied by a number of authors (cf. [2,6,13],
and [21]). For instance, in [6], Fröberg used the (graded) k-algebra isomorphism
k[� ∗ �′] � k[�] ⊗k k[�′], and proved that the tensor product of two graded
k-algebras is Cohen–Macaulay (resp. Gorenstein) if and only if both of them are
Cohen–Macaulay (resp. Gorenstein).

Our approach is in the same spirit as [6], that is, via tensor product, but in a more
general setting. We assume that A and B are two standard graded k-algebras, i.e.,
finitely generated non-negatively graded k-algebras generated over k by elements
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of degree 1, and M and N are two finitely generated graded modules over A and B,
respectively. We study various sorts of Cohen–Macaulayness (cf. Sect. 2), cleanness
(cf. Definition 3.1), and pretty cleanness (cf. Definition 4.1) of the A ⊗k B-module
M ⊗k N through the corresponding properties of M and N .

In [2], the authors presented a purely combinatorial argument for showing that
sequential Cohen–Macaulayness is preserved under simplicial join. In Sect. 2, we
will give a more general algebraic version of this result which shows that the
A ⊗k B-module M ⊗k N is sequentially Cohen–Macaulay (cf. Theorem 2.11) if
and only if both M and N are sequentially Cohen–Macaulay. We also consider
other variations of Cohen–Macaulayness (such as Buchsbaumness) which are not
well-behaved with respect to the simplicial join, in the sense that, in general they
are not preserved by the simplicial join.

In [13, Corollary 2.9], the authors combinatorially proved that the join of two
shellable simplicial complexes is shellable. On the other hand, we know by a result
of Dress [3] that cleanness is an algebraic counterpart of shellability. Therefore, the
tensor product of two clean Stanley–Reisner rings is clean if both of them are clean.
In Sect. 3, we will show that if the A-module M and the B-module N are clean, then
under a suitable hypothesis, the A⊗k B-module M ⊗k N is clean (cf. Theorem 3.3).
As a corollary, we will show that for two arbitrary monomial ideals I and J in the
polynomial rings R = k[x1, . . . , xn] and S = k[y1, . . . , ym], respectively, we have
R/I ⊗k S/J is clean if and only if both R/I and S/J are clean (cf. Corollary 3.8).

The simplicial complex � can be regarded as a subset of {0, 1}n which is closed
under going down, i.e., if a ∈ �, b ∈ {0, 1}n , and b ≤ a (componentwise), then
b ∈ �. Replacing {0, 1}n by N

n in this definition where N is the set of natural
numbers including 0, we get the definition of a simplicial multicomplex which is
due to Stanley [16]. To remedy a defect, Herzog and Popescu [8] improved the
Stanley’s definition slightly and generalized the classical concept of shellability to
the simplicial multicomplexes. They also introduced the algebraic counterpart of
this new notion of shellability which is called pretty cleanness. For two simplicial
multicomplexes � and �′, we can define the simplicial join � ∗ �′ in a natural
way (cf. Sect. 4). Our final goal in this paper is to show that the simplicial join of
two shellable simplicial multicomplexes is shellable precisely when both of them
are shellable. We will show that for two arbitrary monomial ideals I and J in the
polynomial rings R = k[x1, . . . , xn] and S = k[y1, . . . , ym], respectively, we have
R/I ⊗k S/J is pretty clean if and only if both R/I and S/J are pretty clean (cf.
Corollary 4.8).

2. Some sorts of Cohen–Macaulayness

Throughout this paper k will denote a field. Let M and N be two finitely ge-
nerated graded modules over standard graded k-algebras A and B, respectively.
In this section, we provide some necessary and sufficient conditions for genera-
lized, sequentially, almost, and approximately Cohen–Macaulay properties of the
A ⊗k B-module M ⊗k N in terms of the corresponding properties of the modules
M and N .
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Our method in this section is heavily based on the following lemma which is an
immediate consequence of the Künneth tensor formula (cf. [19, Theorem 9.3.2]).

Lemma 2.1. Let A and B be two k-algebras. Assume that M and M ′ are
A-modules, and N and N ′ are B-modules. Then for all i ≥ 0, we have the isomor-
phism of A ⊗k B-modules

Exti
A⊗k B(M ⊗k N , M ′ ⊗k N ′) �

⊕

p+q=i

Ext p
A(M, M ′) ⊗k Extq

B(N , N ′).

Proof. Let F be a free resolution of the A-module M , and G be a free resolution
of the B-module N , respectively. Then F ⊗k G is a free resolution of the A ⊗k

B-module M ⊗k N , by [19, Theorem 9.3.2]. We have the natural isomorphism of
complexes

HomA⊗k B(F ⊗k G, M ′ ⊗k N ′) � HomA(F, M ′) ⊗k HomB(G, N ′).
Hence, using the Künneth tensor formula (cf. [19, Theorem 9.3.2]) we have

Hi (HomA⊗k B(F ⊗k G, M ′ ⊗k N ′)) �
⊕

p+q=i

H p(HomA(F, M ′)) ⊗ Hq (HomB(G, N ′)),

as required. 
�
To emphasize the graded maximal ideal m of a standard graded algebra A, we

use the notation (A,m). As an application of Lemma 2.1, we have the following
key observation.

Theorem 2.2. Let M and N be two finitely generated graded modules over stan-
dard graded k-algebras (A,m) and (B, n), respectively. Assume that M := m ⊗k

B + A ⊗k n. Then for all i ≥ 0, we have the isomorphism of A ⊗k B-modules

Hi
M(M ⊗k N ) �

⊕

p+q=i

H p
m(M) ⊗k Hq

n(N ).

Proof. We assume that A = R/I and B = S/J where R = k[x1, . . . , xn] and S =
k[y1, . . . , ym] are polynomial rings over the field k, and I and J are homogeneous
ideals in R and S, respectively. Then T := R ⊗k S = k[x1, . . . , xn, y1, . . . , ym],
and so A ⊗k B � T/(I T + J T ). We have

Exti
T (M ⊗k N , T ) � Exti

R⊗kS(M ⊗k N , R ⊗k S)

�
⊕

p+q=i

Ext p
R(M, R) ⊗k Extq

S(N , S),

where the second isomorphism follows from Lemma 2.1. Since the Matlis duality
functor (−)∨ := Homk(−, k) is well-behaved with respect to the finite direct
sum ⊕p+q=i and the tensor product ⊗k, by the local duality theorem we get the
isomorphism of R ⊗k S-modules

Hi〈x1,...,xn ,y1,...,ym 〉(M ⊗k N ) �
⊕

p+q=i

H p
〈x1,...,xn〉(M) ⊗k Hq

〈y1,...,ym 〉(N ).

Now, the result follows from the independence theorem for local cohomology. 
�
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Corollary 2.3. Let M and N be two finitely generated graded modules over stan-
dard graded k-algebras (A,m) and (B, n), respectively. Then

(1) dimA⊗k B(M ⊗k N ) = dimA(M) + dimB(N ).
(2) depthA⊗k B(M ⊗k N ) = depthA(M) + depthB(N ).

Proof. Both statements follow from Theorem 2.2, and the equalities

dimA(M) = max{i : Hi
m(M) �= 0},

and

depthA(M) = min{i : Hi
m(M) �= 0},

respectively. 
�
Lemma 2.4. Let M and N be two graded modules over standard graded k-algebras
A and B, respectively. Assume that M ⊗k N �= 0. Then the length �A⊗k B(M ⊗k N )

is finite if and only if both �A(M) and �B(N ) are finite.

Proof. If both �A(M) and �B(N ) are finite. Then both M and N are Noetherian
and Artinian. Therefore M ⊗k N is Noetherian, and dimA(M) = dimB(N ) = 0.
It follows from Corollary 2.3 that dimA⊗k B(M ⊗k N ) = 0 and so M ⊗k N is
Artinian, as required.

Conversely, suppose the contrary that M is not Noetherian. Then there exists
a strictly ascending chain of submodules of M which is not stationary. Extending
this chain of submodules in M ⊗k N , we conclude that M ⊗k N is not Noetherian
which is a contradiction. Moreover, since dimA⊗k B(M ⊗k N ) = 0, we conclude
that dimA(M) = dimB(N ) = 0, as desired. 
�
Definition 2.5. Let M be a finitely generated graded module over a standard graded
k-algebra (A,m)with dimA M = d. The A-module M is called generalized Cohen–
Macaulay if the length of the A-module Hi

m(M) is finite for i = 0, 1, . . . , d − 1.

Theorem 2.6. Let M and N be two finitely generated graded modules over stan-
dard graded k-algebras (A,m) and (B, n), respectively. Assume that both dimA M
and dimB N are positive. Then the following conditions are equivalent:

(1) M ⊗k N is generalized Cohen–Macaulay.
(2) M ⊗k N is Buchsbaum.
(3) M ⊗k N is Cohen–Macaulay.
(4) Both M and N are Cohen–Macaulay.

Proof. (4) ⇒ (3): Follows from Corollary 2.3.
(3) ⇒ (2): Trivial.
(2) ⇒ (1): Follows from [17, Corollary I.2.4].
(1) ⇒ (4): We assume that dimA M = d and dimB N = d ′. Then by Corol-

lary 2.3, we have dimA⊗k B(M ⊗k N ) = d + d ′. For each i = 0, 1, . . . , d + d ′ − 1,
we have �(Hi

M(M ⊗k N )) < ∞ where M = m⊗k B + A⊗k n. Let 0 ≤ i ≤ d ′ −1.

Then by Theorem 2.2, Hd
m(M)⊗k Hi

n(N ) is a direct summand of Hd+i
M (M⊗N ) and
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so must be of finite length. Since Hd
m(M) is not finitely generated, by Lemma 2.4,

we conclude that Hi
n(N ) = 0 for all 0 ≤ i ≤ d ′ − 1. This implies that N is a

Cohen–Macaulay B-module. Similarly, we can show that M is a Cohen–Macaulay
A-module. 
�
Remark 2.7. If dimB N = 0, then dimA⊗k B M ⊗k N = dimA M , and for each
i ≥ 0, we have Hi

M(M ⊗k N ) � Hi
m(M) ⊗k H0

n(N ). Consequently, M ⊗k N is
generalized Cohen–Macaulay if and only if M is generalized Cohen–Macaulay.

Remark 2.8. The notion of generalized Cohen–Macaulay was introduced in [15].
For a simplicial complex � this notion coincides with the so-called notion of Buchs-
baum. Buchsbaum simplicial complexes have several algebraic and combinatorial
characterizations (cf. [12,17]). For instance, a simplicial complex � is Buchsbaum
over a field k if and only if it is pure and locally Cohen–Macaulay (i.e., the link of
each vertex is Cohen–Macaulay). Recall that the link of a face σ ∈ � is defined
as link�(σ) := {τ ∈ � | σ ∩ τ = ∅, σ ∪ τ ∈ �}. Using this characteriza-
tion, we can see that the simplicial join of the triangulation of a cylinder (which
is Buchsbaum [17, Example II.2.13(i)]) with a simplicial complex with only one
vertex (which is Cohen–Macaulay [17, Example II.2.14(ii)] and so Buchsbaum) is
not Buchsbaum.

Corollary 2.9. Let � and �′ be two simplicial complexes over disjoint vertex sets.
Then � ∗ �′ is Buchsbaum (over k) if and only if � and �′ are Cohen–Macaulay
(over k).

Definition 2.10 (Stanley [16]). Let A be a standard graded k-algebra. Let M be a
finitely generated graded A-module. We say that M is sequentially Cohen–Macaulay
if there exists a finite filtration (called Cohen–Macaulay filtration)

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr = M

of M by graded submodules Mi satisfying the two conditions:

(1) Each quotient Mi/Mi−1 is Cohen–Macaulay.
(2) dim(M1/M0) < dim(M2/M1) < · · · < dim(Mr/Mr−1) where dim denotes

Krull dimension.

Theorem 2.11. Let A and B be two standard graded k-algebras. Let M and N be
two finitely generated graded modules over A and B, respectively. Then M ⊗k N
is sequentially Cohen–Macaulay A ⊗k B-module if and only if M and N are
sequentially Cohen–Macaulay over A and B, respectively.

Proof. We assume that A = R/I and B = S/J where R = k[x1, . . . , xn] and
S = k[y1, . . . , ym] are polynomial rings over the field k, and I and J are homoge-
neous ideals in R and S, respectively. Let T := R⊗kS = k[x1, . . . , xn, y1, . . . , ym].
Then A⊗k B � T/(I T + J T ). To prove the result, it is enough to show that M⊗k N
is sequentially Cohen–Macaulay over T if and only if M and N are sequentially
Cohen–Macaulay over R and S, respectively.
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First we assume that M and N are sequentially Cohen–Macaulay over R and
S, respectively. We show that Exti

T (M ⊗k N , T ) is either 0 or Cohen–Macaulay of
dimension n + m − i which by [8, Theorem 2.4] will give us the result. We have

Exti
T (M ⊗k N , T ) � Exti

R⊗kS(M ⊗k N , R ⊗k S)

�
⊕

p+q=i

Ext p
R(M, R) ⊗k Extq

S(N , S),

where the second isomorphism follows from Lemma 2.1. The R-module
Ext p

R(M, R) is either 0 or Cohen–Macaulay of dimension n − p because M is se-
quentially Cohen–Macaulay. Similarly, Extq

S(N , S) is either 0 or Cohen–Macaulay
of dimension m − q. If both of them are non-zero, then by Corollary 2.3 and Theo-
rem 2.6, Ext p

R(M, R) ⊗k Extq
S(N , S) is Cohen–Macaulay of dimension (n − p) +

(m − q) = n + m − i , as required.
Conversely, assume that M ⊗k N is sequentially Cohen–Macaulay over T =

R ⊗k S. Assume in addition that Ext p
R(M, R) �= 0. We prove that Ext p

R(M, R) is
Cohen–Macaulay of dimension n− p. There exist some integer q with codim(N ) ≤
q ≤ proj-dimS(N ) such that Extq

S(N , S) �= 0. Hence Ext p
R(M, R)⊗kExtq

S(N , S) is
a non-zero direct summand of the (n+m)−(p+q)-dimensional Cohen–Macaulay
module Ext p+q

T (M ⊗k N , T ) and so we have

depth(Ext p
R(M, R) ⊗k Extq

S(N , S)) ≥ depth(Ext p+q
T (M ⊗k N , T ))

= dim(Ext p+q
T (M ⊗k N , T ))

≥ dim(Ext p
R(M, R) ⊗k Extq

S(N , S)).

Therefore Ext p
R(M, R) ⊗k Extq

S(N , S) is Cohen–Macaulay, and we have

dim Ext p
R(M, R) + dim Extq

S(N , S) = n + m − (p + q).

Since dim Ext p
R(M, R) ≤ n − p and dim Extq

S(N , S) ≤ m − q, by [1, Corollary
3.5.11], we conclude that dim Ext p

R(M, R) = n − p, as required. 
�
Remark 2.12. We refer the reader to [4, Theorem 3.3], [16, Proposition II.2.10],
and [20, Proposition 1.4] for three different combinatorial characterizations of the
sequentially Cohen–Macaulay simplicial complexes.

Corollary 2.13. Let � and �′ be two simplicial complexes over disjoint vertex sets.
Then � ∗ �′ is sequentially Cohen–Macaulay (over k) if and only if � and �′ are
sequentially Cohen–Macaulay (over k).

Definition 2.14. Let M be a finitely generated graded module over a standard gra-
ded k-algebra A with dimA(M) = d.

(1) The A-module M is called almost Cohen–Macaulay if depth M ≥ d − 1.
(2) Let {N1, . . . , Nn} denote a reduced primary decomposition of the A-module

M where each N j is a p j -primary submodule of M . Let

UM (0) :=
⋂

dim A/pj =d

N j .
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The A-module M is called approximately Cohen–Macaulay whenever it is
almost Cohen–Macaulay and M/UM (0) is Cohen–Macaulay.

Remark 2.15. The notion of almost Cohen–Macaulay has had different meanings
in the literature. The definition here, was obtained from [10]. The original definition
of the approximately Cohen–Macaulay property was given by Goto [7] for rings.
The definition here, was taken from [14, Definition 4.4].

Theorem 2.16 ([14, Proposition 4.5]). Let M be a finitely generated graded module
over a standard graded k-algebra A. Then M is approximately Cohen–Macaulay
if and only if it is sequentially and almost Cohen–Macaulay.

Theorem 2.17. Let M and N be two finitely generated graded modules over stan-
dard graded k-algebras A and B, respectively. Assume that M is not Cohen–
Macaulay. Then

(1) M ⊗k N is almost Cohen–Macaulay if and only if M is almost Cohen–
Macaulay and N is Cohen–Macaulay.

(2) M ⊗k N is approximately Cohen–Macaulay if and only if M is approximately
Cohen–Macaulay and N is Cohen–Macaulay.

Proof. To prove statement (1), we assume that M⊗k N is almost Cohen–Macaulay.
Then by Corollary 2.3, we can write

0 ≤ (dimA M − depthA M) + (dimB N − depthB N ) ≤ 1.

This implies that depthA M = dimA M − 1 and depthB N = dimB N because M
is not Cohen–Macaulay, as required.

The converse statement can be proved similarly, by using Corollary 2.3.
(2) follows from statement (1), Theorem 2.11, and Theorem 2.16. 
�

Remark 2.18. For simplicial complexes, the notions of almost and approximately
Cohen–Macaulay have combinatorial characterizations. A simplicial complex �

is almost Cohen–Macaulay over a field k if and only if the codimension one ske-
leton of � is Cohen–Macauly over k (cf. [1, Exercise 5.1.22]). Recall that the
r -skeleton of the simplicial complex � is defined as �r := {σ ∈ � | dim σ ≤
r}. By Theorem 2.16, an approximately simplicial complex � can be described
combinatorially through the several combinatorial characterizations of sequential
Cohen–Macaulayness (cf. Remark 2.12).

Example 2.19. (1) Every disconnected simplicial complex of dimension 1 or
connected non-pure simplicial complex of dimension 2 is almost Cohen–
Macaulay.

(2) Every connected non-pure shellable simplicial complex of dimension 2 is
approximately Cohen–Macaulay.

Corollary 2.20. Let � and �′ be two simplicial complexes over disjoint vertex sets.
Then

(1) � ∗ �′ is almost Cohen–Macaulay (over k) if and only if one of � or �′ is
Cohen–Macaulay (over k) and the other is almost Cohen–Macaulay (over k).
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(2) �∗�′ is approximately Cohen–Macaulay (over k) if and only if one of � or �′
is Cohen–Macaulay (over k) and the other is approximately Cohen–Macaulay
(over k).

Example 2.21. Consider the simplicial complex � = 〈{x1, x2, x5}, {x3, x4, x5}〉
over the vertex set {x1, . . . , x5}. We have � = �′ ∗ �" where �′ = 〈{x1, x2},
{x3, x4}〉 is a simplicial complex over {x1, . . . , x4}, and �" = 〈{x5}〉 is a sim-
plicial complex over {x5}. We have �′ is almost Cohen–Macaulay because it is
1-dimensional and disconnected. Hence, � is almost Cohen–Macaulay because
�" is Cohen–Macaulay.

3. Cleanness

The notion of cleanness was introduced by Dress in [3] as an algebraic counterpart
of the notion of shellability for the simplicial complexes. The aim of this section is
to present an algebraic way to show that shellability is preserved under simplicial
join.

For a non-zero finitely generated module M over a Noetherian ring A, it is
well-known (cf. [11, Theorem 6.4]) that there exists a finite prime filtration

F : 0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr−1 ⊂ Mr = M

with the cyclic quotients Mi/Mi−1 � A/pi where pi ∈ SuppA(M). The support
of F is the set of prime ideals SuppA(F) := {p1, . . . , pr }. By [11, Theorem 6.3],
we have

MinA(M) ⊆ AssA(M) ⊆ SuppA(F) ⊆ SuppA(M).

Here, SuppA(M), MinA(M), and AssA(M) denote the usual support of M , the set of
minimal primes of SuppA(M), and the set of associated primes of M , respectively.

Definition 3.1 (Dress [3]). A prime filtration F of a non-zero finitely generated
module M over a Noetherian ring A is called clean if SuppA(F) ⊆ MinA(M). The
A-module M is called clean if it admits a clean filtration.

Remark 3.2. In [8, Lemma 3.1], Herzog and Popescu gave the following useful
characterization of a clean filtration: A prime filtration F of a non-zero finitely
generated module M over a Noetherian ring A is clean if and only if for all i, j for
which pi ⊆ p j it follows that pi = p j .

Theorem 3.3. Let A and B be two Noetherian k-algebras such that A ⊗k B
is Noetherian. Let M and N be two finitely generated modules over A and B,
respectively. Assume that A/p ⊗k B/q is an integral domain for all p ∈ AssA(M),
and q ∈ AssB(N ). If M and N are clean, then M ⊗k N is clean.

Remark 3.4. In this paper, we are interested in the case that A and B are polynomial
rings over the field k, and M = A/I and N = B/J where I and J are monomial
ideals. In this case, A/p ⊗k B/q is an integral domain for all p ∈ AssA(M), and
q ∈ AssB(N ) because the prime ideals are generated by variables. However, there
are other cases for satisfying the hypothesis. For instance, we can consider the case
that the field k is algebraically closed (cf. [5, Exercise A1.2]).
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In the sequel, we provide the requirements for the proof of Theorem 3.3.

Lemma 3.5. Let A and B be two k-algebras. Let I, I ′ be ideals of A, and J, J ′
ideals of B such that I ⊗k B + A ⊗k J ⊆ I ′ ⊗k B + A ⊗k J ′. Then I ⊆ I ′ and
J ⊆ J ′.

Proof. We may assume that I ′ �= A and J ′ �= B. We consider the diagram

A ⊗k B/(I ⊗k B + A ⊗k J )
α−−−−→ A ⊗k B/(I ′ ⊗k B + A ⊗k J ′)

β

�⏐⏐
⏐⏐�β ′

A/I ⊗k B/J
ϕ−−−−→ A/I ′ ⊗k B/J ′

in which α is a natural ring epimorphism, β, β ′ are ring isomorphisms defined by

β((a + I ) ⊗ (b + J )) = (a ⊗ b) + I ⊗k B + A ⊗k J,

β ′((a ⊗ b) + I ′ ⊗ B + A ⊗ J ′) = (a + I ′) ⊗ (b + J ′),

and ϕ = β ′ ◦α ◦β. We can check that ϕ((a + I )⊗ (b + J )) = (a + I ′)⊗ (b + J ′).
Now, we consider an arbitrary element x ∈ I . Then for an element y �∈ J ′, we have

0 = ϕ((x + I ) ⊗ (y + J )) = (x + I ′) ⊗ (y + J ′),

which implies x ∈ I ′. Similarly, we have J ⊆ J ′. 
�
Lemma 3.6. Let ϕ : A → B be a homomorphism of Noetherian rings. Let M be a
finitely generated A-module, and N a finitely generated B-module which is flat over
A by means of ϕ. Assume that M ⊗A N �= 0. Then for each prime filtration FM of
the A-module M, there exist a prime filtration FM⊗A N of the B-module M ⊗A N,
and a prime filtration FN/pN of the B-module N/pN for each p ∈ SuppA FM with
N �= pN such that

SuppB FM⊗A N =
⋃

p∈SuppA FM

N �=pN

SuppB FN/pN .

Proof. We assume that

FM : 0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr = M

with cyclic quotients Mi/Mi−1 � A/pi with pi ∈ SuppA(M). We consider the
filtration

0 = M0 ⊗A N ⊆ M1 ⊗A N ⊆ · · · ⊆ Mr ⊗A N = M ⊗A N .

We have

(Mi ⊗A N )/(Mi−1 ⊗A N ) � (Mi/Mi−1) ⊗A N � N/pi N



264 H. Sabzrou et al.

in which the first isomorphism holds because of A-flatness of N . Hence Mi ⊗A N =
Mi−1 ⊗A N precisely when N = pi N . Let {i0, . . . , i�} be a subset of {0, 1, . . . , r}
for which we have

0 = Mi0 ⊗A N ⊂ Mi1 ⊗A N ⊂ · · · ⊂ Mi� ⊗A N = M ⊗A N . (*)

We assume that F j is a prime filtration of the B-module (Mi j ⊗A N )/(Mi j−1

⊗A N ) � N/pi j N , for each j = 1, . . . , �, and we regard it as

F j : Mi j−1 ⊗A N = L j,0 ⊂ L j,1 ⊂ · · · ⊂ L j,s j = Mi j ⊗A N .

We can refine the filtration (∗) to a prime filtration FM⊗A N of the B-module M⊗A N
by inserting the filtration F j in it for all j = 1, . . . , �. Using this observation, we
can conclude the result. 
�
Corollary 3.7. Let A and B be two Noetherian k-algebras such that A ⊗k B is
Noetherian. Let M and N be two non-zero modules over A and B, respectively.
Then

(1) AssA⊗k B(M ⊗k N ) = ⋃
p∈AssA(M)

⋃
q∈AssB (N ) AssA⊗k B(A/p ⊗k B/q).

(2) Assume in addition that the A-module M and the B-module N are finitely
generated modules with prime filtration FM and FN , respectively. Then there
exist a prime filtration FM⊗k N of the A ⊗k B-module M ⊗k N and a prime
filtration FA/p⊗k B/q of the A ⊗k B-module A/p ⊗k B/q for each prime p ∈
SuppA FM and q ∈ SuppB FN such that

SuppA⊗k B FM⊗k N =
⋃

p∈SuppA FM

⋃

q∈SuppB FN

SuppA⊗k B FA/p⊗k B/q.

Proof. Both statements can be proved by the same technique and by using [11,
Theorem 23.2(ii)] and Lemma 3.6, respectively. We only prove (2).

The A ⊗k B-module A ⊗k N is A-flat by means of the homomorphism A →
A ⊗k B. Since M ⊗k N � M ⊗A (A ⊗k N ), we can apply Lemma 3.6 to write

SuppA⊗k B FM⊗k N = SuppA⊗k B FM⊗A(A⊗k N )

=
⋃

p∈SuppA FM

SuppA⊗k B FA/p⊗A(A⊗k N ).

Now the A⊗k B-module A/p⊗k B is flat over B by means of the homomorphism
B → A⊗k B of Noetherian rings. Hence we can use the isomorphism A/p⊗k N �
(A/p ⊗k B) ⊗B N along with Lemma 3.6 to write

SuppA⊗k B FN⊗B (A/p⊗k B) =
⋃

q∈SuppB FN

SuppA⊗k B F(A/p⊗k B)⊗B B/q,

which implies the result. 
�
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Proof of Theorem 3.3. Let FM and FN be the clean filtration of the A-module M
and the B-module N , respectively. By Lemma 3.6, there exists a prime filtration
FM⊗k N of A ⊗k B-module M ⊗k N , and a prime filtration FA/p⊗k B/q for each
p ∈ SuppA FM and q ∈ SuppB FN such that

SuppA⊗k B FM⊗k N =
⋃

p∈SuppA FM

⋃

q∈SuppB FN

SuppA⊗k B FA/p⊗k B/q.

Since FM and FN are clean, we have that

SuppA FM = AssA(M), and SuppB FN = AssB(N ).

On the other hand, our hypothesis implies that

SuppA⊗k B FA/p⊗k B/q = AssA⊗k B(A/p ⊗k B/q).

Combining these relations with Corollary 3.7, we see that

SuppA⊗k B FM⊗k N = AssA⊗k B(M ⊗k N )

=
⋃

p∈AssA(M)

⋃

q∈AssB (N )

{p ⊗k B + A ⊗k q}.

If we assume that p ⊗k B + A ⊗k q ⊆ p′ ⊗k B + A ⊗k q′ for p, p′ ∈ AssA(M)

and q, q′ ∈ AssB(N ), then we have p ⊆ p′ and q ⊆ q′, by Lemma 3.5. Therefore
by cleanness of M and N , we get the result. 
�

We are now ready to state and prove the main result of this section.

Corollary 3.8. Let I and J be two arbitrary monomial ideals in the polynomial
rings R = k[x1, . . . , xn] and S = k[y1, . . . , ym], respectively. Then R/I ⊗k S/J is
clean if and only if R/I and S/J are clean.

Proof. If R/I and S/J are clean, then we can apply Theorem 3.3 to get the result.
Conversely, let T = R ⊗k S, and

FT/(I+J ) : I + J = L0 ⊂ L1 ⊂ · · · ⊂ Lr−1 ⊂ Lr = T

be a clean filtration of T/(I + J ) such that

(1) Li = (Li−1, ui ) where ui is a monomial in T ; and
(2) Li/Li−1 � T/Pi where Pi = (Li−1 : ui ) is a monomial prime ideal of T .

We have Pi ∈ Ass(T/(I + J )) because FT/(I+J ) is clean. Setting Ii := Li ∩ R,
we get the filtration

I0 ⊆ I1 ⊆ · · · ⊆ Ir = R.

We have I0 = I , and Ii = Ii−1 precisely when ui �∈ R. Let {i0, . . . , i�} be the
subset of {0, . . . , r} for which we have Ii j is properly contained in Ii j+1 in the
filtration

I = Ii0 ⊂ Ii1 ⊂ · · · ⊂ Ii� = R.



266 H. Sabzrou et al.

Then we have

Ii j /Ii j−1 = (Ii j−1 , ui j )/Ii j−1

� R/(Ii j−1 :R ui j )

= R/(Li j−1 :T ui j ) ∩ R

= R/(Pi j ∩ R).

We set pi j := Pi j ∩ R. For all i j , ik for which we have pi j ⊆ pik , we can consider
the inclusion pi j + q ⊆ pik + q in Ass(T/(I + J )) = Supp FT/(I+J ) where
q ∈ AssS(S/J ). Since FT/(I+J ) is clean, we conclude that pi j = pik , as required.


�

4. Pretty cleanness

The aim of this section is to present an algebraic way to show that the notion of shel-
lability for the simplicial multicomplexes introduced by Herzog and Popescu [8]
is preserved under simplicial join of multicomplexes. Here we recall some basic
definitions and results related to multicomplexes, and we refer the reader to [8,
Sect. 9] for more details.

For a subset � ⊆ N
n∞ where N∞ := N ∪ {∞} with a < ∞ for all a ∈ N, the

set of all maximal elements of � with respect to the componentwise partial order
≤ is denoted by M(�). The subset � is called a multicomplex if it is closed under
going down, and for each element a ∈ �, there exists m ∈ M(�) with a ≤ m.

For each multicomplex � ⊆ N
n∞, the k-subspace in R = k[x1, . . . , xn] spanned

by all monomials xa1
1 . . . xan

n with (a1, . . . , an) �∈ � is a monomial ideal denoted by
I� . The correspondence � � k[�] := R/I� constitutes a bijective from simplicial
multicomplexes � in N

n∞ to monomial ideals inside R.
Let �′ ⊆ N

m∞ be a second simplicial multicomplex. The simplicial join � with
�′ is the simplicial multicomplex

� ∗ �′ := {ā + b̄ | a ∈ � and b ∈ �′} ⊆ N
n+m∞ ,

where − : N
n∞ → N

n+m∞ and − : N
m∞ → N

n+m∞ are canonical embedding
defined by ā := (a1, . . . , an, 0, . . . , 0) and b̄ := (0, . . . , 0, b1, . . . , bm) where
a := (a1, . . . , an) and b := (b1, . . . , bm). As in the case of simplicial complexes,
we have the (graded) k-algebra isomorphism k[� ∗ �′] � k[�] ⊗k k[�′].

A multicomplex � is shellable in the sense of [8, Definition 10.2] if and only if
the k-algebra k[�] is pretty clean in the following sense.

Definition 4.1 (Herzog and Popescu [8]). A prime filtration

F : 0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr−1 ⊂ Mr = M

of a non-zero finitely generated module M over a Noetherian ring A with the cyclic
quotients Mi/Mi−1 � A/pi is called pretty clean if for all i < j for which pi ⊆ p j

it follows that pi = p j . The module M is called pretty clean if it admits a pretty
clean filtration.
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To prove our main result we use the concept of dimension filtration which is
originally due to Schenzel [14].

Definition 4.2. Let M be a finitely generated module over a Noetherian ring A with
dim(M) = d. The filtration

0 ⊆ Q0
A(M) ⊆ Q1

A(M) ⊆ · · · ⊆ Qd
A(M) = M,

which is defined by the property that Qi
A(M) is the largest submodule of M with

dim Qi
A(M) ≤ i is called the dimension filtration of M .

Remark 4.3. Let Assi
A(M) := {p ∈ AssA(M) | dim(A/p) > i} for i = 0, . . . , d.

Then by [14, Proposition 2.2], we have Qi
A(M) = H0

Ai
A
(M) where Ai

A is the

product of all p ∈ AssA(M)\ Assi
A(M) with the convention that Ai

A = A if
AssA(M)\ Assi

A(M) is empty. Consequently, when M is a graded module, then
all modules Qi

A(M) are graded.

Remark 4.4. It is obvious that if dim Qi+1
A (M) ≤ i , then Qi

A(M) = Qi+1
A (M).

Hence, we can describe the dimension filtration of the A-module M as the filtration

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mt−1 ⊂ Mt = M

of M in which Mi−1 is the largest submodule of Mi which has dimension strictly
less than dim Mi for all i . Moreover, for i = 1, . . . , t we have Mi = Qdi

A (M)

where di = dim Mi . In the remainder of this section, we use this description of a
dimension filtration.

Lemma 4.5. Let ϕ : (A,m) → (B, n) be a homomorphism of standard graded
k-algebras with ϕ(m) ⊆ n. Let M be a non-zero finitely generated graded
A-module, and N a non-zero finitely generated graded B-module which is flat over
A by means of ϕ. Assume that for each p ∈ Assk

A(M) and k = 0, . . . , dim M − 1,
we have

AssB(N/pN ) = Assk+�
B (N/pN ),

where � = dimB(N/mN ). If

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mt = M

is the dimension filtration of the A-module M, then

0 = M0 ⊗A N ⊂ M1 ⊗A N ⊂ · · · ⊂ Mt ⊗A N = M ⊗A N

is the dimension filtration of the B-module M ⊗A N.

Proof. It follows from the equality Qk
A(M) ⊗A N = Qk+�

B (M ⊗A N ) which can
be proved by an argument similar to [18, Proposition 3]. 
�
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Lemma 4.6. Let M and N be two finitely generated graded modules over standard
graded algebras (A,m) and (B, n), respectively. Assume A/p⊗k B/q is an integral
domain for all p ∈ AssA(M) and q ∈ AssB(N ). Assume in addition that

(0) = M0 ⊂ M1 ⊂ · · · ⊂ Ms = M

and

(0) = N0 ⊂ N1 ⊂ · · · ⊂ Nt = N

are the dimension filtration of M and N. Then there exists the dimension filtration

· · · ⊂ Mi−1 ⊗k N = Li,0 ⊂ Li,1 ⊂ · · · ⊂ Li,t = Mi ⊗k N ⊂ · · ·
of the A ⊗k B-module M ⊗k N such that

Li, j/Li, j−1 � (Mi/Mi−1) ⊗k

(
N j/N j−1

)

for all i and j .

Proof. We show that the filtration

(0) = M0 ⊗k N ⊂ · · · ⊂ Ms ⊗k N = M ⊗k N

can be refined to the desired dimension filtration of the A ⊗k B-module M ⊗k N .
To this end, first we claim that for each factor Mi/Mi−1, the filtration

(0) = (Mi/Mi−1) ⊗k N0 ⊂ · · · ⊂ (Mi/Mi−1) ⊗k Nt = (Mi/Mi−1) ⊗k N (*)

is the dimension filtration of (Mi/Mi−1) ⊗k N .
To prove the claim, we notice that the B-module N is finitely generated, and

the A ⊗k B-module (Mi/Mi−1) ⊗k B is finitely generated and B-flat by means of
the homomorphism B → A ⊗k B. Hence, by Lemma 4.5, we need only to prove
that for each q ∈ Assk

B(N ) with 0 ≤ k ≤ dim(N ) − 1,

AssA⊗k B(B/q ⊗k Mi/Mi−1) = Assk+�
A⊗k B(B/q ⊗k Mi/Mi−1),

where � = dimA⊗k B(B/n ⊗k Mi/Mi−1).
For an arbitrary element P ∈ AssA⊗k B(B/q⊗k Mi/Mi−1), there exists an ele-

ment p ∈ AssA(Mi/Mi−1) such that P ∈ AssA⊗k B(B/q⊗k A/p), by Corollary 3.7.
Hence our hypothesis implies that P = p ⊗k B + A ⊗k q, and so

dim((A ⊗k B)/P) = dim(B/q ⊗k A/p)

= dim B/q + dim A/p

> k + dim A/p.

Since Mi−1 is the largest graded submodule of Mi of dimension strictly less than
dim Mi , we can see that dim A/p = dim(Mi/Mi−1). Hence using the equality

dimA(Mi/Mi−1) = dimA⊗k B(B/n ⊗k Mi/Mi−1) = �,

we conclude that dim((A ⊗k B)/P) > k + � which proves our claim.
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Now, the above claim along with the isomorphism

(Mi/Mi−1) ⊗k N � (Mi ⊗k N )/(Mi−1 ⊗k N )

imply that there exists a dimension filtration

(0) = Li,0/(Mi−1 ⊗ N ) ⊂ · · · ⊂ Li,t/(Mi−1 ⊗ N )

for A ⊗k B-module (Mi ⊗ N )/(Mi−1 ⊗ N ) for which we have

Li, j/Li, j−1 � (Mi/Mi−1) ⊗k (N j/N j−1).

Finally, we notice that Li, j−1 is the largest submodule of Li, j which has
dimension strictly less than dimA⊗k B(Li, j ) because Li, j−1/(Mi−1 ⊗k N ) is the
largest submodule of Li, j/(Mi−1 ⊗k N ) whose dimension is strictly less than
dimA⊗k B(Li, j/(Mi−1 ⊗ N )). 
�
Theorem 4.7. Let M and N be two finitely generated graded modules over stan-
dard graded Cohen–Macaulay k-algebras (A,m) and (B, n) with canonical
modules ωA and ωB, respectively. Assume that A/p ⊗k B/q is an integral domain
for all p ∈ AssA(M), and q ∈ AssB(N ). If M and N are pretty clean modules with
pretty clean filtration FM and FN such that A/p and B/q are Cohen–Macaulay
for all p ∈ Supp(FM ) and q ∈ Supp(FN ), then M ⊗k N is pretty clean.

Proof. The non-zero factors of the dimension filtration of M and N are clean, by
[8, Corollary 4.2]. Thus, the non-zero factors of the dimension filtration of M ⊗k

N are clean, by Lemma 4.6, and Theorem 3.3. Hence, the result follows from
[8, Corollary 4.2]. 
�

As a consequence of Theorem 4.7 we have the following main result of this
section.

Corollary 4.8. Let I and J be two arbitrary monomial ideals in the polynomial
rings R = k[x1, . . . , xn] and S = k[y1, . . . , ym], respectively. Then R/I ⊗k S/J is
pretty clean if and only if R/I and S/J are pretty clean.

Proof. If R/I and S/J are pretty clean, then Theorem 4.7 gives the result. The
converse can be proved by the same argument as Corollary 3.8, and using [8,
Corollary 3.6]. 
�

Although Theorem 4.7 implies our main result, it is not quite satisfactory
because it needs a lot of hypotheses. However, in some special cases like the follo-
wing, we can reduce these assumptions.

Theorem 4.9. Let A and B be two Noetherian k-algebras such that A ⊗k B
is Noetherian. Let M and N be two finitely generated modules over A and B,
respectively. Assume that A/p ⊗k B/q is an integral domain for all p ∈ AssA(M),
and q ∈ AssB(N ). If M is pretty clean and N is clean, then M ⊗k N is pretty clean.
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Proof. Let

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr−1 ⊂ Mr = M

be the pretty clean filtration of the A-module M with the cyclic quotients
Mi/Mi−1 � A/pi . We consider the filtration

0 = M0 ⊗k N ⊂ M1 ⊗k N ⊂ · · · ⊂ Mr−1 ⊗k N ⊂ Mr ⊗k N = M ⊗k N (*)

of A ⊗k B-modules. Since A/pi is a clean A-module and N is a clean B-module,
by Theorem 3.3, the A ⊗k B-module

(Mi ⊗k N )/(Mi−1 ⊗k N ) � (Mi/Mi−1) ⊗k N � (A/pi ) ⊗k N

is clean. For i = 1, . . . , r , we assume that Fi is a clean filtration of the A ⊗k

B-module (Mi ⊗k N )/(Mi−1 ⊗k N ), and we regard it as

Fi : (Mi−1 ⊗k N ) = Li,0 ⊂ Li,1 ⊂ · · · ⊂ Li,si = (Mi ⊗k N ).

We have

SuppA⊗k B Fi = AssA⊗k B(N/pi N )

= {pi ⊗ B + A ⊗k qi j | qi j ∈ AssB(N )},
where the first equality is by the cleanness of N/pi N and the second equality is by
Corollary 3.7. We can refine the filtration (∗) by inserting the filtration Fi in it for
all i = 1, . . . , r . Hence we get the filtration

FM⊗k N : 0 = L0,0 ⊂ L0,1 ⊂ · · · Lr,sr = M ⊗k N

of the A ⊗k B-module M ⊗k N with cyclic quotients

Li, j/Li, j−1 � (A ⊗k B)/P(i, j),

where P(i, j) := pi ⊗k B + A ⊗k qi j . Now, let (i, j) ≤ (i ′, j ′) where “≤” is
lexicographic order, and pi ⊗k B + A ⊗k qi j ⊆ pi ′ ⊗k B + A ⊗k qi ′

j ′
, then by

Lemma 3.5, we have pi ⊆ pi ′ and qi j ⊆ qi ′
j ′

. Since i ≤ i ′, by pretty cleanness of the

A-module M , we have pi = pi ′ . Also, by cleanness of B-module N we conclude
that qi j = qi ′

j ′
, as required. 
�

As an application of Corollary 3.8, Corollary 4.8 and also Theorem 4.9, we
can see that for a monomial ideal, cleanness and pretty cleanness behave well with
respect to reduction modulo a monomial regular element.

Corollary 4.10. Let I be a monomial ideal in the polynomial ring R = k[x1, . . . ,

xn]. Let u ∈ R be a monomial which is regular on R/I . Then R/(I, u) is clean
(resp. pretty clean) if an only if R/I is clean (resp. pretty clean).
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Proof. Since I is a monomial ideal and u is a monomial regular over R/I , we
may assume that R = k[x1, . . . , xr , xr+1, . . . , xn] such that the support of each
minimal generator of I is in {x1, . . . , xr } and the support of the monomial u is in
{xr+1, . . . , xn}. Let S1 = k[x1, . . . , xr ] and S2 = k[xr+1, . . . , xn]. Then we have

R/(I, u) � S1/I ⊗k S2/(u).

Since the ideal (u) is a complete intersection monomial ideal, by [9, Proposition
1.2], S2/(u) is clean. Therefore, by the isomorphism R/I � S1/I ⊗k k[xr+1, . . . ,

xn], Corollary 3.8, and Corollary 4.8, we get the result. 
�
Remark 4.11. In general, cleanness is not well-behaved with respect to reduction
modulo regular elements. To see this, let A be an integral domain which does not
satisfy Serre’s condition (S2). For example, let A be an affine simplicial semigroup
ring which is not Cohen–Macaulay (cf. [1, Exercise 6.2.8(c)]). Then there exists
an element a ∈ A such that a A has an embedded prime. This implies that A/a A is
not clean, but A itself is clean because it is an integral domain.
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