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Abstract: We study the free probabilistic analog of optimal couplings for the
quadratic cost, where classical probability spaces are replaced by tracial von Neumann
algebras, and probability measures on R” are replaced by non-commutative laws of
m-tuples. We prove an analog of the Monge—Kantorovich duality which characterizes
optimal couplings of non-commutative laws with respect to Biane and Voiculescu’s
non-commutative L2-Wasserstein distance using a new type of convex functions. As a
consequence, we show that if (X, Y) is a pair of optimally coupled m-tuples of non-
commutative random variables in a tracial W*-algebra A, then W*((1 — )X +tY) =
W*(X,Y) for all t € (0, 1). Finally, we illustrate the subtleties of non-commutative
optimal couplings through connections with results in quantum information theory and
operator algebras. For instance, two non-commutative laws that can be realized in finite-
dimensional algebras may still require an infinite-dimensional algebra to optimally cou-
ple. Moreover, the space of non-commutative laws of m-tuples is not separable with
respect to the Wasserstein distance for m > 1.

1. Introduction

1.1. Context and motivation. Tracial von Neumann algebras have long been viewed as a
non-commutative analog of probability spaces, where the elements of the von Neumann
algebra play the role of non-commuting random variables, but it was Voiculescu who
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pointed out that free products of operator algebras provide an analog of probabilistic
independence with its own central limit theorem [73,74], initiating the discipline of
free probability theory. Free probability has since had many applications both to random
matrix theory e.g. [75] and to von Neumann algebras e.g. [78]. Many developments in free
probability theory have been motivated by information geometry (here by “information
geometry” we mean the study of the space P (M) of probability measures on a manifold
M, both as a metric space with the Wasserstein distance and as a formal Riemannian
manifold, as well as the study of entropy and Fisher’s information as functions on
P(M); see [44,46,56,57]). For instance, Voiculescu introduced free entropy and Fisher
information [76,77,79] and Biane and Voiculescu [11] defined an analog of the L”
Wasserstein distance for non-commutative laws (the analog of probability distributions
for m-tuples of non-commuting random variables), which was then used in free Talagrand
inequalities [11,22,36,37].

Information-geometric ideas have also been used in quantum information theory, an-
other non-commutative analog of probability theory that is distinct from free probability
theory, even though it uses similar concepts and terminology. For a survey of quantum
information theory, see [83,84]. To prevent any confusion, in free probability, operators
in a tracial von Neumann algebra are viewed as non-commutative random variables (and
there is no known analog of multivariable densities), while in quantum information the-
ory, a positive operator with trace 1 in a von Neumann algebra with a (not necessarily
bounded) trace is viewed as a density.! Hence, for example, a random matrix is typically
studied in free probability theory, while a matrix-valued density is typically studied in
quantum information theory. Our paper is focused on the free probabilistic framework;
however, in Sect. 5, we will draw a connection between free probabilistic optimal cou-
plings and certain aspects of quantum information theory, specifically quantum channels
or unital completely positive trace-preserving maps.

In classical information geometry, both the Wasserstein distance and the entropy
are intimately related to transport equations (differential equations describing functions
which push forward some given probability distribution to another given probability
distribution). In the free setting, there has been some success in constructing non-
commutative transport of measure for a special type of non-commutative law known
as a free Gibbs law from a convex potential V in [23,31,39—41]; these ideas have even
been generalized beyond the setting of tracial von Neumann algebras [53,54,66]. Un-
fortunately, the transport maps constructed in [23,39,40] were not optimal. The trans-
port in [31] was shown to be the gradient of a convex function, hence one would
expect it to be optimal in light of the classical Monge—Kantorovich duality, but it was
not clear yet how to prove this because there was no known non-commutative Monge—
Kantorovich duality. The optimality of these couplings was later verified in [41, Remark
9.11] by studying a Legendre transform for (sufficiently regular, uniformly convex) non-
commutative functions [41, Lemma 9.10]. This idea was one of the starting points for
our current investigation into non-commutative optimal couplings, Legendre transforms,
and Monge—Kantorovich duality with minimal regularity assumptions.

One of the challenges in even formulating a Monge—Kantorovich duality for the
free setting is to decide what type of convex functions to use. Operator algebras are
often thought of as non-commutative analogs of algebras of functions on a topological

I More precisely, a positive operator p defines a non-tracial state on the von Neumann algebra, and p is
the density of this state with respect to the trace. However, von Neumann algebras with a semi-finite trace are
difficult to classify, and indeed even those with a finite trace are difficult to classify, which makes it difficult
to classify non-commutative laws in free probability.
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space or a measure space, but without a clear analog for points of the underlying space.
Our approach is to consider functions that can be evaluated on random variables rather
than on points, or more precisely, to study functions f : Lz(A)’SZ — R where A is a
tracial von Neumann algebra, L?(A) is the non-commutative L? space, and the subscript
sa indicates the real subspace of self-adjoint elements. The classical analog would be
a function Lz(Q, P;R™) — R where (2, P) is a probability space, rather than a
function R” — R. As we discuss in Sect. 1.4, such functions on the space of classical
random variables have already found applications to Hamilton—Jacobi equations on the
Wasserstein space [26,29] as well as the master equation on R”* x P(R™) in mean field
games [14,27,28].

As in [31] and [39], we remark that the complexity of classifying von Neumann
algebras presents serious obstructions to non-commutative transport theory that simply
do not exist in the classical setting. It is a widely used fact in classical probability
theory that any two standard Borel probability spaces with no atoms are measurably
isomorphic; hence one can always arrange that their random variables are on some
canonical probability space. By contrast, McDuff [48] showed that there are uncountably
many non-isomorphic tracial von Neumann algebras that are diffuse with trivial center
(that is, II; factors). This provides a real obstruction to non-commutative transport of
measure, because if X = (Xy,...,Xy) and Y = (Y1,...,Y,) are m-tuples of self-
adjoint non-commutative random variables such that X is expressed as a “function” of
Y and vice versa (for some reasonable notion of non-commutative functions), then X
and Y generate the same von Neumann algebra. Hence, non-commutative laws which
produce non-isomorphic von Neumann algebras simply cannot be transported to each
other in an invertible way. Another result of Ozawa [58] (based on group-theoretic results
of Gromov [30] and Olshanskii [55]) shows there is no separable I factor that contains
an isomorphic copy of every separable II;-factor. Hence, we cannot even expect that
there is some non-commutative law w such that all other non-commutative laws can be
expressed as push-forwards of .

These obstructions must inform how we go about defining the convex functions for
the Monge—Kantorovich duality, as well as the level of regularity that we expect from
an optimal coupling. In fact, in Sect. 5 we make a more explicit connection between
optimal couplings and this result of Gromov, Olshanshkii, and Ozawa as well as explor-
ing other pathological properties of the non-commutative Wasserstein distance through
connections with quantum information theory.

1.2. Main results. Before stating the non-commutative Monge—Kantorovich duality, we
establish following notational conventions; see Sect. 2 for background. By tracial W*-
algebra we mean a pair A = (A, t) where A is a W*-algebra (or von Neumann algebra)
and 7 : A — C is a faithful normal tracial state. In analogy with classical probability,
we will denote the underlying algebra A by L°°(A) and the trace by 74 when it is
convenient to avoid naming A and T explicitly. We denote by L?(.A) the Hilbert space
obtained from the GNS construction of A and .

We denote by L°°(A)7 the set of m-tuples of self-adjoint elements of L°>°(.A) and
for X = (Xy1,...,Xn) € LOO(A)m we write ”X”LOO(.A)E”H =maxX;=1,..m ||X||L°°(A) If

sa’

X € L*®(A)", then W*(X) denotes the W*-algebra generated by X equipped with the

sa’
appropriate trace.
For each X = (X, ..., X)) € L®(A)%, the non-commutative law Ay is the lin-
ear map from the non-commutative polynomial algebra C(x, ..., x;;) to C given by

Ax(p) = ta(p(X)). The space of non-commutative laws (of self-adjoint m-tuples from
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any tracial W*-algebra) is denoted %,,. Furthermore, ¥, g denotes the subspace of those
laws Ax where || X || zoo4ym < R (where A is a tracial W*-algebra and X € L (A)g,).
The weak-x topology on X, r refers to the topology of pointwise convergence on
Clx1, ..., xm).

Following [11], a coupling of u, v € %, is a triple (A, X, Y) where A is a tracial
W+-algebra and X, Y € L*°(A)Y such that .y = p and Ay = v. The Wasserstein
distance d‘(ﬁ) (u, v) is the infimum of || X — Y”L?(A)g’g over all couplings (A, X, 7).
We denote by C(u, v) the supremum of (X, Y>L2(«4)§'5 over all couplings (A, X, Y),
where (X, Y)LZ(A)m = ZZ’ (X, Yj) 24y, - We say that a coupling is optimal if it
achieves the infimum of X =Yl Ay or equlvalently if it achieves the supremum of
(X, Y) 2 Ay The existence of 0pt1mal couphngs was observed in [11]. That paper also
showed that the non-commutative Wasserstein distance agrees with the classical one in
the situation that X1, ..., X,, commute and Y1, ..., Y, commute [11, Theorem 1.5].

Asmentioned before the functions used in the non—commutative Monge—Kantorovich
duality are functions on L2(.A ™ for tracial W*-algebra A with separable predual. How-
ever, because of Ozawa’s result [58], it is not sufficient to fix a single such tracial
W*-algebra, but rather we must consider functions that are defined on L? (A)Y for every
such A. We give more precise versions of the definitions in Sect. 3.

Deﬁnition 1.1. A tracial W*-function with values in (—o0, o0] is a collection of func-
tions f LZ(A) — (—00, +00], such that whenever ¢ : A — B is an inclusion map
of tracial W*-algebras, f A= =f Boy (here ¢ is extended to a map LZ(A)’” — LZ(B)Q’;).
If u € ,, and f is a tracial W*-function, then p( f) is defined as f A(X ) whenever A
is a tracial W*-algebra with separable predual and X € L (A)7 with Ay = p; this is
well-defined because W*(X) is determined up to isomorphism by Ax = .

One example of a tracial W*-function would be

TA(P(X)), [ Xllo =R
00, otherwise,

FAX) =

where p is a non-commutative polynomial. Tracial W*-functions also include scalar-
valued tracial non-commutative smooth functions as in [40] and [41] in the following
sense. If ¢ is such a tracial non-commutative smooth function, then ¢A(X ) is only a
priori defined when X € L°°(A); however, in many cases ¢ is Lipschitz with respect
to [l 22 Ay and hence can be extended to a function on Lz(.A)g’;1 which will be a tracial
W#-function. However, tracial W*-functions are much more general because they are
not assumed to be continuous in any sense.

Definition 1.2. We say that f is E-convex if f A is convex and lower semi-continuous
on LZ(A)’;; for each A, and if for every inclusion ¢ : A — B, letting E : B — A be the
corresponding trace-preserving conditional expectation, we have f AE[X)) < f B(x)
for X € LZ(B)Q’Q. Here we use the notation E[X] = (E[X1], ..., E[X,;]) when X =
(X1,..., Xm).

Motivation for the definition of E-convexity will be given in Lemmas 1.10 and 1.17.

Proposition 1.3. C(u, v) is equal to the znﬁmum of u(f) +v(g) over pairs (f, g) of
E-convex W*-functions thatsansfyf (X)+g (Y) = (X, Y) 20, foreverytracial W*-
algebra with separable predual and X, Y € L2(A)Sa. There exists an admissible pair of

E-convex functions that achieves the infimum. See Definition 3.22 and Propositions 3.23
and 3.24.
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Another consequence of the classification-related obstructions to non-commutative
transport is that we cannot expect too much regularity in general for the E-convex
functions associated to an optimal coupling. For instance, suppose two non-commutative
laws p and v generate tracial von Neumann algebras that cannot embed into each other.
This implies that if (X, Y) is an optimal coupling of these two laws on a tracial W*-
algebra A, then neither of W*(X) and W*(Y) is contained in the other. Thus, even though
the non-commutative laws may be diffuse, the situation is similar to when coupling the
classical measures (1/2)(6_1 + 81) and (1/3)(6—1 + 8o + 81); in the optimal coupling,
neither random variable can be expressed as a function of the other. However, if a
pair of E-convex functions associated to an optimal coupling were differentiable, that
would imply that X is in the von Neumann algebra generated by Y and vice versa as a
consequence of Lemma 3.10.

It is natural to ask how close an arbitrary non-commutative optimal coupling is to a
coupling where X and Y generate the same von Neumann algebra. As a first application
of duality, we show that every optimal coupling can be decomposed into an optimal
coupling where the two variables generate the same W*-algebra and some additional
orthogonal pieces.

Theorem 1.4. Suppose that (A, X, Y) is an optimal coupling of v, v € X,,. Then there
exists a W*-subalgebra B such that the following hold. Let Eg : A — B be the trace-
preserving conditional expectation, and let X' = Eg[X] and Y’ = Ep[Y].

(1) X' and Y' each generate .
(2) (B, X', Y') is an optimal coupling of Ax: and Ly
(3) X' =Y, X — X', Y — Y’ are mutually orthogonal.

See Theorem 3.25.

Our main results in Sect. 4 concern the displacement interpolation. If (A4, X, Y) is an
optimal coupling of  and v, then the displacement interpolation refers to the family of
random variables X; = (1 —#)X +tY fort € [0, 1]. The associated laws u; = Ay, form
a metric geodesic in X, with respect to the Wasserstein distance (see Proposition A.22).
With the help of non-commutative Legendre transforms and Hopf-Lax semigroups,
we will see that the E-convex functions associated to the couplings (A, X;, X;) for
s, t € (0, 1) have more regularity than the E-convex functions associated to the original
coupling (A, X, Y) (see Proposition 4.12). As a consequence, we obtain the following
non-commutative transport result.

Theorem 1.5. Let (A, X, Y) be an optimal coupling of i1, v € p,. Then W*(1 —1) X +
tY) = W*(X,Y) forallt € (0, 1). For proof, see Sect. 4.3.

For instance, this theorem entails that for classical optimal couplings, the o-algebra
generated by X; is the same for all # € (0, 1), which could be deduced directly from
classical optimal transport theory by a similar proof. The reader is encouraged to work
out the classical example of (1/2)(5—1 + §1) and (1/3)(5—1 + 8¢ + §1) as motivation.

The results of Sect. 5 highlight additional ways in which non-commutative opti-
mal transport theory is significantly more complicated than its classical counterpart;
specifically, the negative solution of the Connes embedding problem [42] has a natural
interpretation in terms of optimal couplings. We observe that optimization over couplings
involved in the definition of the Wasserstein distance can be replaced by optimization
over what are called factorizable quantum channels in quantum information theory (see
Observation 5.5). The results of [32,42,52] imply that there exist quantum channels
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between finite-dimensional matrix algebras which are factorizable whose factorization
requires an infinite-dimensional non-Connes embeddable von Neumann algebra (see
Sect. 5.3) for definitions). We then show through Lemma 5.7 that channels with this
property must occur as optimizers in the definition of Wasserstein distance. From the
optimal transportation point of view, this means that the optimal distance between cer-
tain tuples of finite-dimensional matrices cannot be even approximately realized inside
a finite-dimensional coupling.

Proposition 1.6. Thanks to [32] and [42], for certainn € N, there exist non-commutative
laws p and v associated to n*-tuples in M, (C) for which an optimal coupling requires a
non-Connes embeddable tracial W*-algebra; see Corollary 5.14. Furthermore, thanks
to [52], for every n > 11 and d € N, there exist n*>-tuples in M,(C) such that if
(A, X, Y) is a coupling that is optimal among couplings on Connes-embeddable tracial
W*-algebras, then A must have dimension at least d; see Corollary 5.8 and Remark
5.15.

In contrast to classical probability theory, we show that the L2-Wasserstein metric
does not generate the weak-* topology on X, g. We call the topology on X,,, r generated
by the Wasserstein distance the Wasserstein topology. We characterize when the two
topologies agree at some p in terms of the associated tracial W*-algebra (Proposition
5.21) and hence obtain the following results (relying on the work of Connes [17]).

Proposition 1.7. The Wasserstein topology on X, g is strictly stronger than the weak-x
topology; see [11] and Corollary 5.17. Furthermore, let EE;?R denote the set of non-

commutative laws Ax where X comes from Lz(.A)g’Zl with A finite-dimensional. Let u be
a non-commutative law and let A be a tracial W*-algebra with a generating m-tuple X
suchthat Ax = pand || X ||L°O(A)'" < R. Then  is in the weak-* closure ofEﬁn ifand
only if A is Connes-embeddable; see Lemma 5.12. Moreover, in this case, the weak *
and Wasserstein topologies on %, r agree at [ if and only if  is in the Wasserstein
closure of 22“ g» Which is equivalent to A being approximately finite-dimensional; see
Proposition 5.26.

Approximate finite-dimensionality (see Sect. 5.4 for definition) is the strongest way
that a W*-algebra can be approximated by finite-dimensional algebras (besides being
finite-dimensional itself), and thus the latter condition is quite restrictive when m > 1.
For instance, there is up to isomorphism only one AFD II; factor [70, Sect. XIV.2].
In Sect. 6.1, we explain how Propositions 1.6 and 1.7 pose challenges to studying the
large-N convergence of Wasserstein distance for random matrix models.

The results of Propositions 1.6 and 1.7 constrast strongly with the classical situation.
Some treatments of optimal transport (e.g. [72, p. 75]) take for granted the fact that finitely
supported probability measures are weak-x dense in the space of probability measures on
a compact set. Such approximation arguments do not work in the non-commutative case
for several reasons. Due to the negative resolution of the Connes embedding problem
[42], the non-commutative laws that can be realized in finite-dimensional algebras are
not weak-* dense. Furthermore, by Proposition 1.7, the weak-x closure of Eﬁn 'g is much
larger than its Wasserstein closure (assuming m > 1). Finally, by Proposmon 1.6, even
if two laws p and v can be realized in finite-dimensional algebras, an optimal coupling
need not be weak-* approximable by couplings in finite-dimensional algebras.

Because the weak-* and Wasserstein topologies are different for m > 1, one can
deduce that X,, g with the Wasserstein distance is not compact (Corollary 5.27). The fol-
lowing even more startling result is a consequence of Gromov, Olshanskii, and Ozawa’s
work [58, Theorem 1].
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Theorem 1.8. For m > 1 and R > 0, the space %,, g is not separable with respect to
.
w

1.3. Organization. The paper is organized as follows:

e In Sect. 1.4 and Sect. 1.5, we motivate the definition of E-convex functions and the
associated duality result in terms of two toy examples, classical probability spaces
and M, (C).

e In Sect. 2, we recall standard background on tracial W*-algebras and their inter-
pretation as non-commutative probability spaces for the sake of readers who are not
specialists in that topic.

e In Sect. 3, we describe the properties of E-convex functions and the associated Leg-
endre transform; we prove the non-commutative Monge—Kantorovich duality (Propo-
sition 1.3) and the decomposition theorem for optimal couplings (Theorem 1.4).

e In Sect. 4, we study the non-commutative analog of inf-convolution and the regular-
ity properties of E-convex and semi-concave functions; we prove Theorem 1.5 and
give further detail about the functions associated to the displacement interpolation in
Proposition 4.12.

e In Sect. 5, we connect non-commutative optimal couplings with quantum infor-
mation theory and prove Proposition 1.6. Then we study the differences between
the weak-* and the Wasserstein topology using a certain stability property (Proposi-
tion 5.21) and hence prove Proposition 1.7. Finally, we show non-separability of the
Wasserstein space in Sect. 5.5.

e In Sect. 6.1, we explain how Sect. 5 illustrates the difficulty of studying random
matrix optimal transport in the large- N limit. Then Sect. 6.2 sketches a different but
analogous theory of non-commutative optimal couplings that uses bimodules and
UCPT-maps of tracial W*-algebras.

e In the appendix Sect. A, we define non-commutative laws and optimal couplings
for elements of non-commutative L” spaces, and show the existence of L?” optimal
couplings and Wasserstein geodesics.

1.4. Motivation from classical probability. First, we recall the classical Monge—
Kantorovich duality. Fix a standard Borel probability space (2, P) with no atoms. For
@ and v compactly supported probability measures on R, a coupling of ;v and v is a
pair (X, Y) of random variables on Q2 with X ~ p and Y ~ v. The classical Wasserstein
distance is the infimum of || X — Y| ;2(q, p.grn Over all such couplings, and a coupling
is said to be optimal if it achieves this infimum.

Theorem 1.9. (See [72, Theorem 5.10, Particular Case 5.17]) Let (X, Y) be a coupling
of two compactly supported measures i and v on R™. Then (X, Y) is optimal if and only
if there exists a pair of convex functions f, g : R — R satisfying f(x)+g(y) > (x,y)
Jorx,y € R" and E[ f (X)]+E[g(Y)] = E(X, Y). Furthermore, E[ f (X)]+E[g(Y)] =
E(X, Y) implies that Y is almost surely in the subdifferential of f at X and X is almost
surely in the subdifferential of g at Y.

As explained above, E-convex functions will be an analog of functions on
Lz(Q,P;R’”) rather than R™. Every convex function on R defines a convex func-
tion on L2(Q, P; R™) as follows.
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Lemma 1.10. Let f : R" — (—00, 00] be convex and lower semi-continuous. Let

(2, P) be a non-atomic standard Borel probability space with underlying o -algebra F.
Define

fiL2(Q, PsR™) — R, X = E[f(X)],
which is well-defined in (—o0, 0o] thanks to Jensen’s inequality. Then

(1) f(X) only depends on the law (probability distribution) of X.
(2) f is convex and lower semi-continuous.

(3) Suppose that f(X) < oc. Then Y is in the subdifferential of f at X if and only if Y
is in the subdifferential of f at X almost surely.

(4) f is monotone under conditional expectations: If G is a sub-o -algebra of F, then

FEIXIGD) < f(X).

Sketch of proof. (1) This is immediate.

(2) Convexity of f is immediate from convexity of f. To show lower semi-continuity
of f ,note that f(x)+|x|%/2 is bounded from below by some constant C and thus g(x) :=
fx)+x]?/2—Cisa nonnegative convex function. If X,, — X in L2(§2, P; R™), then
X, — X in probability, and hence liminf, .~ g(X,) > g(X) in probability. Thus,
by Fatou’s lemma for convergence in probability liminf,_, - g(X,) > g(X), which
implies that f is also lower semicontinuous.

(3) If Y is in the subdifferential of f at X almost surely and Z € L?(Q2, P), then
f(Z2) = f(X)+(Z — X, Y)rn almost surely, and thus by taking expectations f(Z) >
f(X) +(Z =X, Y)12q p.rm)- For the converse, let § = {x € R : f(x) < oo} and fix
a countable dense subset E of S. Foreachn > 0 and &£ € &, let E, ¢ be the event

Ene ={f&) = f(X)+(§ — X, Y)gn — 1/n}.
Because Y is in the subdifferential of f at X, we have
FUEe X +15,.6) = fOO+ (1, .G = X), V)20 pigm-

On the other hand, by definition of E,, ¢, we have

~ ~ 1
fQgg X+1E,8) = fX)+(1E, & = X). V)20 pmy + - P(Eng)-

Therefore, P(E, ¢) = 0. Since this holds for all n € N, we have f(§) > f(X) + (§ —
X, Y)rm almost surely for each &. Since E is countable, we have this condition every
& € E at once almost surely. On this event, if x € R™ with f(x) < oo, then f is
continuous at x, and therefore by taking sequence of & € E that converges to x we
obtain f(x) > f(X)+ (x — X, Y)pnm.

(4) This follows from Jensen’s inequality and the existence of regular conditional
distributions for standard Borel probability spaces. |

Remark 1.11. Similar reasoning shows that if g is the Legendre transform of f on R™,
then g is the Legendre transform of f on L?(2, P; R™).

Let us call a function F : L2(2, P; R™) — (—o0, 00] classically E-convex if
(1) F(X) depends only on the law of X.
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(2) F is convex and lower semi-continuous.
(3) Wehave F(E[X|G]) < F(X) forevery sub-c-algebraG andevery X € L3(Q, P; R™).

Then we have the following version of Monge—Kantorovich duality using classically
E-convex functions on L2($2, P; R™).

Corollary 1.12. Let (X, Y) be a coupling on (2, P) of two compactly supported mea-
sures pwand v onR™. Then (X, Y) is optimal if and only if there exists a pair of classically
E-convex functions F, G : LZ(Q, P;R™) — (—o00, 00] such that

FXN+GY") = (X", Y") 12 pm forall X', Y € LX(Q, P;R™),
and
F(X)+G(Y) =(X,Y)12q p.rm)-

Proof. ( = ) By the classical Monge—Kantorovich duality, there are convex func-
tions f, g : R" — (—o0,00] with f(x) + g(y) > (x, y)rm and Ef (X) + Ef(Y) =
(X,Y) 2@ prmy- Let F = fand G = g. By Lemma 1.10, F and G are classical
E-convex and clearly F(X) + G(Y) = (X,Y);2q p.gm). Also, F(X') + G(Y') >
(X', Y") 20 pemy SinCe () + £(3) = {x, y)on.

(<) Suppose that (X', Y') is another coupling of u and v on (€2, P). Then

(X/, Y/)LZ(Q,P;R’") < F(X/) + G(Y/) = F(X) + G(Y) - (X, Y>L2(Q,P;R’")v

where in the middle equality we have used that F(X) = F(X’) and G(Y) = G(Y’)
since X ~ X" and Y ~ Y’ in law. Therefore, the coupling (X, Y) is optimal. O

Corollary 1.12 is the statement that we will generalize to the non-commutative setting.
We remark that although classically E-convex functions are much less concrete than
convex functions on R™, Corollary 1.12 still has the power to prove the classical analogs
of Theorems 1.4 and 1.5 by exactly the same arguments that we will use in the non-
commutative case.

In fact, convex functions on a space of classical random variables have also been used
in the theory of mean field games [28]. Mean field games involves the study of the master
equation [14,27], a differential equation for a function u (¢, x, ;) depending on a time
variable ¢, a space variable x (representing the position of an individual agent), and a
measure y (representing the distribution of the positions of a continuum of other agents).
We can define a function 7z on [0, 00) x R” x L*($2, P; R™) by ui(t, x, X) = u(t, x, jux),
where py is the law of X. The first-order regularity conditions needed to solve the
master equation are more easily stated in terms of the function & on the Hilbert space
R™ x L2(Q2, P; R™). Moreover, the proof of existence and uniqueness of solutions to
Hamilton—Jacobi equations on Wasserstein space P, (R™) [26,29] relies on the theory
of viscosity solutions to Hamilton—Jacobi equations on Hilbert spaces [18,19,47,49].

The inf-convolution techniques that we use in Sect. 4 are an important special case
of this theory of Hamilton—Jacobi equations on Hilbert spaces. In fact, part of our mo-
tivation was to understand the non-commutative version of Hamilton—Jacobi equations
for functions of a random variable. Recent work has connected random matrix theory to
viscosity solutions of Hamilton—Jacobi equations [10] and mean field games [15]. How-
ever, these connections are restricted to the setting of a single random matrix because
they rely heavily on the description of self-adjoint random matrices in terms of their
eigenvalues. It would be of great interest to have a theory of viscosity solutions to partial
differential equations in several non-commuting variables as is suggested by the study
of heat equations in [23,38,41] and the Hamilton—-Jacobi-Bellman equation in [21,38].
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1.5. Motivation from matrix tuples. In order to motivate some of the ideas of our paper,
we explain a toy model of couplings between tuples of n x n matrices. Let M, (C) denote
the space of complex n x n matrices. Let tr, = (1/n) Tr, be the normalized trace on
M,,(C). We define an inner product on M,,(C) by

(S, T)trn = trn(S*T)~

Let M, (C)g, denote the real subspace of self-adjoint matrices. Then (X, Y), € R for
all X, Y € M, (C)g,. Every element of M,,(C) can be uniquely written as S + i T with
S, T € M, (C)g,, and hence there is a natural identification of the complex inner product
space M, (C) with the complexification of the real inner product space M,,(C)s,.

From a non-commutative probability viewpoint, we can view M, (C) as an algebra
of “random variables” and the normalized trace tr,, : M,,(C) — C as the “expectation.”
To motivate this, suppose X € M, (C)g,. The empirical spectral distribution of X is
the measure pu = % Z —1 65, i where A1, ..., A, are the eigenvalues of X listed with
multiplicity. We then have for every polyn0m1a1 p that

tr, (p(X)) = /pd/x.

Thus, p is analogous to the distribution of a random variable.

If X = (X1,..., Xn) € My(C)Z, the “joint distribution” of X1, ..., X,, is not
described by a measure on R™, since X1, ..., X;;, do not commute. Rather we consider
the non-commutative law Ax, which is the linear functional on the algebra of m-variable

non-commutative polynomials given by

p >t (p(Xy, ..., Xn)).

It turns out that two tuples X and ¥ € M, (C); have the same non-commutative law if
and only if they are unitarily conjugate.

Lemma 1.13. Let X, Y € M, (C)}. Then the following are equivalent

(1) tr,(p(X)) = try,(p(Y)) whenever p is a non-commutative polynomial in m variables.
(2) There exists a unitary U in M, (C) suchthatY; = UX;U* for j =1, ..., m

This lemma follows from the multivariate version of Specht’s theorem [67] observed
by Wiegmann [82] and verified in [43, Theorem 2.2]. This result is closely connected to
the invariant theory of matrices [62], and related results have been rediscovered many
times as the survey [65] explains. Moreover, many in the operator algebras community
are aware it can be deduced from Lemma 2.33 below, and the fact that any two trace-
preserving embeddings of a finite-dimensional tracial x-algebra into M), (C) are unitarily
conjugate, which is a consequence of the Artin-Wedderburn-type classification of finite-
dimensional x-algebras and their representations (see e.g. [25, Sect. 2]).

We consider the toy problem of optimally coupling two matrix tuples inside M, (C)
(beware that because of Proposition 1.6 an optimal coupling inside M,,(C) is not nec-
essarily optimal among all couplings in tracial W*-algebras). Because of Lemma 1.13,
the toy problem reduces to the following: Given X, Y € M, (C)%, find a unitary U so
that |UXU* — Y|, is as small as possible, where UXU* = (UX\U*, ..., UX,,U"),
and where |-||, is the normalized Hilbert-Schmidt norm

1/2

1T e, = Ztrn(T T))
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This motivates the following definition: For X, Y € M, (C)%}, we say that (X, ) are an
optimal coupling in M, (C) if |[UXU* — Y |ltr, = | X — Y ||tr, for every unitary U. The
next lemma guarantees existence of optimal couplings.

Lemma 1.14. Let X, Y € M, (C)%. Then there exists an n X n unitary U that minimizes
NUXU* — Y|,. Moreover, every such unitary must satisfy

m
Y IUX,;U*, Y1 =0,
j=1

where [S, T] = ST — TS is the commutator.

Proof. Existence of a minimizer follows from the fact that the unitary group is compact
and U — [[UXU* — Y|y, is continuous. Now suppose that U is a minimizer and let
Z = UXU*. Let A be a self-adjoint matrix, and consider the unitary e fort € R.
By minimality, we have ||e/’4 Ze 714 — Y||t2rn > ||z — Y||[2rn. Since ||ei’AZe_itA||t2rn =
IZ||% . it follows that (¢/'4 Ze ™4, Y )y, is minimized at t = 0. Differentiating at f = 0
yields

m m m
Dy ((AZ; —iZjA)Y)) =Y try(Ai(Z;Y; — Y;Z)) =tr, | A ilZ;. Y]]
j=1 j=1 j=1

Since this holds for all A € M,,(C)s,, it follows that Z?:l [Z;,Y;] =0asdesired. O

Remark 1.15. In the case m = 1, this lemma actually provides an alternative proof the
spectral theorem as follows. Let X € M,,(C)g,. Let Y be a fixed diagonal matrix with
distinct diagonal entries yj ,..., y,. Let U be a unitary minimizing ||[UXU* =Y ||, . Then
[UXU*, Y] = 0. Any matrix A that commutes with ¥ must satisfy a; ;y; = y;a; j, and
hence A must be diagonal. Therefore, U XU* is diagonal.2

Next, we describe an analog of the Monge—Kantorovich duality for the setting of
matrix tuples.

Lemma 1.16. Let X, Y € M, (C)%i. Then (X, Y) is an optimal coupling in M, (C) if and
only if there exist functions f, g : M,,(C)2i — R satisfying the following properties:

(1) f and g are convex.

(2) f and g are unitarily invariant, thatis, f(UX'U*) = f(X)andg(UY'U*) = g(Y")
for U unitary and X', Y' € M, (C).

(3) fFX)+g(Y') = (X", Y )y, forall X', Y' € M,,(C)L.

(4) f(X)+g(Y) =(X,Y)q,

Proof. (= ).LetU(M,(C)) be the unitary group. Let

fXH= sup (X, UYU")y,.
Ueld (M, (C))

2 One might object that the preceding lemma seems to assume the spectral theorem already because it uses
functional calculus to define ¢/'4. However, this only requires analytic functional calculus, not continuous
functional calculus. One can use power series to define e1A show that ¢! G+DA — pisAITA o s, t € R,

show that (¢!'4)* = ¢~1"A” 'and hence conclude that ¢/’4 is unitary when A is self-adjoint.
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Note that f is convex because it is the supremum of a family of affine functions. More-
over, f is unitarily invariant because we took the supremum over all unitaries U.
Let g be the Legendre transform of f, that is,

g(Y") = Sup(C (Y, X', — f(X)).
X'eM, (O,

It is immediate that g is convex, g is unitarily invariant because f is unitarily invariant
and the inner product is unitarily invariant, and f(X") + g(Y’) > (X', Y'), for all X',
Y € M, (C). In particular, f(X) +g(¥) > (X, Y)q,-

On the other hand, note that the supremum defining f(X) is achieved when U = 1
because we assumed that (X, Y) is optimal coupling, hence (X, UY U*) is maximized
when U = 1. Hence, f(X) = (X, Y). Moreover,

fX) = (X", Y ),
hence

g¥)< sup  ((X.Y)y, — (X' Y)y,) =0.
X/EM,,((C)';El

Thus, f(X)+g(Y) < (X, Y),. Hence, f(X) +g(Y) = (X, Y) as desired.
(«=) Suppose that f and g satisfy (1)-(4). Let U be a unitary. Then

(UXU*,Y)y, < fAUXU) +g(Y) = f(X)+g(Y) = (X, V)y,.
Therefore, (X, Y) is optimal. O

Unitarily invariant convex functions on M, (C); satisfy a monotonicity property with
respect to the non-commutative conditional expectation from M,, (C) onto a *-subalgebra
A, which is one motivation for our notion of E-convexity in the tracial W*-setting.

Lemma 1.17. Let A be a x-subalgebra of M,,(C), and let E : M,,(C) — A C M, (C)
be the orthogonal projection with respect to the inner product (S, Ty, = tr,(S*T).
Then E[ST] = SE[T] and E[TS] = E[T]S and E[T*] = E[T]* for T € M,(C)
and S € A. Moreover, if f : M,(C)7 — R is a convex function that is invariant under
unitary conjugation, then for X = (X1, ..., X;n) € M,(C)%}, we have

FELIX] < f(X).
Here E[X] = (E[X1], ..., E[Xm]).

Proof. For a subalgebra A € M,,(C), we denote by U/ (A) the group of unitary matrices
that are contained in A. We define the commutant

A ={S e M,(C)|[S,T]=0forall T € A}.

We recall that A” = A by von Neumann’s bicommutant theorem [68, Theorem I1.3.9].
Let u be the Haar measure on U (A’), and define F : M, (C) — M,,(C) by

F(X) = f UXU*du(U).
U(A)

We claim that F(X) = E[X]. First, to show that F(X) € A, note that for V € U(A),
we have VF(X)V* = F(X), hence [F(X), V] = 0 by invariance of the Haar measure.
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Since A’ is a x-algebra, it is linearly spanned by its unitaries, and therefore, [F (X), §] =
Oforall S € A’. So F(X) € A” = A. Furthermore, for all T € A, we have

tr, (T*F(X)) = [ tr, (T*UXU*)du(U)
U(A)

= / tr, (UT*XU™) du(U) = tr,(T*X).
UA)

Thus, F(X) is the orthogonal projection of X onto A, or F(X) = E[X], as desired.
Similar computations from definition of F' show that F is an A-A-bimodule map and
F(X*) = F(X)*, and hence these properties also hold for E.
Since u is a probability measure, Jensen’s inequality and the unitary invariance of f
imply that

FEIX]) < f FUXUSdpU) = F(X). O
U(A)

2. Background on Tracial W*-algebras

For the sake of readers who are less familiar tracial W*-algebras, we explain the prereq-
uisites needed for the paper: the definition of a tracial W*-algebra, its interpretation as a
non-commutative generalization of probability spaces, inclusions and trace-preserving
conditional expectations of tracial W*-algebras, free products with amalgamation, and
non-commutative laws.

2.1. Tracial W*-algebras. Historically, von Neumann algebras and W*-algebras were
defined differently, but it turns out that these two definitions give the same objects thanks
to work of Sakai; see e.g. [64, Theorem 1.16.7]. Here we follow Sakai’s approach that
starts with the definition of W*-algebras as C*-algebras which are dual Banach spaces
[64]. Other background references on von Neumann algebras include [2,68-70].

Definition 2.1. A unital *-algebra is a (unital) algebra A over C together with a skew-
linear involution a > a* such that (ab)* = b*a™. If A and B are *-algebras, then a map
p 1 A — B is said to be a x-homomorphism if it is linear and respects multiplication
and the *x-operation.

Definition 2.2. A unital C*-algebra is a x-algebra A equipped with a norm ||-|| such that

e A is a Banach space with respect to ||-||;
o ||ab| < |lalll|b]| fora, b € A;
o |la*a| = ||la||® fora € A.

Definition 2.3. A W*-algebra is a C*-algebra A together with a topology .7, such that
A as a Banach space is the dual of some Banach space A, and .7 is the weak-* topology
on A.

We remark that A, can be uniquely recovered from (A, .77) as the subspace of A**
consisting of linear functionals that are continuous with respect to .7 . In fact, it turns
out that the predual of A, of a W*-algebra A is uniquely determined by A alone without
reference to its weak-* topology [64, Corollary 1.13.3].
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Definition 2.4. If A is a W*-algebra and A, is a predual of A, then a faithful normal
trace on A is an element T € A, satisfying the following properties:

et (l)=1;

e t(a*a) > Ofora € A;

e T(a*a) = 0if and only if a = 0;
e 7(ab) = t(ba) fora, b € A.

We remark that in general von Neumann algebra theory, the word “trace” is often
used to refer to the semi-finite trace on a semi-finite von Neumann algebra, but in this
paper “trace” always means “tracial state.”

Definition 2.5. A tracial W*-algebra is a pair A = (A, t), where A is a W*-algebra
and 7 is a faithful normal trace.

Example 2.6. Let (2, P) be a probability space. We take A = L*°(L2, P), with the
pointwise addition and multiplication operations. The x-operation is pointwise complex
conjugation. The norm is the standard one for L*° (€2, P), and note that || fg|| < || fllllgll
and || f* | = || f|I>. By the Riesz representation theorem, L>® (2, P) = L'(Q, P)*,
and therefore, we can take A, = L! (2, P), and then equip L°°(€2, P) with the cor-
responding weak-# topology. We define 7 using the element 1 € L!'(2, P), so that
(f) = fQ fdP.Since L*°(2, P)iscommutative, it is immediate that T ( fg) = t(gf).
The other properties of 7 are straightforward to check from well-known facts in measure
theory. Conversely, it turns out that every commutative tracial W*-algebra is isomorphic
to L> of some probability space [64, Sect. 1.18], [68, Theorem 1.18].

Example 2.7. Let H be an infinite-dimensional Hilbert space, and let A = B(H) be the
algebra of bounded operators on H equipped with the operator norm. Let A, be the space
of trace class operators. Then A can be canonically identified with the dual of A, by the
pairing (a, T) = Tr(aT) fora € Aand T € A,. The weak-* topology on B(H) is also
known as the o-weak operator topology. Thus, B(H) is a W*-algebra. However, it is
not a tracial W*-algebra because Tr is not well-defined on all of B(H) and Tr(1) = co
See for instance [64, Theorem 1.15.3].

Theorem 2.8. (GNS construction for tracial W*-algebras) Let A = (A, t) be a tracial
W*-algebra. Note that (a, b) 4 := t(a*b) defines an inner product on A (which is non-
degenerate because t is faithful). This can be completed to a Hilbert space, which we
denote by L*(A). Let us denote the map A — L*(A) by a — a. Then for each a € A,
there is are unique operators m¢(a), wr(a) € B(L2(A)) such that m, (a)b = ab and
Ty (a)b ba forb € A. Moreover, 7ty defines a x-homomorphism A — B(L?*(A)) which
is continuous with respect to the weak-x topologies on A and B (L% (A)). Similarly, , is
a x-anti-homomorphism (it preserves + and * but reverses the order of multiplication)
that is weak-x continuous. Furthermore, since ||a*||L2(A) ||a||L2(A), there is a unique
skew-linear isometry J : L*(A) — L*(A) such that J (@) = a*. See [51, Sect. IV] and
[2, Sect. 7].

Example 2.9. Let A = L*°(R2, P) and let T be integration against P. Then ( f, 82 =
Jq fgdP.Thecompletion L*(A) can be canonically identified with L (2, P). The map
“is the standard inclusion L>®(§2, P) — L2(2, P). The operator w (f) € B(L?*(R2, P))
is the operator of multiplication by f.

Remark 2.10. Our examples indicate that if 4 = (A, 7) is a tracial W*-algebra, then
A is an analog of L*°(2, P), A, is an analog of L! (2, P) and Lz(.A) is an analog of
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L?(2, P). In fact, there is even a non-commutative analog of measurable functions on
Q that are finite almost everywhere; this is known as the algebra Aff(.A4) of operators
affiliated to A, certain closed unbounded operators on the Hilbert space L?(A). The space
L?(A) can be canonically identified with a subspace of the affiliated operators. Thus,
the left and right multiplication operators ¢ (a) and 7, (a) for a € A become instances
of multiplying affiliated operators. Moreover, there are subspaces L?(A) C Aff(A) for
p € [1,00) which share many properties of the classical L? spaces. There is also a
natural identification of A, with L'(A). See §A.1 and the references therein for details.

2.2. W*-embeddings, trace-preserving conditional expectations, and W*-isomorphisms.

Notation 2.11. If A = (A, t) isatracial W*-algebra, we will use the notation L*° (A) for
A and t 4 for T when itis convenient to avoid naming A and t explicitly. In particular, the
norm on A will be denoted ||-|| Lo (4). Furthermore, we will treat L°°(.A) as a subspace
of L%(A). We will also write ab rather than 7y (a)’b\ and ba rather than 7w, (a)z for
a € L®(A) and b € L?(A). Finally, we write a* instead of J(a) for a € L*>(A). We
denote by L?(A)s, the real subspace of L%(A) consisting of those elements fixed by J.

Definition 2.12. Let .4 and B be tracial W*-algebras. A linear map ¢ : L*(A) —
L°(B) is said to be trace-preserving if t4 = 153 0 ¢.

Lemma 2.13. (See [12, Lemma 1.5.11] and [2, Sect. 9.1]) Let A and B be tracial W*-
algebras. Let ¢ : L°(A) — L°°(B) be a trace-preserving unital x-homomorphism.
Then

(1) ¢ extends to an isometry L*(A) — L*(B), and in particular ¢ is injective on A.

(2) ¢ is a contraction L°°(A) — L*°(B).

(3) The adjoint map E = ¢* : L*>(B) — L*(A) restricts to a map L>®(B) — L>®(A)
that is contractive with respect to the L*° norm.

(4) We have E[b*] = E[b]* for b € L®(B), and in fact also for b € L*(B).

(5) E is a bimodule map over L (A), that is, for a € L>°(A) and b € L*(B), we have
E(¢(a)b) = aE(b) and E(b¢(a)) = E(b)a.

(6) E is unital (E(1) = 1) and trace-preserving (14 o E = tR5).

Definition 2.14. In the situation of the previous lemma, we call ¢ a (tracial W*)-
embedding A — B and E the associated trace-preserving conditional expectation.
(Note that both maps are unital by definition and the previous proposition.)

Remark 2.15. 1t turns out that a trace-preserving x-homomorphism L% (A) — L% (B)
is automatically continuous with respect to the weak-* topology, essentially because the
weak-s topology can be recovered from the action of L>(A) on L?(.A) by Theorem 2.8;
see [24] or [2, Proposition 2.6.4]. For similar reasons, the trace-preserving conditional
expectation is also weak-* continuous.

Example 2.16. Suppose that B = L>(2, F, P) for some probability space (2, F, P),
where F is the o -algebra associated to the measure. Let G be a o -subalgebra of F. Then
there is an expectation-preserving inclusion L*°(2, G, P) — L*°(2, F, P). This ex-
tends to a map on the L spaces, and the adjoint of this map is the conditional expectation
E:L*(Q,F, P) — L*(Q,G, P)sending X to E[X|G]. The properties in Lemma 2.13
then reduce to the well-known classical properties of conditional expectation. For in-
stance, (2) the conditional expectation is contractive on L, (3) The conditional expec-
tation respects complex conjugation, (4) ff X € LZ(Q, F,P)andY € L*(Q, G, P),
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then E[XY|G] = E[X]|G]Y, (5) the conditional expectation is expectation-preserving:
E[E[X|G]] = E[X].

Notation 2.17. If A and B are tracial W*-algebras, we say that A C B if L°°(A) C
L*°(B), the addition, product, x-operation and weak-* topology for L°°(A) are the
restrictions of those from L°°(B), and 74 = 15|r~(4). In this case, we denote the
conditional expectation 5 — A by E 4.

As the paper will often deal with m-tuples of self-adjoint elements of L2, we introduce
the following convention to simplify notation.

Notation 2.18. If A and B are tracial W*-algebras and ¢ : L®°(A) — L*°(B) is a
tracial W*-embedding or a trace-preserving conditional expectation, then we will use
the same letter ¢ to denote the extension of the map to the L? spaces. Furthermore, if
X = (X1,..., Xp) € L2(A)", then we will write ¢(X) = (¢(X1), ..., (Xm)).

sa’

Definition 2.19. A tracial W*-embedding ¢ : A — B is said to be a tracial W*-
isomorphism if it is bijective and the inverse map is also a tracial W*-embedding.

For reasons of mathematical logic, the class of tracial W*-algebras is not a set.
However, it will be convenient for us in Sect. 3.2 to have a set of isomorphism class
representatives of tracial W*-algebras with separable predual.

Lemma 2.20. There exists a set W of tracial W*-algebras, such that

(1) the elements of W are pairwise non-isomorphic,
(2) forevery tracial W*-algebra with separable predual, there is a tracial W*-isomorphism
to some element of W.

Proof (Sketch of proof). We saw earlier that if A = (A, 7) is a tracial W*-algebra with
separable predual, then there is a W*-embedding A — B(H 4) (here by W*-embedding,
we mean an injective normal x-homomorphism in the theory of von Neumann algebras).
Also, itis well-known (see e.g. [64]) that if A has separable predual, then H 4 = L2(A)is
separable and hence isomorphic as a Hilbert space to ¢>(N). Therefore, A is isomorphic
to some W*-subalgebra of B(£2(N)). Let S| be the set of W*-subalgebras of B(£*(N))
(which is a subset of the power set of B(¢2(N))). Let S, be the set of pairs {(A, 1) :
A € Si,t : A — C faithful normal trace}. If (A, 7) € S;, then the adjoint of the
inclusion map produces a map from the space B(¢%(N)), of trace class operators to
AL = Ll(A, 7), and hence A, is separable. Thus, S is a set of tracial W*-algebras such
that every tracial W*-algebra with separable predual is isomorphic to some element of
S». Finally, observe that tracial W*-isomorphism defines an equivalence relation on Sy,
and let S3 be the set of equivalence classes. |

2.3. Amalgamated free products. Next, we explain the definition of free independence
with amalgamation. This is an analog of conditional independence in classical probability
theory. For background see for instance [81] or [12, §4.7].

Definition 2.21. Let A = (A, ) be a tracial W*-algebra. Let B, A1, ..., Ay be W*-
subalgebras of A with B C A forevery j.LetB = (B, t|p) andlet E5 : A — Bbethe
trace-preserving conditional expectation. We say that Ay, ..., Ay are freely independent
with amalgamation over B if the following condition holds: Whenever ¢ € N and iy,
woigefl, ..., Nywithiy #ip,i2 #1i3,...,ip—1 #igand a; € A,'j with Egla;] =0
for j =1, ..., ¢, then Egla; ...ay] =0.
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Proposition 2.22. Let B = (B, o) be a tracial W*-algebra. For j =1, ..., N, let A; =
(A}, 1)) be atracial W*-algebra and let 1 : B — A; be a tracial W*-embedding. Then
there exists a tracial W*-algebra A = (A, 1) and tracial W*-embeddings ¢ : B — A
and ¢ : A; — Asuchthati = ¢jou; forall j, and such that ¢1(Ay), ..., pn(Ay) are
freely independent in A with amalgamation over t(B). Moreover, (A, T, t, ¢1, ..., ON)
are unique up to a canonical isomorphism; in other words, if (fl, 7,1, ¢~>1, R <1~3N) is
another such tuple, then there is a unique tracial W*-isomorphism : A — A satisfying
mot=iandmwop; =; forall j.

Definition 2.23. If 3, Ay, ..., Ay, and A are as above (with the specified maps ¢, ¢1,
..., N ), then we say that A is a free product of Ay, ..., Ay with amalgamation over
1 (B), ..., v (B).

In the case where B = C, we refer to these concepts simply as free independence
and free products.

2.4. Non-commutative laws and generators. Next, we describe the space of non-
commutative laws. A non-commutative law is the analog of a linear functional
Clxi, ..., xm] — R given by f — [ fdp for some compactly supported measure
on R™. Instead of C[xy, ..., x,], we use the non-commutative polynomial algebra in
m variables.

Definition 2.24. (Non-commutative polynomial algebra) We denote by C(xy, ..., x»)
the universal unital algebra generated by variables xj, ..., x,. As a vector space,
C(x1, ..., x,) has a basis consisting of all products x;, ...x;, for £ > 0 and iy, ...,
ig €{l,...,m}.Weequip C(xy, ..., x,,) with the unique x-operation such thatx;f = Xj;
more explicitly, the s-operation is defined on monomials by (x;, ...x;,)* = xi"; .. .xl.*l .

Definition 2.25. (Non-commutative law) A linear functional A : C(xy, ..., x,,) is said
to be exponentially bounded if there exists R > 0 such that |A(x;, ... x;,)| < R* for all
¢ e Ngand iy, ...,ig € {l,...,m}, and in this case we say R is an exponential bound
for A. A non-commutative law is a unital, positive, tracial, exponentially bounded linear
functional A : C{xq,...,x,) — C. We denote the space of non-commutative laws
by %,,, and we equip it with the weak-* topology (that is, the topology of pointwise
convergence on C(xy, ..., x;)). We denote by X, g the subset of X,, comprised of
non-commutative laws with exponential bound R.

Observation 2.26. The space ¥, r is convex, compact, and metrizable.

Observation 2.27. Let A be a x-algebra and X = (X1, ..., Xp) € All. Then there is a
unique *-homomorphism wy : C(xy, ..., xn) — A such that wx(x;) =X for j =1,

Definition 2.28. (Non-commutative law of an m-tuple) Let A be a tracial W*-algebra.
Let X = (Xy,..., X)) € L®(A)%. Then we define A1y : C(xy,...,x,) — Cby
Ax = T oy, where x is the map defined in the previous observation.

Notation 2.29. If A is a tracial W*-algebra and X € L*°(A)™, we write

||X||L°0(.A)m = l’IlaX(“Xj”LOO(A) : ] = 1, ,m)
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Observation 2.30. If A and X are as above, then Ly is a non-commutative law with
exponential bound || X ||co. Conversely, if R is an exponential bound for Ly, then

Xl pocayn = max lim 7(X3)!/?" < R.
s j n—oo J

Hence, || X || o is the smallest exponential bound for Lx and in particular it is uniquely
determined by L.

In the case of a single operator X, we can apply the spectral theorem to show that
there is a unique probability measure px on R satisfying

/ﬂ;fdux =7 (f(X)) for f € Co(R).

Since X is bounded, px is compactly supported and thus makes sense to evaluate on
polynomials. If p is a polynomial, then Ax[p] = fR pdpyx. Thus, Ax is simply the
linear functional on polynomials corresponding to the spectral distribution.

We use the notation Ay in particular when A = M,(C). We denote by tr, the
normalized trace (1/n)Tr on M, (C); recall that this is the unique (unital) trace on
M, (C). Thus, for any X € M,(C)Z, a non-commutative law Ay is unambiguously
specified by the previous definition. In the m = 1 case, the non-commutative law is
given by the empirical spectral distribution. Note that when X is a random m-tuple of
matrices, we will use the notation A x by default to refer to the empirical non-commutative
law, that is, the (random) non-commutative law of X with respect to tr,.

The next proposition shows that any non-commutative law can be realized by a self-
adjoint m-tuple in some tracial W*-algebra. This is a version of the Gelfand-Naimark-
Segal construction (or GNS construction). A proof can be found in [3, Proposition
5.2.14(d)].

Proposition 2.31. (GNS construction for non-commutative laws) Let A € X,, r. Then
we may define a semi-inner product on C(x1, ..., x;) by

(pyq)n = Mp*q).

Let H,, be the separation-completion of C{x1, ..., x,) with respect to this inner product,
that is, the completion of C{x1,...,xn)/{p : M(p*p) = 0}, and let [p] denote the
equivalence class of a polynomial p in H,.

There is a unique unital x-homomorphism w : C(xy, ..., xn) — B(H,) satisfying
w(p)lg]l = [pql for p, g € C{x1, ..., Xp). Moreover, || (x;)|| < R.

Let Xj = m(xj), let X = (X1,..., X,n) and let A be the W*-subalgebra of B(H,)
generated by X1, ..., X;. Definet : A — Cbyt(Y) = ([1], Y[1]). Then t is a faithful
normal trace on A, and hence A = (A, ) is a tracial W*-algebra.

Definition 2.32. In the situation of the previous proposition, we call (A, X) the GNS
realization of A.

The tracial W*-algebra associated to A is canonical in the sense that any other con-
struction would yield an isomorphic tracial W*-algebra. The following lemma can be
deduced from the well-known properties of the GNS representation associated to a
faithful trace 7 on a W*-algebra A (which gives the so-called standard form of a tracial
W*-algebra).
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Lemma 2.33. Let Aand B be tracial W*-algebras. Let X € L*°(A)f: andY € L*(B)§,
such that .x = Ay. Let W*(X) and W*(Y) be the W*-subalgebras of L*(A) and
L°°(B) generated by X and Y respectively, equipped with the traces T4|w+x) and
18w+ (v). Then there is a unique tracial W*-isomorphism p : W*(X) — W*(Y) such

that p(X;) =Y.

Here is a related lemma about generating sets for a tracial W*-algebra, which relies
on the Kaplansky density theorem [68, Theorem I1.4.8].

Lemma 2.34. Let A be a tracial W*-algebra. Let S C L°°(A). Let W*(S) be the
smallest W*-subalgebra of A containing S, which is equal to the weak-x closure of
the unital x-algebra generated by S. Then every Z € W*(S) can be approximated
in the L*(A) norm by a sequence Z,, in the unital x-algebra generated by S such that
1ZallLocay < N ZN oo Ay Furthermore, if ¢ : A — Bisa W*-embedding, then ¢|w=s)
is uniquely determined by ¢|s.

In fact, the notion of generators for a W*-algebra extends to elements of L?(.A). For
instance, for a self-adjoint tuple X € LZ(A)Z;, using the theory of affiliated operators
sketched in Sect. A.1, it is valid to apply a bounded Borel function f to X; through
functional calculus, and f (X ;) will be an element of A. Thus, we may define W*(X) as
(for instance) the W*-subalgebra generated by arctan(X), ..., arctan(X,,), and then, as
one would hope, X turns out to be in LZ(W*(X))". See also [12, pp. 482-483]. We can

state a characterization of W*(X) without reference to affiliated operators as follows.

Lemma 2.35. Let A be a tracial W*-algebra and X € L2(A)§';. Then there exists a
unique smallest W*-subalgebra B € L*°(A) such that X € Bf;. We use the notation
W*(X) for B and for (B, T 4|p) as needed.

3. Duality for L? Optimal Couplings

Our goal is to prove a version of the Monge—Kantorovich duality for the non-commutative
version of the L2 Wasserstein distance defined by Biane and Voiculescu [11]. In Sect.
3.1 we recall the definitions of optimal couplings that were stated more succinctly in
the introduction. We define E-convex functions in Sect. 3.2 and the corresponding Leg-
endre transform in Sect. 3.3. Then we prove the non-commutative Monge—Kantorovich
duality in Sect. 3.4, and as an application we prove a decomposition result for optimal
couplings in Sect. 3.5.

3.1. Wasserstein distance and optimal couplings.

Definition 3.1. (Biane-Voiculescu [11, Sect. 1.1]) Let i, v € %, be non-commutative
laws. A coupling of n and v is a triple (A, X, Y) where A is a tracial W*-algebra and
X,Y € L*®(A)% such that .y = p and Ay = v. For u, v € X,,, the (non-commutative
L?) Wasserstein distance d‘(}g) (m, v) is the infimum of || X — Y|| L2(Aym Over all couplings
(A, X,Y) for A e W.

It is shown in [11, Theorem 1.3] that d‘(,‘%) is a metric on the set X,,, and for each
R > 0, ), g is complete in this metric. However, as shown in Sect. 5.4, the topology

generated by dé‘%) is strictly stronger than the weak-* topology on X,,. The notion of
optimal couplings corresponding to the Wasserstein distance is as follows.
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Definition 3.2. A coupling (A, X, Y) of two non-commutative laws p and v is optimal
. 2
i 1X = Y2y = dyy (1, v).

Remark 3.3. As remarked in [11], for every u, v € Z,,, some optimal coupling exists.
To see this, suppose R > 0 is an exponential bound for i and v. Note that that if
(A, X,Y) is a coupling and y is the joint law of (X, Y), then | X — Y||L2(A>§’£ =

1/2
(21}1:1 y((xj — xm+j)2)) . The space of joint laws y € X, g with marginals p

172
and v is closed in Xy, g and therefore compact, and y +— (Z;flzl y((xj — Xms j)2))

is continuous. Thus, it achieves a minimum at some y*, and we obtain an optimal
coupling (A, X, Y) from the GNS construction with y* (Proposition 2.31).

Just as in classical optimal transport theory, it is convenient to frame L? optimal
couplings in terms of inner products rather than L? norms in order to relate them with
Legendre transforms. If (A, X, Y) is a coupling of x and v, then

1X = Y12 = 1X 17240 = 206 V) 200 + 1Y 172 4y

Since | X125, 4, and 1125 4
imizes || X — Y12 Ay if and only if it maximizes the inner product (X, ¥') 2 Ay - This
motivates the followmg definition.

are uniquely determined by u and v, a coupling min-

Definition 3.4. For u,v € X,,, wedenote by C (i, v) the maximal value of (X, Y)Lz(A)Zll
over all couplings (A, X, Y) of u and v.

The preceding paragraph shows that

dy (1, v)* = Z n(xp) + Z v(x}) = 2C (. v).

Jj=1 Jj=1

The goal of the section is to establish a duality result that C(u, v) is the infimum of
w(f) +v(g) over certain pairs (f, g) of E-convex functions.

3.2. E-convex functions. Fix a set W of isomorphism class representatives for tracial
W*-algebras with separable predual, as was given by Lemma 2.20. (Although we are
only considering a set of isomorphism class representatives, we make no identifications
between different tracial W*-embeddings from a given 4 € W to a given B € W.)

Definition 3.5. Let S be a set. A tracial W*-function with values in S is tuple f =
(fY aew, where fA - L>(A)" — S if whenever ¢ : A — B is a tracial W*-

embedding, we have f A = fB 5. (Here the inclusion ¢ is understood to extend to a
map L?(A)" — L2(B)™ per Notation 2.18.)

Thus, roughly speaking, being a W*-function means that the evaluation of f on some
X e L2(.A)’s72‘l is independent of the ambient algebra. Hence, in particular, for bounded
operators, f AX) only depends on the non-commutative law of X.

Although the definition of f only specifies f A when A is in the set W, it will
sometimes be convenient to use the notation £ for a general tracial W*-algebra A with
separable predual. Indeed, by our choice of W, there exists an isomorphism ¢ from A to
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some B € W. We can then set f A= f B 5 ¢. This is well-defined, that is, independent
of the particular choice of ¢, because f Boy = f B for every automorphism v of B;
this in turn follows from the definition of W*-functions since an automorphism v is in
particular an inclusion from B into 5.

Definition 3.6. A tracial W*-function f = (f A) Aew With values in [—o0, +00] is said
to be E-convex if either it is identically equal to —oo or the following conditions hold:

(1) Foreach A, f A is a convex and lower semi-continuous function Lz(A)g’Z1 — (—o00,
+00].

2)If ¢ : A — B is a trace-preserving embedding, and if E = * : B — A is the
corresponding trace-preserving conditional expectation, then

FAEIXD < B

for X € BY. (Here E is understood to extend to a map LZ(ZS’)’S’Z1 — LZ(A)Z; per
Notation 2.18.)
Example 3.7. For t € (0, 00), let q;4(X) = (1/2[)||X||%2(A)m. Then ¢; is E-convex.
Indeed, it is convex because of the Cauchy-Schwarz and arithmetic-geometric mean
inequalities. It is clearly continuous. Finally, it satisfies monotonicity under conditional
expectation because conditional expectations are contractive in ||| 72 Ay -

We next explain an equivalent characterization of E-convexity using subgradient
vectors.

Definition 3.8. If H is a real Hilbert space and f : H — (—o0, 00] is a function, we
say that y € H is a subgradient for f at x if

f&xDN > fx)+{(y,x' —x)forallx’ € H.

We define the subdifferential O f (x) as the set of subgradient vectors at x.
The following facts are well-known in convex analysis.

Lemma 3.9. Let H be a Hilbert space. If f : H — [—00, 00] is convex and lower semi-
continuous and f (x) is finite, then 0 f (x) is nonempty, closed, and convex. Conversely,
f i H — (—00,00) and O f is nonempty for every x, then f is convex.

Analogously, we will show that E-convex W*-functions are characterized by the
existence of a subgradient vector Y to f A at X such that ¥ ¢ L2(W*(X ))a (where
W*(X) is given by Lemma 2.35). In addition, we handle the case where f can take the
value +o0.

Lemma 3.10. Let f be a W*-function taking values in (—oo, o0). Then f is E-convex
if and only if for each A € W and X € L*(A)", there exists Y € L*(W*(X))™ which

sa’

is a subgradient vector to fA at X. Here W*(X) is given by Lemma 2.35.

Proof. First, suppose that f is E-convex. Fix X € L2(A)’S’;. By Lemma 3.9, there exists

some subgradient vector Z to f A(X). Let B = W*(X), let E : A — B be the trace-
preserving conditional expectation, and let Y = E[Z]. Then for X’ € LZ(A)Z;, we
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have
A = BEXT = FAEXT)
= [A0 +(Z, EIX'T = X) 2y
= fA(X) +{Z, E[X/ - X])[}(A)g;
= fAO+ (Y. X' = X) 20y

Thus, the desired subgradient condition holds.

Conversely, suppose this subgradient condition holds. Lower semi-continuity of f A
follows from the existence of subgradient vectors. For X¢, X € LZ(A);';1 andr € (0, 1),
we have

FA = 0Xo+1X1) < (1= 1) fAX0) +1fAX)).

because of the existence of a subgradient vector at (1 — #)X¢o + #X;. To check the
monotonicity under conditional expectation, consider an embedding ¢ : A — B and
let E : B — A be the corresponding conditional expectation. Let X € L*(B)" and
let X’ = E[X]. By (1), there is a subgradient vector Y to f B at the point X’ that is in
L2(W*(X’))g’;, and in particular ¥ € L>(A w. But then
B By’ /
P = P&+ (Y, X - X >L2(B)g'§1
= fBEIXD + (Y. X — E[X]) 2
= fBELXD.
|

Remark 3.11. The same argument shows that for a W*-function taking values in
(—o00, +00], E-convexity is equivalent to the combination of the following three condi-
tions:

(1) For each A € W and X € L*(A w, if fA(X) < o0, then there exists ¥ €
L?(W*(X)) which is a subgradient vector to fA at X.

(2) For each A, the set (fA)_1 ((—o0, M)) is closed and convex in LQ(A)Z;.

3) Ift: A — Bis atracial W*-embedding and E = (* : B — A is the corresponding

conditional expectation, then f B (X) < +oo implies f A(E [X]) < +o0.

Remark 3.12. If f isatracial W*-function, then f A(U XU*) = f A (X) forevery unitary
U in L*®(A) and X € L>(A)"; this is because conjugation by U defines an automor-
phism of A (hence in particular a tracial W*-embedding A — A), and f respects tracial
W#*-embeddings.

If f is E-convex, then this unitary invariance gives rise to a “sum of commutators”
condition on subgradient vectors related to Lemma 1.14. More precisely, suppose f is

E-convex, Y € 5fA(X) and U is a unitary in L°°(A). Then
A = FAUXUY = fAX) + (UXU* = X Y) 204y

As in Lemma 1.14, by taking U = €'/ for A € L™ (A)s, and differentiating at t = 0,
we obtain )7 [X;, ¥;] = 0.
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The next lemma describes how the subdifferential interacts with conditional expec-
tations.

Lemma 3.13. Let f be an E-convex W*-function. Let A € W and X € L*(A)". Let B
be a tracial W*-subalgebra of A.

(1) If fB(EgIX]) = fAX), then
ofB(EglX]) = L2B)" NnafAX).

(2) IfY € 0 fA(X), then Ew+x)[Y] € 0 fA(X).

Proof. (1)First, we show thatd fB(Eg[X]) € L2(B)"Nd fA(X).IfY € dfB(Eg[X]),
then clearly Y € Lz(B)’" Moreover, for all Z € L? (A), we have

@) = fBEBIZ))
> fB(EBIX]) + (Y, EB[Z] — EBIX]) 25y
= fACO+ (Y. Z = X) 12 4y
where we have used the fact that Ep is self-adjointand Eg[Y] = Y.Hence,Y € 0 f AX)
as desired.

Conversely, to show that L2(B)m N 5fA(X) - 5fB(EB[X]), suppose that ¥ €
L2(B)". N3 fA(X). Then for Z € L>(B),

B2 = A2
= fAX) +(Y, Z = X) ppapy
= fB(EBIX]) + (Y. Z — EIX1) 25y -

because Ep is a self-adjoint operator on L?(A) and Y € LZ(B)Z;.

(2) Let B = W*(X) (where the trace is given by the restriction of t4). Let Z €
L*(B)™. Then
B2 = A2
> fAX) + (Y, Z = X) 2 am
= fBX) +(EBIY], Z = X) 25y,
Thus, Eg[Y] € dfB(X), and so by (1), Eg[Y] € 5fA(X). O

Lemma 3.14. Let f be an E-convex W*-function. Let A € W and X € L*(A)".

(1) There exists a unique Y € 5fA(X) of minimal L*-norm.

(2) The Y from (1) satisfies Y € L>(W*(X))™.

(3) LetB W*(Y) as described in Lemma 2.35, where Y isasin(1). Then fB(EB[X]) =
FAX) and B = W*(EB[X)).
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Proof. (1) Because 0 f A(X ) is a closed convex set, it has a unique element of minimal

L2-norm.
(2)LetC = W*(X).LetY' = E¢[Y]. Weclaim that Y’ € 6fC(X).LetZ € L2(C)’S’;.
Then

1“2 = A2
> fAX)+(Y, Z - X) 2
= fCX) + (Y, Z = X) 2o

Thus, Y’ € 5fc (X). By the previous lemma, Y’ € 5fA(X). But because Y has minimal
norm, we have ||EC[Y]||L2(A)gﬂa = ||Y||L2(A);g’ hence Ec[Y]=Y,s0Y € LZ(C)Z;.

(3) First, we show that fB(Eg[X]) = fA(X). By E-convexity, fB(Eg[X]) <
f AX). Conversely,

SBEBIXY) = fAEBIXD) = fAX) + (Y. EBIX] = X) 24 = fA(X).

Thus, by Lemma 3.13 (1), ¥ € 3fB(EB[X]). Now letting D = W*(Eg[X]) with the
trace 7|p, Lemma 3.13 (2) implies that Ep[Y] € 3fB(EB[X]), hence also Ep[Y] €
of A(X ) by Lemma 3.13 (1). Because Y was chosen to have minimal norm, we have
EplY] = Y, and thus, D © W*(Y) = B by the characterization of W*(Y) given in
Lemma 2.35. Hence, B = D = W*(Eg[X]). O

3.3. Legendre transforms.

Definition 3.15. We define the Legendre transform asthe tuple L f = (L f A) Aew given
by

EfA(X) = sup{(«(X), Y) — fB(Y) :BeW,: A— BatracialW*-embedding,
Y € L*(B)™)
for X € LZ(A)Z’;.
Example 3.16. Consider again q,A(X) = (120 X? . A standard computation

L2(A)n
with norms and inner products shows that Lg; = q1;.

Proposition 3.17. Let f be a tracial W*-function.

(1) The Legendre transform L f is an E-convex tracial W*-function.
(2)If f <g then Lf > Lg.

(3) We have L> f < f with equality if and only if f is E-convex.

(4) L2 f is the maximal E-convex function that is less than or equal to f.

Proof. (1) If f is identically equal to —oo or +oo, L f will be +00 or —oo respectively
and there is nothing to prove. Hence, assume that f attains some finite value at some
Y € L2(B)" for some B € W.

Forany A € W, the free product A= B8 is isomorphic to some C € W.Let¢; : A — C
and ; : B — C be the corresponding tracial W*-embeddings. Then

LIAX) = (X)) 2 — fE@Y)) > —o0,
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since fc(tz(Y)) = fB(Y) < +00. Hence, L f is never equal to —oo.

For each A, the function L f Alsa supremum of affine functions, and therefore it is
convex and lower semi-continuous.

Let¢: A — B be atracial W*-embedding and let E : 5 — A be the corresponding

trace-preserving conditional expectation. Let X € LZ(B)’S’;. Let7: A — B be another
inclusion. Let M € W be isomorphic to the amalgamated free product of 5 and B over
the subalgebra A (or more precisely, over the images of ((A) € B and i(A) C B) as
in Proposition 2.22. Let p : B — M and p : B — M be the inclusions. Then for
Y € LYX(B),

LEX) = (p(X). 5 p2pam — £ (BY))
= ([0 E(X), Y) 2 gy — FE(D),

where we have used free independence with amalgamation to compute the inner product,

and we have used the fact that f is a tracial W*-function. Because 7 : A — B and Y
were arbitrary, we have

LfBx) > LrAEX)),

which establishes condition (2) in the definition of E-convexity.

It only remains to show that £ f is a tracial W*-function. Suppose ¢ : A — Bis a
tracial W*-inclusion. If ¢/ : B — C is a tracial W*-inclusion, then so is ¢’ o ¢, which
implies that

LIAX) = sup (U ot(X). V)2 — FEO) = LFBX)).
/:B—C ‘
YeL?2(omn

If E : B — A is the conditional expectation corresponding to ¢, then by the preceding
argument

LFAX) = LFAE ou(X)) < LFBWX)).

Thus, £fA = LB o1, s0 L is a tracial W*-function.
(2) This is immediate from the definition and the properties of suprema and infima.
(3) By definition of £ f, for every A € Wand X, Y € L?(A)", we have

LIAX) = (X Y) 2 — FAD),
hence
LEAX) + fAY) = (X Y) 20y

Hence, given an inclusion ¢ of A into Band Y € LZ(A)Z;1 and X € L%(B)", we have

FAY) = B = ). X) 28y — LIBX).

Taking the supremum on the right-hand side, f A(Y) > [2 f 'A(Y). Thus, f > L2 f.
Now suppose that f is E-convex, and we must show that f = £ f.If f is identically
—o0 or +00, there is nothing to prove. Otherwise, fix .A. Because f A is convex and
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lower semi-continuous, classical results about convex functions tell us that f A can be
expressed as the supremum of a family of affine functions (gy)ner, Where

8« (X) = (X, Za)[}(A);'a + Co

with Z, € L2(A)" and ¢y € R. Lett : A — B be an inclusion and let E : B — A
be the corresponding conditional expectation. If Y € L2(B)’s’§, then by the E-convexity
property

(1(Za). Y) 2y — FPY) < ((Za). V)2 — FAEX))
< (Za, EY)) 2 ayn — (Zas E(Y)) 2(ayn — Ca = —Ca-

Therefore, L f A(ZO,) < —cq, which implies that
L2FAX) = (X, Za) 2 aym — LN Za) 2 (X, Za) 124y + Ca = 8a(X).
Therefore,

L2fAX) = sup go (X) = FAX).
e

So L2 f = f as desired. Conversely, if f = £ f, then f is E-convex because it is the
Legendre transform of some function.

(4) We already showed that £ f is E-convex and £ f < f. Moreover, suppose g
is E-convex and ¢ < f. Then Lg > Lf and hence £L?g < L?f by (2). Meanwhile,
g = L%g by (3), and therefore g = £L2g < L*f. O

Remark 3.18. Tt follows from E-convexity that for every ¢ : A — Band X € LZ(A)'S’Z1
and Y € L2(B)", we have

(LX), Y)LZ(B)(J;i - fB(Y) = (X, E[Y])LZ(Jat)g,‘gl - fA(E[Y]),

where E : B — A is the conditional expectation corresponding to ¢. Therefore,

LFAX) =  sup ((X, Y) 2 — fA(Y)).
YeL2(A)m )

Hence, if f is E-convex, there is no need to consider a larger W*-algebra when computing
the Legendre transform, and moreover £ f A agrees with the classical Legendre transform
of f A as a function on the real Hilbert space L> (A%

Remark 3.19. In fact, the argument of Proposition 3.17 can be used to prove slightly
stronger statements:

o If (f Ay Aewy 18 any collection of functions, then £ f is convex, and for any tracial
W#*-embedding ¢ : A — B, it satisfies EfA > CfB olL.

o If (fA)Aew satisfies fA > fB o for every embeddings ¢ : A — B, then Lf is
E-convex.

e In particular, if (f A Aew is any collection of functions, then £2 f is E-convex.

The next lemma states the relationship between Legendre transforms and subgradi-
ents, which is exactly analogous to the behavior of classical Legendre transforms. We
will use this lemma many times.
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Lemma 3.20. Let f be an E-convex W*-function, let A € W and X, Y € L*(A)™.
Then the following are equivalent:

(1) fAX) + LFAY) = (X, V)2 am-

(2) Y € 3 fAX).

(3) X € 3LFAY).

Proof. (1) == (2). Suppose that fA(X)+LfA(Y) = (X, Y) 2 Ay - By definition of
Lf, we have for all X’ € L?>(A)" that

(X Y) 2 — FAXD) < LFAY) = (X, ¥) 2y — FAX0,

hence, fAX') > fAX) + (X' — X, Y) 2 Ay, s0Y € dfAX).

(2) = (1). Suppose Y € 6fA(X). Lett : A — B be a tracial W*-inclusion
and £ : B — A the corresponding conditional expectation. Since E[t(X)] = X,
Lemma 3.13 (1) tells us that

(@A) = 0N x) = LA NTE X)),
so in particular, ¢(Y) € 5fB(L(X)) Hence, for any Z € LZ(B)sa, we have

(z, l(Y»LZ(B)g;l - fB(Z) =< {u(X), l(Y))LZ([j’);r;i - f (X))

Since ¢, B, and Z were arbitrary, the supremum defining £ f A(Y) is attained at the point
X, so that fAX) + LFAY) = (X, Y) 2y

Therefore, we have proved that (1) <= (2). Because f is E-convex, we have
L(Lf) = f.Therefore, (1) «—= (3) follows from (1) <= (2) by switching the roles
of f and L f and the roles of X and Y. O

3.4. A non-commutative Monge—Kantorovich duality.

Deﬁnltlon 3.21. If f is a tracial W*-function and u € X,,, then we define u(f) =
f (X), where A € W is (isomorphic to) the GNS representation of p and X is the
canonical generating m-tuple.

If f is a tracial W*-function, for every A and every X € A7 with Ax = u, we have
u(lf)y=r A(X ). This follows by the definition of tracial W*-function and the fact that
W*(X) is isomorphic to the GNS representation of wu.

Definition 3.22. Let us call a pair (f, g) of tracial W*-functions admissible if they take
values in (—o0, co] and for every A € W,

A + g (Y) = (X, Y) 2 ay forall X, Y € LA(A)

Proposition 3.23. Let u, v € %,,. The following quantities are equal:

(1) C(p, v).

(2) inf{u(f) +v(g) : (f, g) admissible}.

(3) inf{w(f) +v(LSf) : f atracial W*-function not identically oo}.
(4) inf{u(f) +v(g) : (f, g) admissible and E-convex}.
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(5) inf{u(f) +v(Lf) : f E-convex not identically co}.
Here all the functions under consideration take values in (—oo, 00].

Proof. (1) < (2) Let (A, X, Y) be a coupling of x and v, and let ( f, g) be an admissible
pair. Then

(X, V)2 < FAXO + g4 = u(f) +v(g).

Taking the supremum over couplings on the left-hand side and the infimum over admis-
sible pairs ( f, g) on the right-hand side, we have (1) < (2).

(2) < (3).Itis clear from the definition of £ f that fA(X)+L fA(Y) > (X, Y) 2 Ay
Therefore, (f, Lf) is always an admissible pair, and hence (3) is the infimum over a
smaller set than (2).

(3) < (1). Define

fA(X): 0, if X € LAy and Ax = p,
+00, otherwise.

Note that f is a tracial W*-function. Let A be the GNS-representation of v with the
canonical generators Y. Then L f A(Y ) is the supremum of (¢(Y), X) 2By where ¢ :
A — B is an inclusion and X € L°(B)7] satisfies Ax = p. In particular for a non-
commutative law v, letting (A, Y) be the GNS realization of v, we have v(Lf) =
/JfA(Y) = C(u, v). Moreover, u(f) = 0 and hence C (i, v) = u(f) + v(Lf).

(2) < (4). This is immediate since (4) is the infimum over a smaller set.

(4) < (5). Suppose that f is E-convex. Then (f, £ f) is admissible as noted above.
Also, L f is always E-convex, so (5) is the infimum over a smaller set than (4).

(5) < (3). Let f be a tracial W*-function. Then £2f < f and (L>f, Lf) is an
E-convex admissible pair. Therefore,

() +v(Lf) = w(L2f) +v(LS).

Of course, since £(L£? f) = L>(Lf) = Lf, the term on the right-hand side participates
in the infimum (5). Since the f on the left-hand side was chosen arbitrarily, (3) > (5).
|

Proposition 3.24. Let (A, X, Y) be a coupling of 1, v € %,,. The following are equiv-
alent:

(1) The coupling is optimal.

(2) There exists an admissible pair ( f, g) such that (X, Y>L2(A)g'gl = fA(X) + gA(Y).

(3) There exists a tracial W*-function f such that (X, Y)p2aym = fA(X) + EfA(Y).

(4) There exists an admissible, E-convex pair (f, g) such that (X, Y>L2(A);'; = fA(X) +
g ).

(5) There exists an E-convex tracial W*-function f such that (X, Y)LZ(.A)g'gl = fA(X) +
LFAY).

(6) There exists an E-convex tracial W*-function f such that Y is a subgradient vector
to f“‘l at the point X.
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Proof. Tt is immediate from the previous proposition that each of the conditions (2) —
(5) implies (1).
For the converse implication, assume the coupling is optimal. Let

3 o0 m J—

1B(z) = 0, 1fZ€.L B and Az =,
+00, otherwise.
As in the proof of the previous proposition, we have u(f) + v(Lf) = C(u,v), or
equivalently (X, Y) 2 = fAX) + LFAY). We also have C(u, v) = n(L>f) +
v(Lf) < u(f)+v(Lf) = C(u,v). Thus, the pair (Ezf, L f) fulfills all of the criteria
of (2) - (5).

The equivalence of (5) and (6) follows from Lemma 3.20. O

3.5. A decomposition result for optimal couplings. As an initial application of duality,
we present the following result that expresses an optimal coupling (X, Y) in terms of
another optimal coupling (X', Y’) with B = W*(X') = W*(Y’).

Theorem 3.25. Let 1, v € Xy, g, and let (A, X, Y) be an optimal coupling of 1 and

v. Then there exists a W*-subalgebra B C A with the following properties, letting

X' = Eg[X]and Y' = Eg[Y]:

(1) B=W*(X") = W*(Y").

(2) X —X', X' =Y andY' — Y are orthogonal.

(3) (A, X', Y') isan optimal coupling of . x» and Ly:. Similarly, (A, X, Y")and (A, X', Y)
are optimal couplings of the respective laws.

We may choose B to be contained in W*(X) (or symmetrically, we may choose it to be
contained in W*(Y)).

Furthermore, there exists some optimal coupling (A, X, Y) and a B satisfying (1) —
(3) with respect to this coupling such that W* (X, B) and W*(Y, B) are freely independent
with amalgamation over B.

Proof. Let
% = {W*-subalgebras B C A : (Eg[X], EB[Y]>L2(A)g'5 = (X, Y)Lz(A)g;}’

which is partially ordered by inclusion. We claim that % has a minimal element, and we
will prove this by a transfinite reverse martingale argument. By Zorn’s lemma, it suffices
to show that every chain in % has a lower bound. Consider a chain ¥ C %, and let
C = \pey B- We claim that limgcy Eg[X] = Ec[X]in LZ(A)Q',Q. Let

— i 2
8 - ég%”EB[X]”LZ(A)’:;

Given € > 0, there exists By € € such that ||EBO[X]||12(A)," < 82 + €2. Then for all
B € € with B C By, we have

IEBIX] = Eg (X172 gy = NEB XTI T2 gy — IEBIXINZ2 apm

2_2_ 2

582+e =€“.
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This implies that Z = limgey Eg[X] exists in L2(A - Moreover, || Z;j|lpo4) <
I1Xjllzooca). Clearly Z; € ﬂBE%B = C, and (Z, W>L2(A)’;;, = (X, W>L2(A)g; for
all W e L2(C)§’e’l. Thus, limgcy Eg[X] = Ec[X] in L2(.A)Z;. By the same token
limgey Ep[Y] = Ec[Y]in L2(A)™. Therefore,

(Ec[X], Ec[Y])r2aym = éiglg(EB[X], Eg[YT) 2 aym = (X, Y) r20aym-

Therefore, C € % as desired.
So by Zorn’s lemma, %8 has some minimal element, which we will call B. Let X' =
Ep[X]and Y’ = Eg[Y]. Now W*(X’) C B and we have

(X', Ew*(x')[Y/])Lz(A)g; = (X', Y/>L2(_A)'S’5-

By minimality of B, we have B = W*(X’), and similarly, B = W*(Y’). Hence, (1)
holds.
To show that 3 can be chosen inside W*(X), note that

(Ew+x)[ X1, Ew=co[Y D) 2aym = (X, Ew=x)[Y]) 2aym = (X, Y)p2aym -

Thus, we can apply the same argument with % replaced by the elements of % contained
inside W*(X).

To prove (2), since X — X’ = X — Eg[X] is orthogonal to B, it is immediate that
X — X’ and X’ — Y’ are orthogonal. Similarly, Y’ — Y and X’ — Y’ are orthogonal.
Finally, to show that X — X’ and Y’ — Y are orthogonal, note that

(X — X/, Y/ - Y>L2(.A){'f‘ = <X, Y/>L2(A){(t‘ + (X/, Y>L2(A){':“
—(X, Y)LZ(A)?ZI - (X/, Y/>L2(A)g%. (31)

Observe that
(X, Y/>L2(,A)gg‘ = (X, EB[YDLZ(_A)'S?;‘ = (EglX], EB[Y])LZ(_,LU;”a = (X/, Y/)L2(,A)gg-

Similarly, (X, Y)r2cam = (X', Y/)LZ(A)g';- Moreover, (X, Y)24m = (X', Y/>L2(A)’S’g,
by our choice of B. Thus, all the terms in (3.1) cancel, and X — X" and Y’ — Y are
orthogonal.

To prove (3), by Proposition 3.24, there exists an admissible pair of E-convex W*-
functions f and g such that fA(X) +gA(Y) = (X, Y>L2(A)§rzl. By construction of B and
by E-convexity,

FAX) + 820 = (X Y ) paan
= (X, Y)LZ(A);?1
= A +gA)
= A + g
This implies that (X', Y”) is an optimal coupling. By similar reasoning, since (X, ¥') 12 4yn

= (X', Y/>L2(A)g; and fAX') < FAX), we see that (X', Y) is an optimal coupling,
and symmetrically (X, Y’) is an optimal coupling.
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Let A be a copy of W*(X, B) and let .A; be a copy of W*(Y, B). Let A=A xg A
be the amalgamated free product (with its canonical trace 7). Let X, X/, Y, and Y’ be
the images of the original variables in .A. Then using free independence

2 2 2 2

X-Y

Y —Y

H)"(—f(’

+H5«_yf

. +
L2 Ay,

2 2 2
=[x - X/“LZ(A)’{‘a + X"~ Y/”LZ(A)’;’a +|Y" — Y”H(A)*ga
=X =Y,

LAy, LAy, LAy,

(A

Therefore, (X, Y) is also an optimal coupling of p and v. The W*-subalgebra B C A
also satisfies

(EglX], EglY])z = (X, Y)z,

and satisfies (1). Thus, the same arguments as above show that 5 in A satisfies (2) and
3). O

4. The Displacement Interpolation

If (A, X,Y) is an Lz-optimal coupling of u, v € %, then one can consider the dis-
placement interpolation X; = (1 — )X + Y for ¢t € [0, 1]. As shown in Proposition
A.22 the corresponding family of laws defines a geodesic in (%,,, d&%)). In this section,
we study how the displacement interpolation interacts with non-commutative Monge—
Kantorovich duality and use this to prove Theorem 1.5.

Motivated by analogous arguments in classical optimal transport theory, we approach
the proof as follows (see §4.3 for more detail). By Proposition 3.24, there exists an
E-convex function f such that (X, Y)LZ(A)g'; = fA(X) + EfA(Y), or equivalently

Y € 3fA(X). Letting g, be the W*-function g/ (X) = (1/20)| X2, (A + We observe

that X; € 8 £A(X) where f, = (1 — 1)q) +tf. Hence, X € d(Lf;)"(X;). In order to
show that X € L>(W*(X,) w . we want to understand the regularity properties of L f;.
It is well-known that for a convex function f on a Hilbert space H, the Legendre
transform of f(x) + (£/2)|lx|| is given by the inf-convolution g, = infyey[f*(y) +
a72n|x — y||2], where f* is the Legendre transform of f. Furthermore, g, has a
Lipschitz gradient for every ¢ > 0, and it satisfies the Hamilton—Jacobi equation

d 1 Vo |2
Egt = §|| gl
This can be checked by hand, or deduced for instance from [6, Sect. 2, Theorem 1]; also
relevant to Hamilton—Jacobi equations on Hilbert space are [7,8,18,19,47,49].

In this section, we adapt the theory of inf-convolutions to the setting tracial W*-
functions. In Sect. 4.1, we define inf-convolutions of W*-functions and prove their basic
properties. In Sect. 4.2, we describe how inf-convolutions interact with E-convexity and
semi-concavity. In Sect. 4.3, we conclude the proof of Theorem 1.5.

We emphasize that the novelty in our work is not in the form of the Hamilton—Jacobi
equation but rather in the fact that we study variables from infinite-dimensional non-
commutative algebras and want the function to be defined consistently with respect
to inclusions of these algebras (that is, to be a tracial W*-function). This means for
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instance that if f and g are tracial W*-functions and fg is their inf-convolution as
defined below, then ( f Dg)'A need not agree with the inf-convolution of f A and g“‘l as
functions on the Hilbert space L2(.A)g’f1 (Remark 4.5); however, they do agree if f and
g are E-convex (Lemma 4.6). Hence, a notion of viscosity solutions compatible with
our theory of inf-convolutions will thus have to take into account the inclusions of one
tracial W*-algebra into another.

4.1. Inf-convolutions. We begin with the definition and basic properties of the inf-
convolution.

Definition 4.1. Let f, g be two W*-functions with values in [—o0, oo]. We define the
inf-convolution fllg by
(fO02)A(X) = inf { Bux) = v)+ g8l : A — Bembedding, Y € L2(B);';} .

Lemma 4.2. The object fUg is a W*-function.

Proof. Lett: A — B be an inclusion, and we first show that

(fOAX) < (OB wx)). (4.1)

If / : B — C is another inclusion and Y € LZ(B’)Z;1 as in the definition of (ng)B, then

of course ¢’ o ¢ is an inclusion and which can be used in the definition of (] g)A. This
shows (4.1).
Conversely, suppose that ¢/ : A — C is an inclusion and Y € LZ(C)Q’Ql as in the

definition of (f Dg)A. Then let C be the free product of B and C with amalgamation
over the images of .4 in the respective algebras. Then the image of Y in C participates
in the infimum defining (ng)B([(X)) and hence (ng)B(L(X)) < (ng)A(X). O

Lemma 4.3. The inf-convolution is commutative and associative, that is, if f, g, h are
W*-functions, then fOg = g0 f and (fOg)Th = fO(g0h).

Proof. We have

(fOpAx) = inf_inf  [fBux) —v)+gBm).
tA=>ByeL2(B)mn

We substitute Z = ((X) — Y and thus obtain

inf inf  [fB2)+ P uX) — 2)] = O HAX).
v A=ByeL2(Byn

For associativity,

(DO = inf (7025w X0 = V) +h5m)
YeL?(B)n
— : ; C
=yt (e

YeL>(B)" zeLl>(B)"

—2() = 2) +°2) +h€ (2())). “2)
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We claim that is equal to

t:}\n—t;B (fC(L(X) - - Z) + gB(Z) + hB(Y)) ’ (4.3)
Y,ZeLl>(B)"

or in other words, in our earlier expression we can without loss of generality impose the
condition that C = B and (o = id. The reason is that if we allowed Z to come only from
the smaller algebra C, then the infimum could only increase, hence by shrinking C to
B, (4.3) > (4.2). On the other hand, if in (4.2), we allowed Y to come from the larger
algebra C instead of 3, then the infimum could only decrease, and hence by enlarging
B to C, we see that (4.2) < (4.3). Now the expression (4.3) is symmetric in g and &, and
hence

(fHg)Uh = (fUh)Ug.
This relation, together with commutativity, implies the associativity relation since
(fOg)Uh = (gL fHUh = (UL f = fU(gUA). O

The relationship between inf-convolution and Legendre transform is exactly what
one would expect based on the classical case.

Lemma 4.4. Let [ and g be W*-functions. Then
L(fOg)=Lf+Lg.

Proof. Observe that

(O 0 = sip (X Vg — (fO95M)
11:A—>B ‘
YeL>(B)"

= sup |00 V) sy — (Ffem -2+@)|,

inf
1 A—=B 12132—>C

where we take the supremum over B and C € W and inclusions ¢; : A — B and
h:B—=CandY € LZ(B);Z1 and Z € LQ(C)g’Zl. This can be rewritten as

sup sup (20 (). 2N 20y — ) = 2) — 842)).
1:A—=B  1:B—C
Yel?(B) zeLl>(O)"

We can assume without loss generality that B = C and 1 = id. Indeed, allowing Y
to range over the larger space LZ(C)’S’g rather than LZ(B)’S’Zl would only increase the
supremum, but on the other hand, restricting Z to the smaller space Lz(B)’;Z1 instead of

Lz(C)'sZ would only decrease the supremum. Thus, taking 5 = C and renaming ¢; to ¢,
we obtain

sup  sup ((L(X), Y)2mm — B —2) - gB(Z)) .
vA—=BY,ZeL2(B)n
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Substituting Z’ = Y — Z, we have

sup  sup ((L(X), Z+Z) gy — P2 P (Z))
vA—>BZ,7'eL2(B)m ‘

= sip s (000, 2y - 152
vA—-BZ,7'eL2(B)n

X, Z) 2y — gB(Z)) : (4.4)

We want to show that this is equal to

LA +LgA(X) = sup  sup ((L(X), 22 — £ (z’))
e A=By 2/ eL2(B)n ’

+ sup sup (([(X), Z)Lz(Bz)’JZ, _ ng(Z)> . 4.5)
1: A=By ZeL2(By)n l

The only difference between the two expressions is that the latter allows ¢; : A — B
and 1, : A — B, to be different, but the former takes them to be the same, and thus
a priori (4.4) < (4.5). However, in (4.5), for any given By, B, ¢; and (¢, let B be
the free product of By and B, with amalgamation over the subalgebras ¢;(.A) in the
first factor and (3(A) in the second factor. Allowing Z’ and Z to range over L2(B)'S’Z1
rather than Lz(l':)’l)g’z1 and L2(Bz)g’:1 respectively only increases the suprema over Z and
Z', and hence (4.5) remains unchanged when we restrict to the case t; = (7, so it
equals (4.4). |

Remark 4.5. Suppose f and g are tracial W*-functions. Let f ADgA denote the clas-
sical inf-convolution of f A and gA as functions on the Hilbert space LQ(A)ZZ‘. Then
f Dg)A <f ADgA. However, the following example shows that two functions do
not necessarily agree. Take m = 2, and fA(Xl, X>) = (1/2)|1(X1, X2)||22(A)2 and

gA(Xl, X5) = tA([X1, X21%). The formula for g is to be understood in the sense of
affiliated operators (see Sect. A); since i[X1, X»] is a self-adjoint affiliated operator,
—[X1, X2)%is positive and hence 74 ([ X1, X»1?) is well-defined in [—o0, 0]; see Theo-
rem A.3 (4). Then g€ = 0 because C is commutative, and hence also fC[0g = 0. On
the other hand, let t : C — M, (C) be the canonical inclusion, and let

01 0 i —2i 0
Y1=(10), Yzz(_i(’)), [YI,Y2]=<O’2Z.).

Then for x1, x2,t € R,

A

1 1
(FOR (1. 02) = S1e0x) = 11120y + 5 10062)

- tYZHiZ(MQ((C)) + t4'L'M2((C)([Y1 ) Y2]2)

1 5 1 2 4
e = Wl gy oy * 5 162 = 112020, ) — 427

The first two terms are quadratic in ¢, and thus, taking the infimum over ¢ € R, we see
that (f0g)C = —oo < fCOgC.
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4.2. Inf-convolutions and regularity of E-convex functions.

Lemma 4.6. If f and g are E-convex tracial W*-functions with f < oo, then fg is
E-convex. Moreover, for any E-convex [ and g, we have

A — Ay _ A
GO0 = it (AKX =) 4t m)). (4.6)

Proof. We prove the second claim first. Clearly,

OO = inf (AKX =1 +gm).
YeL2(A)n

For the opposite inequality, suppose that ¢ : A — B is an embedding and Y € LZ(B)’S’Z\.

Let E : B — A be the conditional expectation. Then by E-convexity of f and g,

FAX —ElYD) + gMEYD < fBux) —v) +¢5),
and hence

inf (FAX =1+t ) = (FOA ).
YeL2(A),

Now let us show that f[g is E-convex when f < oo. If g is identically oo, then
fOg is identically oo, so there is nothing to prove. Suppose ¢B(Y) is finite for some
BandY € LZ(B)’SZ. Then (f Dg)A(X ) < oo everywhere because, letting C be the free
product of A and B and letting ¢; : A — C and ¢, : B — C be the corresponding
inclusions,

(FODAX) = fEL(X) — (1) + ¢ (1Y) < 0.
To prove convexity of (ng)A, let Xo, X1 € L2(A)", and let X; = (1 — )Xo + X1

sa’

forr € (0,1).If Yy, Yy € LZ(A);'ELl andif Y; = (1 — )Yy + 1Y}, then
(FOAX) < FAX =Y + g ()
< (1= 1) fAXo = Yo) + 1A (X1 — X)) + (1 — 1) g (Yo) + 184 (V).

Since Y( and Y; were arbitrary, we can take the infimum over Y and Y7 and apply (4.6)
to conclude that

(fOA (X)) < (1 = n(fOe)A(Xo) + 1 (fOg)A(X1).

This shows that ( fJ g)A is convex. Furthermore, since f[g < oo, this relation implies
that if (f Dg)A is —oo at one point in L2(A)’S’;, then it is —oo everywhere. Moreover, if
(ng)B is —00, then so (ng)A, as we can see by considering the free product of A
and B.

It is automatic from these facts that (f Dg)A is lower semi-continuous, since con-
vexity automatically implies lower semi-continuity at points where (f Dg)A < 00.

Finally, we must show the monotonicity of (fUg) under conditional expectation.
Let:: A — B be an embedding and let E : B — A be the corresponding conditional
expectation. If X, Y € L?(A)™, then

(fODMELX]D) < FAEIX]— EIYD + g ElY]) < fBX — 1)+ 5.

Since Y on right-hand side was arbitrary, we conclude by (4.6) that (f Dg)A(E [X) <
(ng)B(X) as desired. O
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Observation 4.7. For t € (0, 00), let q;“(X) = (1/2t)||X||iz(A)m. Fors,t € (0, 00),

because g and q; are E-convex and take finite values, we have
as0q; = £2(q:0q1) = L(Lqs + Lq:) = L(qss +q170) = LG1/(s31) = Gs1-

Then by associativity of inf-convolution, for any tracial W*-function f, we have

qs0(q:0f) = (¢g:0g)Tf = g+, LS.

Thus, (q:(-))¢>0 defines a semigroup acting on tracial W*-functions. This is the tracial
W*-analog of the Hopf-Lax semigroup.

Definition 4.8. If f is a tracial W*-function, we say that f is convex if f A is convex
for every A € W. We say that f is semi-concave if ¢, — f is convex for some ¢ > 0.

Lemma 4.9. Suppose f and g are tracial W*-functions and q; — f is convex. Then
q: — fUg is convex.

Proof. Note that

@~ Ot = swp  (aFe00) = P - 1) - gfm)
vA—>B

YeL2(B)"

1
= sup <q,B(L(X)—Y)—fB(zoo—Y)+;<L(X),Y)Lz(g)g—qF(YHgB(YQ.

The right-hand side is the supremum of a family convex functions of X and therefore is
convex. O

Asaconsequence of Lemmas 4.6 and 4.9, if f is E-convex, then ¢,[]f is an E-convex
and semi-concave function. The next results give a characterization of such functions as
well as some of their regularity properties. These results are quite close to the standard
results about convex functions on a Hilbert space, so we do not claim any originality,
but nonetheless we include the proofs for the sake of completeness.

Proposition 4.10. Let f be an E-convex W*-function that is not identically oo or —o0.
Then the following are equivalent:

(1) f = q:0g for some E-convex function g.

(2) g — f is convex.

(3) q+ — f is E-convex.

(4) Lf — q1; is convex and lower semi-continuous.
(5) Lf —q1;: is E-convex.

Moreover, in this case, f < o0 everywhere.

Proof. (1) = (2) follow from Lemma 4.9.

(2) = (3). Because ¢; — f takes finite values everywhere, by Lemma 3.10, it
suffices to show that for every X € L?(A), there exists a some Z € olg — f )A(X )N
L2(W*(X )7 Because g; — f is convex, it has a subgradient vector Z at X, so that

g X) = FAX) = gAX) + FAX) 2 (X = X, Z) 2
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which implies that

Ay A / 1 72 2
f (X ) - f (X) =< (X -X ’ Z) + Z(”X ”LZ(A)'S% - ”X”LZ('A)?Zi) (47)
= (X' = X, Z+(1/DX) 2y + X = X2 400 (4.8)

Because f is E-convex, there exists some Y € 3fA(X) N LZ(W*(X))Z;. Of course,
FAXY = fAO0) = (X = X YD p2gapy- (4.9)

This implies that

1
(X' =X Z+(1/0X = V)pacap = =5 1K = Xl 4

for all X’. Now take X’ = —tZ +tY and obtain

—t||Z+(1/t)X—Y||i2 (X’—X,Z+(1/t)X—Y)Lz(A)$

Am —

\%

_l X — X 2
2[” ”LZ(A)Q'Q

IV

t

which implies that Z + (1/t)X — Y =0,hence Z =Y — (1/1)X € LZ(W*(X))g’;.
(3) = (4). Note that

LIAX) — g7} (X)

! 2 B

= sup ((t(X),Ythm — =IO 2 m — f (Y))

CAB B 2 L?>(B)n
YeL*(B)"

t
= ilupB ((t(X), Z+1u(X) 2 Bym — EIIL(X)IIiz(Bm - Bz +tt(X)))
zléLz(Bw;

1 1

= su N1 Z0z e + — 11 Z + 1t 22 2m — [B(Z +10(X)) ).

sup_ ( S 121023y + 1 Z 4 11O gy = FP(Z 4 10X0)
ZeL*(B)"

Because g; — f is convex and lower semi-continuous, the right-hand side is the supremum
of convex lower semi-continuous functions of X, and therefore is convex and lower semi-
continuous.

4) = (5).Leth = Lf. Since f is not identically —oo or oo, the same is true of
h. We assumed in (3) that 2 — gy, is convex and lower semi-continuous. Moreover, if
E : B — Aisaconditional expectation, then WB(x) < oo implies (h—ql/,)B(X) < 00
implies (h — ql/,)A(E[X]) < oo implies hA(E[X]) < 00. Thus, it remains to show
that h'A(E[X]) < hB(X) whenever hA(E[X]) is finite. As in Lemma 3.10, it suffices
to show that for every A and X € LZ(A)’S'Q with #A(X) < oo, there exists some
subgradient vector Y € L2(W*(X), Tlw+(x))m. By E-convexity of h, there exists some
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Z < 6h“4(X)ﬂL2(W*(X))’S’§. Then we claimthat Z —tX € d(h —ql/,)A(X).To prove

m

this, observe that by convexity of 4 — g1, for s € (0, 1), and X e L2(A)Sa,
s(h=qu0(X) = (h = g0 (1 = 9)X +5X) = (1= 9)(h — quy)(X)
> hAX) + (1= )X +5X' = X, Z) 20 4ym
— g}, (1 = )X +sX') — hA(X)
+ 475 (X) +s(h — qu) (0
= s(h — qu) ' (X) + (X' = X. Z) 24y
+ 41}, (X) — g7}, (1 — )X +5X)
= s(h — qu) " X) + (X' = X. Z) 2 apm

+ LUX12,, o = 1K 45X = X1
2" AG 2 L2(A)2,

=s(h — qu) ' (X) +s(X' = X. Z = 1X) 2 4y

tsz ’ 2
- ?”X - X”LZ(_A)iS:;

Dividing by s and sending s — 0%, we obtain
(h—qu) (X)) = (h = g0 X) + (X' = X, Z = 1X) 2 4y -

Hence, Z—tX € 0(h —ql/,)A(X). Since Z—tX € LZ(W*(X))’S’Q, the proof is complete.

(5) = (1). Since Lf — q1/; is E-convex, we have Lf — g1/, = Lg for some
E-convex function g by Proposition 3.17. Thus, since g and g1, are both E-convex, we
have

f=L2f =LLg+qu0) = LLEOG) = ¢4,
where the last line follows because g[lg; is E-convex by Lemma 4.6.

Finally, (1) implies that f < oo everywhere. Indeed, if X € LZ(A);';, and if ¥
is some point where gB(Y) < oo, then let C be the free product of A and B and let
t1 : A — Candp : B — C be the corresponding inclusions. Then (qut)A(X) <
710X = 21720 +8502(1) < oo O

Proposition 4.11. Let [ be an E-convex W*-function taking values in R. Then the

following are equivalent:

(1) g+ — f is convex.

(2)If Ac WandY € 5fA(X) andY' € 3 fAX), then |[Y —Y'|| 20 aym < (1/D)]IX —
X/”LZ(A)QZ]

(3) If A € W, then B fA(X) consists of a single point V fA(X) € L>(W*(X)™, and
V fA defines a (1/1)-Lipschitz function L2(A)™ — L2(A)".

(4) For each A and X € L2(A)gg andY € 5fA(X), we have

(X' = X, V) p2eam < fAX) = FAX)

X' = Xl g (4.10)

1
<X -X,Y m+ —
= 2y * 5|

forall X' € L>(A)™.
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Proof. (1) = (2). By the previous Proposition 4.10, L f — gy, is E-convex. Let
Y € 3fA(X) and Y’ € df(X’). Then by Lemma 3.20, we have X € 3L fA(Y) and
X' edLlf A(Y/ ). By the same argument as (4) = (5) in the proof of Proposition 4.10,
wehave Z:=X —tY € 0(Lf —q)(Y)and Z" := X' —tY' € O(Lf — qi/)(Y'). It
follows that

(Z',Y =Y ppap < LX) = LFAX) SAZY =Y ) apss
hence
0=<(Z' =Z,Y' =Y)20a
=(X' =X —t(Y' =Y, Y = YV)2am
= (X' =X, ¥ = V) = Y = Yl g
< UIX = Xll2am 1Y = Yll2cam — 1Y Y”%%A);';‘

Therefore, ||Y' — Yiigzam = (A/DIX — X/”Lz(A)’;; as desired.

(2) = (3). By taking X = X’ in (2), we see that there is a unique Y € 5fA(X)
and that X — Y is a (1/1)-Lipschitz function. By Lemma 3.10, we know that 8fA(X)
contains some point in L2(W*(X ), and this point must equal Y.

(3) = (4).Let A and X be given. By our assumption of (3), there is a unique point
Y = VfAX) in 9 fAX). Let X' € L2(A)%. The lower bound (X' — X, ¥) 12y <
f A’y — f A(X) follows immediately from convexity. For the upper bound, let X; =
(1—0X' +tX andlet ¥, = V fAX,).

For n € N, observe that

FA) = 200 = 32 (FAX 0 = FAXG-m)

j=1

n
< D AXiym = XG-tyms Vi) 2 Ay

j=1
n
<Y (Xjm = X(j—1y/n; Y)r2cam
j=1

n
+ Z”Xj/n — X(-v/nll2am1Yjm = Yil2cam
j=1
< (X/ - X, Y>L2(.A)'S'5

n
1 1
+ Z ;”X/ - X”LZ(A)QA?”Xj/n - X”LZ(A)QZQ
Jj=1

1 N
< (X' =X, Y) 24 + ;||X/ - X”i2(,4)gg > p)
j=1
nn+1)

|
_ r L r_ 2 7
= (X=X V)2 + 21X = Xlpa ppm =3
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Taking n — oo shows that fA(X") — fAX) < (X' — X, Y) 2 an + (1/20]1X —

X“iz(A)g; as desired.

4 = (). Let A € W. We show that (g, — f )A is convex by exhibiting a
subgradient vector for every X € LZ(.A)’S’;. LetY € 6fA(X) and let X' € LZ(A)ZQ. By
4),

1 1
oAy A v/ 2 - 2
@ = A = = DA 2 2 IX By — 5 X0 g

— (X = X — = IX — X
P A T o L2(A)n
= (X' =X, =Y +(1/DX) 24y
Hence, —Y + (1/¢) X is a subgradient vector for g; — f at X as desired. |

4.3. Main results on the displacement interpolation. We start out by proving Theo-
rem 1.5 which states that if (4, X, Y) isan L? optimal coupling and X; = (1 —1) X +tY,
then W*(X;) = W*(X, Y) forall r € (0, 1).

Proof of Theorem 1.5. By Proposition 3.24, there exists an E-convex function f such
that Y € 3fA(X). Let f, = (1 — t)q1 +tf, where ¢{1(X) = (1/2)||X||§2(A)m. Since
(1 — )X is a subgradient to (1 — #)g; at X and ¢Y is a subgradient to fA at X, we
have X; € 5f,A(X). By Lemma 3.20, we have X € SL'fIA(Xt). Since f; — qi/(1-1) =
fy — (1 —1t)q) = tf is E-convex, q1—; — L f; is E-convex by Proposition 4.10. Hence,
by Proposition 4.11, 6L ftA(X ¢) consists of a single point which is in L?>(W*(X e
But we already know that X € 5£f,A(Xt), and therefore X € LZ(W*(X,))Z;.

A symmetrical argument shows that ¥ € L>(W*(X ))e. Therefore, W*(X,Y) C
W*(X;). The reverse inclusion W*(X;) € W*(X, Y) is obvious since X; = (1 — )X +
tY. O

It follows from the triangle inequality that (A, X, X;) is an optimal coupling of the
laws of X and X, (see Proposition A.22). Another way to show that s, given an E-convex
function f suchthat Y € 0 f A(X), to derive E-convex functions f; s for s,z € [0, 1]
such that X, € 0 f,j‘}(XS). The next proposition gives an explicit construction of f; s
from f, and gives the properties of f; ;. The specific cases relevant to the displacement
interpolation are then summarized in Corollary 4.13. All of these results are completely
analogous to the classical statements.

Proposition 4.12. Let f be an E-convex function. Fors, t € [0, 1], define f; s as follows:
Fors =0, set

fro=A=Dqr+1fi  for=Lfro;
ifs >0ands <t, set

A = it (X2 LTSy
= 1 e m T 5 m
" yeL2(Am \2s ' EAAG s L2(A)Y

(t—s5)1—=5)
t— I Iy + € = S)fA(Y)) :



Duality for Optimal Couplings in Free Probability 943

ifs >0ands > t, set

A = sup (’ X2 ixy)
, = e 24yn — T\ Bp2cAym
o verg \25 0 CR s ()‘
(t—=s5)(1—1y)
t— ¥ 2 gy + =) A ).

(In particular, f;; = q1 forallt € [0, 1].) Then we have the following:

(1) fi.s is E-convex and fs; = L f; .

(2)If s < t, then f; s — qu is E-convex for s < 1 and §q1 — fi.s is E-convex for
s > 0.

(3)Ift <s, then f; s — §q1 is E-convex for s > 0 and }T_;ql — fi.s is E-convex for
s < 1.

(4) In particular, if s € (0, 1) and X € LZ(A)'S’Z[, then 5flé(X) consists of a unique point
Vf,“f}(X) and Vf,“‘} is Lipschitz.

(5) Suppose 0 < s <t < 1. Ifu € (s, t), then

t—u u—-s
fu,s =

1+
t—sq t—s

fru= (t_sql)m(t_”ft,s(“S(-))).
u—=>s r—3s r—u

(6) Suppose 0 <s <t <1land X,Y € L*(A mwithY e 5f,j‘}(X). Foru € [s,t], let

Jrs

and

t—u u—s
X, = X+
t—s r—=s

Then X, € df;A(X) and Y € df(X,).
(7) Fors,t,u € (0,1), we have V f, ; oV fi s =V fu 5.

The next corollary describes the most relevant cases of the proposition for optimal
transport; the claims are special cases of (4) and (6) of the proposition.

Corollary 4.13. Let (A, X, Y) be an optimal coupling of u, v € X,,. Let f be an E-
convex function such that Y € 0f(X). Let f; s be as in Proposition 4.12. Let X; =
(1 =X +1tY fort € [0,1]. Then X; € 0f; (Xs) forall s,t € [0, 1]. In particular, if
s € (0, 1), then f; s has a Lipschitz gradient and we have X; =V f; ¢(X;).

In order to prove Proposition 4.12, we need the following scaling relation for Legendre
transform.

Lemma 4.14. Let [ be a tracial W*-function and let ¢ > 0. Then E(cf)A(X) =
cLfACX).

Proof. Observe that

L0 = sup (00, V) 2y — ef B))
tA—-B

Y.

YeL>(B)"

= sup (c(t(c_lX),Y)Lz(B)g;—ch(Y)>
v A—B
YeL>(B)"

= cLFACX). O
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The bulk of the proof of the proposition is the following lemma which explains how
fs.+ were obtained through addition of and inf-convolution with quadratic functions,
using the same idea as in the proof of Theorem 1.5.

Lemma 4.15. Consider the setup of Proposition 4.12. If 0 < s <t < 1, then

1—1t t—s 1
Jrs = it [( ) <(1 - f (—()))} 4.11)
—s 1—ys

1 — — —
Lfis = (1 _‘;q1> 0 [i —[sq1+ (1 =)L ] (t — )} (4.12)

and
Srs = ;611D [—[(1 — g1 +1f] (—( )>] (4.13)
Cfio=Sqe 28 (- oecf (20 (4.14)
ts = tq1 ; 1= t91 p . .
Proof. Fix A € Wand X € LZ(A)Sa, and evaluate the right-hand side of (4.11) at X to
obtain

22 (n)ofo o () o

S A
T2(1—s) T AG T T —

1
inf X-Y (=) fA )|,
YeL2(A)g';l [2S ” ||L2(A) ( S)f (1 —s >}

where we have used the result from Lemma 4.6 that it suffices to take the infimum over
Y € Lz(.A)m rather than Y in LZ(ZS')’S’Zl for some larger tracial W*-algebra B. Next, we
substitute (1 — s)Y instead of Y to obtain

-1 2 t—s . 1 ) y
X +—— inf |[—|X—(1-9Y (1 — Y
) X2 aym 1—s velban [2s l =9Vl g+ ( ) FAY)
— it | X+ s X2 X
N ver2(Am [ 2(1 —s) L2AG 7 25(1 —5) L2(A)n < s Bz Ay

=951 —5s)
+TIIYIIiz(A)§,; + (- S)fA(Y)}.

Combining the two coefficients in front of || X 12 we arrive at the formula for

s AX).

The equation (4.12) is obtained from (4.11) by applying the Legendre transform,
using the fact that £(cq1) = ¢~ 'qj for ¢ > 0, the relation between Legendre transform
and inf-convolution in Lemma 4.4, and the scaling relation Lemma 4.14.

The proof of (4.13) is similar to the proof of (4.11), and then (4.14) is obtained by
taking the Legendre transform. O

LZ(_A)m ’
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Proof of Proposition 4.12. (1) It is immediate that f; o and fo ; are E-convex and are
Legendre transforms of each other. Also, in the case of s = ¢, we have f; ; = g1, so
there is nothing to prove. For 0 < s < ¢t < 1, it follows from Lemma 4.15 that f; s is
E-convex for because it is expressed by applying scaling, addition of quadratics, and
inf-convolution with quadratics to f.

Next, we show that for 0 < s < 7, we have Lf; ; = f; ;. We evaluate L f; ; starting
from (4.13) as

Lho =0+ £| 0 -0 i1 (7 0) |

r—s

Now we evaluate the second term at some X € LZ(A)’;’I, where A € W. Using Re-
mark 3.18, we may compute the Legendre transform of an E-convex function by taking
the Hilbert-space Legendre transform for each A (without considering a larger W*-

algebra B). This yields

sup [(x,m—’l[(l—nqmﬂf‘( ! Y)]
t t—s

YeL2(A)m
We substitute “=*Y for Y to obtain

(=90 -1
2t

t—s
Sup : <X, Y)LZ(A)IIIH —_

1Y 122 4y — (t — s)f(Y)] :
YeL2(Ay, et

Adding back the term ?q{“(X ), we obtain

sup [iuxu% ~ X )

YeL?(Amn 2t A ! AR
OO s g + 6 t)f(Y)} ,

which is precisely fs ;.

Therefore, for s > ¢t > 0, we have f; ; = L fi s, hence f;  is E-convex and L f; =
fs.:. This is the last remaining case.

(Q)Let0 <s <t <1.Ifs=0,then fi; = (1 —)q) +1f, 50 fis — 1=Lqi =tf is
E-convex. If s € (0, 1), then by (4.11), f; 5 is ll%gql plus an E-convex function, hence
frs — qu is E-convex. If s € (0, 1], then by (4.13), f; s is the inf-convolution of ﬁql
with an E-convex function and therefore fql — fi.s is E-convex by Proposition 4.10.

(3) Let s > ¢. Then f; ; = Lf;;. Thus, can we argue symmetrically to (2) using
(4.12) and (4.14).

(4) This follows from (2) and (3) together with Proposition 4.11.

(5) Consider the first relation f, ¢ = i%’;ql + 7= fi.s- If s = 0, this follows from
direct computation from the definition of f, o and f; . In the case s > 0, we apply
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(4.11) to get

t—u u—sf t—u u—sl—t
1t 5 = 1+ 1
t—sq t—s"® t—sq t—sl—sq

Hme oo (o -0r (0))]
- o =5 Ga)o(0 - (750))]

= fu,s~

|
D

Analogously, using (4.14), we obtain for s € (0, 1) that

u—=s t—u
L:fl,u: qi + ‘Cft,s;
t—s r—3s

in fact, this relation also holds when s = 0 by evaluating L£f; , on the left-hand

side with (4.14) and evaluating £ f; o on the right-hand side L[(1 — t)g1 + tf] =
(ﬁq DOt Lf (% (+)). Taking Legendre transforms of the previous equation implies that

t—s t—u t—s
ft’M:<u—5q1)D<l—Sfl’S(l‘—u ))

(6) Since X € 5q1“4(X) and Y € 3]§§(X), we have

t—u u—=s
X+
t—s t—s

_ _ A
X, = Y€5[t_uql+u Sff,s] X) =012 x).
tr—s tr—s

Since Y € 5f,j‘}(X), we have X € 5(£f,,S)A(Y). Hence, using the same relation as in
the proof (5),

u—=s
X, = Y+
t—s t—s

¢11+

—u A "
P Eft,si| (Y) =0(L fru)”(Y).

Xeﬁ[
r—
So X, € DL f1,.)™(Y), so that ¥ € T f7s (X.).

(7) Inlightof (4), for s, t € (0, 1), the functions f; ; and f; s have Lipschitz gradients.
They are Legendre transforms of each other, which implies that X € 0 f; ,(Y) if and
only if Y € 3f, (X). Hence, V f, = (Vfi. )"\

Suppose that s < u < t.Let Y = V f; ((X), and let X, = “=2X + =4y Then
by (6), X, =V fus(X) and ¥ = V f; ,(X,), hence V f;, s(X) =Y = szu(Xu) =
Vft,u o Vfu,s(X)

SoVfis=VfiuoVfus Byapplying Vs, = (Vfu,s)_1 on the right, we obtain
Vfis o Vfsu = V[ By taking inverses, Vf, s o Vfi; = Vf,,. In fact, using
composition and inverses in this way, we can achieve all permutations of u, s, and ¢.
The only remaining case is when some of s, ¢, u are equal to each other, but this follows
from the relations V f; ; =id and V f; ; = (Vf,,s)_l. O
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5. Optimal Couplings, Quantum Information Theory, and Operator Algebras

In this section, we give several indications of why non-commutative optimal couplings
are significantly more complicated than the commutative case by making connections
to other results in operator algebras and quantum information theory. Specifically, using
results from [52], we show that there exist n x n matrix tuples for which an optimal
coupling requires a tracial W*-algebra of arbitrarily large dimension. Next, based on
[33] and [42], we conclude that there exist matrix tuples for which the optimal coupling
requires a non-Connes-embeddable tracial W*-algebra (that is, it cannot even be approx-
imated by couplings in finite-dimensional algebras). Next, we show that the topology
induced by the Wasserstein distance is strictly stronger than the weak-* topology on
Y. R, and we characterize the points at which the two topologies agree. Finally, we
show that X,, g with the Wasserstein distance is not separable based on [58, Theorem
1].

5.1. Completely positive and factorizable maps. We recall some standard definitions
in operator algebras; see e.g. [60]. If A is a tracial W*-algebra, we denote by M, (A)
the algebra M,,(L°*°(A)) = M,(C) ® L°°(A) equipped with the trace tr, ®t 4 and the
weak-* topology given by the entrywise weak-* topology on L*°(A); it is a standard
fact that M, (A) is indeed a tracial W*-algebra. If ® : A — B is a linear map between
tracial W*-algebras, then we define ®™ : M, (A) — M, (B) as the map obtained from
entrywise application of ®. If A is a tracial W*-algebra and a € L°°(A), then we say
that a > 0 if a = x*x for some x € L°°(A); this is equivalent to a defining a positive
operator on L?(A) by left multiplication.

Definition 5.1. We say that ® is completely positive if for every n € N, if a € M,,(A)
witha > 0, then ® (a) > 0. For tracial W*-algebras A and B, we denote by CP(A, B)
the space of completely positive maps A — B. We denote by UCPT(A, B) the space
of unital completely positive trace-preserving maps. These maps are known in quantum
information theory as quantum channels from A to B.

Definition 5.2. (Anantharaman-Delaroche [1]) Let A and B be tracial W*-algebras. A
linear map ® : A — B is said to be factorizable if there exist tracial W*-inclusions
t1 : A— Cand iy : B— Csuchthat ® =5 oy, where ;5 : C — B is the conditional
expectation adjoint to to. We also say that ® factorizes through C if there exist (1 and t»
as above.

We denote the space of factorizable maps by FM (A, B). We denote by FMg, (A, B)
the set of maps that factorize through a finite-dimensional algebra C.

Proposition 5.3. Let A, 3, and C be tracial W*-algebras.

(1) We have FM(A, B) € UCPT(A, B).

(2) UCPT(A, B), FM(A, B), and FMg, (A, B) are convex sets.

(3) UCPT (A, B) and FM(A, B) are closed in the pointwise weak-* topology.

(4) If ® € UCPT(A, B) and ¥ € UCPT(3, C), then ¥ o ® € UCPT(A, C). The same
holds with UCPT replaced by FM.

This proposition is well-known in operator algebras. For the sake of exposition, let
us recall why FM(A, B) € UCPT(A, B). Let ® € FM(A, B), and take a factorization

3 Of course, definitions make sense more generally for C*-algebras.
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® = 1}y where 11 : A — Cand 1y : B — C are tracial W*-inclusions. Since ¢ and
1» are x-homomorphisms, they are completely positive and unital. Now observe that
(15(0), b>L2(B)g’g = {c, Lz(b))Lz(C)g; > 0 forc € M,(C)+ and b € M, (B),; it follows
that ;5 (c) > 0 in M, (B) for every ¢ € M, (C)+. Since (5 is unital, (3 is trace-preserving,
and since ¢, is trace-preserving, ¢ is unital. Finally, one verifies directly that UCPT is
closed under composition, hence, 1511 € UCPT(A, B).

To show that factorizable maps are closed under composition in (4), one uses amal-
gamated free products. For convexity of FM(A, B), see e.g. [12, Lemma 2.3.6].

The next lemma summarizes some well-known facts about completely positive maps.

Lemma 5.4. Let A and B be tracial W*-algebras, and let ® € UCPT(A, B).

(1) ©(X*) = ®(X)* forall X € L*(A).

(2) ® extends to a contractive map L%(A) — L%*(B).

(3) There exists aunique ®* € UCPT (B, A) suchthat (X, ®*(Y)) 24y =(P(X), ¥) 25,
for X € L>(A) and Y € L*(B).

The connection between factorizable maps and non-commutative optimal couplings
is as follows.

Observation 5.5. Let A and B be tracial W*-algebras and let X € L*(A)% and
Y € L®(B)2. Then

Cx,ry) = sup (®(X),Y)r25ym.
PeFM(A,B) ‘

Proof. In fact, we will show that the two sets {{X’, Y’)Lz(c),s,:l - (C, X', Y') a coupling}
and {((P(X), Y)2gym = P € FM(A, B)} are equal. Suppose that (C, X', Y') is a cou-
pling of Ax and Ay. Since Ly, = Ay, there is a tracial W* embedding ¢; : W*(X) — C
sending X to X’. Similarly, there is a tracial W*-embedding ¢, : W*(¥Y) — C sending
YtoY' Let¢g; : W*(X) — Aand ¢ : W*(Y) — B be the canonical inclusion maps,
and let ® = ¢pi511¢] : A — B, which is factorizable by Proposition 5.3 (4) because it
is a composition of factorizable maps. Moreover,

(@X), Y) 25ym = (17 (X), 23 (M) 2cym = (1(X), (V) 20y

Conversely, given ® € FM(A, B), we may factorize it as (511 for tracial W*-embeddings
t1:A—Candiy: B— C,andlet X' = 11(X) and Y’ = 1»(Y) to obtain a coupling
(C, X', Y of Ax and Ay. O

5.2. Matrix tuples with optimal couplings of large dimension. This connection allows
us to address a natural question: Suppose that 1 and v are non-commutative laws that
can be realized by self-adjoint tuples X and Y in a finite-dimensional algebra; then is
there a non-commutative optimal coupling (A, X', Y’) of u and v such that A is finite-
dimensional? And do we have some control over the dimension? The classical analog
of this question certainly has a positive answer. Indeed, if 1« and v are finitely supported
measures on R”, with supports S and 7T respectively, then a classical optimal coupling
is given by a measure 7 on the product space S x 7. Hence, there exist random variables
X and Y € L2(S x T, w; R™) such that (A, X, Y) is an optimal coupling of u and v,
where A is the finite-dimensional algebra L°°(S x T, 7) equipped with the trace coming
from 7.
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Our first negative result in the non-commutative setting shows that, even in situations
when an optimal coupling can occur in a finite dimensional algebra, there can be no
control over its dimension. This is a consequence of the following result of Musat and
Rgrdam [52].

Theorem 5.6. [Musat-Rgrdam [52, Theorem4.1]] Ifn > 11, then FMg, (M,,(C), M,,(C))
is not closed, hence there exist factorizable maps M, (C) — M, (C) that do not factor
through any finite-dimensional algebra.

In order to translate this result into a statement about non-commutative optimal cou-
plings, we use the following lemma, which is an application of the hyperplane separation
theorem, vector space duality, and adjointness of tensor and hom functors.

Lemma 5.7. Let Lr(M,,(C)sa, M;;,(C)sa) denote the space of real linear transforma-
tions M,,(C) - M,,(C). Let K C Lr(M,,(C)sa, M,,,(C)sa) be a closed convex set, and
let ® ¢ K. Then there exists k < min(n>, m?) and X € Mn((C)]S‘a and Y € M,,((C)]S‘a
such that

(@O V) 120ty > SUP (VX)) 200, 01,

Proof. Recall that there is a linear isomorphism
T : LR(My(C)sas My (C)sa) = Lr(My(C)sa ® My (Chsa, R) = (My (R)sa @ My (R)sa)*
that sends W € Lr(M,,(C)ga, M, (C)gy) to the map

Vi My (Chsa @ M (Chsa > R:AQ B = (V(A), B)12(1,,(C))a

Of course, M, (C)sy ® M, (C)g, is finite-dimensional, so the double dual is isomorphic to
the original space. Applying the hyperplane separation theorem on the real inner-product
space My, (C)ga ® M, (C)g,, we conclude that there exists some v € M, (C)ga ® M, (C)ssn
such that

T(®)(v) > sup T(¥)().
VekK

Let us decompose v into a sum of simple tensors v = Z]/‘: 1 Xj ® Y;. The smallest
k for which this is possible is called the tensor rank of v. We claim that the tensor
rank is at most min(nz, mz). The reason is that for real vector spaces V and W, we can
identify V @ W with Lr(V, W) and then apply the singular value decomposition of
the matrix in Lr(V, W) corresponding to a given tensor v. Since a matrix in Lr(V, W)
has rank at most min(dim V, dim W), it follows that the tensor rank of v is at most
min(dim V, dim W). In particular, taking V = M, (C)s, and W = M,,(C)g,, we see
that our vector v € M, (C) ® M,,(C) has tensor rank at most min(n2, m?).

LetX = (X1,..., Xr)andY = (Y1, ..., Yr).Thenfor¥V € Lr(M,(C)sa, M,;,(C)sa),
we have

k
TW)() =D (VX)) Y2, = (YO, V) 20,0,
j=1

Thus, by our choice of v, the tuples X and Y satisfy the desired properties. O
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Corollary 5.8. If n > 11 and d € N, then there exist X,Y € M, (C)’s’j such that for
every optimal coupling (A, X', Y’) of Lx and Ay, A must have dimension at least d. In
particular, if d is sufficiently large, then

C(}\.X,)\.y) > sup (UXU*, Y>L2(Mn((c)):?i
Ueld (M, (C)) )

Proof. Let FMy(M,,(C), M,,(C)) denote the set of UCPT maps M, (C) — M, (C)
that factorize through a tracial W*-algebra A = (A, 7) of dimension at most d. As a
consequence of the Artin-Wedderburn theorem, every such x-algebra A is a direct sum
of at most d matrix algebras of size at most d'/%; see e.g. [25]. Moreover, the trace 7 4 is
a convex combination of the traces on each component. From these facts, it is not hard
to see that FM (M, (C), M,,(C)) is compact.

By Theorem 5.6, there exists ® € FMg, (M, (C), M, (C)) that does not factor through
a finite-dimensional algebra, and hence ® € FMg, (M, (C), M, (C)) \ FMy(M,,(C),
M, (C)).

Also, we also remark that a completely positive map ® : M,,(C) — M, (C) satisfies
®(A*) = ®(A)*, and therefore it restricts to a real-linear transformation M, (C)g, —
M,,(C)sa, and @ is uniquely determined by its restriction to self-adjoint elements. Thus,

we can Lemma 5.7 to conclude that there exists k < n? and X, Y € M, ((C)’S‘Zl such that

(P(X), Y)r2(m, pt, > sup (W(X), Y) 12, )k, -
W eFMy (M, (C), M, (C))

We can without loss of generality take k = n* because we can always add additional
zero entries to our tuples without changing the value of the inner product of W (X) and Y.
Hence, by the proof of Observation 5.5 any ¥ € FM;(M,,(C), M,,(C)) cannot produce
an optimal coupling. O

5.3. Optimal couplings and the Connes embedding problem. The situation is even more
wild than this. Based on the work of [42] on Tsirelson’s problem and the Connes em-
bedding problem, as well as work of [33], we can conclude that for some rn, there exist
X, YeM, ((C)g‘; , such that a non-commutative optimal coupling of Ax and Ay cannot
even be approximated by couplings in finite-dimensional tracial x-algebras. We begin
with some background on the Connes embedding problem, which includes first the def-
inition of ultraproducts of tracial W*-algebras, a tool to turn approximate embeddings
into literal embeddings: [12, Appendix A], [13, Sect. 2], [2, Sect. 5.4].

Let BN denote the Stone-Cech compactification of the natural numbers; it is a compact
space containing N as an open subset,* and satisfies the universal property that every
function from N into a compact topological space K extends uniquely to a continuous
function BN — K. In particular, if (x,),cN is a bounded sequence of real or complex
numbers, then lim,_,z; x,, exists for every U € BN. The Stone—Cech compactification
BN is characterized up to a canonical homeomorphism by its universal property. One
construction of SN is by way of ultrafilters, which is why we have used the letter ¢/ for
elements of BN. In this framework, the elements of SN \ N are known as non-principal
ultrafilters and the limit lim,,_, 7/ x,, is also called an ultralimit.

4 Here N is equipped with the discrete topology. To simplify notation, we view N as a subset of SN rather
than considering an inclusion map  : N — gN.
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Ultraproducts of tracial von Neumann algebras are defined as follows. For n € N,
let A, = (A,, ;) be a sequence of tracial W*-algebras. Let HneN A, be the set of
sequences (a,)nen such that sup, [la, || fe4,) < 00, which is a x-algebra. Let

lyy = { (@n)nen € Q]An :nli_?i{”a"”“(«“n) =0y .
n

Using the non-commutative Holder’s inequality for L? and L°°, one can show that
Iy is a *-ideal in [ [, An, and therefore, [[,cy An/lis is a x-algebra. We denote by
[an]nen the equivalence class in ]_[neN A, /Iy of a sequence (ay)neN € ]_[neN A,,. Fur-
thermore, we define a trace on HneN Ay /Iy as follows. if (ap)neN € HneN A,, then
(tn(an))nen is a bounded sequence in C and therefore lim, .,/ t,(a,) exists. Since
|Tn(an)l < llanllz2(4,)> we have lim,_y4 o (an) = O whenever (an)nen € Iy There-
fore, there is a well-defined map

w: [ [ An/lu — C
neN

given by ty([anlnen) = lim,_ 4 7,(ay,). It turns out the pair (]_[nGN An/ly, ©y) is
already a tracial W*-algebra; see [2, Proposition 5.4.1]. The proof is based on the fact
that a tracial C*-algebra is a W*-algebra if and only if the operator-norm unit ball is
complete in the L? norm [2, Proposition 2.6.4]. See also [12, Appendix A].

We call the tracial W*-algebra ([ [,cn An/ T, Tq) the ultraproduct of (A,)nen with
respect to U and we denote it by

[T A= (]_[ An/Ly. zu> .

n—U neN

The inspiration for this notation is that ultraproduct is defined using a combination of
Cartesian product and ultralimits (of the L2-norm and the trace); in contrast to Cartesian
products, the ultraproduct only cares about the asymptotic behavior of a sequence as
n—U.

Definition 5.9. A tracial W*-algebra A is Connes-embeddable if there exist finite-
dimensional tracial x-algebras A, for n € N, an ultrafilter / € SN \ N, and a tracial
W*-embedding ¢ : A — [],_,;;An. The Connes embedding problem is the question
of whether every tracial W*-algebra with separable predual is Connes-embeddable.

Embeddings into ultraproducts are closely related to convergence of non-commutative
laws in X, g.

Lemma 5.10. Let (A,)nen be a sequence of tracial W*-algebras and let A be another
tracial W*-algebra. Let X € L% (A)g with | X||poaym < R and suppose that X
generates A as a W*-algebra. Let X, € L (An)g, with || Xy|lLoo(a,ym < R. Then the
following are equivalent:

(1) lim,,_,7s Ax, = Ax with respect to the weak-x topology on X, g.
(2) There exists a tracial W*-embedding ¢ : A — [,y An such that $(X) =
[Xn]nen.
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Proof. (1) = (2).LetY = [X,,]pen € Loo(l_[n_)u Ap)i. Let 174 be the trace on the
ultraproduct. Then for every p € C(xy, ..., xq), we have

Ay(p) = (p(Y)) = HILHZIJ T (p(Xp)) = nli_Igb Ax, (p) = Ax(p).

Because Ay = Ax, Lemma 2.33 implies that there is a W*-embedding A = W*(X) —
W*(Y) = [l An-

(2) = (I).Let¢ : A — [],_ A as above be a tracial W*-embedding with
¢ (X) = [X,]nen- Using the fact that ¢ preserves addition and multiplication as well as
the definition of the trace 77, on the ultraproduct,

Ax(p) = t(p(X)) = (P (p(X))) = (p(¢(X))) = nlirri{ T (p(Xn)) = nlg?/lkxn (p).

Therefore, lim,,_,7s Ax, = Ax in the weak-x* topology, as desired. O

Definition 5.11. Let Eﬁ“ be the set of non-commutative laws p in ¥, g such that
= Ly for some X € LOO(A) where A is a finite-dimensional tracial x-algebra.

The following statement is almost a corollary of Lemma 5.10.

Lemma 5.12. Let Abe atracial W*-algebra generatedby X € L™ (A)7 with || X || Lo 4ym

< R. Then A is Connes-embeddable if and only if Ax is in the weak-* closure of Z;‘l“ R
in Xy, R.

Proof. If Ly is in the closure of Em r» then Lemma 5.10 implies that A is Connes-
embeddable. Conversely, suppose that A is Connes-embeddable and ¢ : A — [T An
is an embedding into some ultraproduct of finite-dimensional tracial x-algebras. Let
X, = (X,(,]), . X,(Zm)) € L*°(A,)™ such that [X,,],eny = t(X), and let us also write
X = (XD, ..., x™) Byreplacing X,(lj) with (X,gj) + (X,(/))*)/Z, we can assume with-
outloss of generality that X ,(,j )is self-adjoint. By assumption M := sup,, ey || X |l oo (ayn <
0.

Although M may be larger than R, we can fix this issue through a standard ar-
gument with functional calculus. Let f : [-M, M] — [—R, R] be given by f(t) =
sgn(z) min(|¢], R). By the Weierstrass approximation theorem, there exists a sequence of
polynomlals (fi)ken converging uniformly to f on [—M, M]. Note that f (1(X))) =

[ fx (X )],,_) N- By the spectral mapping theorem, for each j, k, and n,

XSy = XD Ipea,y < sup 1) — ()],

te[—M, M)

and the same estirnat; holds for f; (X)) — f(L(X(j))). Taking k — o0, we obtain
FQXD)) = £ (X7 pen foreach j. Since | X 1204y < R, we have f (X)) =

(XD). Let ¥y = (FX), .. F(X)™)). Then |[Y,lleqa,m < R and (X) =
[Y,]nen, hence Ay is in the closure of ZgnR by Lemma 5.10. O

Decades of work found many equivalent problems in operator algebras and quantum
information theory; for a survey, see e.g. [13,59]. In particular, building on the estab-
lished connections with quantum information theory, Haagerup and Musat showed the
following result.
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Theorem 5.13. (Haagerup-Musat [33, Theorem 3.6, 3.7]) A factorizable map ® :
M, (C) — M, (C) admits a factorization through a Connes-embeddable algebra if and
only if it is in the closure of FMg, (M, (C), M, (C)). Moreover, the Connes embedding
problem has a positive answer if and only if

FM(M,,(C), M, (C)) = FM§n (M,,(C), M, (C)) for all n € N.

A negative answer to the Connes embedding problem was announced in [42]. This
implies the following corollary.

Corollary 5.14. There existn € Nand X, Y € M, ((C);’j such that

Clix,ry) = sup (®(X),Y) o
®EFM(M, (C). M, (C)) L2 (M, (O
g o (@O 12, o

®eFMgn (M, (C), M, (C))

Moreover, a non-commutative optimal coupling of Ax and Ay does not exist in any
Connes-embeddable tracial W*-algebra.

Proof. Let K = FMg,(M,,(C), M,,(C)), which is compact and convex. Because the
Connes embedding problem has a negative answer [42], there exists ® € FM(M,,(C),

M,(C)) \ K. By Lemma 5.7, there exist X, Y € M, ((C)g’: such that
(®(X), ) 2 > sup (W(X),Y)
L2(M, (C))2 Wek

L2(M, (©)22*

a

Hence, by Theorem 5.13, if W factors through a Connes-embeddable algebra, then

(W(X),Y),, (M, (Cyy2 €annot be optimal. Thus, by the proof of Observation 5.5, a cou-

pling of Ax and Ay in a Connes-embeddable algebra cannot be optimal. O
Remark 5.15. Although Corollary 5.14 is much stronger than Corollary 5.8 as stated,
they are based on different types of phenomena. Corollary 5.14 relies on the existence
of factorizable maps M, (C) — M, (C) that cannot be approximated by elements of
FMg, (M, (C), M,,(C)) (of which there are not yet explicit examples known). Mean-
while, Corollary 5.8 relies on the existence of factorizable maps that are approximated
by elements of FMg, (M, (C), M,,(C)) but are not in FMg, (M,,(C), M,,(C)) (of which
[52] gave explicit examples). Thus, the proof of Corollary 5.8 shows that for n > 11

and d € N, there exist tuples X and Y from M, ((C)g’j such that

Sup (q)(X)7 Y>L2(Mn((c)):ld2 > Sup ("U(X)’ Y)

L2(M, (C))2*
®EFMiy (M, (C). M, (©)) WEeFM (M, (C), My (C)) (M (0%

Hence, a coupling on an algebra A of dimension at most d cannot even be optimal among
couplings in Connes-embeddable algebras.

5.4. The Wasserstein and weak- topologies. At the beginning, we equipped X,, g with
the weak-* topology as a subset of the algebraic dual of C(xy, ..., x,;). Meanwhile,

because d&%) defines a metric on X, g, it induces another topology, which we will call
the Wassertein topology. We will show that the Wasserstein topology is strictly stronger
than the weak-x* topology. This is to be contrasted with classical probability theory where
the weak-* topology on the space of probability measures on [—R, R]™ is metrized by
the L2-Wasserstein distance.

Our first step is to prove an ultraproduct characterization of Wasserstein convergence
analogous to Lemma 5.10.
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Lemma 5.16. Let (A,), N be a sequence of tracial W*-algebras and let A be another
tracial W*-algebra. Let X € L% (A)g, with | X||oaym < R and suppose that X
generates A. Let X, € L(An)g with | XyllLea,m < R. Then the following are
equivalent:

(1) lim,,_,zs Ax, = Ax with respect to Wasserstein distance.
(2) There exists a tracial W*-embedding ¢ : A — [],_ 1, An and a factorizable map
®,, € FM(A, A,) (for each n € N) such that

¢(X) = [Xnlpen, ¢(Z) = [Pn(2)Inen for all Z € L= (A).

Proof. (1) = (2). The limit lim,_,7s Ax, = Ax in Wasserstein distance means that
there exists tracial W* algebras B, and tracial W*-embeddings 7, : W*(X,) — B,
and p, : A — B, such that |7, (X,) — Pn Ol 2,ym — 0asn — U. Let C, be the
free product of A, and B, with amalgamation over W*(X,,), and let 7, : A, — C,
and p, : A — C, be the corresponding tracial W*-embeddings. It is straightforward to
check that these induce tracial W*-embeddings

ﬁ:nAn—> HC"’ p:A— HC"

n—U n—U n—U

suchthat 7 (¢ (X)) = 7 ([Xnlnen) = p(X). Since T o¢ and p are tracial W*-embeddings,
we have (¢ (Z)) = p(Z) for all Z € L°°(A) (because for instance every element of
L*®(A) can be approximated in L*(A) by non-commutative polynomials of X).

Let 77, and 77* be the trace-preserving conditional expectations adjoint to 77, and 7.
We claim that for Y = [Y,]nen € [],_,7/ Cn» We have

7*(Y) = [7;(Yn)]Inen.

Let A = [T,z Anand C= [T,z Cn- Note that [77,(Y;,) |nen is in the W*-subalgebra
A= [ 1,2/ An- Moreover, for every Z = [Z,] € [],_7; An. We have

~ s ~ TR
(Y, 7T(Z)>L2(C‘) = )L%(Yna Tn(Zn)) 12,y = nh_)HZl/{OTn (Yn), Zn) 124,

= ([ Y lnen. Z) 12 4

Thus, 7*(Y) = [77,f(Yy)]nen, as desired. As noted above, for every Z € A, we have
7(p(Z)) = p(Z) and hence ¢ (Z) = n*n¢p(Z) = 7*p(Z). This implies that

(7 on (D) Inen = 7 0(Z) = ¢(2).

Therefore, ®,, := 7, py is a factorizable map fulfilling condition (2).

(2) = (1). Let ¢ and @, be as in (2). Then [X,]lpey = ¢(X) = [Pn(X)]neN
belongs to [ ],_,;; Ax. Letting E,, be the trace-preserving conditional expectation A, —
W*(X,), the map E, o @, : W*(X) - W*(X,,) is factorizable by Proposition 5.3 (4),
hence by Observation 5.5,

C()»Xn: X) = (En 0 ©,(X), Xn>L2(w*(x,,))gg1 = (D, (X), Xn)LZ(A,,);V,‘;'
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Therefore,

. (2 2 : 2 2 .
lim dy’ (x,, Ax)* = lim (10122 g+ X022 4y = 2C Gy )

< lim (IXI2 2y + 1122 4 = 2@, X2, )
_ 2 2
= IO 2 an +10COW gy 4w
2
- 2(¢(X)v ¢(X))L2(Hn—>b{ -An)’sré
=0.
Hence, lim,,_,7s Ax, = Ax in Wasserstein distance. O

The next corollary was observed in [11, Proposition 1.4(b)], and can be proved in
several ways (see for instance [35, Lemma 2.10, Corollary 2.11] for another method),
but we will deduce it as a consequence of the ultraproduct characterizations for weak-s
and Wasserstein convergence.

Corollary 5.17. The Wasserstein topology on X, g refines the weak-+ topology.

Proof. FixU € BN\N. Using the Urysohn subsequence principle, it suffices to show that
if n, u € Ly gandlim, 74 i, = @ inthe Wasserstein distance, thenlim,, 74 i, — @
in the weak-* topology. Letting (A,,, X,,) and (A, X) be the GNS realizations of 1,, and
u, Lemma 5.16 implies that there is a tracial W*-embedding A — [],_;, Ax with
¢ (X) = [X,]lnen. By Lemma 5.10, this implies that lim, .7, 4, = w in the weak-x
topology. O

The next observation is closely related.

L) . .
Lemma 5.18. The metric d‘(y) is weak-* lower semi-continuous on %,, g X X R.

Proof. Fix U4 € BN \ N. Again using the Urysohn subsequence principle, it suf-
fices to show that for every pair of sequences (i4y)neN and (Vp)pen in X, g, letting
uw = lim, ;s u, and v = lim,_,77 v,, we have d&%)(u, v) < lim,_,y d&%)(un, V).
Let (A,, X, Y,) be an optimal couplings of u, and v,. Let (3, X) and (C,Y) be
the GNS realizations of u and v. By Lemma 5.10, there exist tracial W*-embeddings
¢ : B — [l,oyArand ¥ : C — [],_ 14 An such that ¢(X) = [X,lsen and

Y (Y) = [Yulnen. Then

AP (1, v) < $(X) — LACOLITRY; y M

lim | X, — Y = lim d? (un, vy). O
n»Z/{” n n||L2(An) ey W(Mn n)

A

We will use Lemmas 5.10 and 5.12 to characterize when the Wasserstein and weak-
* topologies agree at a point in X,, g in terms of a certain stability property. To fix
terminology, if S is a set and .77 and % are two topologies on S, we say that .77 and
D agree at x € S if every Z1-neighborhood of x is contained in a .Z>-neighborhood
of x and vice versa. If the topologies are metrizable, this is equivalent to saying that
a sequence x, converges to x with respect to .77 if and only if it converges to x with
respect 7. Furthermore, if U/ is a given non-principal ultrafilter on N, then agreement
of the two topologies at x is equivalent to the claim that lim,,_,;; x, = x with respect to
7 if and only if lim,,_,z4 x, = x with respect to .
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Definition 5.19. (FM-lifting) Let A be a tracial W*-algebra with separable predual,
and let U be a free ultrafilter on N. If 4, is a sequence of tracial W*-algebras and
¢ A— [],_y Anis a tracial W*-embedding, then an FM-/ifing of ¢ is a sequence
(®p)nen, where @, € FM(A, A,), such that ¢(Z) = [D,(Z)],en forall Z € L®(A).

Note that the sequence @, in Lemma 5.16 (2) is an FM-lifting of ¢. In other words,
Lemma 5.16 describes convergence in Wasserstein distance in terms of ultraproduct
embeddings that have FM-liftings.

Definition 5.20. (FM-stability) We say that .4 is FM-stable if every tracial W*-embedding
¢ : A — [],_y An into the ultraproduct of any sequence of tracial W*-algebras A,
has an FM-lifting.

Our notion of FM-stability is analogous and closely related to the notions of tracial
stability and UCP-stability studied in [5,34]. Analogously to [5, Remark 2.2], the defi-
nition of FM-stability can be restated as an approximation property without reference to
ultraproducts. This implies in particular that the definition is independent of the choice of
non-principal ultrafilter ¢/ (hence it amounts to the same thing whether require the lifting
condition for a particular non-principal ultrafilter or for all non-principal ultrafilters).

Proposition 5.21. Let n € %, g and let (A, X) be the GNS realization of w as in
Proposition 2.31. Then the following are equivalent:

(1) The weak-x and Wasserstein topologies on ¥, g agree at |i.
(2) A is EM-stable.

Proof. (1) = (2). Let Y € BN \ N. Assume that the weak-x and Wasserstein
topologies agree at it Let (A,,) N be a sequence of tracial W*-algebras, and let ¢ : A —
[T,z An be atracial W*-embedding. Express ¢ (X) as [ X, |,eny Where X, € L2(A)™
and sup,, [| X || oo (4,)m < co. Arguing with functional calculus as in Lemma 5.12, we
can arrange that || X, || L (4,)» < R. By Lemma 5.10, we have Ax, — Ay in the weak-
* topology on X, r. Hence, by hypothesis Ax, — Ax in the Wasserstein distance as
n — U. By Lemma 5.16, this implies that ¢ has an FM-lifting.

(2) = (1). Conversely, suppose that A is FM-stable. To show that the weak-* and
Wasserstein topologies on X, r agree at u, using the Urysohn subsequence principle,
it suffices to show that if (,),eN 1S @ sequence such that u, — w weak-x asn — U,

then d’ (in, ) — 0 asn — U. Let (A, X,,) be the GNS-realization of 1,. By
Lemma 5.10, the tuple [X,],eN in ]_[n_ﬂ/, A, has the same law as X, and therefore,
there exists a tracial W*-embedding ¢ : A — [],_ ;s As With ¢(X) = [Xplsen. By
FM-stability of A, there exist factorizable completely positive maps ®,, : A — A, such
that ¢ (Z) = [D,,(Z)],en for all Z € L°°(A). Hence, by Lemma 5.16, lim,, 77 i, =
in Wasserstein distance. O

Next, we will show using the work of Connes [17] that if the weak-* and Wasser-
stein topologies agree at u and the corresponding tracial W*-algebra A is Connes-
embeddable, then in fact A is approximately finite-dimensional. We recall the following
theorem of Connes [17] that shows that approximate finite-dimensionality is equivalent
to semi-discreteness for tracial W*-algebras (and these are also equivalent, famously, to
the two other conditions of injectivity and amenability); related proofs can also be found
in [61], [70, Sect. XIV], [12, Sect. 6.2, 6.3, 9.3], [2, Sect. 11].

Theorem 5.22. (Connes [17]) Let A = (A, t) be a tracial W*-algebra with separable
predual. The following are equivalent:
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(1) Aisapproximately finite-dimensional (AFD), that is, there exists a sequence (Ay)keN
of finite-dimensional subalgebras with Ay C Aj41 such that UkeN Ay is dense in A
with respect to ||-|| 2 4)-

(2) A is semi-discrete, that is, there exists nets (®y)yer and (Wy)aer of completely
positive maps ®y : A — My)(C) and Yy : My@)(C) — A such that ¥, o
Dy (Z) — Z in the weak-x topology for every Z € L*°(A).

We recall a few more results about AFD algebras, which are well-known in operator
algebras. We recall that a IIj-factor is an infinite-dimensional tracial von Neumann
algebra with trivial center.

Lemma 5.23.

(1) Let A be an AFD tracial W*-algebra, let (By,),en be 11 -factors, and let U be a free
ultrafilter on N. If ¢ and  are two embeddings of A into [ ,_, ;; By, then there exists
aunitary U € [],_ 14 By such that Up(Z)U* = (Z) for Z € L*(A). See [5,45].

(2) If (Bp)nen are I-factors and U is a unitary in [ |,,_,;, Bn, then there exist unitaries
Uy, € L®(By) such that U = [Uylyen.’

Corollary 5.24. Let A be an AFD tracial W*-algebra. Then A is FM-stable.

Proof. If A = C, then the conclusion is immediate, so assume that A # C.Let¢ : A —
[ 1,2/ An beatracial W*-embedding. Let 3 be the tracial free product Ax.A, % L>°[0, 1]
(where L°°[0, 1] has the trace coming from Lebesgue measure). Then B is a II; factor
by [71, Theorem 3.7] since A # C and L*°[0, 1] is diffuse. For each, n, there is a tracial
W#*-embedding ¢, : A, — B,. Let ¢ be the induced map

LZHA,,—) HB,,.

n—U n—U

By construct, there also exists a tracial W*-embedding ¥, : A — B,. This sequence
produces a tracial W*-embedding v : A — [],_;; B,. By Lemma 5.23, there exists a
unitary U, € L*°(8,) such that, letting U = [U,],en, We have Ut o ¢p(Z2)U™* = ¥ (Z)
for Z € L*°(A).

Let &, : A — A, be given by ®,(Z) = i[Uiyn(Z)U,]. As observed in the
proof of Proposition 5.21, ultraproducts respect conditional expectations and therefore
for Z € A, we have

(@0 (D)nen = [GLU; ¥ (Z)Unllnen = U Yn(Z)Unlnen
=5UY(DU) = "19(Z2) = ¢(2).

Thus, &, is the desired lifting of ¢ to a sequence of factorizable maps. O

Remark 5.25. In fact, [5, Theorem 2.6] implies the converse of Corollary 5.24: If A is
Connes-embeddable and FM-stable, then A is AFD. The same statement is implied by
the next proposition provided that A is finitely generated.

Proposition 5.26. Let 1 be in the weak-* closure of 22“ g and let (A, X) be the GNS
realization of u. The following are equivalent:

5 Every unitary u in a tracial W*-algebra can be expressed as ' for some self-adjoint x using Borel
functional calculus (Theorem A.3 (3)). Suppose U = ¢'¥ is unitary in [1.— 2/ Arguing as in the proof of
Lemma 5.12, X can be expressed as [X,,],en Where X;, € L (B;,)sa, and we have [eiX"]neN =U.
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(1) A is approximately finite-dimensional.

(2) A is EFM-stable.

(3) The weak-* and Wasserstein topologies agree at L.
(4) W is in the Wasserstein closure of 2112:,11?'

Proof. (1) = (2) by Corollary 5.24.

(2) = (3) by Proposition 5.21.

(3) = (4) Since two topologies agree at u, and p. is in the weak-* closure of
Erf;“ g it follows that y is in the Wasserstein closure of E

(4) = (1). Assume that (4) holds and we will show that A is semi-discrete, hence
approximately finite-dimensional by Connes’ theorem. Fix a free ultrafilter // on N. Let
1, be a sequence in Eﬁ ® such that lim,,_, 7, d(2) (tn, w) = 0. Let (A, X, Y,) be an
optimal coupling of u and Un. Since W*(X,) = W*(X) = A, we can assume without
loss of generality that A C A, and X,, = X. Let &, : A = W*(X) — W*(Y,,) be the
associated factorizable map. Since W*(Y,,) is finite-dimensional, if we can show that
PFP,(Z) > Zin LZ(A)g',; asn — U forevery Z € A, that willimply semi-discreteness
of A and finish the argument.

The convergence of &) ®,(Z) follows by a similar argument to Proposition 5.21.
Let B, be the free product of two copies of A, with amalgamation over W*(Y;,) and
let 77, and p, be the two inclusions of A into the first and second copies of 4,. Then
o d, = 7, p,. Now 1, and p,, induce maps

T,0:A— HB"'

n—U

Moreover, |77, (X) — pn (X) 12, ym < 21X =Yaullr24, )m — 0, and therefore, 7 (X) =
p(X), sor = p on all of L*°(A). This implies that 7*p(Z) = Z for Z € L>*(A),
hence lim,, /|7, pu (Z) — Zl 24 =0. O

Corollary 5.27. For m > 1 and R > 0, X,, g is not compact with respect to the
Wasserstein topology.

Proof. The identity map from X, g with the Wasserstein topology to X,, g with the
weak-* topology is a continuous bijection. If the domain were compact, then it would
be a homeomorphism. The previous proposition would then imply that every u € X, g
that generates a Connes-embeddable tracial W*-algebra would in fact generate an AFD
tracial W*-algebra. However, there are many finitely generated and Connes-embeddable
tracial W*-algebras that are not AFD. O

Another consequence of Proposition 5.26 is the following: Let Efnp% be the weak-
* closure of Zﬁ“ "gs then the laws that generate AFD tracial W*-algebras are weak-x
generic in Em »» in the sense of the Baire category theorem. This may seem surprising
at first because there are many Connes-embedddable tracial W*-algebras that are not

AFD. However, a closely related model-theoretic statement has already been proved in
[85, Theorem 5.1], namely that R is the enforceable model of its universal theory.

Corollary 5.28. The set of laws  that generate an AFD tracial W*-algebra is a dense
Gs set in anp’% with respect to the weak-x topology.
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Proof. Let S be the set of such laws. By definition S is weak-x dense in Empge We
showed above S is closed with respect to the Wasserstein distance. It follows that

1
S= ﬂ Vi, where Vy := {,u c Eapp d‘(ﬁ)(,u, V) < A for some v € S} )
keN

For each k and each v € S, because the weak-* and Wasserstein topologies agree at v,
there exists a weak-* open set Uy , C Efnp% such that v € Uy, € Vi. Let

= Jth..

veS

Then S € Uy € Vi and Uy is weak-+ open. It follows that S = (), Uk is a Gs set in

app
TR O

5.5. Non-separability of the Wasserstein space. We just showed that X,, p with the
Wasserstein distance is not compact for m > 1, but in fact we will show that it is not
separable using the results of Gromov [30], Olshanskii [55], and Ozawa [58]. We first
recall some terminology about groups and their associated W*-algebras.

Let I' be a group and let £2(I") be the Hilbert space of square-summable functions
onl.Letu :I" — B(EZ(F)) be the left regular representation given by u(g)d, = dgp,
where §, € £2(I) is the function which is 1 at g and zero elsewhere. The W*-subalgebra
of B(Z2(F )) generated by the unitary operators u(g) for g € I is called the group von
Neumann algebra of T'. The map t : L(I') — C given by T +> (8., T'3.) is a faithful
normal trace on L(T"), so that it is a tracial W*-algebra.

Definition 5.29. A discrete group I' is said to have property (T) if there exist generators
g1,---, gm and an increasing function f : [0, c0) — [0, oo) with lim¢_,¢+ f(€) = 0
with the following property: For every unitary representation 7 of I' on a Hilbert space
H and every unit vector § € H, if max e[|l (g;)§ — €|l < €, then there exists n € H
such that m(g)n = nforall g € "' and ||n — &|| < f(e).

Theorem 5.30. (Gromov [30], Olshanskii [55], and Ozawa [58, Theorem 1]) There
exists a group T with property (T) that admits uncountable family {T'y}qcr of quotient
groups that are simple and pairwise non-isomorphic. (In fact, such a family of quotient
groups exists for every group I that is hyperbolic, torsion-free, and non-cyclic.)

The next lemma will allow us to translate this result into a statement about the space
of non-commutative laws. While the space of non-commutative laws is defined in terms
of self-adjoint generators, it is natural in the group setting to consider unitary rather than
self-adjoint generators of a tracial W*-algebra. However, this issue is easily resolved by
taking real and imaginary parts of operators. More precisely, if a is an operator in a tracial
W*-algebra A, let Re(a) = (a+a*)/2 and Im(a) (a—a*)/2i. Then Re(a) and Im(a)
are self-adjoint and @ = Re(a)+i Im(a) and ”a||L2(A) ||Re(a)||L2(A)+ [[Tm(a) ||L2(A)

Lemma 5.31. Let T" be a group with property (T), and let g1, ..., gn € T and f :
[0, 00) — [0, 00) be as in Definition 5.29. Let q1 : ' — TI't and g2 : T — T be
quotient group homomorphisms. For j = 1,2, letw; : I' — L(I"}) be the quotient map
qj composed with the left regular representation of I'j and let

X; = (Re(mj(gn), Im(7;(g1)), . .., Re(rw;(gm)), Im(7;(g))) € L(T';)2".

Iff(d‘(}[%) (Ax,Ax,)) < 1/2, then ker(q1) = ker(g2) and hence I'y = I',.
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Proof. Let Abe atracial W*-algebraandlet:; : L(I';) — Abe tracial W*-embeddings
such that [l11(X1) — 12(X2) [l .2 a2 = dy (Ax, . hx,). Note that for j = 1, ..., m,

ler(ri(g))) — 12(7T2(gj))||%2(A) = [lt1(Re(m1(g;))) — tz(Re(ﬁz(gj)))Hiz(A)
+ [l (m(i(g))) — 2dm@@a(g )7 4
< (XD — (XD 2 4
Let 7 : ' — B(L%(A)) be the map given by w(g)§ = t1(my (g))étz(nz(g_l)) for
& e L2(.A) note that this is a unitary representation. The vector Tin L2 (A) satisfies
||*||7T(g])1 - le(.A) = ||*||L1(7T1 (gj))l - 1L2(T[2(g2))L2(A)
= [l (m1(g;)) — ta(ma(g2) 24
<dyy (x,. hxy)-

Hence, by property (T), there exists some n € L2(A) such that ||T = nllr2a) =

f(df,g) (Ax,,Ax,)) and w(g)n = n for all g € T'. The latter condition implies that
11(m1(g))n = nua(ma(g)) for all g € T'. Therefore, using the triangle inequality and the
fact that ¢ (77 (g)) is unitary,

ller (e ()T — Tea(m2(8)) 12y < 201%IT = np20a) < 2£(@% Gox, s Ax,)) < 1.

Hence,

ITA(1(1(8)) — TA(2(m2(@)] = [+l (1(8)) — t2(m2(8)) 124y < 1.

Now observe that

A (j(8))) = To(r;)(;(8)) = 8x;(g)=1 = dgeker(q))-

Since Sgeker(qj) is either zero or one and |8, cker(q;) — Sgeker(qn)| < 1, we have ker(q1) =
ker(gq2). ]

We can now prove Theorem 1.8 that shows that for sufficiently large m, %,, 1 is not
separable with respect to d‘(,‘%) . The method is similar to [58, Proof of Theorem 2].

Proof (Proof of Theorem 1.8). First, we show that X, | is not separable for some m.
Let " be a property (T) group with an uncountable family (I'y)qes of non-isomorphic
quotients. Let my, : I' — L(I'y) be the quotient map composed with the left regular
representation. Let g1, ..., g, and f : [0, co) — [0, 0o) witness property (T). Let € be
sufficiently small that f(e) < 1/2. Let

Xo = (Re(my(g1)), Im(my (g1)), . .., Re(my(gn)), Im(my (g))).

Fora # Bin I, since I'y and I'g are not isomorphic, the lemma implies that f (d‘(}g) (Ax,,

)Lxﬁ)) > 1/2, and therefore déa)()»xa, Axz) > €. Hence, {Ax, }aer 1s an uncountable
e-separated set in X, 1 with respect to the Wasserstein distance.

To prove that ¥, r is not separable for general m > 1 and R > 0, we first observe
that there is a bijection between X,, g and X, g’ given by rescaling the non-commutative
random variables. Hence, for each m, if we prove non-separability for one value of R,
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then it holds for all values of R. Furthermore, we can define a map X, g = Zpm+1,R
sending the law of (X1, ..., X;;) to the law of (Xq, ..., X, 0). It is straightforward
to show that this map is isometric with respect to the Wasserstein distance. Hence, if
¥R is not separable, then X, g is not separable for m’ > m. Therefore, to prove the
theorem, it suffices to show that for some value of R, X7 g is not separable.

We already know that for some m, %, 1 is not separable. Hence, for some € > 0,
there is an uncountable family (ty)aer Of laws in X, | that is e-separated with respect
to the Wasserstein distance. Let (A, X) be the GNS realization of 1y, where X, =
(Xa.15 - -+, Xo.m). Consider the tracial W*-algebra M,,(Ay) with the trace 7y ® try,,
and let Y, € M,,(Ay)sa be the diagonal matrix with entries Xy 1 +4, Xq2 + 38, ...,
Xo.m +4m.Let Uy € M, (C) € M,,(Ay) be the matrix of an m-cycle permutation. By
functional calculus, U, can be expressed as e'Za for some self-adjoint Z, € M,,(C) C
M, (Ay) with | Zy |l Lom,, (c)) < /2. Since Uy is the inclusion into M, (Ag) of an
element of M,,(C) that is independent of «, there is in fact a polynomial p such that
Uy = p(Zy), and Z, and p are independent of o. We claim that d‘()‘%) Ay, Zys )\.y}&zﬁ) >

(1/K )dé‘%) (Ha > pp) for some K > 0, which will imply that X5 4,41 is not separable and
thus prove the theorem.

To accomplish this, we will express Xy j ® I, in M,,(Ag) as a function of ¥, and
Z, (in an explicit way which allows us to estimate Wasserstein distances), using a well-
known matrix amplification trick. We first recall a foundational result that the weak-*
topology of a W*-algebra can be recovered from any faithful representation on a Hilbert
space; see e.g. [64, Corollary 1.13.3, Proposition 1.16.2, Theorem 1.16.7]. In particular,
Ay can be faithfully represented on H = L*(A) and M,,(Ay) = Ay ® M,,(C) can
be faithfully represented on the Hilbert space H ® C" = H®™ Moreover, all the facts
about spectral theory and functional calculus on B(H) and B(H®™) can be applied to
the operators from A, and M,,(A,). In particular,

m m
Spec(Ye) = |_J(Spec(Xa,j) +4j) < | J14j — 1,4 +11.
j=1 j=1

Let y; be the rectangular contour in C bounding the rectangle [4j —2, 4 +2] x [—1, 1],
so that y; is separated from Spec(Yy) by a distance of 1. Using the Cauchy integral
formula and functional calculus,

fy(z — 40— Xa) ™ dz = 8,4 X
Hence,
[ @i o s = Xa e
Vi
where ¢;_ ; is the jth diagonal matrix unitin M, (C). In particular, X, ; ®e; ; € W*(¥y)

and thus Xy j ® ex ¢ = Ué,(_j(Xa,j ® e./,./)UOJ,'_(Z € W*(Yy, Zy) forevery k, £ =1, ...,
m; this implies that Y, and Z, generate M,,(A,). Moreover,

m
Yo ®1n = [ Ubte—ap -1 'U d:
k=1"Yi

=> / P(Zo) (2 = 4))(z — Ya) ' P(Zo)* dz. (5.1)
k=1"Yi
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Let o # fB. Then an optimal coupling of Ay, z, and Ay, z, on the tracial W*-algebra
B produces two tracial W*-embeddings ¢y : My, (Ay) — B and ig : M, (Ag) — B.
Because the Cauchy integral representation (5.1) can be expressed as a Riemann integral,
we have

m

taXa,j @ In) =) / P(ta(Za)) (2 = 4))(z = ta(Ye)) ™' Pta(Za)* dz,

k=1"Yi

and the same holds for 8. Using the resolvent identity and non-commutative Holder’s
inequality,

Iz = ta(¥a) ™" = (2 = 16(¥p) "l 1205
<1z = e M@ 1Ya — Yall 2812 — t8(¥p) )
< Yo — YgllL2m)-

Furthermore, one checks easily that ||p(14(Zy)) — p(ts(Zp)) 2By < Cpllta(Za) —
tp(Zp)| 12 for some constant C), (since || Zy || oo (p,, (A,)) 1 bounded by univeral con-
stant). By estimating the difference between p (i (Zo)K(z—4)) (2—10 (Ye) ™ P (ta (Ze)E
and p(ig (Zﬁ))k(z —4j)(z— Lﬂ(Yﬁ))’lﬁ(tﬁ (Z,g))k and applying the triangle inequality
for integrals, we obtain for some constant ny that

lta (Xa,j ® In) — 1p(Xp.j & Im) | L2(8)
/ 2 2 172
= € (lta(Ya) = 1 (V)25 + ltaZa) = 16 (Zp)2ags))
Since (X1 ® Iy - . ., Xo.m ® Iy) has the same non-commutative law as X, we obtain
2 2
€ < dy) (xy. hxy) < m'PCLdy vy zu)s Mvg.zp)-

Hence, {A(y,,z,)}acr 18 6/(m1/2C;7)-separated in X5 am+1, as desired. O

We remark that a similar non-separability result in the context of model theory for
operator algebras was shown in [4, Proposition 4.2.9]. In the model theoretic context,
one often encounters triples (2, .7, d) where (2, .7) is a topological space and d
is a metric on € that is lower semi-continuous with respect to .7 and generates a
topology that is at least as strong as .7; such a triple (2, .7, d) is called a topometric
space [9]. In particular, X,, g with the weak-* topology and Wasserstein distance is a
topometric space by Corollary 5.17 and Lemma 5.18. It was shown in [9, Proposition
3.20] that if (2, .7,d) is a topometric space and (2, .7) is second countable and
locally compact, then the density character of (€2, d) is either countable or greater than
or equal to the continuum. Hence, as a corollary of Theorem 1.8, the density character

of (X R, d‘(,g)) is the continuum (of course since X,, g with the weak-x topology is
compact and metrizable, it is in particular second countable and locally compact).

6. Further Remarks

6.1. Non-commutative optimal couplings and random matrix theory. One of the moti-
vations for our paper was the following question.
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Question 6.1. Suppose that XM, YWN) are random m-tuple of self-adjoint N x N
matrices with probability distributions ©'™) and vN) respectively. Let 1, v € 20 R-
Suppose that almost surely

hm sup||X( )”LOC(MN((C))'" < R thUp”Y( )||L°°(MN((C))’” < R

N—o0 N—o00
lim Ay = pu, lim Ay =v.
N—o0 N—o00

Does the classical L*>-Wasserstein distance of M(N ) and vN) (as probability measures
on My (C)2) converge to the non-commutative L2-Wasserstein distance of wand v?

The results of [23,31] combined with [41] give a positive answer when [L(N ) is a

. . . . N2y
random matrix model with density proportional to e=V"V""" where V) : My (C) —
R is a sufficiently regular convex function such as the trace of a non—commutative

2
polynomial, and where v) has density proportional to e VX2 ! (Gaussian).
The convexity of V™) is crucial for all these arguments. By contrast, the present work
shows that Question 6.1 can have a negative answer due to the obstruction of Connes-
embeddability.

Proposition 6.2. Let X, Y € M, (C)7} be matrix tuples such that an optimal coupling of
Ax and Ay requires a non-Connes-embeddable tracial W*-algebra as in Corollary 5.14.

Suppose XN and YN) are random (or even deterministic) elements of My (©)% that
converge in non-commutative law to X and Y. Then the classical Wasserstein distance of
the probability distributions of X N and YN on My (C)Z (with the L? norm associated

to the normalized trace tr y ) does not converge to d‘(,v) (Ax, Ay).

Before proving the proposition, we make some preliminary observations. Let Eap b
(2)

W.,app
be the non-commutative Wasserstein distance on Eapp defined using only couplings in

denote the space of Connes-embeddable non-commutative laws in %, r. Let d

Connes-embeddable tracial W*-algebras. Since X, ap “g 1s the weak- closure of Eg“ PR
weak-#* compact, which implies the existence of optlmal Connes-embeddable couplings.

Moreover, the same reasoning as in Lemma 5.18 shows that d&%)app

continuous. Of course, Corollary 5.14 shows that d%?app can be strictly greater than d‘(;)

(however, we do not know whether these two metrics generate the same topology on
app ).

is weak-* lower semi-

Proof. Suppose that XV and ¥ ™) are random variables on the diffuse probability space
(2, P). Let 1™ and v™) be the classical probability distributions of X™) and Y V) as
random variables with values in the vector space My (C)Z equipped with inner product
associated to try. Let 2N) and V) be the non-commutative laws of X™) and Y ™) as
elements of the tracial W*-algebra L°° (2, P; My (C)) with the trace given by Eotry. A
classical coupling of the probability distributions ™) and v on the probability space
(2, P) can be interpreted as a non-commutative coupling on the tracial W*-algebra
(L°°(2, P; MpN(C)), E o try), which is Connes-embeddable. Therefore,

. (N) ) (N) C e Q) () S(N) @) ©)
l}vri‘élode(“ Y )zl}vrrl)lgofdw,app(u V) Zdy oy (Axs Ay) > dy Mk, Ay).

O
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This problem cannot be removed using free probabilistic regularity conditions (con-
ditions such as finite free entropy, finite free Fisher information and so forth; see the
introduction of [16] for context).

Proposition 6.3. Again, let X, Y € M,(C)2, be as in Corollary 5.14. Let S be a free
semicircular m-tuple freely independent of X and Y. Then X +1t'/2S and Y +t'/%S have
finite free microstate entropy (defined in [77]) and finite free Fisher information (defined
in [79]). However, dé‘%?app()nx+,|/zs, Ay12) > d‘(,g) (Axis1/255 Ayp12) for sufficiently
small t > 0. Hence, as in Proposition 6.2, there do not exist random matrix approx-
imations for Ay 125 and Ay, ,125 whose classical Wasserstein distance converges to

2
d‘(,v) Axir1/25s Aypp12)-

Proof. By [80, Theorem 3.9], X +¢1/2S and Y +1!/2 S have finite free microstate entropy,
and by [79, Corollary 6.14], they have finite free Fisher information. The free product
of My (C) and W*(S) is Connes-embeddable by [80, Proposition 3.3]. Hence,

2 2
dév)(?»x, Axilzg) < dév?app()»x, Axaing) < (mt)'/2,

and the same holds with X replaced by Y. Thus, using the triangle inequality, d$) (Axqe1/25s
Ayislng) < dé{%,)app()‘xmﬂs’ Ay,12g) for sufficiently small # > 0, since this holds
at t = 0. The same argument as in Proposition 6.2 rules out the possibility of the
classical Wasserstein distance for random matrix models converging to d‘(,‘%) (Ax4r1/25s
Ayiil/2s). |

Thus, at the very least, Question 6.1 needs to be reformulated using the Connes-
embeddable version of the non-commutative Wasserstein distance. Even with such a
modification, our results illustrate why this question is so difficult.® Indeed, in light of
§5.4, random matrix models cannot converge in Wasserstein distance to the limiting non-
commutative law unless that limiting law produces an approximately finite-dimensional
tracial W*-algebra. However, “good behavior” in random matrix theory and free prob-
ability often entails generating a tracial W*-algebra that is “similar to” a free group
von Neumann algebra, which is far from being approximately finite-dimensional (see
e.g. [70, §XIV.3]). The random matrix question suggests a more general question in the
framework of non-commutative optimal couplings.

Question 6.4. Suppose that (1, vy, € T g and |4, — i and v, — v weak-x. Under
what conditions does d‘(,g) (Un, vp) — d&%) (u,v)?

Monge—Kantorovich duality provides one avenue to attack this question. Indeed,
suppose that (f;, g,) are admissible pairs of E-convex functions minimizing p, (f,) +
vn(gn). Suppose that (f, g) is an admissible pair minimizing u(f) + v(g). To give a
positive answer to Question 6.4, it suffices to show that w, (f,) + v, (gn) = w(f)+v(g).
Suppose that we somehow show that f, — f and g, — g uniformly on each operator
norm ball, so that u, (f;) — u,(f) — 0and v(g,) — v(g) — O.

Then it remains to show that w,, (f) — w(f)andv,(g) — v(g).If f and g take finite
values everywhere, then for each 4 € W, f A and gA will define continuous functions

on L2(A)’S",’1, and in particular, A — A(f) and A +— XA(g) are continuous with respect to

6 Questions of large-N convergence in mean field games are also extremely subtle and require regularity
of the putative model for the large-N limit.
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Wasserstein distance. However, we only assumed weak-* convergence of u, — © and
v, — v. Thus, in order to obtain the convergence of the Wasserstein distance, we would
want the stronger condition that f and g are continuous with respect to convergence in
law, that is, A — A(f) and A — A(g) are weak-* continuous on %,, g for each R > 0.

The examples of Monge—Kantorovich duality in [41, Lemma 9.10, Remark 9.11] use
functions that are continuous with respect to the weak-* topology on %,, r. However,
we doubt that the optimizers (f, g) in the Monge—Kantorovich duality can always be
chosen to be weak-* continuous. Nonetheless, it is worth investigating in future research
how E-convex functions and Legendre transforms behave with respect to convergence
in law.

6.2. Bimodule couplings and UCPT-convex functions. Another operator-algebraic ana-
log of the idea of coupling arises from bimodules over von Neumann algebras, which
have been very important in many areas of von Neumann algebras. For further back-
ground, see [12, Appendix F] and [2, §13].

Definition 6.5. If A and B are W*-algebras, then a Hilbert A-B-bimodule is a Hilbert
space H with an A-B-bimodule structure, such that the associated maps A — B(H)
and B — B(H) are weak-*x continuous. Given tracial W*-algebras A = (A, t) and
B = (B, o) and a A-B-bimodule H, we say that a vector & € H is bitracial if (§, a&§) =
t(a) fora € A and (§,&b) = o (b) forb € B.

For example, suppose that there are tracial W*-embeddings¢; : A — Cand¢; : B —
C. Then L*(C) is a Hilbert L>°(A)-L*(B8)-bimodule and & = 1 e L%(C) is a bitracial
vector. Thus, bimodules with bitracial vectors are a generalization of pair of tracial
W*-embeddings. In the case of a pair of embeddings ¢; and ¢, there is an associated
factorizable map 5t : A — B. In a similar way, general L°°(A)-L°(3)-bimodules
with bitracial vectors correspond to general UCPT-maps.

Lemma 6.6. (See [2, Sect. 13.1.2]) Let A, B be tracial W*-algebras. If H is a Hilbert
L (A)-L*>°(B)-bimodule and & € H is a bitracial vectors, then there exists a unique
® € UCPT(A, B) suchthat (&, a&b) = tg(®P(a)b) foralla € L*°(A) andb € L*(B).
Conversely, ® € UCPT(A, B), there exists a Hilbert L*°(A)-L*°(B)-bimodule H and
a bitracial vector & satisfying (&, akb) = t(®(a)b). If we further demand that H is
generated by & as a Hilbert L*°(A)-L*°(1B)-bimodule, then the pair (H, &) is unique
up to isomorphism.

The bimodules and their associated UCPT-maps lead to an alternative notion of
couplings for non-commutative random variables.

Definition 6.7. Let « and v € X, be non-commutative laws, and let (A, X) and (B, Y)
be the GNS realizations of p and v respectively. A bimodule coupling of p and v is
a Hilbert A-B-bimodule H together with a bitracial vector &. We define Cpim (1, v)
to be the supremum of Z’}’zl (€, X j&Y;) over all bimodule couplings of w and v, or
equivalently,

Coim (1, v) = sup (P(X), Y>L2(B)'g;-
®cUCPT(A,B)

We then define dpim (1, v) by

m m
dbim (11, V)> =) px)) + Y v(x7) = 2Chim (1, ).
j=1 j=1
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We remark that dpim, (14, V) is the infimum of | X& — €Y || in H™ over Hilbert L°°(A)-
L% (B)-bimodules with bitracial vectors (this follows from (6.2) below). Moreover,
the existence of optimal bimodule couplings can be deduced from the compactness of
UCPT(A, B) in the pointwise weak-* topology. The properties of Chpim and dpin, are

quite similar to those of C and d‘(,g) only with factorizable maps replaced by general
UCPT maps, but we will see in Corollary 6.12 that they do not agree in general. But
first, for completeness, we give proofs of some of the basic properties with the aid of
the following lemma.

Lemma 6.8. Let A and B be tracial W*-functions and ® € UCPT(A, B). Let X €
L®(A)G and Y € L®(B)g, with | X |z ayn < R and ||Y ||pooaym < R. Then for iy,
o lpe{l, ..., m}, we have

||CI>(XZ'1 . Xi{) -Y, ... Yiz”Lz(B)

B 172
< R (IXI2 g — 200 V2 + ¥ l2mg) - 6D
Proof. Let H be an L*°(A)-L°°(B) bimodule with a bitracial vector & such that
(®(2), W2y = (&, ZEW) [2(g) for all Z € L*°(A) and W € L*°(B). Direct com-

putation shows that

1D(Z) = W72 = 1D(D)7133 — 2Re(P(2), W) 25) + W25,
< 1Z172 — 2Re(D(Z), W) 203, + W 1725,
= llzg —sw>. 6.2)

This implies that

P(X;, ... X)) =Y "'Yiz||L2(B)
<X ... Xy 6§ — &Y . Yl

14
< Z”Xil X &Y, Y = Xi o X0 8Y Y
k=1

¢
<Y IXiy X eI X € = EYi I Y, - Yl o)
k=1
< tRV|XE — 87|
£—1 2 12
= R (IX Iy — 2P0, V) 2y + 1Y 2y - :
Proposition 6.9. (X, r, dvim) is a complete metric space. If ., i € T, R, then
. . . . =17 -1 4(2)
|)"(-x11 "'-xlz) _M(xtl -"-xlz)| <{R dpim (A, u) < £R dW A, w), (6.3)
and in particular, the topology generated by dyin, refines the weak-x topology, and the

topology generated by d‘(,‘%) refines the topology generated by dyim. Moreover, dyim is
lower semi-continuous on X, r X L R With respect to the weak-x topology.
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Proof. In the following, let A, u, and v € X, g, and let (A, X), (B,Y), and (C, Z) be
their respective GNS realizations.

First, we prove (6.3). If ® € UCPT(A, B), then using (6.1),

[A(xiy wexiy) — gy e xi,)|
= |‘L’B(CD(X,'| e Xig) — Yi1 . Yi[)|

< (R (1x))? —2(®(X), Y) +Y i
= LZ(A)g'é s LZ(B)’& ” “LZ(B):"’11

Taking the infimum over @, we obtain the first inequality of (6.3). The second inequality
follows because dpim (A, 1) < d‘(ﬁ) (A, ) since FM(A, B) C UCPT(A, B).

Next, we show that dpip, is a metric on X, r (postponing the proof of completeness
to the end). Clearly, dpim (X, ) > 0. If dpim (A, u) = 0, then by (6.3), we have L = p.
Because every UCPT map has a UCPT adjoint, we have

Coim (A, 1)

sup (@(X), Y)[}(B):rs
®cUCPT(A,B) )

= sup (X, D" (V))2am = Chim(i. ),
®cUCPT(A,B)

and hence dpim (A, £) = dbim (i, A). To prove the triangle inequality, we use the fact
that UCPT maps are closed under composition.” Let ® € UCPT(A, B) and ¥ €
UCPT (B, C) be UCPT maps corresponding to optimal bimodule couplings between
A and u and between w and v respectively, so that

dyim (., 10 = X2 gy = 2@ Y) 25, + 1Y |2
= (X122 = 19O ) + 19 CO = Y1225,
2 [@X) = Y723

and

doim (0, 10° = 1 Z 172y — 20852 V) 2y + 1Y 2

= (121220 = IV @Dy ) + 195(2) = Y gy
* 2
2 “\IJ (Z) - Y“[}(B)gg’

7 The corresponding notion for bimodules is the Connes fusion, and the proof of the triangle inequality is
quite natural from this viewpoint; however, we will use a more elementary argument.



968 W. Gangbo et al.

Then

dyim(h, v)* < X172 4m — 2(W 0 D(X), Z) p2i0ym + 12117

(A ©)

= (1X12: g = 1RO ) + 10O = W (D22 55,
+ (121320 = 1 D125 )

= (IX122 = 19COI2 g3y ) + 1900 = Y122 5,
+20|2(X) = Yl 2@ 195(2) = Yl 23y

12 = Y By + (12020 = 1V D5 )

< dpim (hy 1£)? + 2dbim (r, 1) dim (14, 1) + dbim (10, V)2

It follows from (6.3) that the dpim-topology refines the weak-*x topology, and the
Wasserstein topology refines the dpin-topology.

Next, we show that dp;n, is lower semi-continuous with respect to the weak-* topol-
ogy. Fix a non-principal ultrafilter &/ on N, and suppose that (A,),en and (i, )neN are
sequences in X, g and (A,, X,) and (B,, Y,) are their respective GNS realizations.
Let A = lim, 7 A, and w = limy, g4 pn. Let A = [],_70 An and B = [],_4, Ba.
Let X = [X,lnen € L2(A)" and Y = [Yyluen € L2(B)". By Lemma 5.10, X and
Y have non-commutative laws A and p respectively. Let &, € UCPT(A,, B,) such
that Cpim Ay, tn) = (9n(X5), Yn>L2(B,,)g';' If (Zy)nen and (Z)),en are sequences in
[Then An andiflimn%uHZ,,—Z,;||L2(An) =0, thenlimnﬁu||d>,,(Zn)—<I>n(Z,’1)||Lz<Bn) =
0 because each ®,, is a contraction with respect to the L2 norms on A and B. Therefore,
the equivalence class [®,(Z,)],en in B only depends on the equivalence class [Z,],eN
in A, so that the sequence ®,, produces a well-defined map ® : A — B. It is straightfor-
ward to check that ® € UCPT(A, B).Let @' : W*(X) — W*(Y) be the composition of
the inclusion W*(X) — A, the map ® : A — 15, and the trace-preserving conditional
expectation B — W*(Y). Then

Coim(A, 1) = (P'(X), Y)LZ(V\/*(Y));';1 = (®(X), Y)LZ(B){;;‘
(D, (Xn), Yn>L2(B,,) = linzl/{ Chim (An, Un)-
n—

= lim
n—U
This implies that dpim (A, 1) < lim,_77 dpim(An, n), SO dpim 1S weak-* lower semi-
continuous as desired.

Finally, we show that (%, r, dpim) 1s complete. Let (A,),en be a Cauchy sequence
withrespect to dpim . Using (6.3), foreachiy, ...,ig € {1, ..., m}, thesequence (A, (x;, ...
Xi,))nen is Cauchy and hence converges in C to some limit A(x;, ...x;,). Extend A
linearly to a map on C(xy, ..., x,) — C, and then it is straightforward to check that
A € X, r using Definition 2.25. Then because dpiny is weak-* lower semi-continuous,

dpim (An, &) < iminf dpim (A, Ak) < SUP dpim (An, Ak)-
k—o00 k>n
The right-hand side goes to zero as n — 0o because (1), N Was assumed to be Cauchy
in dpim. This shows that A,, — XA in dpim as desired. O

We saw in the preceding argument that Cpim (14, v) > C(w, v). In the commutative
setting, we have equality by a similar argument as in [11, Theorem 1.5]. (For further
discussion of bimodules over commutative tracial W*-algebras, see [2, Example 13.1.2].)
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Lemma 6.10. Let i and v € X, g be non-commutative laws that can be realized by
elements of commutative tracial W*-algebras. Then Cpim (i, v) = C(u, v), and there
exists an optimal coupling in a commutative tracial W*-algebra.

Proof. Let (A, X) and (B, Y) be the GNS realizations of u and v. Consider an optimal
bimodule coupling given by a Hilbert .A-5-bimodule H and a bitracial vector & € H.
Let X ; € B(H) be the operator of left multiplication by X ;, and let Y; € B(H) be the
operator of right multiplication by Y;. Let M be the W*-subalgebra of B(H) generated
by X' = (X],....X,)and Y’ = (Y{,...,Y,). Since X and Yl’. commute and X
and X', commute and ¥/ and Y} commute, M is commutative. Let 7 : M — C be
the map T +— (&, T&). Since M is commutative, T is a trace (it is a state and satisfies
t(ab) = t(ab)). We have not shown that it is normal or faithful, but nonetheless, the
map y = Ax.y, : C{x1, ..., x2n) — Cgivenby p — t(p(X, Y)) is still an element
of X2, r according to Definition 2.25. Moreover, since & was a bitracial vector for A
and B, we have 7(p(X")) = t4(p(X)) = u(p) and t(p(Y")) = t5(p(Y)) = v(p).
Therefore, y has the marginals u and v. If (C, (X, Y)) is the GNS realization of y, then C
is commutative because for any non-commutative polynomials p and g in 2m variables,

Itpg — ap)(X, V)72, = ¥(Pg — ap)*(pq — qp)]
=t((pq —qp)*(pqg — qp)(X', Y")) =0,

and non-commutative polynomials of X and Y are dense in L2(C) (by Lemma 2.34).
Moreover,

m m

XY 2o = Yy (ame) = »_T(X[Y) =Y (£, X;EY)).

j=1 j=1 j=1

Hence, (C, X , ?) is a coupling in a commutative tracial W*-algebra which is also an
optimal bimodule coupling of 1 and v. O

For general non-commutative laws, the inequality C(u, v) < Cpim(u, v) can be
strict, even for non-commutative laws of matrix tuples. We can deduce this from another
result of Haagerup and Musat that FM(M,, (C), M,,(C)) is in general strictly smaller than
UCPT (M, (C), M, (C)), and in particular there is an explicit non-factorizable UCPT map
on M3(C).

Theorem 6.11. (Haagerup-Musat [32, Example 3.1], [33, Theorems 5.2 and 5.6])
Forn > 1, let W : M,(C) — M,(C) be the Holevo-Werner channel W, (x) =

n+1 (Tr, (x)1 —x"). Then W, is a UCPT map, and it is factorizable if and only if n # 3.

Combining non-factorizability of W5~ with Lemma 5.7 similarly to the proof of
Corollary 5.14, we deduce the following corollary.

Corollary 6.12. There exist X,Y € M3 ((C)?a such that Cpim (Ax, Ay) > C(Ax, Ay).

This shows that the metrics dpi, and d‘(/‘%) are distinct. It is unclear to us whether dpim

and d&%) generate the same topology. However, the results of §5.4 about the Wasserstein
distance adapt to the UCPT setting without much difficulty. For instance, we have the
following analog of Lemma 5.16.
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Lemma 6.13. Let () nen and o be non-commutative laws. Let (A, X) be the GNS
realization of . Let Ay be a tracial W*-algebra and X, € L°°(Ap)% such that Ax, =
Wn. Then the following are equivalent:

(1) limy, ¢/ dpim (n, 1) = 0.
(2) There exists a tracial W*-embedding ¢ : A — ]_[n_ﬂ/, A, and there exists ®, €
UCPT(A, A,,) such that

¢(X) = [Xnlpen,  @(Z) = [®n(Z)Inen for all Z € L= (A).

Proof. (1) — (2). By Lemma 5.10, there is a tracial W*-embedding ¢ : A —
TTyts An With ¢ (X) = [XyJnen. Let @, € UCPT(A, A,) suchthat (, (X), X) 124,
= Cbim(in, 1t). As in the previous lemma, there exists & € UCPT(A, [],_,;; Ax) such
that

D(Z) = [®n(Z)]nen for all Z € LP(A).

It remains to show that ® = ¢. Let X,, = (X,(,l), e, X,S’”)) and X = (XD, ..., xm)y,
Using (6.1), for every iy, ..., i € {1, ..., m}, we have

10, (X, X0y — x0 XSO 2
£—1 2 2 172
< LR (1K1 gy — 200X, Xa) + 1Kl 32 )
= CR" dyim (tn, ).
Taking n — U, we obtain

[ox@, . .. xWy_gpx@, | X("“)an(nHu A< lirri{ CR ™ dyim (it 11)=0.
n—

Hence, ®(p(X)) = ¢(p(X)) for every non-commutative polynomial p. Since non-
commutative polynomials are in X are dense in L?(.A) and ® and ¢ are both contractions
with respect to the L? norm, we have ® = ¢.

(2) = (1). The proof is the same as in Lemma 5.16, so we leave the details to the
reader. |

In a completely analogous way to Proposition 5.21, one can deduce that the weak-
+ and dpim topologies agree at some point 4 € X, g if and only if the corresponding
tracial W*-algebra A obtained from the GNS construction is UCPT-stable, meaning that
every tracial W*-algebra embedding from 4 into some ultraproduct [ [, _,;, A, of tracial
W-algebras lifts to a sequence (®,),en Where @, € UCPT(A, A,). Furthermore,
if A is Connes-embeddable, then these two conditions are also equivalent to A being
approximately finite-dimensional; the proof is essentially the same as that of [5, Theorem
2.6] or that of Proposition 5.26. However, it is unknown how FM-stability and UCPT-
stability are related in the non-Connes-embeddable setting.

To circle back to Monge—Kantorovich duality, given the relationship of optimal cou-
plings with factorizable maps on the one hand and E-convex functions on the other
hand, one might wonder whether there is an alternative version of the theory of convex
functions and Legendre transforms that is based on UCPT maps rather than factorizable
maps. Indeed, this is possible, and we will sketch here some of the basic properties and
the parts of the proof that are different from the E-convex case.
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Definition 6.14. A W*-function with values in [—o00, c0] is UCPT-convex if either f is
identically —oo, or else for every A, f A is a convex and lower semi-continuous function
with values in (—o0, oc], and we have fA(X) < fB(® (X)) for every A, B € W and
® € UCPT(A, B) and X € L>(A)™.

Definition 6.15. The UCPT-Legendre transform of a tracial W*-function f is the tracial
W#-function K f given by

KNHAX) = sup (DX, ¥) 2@ — R,

BeW
®eUCPT(A,B)
Yel?>(B)"

We have the following analog of Proposition 3.17.

Proposition 6.16. If f, g be a tracial W*-functions.

(1) Kf is UCPT-convex.

(2)If f <g thenKf = Kg.

(3) We have K2 f < f with equality if and only if f is UCPT-convex.

(4) K2 f is the maximal UCPT-convex function that is less than or equal to f.

The proof is essentially the same as that of Proposition 3.17, modulo the necessary
changes to work with UCPT maps rather than tracial W*-embeddings and conditional
expectations. For instance, to show monotonicity of K f under UCPT maps, suppose that
® € UCPT(A, B) and X € L>(A)". If ¥ € UCPT(B, C), then ¥ o & € UCPT(A, C).
Therefore,

KA = s ((Wo@0).¥) = fCm)) = KFE@X),

CeW
WeUCPT(B,C)
YeL?(C)n

The relationship between the UCPT Legendre transform and the E-convex Legendre
transform is as follows (compare the relationship between the E-convex Legendre trans-
form and the Hilbert-space Legendre tranform).

Corollary 6.17. Let f be a tracial W*-function.

(1) If f is UCPT-convex, then f is E-convex.
(2)Kf=Lf.

() f < L2f.

(4) If f is UCPT-convex, then Kf = Lf.

Proof. (1) and (2) are immediate from the definitions of £ and K since every tracial
W*-embedding is a UCPT map.

(3) Observe that K2 f is E-convex by (1) and K2 f < f.Therefore, Proposition 3.17
(4) implies that K2 f < L2 f.

(4) We already know that L f < K f. For the reverse inequality, the idea is already
contained in the proof of Proposition 6.16 (3). Note that for 4,8 € W and ® €
UCPT(A, B) and X € LZ(A);!; and Y € L%(B w, we have

(@X). Y) 2y — FEE) < (X, (V) 204 — FA@* (V) < LIAX).

Taking the supremum over 53, @, and Y, we obtain L f < Lf. O
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The UCPT-analog of Monge—Kantorovich duality is as follows.

Definition 6.18. A pair of tracial W*-functions (f, g) with values in (—oo, co] is said
to be UCPT-admissible if for every A, B € Wand X € LZ(A)Z; and Y € L%B)g’; and
® € UCPT(A, B), we have

FAX) +g5(Y) = ((X). Y) 2y

Proposition 6.19. Cyin (14, v) is equal to the infimum of u(f) + v(g) over all UCPT-
admissible pairs of tracial W*-functions, as well as the infimum of w(f)+v(g) over all
UCPT-admissible pairs of UCPT-convex functions.

The proof is the same as that of Proposition 3.23; similarly, there is an UCPT ana-
log of Proposition 3.24. However, although there is an analog of Monge—Kantorovich
duality, there are many questions about bimodule couplings for which the answer is not
immediately clear:

e Is there a bimodule analog of the displacement interpolation?

e Is there a bimodule analog of the L? Wasserstein distance for p # 2?

e Is there a useful subgradient characterization of UCPT-convexity analogous to
Lemma 3.10?

e Do dpjm and d‘(,‘%) generate the same topology on X, r?
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Appendix A: Non-commutative Laws and Couplings for L? Variables

Although we have focused in this paper on the non-commutative L>-Wasserstein dis-
tance, Biane and Voiculescu [11] also defined L?” Wasserstein distance for p € [1, 00).
Although they only defined the Wasserstein distance for tuples of bounded operators,
it is natural to extend the theory to non-commutative L? spaces. In this section, after
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reviewing the properties of affiliated operators to a tracial W*-algebra, we define laws,
couplings, and L?” Wasserstein distance for m-tuples of self-adjoint operators in non-
commutative L? space, and show the existence of optimal couplings and Wasserstein
geodesics.

A.1 Affiliated operators, LP spaces. For background on unbounded operators, refer for
instance to [63, §VIIT]. We recall that if H is a Hilbertspaceand T : H © dom(T) — H
is a closed densely defined unbounded operator, then 7' has a polar decomposition as
U|T| where |T| is a positive self-adjoint operator with dom(|7'|) = dom(7) and U is a
partial isometry [63, §VIIL.9].

We quote without proof the basic definitions and results about affiliated operators and
non-commutative L? spaces. Affiliated operators were first studied by Murray and von
Neumann in [50, §XVI], and the non-commutative L? spaces were studied in [24]. For
a modern exposition of affiliated operators and L” spaces in English, see [20] as well
as [2, §7.2].

Let A = (A, 1) be a tracial W*-algebra. To avoid ambiguity, we use the notation H 4
rather than L2(A) for the completion of A with respect to the inner product (a, b) +—>
7(a*b). We still use the notation @ for the element of H 4 corresponding to a € A.

Definition A.1. Let A = (A, 1) be a tracial W*-algebra, and let us view A as a subset
of B(H 4) as in Theorem 2.8. A closed densely defined operator 7 : dom(7) — H 4
with polar decomposition U|T| is affiliated to A if U € A and the spectral projection
1s(|T'|) € A for every Borel set S C [0, 0o). We denote the set of affiliated operators
by Aff(A).

Example A.2. Let (2, P) be a probability space and let A be L>°(€2, P) equipped with
the trace given by integration against P. Then Aff(A4) can be canonically identified
with measurable functions on €2 that are finite almost everywhere, viewed as unbounded
multiplication operators on L>($2, P).

Theorem A.3. Let A = (A, t) be a tracial W*-algebra.

(1) Aff(A) satisfies the following properties:
o IfT € Aff(A), then T* € Aff(A).
e IfT, T € Aff(A), then T ldom(T1)Ndom(7») + T2 |dom(Ty)+dom (1) IS closeable, and
its closure is in Aff (A).
o [fT), T, € Aff(A), then Ty T2|T271(dom(71))
In this way, Aff(A) can be equipped with the structure of a *-algebra.

(2) The canonical inclusion A — Aff(A) is a x-homomorphism. Moreover, if T €
Aff(A) is a bounded operator, then T € A.

(3) If T € Aff(A) is a normal operator, and f is a Borel function on its spectrum, then
f(T) € Aff(A). If f is bounded, then f(T) € A. There is a unique probability
measure pr on C such that T(f(T)) = [ f dur for all bounded Borel functions f.
The spectrum of T is exactly the closed support of Lt.

(4) Let Aff (A), be the set of positive operators affiliated to A = (A, t). Then t extends
to a map Aff(A), — [0, oo] satisfying

o(T) = lim 7(fu(T)),

is closeable and its closure is in Aff (A).

whenever f, is any sequence of nonnegative Borel functions increasing to the identity
function on [0, 00).



974 W. Gangbo et al.

Definition A.4. For a tracial W*-algebra A = (A, t) and p € [1, 00), we define
LP(A) = {T € Aff(A) : t(|T|") < ool
and we write
1T ey = T(TIMHYP.
As stated above, L>°(A) = A and || T|| o0(4) is the norm on A.

Theorem A.5. Let A = (A, ) as above.

(1) For p € [1, o0l, |||l , defines anormon L? (A), and L? (A) is a complete with respect
to this norm, hence it is a Banach space.

(2) A is a dense subspace of LP (A) for p € [1, 00).

(3) Let p, p1, p2 € [1,00]with1/p = 1/p1+1/p2. If Ty € LP'(A) and T, € LP2(A),
then T\T> € LP(A) and | Ty T2y < | Tt p, I T2l py-

(4) For p € [1,00), if T € LP(A), then T* € LV (A) with |T ||, = IT*|l,.

(5) T extends uniquely to a bounded map L'(A) — C (still denoted by T or T.4) that
satisfies T(a™) = 1(a)

(6) Let p € [1,00) and let 1/p + 1/q = 1. Then L9(A) may be canonically identified
with the dual of LP(A) through the pairing (T, Tz) — t(T1Tz). In particular, this
yields an identification between L' (A) and A,.

(7) If Ay is separable, then LP (A) is separable for p € [1, 00).

Theorem A.6. Let A = (A, 1), and T € Aff(A). Then T € L*(A) if and only if
Te dom(T). There is unitary isomorphism of Hilbert spaces ¢ : L*(A) — Hy given
by T +— T1. Furthermore, for T € L?(A) and a € A, we have ¢aT) =aep(T).

The next lemma can be deduced from well-known facts about C*-algebras as well as
the properties of affiliated operators and L?” spaces described above.

Lemma A.7. Let « : A — B be a tracial W*-embedding. Then |t(a)|| = l|la| for
a € A. Moreover, fora € Aand p € [1, 00), we have 1((a*a)?/*) = (1(a)*1(a))P/>.
Hence, |L(@)|lLry = llallLray for a € A, and therefore, 1 extends to an isometric

linear map LP(A) — LP(B) for every p € [1,00). In fact, 1 extends to an injective
x-homomorphism Aff (A) — Aff(B).

Notation A.8. If ¢ : A — B is a tracial W*-embedding, we will denote the extended
map Aff(A) — Aff(B) also by ¢.

Proposition A.9. Let « : A = (A, 1) — B = (B, 0) be a tracial W*-embedding. Let
E : L2(B) — L2(A) be the adjoint of the map 1 : L*(A) — L*(B).

(1) For p € [1, 0], E extends to a unique bounded linear map LP (B) — LP?(A), and
(denoting the extended map still by E) we have |E(b) | ra)y < 1bllLrB)-

(2) Forall b € LY(B), we have T (E(b)) = o (b); in other words, E is trace-preserving.

(3) Forall b € LY(B), we have E(b*) = E(b)*.

(4)If b € LP(B) and a € LI(A) with 1/p + 1/q = 1, then E[t(a)b] = aE|[b] and
E[bi(a)] = E[b]a.

Sketch of proof. (1) Fix p,q € [1,00]l with 1/p+1/g = 1.Ifa € L*°(A) and b €
L*°(B), we have

[{a, E[b]) Al = |{t(@), bYB| < llt(@)|lLaB) 1Ll LrB) = llaliLaayllbllLe o).
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By density of L>°(A) in LY(A) and the duality of L9(A) and L”(A), we obtain
IE[b]N Lr 4y < IIbllLr ), and the extension follows from this.

(2) Since ((1) = 1 and E = ¢*, we obtain t(E(b)) = o(b) for b € L*(B) and this
extends to L' (B) by density.

(3) (4) The claims are first checked for b € L>°(B) and a € L°°(A) using the properties
of the trace and the fact that E is the adjoint of ¢, by similar reasoning as in Lemma 1.17.
Then we use density of L° in L? to conclude. O

Notation A.10. Let A = (A, 1) be a tracial W*-algebra. Let X = (X1,..., X)) €
Aff(A)™. We denote by W*(X) the smallest W*-subalgebra of A to which X1, ..., X,
are affiliated operators. Equivalently, letting X; = U;|X;| be a polar decomposition
of X;, W*(X) is the weak-* closure of the x-algebra generated by U; and f(|X;|) for
bounded Borel functions f : R — C and j = 1, ..., m. We view W*(X) as a tracial
W*-algebra, where the trace is the simply the restriction of t.

Notation A.11. Let A = (A, ) and B = (B, o) be tracial W*-algebras. For p € [1, o],
we equip L”(A)™ with the norm

1/p
(ZT:l T((Xjij)p/z)) , p <00,
maxj=1,...mlXlla, p =00

(X1, ..., X)) llLraym =

Note that L”(A)7 is a real subspace of L”(A)". For X = (X1,...,X;;) and ¥ =
(Y1, ..., Yy in L2(A)", we define

m m

(X, Y>L2(A)m = ZT(Xij) = Z(X]’ Y]>A
j=1 j=1

Given atracial W*-embedding ¢ : A — BB and the corresponding conditional expectation
E:B— Aif X e L' (A" and Y € L' (B)", we write

(X)) == ((X1), ..., (X)), E[Y]:=(EN] ..., E[Y,)).

Note that ¢ and E both preserve the real subspaces of self-adjoint tuples.

.1. Laws and the Wasserstein distance for LP variables. To extend the notion of non-
commutative laws and couplings to L” variables, we use a fairly standard trick in opera-
tor algebras, namely transforming an unbounded operator into a bounded operator using
functional calculus. If (X, ..., X,) € LP(A)%, then arctan(X) := (arctan(Xy), ...,
arctan(X,,)), where arctan(X;) is defined by functional calculus, is an m-tuple of
bounded self-adjoint operators with has a non-commutative 1aw Agrctan(x) € im,z/2-
Rather than defining Ax directly, we will work with A,cran(x) instead. The analogous
procedure in classical probability theory would be to study a probability distribution p
on R through the compactly supported probabilitity distribution arctan,  obtained by
pushing forward u by the function (x1, ..., x4) — (arctan(xy), ..., arctan(xy)).
Givenalaw A € X 52, the following criterion decides whether A = Ayrctan(x) for some
m-tuple X in a non-commutative L”-space:

Lemma A.12. Let A € X, 2. For each j there is a measure ) j on [—m /2, 7 /2] with
[ fx)dxrj(x) = A(f(x;)) for all non-commutative polynomials f. The following are
equivalent:
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(1) tan € LP(X;) for every j.
(2) There exists a tracial W*-algebra A and X € LP(A)% such that A = Aarctan(X)-

Proof. (1) = (2). Let (A, Y) be the GNS realization of A given by Proposition 2.31.
Then A; is the spectral distribution of ¥; with respect to 7. Because tan € L”(;) for
each j, we know that A ; has no mass at =7/2 and therefore X; = tan(Y;) is a well-
defined self-adjoint operator affiliated to .A. Using Theorem A.3 (3), we have an(y;) =
tan, puy, = tany A;. Hence, ©(|1X;|P) = [|t|Pdux;(1) = [[tant|PdAr;(1) < oo.
Therefore, X; € L?(A)sa and Aarctan(x ;) = A-

(2) = (1).If X is as in (2), then let Y; = arctan(X ;). The spectral distribution of Y;
with respect to 7 is thus uy;, = 2. O

Definition A.13. We define Efnp ) as the set of non-commutative laws A in X, x/2 such

(p)
m

that tan € L>(x ;) for every j. We define the weak-* topology on X, as the restriction

of the weak-* topology on X, 7/2.

Next, we define couplings of laws in E,(np )1t will be useful to have two different points
of view on couplings, one more measure-theoretic, and the other more probabilistic.

Definition A.14. Given u, v € Z,(,,p), a measure-theoretic coupling of n and v is a law
y € B3 suchthaty (f(x1, ..., %) = @ (f (10 xm) and y (F Qs .. X2m)) =

v(f(x1,...,xym)forall f € C(xi, ..., x,). Wedenote by I'”) (1, v) C E;’:’) the space
of measure-theoretic couplings.

Definition A.15. A probabilistic coupling of u and v is a tuple (A, X, Y), where A is a
tracial W*-algebra and X, Y € L? (A% with Agrcran(x) = # and Aarctan(y) = V.

Of course, if (A, u, v) is a probabilistic coupling, then ¥ = Aarctan(X).arctan(y) i @
measure-theoretic coupling. Conversely, if y is a measure-theoretic coupling, then a
probabilistic coupling can be obtained from the GNS construction of y.

Definition A.16. (Wasserstein distance) For a given u, v € E,(,lp ), we define d%’ ) (u, v)
tobe the infimum || X —Y || .»(4)n over all probabilistic couplings (A, X, Y) with A € W.

Proposition A.17. The Wasserstein distance d‘(/{,) ) defines a metric on the set E,(np ) Wwhich
makes it into a complete metric space.

The argument to show that d&f ) is a metric on Z,(,lp ) is exactly the same as in [11]. The

hardest axiom to verify is the triangle inequality, but this follows because a coupling
of w1 and puy and a coupling of wy and w3 can be joined by taking the amalgamated
free product of the tracial W*-algebras corresponding to the two couplings over the
subalgebra generated by the variables corresponding to w,. Hence, Z,S,p ) is a metric
space.

A.3 Optimal couplings and Wasserstein geodesics.

Definition A.18. A probabilistic coupling (A, X,Y) of pand v € E,(np) is said to be

optimal it || X — Y || Lraym = d‘(,[’,’) (u, v); in this case we also say that the corresponding
measure-theoretic coupling is optimal. We denote the space of optimal measure-theoretic

couplings by F(()St) (, v).
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To show the existence of optimal couplings, we use a certain type of continuity and
compactness.

Lemma A.19. Let p € [1, 00). Then T'P) (1, v) is compact in the weak-* topology. For
y € TP (u, v), the quantity

N(y,p) ==X = YllLr(aym where y = harctan(X),arctan(¥)>

where (X,Y) € LZ(A)Z; is a 2m-tuple with Aarctan(X),arctan(x), only depends on y, and
moreover y +— N (y, p) is continuous.

Proof. First, rw® (e, v) is compact because it is a closed subset of X2, 52, which is
compact. To show well-definedness and continuity y +— N (y, p), first note that for any
polynomial ¢, the map

rz.z = 19(2) = ¢ (Z)ILrcay

is well-defined and continuous on X, /2. Indeed, let M be an upper bound on |@|
and let g be a sequence of polynomials that converge uniformly on [-2M, 2M] to the
function |- [7/2. Then gi (¢ (Z) —$(Z)* (¢ (Z)—¢(Z'))) converges to |¢(Z) —p (Z')|”
and the rate of convergence is uniform for all A and all (Z, Z’) with |(Z, Z)||oo < 7
because of the spectral mapping theorem. The continuity of

rzz e Y8k @(Z) = (Z)) = hz. 2/ (g (P (x)) — ¢ (Xme))))

j=1

is immediate by definition of the weak-* topology. Thus, the continuity of A7 7z >
¢ (Z) —p(Z") ||, follows from uniform convergence. Similarly, using uniform conver-
gence, we can generalize ¢ from a polynomial to an arbitrary continuous real-valued
function on [—7m /2, 7 /2].

Now let ¢ € C([—m/2, /2]; R) be a sequence such that |¢r| < |tan| and ¢ — tan
pointwise. Suppose that y € F(”)(M, v) and y = A(z,z). Then (tan(Z), ©(Z)) €
LP(A)T. Also,

|ltan(Z) — tan(Z") || Leayn — 16x(Z) — ¢ (Z) | Lo aym

m m
<Y llan(Z)) — ¢ (Z) e + Y _lan(Z;) = ge(Z) ey
j=1 j=1

m

" 1/p 1/p
=Z([|tan—¢k|f’duj> +Z</|tan—¢k|pdvj) ,
J=1 j=1

where 1 ; and v; are the measures on [~ /2, /2] representing the jth marginals of
w and v respectively. The bound on the right-hand side only depends on u and v and
thus is a uniform bound for all y € I'"”) (i1, v). Furthermore, by the dominated conver-
gence theorem | tan —¢x| — 0in LP(u;) and L?(v;). Therefore, the map sending y to
[tan(Z) — tan(Z") || Lr( Ayn is continuous as the uniform limit of continuous maps. O

(p)

,(,f ), the space of optimal couplings Lopt is nonempty

Corollary A.20. Foreachu,v € ¥
and compact.



978 W. Gangbo et al.

Given the existence of L? optimal couplings, all the theorems from Sects. 3 and 4 can

be generalized to 2,512 ) with the appropriate changes to notation. Almost no change is
needed for the proofs since E-convex functions were defined for L? non-commutative
random variables to begin with.

Just as in the case of classical probability theory, the existence of optimal couplings and
the ability to take convex combinations of non-commutative random variables immedi-

ately leads to the existence of geodesics between any two points in E,Sf ).

Definition A.21. Let (€2, d) be a metric space. A geodesic in (€2, d) is a continuous map
g: I — Q,where I C Risan interval (of positive length), such that forall#y < ©, < 13
in /, we have

d(g(n), g(13)) = d(g(1), g(r2)) +d(g(12), g(13)).

The geodesic is said to be constant speed if d(g(t1), g(t2))/(t2 — t1) is constant for all
1 < n.

Proposition A.22. Let p € [1, 00). Let i, v € E((jp), andlet (A, X, Y) be a probabilistic
optimal coupling. Fort € [0, 1], let X; = (1 =) X +1tY. Let iy = Aarctan(x,)- Thent —

Wt IS a constant speed geodesic in (E,(,,p), dé‘f)). Moreover, for s, t € [0, 1], (A, X;, X;)
is an optimal coupling of s and ;.

Proof. Of course,

Ay (s ) < 1Xs = Xellzoayn = Is — 111X = Yl 2oy
Thus, for s < ¢,
IX = YllLocay = dy (X, )
<dP (X, Xg) +dP (X, X)) +dP (X, ¥)
<X = Xsllorym + 11Xs — Xellpraym + 11 Xe — YlLeaym

sa sa sa

A

I1X = YllLrcayn.

Thus, all the inequalities are forced to be equalities. Hence, d‘(){,)) (g, uy) = (t —

s)d‘(f) (u, v). Therefore, t — u; is a constant speed geodesic. Also, d‘(,[f) (g, ty)
| X5 — YillLpaym, so that (A, X, X;) is an optimal coupling. O
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