Commun. Math. Phys. 393, 61-150 (2022) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-022-04318-9 Math ematical

Physics
)]

Check for
updates

Spin-Ruijsenaars, -Deformed Haldane-Shastry and
Macdonald Polynomials

1

Jules Lamers! @, Vincent Pasquier?, Didina Serban?

1 School of Mathematics and Statistics, University of Melbourne, Melbourne, VIC 3010, Australia.
E-mail: jules.]@unimelb.edu.au

2 Institut de Physique Théorique, CEA, CNRS, Université Paris Saclay, 91191 Gif-sur-Yvette, France.
E-mail: vincent.pasquier @ipht.fr; didina.serban @ipht.fr

Received: 7 June 2020 / Accepted: 3 January 2022
Published online: 13 May 2022 — © The Author(s) 2022

Abstract: We study the g-analogue of the Haldane—Shastry model, a partially isotropic
(xxz-like) long-range spin chain that by construction enjoys quantum-affine (really:
quantum-loop) symmetries at finite system size. We derive the pairwise form of the
Hamiltonian, found by one of us building on work of D. Uglov, via ‘freezing’ from
the affine Hecke algebra. To this end we first obtain explicit expressions for the spin-
Macdonald operators of the (trigonometric) spin-Ruijsenaars model. Through freezing
these give rise to the higher Hamiltonians of the spin chain, including another Hamil-
tonian of the opposite ‘chirality’. The sum of the two chiral Hamiltonians has a real
spectrum also when |q| = 1, so in particular when q is a root of unity. For generic g the
eigenspaces are known to be labelled by ‘motifs’. We clarify the relation between these
patterns and the corresponding degeneracies (multiplicities) in the crystal limit q — oo.
For each motif we obtain an explicit expression for the exact eigenvector, valid for
generic q, that has (‘pseudo’ or ‘/-’) highest weight in the sense that, in terms of the op-
erators from the monodromy matrix, it is an eigenvector of A and D and annihilated by C.
It has a simple component featuring the ‘symmetric square’ of the g-Vandermonde poly-
nomial times a Macdonald polynomial—or more precisely its quantum spherical zonal
special case. All other components of the eigenvector are obtained from this through the
action of the Hecke algebra, followed by ‘evaluation’ of the variables to roots of unity.
We prove that our vectors have highest weight upon evaluation. Our description of the
exact spectrum is complete. The entire model, including the quantum-loop action, can
be reformulated in terms of polynomials. Our main tools are the Y-operators from the
affine Hecke algebra. From a more mathematical perspective the key step in our diago-
nalisation is as follows. We show that on a subspace of suitable polynomials the first M
‘classical’ (i.e. no difference part) Y-operators in N variables reduce, upon evaluation
as above, to Y-operators in M variables with parameters at the quantum zonal spherical
point.


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-022-04318-9&domain=pdf
http://orcid.org/0000-0002-5602-0030

62 J. Lamers, V. Pasquier, D. Serban

Contents
I. OverviewandMainResults . . . ... ... ... ... .......... 63
1.1 Recap of theisotropiccase . . . . . . . ... ... ... ....... 63
1.1.1 Abelian symmetries . . . . . . . . . .. ..o 63
1.1.2 Nonabelian symmetries . . . . . . . . ... .. ... ... .... 65
1.1.3 Explicit eigenvectors . . . . . . . . . . v vt i i 66
1.1.4 Spin-Calogero—Sutherland and freezing . . . . . ... ... ... 67
1.2 g-deformed Haldane—Shastry . . . . . ... .. ... ... ...... 68
1.2.1 Abelian symmetries . . . . . . . . . ... ... ... 69
1.2.2 Nonabelian symmetries: preview . . . . . . . . . . . . . . . ... 75
1.2.3 Explicit eigenvectors . . . . . . . . . v v v it 77
1.2.4 Nonabelian symmetries: details . . . . ... ... ... ..... 80
125 Crystal limit . . . . . ... ... o o 82
1.2.6 Examples . . . . . . . ... 84
1.3 Plan of proofs: spin-Ruijsenaars and freezing . . . ... .. ... .. 88
1.3.1 Physical (Q-bosonic)space . . . . . . . ... ... ... ... .. 88
1.3.2 Abelian symmetries (spin-Macdonald operators) . . . .. .. .. 89
1.3.3 Nonabelian symmetries . . . . . . . ... .. ... .. ...... 91
1.3.4 Abelian spin-chain symmetries from freezing . . . . . ... ... 92
1.3.5 Explicit spin-chain eigenvectors from freezing . . . ... .. .. 94
14 Outline. . . ... ... .. 95
2. Algebraic Setup . . . . . ... e e 96
2.1 Polynomialside . . . . ... ... ... ... ... ... ..., 96
2.1.1 Heckealgebras . . . .. ... ... ... ... .. ..... 96
2.1.2 Macdonald theory . . . . .. ... ... L 99
2.1.3 Ruijsenaars model . . . . . ... ... ... oL, 103
22 Spinside . . . ... e e 104
2.2.1 Hecke, Temperley-Lieb and quantumsl, . ... ... ... ... 104
2.2.2 Quantum-loop algebraofsly . . ... ... ... ... .. .... 106
2.2.3 Integrable spinchains . . . . . . . ... ... ... ... ..., 108
3. Derivations . . . . . ... 109
3.1 Spin-Ruijsenaarsmodel . . . . . . ... ... ... oL, 110
3.1.1 Physical (g-bosonic) space . . . . . .. ... ... ..., 110
3.1.2 Abelian symmetries (spin-Macdonald operators) . . . . ... .. 114
3.1.3 Nonabelian symmetries . . . . . . . . .. ... .. ... ..... 116
3.1.4 Explicit eigenvectors . . . . . . . . . . ... 121
32 Freezing . . . . . . . .. 121
3.2.1 Abelian spin-chain symmetries . . . . . . ... ... ... .... 122
3.2.2 Nonabelian spin-chain symmetries . . . . . . ... ... ..... 126
3.2.3 Explicit spin-chain eigenvectors . . . . . .. ... ... ... .. 127
3.2.4 Pseudo highest-weight property . . . . . ... ... ... .... 134
A. Nonrelativistic/Isotropic Limit . . . . . . ... ... ... ... .. ..., 136
A.1 Dunkl and Calogero—Sutherland limit . . . . ... ... ... .... 136
A.2 Spin-Calogero—Sutherland limit . . . . .. ... ... ... ..... 138
B. More Aboutthe SpinSide . . . . . . ... ... oL 139
B.1 Stochastictwist . . . . . . ... ... 139
B.2 Relation between presentations . . . . . . .. ... ... 142

C. GlOSSATY . . v v v e e e e 143



Spin-Ruijsenaars, g-Deformed Haldane—Shastry and Macdonald Polynomials 63

1. Overview and Main Results

The Haldane—Shastry spin chain [Hal88,Sha88] and its partially isotropic (xxz-like)
counterpart [BGHP93,Ugl95,Lam18] are quantum-integrable spin chains with long-
range interactions that are such that the model’s spectrum admits an exact description
in closed form—there are no Bethe-type equations that remain to be solved. We begin
with a guided tour to introduce these models and state our results.

In Sect. 1.1 we recall the salient features of the ordinary Haldane—Shastry spin chain.
The reader who is familiar with the isotropic case may wish to glance at the three defini-
tions in Sect. 1.1 before skipping to the partially anisotropic generalisation in Sect. 1.2,
where we introduce the model and give an overview of its remarkable properties, many
of which are new results. In Sect. 1.3 we preview the plan of our derivations in the main
text. These proofs exploit a connection with a more general model, the spin-version of
the (quantum trigonometric) Ruijsenaars model, whose spin-Macdonald operators give
rise to the spin chain by ‘freezing’.

In this tour we follow [BGHP93,Ugl95,Lam18] and denote the deformation
(anisotropy) parameter by g as usual for quantum groups. We use p for the second
parameter of Macdonald polynomials. From Sect. 2 onwards we’ll switch to the nota-
tion t!/2 = q and ¢ = p, standard in the world of Macdonald polynomials and affine
Hecke algebras [Mac95,Mac98,Che05].

1.1. Recap of the isotropic case. In short, the ordinary (isotropic) Haldane—Shastry spin
chain [Hal88,Sha88] is a physically motivated quantum spin chain—e.g. serving as a
toy model for the fractional quantum Hall effect—with many remarkable properties: it

i. (abelian symmetries) belongs to a family of commuting operators [Ino90, HHT+92,
BGHP93,TH95], each of which
ii. (nonabelian symmetries) commutes with an action of the Yangian
[HHT+92,BGHP93];
iii. (explicit eigenvectors) has eigenvectors that are determined by a symmetric polyno-
mial [BGHP93], which for Yangian highest-weight [BPS95] eigenvectors is known
explicitly and involves a Jack polynomial [Hal91a].

Each is a hallmark of quantum integrability: (i) a tower of higher Hamiltonians, (ii) an
underlying quantum-algebraic structure, and (iii) exact solvability. Let us review these
three properties of the Haldane—Shastry spin chain, introducing some useful notation
along the way.

1.1.1. Abelian symmetries In this work we focus on rank one; we will address higher
rank, cf. [Lam18], elsewhere. Consider a chain with N spin-1/2 sites: the spin-chain
Hilbert space is H := (C*)®N where C2 = C [1) @ C ||). Write P; ; for the permutation
of the ith and jth factors of H, so P;; = (1+0;-6;)/2 withc = (¢*, 0, o) the Pauli
matrices. The Hamiltonian is

H™ = XN: L= By (1.1)
Py 4 sin’[7 (i — j)/N] ’

This operator is positive: (—) H" models an (anti)ferromagnet. Following Uglov we
introduce
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Definition ([Ugl95]). Let w := *™/N ¢ C* := C \ {0} be the primitive Nth root of
unity. Define the evaluation

eVy: Zj > w! = 2" i/N (1.2)
of z1, ..., zy at the corresponding N'th roots of unity. On shell, i.e. after evaluation, we

think of z; as (the multiplicative notation for) the position of site j of the chain, viewed
as embedded in the unit circle S! € C. We will refer to the z j as coordinates.

With this notation (1.1) can be rewritten as

—2i Zj
(zi —zj)%
(1.3)
The pair potential has a neat geometric interpretation: evy, V% (z;, z;) = 1 /d?, where
d =2 |sin(mw (i — j)/N)| is the chord distance between sites i and j, cf. Fig. 3.

The Hamiltonian (1.3) is amember of a hierarchy of higher Hamiltonians that pairwise
commute [BGHP93] and, in principle, can be constructed explicitly and systematically
[TH95]. The first few of these abelian symmetries, apart from (1.3) and the translation
operator

N
H™ =ev, H, H™ =3 "V%(z,2) (1= Pyj), V™, z)) =

i<j

G™ .= Py n—1...P12, (1.4)
are given in [Ino90,HHT+92, TH95].

The spectrum of the Haldane—Shastry spin chain is particularly simple. The joint
eigenspaces of the abelian symmetries are labelled by simple combinatorial patterns.

Definition ([HHT+92]). A motif (though ‘N-site sl motif” would be more precise) is
a sequence in {1, ..., N — 1} increasing with steps of at least two. As in [Ugl95] we
denote the set of all motifs by

My :={/LC{1,...,N—1} ,Lm+1>um+1}. (1.5)

Let us define the length £(u) of w to be the number of parts w,,. We further write
el =2, M-

Denote the empty motif by 0. For example, M> = {0, (1)}, M3 = {0, (1), (2)}
and My = {0, (1), (2), (3), (1, 3)}. Motifs are stable under increase of the system
size, My_1CMy. Conditioning on whether N — 1 € p yields a recursion My =
Mpy—1 I Mpy_, (disjoint union), so the number of motifs forms a Fibonacci sequence
with offset one: # My = Fiby,1.

As for any homogeneous (translationally invariant) spin chain the momentum p* is

defined such that (1.4) has eigenvalue e P For the eigenspace labelled by u € My it
is given by

21

M
P (n) = Z] PSS mod 2w, piS = ~ Hm (1.6)
m=

The energy is (strictly) additive too, with a quadratic dispersion relation:

M 2

1 N

EM () =3 &™), ) = 5 im (N = ) = o — iy’ (27 = ).
m=1

(1.7)
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Thanks to additivity all energies are half integral, i.e. lie in %Zzo- The wu,, can be seen

as the ‘Bethe quantum numbers’, or, up to a factor, quasimomenta p,‘jf. Indeed, wu;;,
parametrises the contribution of the mth magnon not just to the momentum (1.6) but,
by (1.7), also to the energy. We stress that, in view of the definition (1.5) of motifs
these energies are strictly additive: the quasimomenta p/*® are all real—there are only
‘1-strings’—and there is no interaction (bound-state) energy. The physical picture is that
of a gas of anyons: free quasiparticles that interact through their fractional (exclusion)
statistics only [Hal91a,Hal91b]. See also [Hal94] and [Pol99].

The spectrum is highly degenerate [Hal88]. In part this is because the eigenvalues (1.7)
may be (‘accidentally’ [FG15]) degenerate, e.g. foru = (1,3)and u = (5,7)at N = 8.
Another reason is the presence of a large nonabelian symmetry algebra.

1.1.2. Nonabelian symmetries The Hamiltonian (1.3) is clearly isotropic, i.e. invariant
under UM := Usly, the universal enveloping algebra of sly = (sup)c. The latter acts as
usual: if o := (6% £i0Y)/2 then
N | N
§E = Zgl.i, §% = 3 Zo—f, [S%, St = £5%, [S*, ST 1=2S5% (1.8
i=1 i=1

For the Haldane—Shastry spin chain this symmetry is enhanced to the Yangian [TU
Y (sly), with additional generators [HHT+92] (note that ev,i(z; + z;)/(zi — zj) =

cot(m (i — j)/N))

. N
+ _ St S+ 1211“"21' £ 7z _z =+
0* =ev, 07, 0" = 7 —Zi_zj(oi oi —ofo7),
]
N (1.9)
~ ~ i i+ _ _
Q% =ev,, 07, 0'=>>" (007 —o o).
21.<jZi—Zj

Even off shell these live in the adjoint representation of slp,
[5%, 01 =+0%, [5%, 071=%20% [$*0°1=F0",  (1.10a)
and obey the Serre relation
[0%10%. 071l =—(5" 0™ - Q*s7) 5~ (1.10b)

On shell, (1.9) moreover commute with the abelian symmetries, including G™ and H™.
The upshot is that the Hilbert space decomposes as

H= P . (1.11)
nweMpy

Each H*™ is a joint eigenspace for the abelian symmetries, with energy and momen-
tum (1.7), as well as an irreducible Yangian module with known Drinfeld polynomial
[BGHP93]. It contains a unique (up to rescaling) vector |u)™ € H*HS with Yangian
highest weight, i.e. ST |u)™ = O*|u)™ = 0. Conversely, all of H*'™ is generated by

the U"S-action on | 1), This structure of H is illustrated in Fig. 1. The vector |)" can
be written down in closed form, as follows.
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MS*
0
1 e © @ 0
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Fig. 1. Schematic picture of the structure of the Hilbert space H for N = 6. Each dot represents an eigenvector

of the abelian symmetries. The vertical axis records its S%, equal to 3 — M for H ;. The s highest-weight

H'S_eigenvectors |11)HS are labelled by their motif. Vertical lines connect vectors in an {MS-irrep, which are

combined by dotted lines into {1S-irreps H/*1S. The value of the momentum p"S is indicated below each
irrep, where we have also linked parity-conjugate pairs with opposite momentum and mirror-image motifs.
(In the g-deformed case the picture is the same: just drop the superscripts ‘HS’)

1.1.3. Explicit eigenvectors The abelian symmetries preserve the decomposition
N
H=EHu. Hu:=ker[s* - (3N — M)]. (1.12)
M=0

Any vector in the M -particle sector (weight space) H s can be written via the coordinate
basis:

N
S Wi i i), i) =0 o [P ). (113)

i1<---<iy

Thus, |@) = |1 --- 1) € Hy is the pseudovacuum, while |i)) € H has a | atsite i, and
so on. Property (iii) of the Haldane—Shastry spin chain comprises two statements. Firstly,
every H"™-eigenvector in H y is completely determined by some symmetric polynomial
UHS(zy, ..., zy) via [BGHP93]

UG i) = (. i U = evy, \TJHS(z,»l, e Zigg)- (1.14)

Secondly, for the g highest-weight eigenvectors these polynomials take an elegant
form.

Definition. Recall that a partition v = (vi > v, > --- > 0) is a weakly decreasing
sequence of integers, with length £(v) the number of nonzero parts. There is a length-
preserving bijection from My to the set of partitions with vy < N —2 £(v) +1 (see also
Fig. 2): at length M set

Vm = UMl —2 (M —m), 1<m<M. (1.15a)

If )y := (M — 1, M — 2, ...) denotes the staircase partition of length M — 1, and u*
the partition obtained from u € My by reversal, this relation takes the succinct form

V428 = put, (1.15b)

where addition and scalar multiplication are pointwise.
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With this notation the (unnormalised) wave function (1.14) of |u)® is determined
by the polynomial [Hal91a,BGHP93]

M
U@z = [ [@m =) PP @) (1.16)

m<n

Here Pu(a) is a Jack polynomial [Jac70] with parameter & = k! related to the coupling
k (k — 1) of the (trigonometric quantum) Calogero—Sutherland model [Sut71,Sut72].
These symmetric polynomials are studied extensively in the literature, see e.g. [Sta89,
Mac95]. They play an important role in [Mat92], and appear for the fractional quantum
Hall effect [KPO7,BHOS]. If « = 1/2, asin (1.16), one gets zonal spherical polynomials,
see e.g. §VIL.6 in [Mac95]. (For comparison: « = 1 gives Schur and « = 2 zonal
polynomials; cf. Fig. 5.)

Remark. i. Note that £(v) = M means that vy; > 1 and vy = 0, so v, = vy, + 1 for
some partition v with £(v) < M (see again Fig. 2). Jack polynomials have the property

Pv(a)(zh.u,ZM)=Z1...ZMP,—)(O[)(Z1,...,ZM), Vm = Uy + 1. (1.17)

In the literature on the Haldane—Shastry model this relation is often used to extract an
explicit centre-of-mass factor z; . .. zj and end up with a polynomial associated to v as
on the right-hand side of (1.17). This factor (or, equivalently, the condition £(v) = M)
ensures that the resulting eigenvector has Yangian highest-weight on shell [BPS95].

ii. The relation (1.15) has the following origin. Write z" = z‘f‘ e z})VN , appending
zeros to v if necessary to get a (weak) partition with N entries. With respect to the domi-
nance ordering, see (2.30) in Sect. 2.1.2, the highest term in (1.16) receives contributions
from

M

H(zm —2Zp) = %M + lower, PU("‘) (215 ..., 2m) = 2" + lower.
m<n

Therefore

{IV/;'S(ZL .. zm) = 2" + lower monomials, (1.18)

explaining (1.15). Next, the degree of (1.16) in any variable is deg_ qlllfs =v+2(M—

1) = up. Asev, z{v = litsuffices to consider partitions v such that deg_, \Tlffs <N-1.
This reproduces the condition vi < N —2 M +1,i.e. up < N, from the line preceding
(1.15).

iii. Since PU(“) is ahomogeneous polynomial of total degree |v|, the polynomial (1.16)

is homogeneous of total degree |w|. This readily yields (1.6). The proof of (1.7) is more
intricate.

1.1.4. Spin-Calogero—Sutherland and freezing The key insight of [BGHP93] is that the
many special properties of the Haldane—Shastry spin chain naturally arise from a con-
nection with a dynamical model. Consider the spin-version of the Calogero—Sutherland
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241 M2 v 22.%%
0000000080000
VM. Dy

..

[ Jo] Jo] Jo] l0/0le]00/0]e]e)

1 3 - 2M-1 N-1

Fig. 2. The correspondence (1.15) between a motif u € M of length M = €(u) > 1 and a partition with
v] < N —-2M+1and£(v) = M, given by v;, = vy, + 1, 1 <m < M. Note that v characterises the extent
by which p differs from the left-most filled motif of length M

model, with N spin-1/2 particles moving on a circle while interacting in pairs, and
Hamiltonian [HH92,MP93,HW93]

~ 1 —ZiZj
am EZzl 2 +Z — k- Py)
(1.19)
k(k — P;j)
2 L
2 8xi+Z4sin2[(x‘—x‘)/2]’
] i<j ! J

zj = ei X

Here £ is the reduced coupling parameter. In the second line we switched to additive
notation. This model already

i. (abelian symmetries) belongs to a family of commuting operators [BGHP93,Che94b,
Res17], each of which
ii. (nonabelian symmetries) commutes with an action of the Yangian [BGHP93], cf.
[Dri86];
iii. (explicit eigenvectors) has eigenvectors that are determined by a suitably symmetric
polynomial, which for Yangian highest-weight eigenvectors is known explicitly in
terms of a Jack polynomial [TU97,Ugl98].

Asforeseen in [Sha88] the spin chain emerges through freezing [Pol93,SS93, BGHP93,
TH95]: when k — oo the kinetic energy becomes negligible compared to the potential
energy and the particles ‘freeze’ at their equally spaced classical equilibrium positions
evy z; to yield (1.3). By carefully evaluating this limit one shows that properties (i)
and (ii) are inherited by the spin chain [BGHP93,TH95]. The derivation of property (iii)
for the spin chain is also based on freezing, though the argument is more subtle; we do
not know how to get (1.16) directly from the spin-Calogero—Sutherland eigenvectors of
[TU97,Ugl98] via freezing.

1.2. g-deformed Haldane—Shastry. Our goalis to study the partially isotropic (XXZ-like)
counterpart of the Haldane—Shastry spin chain, building on [BGHP93,TH95,Ugl95,
Lam18]. Let g € C* denote the anisotropy parameter. In a nutshell, the isotropy of the
Haldane—Shastry spin chain can be g-deformed in such a way that the result

i. (abelian symmetries) belongs to a family of commuting operators [BGHP93,Ugl95],
each of which

ii. (nonabelian symmetries) commutes with an action of the quantum-affine (more
pecisely: quantum-loop) algebra [BGHP93];
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iii. (explicit eigenvectors) has eigenvectors that are determined by a symmetric poly-
nomial, which for (‘pseudo’) highest-weight eigenvectors are known explicitly and
involves a Macdonald polynomial.

The state of the art can be summarised as follows. A Hamiltonian that g-deforms (1.3)
was found by Uglov [Ugl95] and simplified significantly by one of us [Lam18]. We
shall give a direct derivation of the latter and of the appropriate translation operator,
which was proposed in [Lam18]. These abelian symmetries are reviewed in Sect. 1.2.1,
where we will moreover present two new g-deformations of (1.3). One of them has real
spectrum also for the regime |q| = 1 that should be most interesting physically. We give
the higher abelian symmetries in Sect. 1.3.4.

By construction [BGHP93] the g-deformation is such that the nonabelian symmetries
are deformed to the quantum-affine level. We preview these symmetries in Sect. 1.2.2.
Unfortunately we have not been able to formulate their action, which was also studied in
[Ugl95], as concretely as that of the Yangian generators (1.9). We describe this action a
little later, in Sect. 1.2.4, where we also explain the appropriate notion of highest weight,
which we call pseudo highest weight.

The structure of the Hilbert space parallels the isotropic case. In particular we find
that all eigenvectors are still determined by some polynomial, which we are able to
give explicitly for the eigenvectors with (pseudo) highest weight. We present these
eigenvectors in Sect. 1.2.3.

These remarkable properties once again stem from a dynamical model that reduces to
the q-deformed Haldane—Shastry spin chain via freezing. We return to this in Sect. 1.3.

1.2.1. Abelian symmetries A Hamiltonian for the q-deformed Haldane—Shastry spin
chain was found in [Ugl95]. Like (1.3) it admits an expression in a long-range pairwise
form [Lam18]:!

_m

H" =ev,H", H"
N

N

> Vi) Sy (1.20)
i<j

(The superscript ‘L’ will make sense soon.) The prefactor involves the g-analogue of
N e N,

q" -q7¥ 1 3 3 1
[N]:= q_q—l :qu +qN7 +_'_+q7N+qu. (1.21)
Next, the potential in (1.20) reads
7i 7

V(zi, zj) = (1.22)

(Azi — 9 'zj)(qz; —q7'z)’

where the sign is chosen such that ev,, V (z;,z;) > 0 for g € R. A geometric way to
think about this potential is shown in Fig. 3.

1 We set the coupling constant from [Lam18] to J = [N]/N as in [Ugl95]. Note that in [Lam18] all
spectral parameters were inverted, cf. (1.25) and (1.27), in order to stay close to the expressions of [Ugl95].
Equivalently, H from [Lam18] is related to (1.20) by inverting g and flipping all spins |1) <> || ). Indeed,
in [Lam18] it was observed that H" is (‘CPT’) invariant under simultaneous reversal of spins ||) < |1),
the order of the coordinates z; > zy—j+1 (on shell equivalent to z; + 1/z; as all coordinates occur in
ratios), and inverting g. This symmetry is easy to understand: the R-matrix (1.23) is invariant under inverting
[Li ;1 and thus
the Hamiltonian, where conjugation by the antidiagonal matrix (o yON implements global spin reversal. (In

its arguments, as well as g, together with conjugation by (P or) o* ® o*. This extends to the S

particular, complex conjugation of H" is equivalent to global spin reversal if q € st)
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Fig. 3. The potential (1.22) is a point splitting of the inverse square in (1.3). Consider a little ‘dipole’ at each
site, with length set by q — qfl. Thenevy, V(z;, zj) = 1/d+ d—, where dy are illustrated for g € i R | (left)
and q € R. | (right). As @ — 1 both d+ — d reduce to the chord distance

Finally, the operators S[Ll.! il in (1.20) deform the long-range exchange interactions of
(1.3). The deformation is accomplished via the spin-1/2 XXZ (six-vertex) R-matrix

1
) = | V8w L _9-q
Rw= fay gw o | TW= qu-—q-" gw) = qu-—q-1’

1
(1.23)
Here the 4 x 4 matrix is with respect to the standard basis [11), [14), [{1), [{{) of
C? @ C2. The functions f and g can be recognised as the ratios of the six-vertex model’s
local weights.? The properties of (1.23), notably including the Yang—Baxter equation,
are reviewed in Sect. 2.2.2. Note that R(u) — Pasq— 1.
Note that the isotropic interactions in (1.3) can be decomposed into nearest-neighbour
steps consisting of transport to the left, interaction, and transport back:

1= Pj=Pj1j... Pir1,is2 (1 = Pyis1) Pivriv2 ... Pj—1,j.

The appropriate g-deformation has the same structure, cf. [HS96]. It is perhaps most
clearly defined using graphical notation:

ATl F L4l Tj—1 Zj Zj+l AN
Zj
Zj
<j
L .
Sha=| Gl e el | e | (1.24)
. 2
Zj
Zj
I Zi—1 % Zidl vt Zj—1 Zj Zj+l  IN

The little arrows at the top indicate that the diagrams are read from bottom to top (time
goes up). The coordinates, here in the role of inhomogeneity parameters, follow the lines
as indicated. The nearest-neighbour transport is accounted for by the R-matrix,

>< = R(u/v), (1.25)

2 Namely, f(u) = b/a and u g(u) = c4+/a, g(u) = c—/a in terms of the vertex weights of the asymmetric

six-vertex model. Note that one usually thinks of R(u) = P R(u) as encoding these vertex weights, so b <> ¢4+
are swapped. The asymmetry c; # c_ stems from the connection to the g-deformed algebras in Sect. 2.2.1,
see (2.48).
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while the nearest-neighbour exchange is deformed to the Temperley—Lieb generator’

u v 0 1
M =er——@-ah k= | % (126)
u v 0

This g-antisymmetriser (up to normalisation) is the local Hamiltonian of the quantum-
sl invariant Heisenberg spin chain [PS90], see Sect. 2.2.3. It reduces to e — 1 — P
when q — 1.

An example of the long-range spin interactions (1.24) is

Sti.s) = Ras(zs/24) R34(z5/23) Ro3(25/22)
x —(@—q ") Rjy() (1.27)
X Ra3(22/75) R3a(z3/25) Ras(z4/z5).

We stress that in the graphical notation the parameters follow the lines, but (unlike if
one would draw R = P R or R P) the vector spaces do not, cf. the subscripts in (1.27).
The notation ‘[Z, j]” as an interval in (1.24), which is borrowed from [HS96], reflects the
fact that the intermediate spins are affected by the transport via the R-matrix: the model
involves multi-spin interactions when q # 1. As a result the direct computation of the
action of H" on any vector is quite complicated even for a single excited spin.

Remark. i. If 9 € R* the hermiticity of (1.26) is inherited by H" [Lam18]. ii. The
structure of H", with its multi-spin interactions, might be somewhat involved, yet is
precisely such that the key properties of (1.3) generalise to the g-case. We will derive
the formula for H" in Sect. 3.2.1, see Sect. 1.3.4 for a sketch. iii. H" has a stochastic
version too: see Sect. B. 1. iv. The Hamiltonian depends mildly on the sign of q: H"|q —_q

differs from (— 1)V H" by a conjugation. We will prove this in Sect. B.1, see (B.8).

As in the isotropic case, the energy spectrum of the Hamiltonian (1.20) can be given
explicitly. They are still labelled by motifs (1.5) and remain (strictly) additive.

Theorem 1.1 (cf. [Ugl95)). The spectrum of H" is given by*

E0 = 3 ). e )=;<i (u ]—’“‘—’”[N]) (1.28)
m=1 " " q- qil qtm " N ' -

for u € My. More precisely,

i. ([Ugl95]) All eigenvalues of the Hamiltonian H" are of the form (1.28) for appro-
priate [L.

ii. For each i € My the eigenvalue (1.28) does indeed occur in the spectrum of H".

iii. For generic values of q € C*, i.e. qV # 1, the assignment (1.28) is injective on
M.

iv. (Completeness) All eigenvalues of H" are given by (1.28) with u € My.

3 Unlike the usual graphical notation for e?p this does not naturally represent the Temperley—Lieb relations
(Sect. 2.2.1), but it correctly accounts for the flow of (spectral) parameters along the lines.

4 The dispersion in [Ugl95,Lam18] differs from " by q — q~!, ¢f. ‘CPT’ invariance from Footnote 1.
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Part (i) is due to Uglov [Ugl95]; we will review his proof in Sect. 3.2.1. Concerning
part (ii), we will give an explicit eigenvector with that energy in Sect. 1.2.3—see also
Remark (vi) therein; these eigenvectors will be derived in Sect. 3.2.3. Part (iv) will be
shown at the end of Sect. 1.2.2 based on a result that will be established in Sect. 3.2.4.
Here we can already give the simple

Proof of Theorem 1.1 (iii). As a Laurent polynomial in q, (1.28) is given by [Lam18]

1 N—-1

EL(Mm) = — Z mlII(/,Lm (N —n),(N — um) I’l) qN—Zn.

n=1

=

The coefficient in this expression, viewed as a function of n on the interval [0, N], is
piecewise linear, from the origin to a maximum at n = p,, and back down to zero at

n = N. Therefore the coefficients of E™(u) as a Laurent polynomial in q look like
a piecewise linear function with kinks at the parts of n. This allows us to reconstruct

€ My uniquely from E“(u). O

The g-deformation (1.24) breaks left-right symmetry; the model described by (1.20)
is chiral. One of our new results is a Hamiltonian with the opposite chirality, which also
g-deforms (1.3) and is very similar to (1.20):

N
H® =ev, H?, H¥= N > Vi(inz) Sy (1.292)
N — J7 P, ]
i<j

now featuring long-range spin interactions where the g-antisymmetrisation takes place
on the right,

21 Zi—1 Zi T+l "t Zj—1 Zj Zj+1 2N
Z
Z
R 4
S[i’j] =] .- Zitl coe Zj—1 ] (1.29b)
Z
4
Z
1 Zi—1 % Zi+l vt Zj—1 Zj Zj+4l  ZN

Theorem 1.2. i. The abelian symmetries of the Q-deformed Haldane—Shastry spin chain
include the operator HR. In particular, the two chiral Hamiltonians H*, H® commute.

ii. The eigenvalues of H® are as in Theorem 1.1 with (1.28) modified by inverting q
or, equivalently, by reflecting the motif:

M
ENw =) e"(um)s e (um) = " (m)| g1 = €N — ). (130)
m=1
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In Sect. 3.2.1 we will show that the first part is true by construction. The second part
follows from Theorem 1.1 except that the first part therein has to be adjusted, which will
be done in Sect. 3.2.1. The results in Theorem 1.2 are new.

The g-deformed chiral energies (1.28)—(1.30) are real when q € R*, in which case
H" is hermitian [Lam18]. Recall that for the Heisenberg XXz spin chain the regime
Iql = 1, where its parameter A = (q + q~')/2 obeys |A| < 1, is physically most
interesting. With this in mind, Theorem 1.2 implies the following important

Corollary. i. The abelian symmetries include the tull Hamiltonian

N
1 ~ ~ [N]
full ,__ L Ry __ full full __ . . L R
HY = E(H +HY) =ev, HY, HY = N ZV(zl,Zf)(S[i,j]+5[i,j])-
i<j
‘ (1.31)
ii. The eigenvalue of H™ for ;v € My involves a beautiful g-deformed dispersion
relation:

e (m) + € (m) . 1

) - E[Mm] [N_/'Lml

(1.32)

M
EMuwy = e ). 6™ (um) =
m=1

In particular, its spectrum is manifestly real also for q € S'CC*.

The elegant expression (1.32) causes H™! to have some extra degeneracies with
respect to the chiral Hamiltonians. Indeed, for H™ (or HR®) the set of distinct energies
is typically equinumerous with the set of motifs: the chiral Hamiltonians ‘only’ have
representation-theoretic degeneracies to reflect the nonabelian symmetry, which we will
explore in Sect. 1.2.2. The Hamiltonian H™!! has some additional degeneracies, as
mirror-image motifs yield equal E™', reflecting parity invariance. At special values of q
the dispersion relation simplifies, making additional ‘accidental’ degeneracies possible.
Examples include the isotropic limit ¢ — 1, with many [FG15] accidental degeneracies
for H™, and the crystal limit  — oo, which we will treat in Sect. 1.2.5. The root-of-
unity case, for which very large degeneracies occur too, will be investigated elsewhere.

Before we introduce another abelian symmetry it is instructive to pause for a mo-
ment and investigate the boundary conditions. The periodicity of the isotropic Hamilto-
nian (1.3), which is invariant under conjugation by the cyclic translation operator (1.4),
is affected by the g-deformation. Consider H" for definiteness. The potential (1.22)
remains periodic as it depends on the ratio z;/z;, i.e. on the distance i — j in additive
language. On the other hand, the long-range interactions (1.24) are not periodic: com-
pare the highly non-local multispin operator S[Ll, w1 With any genuine nearest-neighbour
interaction S[Li’ 1] = e?p. From this perspective the model lives on a strip rather than a
circle: no particle ever really wraps around the back of the chain. This periodicity break-
ing is required by the coproduct of the nonabelian symmetries, cf. [HS96]. Asq — 1
the ‘wall’ between sites N and 1 becomes transparent. For ¢ — oo we instead get an
open chain, as we will show in Sect. 1.2.5. In general the spin chain can be viewed as
having some sort of twisted (quasiperiodic) boundary conditions:

Lemma 1.3. (braid limit) Let TiSp =q- e?p be the q-deformed permutation (Hecke

1

generator), with inverse T;p T=ql- e?p. The Hamiltonian (1.20) formally contains
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the twisted Heisenberg XXZ spin chain:

N-1
Y s s sp—1 sp—1
—wmevp H — Y e + Ty .. LT T, LT @ — o0, (1.33)

i=1
where we replaced (1.2) by the (hyperbolic) evaluation eV : 7; —> o/ withw € RX.

The last term in (1.33), describing the twisted boundary conditions, is known as a ‘braid
translation’ [MS93] (with trivial ‘blob’ generator [MS94]).

Proof of Lemma 1.3. We need to evaluate the limit @ — oo for the components of
H" from (1.20). Up to a simple rescaling the potential (1.22) boils down to the usual,
g-independent nearest-neighbour pair potential:

—w eV V(2i, 2j) = bli—jlmod N, 1, [ F J, o — 0.

In the bulk only the nearest-neighbour interactions S[Ll.,i ] = efp from (1.26) survive.
The only other term in (1.20) that survives this limit is S[Ll’ np- Now from the viewpoint
of the R-matrix (1.23), @ — 0o (@ — 0) is the braid limit, yielding 7;” (resp. Tfp‘l),

yielding the final term in (1.33). O

Despite these somewhat subtle boundary conditions, the g-deformed Haldane—Shastry
spin chain is formally periodic.

Proposition 1.4 (cf. [Lam18]). i. The q-deformed Haldane—Shastry spin chain is Q-
homogeneous: its abelian symmetries include the (left) g-translation operator

IN 21

...
~ ~ v v Zl
G :=ev, G, G :=Ry_1 N (z1/2N) ... R12(21/22) = ] . (1.34)
7]
e

1 2

ii. For each ;v € My as in Theorems 1.1 and 1.2 the eigenvalue of G is e where
the Q-momentum is

() = f: mod 27 _2_71 (1.35)
pﬂ—m_lpm ) Pm—NMm- .

This was conjectured in [Lam18]. The first part of the proposition will be established in
Sect. 3.2.1. As for the second part, we note that for general q € C* the multi-spin interac-
tions make it rather hard to verify (1.35) by direct computation on the explicit expression
for the eigenvectors that we will give in Sect. 1.2.3 even for M = 1. Nevertheless, (1.35)
has a simple proof.
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€
L R g-deformed dispersions

%[N/Z]Z' T S, N ---- (1.28) left
J o N . —— (1.32) full
S O -~ (1.30) right
/ oA cf. isotropic case

o AR N/2)?
o AR\ p(Qﬂfp)X[Q{Tz]

0 us 27
Fig. 4. The one-particle energies as functions of the g-momentum p. For this plot we have taken q = 1.2

and N = 10. Though the quadratic dispersion (1.7) of isotropic Haldane—Shastry is a function of the ordinary
(q = 1) momentum we included a parabola for comparison

Proof of Proposition 1.4 (ii). The Yang—Baxter equation for the R-matrix implies GV =
1, so G has eigenvalues of the form e'?, with p € 2n/N)Zy for Zy := Z/N Z,
quantised as usual for particles on a circle. Since the value of p is discrete, it cannot
depend on q € C*. (Instead, the dependence on q is hidden in the meaning of p, as
eigenvalue of —ilog G.) As the entries of G are continuous in the deformation parameter
its eigenvalues can be calculated at any q. The isotropic point q = 1 suffices, where
G — G™ 50 that (1.35) follows from (1.6). (One can also use the crystal limit q — oo,
see (1.60) in Sect. 1.2.5 below.) O

In summary we have encountered two chiral Hamiltonians, (1.20) and (1.29), which
combine to give the full Hamiltonian (1.31). We have also met the Q-translation op-
erator (1.34). These operators commute with each other. Their eigenvalues are known
explicitly. The different g-deformed dispersion relations are plotted in Fig. 4. Each of
them reduces to the isotropic dispersion relation (1.7) as @ — 1. The full Hamiltonian
has a real spectrum even if |q] = 1, which is expected to be most relevant physically.
We will get back to the remaining abelian symmetries in Sect. 1.3.4; see Table 4 for an
overview.

1.2.2. Nonabelian symmetries: preview To understand the structure of the joint eigen
spaces of the abelian symmetries we turn to the nonabelian symmetries. By construction
[BGHP93] the g-deformation is such that the Yangian is deformed to the quantum-affine
(or more precisely: quantum-loop) algebra

{1 = Ug(ah)e=o = Ug(Lgh).

In this section we examine the concrete consequence: the presence of this large symmetry
algebra is directly visible in the degeneracies in the spectrum—which are much higher
than those of the Heisenberg XXZ or even XXX spin chain.

Just like the Yangian incorporates sl; as a subalgebra, 4l contains the g-deformation
of s [2 5

8= Uq(sh).

For more about this subalgebra, including its action on the Hilbert space H, see Sect. 2.2.1.
Here we stress that this action commutes with the abelian symmetries. The representation
theory of 4l for generic q parallels that of sl; in particular the g-deformed Haldane—
Shastry model has at least the same degeneracies as any isotropic model, despite its
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partial isotropy. This is true for G, H", ... off shell (at arbitrary z;)—and in the braid
limit (1.33): the twisted Heisenberg XXZ spin chain is well known to be U-invariant.

On shell (upon evaluation) the abelian symmetries G, H", ... furthermore have their
nonabelian symmetries enhanced to invariance under the much larger algebra 0. We
will recall the relevant facts about £{ in Sect. 2.2.2, and summarise its connection to
the Heisenberg XXz spin chain in Sect. 2.2.3. For the g-deformed Haldane—Shastry spin
chain we need a more intricate representation of the affine generators to ensure that they
commute with the abelian symmetries. This action will be described in Sect. 1.2.4.

Let us preview the structure of the Hilbert space H for generic g, which is like the
structure at ¢ = 1. For each motif © € M there is a unique (up to normalisation)
vector |u) € Hy at M = £(u) with eigenvalues as in Sect. 1.2.1. We will explicitly
construct |u) in Sect. 1.2.3.

Definition. Let R

HY =4 - Clu) (1.36)
be the subspace of H generated by the action of the nonabelian symmetries on the vector
)
Since the ${-action commutes with the abelian symmetries, H* is a joint eigenspace of the
latter, with eigenvalues (1.28)—(1.30) and (1.35). By Theorem 1.1 (iii) these eigenvalues

are pairwise distinct for generic q, so the subspaces H* only intersect at the origin. The
Hilbert space decomposes as a direct sum

H= P H" (1.37)
neMy
We will momentarily verify that we did not miss any eigenspace, as asserted in part (iv)
of Theorem 1.1. For generic q each H" has the structure of an irreducible 4-module,
characterised as follows. R
Recall that there is a bijection between finite-dimensional {-irreps (up to equivalence)
and Drinfeld polynomials (normalised so that P(0) = 1) [CP91]. One can think of the
Drinfeld polynomial as an affine analogue of a highest weight. For us it is given by

Proposition 1.5 ([Ugl95]). The Drinfeld polynomial for H", u € My, is

l_[zN=1(1 _ qN—2i+1 u)
1_[(1 _ qN—Zn—l I/l)(l _ qN—2n+l I/l),

new

PH(u) :=

(1.38)

where W specifies which (consecutive pairs of) factors to omit.

In [BGHP93] it was argued (for q = 1) that any Drinfeld polynomial that can occur in
the model must be of this form for some ©. Uglov [Ugl95] gave (1.38) without direct
derivation. We prove Proposition 1.5 in Sect. 3.2.4.

The zeros of P form (q-)strings, i.e. sets of the form {v, gv, q*v, ...} [CP91]. For
N = 4, for example, Pow)=(1 —Pu)d —qu)(1 —q lu)(d —q3u) gives a string
of length four, both PV (u) = (1 —q~'u)(1 —q3u) and PP (u) = (1 —qu)(1 — qu)
a string of length two, P® (1) = (1 — q3u)(1 — q—3u) two strings of length one, and
P13 () = 1 an empty string (of length zero). The Drinfeld polynomial in particular
describes the structure of H* as a module for {C4: each string of length j among
the zeros of P* corresponds to a factor of dimension j + 1 (spin j/2) [CP91], cf. the
graphical rule from [Lam18]. Proposition 1.5 thus leads to
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Corollary. Foru € My set M = £(u). For generic Qthe eigenspace H" has dimension

M N+1 if u=0,
dim 1 = [ (st — m = 1) = bt .
e pi (N =) [ JGmer = s = 1) if M= 1,
m= m=1
(1.39)
where on the left one has to interpret o := —1 and p41 ;= N + 1.

For example, at N = 4 we have dim HO = 5, dimHY = dimH® = 3, and
dim H1-3 = 1. The affine symmetries appear for H®. As a {-module it is the tensor
product of two 2-dimensional factors, and decomposes into irreducible pieces of dimen-
sions 3 and 1. The affine generators connect them to turn H® into a {-irrep. Figure 1
illustrates this structure for N = 6. R

Once we construct the eigenvector |u) (Sect. 1.2.3) and establish that {{ does indeed
act by symmetries (Sect. 1.2.4)—so that the definition (1.36) of H* makes sense—the di-
mension formula (1.39) implies that we didn’t miss anything in the decomposition (1.37):
Sketch of the proof of Theorem 1.1 (iii) To count dimensions we add (1.39) for all
n € My. To see that the result is 2 = dim H observe that motifs allow us to organise
the coordinate basis in terms of the pattern --- |1 - - -. In short, the parts of u € My
record the positions of the |, in the pattern, and (1.39) is the number of coordinate basis
vectors prescribed in this way. (This combinatorial interpretation is no coincidence, as
we’ll see in Sect. 1.2.5.) O

Next we turn to the eigenvector |u).

1.2.3. Explicit eigenvectors As in the isotropic case any eigenvector in the M-particle
sector (1.12) is completely determined by some symmetric polynomial in M variables.
For g = 1 the relation was given in (1.14), which can be rewritten as follows. Let us
identify the permutation (i, i + 1) with its action s; : z; <> z;+1 on coordinates. Using
cycle notation (j, j — 1,...,i) = (G —1,j)---(@i,i +1) we write

(i1, o vigy =G it =1, 1) o iy — 1, .. M) (1.40)

for the shortest permutation that sends m +—— i, forall 1 <m < M. Then (1.14) states

In the g-case the different components of the wave function are likewise related through
the action of g-deformed permutations before evaluation. Here we suffice with the
minimum needed to state this result; see Sect. 2.1.1 for more about the Hecke algebra.

The g-analogue of the coordinate permutation s; is the Hecke generator. In terms of
the functions f, g from (1.23) it reads

TP = f(ifzien) ™" (51 — (i/2ie1))- (1.41)

The g-deformed cyclic permutation and the g-analogue of (1.40) are constructed from
it as

Tjj-1...o=Ti-1...Ti,  Tiu,.ivy =Ta,

,,,,,

,,,,, D Tly,my,  (1.42a)
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or, in terms of (braid) diagrams,

i 1+1

(1.42b)

(Here we only included the inverse generator for completeness. Note that these dia-
grams differ from (1.24), as the lines do not carry parameters and there are under- and
overcrossings.)

Theorem 1.6. Any eigenvector |V) € Hy in the M-particle sector of the q-deformed
Haldane—Shastry spin chain is determined by some symmetric polynomial V (z1, ..., 2m)
via

. . . . 1
Wit v = (i) = evo (TR

,,,,,

}\Tf(zl,...,ZM)). (1.43)

In Sect. 3.2.3 we will prove this powerful new result for the explicit eigenvectors that we
will give just below. Thanks to the nonabelian symmetries (see Sect. 1.2.2, especially
the dimension counting) this extends to the full Hilbert space H.

The wave function W depends on the positions (sites) i,, € Zy of the magnons on the
spin chain, while the polynomial W depends on the M ‘Q-magnon coordinates’ z,,, Wthh
we think of as being transported by the Hecke action to the same location z;, € stcc
upon evaluation. Whereas Uisa symmetric polynomial in M variables, its image under
» is not symmetric and depends on iy > M variables. In particular, the Hecke

operators in (1.43) act nontrivially even though U is symmetric.

Now we return to the decomposition (1.37) of the Hilbert space into joint eigenspaces
of the abelian symmetries. For every motif we have obtained the wave function that g-
deforms (1.16):

Theorem 1.7. Forevery u € My the eigenspace H* contains a unique (up to rescaling)
vector |u) € H* N"Hy at M = £(w). If v is the partition associated to | as in (1.15)
its wave function is determined through (1.43) by the ‘symmetric square’ of the q-
Vandermonde polynomial times a Macdonald polynomial:

M
Uy(zi, oo 2m) = ( [T@wm—a'z)@ "z - qzn>)P;(m, vz, (144

m<n

where P denotes the special case p* = q* = q? of a Macdonald polynomial.

This key result will be established in Sect. 3.2.3.

Macdonald polynomials P, are a family of homogeneous symmetric polynomials
depending on two parameters (Sect. 2.1.2; Fig. 5). In the notation ¢ = p, r = q° of
Macdonald [Mac95] we are dealing with the special case ¢* = t*¢ for (Jack) parameter
a = 1/2. That is, P} is (essentially) a quantum spherical zonal polynomial, related to
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harmonic analysis on a quantum homogeneous space [Nou96].> In Sect. 1.2.6 we give
several concrete examples to get some feeling for these P.

Remark. i. There is no freedom to pick «: the value « = 1/2 rolls out of the proof in
Sect. 3.2.3.

ii. The dependence of P} on ¢ reflects a symmetry of H" under q > —q, see (B.8)
in Sect. B.1.

iii. At the end of Sect. 1.2.5 we will sketch a proof showing that the eigenvectors
given by Theorems 1.6—1.7 are nonzero despite the evaluation—which, after all, kills
some polynomials.

iv. In Sect. 1.2.4 we will see that Theorem 1.7 describes (all) highest-weight eigen-
vectors. The relation (1.17) extends to Macdonald polynomials (§VL.4 in [Mac95]),

Pozisozm) =21 -zm Poar,oozm), v=10+ (M), (1.45)
so that (1.44) is divisible by zj ...za. This is a highest-weight condition, see Theo-
rem 1.9.

v. The property (1.18) carries over to the polynomial (1.44) since

1_[ (C]il m —qTz,) = qﬂd‘/“M_l)/2 2% + lower, P,(z1,...,2m) = z° + lower.

m<n

vi. Our proof of Theorem 1.7 (in Sect. 3.2.3) is separate from the derivation of the
corresponding eigenvalues from Theorems 1.1 and 1.2 (ii). At present we do not properly
understand the direct connection between the two derivations; we’ll return to this in the
future. For general g € C* the multi-spin interactions make it rather hard to verify by
direct computation that

H"|p) = E*(W) |w),  H"|p) = E*() |p). (1.46)

At the isotropic point q = 1 these eigenvalue equations can be confirmed analytically
[Hal91b]. We have further checked (1.46) for all u € My, N < 10 numerically with
(pseudo)random values of q € C*. Yet another verification comes from q — oo, see
Sect. 1.2.5.

vii. As a corollary of our description of the eigenvectors we get the following ‘on-shell
identities’ for quantum spherical zonal polynomials. Denote the left eigenvector with the
same eigenvalues (1.28), (1.30) and (1.35) by (u|. If g € R* it is the complex transpose
of |u) since H' is hermitian in that case [Lam18]. Write - * for complex conjugation.
For generic q € C* the wave function of (u| is determined by (1.44) as

(lits ... in) = ev;(r{l;f}ww}xpv(z], . ,zM)), evi = evyr =ev, 1. (1.47)
For two motifs (1, 1@ € My of the same length (V) = £(u®) = M let v, v®
be the associated partitions. The corollary following (1.37) implies that the polynomials
(1.44) obey the on-shell identities

pol po
Zev (T{ll ..... v(l)(Zlf--.,ZM)) ve(T{” ,,,,, i) v<2>(21,---,ZM)) 8,0 4@

i1<-<iy

5 The pairwise form of e.g. (1.20) looks like an affine (z-dependent) version of the trace formula for the
first quantum Casimir operator C of Uq(gly) from [RTF89]; cf. (5.12) in [Nou96]. Noumi showed [Nou96]
(‘case Sp’ of Theorem 5.2) that the radial component of C; is the quantum zonal spherical operator, i.e. Df
in our notation. This must be closely related to the appearance of P in (1.44).
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The evaluation is crucial; for example, for u(l) = (1) and ,u(z) = (2) it is the evaluation
of

N N
pol * [ pol 2 —2(N-1 N
Z (T(i .... 1)Z1> (T(i,‘..,1)11> =q2W-D Zzi, =2z,
i=1

which only vanishes upon evaluation. We do not have a direct proof of these on-shell
identities, nor a general expression for the norms of our eigenvectors.

1.2.4. Nonabelian symmetries: details The eigenvector determined by (1.43)—(1.44) has

highest weight in the appropriate sense and gives rise to all other eigenvectors in H"

through the action of the nonabelian symmetries. These are constructed as follows.
Let s;j := s(;j) swap z; <> zj, 0 5; ;+1 = §;. Following [BGHP93] we set

N fGitzpT = fGifzp T g iz sijs i<

= 1.48
FG@i/zp) ™ + f@i/z) gzj/zi) sjis 0> (1.48)

x,-j

Then x; ;41 = Tl.pOl si, we have xj; = xijl, and the x;; obey the Yang-Baxter equation.
The Y-operators’

VP i= Xl Xiji42 - XiN Xil - X2 Xji—] (1.49)

[1eX}

mutually commute. We use the superscript ‘°’ to indicate that these are the ‘classical’
(i.e. no difference part) version of q-deformed Dunkl operators Y; from the affine Hecke
algebra, which will be reviewed in Sect. 2.1.1.

The monodromy matrix of the g-deformed Haldane—Shastry spin chain is obtained
from that of the Heisenberg XXz spin chain (Sect. 2.2.3) by ‘quantising’ its inhomogene-
ity parameters to (the inverse of) the Y-operators (1.49).

Theorem 1.8 ((BGHP93]). Consider an auxiliary space V, = C?. Using R(u) =
P R(u) define the monodromy matrix on V, @ H as

Lo(u) =evy Lo(u), Lo(u) = Ran@Yy) ... Rai(uY7). (1.50)

Written as a 2 x 2 matrix on V, its entries, acting on H, preserve the property from The-
orem 1.6 (possibly changing the value of M) and commute with the abelian symmetries.
In addition, (1.50) obeys the ‘RLL-relations’, thus turning H into a representation of L.

We recall the proof from [BGHP93] and give the corresponding Chevalley generators
in Sect. 3.2.2.

There are a couple of ways to understand (1.50). We take the following viewpoint.
Theorem 1.6 guarantees that each vector is determined by a polynomial as in (1.43). Thus
one can work with (1.50) by letting the Y, act on the polynomials prior to evaluation.
That is, we really define (1.50) to mean (cf. (3.39) in Sect. 3.2.1)

N
La) ) = ev, (Zg(u) > T{I,.)il_wiM}\’Ij(z) lit, ..., iM»). (1.51)

i1<-<iy
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Remark. The approach taken in [BGHP93] is essentially as follows. One can check that
any vector of the form described in Theorem 1.6 has the property that prior to evaluation
the coordinate transposition s; : z; <> z;j+1, acts in the same way as Ri’i+1 (zi/zi+1)- (This
is no coincidence: see Sect. 1.3.2.) This property, which is well-known in the context
of the quantum Knizhnik—Zamolodchikov (qKZ) equation [FR92,Che92b], enables one
to translate the Y-operators in (1.50) into an action on spins. Indeed, decompose (1.49)
into simple transpositions s;, and move these all the way to right to exchange them one
by one for R-matrices. In [BGHP93] this procedure was called the projection onto the
physical space. This shows that it is possible to turn (1.50) into an operator that acts
on spins only, up to some rational factor in the z; as for other operators encountered
so far. The resulting monodromy matrix will still obey the RLL-relations and commute
with the abelian symmetries (Sect. 3.1.3). This procedure is feasible in the isotropic
case (where Ié(u) — P); this is how the Yangian generators (1.9) of [HHT+92] can be
obtained from the monodromy matrix of [BGHP93]. In the g-deformed setting, however,
it is much more cumbersome, cf. [Ugl95]. In Sect. 3 we will use various tricks to
do this efficiently, yielding the expressions for the abelian symmetries (Sect. 3.1.2)—
or to avoid it altogether, as in our proof of the highest-weight property (Sect. 3.2.4).
Unfortunately we have not yet been able to get a ‘projected’ (spin-only) form of the
nonabelian symmetries.

Asusual the monodromy matrix (1.50), viewed as a matrix in auxiliary space, contains
four ‘quantum’ operators

_ (A@) B(u)
that generate the tl-action on M. Unlike for the Heisenberg XXz spin chain these commute
with the Hamiltonian, so the commutation relations between the four quantum operators
is not important for us. Since L, (#) commutes with the abelian symmetries, it follows

that the joint eigenspace H* is a {-module as announced in Sect. 1.2.2. It has highest
weight in the following sense, which g-deforms the notion of Yangian highest weight.

Definition. A {i-module has pseudo highest weight [CP94, §12.2] if it contains a vector
|;) that is an eigenvector for A(u) and D(u), and annihilated by C(u), for all u. (In
[NakO1] this is called [-highest weight.)

The Drinfeld polynomial characterises the eigenvalues of a pseudo highest-weight vector
for the diagonal entries in (1.52) up to a common normalisation [CP91,JKK+95b]:°

AW |p) = o @), @) gegpr PHQ7W)
D)) = 8" @) lw), 8" (w) Ph@) T (153)
Cu) ) =0.

Thus B(u) acts as a lowering operator, generating from |u) all other vectors in H*.

The derivation of our eigenvectors in Sect. 3.2.3 in fact shows that W, from (1.44)
yields an eigenvector for any partition v with £(v) < M. In Sect. 3.2.4 we will follow
[BPS95] to prove

Theorem 1.9. The condition £(v) = M for the partition in (1.44) ensures that the eigen-
vector from Theorem 1.7 has pseudo highest weight with Drinfeld polynomial (1.38).

6 This differs from [CP91] by inverting g on the right-hand side. In [JKK+95b] that is accounted for via
al(u! )/8“(14*1) = qdeg pi P“(q*2 u)/ P (u). That convention would require inverting q in (1.38).



82 J. Lamers, V. Pasquier, D. Serban

The partitions with £(v) < M account for all (non-affine) ${-descendants of |u). We do
not yet have direct expressions for its affine descendants.

1.2.5. Crystal limit Let us explore the freedom of having a new parameter to play with
and consider the crystal limitq — oo [Kas90]; see also [Jim92] ." In this extreme case the
spin chain simplifies drastically and we obtain a simple combinatorial model. Since the
R-matrix and potential depend continuously on the deformation parameter this provides
a useful toy model to understand the structure of the Haldane—Shastry model, in the
g-deformed case as well as at the isotropic point.

As q — oo the potential (1.22) diverges, with constant leading term: ([4]/[2])
V(zi, z;) — 1.Forthe spininteractions we need to determine the limits of the Temperley—
Lieb generator and R-matrix. Rescaling the former to be a projector we get

sp

S =1 = diag(0, 0, 1,0),
[2] q — 00,

R(w) — u™* = diag(1, L, u"", 1),

One can check that [2]! S[Ll.’j] — Xi.i+1 (and 217! SE.’].] — Xj—1,j) concentrate at
the left (right) to become diagonal nearest-neighbour operators independent of j (i,
respectively). The Hamiltonians (1.20) and (1.29) thus become simple diagonal matrices:

Lemma 1.10. In the crystal limit the Hamiltonians count domain walls --- |1 ---,
weighted by their distance from the last (first) site for H* (H®):

HCIAPRIININS SR
[MMHAH_gwlmM

N q— 0. (1.54)
I B =3 G D
[21[N] 5 T

It is instructive to work out the representation theory, cf. §0 of [Ugl95]. Recall
from (1.13) our notation | - )) for the coordinate basis. At M = 0 there are no domain
walls, so |@)) = |1 --- 1) has eigenvalue zero. We can flip spins without affecting the
energy as long as we do not create any domain wall | 1. The joint kernel of the crystal
Hamiltonians thus consists of the N + 1 vectors

B R S TR X N LR A AR

For M = 1 the coordinate basis |n)) = o, |@)) gives N — 1 new eigenvectors (excluding
IN)) € ker H* = ker H®), with linear energy

HY|n) = (N —n)|n), H¥n)=nln), n<AN. (1.55)

7 One can also let q — 0.By ‘cpT’ from Footnote 1 the resulting limits differ by inverting the argument (for
the R-matrix) and spin reversal |1) <> || ). The corresponding crystal Hamiltonians thus are as in (1.54) but
now count domain walls of the form - - - 1|, - - - . The energy thus stays the same when domains are extended to
the right, and all eigenvectors are effectively left-right flipped. The crystal dispersions in (1.55) are swapped;
cf. the relations in (1.30). One is led to the same notion of motifs.
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This is consistent with the crystal limit of (1.28)—(1.30). Again the energy is unchanged
if we flip spins avoiding | 1, giving the n (N — n) vectors

P AT T L L,

R A L (A AL s

R S N PPN U A A% SRR}
(1.56)

At M = 2 the new (highest-weight) vectors have two |1 s, so they are of the form
|1, na)) where the two excited spins are at least one apart and @y < N. Each of these
has descendants with the same energy, obtained by extending the domains of |s—or
starting a new domain all the way at the right—to the left without merging any domains
like in (1.56). Continuing in this way naturally leads to the notion of motifs given in
(1.5).

In terms of the spectrum of the crystal Hamiltonians the motif u € My corresponds
to the (highest-weight) vector |u)) = [];c .07 19) € Hay with M = £(u). The motif
condition ensures that the pattern | 1 occurs exactly M times; in other words, that it has
M domains (of size one) with spin |. In the crystal limit |x)) thus has ‘crystal energy’
eigenvalues

E'(w) =MN —|ul,  E%w) = |ul, (1.57)

where we recall the notation |u| := )", um. As before these eigenvalues stay the same

if we extend the domains to the left without merging. Let 7" denote the linear span
of all vectors obtained from |u)) in this way. Its dimension clearly is as in (1.39). Any

coordinate basis vector lies in H* with & € My recording the locations of its | 1's. This
yields the crystal analogue of the decomposition (1.37):

Proposition 1.11 ([Ugl95]). In the crystal limit the decomposition of the Hilbert space
into joint eigenspaces for H* and HR from (1.54) is labelled by motifs as

H= PH". q- o0 (1.58)
neMy

The pseudo highest-weight vector in H" is | 1)), with eigenvalues (1.57), and multiplicity
(1.39).

The g-translation operator (1.34) also becomes a simple domain-wall counting op-
erator in the crystal limit:

Lemma 1.12. In the crystal limit the g-translation operator reduces to

.N—1
_ 2
G = G i=evy (21/22) M2 - (2 /2y) NN = eX?(% D "Xk*"“)’ a7
k=1
(1.59)

We can directly read off the ‘crystal momentum’ of |u)) and its descendants:

_ 2w
p(u) = N |n| mod 2. (1.60)
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This is one way of computing the eigenvalue (1.35).

To conclude the discussion of the crystal limit let us verify that | )} is indeed obtained
from our pseudo highest-weight eigenvectors as @ — 00. The polynomial ¥,, from (1.44)
becomes a Schur polynomial:

q-MM=D T, > (—MM-D/2 yM=1

(z1...2Mm Sy, QqQ— 0. (1.61)

(The definition of s, is recalled in (1.67) below.) Indeed, P; = s, + O(q™1); cf. the
examplesin Tables 1,2 and 3 in Sect. 1.2.6. The Hecke generators Tl.p01 =q (fri+(9(q_1))
give rise to (idempotent) 0-Hecke generators w; = (z; — z,'+1)’1 (z; i — zZi+1). Thus the
leading components of the resulting eigenvectors are those that maximise the length
L{it, ..., im}) = Y, im — M(M + 1)/2 while surviving the action of 0-Hecke. It
can be shown that a single component dominates the crystal limit, reproducing the
eigenvectors described above up to a phase on shell:

Proposition 1.13. The crystal limit of the eigenvectors from Theorem 1.7 is given by

qIHI=MM=3)/2 ZT""}‘_,,IM}\va(z)m,...,iM»a (=D=M 22y, q— oo,
i1<--<iy
(1.62)
where M is the partition conjugate to u*,
A=WM,.... M,M-1,...,M—1, ..., 1,0,...,0), XN =npu" (1.63)
M1 [2%] 2

The latter is the partition associated to u € M in [Ugl95] following [JKK+95b]; see
also Sect. 3.2.1. The monomial z* in (1.62) certainly survives evaluation:

M M”l
eV Z =ev, 1_[ HZ — Ha)ﬂrn(ﬂm+1)/2 — wzm ﬂm(ﬂm*’l)/z’
m=1i=1 m=1

reproducing (0.0.58) of [Ugl95], derived in §4.4 therein. This moreover means that our
eigenvectors survive evaluation away from the crystal limit too:

Corollary. (cf. [Ugl95]) Each of the eigenvectors from Theorem 1.7 survives the eval-
uation in Theorem 1.6 for generic values of q € C*.

We leave the proofs and detailed description of the crystal limit, including the represen-
tation theory, for a separate publication.

1.2.6. Examples Let us give some concrete examples of our pseudo highest-weight
eigenvectors.

We start from the ferromagnetic ground state. Here M = 0 with the empty motif,
u = 0, and vanishing energy and g-momentum. The partition is the same, with Pj = 1
trivial. This eigenspace (multiplet) has dimension N + 1. Next, for M = 1 the motif
and partition coincide as well, u = v = (n) for | < n < N, with P(*n) (z1) = 2I.
In fact, as for any translationally invariant model, the one-particle sector H is already
diagonalised by g-homogeneity.
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Table 1. The quantum zonal spherical polynomials (with parameters p* = q* = q2, ie.qg* =t

*1/2 —=tin

the notation of [Mac95]) needed to construct all highest-weight vectors for N < 8, given in terms of Schurs

M motif partition v Pz, 2M)
0 0 0 1
1 (n) (n) sy =€
2 (n,n+2) (n,n) S(n,n) = €5
(n.n+3) (n+1,n) S(u+ln) = €5 €1
(n,n+4) (n+2, n) S(n+2,n) + [%]S(n+l,n+l)
(n,n+5) (n+3,n) Sn+3,n) + % S(n+2,n+1)
3
(n,n+6) (n+4,n) S(n+d,n) + % Sn+3,n+1) T ﬁ S(n+2,n+2)
3 (n,n+2,n+4) (n,n,n) S(n,n,n) =eg
(n,n+2,n+5) (n+1,n,n) S(aln,n) = €3 €l
(n,n+3,n+5) (n+1,n+1,n) S(na2,m.n) :e3’eg
(n.n+2,n+6) (n+2,n,n) Sne2.nm) + T3] Snt 1t Lin)
(n,n+3,n+6) (n+2,n+1,n) S+2,n+1,n) T %S(rﬁl,rwl,rwl)
(n,n+4,n+06) (n+2,n+2,n) S(n+2,n+2,n) + [%] S(n+2,n+1,n+1)
4 (n,n+2,n+4,n+06) (n,n,n,n) S(n,n,n,n) =€X
Table 2. Continuation of Table 1 required for N =9
M ‘reduced’ partition v Pzt -h2m)
4 2
2 (5,0) $(5,0) + % S, + % 5(3,2)
2
3 (3, 0, 0) 3(3’0!0) + % 5(2,1,0)
51[2
(3,1,0) 53,100 + [%] 52,2,0) + HH 52,1,1)
512
(3,2,0) 5(3,2,0) + ﬁ 531, + 7{6}{3} 5(2,2,1)
2
(3.3,0) 5(3,3,0) + % 5(3,2,1)
4 (1,0,0,0) 5(1,0,0,0) = €1
(1,1,0,0) 5(1,1,0,0) = €2
(1,1,1,0) 5(1,1,1,0) = €3
We use (1.45) to set n = 0. The particularly simple polynomials correspond to g-spinons
Lemma 1.14. By construction the ‘q-magnons’
N N
DG T ) =evy Y G, 0<n<N, (1.64)
— -

have G-eigenvalue @", i.e. g-momentum p = 2an/N.

The proof is a direct verification. On shell (1.64) matches our general eigenvectors:
by a somewhat tedious calculation one can verify that

N
~7 N
evy, (1 nGlINYy = (NV2D2 ey
w |j§=l Z; [1)) [N] wZ]
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Table 3. Continuation of Table 2 needed for N = 10

M ] Pr(z1, .-, M)

2 (6, 0) 5(6,0) + % s+ % S4,2) [;—] 5(3,3)

3 4,0,0) 5(4,0,0) + % 531,00 + ﬁ 5(2,2,0)
4,1,0) $4,1,0) + % $3,2,0) + % 5G3,1,1) *+ % 52,2,1)
4,2,0) 54,2,0) [%J 53,300 + ﬁ S@4,1,1) * % 53,2,1) + % 52,2,2)
4,3,0 54,300 * % 5@4,2,1) * % 533,10+ % 5(3,2,2)
4,4,0) 54,400+ % S@4.3,1) + [;j 5(4,2,2)

4 (2,0,0,0) 5(2,0,0,0) + [%*] 5(1,1,0,0)
(2,1,0,0) S(2,1,o,0)+['5[]4ﬁ5(1,1,1,0>
2,1,1,0) S(2,1,1,0)+%X(1,1,1,1)
(2,2,0,0) 5(2,2,0,0) + [%] 52,1,1,0) + [?1] S(1,1,1,1)
(2,2,1,0) 52,2,1,0) + % 52,1,1,1)
(2,2,2,0) 52,2,2,00 + [%j 52,2,1,1)

‘We omit P(05) =1

This yields N linearly independent vectors (orthogonal for q € R) that span ;. One
can check that n = 0 gives N/[N] times the 4(-descendant of the M = 0 eigenvector.
For each 1 < n < N the associated partition has £(v) = M, giving a highest-weight
vector. According to (1.39) the corresponding eigenspace ™ has dimension n (N —n),
cf. (1.56). Viewed as a module for 4 its tensor-product decomposition is

min(n, N —n)
n®@(IN-nm= PN-2k+DH=N-DDN-3)&--&(N-2n|+1),
k=1

which is irreducible as a ﬁ—representation. (One could call these ‘affine magnons’; the
H-irrep of dimension N — 1, which occurs for any n, then is the ordinary magnon.)
The g-momentum is p = 27 n/N. For even N there is one magnon with n = N/2,
so p = m. All other magnons come in parity-conjugate pairs with mirror-image motifs
uw = (n), (N — n), opposite momentum (mod 27) and energy differing by q +— ql,
cf. (1.30).

If N is even another particularly simple case occurs at the other side of the spec-
trum, M = N/2 (‘half filling’). Here the motif u*f = (1,3,...,2M — 1) corre-
sponds to partition vAF = (1™). By (1.45) we have P(*IM)(zl, ..., ZM) =21...2u- The
simple component (1.44) has an additional squared g-Vandermonde factor: this is the
g-deformed Jastrow wave function in multiplicative notation. This is the antiferromag-
netic ground state of —H"™. The eigenspace is one dimensional. The g-momentum is
p=Nmr/2mod2r,so p=0for N =4nand p = 7 if N = 4n + 2: these are the only
two values invariant under parity reversal p — —p mod 2.

The lowest excitations around the antiferromagnetic singlet occur when N is odd, with
(N +1)/2 motifs of length M = (N — 1)/2 (as close as possible to half filling) differing
from (1,3, ..., N — 2) in that the last s parts are increased by one, 0 < s < M, where
s = 0 means that nothing is changed. The corresponding partition is v = (2%, 1M ~%),
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Py(t)

EN
0 Wi(q) 1

Fig. 5. The parameter space of the Macdonald polynomial P (¢, t), where the dependence on z is suppressed.
Special cases include elementary symmetric (for the conjugate partition) when ¢ = 1, monomial symmetric
for t+ = 1, Schur on the diagonal = ¢ as well as the origin (and infinity) approached from any direction,
Hall-Littlewood at ¢ = 0, and g-Whittaker at ¢ = 0. The quantum spherical zonal polynomial, which we

denote by P)f and features in our wave function (1.44), lives on the parabola t = qz. Jack polynomials P)Ea),
in the (monic) ‘P-normalisation’, are associated to tangent lines at t = g = 1 with slope a~1 = k. This

includes P)EU = s,, the spherical zonal polynomial P)fl/z) from (1.16), and the zonal polynomial P)fz) =Z,.
Adapted from [Mac98]

with associated polynomial P(*zs,lM—x)(Zl’ cosZM) = eM,5) (21, ..., 2Zm) a product of
elementary symmetric polynomials, see just below. Each such eigenspace has dimension
two. Its physical interpretation is a (9-)spinon, a quasiparticle with spin 1/2, cf. [Hal91a].
Here and below we use the following bases for C[zy, ..., zm1SM, cf. Sect. I of
[Mac95]. Each of these bases is labelled by partitions A with £(A) < M, viewed as having
M parts by appending zeros if necessary. The elementary symmetric polynomials are

el i) = Y T Gz = e zm).

my<--<my rei
(1.65)
The monomial symmetric polynomials are ‘minimal symmetrisations’ of z*:
mizr, . = Y 2%, (1.66)
OZEGM)»
summed over all distinct rearrangements of A. For example, mr)(z1,...,2m) =
er(z1,...,2zm). The most efficient basis for our examples is given by Schur polyno-
mials
M
-1 An+M—n
S R, = - det L , 1.67
ez = [en -2 _det 2 (1.67)

m<n

where the determinant is totally antisymmetric whence divisible by the Vandermonde
factor. Each of the preceding symmetric polynomials obeys (1.45), and they are all
limiting cases of Macdonald polynomials, cf. Fig. 5.

So far the examples of P were independent of q. (Each of these simple instances
can be recognised as e (z1, ..., zy) as well as m,(z1, ..., zy) and s, (21, ..., 2m)-)
This covers all polynomials needed for N < 5. The first g-dependent quantum zonal
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polynomial appears when N = 6, for u = (1,5) sov = (3, 1):

Pl 1) (21, 22) = ex(z1, 22) (61(Z1,22)2 -

2
m3,1)(21, 22) + ——m2,2)(z21, 22)

(3]

1
53,121, 22) + = 52,2 (21, 22)-

(3]
The reason is that this is the first time that there is a partition of length M that is smaller
than v in the dominance ordering (2.30) from Sect. 2.1.2: (3, 1) > (2, 2). The coefficients

in the expansion over Schur polynomials are known as Kostka—Macdonald coefficients.
More generally for M = 2 we can use (1.45) to write P = (z122)"? P(*

[3[] T Z2)>

(v1,12) v1—v2,0)°
where
[n/2] .
[n—2i+1]
P o)1, 22) = Z WS(n—i,z)(m, 22),
i=0

with |n/2] the integer part of n/2. Tables 1, 2 and 3 contain all polynomials re-
quired to construct the complete spectrum for N < 10. Note the stability property
Py(z1,...,2mM-1,0) = Py(z1, ..., zm—1) for Macdonald polynomials with £(v) < M
as well as the symmetry between polynomials with mirror-image motifs.

1.3. Plan of proofs: spin-Ruijsenaars and freezing. The origin of the g-deformed Haldane—
Shastry spin chain with all its remarkable properties is once again an integrable quan-
tum many-body system [Pol93,BGHP93,TH95,Ugl95]: the spin-version of the trigono-
metric Ruijsenaars model [Rui87]. The Ruijsenaars model is the g-deformation of the
Calogero—Sutherland model from Sect. 1.1.4, parametrised by q and p = q*"/* with k
as in (1.19). The spin-Ruijsenaars model was studied in [BGHP93,Che94a,JKK+95a,
JKK+95b] and more explicitly in [Kon96]. Like in the isotropic case, this model already

i. (abelian symmetries)belongs to a family of commuting operators [BGHP93,Che94a],
each of which
ii. (nonabelian symmetries) commutes with an action of the quantum-loop algebra
[BGHP93], cf. [CP96];
iii. (explicit eigenvectors) has eigenvectors that are determined by a suitably symmetric
polynomial, which for pseudo highest-weight eigenvectors can be described explicitly
in terms of a Macdonald polynomial.

1.3.1. Physical (q-bosonic) space Consider N relativistic spin-1/2 particles of equal
mass moving on a circle. The particles are ‘g-bosons’ in that they are invariant under
simultaneous g-exchange of spins and coordinates. More precisely,

Definition ([FR92,BGHP93]). We call an element of (C*[z])®*V = (C?)®V ®
Clz1, ..., zn] on which I{’,-,,-H(z,'/zi“) = s; a physical vector. The subspace consist-
ing of all such vectors is the physical space, denoted by H. The simple component of a
physical vector | W) in the M -particle sector is defined to be (1 ... M|V}, the component
with all | s on the left.
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Note that the property defining physical vectors already appeared in the remark of
Sect. 1.2.4. For more about the physical space, including a characterisation via the
Hecke algebra, see Sect. 3.1.1.

Any vector in the M-particle sector of H is determined by a single polynomial.
Several explicit descriptions are available in the literature, cf. e.g. [DZ05a,DZ05b,KP07,
dGP10]. We will use the following characterisation in terms of the coordinate basis,
which explains the significance of the simple component.

Proposition 1.15 (cf. [RSZ07]). Let C[z1, ..., zn]1S¥*SN-M denote the ring of poly-
nomials that are symmetricinzy, ..., Zy and in Zyg41, . . . , ZN Separately. Any physical
vector in the M-particle sector is determined by such a polynomial: with the notation
(1.42),

N
ZT{Il.’?vl_v_’iM}‘TJ(z)lil,...,iM)), U(z) € Clzy, ..., zn]SM*Sn-m_ (1.68)

ip<-<iy

The recursion leading to (3.11) was already given in [RSZ07], see the unnumbered
equation after (14) therein. We will give a proof of Proposition 1.15 in Sect. 3.1.1.

Since physical vectors are determined by their simple component, any operator that
preserves the physical space can be reconstructed from its action on the simple compo-
nent:

Corollary. Let O bean operator on H.LetO < M < N and assume that 0 maps the M -
particle sector into some M'-particle sector. Then the restriction of O to the M-particle
sector is completely determined by the assignment (1, ..., M|W) — {1, ..., M'| O |¥).

This trick, which is described in more detail in Sect. 3.1.1 and exploited in Sect. 3.1.3,
provides an efficient tool for computations. To the best of our knowledge it is new.

1.3.2. Abelian symmetries (spin-Macdonald operators) Let p € C* set the speed of
light ¢ viap = €'/ _with m the rest mass of the particles. The spin-Ruijsenaars model
is quantum integrable, with a hierarchy of commuting Hamiltonians. In Sect. 3.1.2 we
obtain explicit expressions for these spin-Macdonald operators governing the dynamics.®
Our expressions are as follows.

Consider the jth momentum (translation) operator in multiplicative notation
(Sect. 2.1.1),

zZ1 Zji—1 Zj Zj+1 ZN

Pjt 2> P2y, pj = ( [ p} [ ( ; (1.69)

1 Zj-1PZjZi+1 AN

with p-deformed canonical commutation relations p; z; = plii z; p j

8 Another type of matrix-valued Macdonald operators were constructed in [EV00].
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Definition. Using the graphical notation (1.25), (1.69) the (first) spin-Macdonald op-
erator 18

V4 B Zj—l Zj Zj+1 ZN

N
Aj(z) = []f(z/z)",
7(#35)
_ ﬂ 92 —dq 'z

i) AT

21ttt Zj-1PZjZj+1 AN

(1.70)

This operator was also found by Cherednik [Che94a].” For N = 3 it becomes

Dy = Ay(z1, 22, 23) P1 + Aa2(z1, 22, 23) Ri2(z2/21) P2 Ri2(21/22)
+ A3(z1, 22, 23) Ro3(23/22) R12(z3/21) P3 Ri2(z1/23) Ra3(z2/23)
= A1(z1, 22, 23) P1 + A2(z1, 22, 23) R12(z2/21) Ri2(p~'21/22) P2

+A3(z1, 22, 23) Ro3(23/22) R12(z3/21) Ri2(P™ " 21/23) Raa(p™' 22/23) B3 -
(1.71)
The difference with the spinless case (Sect. 2.1.2) is that the p; are ‘dressed’ by R-
matrices. In the nonrelativistic limit ¢ — oo, taken by setting p =~q2h/ k and Taylor
expanding at q = 1, (1.70) reduces to the effective Hamiltonian H*"'"" of the spin-
Calogero—Sutherland model, related to (1.19) by a ‘gauge transformation’. This limit is
reviewed in Appendix A. -
The higher spin-Macdonald operators D,, 1 < r < N, involve more and more
‘layers’ of R-matrices, see (3.17). For example,

N
Ajp(2) =TI (/) ez ™!
339
= f(z/zy) f(z/7)
x Aj(z) Aji(z).

(1.72)
When N = 3 this gives

Dy = A1a(z1, 22, 23) P1 P2 + A13(21, 22, 23) Ra3(23/22) P1 B3 Ras(22/23)

+ A (21, 22, 73) R12(z2/21) Ra3(23/21) P2 P3 Raz(z1/23) Ri2(z1/22).

9 Equation (4.15) in [Che94a] can be recognised as the last form in (1.71). See also Footnote 2 in [Che94a].
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Beyond the ‘equator’ r = | N /2] the expressions become simpler again. In particular,
the (multiplicative) translation operator is the same as in the spinless case,

Dy =pi...bw, (1.73)
and the counterpart of (1.70) with opposite chirality is

zZ1 Zi ZN
~ _ - N N
D_1 =Dy Dy_1=> A_i(z)x | P, Ai(z) = [[f(z,2)7"
i=1 (#9)
21 p’lz ZN

(1.74)

The key property of these operators is

Theorem 1.16 (cf. [BGHP93,Che%4al]). The spin-Macdonald operators (1.70), (1.72)—
(1.74) are part of a commuting family of operators on the physical space H.

The existence of this family of commuting operators on H was shown in [BGHP93].
Their expressions were found by [Che94a], albeit in a less explicit form. We will prove
Theorem in 1.16 in Sect. 3.1.2, see Theorem 3.3 therein.

Remark. i. See (3.17) for a general expression for D,. ii. The eigenvalues of the D,
are, by construction (Sect. 3.1.2), as in the spinless case (Sect. 2.1.2). iii. The ‘full’, or
physical, spin-Ruijsenaars Hamiltonian is (D + D_1) /2, while the physical momentum
operator is (D1 — D_1)/2. By a conjugation (‘gauge transformation’) one can pass to the
spin-generalisation of Ruijsenaars’s manifestly Hermitian form [Rui87], see Sect. 2.1.3.

1.3.3. Nonabelian symmetries One reason for going through the spin-Ruijsenaars model
is that the latter already enjoys quantum-loop symmetry. Recalling (1.48) let

Y o= Xjiel Xii42 - XiN Bi Xil ... Xij2 Xii (1.75)
be the g-deformed Dunkl operators of the affine Hecke algebra, see Sect. 2.1.1.

Theorem 1.17 ((BGHP93], cf. [CP96]). The physical space H carries an action of fl,
given by the monodromy matrix

La(u) := Ran@Yy) ... Ra(uYy) (1.76)
onV, ® H. This operator commutes with the spin-Macdonald operators.

In Sect. 3.1.3 we recall the proof from [BGHP93], which uses all relations of the affine
Hecke algebra, and give the action in terms of Chevalley generators, which is due to
[CP96].

The Corollary of Proposition 1.15 provides a convenient way for working with the
fl-action on H, as we will show in Sect. 3.1.1. For {Cil the result is quite simple,
see (3.27) and (3.29): up to a prefactor these are partial (Hecke) q-symmetrisers that
ensure the resulting polynomials have the correct symmetry. Likewise, the affine gener-
ators are essentially partial q~!-symmetrisers, besides a simple factor depending on the
parameter p from the Y;, see (3.28) and (3.30).
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1.3.4. Abelian spin-chain symmetries from freezing The q-deformed Haldane—Shastry
spin chain arises from the spin-Ruijsenaars model by freezing. This is the topic of
Sect. 3.2. As we mentioned in Sect. 1.1.4, the idea of freezing is due to Polychron-
akos [Pol93] and was further developed in [BGHP93,TH95]. In the g-case it is due to
[BGHP93,Ugl95]. In the limit' p — 1 the kinetic energy is negligible compared to
the potential energy and the particles slow down to come to a halt at their (equispaced)
classical equilibrium positions ev,, z;, which are the same as for Calogero—Sutherland
(Sect. 1.1), to give rise to the spin chain.

More precisely, as in the spinless case, the D, become trivial at p = 1. The spin-
chain Hamiltonians thus arise as the ‘semiclassical’ limit of the spin-Macdonald op-

erators, by linearising at p = 1. We denote this operation by 9/ 8p|p:1. Let |:]’Y] =
[N]JIN —1]---[N —r+1]
r1lr —11---[2]

be the g-binomial coefficients.

Theorem 1.18 (cf. [Ugl95)). i. The spin-chain Hamiltonians, for 1 <r < N — 1, arise

from the spin-Macdonald operators as
~ r N ~
NGRS R

In particular we recover H* = H| and H® = Hy_.

~ ~ 1 0
H, =ev, H, Hr=W£

ii. The eigenvalue of (1.777) on the joint eigenspace H", labelled by the motif u € My,
is

M
Er() =) er(m).
m=1

1 ’ i [N ] sovepn Bl 7 [N
8r(ﬂm):q_q_1 (;(_1) |:V—S] q [s] - N[r] Mm)
(1.78)
In particular we retrieve the dispersions - (i) = €1 () and e () = ey_1(im).

For r = 1 this result is due to Uglov [Ugl95]. We prove Theorem 1.18 in Sect. 3.2.1.

We discuss the two parts of Theorem 1.18 in turn. The subtraction involving Dy in
(1.77) is to get rid of the differential operators z; d;; coming from the linearisation of

the p; in D,. Concretely this subtraction amounts to moving the Ps in D, to the right as
in (1.71) and then discarding them. Let us illustrate this with a

10 The limit p — 1 (at fixed q) should not be confused with the (Jack) limit p = qzo‘ — 1 at fixed «.
Physically, p = qZh/ k= glh/me go p — 1 corresponds to @ = h/k — 0. This can be interpreted either as
a classical limit (b — 0) or as letting k — oo, cf. Sect. 1.1.4. (The semiclassical limit is the next order in
h.) Instead, p = q2°‘ — 1 can be interpreted as the non-relativistic limit ¢ — 0o, see Appendix A, or the
isotropic limit from the spin-chain perspective.



Spin-Ruijsenaars, g-Deformed Haldane—Shastry and Macdonald Polynomials 93

Example of (1 T7) for r =1 (sketch) Note that ev,, A;(z) = [N]/N. We compute

z1 fZj—-1 %5 ZN Zi % N
i1 v .
9 J o .
= | =0, 4 Y . >@< =o| Rlu/po).
Plp=1 -1 I Plp=1
2 zapz AN oz ez
Discard the derivative and observe that
i vz zy
Zi ot Zj oz % %y
_ _ N yis
= o | = (a-97) Vg x
ooz N gz N
Zi o % N

We thus get H* from (1.20) at r = 1, where we remove the prefactor g — q~! to ensure
that the limit @ — 1 is nontrivial. A detailed proof will be given in Sect. 3.2.1. O

Likewise, (1.74) yields Hy_1 = HR®, as we will also show in Sect. 3.2.1. Explicit
expressions for the higher spin-chain Hamiltonians are similarly computed. For instance,
(1.72) glves rise to

Hy = q Z ,,/(z)

i<j

Rj1,(zj/zj- 1)---1é12(z,»/m>
=l Rjr1j(zjr/zjr—1) -~ Rjs, j+2(2j1/2j41)
x R;, j+1(zjr/zj—1) - "R23(Zj 1/71)
XR23(Z1/DZ,’) ”+1(Z/ 1/Pzj7)
X Rjs1, j+2(Zj+1/ij’)"' =1, @i —1/Pzj)

XRIZ(Zl/pZ/) R;_ 1/(Z/ 1/pZJ)
(1.79)
Here the linearisation can be explicitly evaluated as for » = 1. Notice that Hy = 0.
As for the second part of Theorem 1.18 we conclude with some

Remark. i. Note the symmetries en—_ () = & (um)|q,_>q71 =& (N — um).
ii. The isotropic limit of these eigenvalues is conveniently computed from those of
H, full .— (H, + Hy_,)/2, which are determined from the dispersion

! "
M) = 1 Y1y LY
s=1

Lyt (N N -2\,

(1.80)




94 J. Lamers, V. Pasquier, D. Serban

Table 4. Summary of the abelian symmetries: the spin-Macdonald operators, their leading terms near p = 1,
and the derived symmetries of the spin chain. (Recall that in Sects. 2-3 we write ¢ = p)

Spin-Ruijsenaars model Classical (p = 1) Seamiclass. g-deformed Haldane—Shastry
(Sect. 3.1) (% p:1) (Sect. 3.2)

50 =Dyp=1 1 0 0

él (1.70), (3.20) [N] (3.35) H' = H; (1.20), (3.41)

D» (1.72) H 1.79)

D, (3.17), (3.15) (3.33) H, (1.77), Sect. 3.2.1
Dy_y=DyD_y (1.74),(3.18) [N] (3.43) HR = Hy_; (1.29), (3.44)
Dy = Dy (1.73), (2.25) 1 (3.38) G (1.34), Sect. 3.2.1

As the very weak dependence on r in the result signals, the higher spin-chain Hamiltoni-
ans all become dependent in the isotropic limit. It should be possible to extract the explicit
expressions for the first few higher Hamiltonians of the ordinary Haldane—Shastry chain
[Ino90,HHT+92, TH95] from the above by carefully taking the isotropic limit.

iii. Observe that the g-deformed spin-chain Hamiltonians are obtained by linearising
at p = 1 and give the ordinary Haldane—Shastry spin chain by setting q = 1. Instead,
the quantum-affine symmetries (1.50) are obtained from (1.76) for the spin-Ruijsenaars
model by putting p = 1 (Sect. 3.2.2) but, as usual, have to be linearised in at q = 1 to
get the (double) Yangian symmetry of the Haldane—Shastry model. Both specialisations
involve linearising once.

Table 4 gives an overview of the abelian symmetries.

1.3.5. Explicit spin-chain eigenvectors from freezing To find the eigenvectors of the
spin chain we exploit the algebraic structure available prior to evaluation.'! This is the
topic of Sect. 3.2.3, where we derive the pseudo highest-weight eigenvectors that we
presented in Sect. 1.2.3. In a nutshell we proceed as follows.

Asusual we work per M -particle sector. The Corollary of Proposition 1.15 allows us to
pass to the world of polynomials by focussing on the simple component (1, ..., M|¥) =
W(z), symmetric in 21, ..., 2y and in zp741, - . ., 2. Evaluation helps selecting a suit-
able subspace of polynomials: it does not just tell us to restrict to degree at most N — 1
in each variable, but allows us to consider polynomials that depend only on the first M
variables. In Sect. 3.2.3 we will show that this is how we get from Proposition 1.15 to
Theorem 1.6.

The simple component may thus be taken to be a symmetric polynomialinzy, ..., zy.
Like in [BGHP93] we determine it by passing through the non-symmetric theory: the
spin-chain Hamiltonians can be diagonalised along with the Y-operators with ‘classical’
parameters

p°=1, o°=q,
Indeed, before evaluation the spin-chain Hamiltonians (1.77) commute with Y° =

Y; |p=1 from (1.49). We may therefore look for simultaneous eigenfunctions of these
classical Y-operators. The restriction to polynomials in z1, ..., z) suggests focussing

1" Note that we do nor derive the explicit spin-chain eigenvectors by freezing those of the spin-Ruijsenaars
model. A reason is that the procedure of freezing is highly surjective; many vectors simplify significantly
or are killed in the process. We briefly comment on the exact eigenvectors of the spin-Ruijsenaars model in
Sect. 3.1.4.
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on Y, for 1 < m < M. These operators still depend on all N variables; although they
don’t preserve the subspace of polynomials in z1, . . ., Zps in general, they do so on shell,
i.e. upon evaluation:

Theorem 1.19. The classical (p = 1) representation of the affine Hecke algebra on
Clz1, ..., zn] contains a finite-dimensional subspace (though not submodule) that is
on shell preserved by Y7, ..., Yy, On this subspace the latter are on shell conjugate to
(a multiple of) Y-operators that act on polynomials in only M variables and have their
parameters shifted to

p/ — q/2 — q—2

This is the main technical result of Sect. 3.2.3. For Y|’ a part of our derivation is closely
related to a result of [NS17] and proof of [Chal9], see our Lemma 3.15 and Proposi-
tion 3.17 plus ensuing discussion.

The parameters of the Y-operators are shifted further when we pass from the joint
eigenfunctions of the Y-operators (nonsymmetric Macdonald polynomials) back to sym-
metric Macdonald polynomials. At the end of the day we obtain the wave functions (1.43)
from Theorem 1.7 involving Macdonald polynomials with parameters at the quantum
zonal spherical point

p* — q* — q2‘

The precise steps are summarised at the end of Sect. 3.2.3. These results suggest
that it should be possible to relate the (polynomial) action of the spin chain on the
M -particle sector to that of the quantum zonal spherical case of Macdonald operators,
Dy. We have not yet managed to find such a relation, which would also allow for a
direct way of computing the energy eigenvalues from Sect. 1.2.1. At the moment our
derivation is computational; it would be desirable to understand it from a more structural
(representation-theoretic, or perhaps geometric) point of view.

We finally prove that the condition £(#) = M in Theorem 1.7 from Sect. 1.2.3 is a
pseudo highest-weight condition in the sense of Sect. 1.2.4, and compute the Drinfeld
polynomial (1.38) from Sect. 1.2.2 with the help of the trick described at the end of
Sect. 1.3.1.

1.4. Outline. The main text is organised as follows. In Sect. 2 we review the algebraic
preliminaries. The polynomial representation of the affine Hecke algebra and its relation
to Macdonald polynomials and the Ruijsenaars model are discussed in Sect. 2.1 in a way
that will readily extend to the spin-Ruijsenaars setting. The spin representation of the
(finite) Hecke algebra, the quantum groups i and LI, and their relation to Heisenberg-type
spin chains is the topic of Sect. 2.2.

The core of this work is Sect. 3, where we prove the results described above. Following
[BGHP93,TH95,Ugl95] we derive the Hamiltonian of the g-deformed Haldane—Shastry
spin chain in pairwise form [Lam18] from the trigonometric spin-Ruijsenaars model
(Sect. 3.1) by freezing (Sect. 3.2). In Sect. 3.2.3 we construct the exact spin-chain
eigenvectors and prove their on-shell pseudo highest-weight property.

There are three appendices. Appendix C contains a glossary of our notation. In Ap-
pendix A we evaluate the istropic/nonrelativistic limit to facilitate comparison with the
literature on the Haldane—Shastry model. Finally, in Sect. B.1 we discuss the stochastic
version of the g-deformed Haldane—Shastry model in Sect. B.2 we derive the Chevalley
generators of the Drinfeld-Jimbo presentation of 1l from the monodromy matrix of the
Faddeev—Reshetikhin—Takhtajan presentation.
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2. Algebraic Setup

In this section we recall various notions from the g-world to fix our notation and con-
ventions and pave the way for the algebraic framework that we will use in Sect. 3. One
might wish to skip this section; we will refer to the relevant parts when we need them
in Sect. 3.

From now on we follow [Mac95,Mac98] and work with parameters r'/> = qand ¢ =
p. (The latter is denoted by p in [BGHP93] and p in [JKK+95a,JKK+95b,Ugl95].) We
will keep using the terminology ‘g-deformed’. One can either fix r'/4 € C\ {—1, 0, 1}—
with exponent 1/4 in view of e.g. (2.41)—or work over the ring C(t"/*) of formal
Laurent polynomials in ¢!/4; to keep the notation light we use the former point of view.
We work with the symmetric definition of the g-analogues of integers, factorials and
binomial coefficients (Gaussian polynomials),

tn/2 _ t—n/2

. o nl, [n]!
2.1

We’ll often factor out fractional powers of ¢ but all normalisations remain as in Sect. 1.

2.1. Polynomial side. Consider the algebra C[z] := Clz1, ..., zn] = C[z]®V of poly-
nomials in N variables. This space naturally is a module of the symmetric group Gy by
permuting variables, generated by simple transpositions s1, ..., sy—_1 acting as s; z; =
Zi+1 Si, SO w € Gy acts by (w F)(z) = F(zy) Where (Zy)i := zwi. As the notation
suggests the latter is a right action on z, yielding a left action on F' € C[z]. We use the
cycle notation for permutations. We write C[z]® for the ring of symmetric polynomials
in N variables.

2.1.1. Hecke algebras The following g-deformation of (the group algebra C[Gy] of)
the symmetric group plays a central role in this work.

Definition. The (Iwahori-)Hecke algebra Sy := §y (t'/?) of type Ay_; is the unital
associative algebra with generators 71, ..., Ty—_1 obeying

braid relations:  T; Tj41 T; = Tiy1 T; Ti41, LT, =T1;T; if|i — j| > 1,

2.2
Hecke condition: (Tl- — tl/z)(T,- + t_l/z) =0. 22)

1/2

The Hecke condition means that 7; is invertible, with ¢'/< — 2 measuring the

extent by which T; fails to be an involution:

T =T — (' =171/, (2.3)
The Hecke algebra has dimension dim )y = N! for generic t1/2 ¢ €%, with a basis
{Tw}wes, indexed by the symmetric group, Ty, = T;, - - - T;, for any reduced decom-
position w = s;, - - - 55,5 e.2. T, = 1, Ty, = T; and (1.42).

The Hecke condition fixes the possible eigenvalues of any representation of 7; to
t1/2 and —t~1/2. Although (2.2) is invariant under replacing ¢'/2 ~» —¢~1/2, this sym-
metry might be broken when picking a representation, cf. the dimensions in (2.41)
(Appendix B.1). We will work with representations where eigenvectors with eigenvalue
172 (—t=1/2) become (anti)symmetric at r = 1, see (2.8) and (2.41).
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The Hecke algebra has two well-known representations: one on polynomials, and
one on spins (Sect. 2.2.1). On C[z] the action of Gy is deformed to (1.42), i.e. to the
Demazure-Lusztig operator

TP = V2 (2 — i) 3+ 12, 24)

where the (Newton) divided difference is defined as
0 = (zi — ziv)) (1= 5)). (2.5)
Since 1 —s; antisymmetrises, od; preserves polynomials despite its denominator, so (2.4)

does indeed act on C[z]. The divided differences obey the braid relations and 8i2 =0,
yielding a representation of the nil-Hecke algebra. In terms of the rational functions

tu—1
a(u) := [_l/zm, ajj 1= Cl(Zi/Zj),
F 1 (2.6)
bu) = —1~1/? — bij == b(zi/z}),
we have
1 1—
TP =aj i s +biivr, T Y= a1 si = bivi i 2.7
For N = 2 the decomposition into #!/2- and —t~!/?-eigenspaces of (2.4) is
Clz1,22] = Clz1, 2219 @ (121 — 22) Clz1, 2217, (2.8)

In general the §y-irreps in C[z] are classified by Young diagrams, just as for Sy . We
will be interested in the totally g-(anti)symmetric cases. Denote the g-Vandermonde
polynomial by

N
Azt ..zw) =t NNV Tz — 7). (2.9)

i<j
and write £(w) for the length of w € Gy. The total g-(anti)symmetrisers are [Jim86]

(PN £1/27£(w)
M, = — Z(:I:t /2yt (2.10)

weGN
The exponent in the prefactoris N(N—1)/2 = £(wog), withwg := (1 --- N)---(123)(12)
the longest permutation in Gy, reversing the order of the coordinates (z; <> zy—;+1 for

all 7). In the polynomial case an efficient implementation uses the associated divided
difference 9,y = (91 - - - dn—1) - - - (8192) 91, see Theorem 3.1 in [DKL+95]:

a1 0
M =y (1(2)) ! Clz] = Clz]®™,

| : 1 2.11)
™ = o @ g, " Clz] = A(z) Clz]®V.

Note that $)y-symmetric polynomials are & y-symmetric, yet $y-skew (totally anti-
symmetric) polynomials are not G y-skew.
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Definition. The (extended) affine Hecke algebra, or AHA, Hy = 9y (t'/2) of type

A ~N—1 (or more precisely gly) [Lus83,Lus89] is a unital associative algebra that extends
the (‘finite’) Hecke algebra $y by C[Y] = C[Yq, ..., Yxy]—this notation means that
the additional (Jucys—Murphy) generators Y; commute—with cross relations

7Y T = Vi, TY;=Y;T; ifj#i,i+1. (2.12)

Observe that this ‘chiral’ setting may be extended to the ‘full’ AHA by including the
inverses of Y;. These will play a role in Sect. 2.1.2 and 3.1.2.

The basic representation of § is an extension, depending on a parameter g, of
the polynomial representation (2.4) of $y. To keep the notation light we’ll think of
q € C* as fixed. Since we will only work with the polynomial representation of the
AHA we omit the superscript ‘pol” for the following operators. Define the g-dilatation,
or (multiplicative) difference, operator §; on C[z] by

(Gi FY@) := F(2Z1y s Zi—1,4 Zis Zitls - - » ZN)- (2.13a)
It formally shifts the position of the ith coordinate, and can be expressed as
. 1 :
=Y -1 =g (2.13b)
n>0 "

Here z; 9, counts the degree in z;, and is the ith (continuum) momentum operator —i dy,
(h = 1) in multiplicative notation, cf. Sect. A.1. (The partial derivatives d,,, etc., should
not be confused with divided differences 0;.)

There are two ways to express the affine generators, found independently in [Che92b,
BGHP93]. One features the twisted cyclic shift operator 7 acting on C[z] by

T F)2)=F@zn,21,---52N-1), (2.14)

In this notation the g-deformed (difference) Dunkl operators are [Che92b, §A]

1 1 1-1 1-1
Yy =T Ty TP T (2.15)
In view of (2.12) the first affine generator Y| = Tlpo1 . ij,(ﬂln determines Y3, --- , Yn.

In terms of the braid diagrams (1.42) supplemented with the graphical notation (1.69)
the expression (2.15) may be depicted as in the first diagram in

1 i N 1 i N

This is compatible with the relations satisfied by the Y's. The second diagram corresponds
to the following way of rewriting these difference operators, cf. (1.49).

For calculations it’s convenient (Sect. 2.1.2) to use a manifestly triangular form of ¥;.
It is obtained from (2.15) by distributing the simple transpositions in 7 = sy_1 - - - 51 41
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over the Hecke generators. Write s;; for the transposition z; <> z; (s0 s;;+1 = s;) and
set

t—1)z;
t_l/z('_—)Z'J(l —Sij)+ll/2 = a;j + bjj sij, i <],
Xij = O (2.16)
—Z_l/z—(l—s]'i)+t_l/2=a,~j—bjiSji, i>j.
Zj —<Zi

These are defined so that x; ;11 = Tl.p‘)lsi, cf. (2.7), and x;; xj; = 1. These operators
obey the Yang—Baxter equation x;; X;x X jx = X jk Xik Xij, While x;; and xz; commute if
{i, j} N {k, 1} = @. In terms of this notation [BGHP93, §4], cf. [Pas96],

Yi = Xjiv1 Xijis2 - XiN Gi Xi1 -+ Xi,i—2 Xiji—1. (2.17)

As an aside note that multiplication by z;~ I also obeys the relations (2.12), though
it does not preserve the space of polynomials. One can avoid the passage to Laurent
polynomials by considering operators Z; that act on C[z] by multiplying by z;, at the
price that the relations (2.12) are inverted to

T, 2; T, = Zi1, 1,Z;=Z7;T; if j £Ai,i+1. (2.18)

The Z; can be combined with (2.15) into a polynomial representation of the double
affine Hecke algebra (DAHA) [Che92a], [Che05, §1.4.3]. This unital associative algebra
extends the AHA by C[Z], where the (mutually commuting) affine generators Z; obey
the cross relations (2.18) along with [Che92a]

YiZi--Zn=qZi--ZnYi, ZiYi--Yn=gq 'Yi-- YN Z,
v, 'Zivhz =1k
In particular g is a parameter of the DAHA itself, just as ¢ already is for the Hecke algebra,

whereas for the AHA the parameter ¢ is associated to the representation (2.15). The DAHA
has a graphical representation in terms of ribbon diagrams [BWPV13].

2.1.2. Macdonald theory Bernstein [Lus83,Lus89] noticed that the centre of the AHA
consists of symmetric polynomials in the ¥;:

Z(Hn) = CY1®v. (2.19)

This is also known as the spherical AHA. As generators of (2.19) we choose elementary
symmetric polynomials in the ¥;, which are packaged together in the generating function

N N N
Aw) =[]0 +u¥) =) "u"e(Y), e(¥)= > Yy--Y,. (220a)

i=1 r=0 i1 <<y

(The notation A(u) should not be confused with the g-Vandermonde (2.9).) So this
operator commutes with all generators of the AHA, and of course

[A@), Aw)] =0. (2.20b)

From the viewpoint of integrability the latter says that A(u) is a good candidate for a
generating function of commuting charges for an integrable model: see Sect. 2.1.3.
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Consider the subspace of (completely) symmetric polynomials,

N—-1 N—-1
ClzISY = (ker(si — 1) = ()ker(TF —1'/2), (2.21)
i=1 i=1

where the second equality uses (2.4), cf. (2.8). The description in terms of Hecke gen-
erators makes clear that the generating function (2.20) preserves (2.21).

Proposition 2.1 ([Che92a]). Write
D, =¢,(Y) on Clz]®¥, 0<r<N. (2.22)
Then D, are Macdonald operators [Mac95,Mac98,Mac03],

D= Aj@as,  A@:= [[a ar=]]ds (2.23)
J:#l=r jeJBj jed
where the sum ranges over all r-element subsets J C {1,..., N}.

For example,

N N N
o N () — L —(N-D2TTI% %
Dy = ZA](z) gj,  Aj@= _l_[.a“ =1t ]_[ —— (2.24)
j=1 JED J(ED
In particular we get the multiplicative translation operator, cf. (2.13), which counts the
total degree:
Dy=Y - Yy=n" =41 gn. (2.25)
The following proof of these well-known facts will be useful in Sect. 3.1.2. After we
obtained this proof ourselves we came across it in Appendix B of [JKK+95b].
Proof of Proposition 2.1 ([JKK+95b]) We start with » = 1. Let us consider the contribu-
tion due to Y; written as in (2.17). On C[z]GN we can replace xj; = t=1/2 to the right of
gi - Since the individual ¥; do not preserve C[z 18V the x;  to the left have to be commuted
through §; before we can replace x;; = t1/2. The result is a linear combination of terms
with g; for j > i. It follows that D can be written in the (‘normal’) form ) j A;(z)4;
for some rational function A (z) that we have to find.
Note that A ; (z) receives contributions from the ¥; withi < j. One of the coefficients
is therefore easy to determine: for j = 1 we only need to consider

Yi =x12x13--- XIN 1
= (a2 +b12s12) (a13 + b13 s13) - - - (a1n + bin s1N) G1 (2.26)
=ajy---aiy g1 + contributions to all other A; g; (j > 1).

Thus A1(z) = ajz - - - ain. To find the other coefficients we exploiting the fact that A («)
preserves (2.21). Since permutations act trivially on symmetric polynomials we have'?

S
e1(Y) = sj_1---syef(Y) sy---s5-1  on C[z]7V.
S——— S——
=8(j--21) =58(12-+j)

12 Here we could equally well conjugate by s ;. However, s(;...21) is the shortest permutation such that
1 — j, which will be the prudent choice in Sect. 3.1.2. (A similar remark applies to higher r.)
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But on the right-hand side the term with i = 1 is the only to contribute to A;(z). By
(2.26) we have s(;..21) Y1 5(12...j) = §(j--21) (A1 @)q1+...) s12--5) = Aj(z) éj +...
for Aj(z) as in (2.24) and with final ellipsis denoting terms with gi fori # j. This
proves (2.24).

To see how to adapt the argument to the general case we turn to » = 2. Like before on
symmetric polynomials the result can be written in normal form }_;_; A;;(2)g;qj,

where A jj/(z) receives contributions from ¥; ¥; for all i < i’ withi > jandi’ > j’.
We compute the simple term like in (2.26):

Y1Y2=Y2Y) = x23---Xon G2 X21 X12X13 - X1N §1
= X203 XoN Q2 X13 - XIN G1
= X23 - XoN X13 - XIN 1 2
=(apn+...) (@ny+..)@a@sz+...) -(@an+...)1 ¢2
= A12(2) 41 g2 + contributions to all other A;;(z) g, q;,

where in the middle equality we commuted g, through operators independent of z5. The
computation is similar for higher r:

YioooY, =Y, - Y1 =Xppsl - XN - Xlpel - XING1- - §r
= A1...(2)§1--- g, + contrib. to all other A,...; (z) §j,- - - G,
(2.

from which we read off A;...,(z) = Hj(fr) ]_[j—(>r) ajj. If r = N there are no x;; left

and we already get (2.25). The remaining A, ..., (z) can again readily be obtained by a
suitable conjugation. Indeed, in terms of the notation (1.40) we have

er(Y) = sgj..jner(¥)s;;l . on Clz]V.

,,,,,

Applying the same conjugation to (2.27) we conclude (2.23). O
The expression (2.23) becomes more complicated as r increases to | N /2], but starts
to simplify again beyond the ‘equator’, cf. (2.25). By (2.22) we have forall0 <r < N

Dy—y=DyD—_;, D_,=e(Y;',....Yy") on Clz]V. (2.28)
Note that the affine generators are indeed invertible: (2.15) and (2.17) imply

—1 __ pol pol _—1 ppol—1 pol
Yy =T_--- Ty m Ty, - T,

Al
=Xi—1,itX1iq; XNi*cXitl,i-

Proposition 2.2. The operators defined in (2.28) are given by

Do, =Y A @i, Au@ = []an. (2.29)

I: #l=r ielpt

Note that the arguments in the definition of A_j(z) are the inverse of those in (2.24).
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Proof. We proceed as in the proof of Proposition 2.1. Consider » = 1. On C[z]®¥ the
result will have normal form ), Y_; where Y_; = A_;(z) q; !, This time the rational
function A_;(z) receives contributions from all Y j_l with j > i. The simple term thus

is Y_y, with sole contribution coming from

1 P
Yy =xN-1N- - XINdy
Al
= (an—1,N +bN-1 N SN—1,N) - - (@IN +DIN SIN) G
=daiN- -aAN—I.N c}X,l + contributions to all other Y_;.

The remaining terms are found from this like before, now conjugating by s; - - - sy_1.
Higher r are treated analogously.

Since the Y; commute they can be simultaneously diagonalised. Their joint eigen-
functions are labelled by (weak) compositions o with at most N parts. Let a* be the
corresponding partition of length £(a*) < N, viewed as a weak partition by append-
ing zeros if necessary. Write w® for the shortest permutation such that o; = a;}a(i).

The monomial basis z% = z‘lxl . ~z7\,N of Cl[z] has a (partial) ordering induced by the
dominance (partial) order on compositions. Define

n n
A>v iff Z)‘i > Zvi foralll <n <N, (2.30a)
i=1 i=1

andwrite A > vifA > vbutA # v. Thisisrefined to compositions as [BGHP93,0pd95]
a>p iff either ot > 8% or ot =8, a > B. (2.30b)
We will say that z# is lower than z% if @ > B.

Definition. The nonsymmetric Macdonald polynomial E,(z) := E4(z; q,t) [Mac03]
is the unique polynomial such that

Ey(z) = z% + lower monomials,

w i _ (2.31)
Y; Eq(z) = t V2w O+D240i Bz, 1<i <N.

Proof of uniqueness (sketch). To show that the Y's are triangular it suffices by (2.17) to
verify that the x;; are already triangular. The eigenvalue in (2.31) can then be read off
as the coefficient in ¥; z% = coeff x z% + lower. The uniqueness follows since the joint
spectrum of the Y; is simple (multiplicity free). O

By (g-)symmetrising one obtains (symmetric) Macdonald polynomials:

Pi@) = Y Eq(z) = cst x T Eq(2), (2.32)

oat=1

where HEOI is the projector from (2.11) and the constant is such that P, is monic. These
are joint eigenfunctions of the Macdonald operators (2.23),

Dy Pi2) = A Pi@). A= )0 TTeW2HDRgM0 233
I:#I=r iel
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Macdonald polynomials are orthogonal, cf. e.g. [Mac98, §3.4], [Mac95, §VIL.9]. Set

N ) . oo
tooe) o= [ LD gy =T —2db, @34

oy (tzi/zjs oo o

where the infinite products truncate if 1 = ¢* for k € N. Define the scalar product
[Mac00]

(F, G) := constant term (11, F*G),  F*(z) := F(Zl_l, e Z;,l).
Then the Macdonald polynomials (2.32) can also be uniquely characterised as

Py (z) = m;.(z) + lower terms,

(P, P,)) =0 if X #v, (2.35)

where m; is a monomial symmetric polynomial, see (1.66).

2.1.3. Ruijsenaars model From a physical point of view (2.21) describes N indistin-
guishable (g-)bosons moving on a circle with coordinates z ;. Macdonald operators can
be understood as ‘effective’ (gauge-transformed) Hamiltonians. Namely, Koornwinder
observed [vD95] that conjugation by the square root of the measure (2.34) turns (2.23)
and (2.29) into Ruijsenaars’s hermitian operators [Rui87]. Indeed,

(12i/2j5 Poo » (Zi/Zji@Poo  12i —2Zj . Zi—Zj
1 - 1 )
@i/zjs Poo — (tzi/2j590 Zi—2Zj 2 —Zj

whence

— i 1/2 1 2
gt @) Dy g ("2 = DR, DR = YAV AY] 236)
Ji#J=r
The physical Hamiltonian and momentum operator [Rui87] are H™! : (DR“‘ DR“‘) /2
and P = (DRul DE‘{‘) /2, cf. Sect. A.1. The model is relat1v1st1c in the sense that it
enjoys two-dimensional Poincaré invariance with ‘boost’” B™! := log(z; - - - zy)/logq,

[Prel’ Hrel] =0, [Hrel’ Brel] — Prel, [Prel’ Brel] — Hrel'

The square root of (2.34) can be interpreted as the ground-state wave function, with
energy &9 = [N], as follows from (2.36) and the identity

ZAJ =D, |q:1 = [ﬂ , (2.37)

J#I=r
which is a consequence of (2.33) as the eigenvalues become independent of L atg = 1,

whence D, diagonal. The other eigenfunctions now follow from Sect. 2.1.2.
In the g-fermionic case (2.21) is replaced by

N-1
AR ClzI®Y = (ker (TP +171/2) (2.38)
i=1
Though we will not explicitly use it, the spin-generalisation of this space plays an

important role in the background in Sect. 3.2.3. We plan to return to this in the future.
The corresponding hierarchy is obtained from (2.22) using
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Lemma 2.3. (cf. (5.8.12) in [Mac03]) Conjugation with the q-Vandermonde factor gives
e (V) D) = ¢ NV A @) e (Y)  on Clz]®V, (2.39)

where Yl.’ denotes the affine generator (2.15) with parameters ¢’ = q and ' = qt,
shifting k' = k + 1 for t = g* and likewise with primes.

Proof. Since e, (Y) preserves (2.38), A;(z) ! e,(Y) A, (z) does so for C[z]®». We can
thus proceed like in Sect. 2.1.2. Write A;(z) "' e, (¥Y) A;(z) = > 7 A} (z) g in normal
form. By symmetry it suffices to find A)__ (z), with only contribution due to

A@) e (V) A = A7 (A1r @) Grr +++) Ar(2)

r N
_ 12 =25\ A
= A1, (2) <qr(r /2 l—[ l—[q -J_ ])Q1.-.r+-~-

. - tz 27
j=1jen

F(N=1)/2

Hence A/, (z) equals ¢ times Aj...-(z) with ¢ replaced by ¢ 7. O

In the nonrelativistic limit ¢ = t“ (so ¢ = k_l), t — 1, the Y-operators reduce
to Dunkl(—Cherednik) operators, Macdonald polynomials to Jack polynomials, and the
Ruijsenaars model to the trigonometric Calogero—Sutherland model. This is summarised
in Appendix A.

2.2. Spin side. The spin-chain Hilbert space is H := V®N where V. = C|1) @ C|])
is the spin-1/2 (defining, or vector) one-particle Hilbert space. A good introduction to
quantum sl and the quantum-loop algebra of sl, can be found in [Jim92].

2.2.1. Hecke, Temperley—Lieb and quantum sl The second well-known representation
of the Hecke algebra $ (Sect. 2.1.1) g-deforms the natural action of Gy on H:
/2

T .— 18- g 75 g 1 8N=i-1) TP . 112 =12

, : | 0 (2.40)

(172
Here the matrix is given with respect to the standard basis [11), [1]), [ 1), [{{) of
Ve2,

The spin analogue of the eigenspace decomposition (2.8) is (see also Sect. B.1)
VeV Symi(V)® A(V), (2.41a)
where we write

Sym?(V) :=C 1) @ C(t* 11y +e7 4 141) @ Clid),

2.41b
AV i=C () =) (2410

1/2_

for the (g-symmetric) ¢ and (g-antisymmetric) —r~!/%-eigenspaces, respectively.
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A close cousin is the Temperley—Lieb algebra ¥ n(B) of type Ay_1, with ‘loop
fugacity’ B € C*. This is the unital associative algebra with generators e, ..., en_1
(not to be confused with elementary symmetric polynomials) and defining relations

eiei+1¢ =¢ , ¢€¢€j=¢;¢e if|i—j|>1,

(2.42)

el =pe.
It can be obtained as a quotient of $Hy if [2] = V2 412 # 0. Indeed, consider the
shifted generator e := t1/2 — T;. By the Hecke condition e} is, up to normalisation, the

projector onto the —~!/2-eigenspace of 7;. In fact, (2.2) implies that the e, obey (2.42)
with 8 = [2], except that the ﬁrst relation in (2.42) is replaced by the weaker condition
eel ei—e =e., el e;,; — e;,,- Requiring both sides to vanish one arrives at (2.42).
The relevance for us is that all of these relations are satisfied by

0
e?P = tl/z_Tisp sp =12
_ 1861 g 5 g 18N—i=D e? = 1 A2l (2.43)
0

That is, the spin representation (2.40) of $ on H factors through ‘IN([Z]). Up to

normalisation P is the projector onto A%(V) in (2.41).
Next,

Definition. The quantum group 4 := U,12(sl2) is the unital associative algebra gener-
atedby E, F, K, K~ with relations K K~! = K~' K =1 and

KEK'=tE, e oo K-k -
KFK'=1F, = @4
It comes equipped with a coproduct A: { — U @ 4,
AE =EQ1+KQE,
AKE = kF @ kF, (2.45)

AF=F®K '+1® F,
as well as a counit and antipode. It is the g-deformation of (1.8).

For generic ¢ the representation theory parallels that of sl (except that, due to the
Hopf-algebra automorphism K +— —K, E +— —E, there are two non-isomorphic ir-
reps for each dimension). As in Sect. 1.1 6%, 0¥, ¢ are the Pauli matrices on V. The
vector (CJ) representation of 1 is given by 0% = o* £io? for E, F and k := t°/? =
diag(t'/2, 1=1/2) for K. Repeated application of the coproduct yields a (reducible) rep-
resentation on H,

Zkl ki—1 0/
ZU k1+1

KPP =ki-ky =15, (2.46)
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The reason for the subscript ‘1’ on the left-hand sides, not to be confused with the
‘tensor-leg’ subscripts on the right-hand sides, will become clear soon (Sect. 2.2.2). Of
course (1.12) is also a weight decomposition for 4, with Hjs = ker(K;p — t(N=2M)/2y

Jimbo noted that the R-matrix for 4 is essentially a Hecke generator: R=PR=
t~1/2 T Since R commutes with the case N = 2 of (2.46) it follows that the TiSP
commute with (2.46) for general N, whence so do the Temperley—Lieb generators eipz
this is the g-analogue of Schur—Weyl duality [Jim86], see also [CP94]. A concrete
example is (2.41), where the T*P-eigenspaces are i-irreps under the case N = 2 of
(2.46).

2.2.2. Quantum-loop algebra of sl We will use two descriptions. The first is

Definition (Drinfeld—Jimbo presentation). The quantum-loop algebra 413 is the unital
associative algebra generated by two copies of the Chevalley generators of 4, which we
denote by Eyp, Fp, K, (b = 0, 1), each obeying (2.44) with cross relations Ko K1 = 1
(i.e. the ‘level’ ¢ = 0 condition), [Ep, Fjy] = 0if b # b, while

E}Ey —[31E; Ey Ey+[31Ep Ey Ef — Ey E} =0

(b #£b).
F} Fy — 31 F} Fy Fp + 31 Fp Fyy F7 — Fy F =0

In these final (q-Serre) relations [3] =7+ 1 + 171

By Uil we will mean the copy of il generated by Ey, Fi, Ki. The representa-
tion (2.46) of 4 on H can be ‘affinised’ [Jim86] to get a module of (. (We use the
homogeneous, rather than principal, gradation [JM95].) Namely, given N parameters z;,
supplement (2.46) by

N
inh __ -1 -1 —
EO _ZZlkl "'kiflo-"

1

i;l U L (2.47)
F(i)nh = Zzi_lafr kiv1---kn,

i=1
Then the relations of £{ hold. The superscript is for ‘inhomogeneous’, see Sect. 2.2.3.

Definition. In the affine case one can make different choices of Borel subalgebra. Note
that even for N = 1 the usual highest-weight condition E(l)nh W)y =E ip W) = 0 implies
W) = 0, cf. e.g. [Jim92, §2.3]. We will take a pseudo highest-weight vector for i to
mean a vector that is an eigenvector of both Kj; and annihilated by E( and F) (rather

I3 The quantum-loop algebra is denoted by U;1/2(L glp) = U/1/2(812)c=0 in [CP94] and [JM95] respec-
tively. We don’t require the quantum determinant to be unity. The prime indicates the absence of the degree
operator. As we only deal with finite-dimensional modules we focus on ‘level’ ¢ = 0, which is why we get a
quantum loop algebra rather than quantum-affine algebra.

14 This is compatible with the coproduct (2.45), cf. [JM95], and matches [Jim92, §2.3]. Notice that [CP96,
§2.1] uses the opposite coproduct; thus, the expression from [CP96, §4.2] is the opposite (left-right reverse)
of (2.47). Besides a difference in normalisation the monodromy matrix of [BGHP93] is built from R(u) :=
R(u) Pas Lg(u) = Rg1(u) - -+ Ryn (), cf. (2.54); this yields (2.47) with z; inverted if one proceeds as in
Sect. B.2. The monodromy matrix of [JKK+95b, §2.3-2.4] differs in several aspects from (2.54); the resulting
Chevalley generators [JKK+95a, §4.1], [JKK+95b, §2.4] are again the opposite of (2.46)—(2.47), matching
[CPY6].
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than both E}). This property is called ‘pseudo highest weight’ in [CP94] and ‘/-highest
weight’ in [NakO1]. It is the usual notion for quantum-integrable spin chains: both Eénh
and F fp flip one spin up, mapping Hps to Hps—1, while F(i)nh and E Tp act from Hyy to
HM+1~

For N = 1 (2.47) is the evaluation representation of 4l on V)=V (C[zf] ]. For
N = 2 we get a tensor product of two such modules; for generic values of the parame-
ters it is irreducible, and V (z1) ® V(z2) and V (z2) ® V (z1) are isomorphic as U-irreps.
Thus there exists an intertwiner Ié(zl, 22): V(z1) ® V(z2) — V(z2) ® V(z1) that is
generically invertible. Following Jimbo [Jim85,Jim86] one can write R as a linear com-
bination of {-invariants and determine the coefficients (up to a common normalisation)
from the intertwining property. The result only depends on the ratio u = z1/z»: this is
the ‘difference property’ in multiplicative notation. This gives Jimbo’s quantum-affine
sl R-matrix (in the ‘homogeneous grading’, cf. §5.4 in [JM95]) from (1.23):

u TSP — Tsp—l
tl/2

Ru) =
(@) tu—1

=f@) TP +gw)=1- f(u)e™, (2.48)

where as in Sect. 1 we switch from the rational functions a, b defined in (2.6) to

fay=pr 2L 1 g(u) =

1 f—1 b(u)
tu—1  a)’ tu—1_ a)’

(2.49)

obeying t!/2 f (u) + g(w) = t~'/? f(u) + u g(u) = 1. The usual symmetry property of
the R-matrix (from the ‘principal gradation’) is broken, P Ié(u) P # Ié(u) fortr # 1.
Note that the final expression in (2.48), together with (2.43), implies the relation (1.26).
Since det k(u) = (t —u)/(tu — 1) the R-matrix is invertible unless u = ¢ (u = t~1),
where it becomes proportional to the g-(anti)symmetriser.

The Hecke-algebra relations (2.2) guarantee [Jon90] thaton V ® V ® V the R-matrix
obeys the Yang—Baxter equation in the braid-like form:

Ri2(u/v) Rz () Ri2(v) = Raz(v) Ria(u) Ros(u/v), (2.50a)

where Ri2(u) = Ru) ® 1 and Ro3(u) = 1 ® R(u). The normalisation in (2.48) is
chosen such that the (braiding) unitarity and ‘initial’ conditions read

Rw)R1/u)y=1®1, R1)=1®1. (2.50b)
Together, these properties imply that we can depict the R-matrix as in (1.25), where

by unitarity we do not have to distinguish between under- and overcrossings. Setting
w = u v we may then translate (2.50) to

}{’%_%‘% v><;)= 1 %zTT 2.51)

The R-matrix is key for the second characterisation.
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Definition (Faddeev—Reshetikhin—Takhtajan presentation). Consider an auxiliary space
V., = V with spectral (affine) parameter # and a monodromy matrix

_ (A@) B(u)

which should be understood as a matrix on V,, with noncommutative entries. Introduce
another copy V, = V of the auxiliary space. Then il is the unital associative algebra
generated by the four operators in (2.51), or more precisely by the operator-valued
coefficients (‘modes’) in expansions as a formal power series in utl with defining
relations expressed on V, ® V}, as

Rap(u/v) La() Lp(v) = Lp(v) Lo () Rap(u/v),  R(u) := P R@).  (2.52)

The coproduct is L,(u) +— Lg(u) ® Ly(u) = Lg1(u) Lyo(u), and the antipode the
inverse of (2.51) as a 2 x 2 matrix with noncommutative entries.

The centre of & is generated by the quantum determinant of the monodromy matrix,
which is obtained by fusion in the auxiliary space. Indeed, remove the denominators
of R in (2.52) and take u = r~!v to get V2 — U e:ﬁ?, i.e. essentially the Q-
antisymmetriser on V, ® Vj, times

qdet, Ly (u) = A(t u) D(u) — t'/? B(tu) C(u) = D(tu) A(u) —t~ > C(t u) B(u)

= A(u) D(tu) — "2 C(u) B(tu) = D(u) A(tu) —t~"/? B(u) C(t u).
(2.53)
Representations of lcanbe directly constructed from the R-matrix, which itself obeys
(2.52) for N = 1. Repeated application of the (opposite) coproduct yields a (‘global’)
representation on H: >

L™ (u; 2) 1= Ran (u/2n) - - Rao(u/22) Ra1(u/z1)

. . . (2.54)
= Pa12..nv) Rv—1,v(/zn) - Ria(u/z2) Ra1(u/z1).

The Drinfeld-Jimbo presentation by (2.46)—(2.47) is recovered by expanding in u*!, as
we show Sect. B.2. In particular a pseudo highest-weight vector now is as in (1.53). The
quantum determinant is multiplicative, yielding a multiple of the identity

qdeta Liznh (u; z) = 1_[ qdet Ryi(u/zi) = tN/z 1_[ tu—z; i (2.35)

2.2.3. Integrable spin chains The RLL-relations (2.52) yield a one-parameter family of
commuting operators via the transfer matrix

T(u) == trg La(u) = A(u) + D(u), [tw), T(w)] =0.

This is the generating function for an abelian subalgebra of £, sometimes called the Bethe
subalgebra, whose elements are commuting charges of quantum-integrable models. Con-
sider the representation (2.54) in the ‘homogeneous limit’ t**%(u) := ev; i (y; 7),

15 Note that the order in R(u) =P R(u), see (2.52), and the order of the R-matrices in (2.54) are reversed
compared to [BGHP93,JKK+95b,Ugl95]; cf. Footnote 14. The normalisation of (2.54) differs from [BGHP93,
Ugl95] to avoid a pole at u = 1, cf. (2.57).
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where ev;: z; = 1 for all j. This is the transfer matrix of the six-vertex model. It
generates the symmetries of the (spin-1/2) Heisenberg XXZ spin chain. Indeed,

‘EXXZ(I) = tr, P(a12~--N) = P(12~--N) (2.56)

is the (right) translation operator, while the logarithmic derivative

il
HXXZ — _(t1/2 _ t71/2) a_
u

log T™**(u)

u=1
N—1

_ XXZ __ sp —1 sp
= %4 =) eP+ Pyl e Pu . (2.57)

i€Zy i=1

Z Z

XXZ .__ (2] o7 074y -1 + _— -+
i+l = S 5 +0;0ip1 T 0; Oiygs

is the spin-chain Hamiltonian with anisotropy parameter A = [2]/2 = (t'/>+1~1/2)/2.
Here we used [TL71]

12 _ ,—1/2 -2 _ .2
i t t of — o
—(t" = VYR (1) = P = —h - 5 i > i+l (2.58)

The periodic boundary conditions, visible in the term P(T_lu N) eip P(1..n)in (2.57), break

the {-invariance of the monodromy matrix. We stress that, although 1l plays an important
role in its exact solution, this Hamiltonian does not have quantum-affine symmetries:
this is the whole point of the algebraic Bethe ansatz, where B***(u) is used to construct
the model’s (highest-weight) eigenvectors; its action changes the energy.

There are also Heisenberg-type spin chains for which the 4-symmetry is preserved.
One of these is the open Temperley—Lieb spin chain [PS90], with Hamiltonian

N-—1 _
12— =12 67 — o,

N—-1
sp __ Z XXZ
e’ = — hose —
i i,i+l 2 2
i=1 i=1

The final term can be interpreted as carefully adjusted boundary magnetic fields. This
Hamiltonian can be obtained from a double-row transfer matrix [SkI188,KS91].

In general (2.54) yields an ‘inhomogeneous’ version of the Heisenberg spin chain,
with inhomogeneities z j. These inhomogeneities are natural from the six-vertex model’s
perspective. Although they are often considered a mere computational tool for the spin
chain one can view the inhomogeneous Heisenberg spin chain as a bona fide spin
chain in its own right. It has N commuting ‘inhomogeneous translation operators’
G}nh = 11" (g 7), including G‘lnh = P(..n) G where the latter is as in (1.34), that
obey Gilnh e Gilsh = 1. Interestingly, the Hamiltonian at u = z; features long-range
interactions, with N — 1 terms that are very similar to the (unevaluated) summands
of (1.29) along with a truly cyclic term. We will return to this connection in the future.

3. Derivations

With these preliminaries in place we are all set to combine the polynomial and spin sides
to get the setting in which the g-deformed Haldane—Shastry model is best understood.
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3.1. Spin-Ruijsenaars model. Consider the tensor product—over C but see (3.3) and
(3.9)—of H = V®" and the ring of polynomials in the coordinates,

Hlz] :=Hlz1,...,2v] = HQClzy, ..., zv] = V[z]®V. (3.1)

The physical picture is that of N particles with spin 1/2 and coordinates z;.

More mathematically the picture seems to be that the parameter z of the evaluation
module V(z) = V ® C[z, z s reinterpreted as a coordinate (cf. the definition of
loop algebras). We only consider the positive modes V[z]CV (z), which will eventually
be justified by the evaluation (1.2) of the z; for the spin chain; it is also in accordance
with Sect. 2.1.2. We should also point out that in this section H may be replaced by the
Hecke algebra itself, viewed as a $) y-module in the obvious way. The present setting is
recovered when picking the spin representation, the gl,,-case arises if instead V = C",
and the (spinless) setting from Sects. 2.1.2-2.1.3 corresponds to V = C the trivial
representation 7; — ¢'/2. We will elaborate on this elsewhere.

In [BGHP93] it was shown that, analogously to the spinless case from Sect. 2.1.2
the big vector space (3.1) has a ‘physical’ subspace on which the action of the centre
of the affine Hecke algebra gives rise to a spin-version of the Ruijsenaars model. (The
connection with the latter was made more explicit in [Kon96].) Importantly, as we will
see, this model has quantum-affine symmetry.

3.1.1. Physical (g-bosonic) space We want to think of elements of (3.1) as indistin-
guishable particles with spin 1/2 and coordinates z;. Ordinary bosons (fermions) are
defined by their (anti)symmetry under the exchange operators, s; P; ;1 = =*1. In the
form P; ;41 = =s; this is a relation between the spin and polynomial representation of
the symmetric group Sy acting on either factor of (3.1). This is the relevant setting
for the spin-Calogero—Sutherland model and isotropic Haldane—Shastry, but breaks the
structure from Sect. 2. The appropriate generalisation to the g-case can be described in
terms of H and in terms of Gy . We begin with the former characterisation. N

Morally the q-bosonic Fock space or physical space, which we will denote by H, is
the subspace of (3.1) on which the spin and polynomial representations of the Hecke
algebra coincide [BGHP93]. This couples the two Hecke-representations from Sect. 2.
To motivate the precise definition consider a vector |V) = |W(z)) € H[z] on which
TP Ny = TP |U) for all i. (We retain the notation 7, Tipol for the actions from
Sect. 2.1.1 and Sect. 2.2.1 extended to H[z] by acting by the identity on the other
factor.) To ensure that this extends from the generators to all of $)y we more precisely
have to ask for the two actions to anticoincide. Indeed, in

) = 1) = TR I8 = TP TR (62)

the order of the generators is reversed, so we should treat one representation as a left
and the other as a right action. (See Sect. B.1 for another incarnation of this.) In more
mathematical language:

Definition ([BGHP93]). The physical space is a tensor product over the Hecke algebra

N—1
H:=HeClz) = Hzl/y N =Y im(TF - 1) cHz]
o i=1 (3.3)

12

N—1
B = ﬂ ker(TiSp — TIPOI) = H[z] V.
i=1
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Tpolj:l

Table 5. The eigenvalues of T = on the four direct summands of V%2 ® Clz;, zi+1] = VIz] ®2

decomposed according to (2. 8) and (2 41)

Subspace TiSP . T[pol Tisp + Tipol -1 _ Tispfl + Tipol
Sym (V) ® Clzj. 2i41192 0 (2]

Sym7 (V) ® (7 — 2i31) Clzi, 241192 [2] 0

A2(V) ® Clz;, 241192 -[2] 0

A3(V) ® (2 — 2i+1) Clzi. 2i41] 2 0 2]

The first line is the quotient of (3.1) by the (Vector not direct) sum of the images
im(T;P — TPOI) In the second line we instead view H as a subspace of (3.1).

These two descriptions are isomorphic (as vector spaces; neither is an $y-module).
Before we explain the final equality in (3.3), describing [ as the §) y-invariants in H[z],
let us demonstrate that H = 5.

Proof of isomorphism in (3.3). First consider the case N = 2. From Table 5 we read off
that

im(T? — 77 = Sym?(V) ® (1 21 — 22) Clz1, 221%% @ A2(V) ® Clz1, 22192,

and that killing this subspace yields the g-bosonic space
HIN=2) _ V©®2 s 1
HN=2 = V2 ® Clz1, 22] /nn(T;P o

= ker(T? — TP°)
= Sym?(V) ® Clz1, 2212 & A2(V) ® (t 21 — 22) Clz1, 2212

For general N consider a vector in the complement of B in H[z]. This means there

issome 1 <i < N — 1 for which that vector does not lie in the kernel of TiSp — TiPOI.

By the preceding argument it therefore lies in the image of Tl.SP - TiPOI, i.e. it belongs to

N. Hence H|[z] = B ® N, which implies the isomorphism. ]

The final equality in (3.3) gives a more intrinsic characterisation of BCH|[z]. Rather
than coupling two commuting Hecke actions define [GRV94] (cf. [TU98] and the refer-
ences therein)

T = 5 (TP — TP +1"/ (3.5)

This generates a diagonal action of ) on H[z] that q-deforms si Pi i41 in a nontrivial
way. (The obvious guess Tfpil TP'F! fails the Hecke condition.) It clearly commutes
with the action of Ll on the spin factor. The presence of s; makes direct verification

of the Hecke-algebra relations (2.2) rather tedious. For the Hecke condition one can
use s; Tl.p ol s = [2]s; — TiPOI_l. The explicit decomposition of V®? ® Clz;, zir1] =
V[z]%? into Tl.“’t—eigenspaces is given in Table 6. Comparing this with Table 5 shows

that ker(7;" — TiPOI) = ker(T°" — ¢!/2). Since T*' = /2 is as close as it gets to
invariance under the Hecke algebra given our normalisation of the Hecke generators,
with the Hecke condition as in (2.2), we identify
N-1
B=()ker(T” — 1) = ﬂ ker(T[ — £'/2) =: H[z] OV (3.6)
i=1 i=1
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Table 6. Eigenvalues of (3.5) on four direct summands of velg Clzi, zi+11 E VIz] ®2

Subspace Titot
Sym? (V) ® Clz;, zi41192 11/2
Symtz(V)®(tz,'+1 *Z[)C[Z,’,ZHI]GZ —1~1/2
A2(V) ® Clz;, 241192 =12
N V)® (tzi — zie1) Clzi. 214112 112

The first, third and fourth rows are immediate from Table 5, while the second row requires a computation. This
time both decompositions Clz;, zi+11 = Clz;, 241192 & (1 2 — 2i41) Clzi, 2141192 = Clzi, 241192 @
(t2i41 — 2i) Clzi, 241192 appear

This allows us to describe I3 as the totally g-symmetric subspace, obtained by projecting
with the total g-symmetriser IT'"', cf. (2.10).

For generic t € C* we have Hy = C[Gy] (as algebras), where the latter is the
group algebra of the symmetric group. Accordingly the physical space also admits a
characterisation in terms of a (¢-dependent) representation of Gy. Using the functions
f, g from (2.49) and the ‘Baxterisation’ formula (2.48) we can recast

TP — TP = T — (@i 111 51 + biis1)
= ajiv1 (fiie1 T;" + girie1 — Si)
= a; i1 (Riie1(zi/2i+1) — 5i)
= a1 5 (s — 1),
where in the last line we defined (cf. §10.2 in [Gau83]), Prop. 6.2 in [FR92])
U= 5 Ry vt (zi/2ie1)- (3.8)

Thanks to (2.50) the latter obeys the braid relations and is an involution, (sl.tot)2 =1,
yielding a representation of Gy on H[z] that depends on ¢ and deforms s; P; ;4 too.
We’ll write s for the operator representing w € Gy in this way. This gives

(3.7)

Proposition 3.1. The physical space may also be characterised as

N-1
H=H@Clzl=Hzl/;y  N=) im(sf" - 1)
Sy :
i=1
Vol (3.9)
= B = H[z]®Y = ) ker(s{* = 1).
i=1
Here s}m = listhe ‘local condition’ from the quantum Knizhnik—Zamolodchikov (QKZ)
system (reduced gKZ equation) [Smi86,FR92,Che92b].
Next we turn to the elements of /. Physical vectors have a rather nice form with
respect to the coordinate basis. Since the weight decomposition (1.12) is preserved by
the Tl.Sp the physical space decomposes into M -particle sectors

N
H=@Hu. Hu=Hu®CRI=ZBNHy®Clz).  (3.10)
M=0 Hw
Vectors in this M-particle sector have the explicit form given in Proposition 1.15 from
Sect. 1.3.1:
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Proposition 3.2 (cf. [RSZ07]). A vector in Hy; ® Clz] is physical, i.e. lies in 7'~{M CH,
iff with respect to the coordinate basis (1.13) it has the form'®

$@) Z Tpo,l...,iM U(2) ity - inm)

i) <--<iy ‘Z(Z) c (C[Z]GMXGN—M7

= N U@ wl, ... wM),
WeSN/(GuxSn_m)

(3.11)
where in the equality we recognise the (Grassmannian) permutations w = {i1, ..., iy}
as representatives for the coset Sy /(Gpy X Gn_p). In other words, each M-particle
sector in (3.10) has a ‘polynomial avatar’ consisting of polynomials with definite sym-
metry: we have a bijection

Hy —— Clzly := Clz]S"*Sn-u,
w w 3.12)
U(z)) —— U(z) = (1,..., M|U(z)).

We will call \Tl(z) the simple component of |\Tl(z)).

Proof. A straightforward, if tedious, check shows that the generators of the two Hecke
actions coincide on any vector of the form (3.11), so the latter lies in B = . Tt remains
to show that any |\IJ) € Hy is of this form.

By (2.40) we have ([ 1| TP = (1] | whence {(i — 1] T_l = ((i|. Iterating this yields

(il = (1] TlSp e Tisfl. The physical condition (3.3) thus interrelates the components of
vectors in ‘H with respect to the coordinate basis. Let us show this in detail for M = 1:

Gy = (1171, TP, 1)
= (UTP-. TP, T D)

1 <
T (T - 1T, | W)

1 pol 1,
=T T - TP (1)
1 ~
=T Y@
For general M we just repeat this:

.. . ~ 1 . . ~
(i1 in, oo iml W) = T3 (i, im|9)

16 Note that this ‘Hecke form’ of physical vectors is closely related to the characterisation of the physical
space in terms of the Hecke algebra § . It has an analogue corresponding to the characterisation of H via
&, which gives an ‘R-matrix form’ for physical vectors. Surprisingly, we find that we then have to replace

A¢ Ayyg ~ A% in (1.44). We will get back to this in the future.
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Moreover, the simple component inherits the symmetry of (1, ..., M|,

(TP =2y, My = (1, ME(TP =) ) =0, £ M.

This proves Proposition 1.15.
An operator on the big vector space H|[z] descends to the physical space if it preserves
N in (3.3), or equivalently if it preserves H = BCH|[z]. That is,

Definition. An operator O on H[z] is called physical if for any U e H we have
TPOU =7 0T foralll <i <N—1.

Since a physical vector is completely determined by a single component with definite
symmetry we may forget about the spin part and pass to the world of polynomials. In
particular any physical operator is completely determined by its action on the simple
component, inducing an action on polynomials. That is, any linear operator O on 'H
is equivalent to some or! acting on polynomials such that

0% ¥ (2)) = 0™ ¥(2)).
More specifically,

Definition. Assume that O Hy CH w for some M’ (typically depending on M); this
holds for all physical operators that we will consider with M’ € {M —1, M, M +1}. Tak-

ing the simple component of the preceding equality leads us to define O}:; v Clely —
Clzlm by

0% U@ = (1., M| 0% ¥ (2)

N
N N (3.13)
= > (... MIOP i, i) T T

i1<--<iy
We set C[z]—1 = Clz]n+1 = {O}.

This trick will be particularly useful for dealing with the nonabelian symmetries in
Sect. 3.1.3.

3.1.2. Abelian symmetries (spin-Macdonald operators) The Hecke action on the poly-
nomial factor of the big vector space (3.1) readily extends to an action of the AHA as in

Sect. 2.1. We retain the notation Y; for the operators Yl.pOI = 1 ®Y; acting nontrivially
on polynomials.

In [BGHP93] it was realised that elements of the centre of the polynomial action of
the AHA are physical operators, and so is generating function (2.20). (See Sect. 3.1.3 for
another, more subtle example of a physical operator.)

We can now derive a hierarchy of commuting difference operators on the physical
space proceeding like in Sect. 2.1.2. The spin analogues of the Macdonald operators
arise as

D,i=e,(Y) on H, 0<r<AN. (3.14)
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Note that 51\/ =q1---qn = Dy is the same as in the scalar case. As in (2.28) we have

N
Dy_r = Dy D_,, D, =)y 'v7' on H 0=<r=<N. (315

i<---<iy

Using the physical condition (3.3) we obtain explicit expressions for these operators,
which by construction commute. This yields Theorem 1.16 from Sect. 1.3.2 in terms of
the convenient shorthand (cf. Proposition 6.3 in [FR92])

v v

Ry 1= 5,1 sff)’t sothat s = Ié;ll Sw = Sw Ry, w e Gy. (3.16)

w =

Theorem 3.3 (cf. [Che94a)). The spin analogue (3.14) of the Macdonald operators are

,,,,,

a1 40 Ry (3.17)

N N
D=) A R(NI,N,L..,-) 47 Ry, A@ = [Jan.  (3.18)
i=1 T(#i)

The other D_, are similarly obtained by conjugating with more layers of R-matrices.

Before we get to the proof let us illustrate this formula. The coefficient A;(z) is
just as in the scalar case, see (2.24). Let us illustrate the notation (3.16) with some
examples. To start with, Iéi = ks,. = Iéi,i+1 (zi/zi+1). In general Iéw is obtained by
drawing the braid diagram for a reduced decomposition of w and reinterpreting it in
terms of graphical notation (1.25) for the R-matrix. (The s,, ensures that all z;, which
are moved around by the R-matrices, end up at their original positions.) Observe that
(3.16) is not a representation of Sy ; for example I§(321) = Iégg (z1/23) Iélz(z]/@) is
not the inverse of Ié(123) = R12(11/Z3) 1?23(12/13). Now recall that {ji, ..., ju} € Gn
was defined in (1.40), so that

Zj) Sim 21 N
Rijijuyt = Rov,ojwpy - Rajn = e B319)
a3 Zim N
For r = 1 Theorem 3.3 gives (1.70):
N N
Di=) ARG q Razy,  Aj@ = []ajr (3.20)
j=1 JGEED

The expression for r = 2 is given in (1.72).
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Proof of Theorem 3.3. Our proof of Proposition 2.1 in Sect. 2.1.2 readily adapts to the
spin case. As in the scalar case the Hamiltonian can be written in normal form Dy =
3 ;Aj(z), where Aj(z) acts on polynomials only by a rational factor times g;. The

computation of Alz) = A1 (z) 41 is as before. The only new feature in the spin case is
that the trick for getting the other A ;(z) now involves conjugation by the 7-dependent
G y-action (3.8): -

51 = S?}t_“ﬂ) 51 SE(I)tZ»--j) on H

On the right-hand side the contribution to the term with §; is easy to compute, whence

ZJ' (z) = Sz(j)f'-zl) Avl (2) SE(I)tZ---j) = Ié(_léj) 521 A1(2) q1 S(12-+-5) R(lz...j) = Aj(z)
Iéa;...j) 4 Razj).

The higher spin-Macdonald operators (3.17) are found analogously. Finally, for r =

—1 the proof of Proposition 2.2 in Sect. 2.1.2 readily adapts to the spin-case as well. We
obtain (3.18) from

~ ~

__ tot 2 tot
D_y=sg.y_1nyD-15(y n-1.) on H.

O
We will denote the generating function of the spin-Macdonald operators by
N N
Aw) :=[]a+u¥)=>"u"D, on H. (3.21)

i=1 r=0

3.1.3. Nonabelian symmetries The interesting new feature of the spin version of the
Ruijsenaars model is the presence of {-symmetry [BGHP93], cf. [CP96]. We begin
with the FRT presentation (Theorem 1.17 from Sect. 1.3.3):

Theorem 3.4 ([BGHP93]). Introduce an auxiliary space V, = V with spectral param-
eter u and define on V, @ H|z] the monodromy matrix

La(u) := Ry Yy) -~ Raa(u Y2) Ra1(u Y1)
(_tl/Z)N

T A(=tu)

sp sp—1 sp sp—1 (3.22)
Pty (W Ty Yn =Ty ) - (w Ty Yo = Ty ).

This endows H with an action of 3\ that commutes with the spin-Macdonald operators.

The appearance of some sort of inhomogeneities in (3.22) is not surprising from the
Heisenberg point of view, whose nearest-neighbour interactions (2.57) are deformed to
long-ranged ones away from the homogeneous point. In the more algebraic language of
the DAHA (3.22) is the dual, ¥; < Zi_l (if we allow for Laurent polynomials in the z;),
of the inhomogeneous XXz monodromy matrix (2.54). Since the following proof only
relies on the AHA relations it follows that the monodromy matrix (2.54), and therefore the
inhomogeneous XXz spin chain, act on the physical space too. This played an important
role in e.g. [DZ05a,Pas06,DZ05b].

Proof of Theorem 3.4. As Rgp(u/v) commutes with the Y; the (level ¢ = 0) RLL-
relations (2.52) are verified as usual. As A(u) is central it is furthermore clear that

[L.(w), A(w)] =0, (3.23)
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which entails commutativity with the spin-Macdonald operators.
_ The crucial step is to prove that (3.22) descends to the physical space. Viewing
‘H = B as a subspace of H[z] this amounts to showing that L, (u) preserves 5. We will

demonstrate thatforany 1 <i < N—1wehave L. (u) ker(TiSp—TipOl)C ker(TiSp—TiPOI),
i.e. that TI.SP and TiPOI coincide on Za (u) ker(TiSp — Y’iPOI).
The equality in (3.22) uses the ‘Baxterisation’ formula (2.48). Together, TOSP = Tasf

and the other TiSp form a representation of Hy+1 on V, @ H = YW+ 1 et us remove
the (central) denominator of (3.22). Since

N N
T;® PNy = Paatn) T2
we have to show that Tisfl and Tl.pOl act in the same way on the factors

TP Y =T )W T Y = T2

s s sp—1 —1 s sp—1 —1
= TP TR Y Y —u (TGP TP Yin + TP TP Y + 77 T

where on the right we can use the physical condition. We proceed order by order in u.

Quadratic order in u just uses the braid relation and the fact that Tipol commutes with
Y; Yi41. Order u is straightforward too as the Hecke condition and the braid relation for
the inverse Hecke generators imply

—1 —1 —1 —1
R L R

1 1 1

Finally, for the part linear in u we rewrite

sp—1 —1 | - | |
TP TP Yo+ TP TP Y = TP TP (ViY== V(TP Vi + T, 1),
Commutation with the part featuring ¥; + Y;;; is again simple. For the remainder use

S S 1 -1 -1 S 1 sp—1
TPYi =Y ;P =Y TP” =T°7 Yitoseethaton 7" +T.° = T +T.F|

the actions of TlPO] and Tlsf | coincide too. |
Replacing z; ~ Y j_l in (2.55) yields the quantum determinant [BGHP93]

N/2 A(—u)

det, Ly(u) =t .
qea a(u) A(—tu)

(3.24)

This is a scalar as far as the spins are concerned, but still acts nontrivially on polynomials.
Proposition 3.5 ([CP96,JKK+95b], cf. Footnote 14). The Chevalley generators ob-
tained from L, (u) are (2.46), together with (2.47) where z; ~~ Y._l, ie.

1

N
=sp —1,-1 1 -
Ey _ZYi ky "ok oy

i=1 ~

. KP =k (3.25)
fé” = ZYi o kis1---ky,
i=1

Since Za (u) preserves the physical space all Chevalley generators do so too.
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For practical purposes the preceding description of the {l-action on the physical space
is rather cumbersome. It will be much more convenient to work with the polynomial
action it induces using the trick from the end of Sect. 3.1.1. First we consider the
presentation by Chevalley generators from Proposition 3.5. To avoid a proliferation of
subscripts let us write

pol pol Apol pol
E (EI)M,M—I’ (EO)M,M+1’
1 1 l 1
iy = (FOly o A"" = (Fo)y p—1» (3.26)
Kpol (K )pol Kpol : (Ko)pol
M,M>

Proposition 3.6. These Chevalley generators induce the following action on polynomi-
als:

KE;I _ t(N—2M)/2,

N
pol __ pol _ (1-M)/2 (j—M)/2 ppol
EN =0, EN =t Zt T8 1wy 5o,

M+1

pol (M+1—N)/2 (M+1~i)/2 ppol pol __
Fy =t / Z’ & Tiini-msy:  Fy =0,

i=1

and
k‘/llﬂllol =~ (=202,
M+1
7pol M/2 —(M+1—i)/2 4-pol =1 pol — 1 =pol
E), =t / (Zt (M+1—i)/ T, Ty )YM+1’ EN =0,
i=1

N
+pol +pol N—M)/2 —(j—M)/2 4pol—1 pol —1
=0, F ="M/ (2 el SRR i )YM.
j=M
(3.28)

Up to normalisation the generators of yUcl,are justpartial Hecke symmetrisers, cf. (2.10),
ensuring that the resulting polynomial has the correct symmetry type. (Note that j — M =
LG, j—1,....M)yandM+1—i=203Gi+1,....,.M+1))

The affine generators also involve projectors onto the right symmetry type, now by
t’l-symmetrising. Indeed, the sums in Eﬁ;l and FJEIOI, and those in I?f,;)] and EK;], are

related by the bar involution # — ¢~ ! and T}, — T ,ll of the Hecke algebra [KL79].

Proof of Proposition 3.6. The diagonal operators immediately follow from the defini-
tion (1.12) of the M-particle sector and the ‘level-zero® condition K, pOlK pol _ p.

The matrix element (1, ..., M — 1| E1 lit, ..., iym)) canonly be nonzero if i, = m
forallm < M. Denoting j = i u we find from (2.46)

(1,....,M—1EP|,...,M—1,j)=U2MD2 5>y

. . pol pol pol
This gives the expression for £}, since Ty om-1jy = T(] 1My
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Next, (1,..., M + 1| Ffp li1, ..., ipm)) survivespreciselyif {iy, ..., iy }C{l, ..., M+
1}. Writing i for the element in {1, ..., M + 1} \ {i1, ..., iy} we obtain

(1, ., M+ 1 FP LT M+ 1) = V200020 < g,

where the caret denotes omission. But Tpo1 M) = TpO] TJEIOI = T(I;OZL1 .... M1y
With the help of the AHA relations (2 12) one likewise obtains (3.28). O

By construction these polynomial operators obey the relations of ﬁ, though direct
verification of most relations is tedious. The expressions (3.27)—(3.28) can be simplified
drastically using the symmetry of C[z],.

Proposition 3.7. The nontrivial Chevalley generators from Proposition 3.6 reduce to

M-1

Epol (V= 2M+1>/2(ZA (Z)SMJ) Hme’

=M
N (3.29)

I (-
Fiy =~ (N72(MeD+ /2 (Z&',MH) l_[fMH,m ,
m=1

i=1
with A_;j asin (3.18) and f;j = 1/a(z;/z;) from (2.49), along with

M

M
—~ l _ _ ~nA—
Eﬁ; — —(N=2(M+1)+1)/2 <ZS,',M+1)( 1_[ fm,M.'.])quH,

i=1 m=1

N M—1

=pol _ .

=W 2M+1)/2< ) Aj(Z)SMj)( Hme>QM-
m=1

j=M

(3.30)

where A (z) is as in (3.20).

Proof. We use a symmetry argument like in Sect. 2.1.2. By (2.7) we can write

N
ol
Eﬁ/] = ch(z)ij
=M

for some coefficients c;(z) that we wish to determine. It is easy to find the coefficient
with j = N, for which the only contribution comes from the term j = N in (3.29).
Since

pol
Tin 1.y = @N-1.NSN-1 +DN_1N) - - - (@m,m+1 M + bag m+1)

=AaN—-1,NSN—1"""aMM+1SM *+ -+~
=an—1,N - --am,N SM,N + contributions to other terms

we find cy(z) = tNV2MD/2 A _N(2) fin -+ fu—1.§. By symmetry in the range

Clzlp—1 of Eﬁ;l this determines the other coefficients via ¢ (z) = sy ey (2) Skn -
One likewise determines the coefficients in

M+1

ol
FY = ZC; (2) si,M+1
i=1
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from the case i = 1. This establishes (3.29).
For the affine generators we first use (2.15) to compute

M+1
—pol @i—1)/2 4-pol pol —1 pol —1 pol —1
EM—(Z’ T2y Ty o T2y - Ty
i=1

M+1

—(N— i— 1 1 ~A—1
_ W <M+1))/2<Zt<z 1)/2Ti[f1"'Tlr)())sl"'quMH’
i=1

where we use that Tip()l_l =+ Y2 ands; = 1fori > M on U(z) € Clz]y. At this

point we can proceed as before, where the coefficient of s; p74+1 withi = M + 1 is easily
found.

We similarly rewrite

N
—pol (N—j)/2 -pol pol pol —1 pol —1
Fy _<§:, ]/Tj T ) T Ty

j=M
N
— Z(I_M)/2<ZI(N_1)/2 TJPOI . TE%]) SN—1°""SM éM
j=M
Here the simple coefficient is that of s; with j = M. |

Next we turn to the generators of 1 by the ‘quantum operators’ obtained from Za (u)
asin (2.51). To highlight the origin of the following expressions let us denote the entries
of the R-matrix as the weights of the asymmetric six-vertex model,

) 1 , bs(u) = f(u),
R) = P R(u) = C:EZ; Z:EZ; L ) =ugu), (3.31)
1 c_(u) = gu).

Proposition 3.8. The polynomial action induced by the quantum operators is

M
~pol
A @) = T [bs ),
m=1
. M+1 M+1 .
B/I:/;),MH(M) = Z c-(uY;) ( l_[ by (u Yj)) T(l:?,0i+l...M+1)’
i=1 J(>i)
N M—1 N
~pol 1
Chiy_1) = (H by (u Ym)> e+ Y;) ( []b- Yk)) T iy (332)
j=M “m=1 k(>j)
| N M N M
Dy = [To-YD+3 " D e¥n) ( [T+ me)>
i(>M) m=1j(>M) m'(>m)

N
1
X cy(uY;) ( Hb—(u Yk)) T{Ii(,),_ﬁi..,M—l,j}'

k(>J)
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Proof (sketch). The proof of the expression for Ais easy: since (M| R(u) = (11| we
have

(1,.... M| A(u) = (T% ]tT ---IT]|RaN(uYN)"'RaM(uYM)"'Ral(qu)|T>

= (Z% A%IT T| RopyuYy) - Ry (u Y1)|2)

={. A 1‘[h+<u Yu),

1 M m=1

where the last equality again follows from the ice rule (weight conservation) for the R-
matrix and from the presence of |1). The computation for B, C parallels the computation
yielding (3.27). As the result attests there are various contributions to take into account
for D. Since we will only use A later we omit the details; all of these expressions are
readily obtained using standard graphical notation for R(u), cf. e.g. [Lam14]. O

3.1.4. Explicit eigenvectors The spin-Ruijsenaars model can be diagonalised following
[TU97]. Since this is not our main topic we suffice with an example of some simple
eigenspaces. For M = 0 the space C[z]o = C[z]®¥ consists of (completely) sym-
metric polynomials. Consider the basis of Macdonald polynomials P indexed by par-
titions A of length £(A) < N. Each |P)(2)) = Pi(2)|9)) is an eigenvector of the
spin-Macdonald operators (abelian symmetries) with eigenvalues as in (2.33). It further-
more has pseudo highest weight (nonabelian symmetries). Indeed, c (#) acts by zero,
while e.g. from (3.32) A(u) acts by 1 and D(u) by tN/? A(—u)/A(—t u), whose value
on P, follows from (2.31) or (2.33). As a consistency check we note that (2.53) yields
(3.24). The Drinfeld polynomial is A(—u) = [, (1—tN=24D/2 ghi y) cf. (1.53); for
generic g the number of 7-strings—whence in particular the dimension, cf. the paragraph
following (1.38)—depends on the number of repetitions in A.

3.2. Freezing. The spin-Macdonald operators (3.17) still act nontrivially on polynomials
through the difference operators g;. To extract a spin chain we proceed along the lines
of Uglov [Ugl95], who in turn followed Talstra and Haldane [TH95]. In the ‘static limit’
g — 1 the kinetic (g-difference) part of the Hamiltonian is suppressed with respect
to the potential energy. By Appendix A.l we have ¢ = t™/* in terms of the physical
interpretation as a quantum many body system. The limit ¢ — 1 can thus be viewed
either as letting k — oo or as the classical limit & — 0. The dynamical (polynomial)
and spin parts are treated differently, however; the latter will remain fully quantum
mechanical. The physical picture is that the particles moving on the circle come to a halt
and ‘freeze’, so that only the spin interactions remain. The idea of freezing can already
be found in [Sha88], and was worked out more concretely in [Pol93].

At the point g = 1 the spin-Macdonald operators become trivial: by (2.37), the ‘clas-
sical’ spin-Macdonald operators just are (Gaussian binomial) multiples of the identity,

N N
AwW|,_y =A@, _y =T+ N2y =% []rv] u'. (3.33)

i=1 r=0

We therefore have to consider a neighbourhood of the classical point and linearise in ¢,
i.e. take the semiclassical limit.
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Definition. We will write
~ 0 0

0° = 5|q_1, 80 := = so0 0=0°+(g—1)80+0(q—1)>. (3.34)
= q

The physical condition is independent of g so both 0° and § O are physical operators.

3.2.1. Abelian spin-chain symmetries To start let us focus on the spin-Macdonald op-
erator D from (3.20). Taylor expanding at ¢ = 1 gives

Dy =[N]+(q— 18Dy +0O(q — 2.

Lemma 3.9. The semiclassical limit of the first spin—Macdonald operator takes the form

N
8D1 =) Aj(@)zjd,; + ("> =171 ZA () Z Vioz) Sy (339)
j=1
where the spin part features the potential (1.22) and long-range interactions (1.24),

1 sp 35
St = Rt oy @ Rivtoj-1))-

The decoupling between kinetic and spin terms in (3.35) was observed in [TH95,Ugl95].

Proof. The decoupling is a simple consequence of our expression (3.20) for Dy; cf. the
sketch of the proof in Sect. 1.3.4 in terms of the graphical notation. Write the summand
of (3.20) as

Aj(R) Rj—1,j(zj/zj—1) -~ Ria(zj/21) Ria(z1/q 2j) -~ Rj—1.;(zj-1/q9 2}) §;-

We’ll show that its linearisation in ¢ is the summand of (3.35).

When the derivative hits g i=1+(@—1Dzjo; i+ O(q — 1)? all R-matrices, now at
q = 1, cancel pairwise by unitarity (2.50). This ylelds the first term in (3.35).

By the Leibniz rule the derivative of the spin part produces a sum over i(< j).
Consider the term where § hits the ith R-matrix that was affected by g,

SRiiv1(zi/q Zj) = —Z i ,+1(Zz/Z]

The R-matrices to its left again cancel in pairs by unitarity. The derivate of the R-matrix
can be easily evaluated using (2.48) (cf. the ‘change of variables’ in [Lam18]):

R 1Gi/zp) = —f'Gi/z)) e

which allows us to recognise e;” = — f/(1)~ Rl’l (D) = =12 — 17172 R’Hl(l)
from (1.26). By (2.48) and the Temperley—Lieb relation (2.42) we moreover have
fji sp

Riin(j/z) e = 1= (2] fi) ¢ = =~ ¢’
fij
Hence
Riis1(2/2) 8Riis1 (zi/q 2) = (=2i/2)) (= f};) (= fij [ fii) €]
=" =t VEiz) e

The remaining R-matrices combine to give the long-range spin interaction (1.24). O

(3.36)
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Note that the physical space (3.3) is not affected by the limit ¢ — 1; in particular
Proposition 3.2 remains valid.

It remains to get rid of the kinetic term in (3.35) to get an operator that can be viewed
as acting on the sp1n -chain Hilbert space ‘H. Uglov argued as follows. Consider the
abelian symmetries, i.e. the tower of higher Hamiltonians generated by A(u) Following
[TH95,Ugl95] we expand the commutation relation (2.20) around ¢ = 1. Dropping all
commutators with the constants (3.33) the first nontrivial relations appear at quadratic
order [Ugl95]:

0=[Aw), AW)] = (g — D> [8A), SAW)]+O(g — 1)°. (3.37)

That is, the abelian symmetries (3.17) survive at the semiclassical level. In Sect. 3.1.2
we already noted that one of these is particularly simple: the total degree operator

N
Dy=Gi-gn=1+@—-1)) z;d; +O(q— . (3.38)
j=I

Happily, the commutation (3.37) implies that we may modify 8D from (3.35) by adding
any multiple of the total degree operator § Dy . The result still acts on the physical space
‘H and commutes with all other operators in the expansion of A(u) In this way we can
get rid of the derivates in 8D provided we can make all their coefficients A (z) equal.

This is where the evaluation comes in: we need to find a value for z where the A;(z)
become independent of the value of j [Ugl95]. Solving A1(z) = --- = An(z) for the co-
ordinates yieldsz = z1 (1, w, - - -, oV _1), or any permutation thereof, for w := e2mi/N
These are precisely the stationary (equilibrium) positions, cf. e.g. §5.2 in [Rui95], of the
trigonometric classical Ruijsenaars—Schneider model [RS86], with constant centre-of-
mass (angular) momentum. Omitting the latter we come to the following

Definition. Define the evaluation (specialisation) map ev,: H —> Hasin (1.2), and
for a physical operator O by

evy(0) evy = evy 0 0. (3.39)
Let us denote equality upon evaluation, or on-shell equality, by
01 02 as shorthand for €Vy 51 =€V, 52.

Since }_; Aj(z) = 5;’ the common value is

ev D° N
Ai(z) = % (3.40)
Thus we are finally led to the Hamiltonian (1.20): by construction,
1 ~ [N - -
(2 12 (wl N SDN) =D 4@ Y V&) S
= = (3.41)

N
[N] ~
w2 V@) Sy =H"

i<j

e
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acts nontrivially on spins only while preserving the physical space. Here we removed a
factor of 11/2 — t=1/2 to ensure the isotropic limit # — 1 is nontrivial. We have arrived
at the g-deformed Haldane—Shastry spin chain.

As a corollary we readily obtain the possible eigenvalues of (3.41) from those of the
(spin-)Macdonald operators. This gives Theorem 1.1 (i):

Proposition 3.10 ([Ugl95]). Any eigenvalue of (3.41) can be written as E*(u) from
(1.28).

Proof. We use the expression (3.41) in terms of the Hamiltonian in terms of (symmetric
combinations of) the Y-operators, whose eigenvalues we know (Sect. 2.1.2). Let A be
any partition with £(A) < N. By adding a string of zeros at the end if necessary we can
view A as a weak partition with N parts. By (2.33) the eigenvalues of D; and DN are
given by

N N
Ar() =Y N0 g AR =g™ A=)

The eigenvalues of the frozen Hamiltonian (3.41) follow by linearisation. The crucial
step is to recognise contributions of M := A separate magnons. This goes as follows
[Ugl95]. The linear part in g of the eigenvalue of D is

N N A
SAL() = Y At NTRED2 2 NN (N2ivD/2
i=1

i=1 m=1
IM ’"A, (3.42)

_ Z Zt(N 2i+1)/2 _ Z ((N— A )/2 ]

m=1 i=1

In the second equality we reinterpret the sum on the first line as a double sum with one
term for each box in the Young diagram of A, contributing t Y =21+D/2 for each of the A;
boxes in row i. In the second line we perform the sum per column instead to pass to the
conjugate partition A’, with Z()J ) = M. In the final equality we summed a geometric
progression. Combining this with §A y (1) = |A| = |A’| we obtain

1 a N

Upon renaming fi,, := A, ., we arrive at Uglov’s expression for E™ (). i

Itremains to show which of the above possible eigenvalues actually occur. In Sect. 3.2.3
we will prove that the eigenspace H* is nontrivial if u € M is a motif by explicitly
constructing the corresponding pseudo highest-weight vector. The result will be the wave
functions from Sect. 1.2.3. We have not yet found a satisfactory way to verify that its
energy is given by E () by direct computation, except in special cases; cf. the remarks.

Next we turn to the higher spin-chain Hamiltonians from Theorem 1.18. First of all
we observe that continuing the expansion (3.37) gives two nontrivial commutators at
cubic order in ¢ — 1, and so on, so we are not guaranteed to get any further symmetries
of Dy at higher order in the expansion. The abelian symmetries of the spin chain instead
just arise by freezing the higher spin-Macdonald operators.
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Proof of Theorem 1.2. The simplest higher spin-Macdonald operator is D= 5;,1 D N—1

from (1.74). Note that when we push g;” !to the right the g again appears in the denomina-
tor of the arguments of the R-matrices it has passed. The semiclassical limit is computed
just as for (3.35). The result is

N N N
D1 ==Y A @z, +('"? =17V ALi(2) Y V(.2 SE . (343)
i=1 i=1 j=i+l
where
— P
St =Ry ern €5 RG—1ivi)-

As A_ ,(z) [N], 12/N = [N];12/N we find the spin-chain Hamiltonian (1.29),

1 [N]
YRy (SD 1+750N> = ZA ,(z)ZV(Z,,Z])S”]

Jj=i+l

(3.44)
[N]
= ZV(Z,,ZJ)S[,]
i<j
Here we note that this is consistent with (1.77) as [N] — A_; (z) [N] (N —-1)/N:

8Dy_1 =D° 8Dy + D% 8D_ =[N]8Dy +8D_,

N N N
= Z([N] —A_; (z)) Zi 0y + (@'/? =712 ZA*"(Z) Z V(zi, zj) Sﬁ,j]-
i=1 i=1

j=i+l

The eigenvalues of H® follow from (2.33) using (3.15):

An_10) &
Aci() = =S = 3 (N2 G o SAL () = —8A1 (1)

Anv(D) P test1t
Since 5°_1 = [N] = l~)f |“_)[,1 while #!/2 — r=1/2 changes sign under inverting ¢ it
follows that E® () = E“()|, 1. O

The other spin-chain Hamiltonians are similarly obtained from (3.17):

Proof of Theorem 1.18. 1t is clear that the kinetic and spin part decouple for any r. To
find the required multiple of § Dy needed to remove the kinetic part we compute

N
Y A4, =Y (AJ(z) >z azj> = Z( ZAJ(z))zj 3,

J:#I=r J:#J=r jeJ j=1 ~J:#J=r
FEY)

The prudent generalisation of (3.40) is the identity, valid for any j,

Y A = —D°— d [N} 1<r<A. (3.45)

N |1
J#J=r
Joj
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In this way we obtain (1.77).
For the eigenvalues of these higher spin-chain Hamiltonians we use the following
generalisation of (3.42), valid for any partition A with £(1) < N,

N r
SA,(L) = Z Aj, +-+2Aj,) l_[ ((N=2js+1)/2
Ji<<jpr s=1
M r /
=22 n! [ N ] s W=15)/2 1 2]
m=1 s=1 e [S]
This yields the additive form (1.78). |

The only spin-Macdonald operator that does not give rise to a spin-chain symmetry
in this way is the (multiplicative) translation operator Dy = g - - - gn from (3.38). Let
us show that it nevertheless gives g-homogeneity on H in return, establishing Proposi-
tion 1.4 (i) from Sect. 1.2.1:

Proposition 3.11. If O isan operator on H that commutes with D ~ then the evaluation
O = ev,, O is g-homogeneous: O = G O G~ with G the g-translation operator (1.34).

Proof. For any 0 acting on H we have, cf. the proof of (3.17),

~

0= SE(Z)\E»--ZI) o SE?tZ»--N) =sw..21)G O G! S(12---N) on H,

where we used E(N...21) = G. Note that the conjugation by s(12...ny just cyclically per-
mutes the z; in G O G~ However, commutation with the total degree operator g - - - g
means that O is homogeneous of total degree zero in z, i.e. depends only on ratios of
coordinates. The same holds for G. Thus the cyclic permutation is invisible upon eval-

uation, and we conclude that 02GoG!. a

We recall that the second part of Proposition 1.4 was already demonstrated in Sect. 1.2.1.
Besides all Hamiltonians obtained from A () it follows that L, (1) is Q-homogeneous.
The abelian symmetries are summarised in Table 4.

3.2.2. Nonabelian spin-chain symmetries Finally we turn to the nonabelian symmetries,
which are generated by the monodromy matrix (3.22).

Proof of Theorem 1.8. This time we don’t have to go far in the expansion [TH95] as the
zeroth order already gives a nontrivial operator:

Lo)=L2w)+O(q—1",  L2u) = Ray@Yy) - Ry (uY?). (3.46a)

It is clear that this operator still obeys the RLL-relations (2.52). To check that it also
remains a symmetry of the spin chain we expand (3.23) like in (3.37):

0=[Law), A®)] = (g — D[LSw), 8AW)] +O(q — D). (3.46b)

where use (3.33). So the abelian symmetries remain {l-invariant semiclassically. O
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The Chevalley generators are (2.46) and (3.25) with ¥; +— Y. The induced poly-
nomial action acquires a neat symmetric form: at g = 1 (3.30) is related to (3.29) by

=pol, o pol
Bl o Fy s
-pol, o pol
Fy o Epy |

M lt>t=1>

(3.47)

where the proportionality signs just mean that we ignore the prefactors in (3.29)—(3.30).
By (3.33) the quantum determinant (3.24) now becomes a true, z-independent scalar:

~ A°(—u) =N/ g

or N _ NJ2 _ /N/2
qdet, Ly (u) =1 A(—tu) (+N2 4 — 1"
This is one way to justify our detour through the dynamical model [TH95]: the quan-
tum determinant of L, (u«) was nontrivial from the polynomial perspective, making it a
suitable candidate for generating nontrivial abelian symmetries.

3.2.3. Explicit spin-chain eigenvectors Our final task is to construct eigenvectors of the
spin-chain Hamiltonian. As usual we proceed per M -particle sector H s, cf. (1.12). As
in [BGHP93] we will exploit the rich algebraic structure available off shell, i.e. prior to
evaluation.

General considerations. By Proposition 3.2 from Sect. 3.1.1 we may pass to the poly-
nomial world and work with U(z) € Clzly = C[z]S#*Gn-m o diagonalise the
Hamiltonian (3.41), viewed prior to evaluation as acting on polynomials. Then we em-
bed the eigenfunctions in the physical space via (3.11), and finally evaluate to land in
the M -particle sector of the spin chain.

The origin of Theorem 1.6 is the following.

Proposition 3.12. Any M-particle spin-chain eigenvector obtained by freezing is deter-

mined by a symmetric polynomial in just M variables, V(zi,...,zpm) €
Clzt, ..., zm]1®" CClzly, as
N
Zevw(T{‘j """ iM}\L’(zl,...,zM)>|i1,...,iM)). (3.48)
1<-<iy

Proof. Our starting point is Proposition 3.2; we have to show that the polynomial
may be taken to be independent of zps41, ..., zy. Consider the power-sum basis for
Clz]um, which is given by p, o) (21, - .., zm) Py (ZM+1, - - ., Zn) for two partitions with
(M) < M and ¢(A?) < N — M. Here p; = [[,c, pr and pr(z) = 3, 2/ as usual.
Notice that

N

Vo Prz1.-. . 2n) = )@ = N8 0modn- (3.49)
8O pr(Zm+1s---2N) = pr(Z1, -+, 2N) — Pr(Zl’u-vZM)(z)e:V —pr(z1,...,zm) for
0 <r < N.Hence on shell p, o (zpm+1, -- -, 2ZN) = (=t )pMz) (z1,...,2Mm) since
A(12) < N.In this way we land in C[zy, ..., zy]M. |
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Our ansatz will be that sufficiently many spin-chain eigenvectors are obtained in this
way. The goal of this section will be to show that this is indeed the case and prove
Theorem 1.7. Theorem 1.6 then follows from the nonabelian symmetries and the proof
in Sect. 3.2.4. _ -

By (3.41) and (3.44) we will seek joint § D,-eigenvectors in H . To this end we may
in fact work at the classical level: the operators Y = Y;|,=1, which didn’t play a role in
Sect. 3.2.1 due to (3.33), will be pivotal for our diagonalisation. Indeed, although the sum
Z Y? = [N]is trivial, the individual terms certainly are not. The Y, do not preserve
H, but as in Sect. 2.1.2 we can first view the magnons as dlstlngulshable particles to
develop the nonsymmetric theory, and then (g-)symmetrise at the end. Crucially, at the
intermediate step the ¥;> commute with the Hamiltonians: just as in (3.46) we have

0=1[Y;,Aw] = (g — D[r?, 8Aw]+0( - D

The Y} still form a commuting family of operators, and can be jointly diagonalised. At
q= 1 a part of the dependence on the partition drops out of (2.31), but the joint spectrum
remains multiplicity free when taking into account §A(u). This passage to a classical
spinless model is quite a simplification!

The evaluation further facilitates our task. Firstly, it gave us Proposition 3.12. Sec-
ondly, it allows us to restrict ourselves to polynomials with degree < N in each variable.
(Of course w” = 1 will already play a role for lower powers of z j as j increases, but
since the generators of the AHA preserve the total degree we should allow the maximal
degree in any variable to equal to that for z;, which by evaluationis N — 1.)

The corresponding nonsymmetric theory ought to take place in C[zy, . .., 2 1CC[z]
(with degree < N in each variable) and therefore involve the ¥, with 1 < m < M.
However, the latter are associated to 5 ~ and depend on all N variables, so do not preserve
the subspace C[z1, ..., zm]CC[z]. They do, however, preserve the slightly larger space
Clzi, .-, 21 @ Clzpsts - - - » v 18M-N CClz]. The key point of our derivation will be
that moreover, an appropriate subspace of C[zy, . .., zy]is on shell preserved by these

. which reduce to the affine generators Y, of 56 "y With parameters ¢’ =t' =t~

Kernel for the g-shift. As for any spin chain with some form of translational invari-
ance the Hamiltonian (1.20) is readily diagonalised for M = 1 by g-homogeneity, see
Sect. 1.2.6. As a warm-up for general M let us redo the derivation for M = 1 following
the strategy outlined above. Fist we need to develop a piece of technology.

By evaluation we may restrict ourselves to the subspace of polynomials of degree at
most N — 1 in any variable, which we denote by C[z]<" cC[z]. This subspace is clearly
preserved by the g-shift operators §;, 1 <i < N. Define the replacement map

Fj = oo 2, (3.50)

Lemma 3.13 (off-shell kernel for the g-shift). On polynomials of degree at most N — 1
in each variable the q-shift operator acts by a linear combination of replacements:

Z(]‘[‘”’ Z">r,-,- on Clz]<V. (3.51)

k(j) I Tk

In particular the right-hand side preserves C[z]<" despite the denominators.
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Proof. Write 7 instead of z;. Let wy, ..., wy € C* be pairwise distinct. Then the
N polynomials

N N
@j(z) == H(Z —wr),  @j(wr) =68k H(wj —wy),
k(#)) 1(#))
form a basis for C[z]<V, with linear independence because only ¢, is nonzero at z = wy.
By Lagrange interpolation we can thus write any P(z) € C[z]=" as

NP Yo -
Po=Y o=y ([] o~

i w w
o i =1 k(e TR

>P(wj) on C[z]=V.

Thus the g-shift operator acts by

N

N
c}P(z)=Z( I w)mwj) on CLz]=V.

j=1 Nkip Tk
Taking w = z and z = z; now gives a nontrivial expression, and we arrive at (3.51). O
On shell the kernel (3.51) simplifies significantly.

Lemma 3.14 (on-shell kernel for the g-shift). On shell the q-shift operator can be ex-
pressed as
N

A €V CIN -1 1 <N
qi = N Z qwi_j 1 rij on (C[Z] . (352)

j=1

Proof. Note that the elementary symmetric polynomials evaluate to
evper =80+ (—DV7L8, . (3.53)

Indeed, by Newton’s identity and (3.49) we have

1 r
Vo er =~ Z(—I)S_l eV ps Vo er_s = (—DV 18y, r>0.

s=1

Hence forany 1 <i < N

N N N
[[@zi—m =) 1 @) "e@=q"-1,  z [[Gi-2) =N. 354

k=1 r=0 k(i)

(Note that former implies the latter—take the semiclassical limit 6—and together they
yield (3.40).) By virtue of these relations the kernel (3.51) reduces to (3.52) on shell. O

Equipped with this tool we return to the diagonalisation for M = 1. We wish to
find eigenfunctions in C[z;]1CC[z1] ® C[za, ..., zx]1®V-1, which is preserved by first
affine generator since Y1 7; = T; Y for all i > 1. For the spin chain we focus on its
classical version Y. This operator simplifies in a way similar to what happened for the

polynomial action of Hin (3.29)—(3.30) at the end of Sect. 3.1.3:
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Lemma 3.15 ([NS17]). We have

Yo = ZA (2) —slj _Al(z)+ZA (2) —sl, on Clz11®Clza, ..., z2n]V" .
J=1 Jj=2
(3.55)
Here A j(z) was defined in (2.24) and by /ajm = (t — 1)z /(t 2j — z2m) by (2.6).

This simplification was also found in [NS17] for general g; we will comment on this
after Proposition 3.17.

Proof. Although we obtained this argument independently our presentation follows the
proof of Lemma 3.4 in [Chal9]. From (2.26) it is clear that Y} is of the form

N
YP =Y ci@sij on Clz]®Clza.....2n]%V "

Indeed, as soon as we pick up a permutation in (2.26) the remaining permutations act by
the identity due to symmetry in z2, .. ., zx. The coefficients are found as in the proof of
(2.24) in Sect. 2.1.2, now using the partial symmetry C[z;] ® C[za, ..., Zn18N-1. Two
coefficients are easy to get. In (2.26) we already read off ¢1(z) = a2 --- a1y = A1(2).
For j = 2 the only contribution is by s;2a13 - -aiy, so ¢2(z) = bipaxs---ay =
A»(z2) by /ayz. The remaining coefficients follow by symmetry: on C[z;] ® C[zo, ...,
znv18V-1 we have Y7 =s2; Y[ 's2;, whence ¢ (z) = 52 c2(2) s2j forall j > 2. O

Because of the evaluation we restrict ourselves to degree at most N — 1 in zj.

Proposition 3.16. On the subspace of polynomials of degree at most N — 1 in z1 we

have

yp = NDRg g =17t on Clzil™VcClal ® Clza, ..., 2v]OV

(3.56)
Proof. On polynomials independent of z, ..., zy we may replace s;; = ry;. Further
using (3.40) we thus find that (3.55) implies
t
ye & L (N=1)/2 Z T rij  on Clzi].

The result now follows from Lemma 3.14. O

The action of the remaining affine generators Y]?’, j > 1,onC[z{]1®C[z2, ..., N8V

is more complicated, but we can do without them: in the one-particle sector the 5,
can already be diagonalised together with just Y. Indeed, Y7 o< Y| has eigenfunctions
Py (z1) =z € C[z1]. The (orthogonal) plane waves ev,, 2] = " giveall N = dim H,
(orthogonal) eigenvectors in the one-particle sector. Like for (1.64) the case n = 0O isa
multiple of the $I-descendant F,” |@)) coming from Ho. For | <n < N we get N — 1
vectors that have highest weight, at least for L. In Sect. 3.2.4 we will show that these
have pseudo highest weight for 4l too. This establishes (1.44) for M = 1 with v = (n).
(In this case the dependence of P, on the parameters drops out.)

General M. Now we turn to the proof of Theorem 1.7. We seek joint M -particle eigen-
vectors of the 8D by simultaneously diagonalising Y, for I < m < M on the subspace
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Clzi, ..., zm1®Clzmsts - - ., 2184 CC[z] in accordance with Sect. 3.1.1. In phys-
ical terms we think of zy, ..., z) as the coordinates of the magnons, which we treat as
distinguishable particles for the moment. Let us try to proceed as for M = 1. The start
is easy: the analogue of Lemma 3.15 for general M, 1 <m < M, is

Proposition 3.17. We have

N M
b .
Yr(r)z = Xm,m+1 """ XmM <Am(z) + ‘ZA/'(Z) a]lnjz Smj) < _Hfmrh)xml o Xmm—1
JM) m(#m)
on Clzi,....zm1 ® Clzpst, .., 21OV M,
(3.57)
where we recall that fim = 1/amm.

If m = 1 arbitrary g is included by postmultiplication with g, . The resulting operator was
used in [NS17] to construct ‘covariant’ Y-operators (q-deformed Heckman operators).
For m > 2, however, the g-shift acts after x,,1 - - - Xy m—1, cf. (2.17), affecting those
Xmm—unless g = 1, as for us.

Proof. As the x,,,y on the right preserve C[zy, ..., zpm] ® Clzp+1, - - -, zN]GN—M it
suffices to show that on this space

N b M
X M4 XN = (Am(z)+ DA ﬁsw-) [Twn- (338

j(>M) " i (#m)

This can be shown by a symmetry argument as for (3.55). The result will be of the form

N
Xm,M+1 " XmN = Cn(2) + ch(z) Smj -
Jj(=M)

As before we read off ¢, (z) = am m+1---amn = An(2) ]_[,,/Ef(#m) fmim, Where the
fmm compensate for the superfluous factors of a,,; in the definition of A,,(z). Next,

M
cM+1(2) = by vt amt, w2 -+ amt, N = A1 (2) O 1 /amsr,m) [ L zmy fust i
The remaining coefficients are obtained from this via conjugation by sp41, . O

Motivated by our findings for M = 1 we would like to recognise the kernel for
the g-shift in (3.58). However, as the proof of (3.51) shows the latter is only valid
when acting on polynomials (of sufficiently low degree). We therefore have to get rid
of the denominator of the product of fs in (3.58), which is the g-Vandermonde-type
product ]_[%I(#m)(t Zm — Zm). For M = 2 it is not hard to see that it suffices for the
polynomial to be divisible by 7 z; — z, where for ¥; one needs identity (3.62) below.
Let us show that in general we will need the polynomials that we act on to be divisible
by A; := As(z1, ..., Zm)-

Theorem 1.19 from Sect. 1.3.5 can be stated more precisely as

Theorem 3.18. For 1 <m < M

ve E (N=MRA Y AT on AClzy, ..., eV M CCley, L 2]
(3.59)



132 J. Lamers, V. Pasquier, D. Serban

Proof. The idea is to knead (3.58) into a form that allows us to use (3.51). We divide
the proof into four steps. It is instructive to keep the case M = 2 in mind; the extension
to arbitrary M is mostly a matter of bookkeeping.

Step i. Rewriting the coefficients. Let us first show that A, (z) and A j(z) in (3.57) may
on shell be replaced by (+¥~1/2 times) the coefficients of (3.51) with g ~» ¢’ = L.
Indeed, for j = m as wellas j £ m

e O s
Ajm 1Zj—2Zm H/I{V@gj)(Zj — Zk)

ov T NTD2Z N TIV Y — )

= - Z 3.60
N 1
— [(N=D/2 I Zm —Zk.
Ky Tk

Here the on-shell equality uses the first evaluation in (3.54). Importantly, the value of
the latter is independent of 1 < j < N. After all, by definition (3.39) evaluation takes
place after any permutation has acted. But permutations at most change the value of j
in (3.54), which doesn’t matter upon evaluation.

On shell (3.57) can therefore be rewritten as

N _q N N 1
e —_ t Im — Zk t Im — Zk
er :Vt(N 1)/zxm,m+1 "'me< 1_[ z ”iZ + Z 1_[ Z"iZ smj)
kGEm) <M Tk jemykpy Tk
M
X( l_[frmh>xml cXmm—1 on Clzi,....zm] ® Clzpsrs ..., an]SV M.

m(#m)
3.61)
Step ii. Pulling the Q-Vandermonde through. Next we show that the g-Vandermonde
factor ensures the denominators of the f;,; are cancelled, so that we stay in the world
of polynomials. For m > 1 we first need to move X, 1 - - - X m—1 through A;. Note that
Xm,m—1 commutes with A; /(¢ Zu—1 — Zm), Which is symmetric in z,,—1 <> 2, While

Xm,m—1 tzm—1—2m) = @m-1—1t Zm)x;n’m,] > = t_la (3.62)
where xi’j denotes (2.16) with # ~~ t'. To verify (3.62) recall that Xy m—1 = X,,_; ,, =
Sm—1 Trs(ill_l and check (7 Zy—1 — zm) "} T,E(ill (t Zm—1 — 2m) = —T,:lpfll, which can be
conveniently done on C[zy—1, Zm1®? & (t' Zm—1 — zm) Clzm—1, zm12.

For m > 2 we next move x;; n—2 through A; (t' Zm—1 — z2m)/(t Zm—1 — zZm). But
besides a factor of ¢ z,,_» — z,, the latter is symmetric in z,,_» < z,, SO we can argue
like before. Continuing in this way we see that

xm,l"'xm,m—lAl‘:"':At cee X

m,m—1-
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The denominator of ]_[m (4m) Jmin is now precisely cancelled by ]_[2':11 (t' zx — zm) along
with the factors ¢ z,, — z; stlll contained in A;:
2% — 1 Zm m—1
( Hfmm>At1"[ = H(Zk—zm> ]"[(zm—zz) A T ),
i (m) 12k = Zm I=m+1
(3.63)

where the caret indicates that z,, is to be omitted from the q-Vandermonde.

Step iii. Recognising the g-shift. On polynomials independent of zpz41, ..., 2N We
may, like for M = 1, replace the s, by 7,,,;. Comparing with (3.51) we just miss the terms
withj e {1,...,m—1,m+1, ..., M}. We observe, however, that (3.63) vanishes when

Zm = zk for any k # m: the factor A; does not only ensure that the sum in (3.61) acts on
polynomials, but moreover allows us to complete the sum to all valuesof 1 < j < N,
just as for the ordinary Haldane—Shastry model, see §3.3 in [BGHP93]. This allows us
to use (3.51) provided we act on polynomials of degree < N (including A;). Therefore
onClzy, ..., zm] N ™M+ Clzy, ..., z2m] ® Clzpats - - -, zv]S¥M we have

— M
eV (N—1)/2 N
Yo & = N2 it x| [k = zo) [ Jm — 2
k=1 I=m+1
—_— / !
X A (Tl o T e ey TM) X X -

Step iv. Pulling the Q-Vandermonde through further. Since

m—1
(=M
m n(Zk —Zm) ]_[(zm —z) = ]_[(t 2k = Zm) l_[(zm —12) 4
I=m+1 I=m+1
it remains to move X, 41 * * - Xy through
m—1 M M Z ‘7
— M—-1)/2 m — <]
At Tz [ [z —zm) [J@m =12 = (Y7024, [T 22—
tZm — 2
k=1 I=m+1 I=m+1

This is done like in step ii: except for the factor ¢ z,, — zp7, the latter is symmetric in
Zm <> zm, While X,y (2m — t 2m) = (t 2m — Zm) X,,,,- Hence

Xmmtl - XmM Ay l_[ . = = A Xl X
tZm — 2
I=m+1
Putting everything together we arrive at (3.59). O

The Y, are simultaneously diagonalised by the nonsymmetric Macdonald polyno-
mials E),, ¢’ =t = t~!. However, to make contact with the M-particle Macdonald
operators we need to act on symmetric polynomials, requiring conjugation by Ay/;. By
Lemma 2.3 this changes the parameters once more, see (2.39), where now N ~» M,
g~q =t"',1t~t =11 The new parameters ¢” = ¢’ =t ' and 1" = ¢'t' =172
are related as ¢” = "% fora = 1/2.

Upshot. On polynomials divisible by the symmetric square of the q-Vandermonde and
of degree less than N in each variable the operator e, (Y7, ..., Yy;) — in N variables,
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0 (2.37) does not apply for M < N — is transformed, on shell, to a quantum spherical
zonal Macdonald operator in M variables:

er(Yy, ..., Yi) At Ay q¢°=1,1°=t
L N=M2 Ny o (Y], Vi) vy on Clzy,..., o] SN T2MH2 ¢ =t =11
=P (N=2M+D/2 A, Ayyrer(Y], ..., Yy) on Clzy,..., y18M g ="V =1
(3.64)
The joint eigenfunctions of the e, (Y{’, ..., Y};) = D} (on valid on C[zy, ..., 2m]SM)

are Macdonald polynomials (Sect. 2.1.2). Using the latter’s invariance under simul-
taneous inversion of both parameters (§VI.4 (iv) in [Mac95]) we conclude that the
polynomials we set out to find are

Uy = A Ay Pl = A Ay PY o€ Clzy ozl L) <M, (3.65)

where finally ¢* = ** = 1, still for the quantum spherical zonal case « = 1/2. This
proves Theorem 1.7 from Sect. 1.2.3. Our derivation is valid provided P has degree
vi < N —2 M + 1 in each variable. This reproduces the motif condition, cf. the line
below (1.15).

3.2.4. Pseudo highest-weight property Let us show that our eigenvectors are pseudo
highest weight for 4/, i.e. that they are annihilated by the Chevalley generators E and

Fy F:?° that come from the C- -operator (see Sect. B.2). In the polynomial setting we have to

show that their simple component is annihilated by ElDOl and ff; Le from (3.29)—(3.30).
This is Theorem 1.9 from Sect. 1.2.4:

Theorem 3.19. The simple component of our eigenvectors have the pseudo highest-
weight property
EP'T, £ PP, 20 g ew) =M. (3.66)

Proof. The Chevalley operators (3.29) and (3.30) simplify further on shell: by (3.40)

we have
Epol & (N=2m+n/2 LY [N ]
M — ZSMJ Hme,

M—1

1,0 N]
a2 0 2e G (3 ) [ e

m=1

Note the symmetry from (3.47). As (3.65) is invariant under inverting ¢ the proof for the

two operators is parallel; we will give it for Ef‘),(;l. We use various ingredients from the
proof in Sect. 3.2.3.

The denominator of ]_[m fmm cancels with some factors of A; in (3.65). On functions
independent of zps41, ..., zy We can replace sy by ry; for j > M. Moreover, the
numerator of f,» vanishes if zjs is replaced by z,, with m < M, so we can again
complete the sum:

M-1

N
Epol ev (N 2M+1)/2[ 1 <Zer> l_lme on C[Zl,---,ZM]GM

j=l1 m=1
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When we act on polynomials that contain a factor of 1—[321:—11 (t zm — zm) to cancel the
denominators of the f,), the result will again be a polynomial. Now take ¢ = 0 in the
expressions (3.51) and (3.52) for the g-shift to get the ‘annihilator’

N N
A —Zk
0i= Z<l—[z-—z>rij on (C[Z],...,ZN]<N
j=1 Nk Tk
N
ev 1
= N rij.
Jj=l1
. . . . pol . +pol,o
Comparing this with our on-shell expression for £}, , and its analogue for F); ", we

see that on the intersection
N N
Ar(zis - zm) Az, oo zm) Clzr, ooz 1P N Clzy, -, zn] ™

the action of both of these operators is proportional to the annihilator 0y The latter can
be moved through (]_[m(<M) fmm) A¢ Ay and (]_[m(<M) fmm) A+ Avy:, which both
contain terms that do survive setting zps = 0. We conclude that on shell our eigenvectors
have pseudo highest weight for {Liff P has degree at least one in z7, i.e. iff £(v) = M.

O

To conclude we prove that the Drinfeld polynomial of the ﬁ-irrep determined by ¥,
from (3.65) is given by (1.38).

Proof of Proposition 1.5. We will compute the ratio of eigenvalues of A° (u) and 5°(u)
asin(1.53). Use the polynomial action (3.32) on our simple component (3.65) to calculate

M .

A"polo @ _ M2 l—l/lYm A A p*
v W, =1 H—l—tuYO t Ayt Py
=1

m

M
| — ((N=2M+1)/2 , y

_ M/2 m "

=177 A Ay l_[ | — ((N—2M+3)/2 , y7 P,
m

m=1

Mo (N=4M—-m)=2v,—1)/2

— M2

1 — t(N=4(M—m)—2v,,+1)/2 P
m=1
In the second equality we used (3.64) to move the symmetric combination of Y, through
the symmetric square of the g-Vandermonde factor, and in the second equality we used
(2.31) or (2.33) with N’ = M and ¢” = t~', ¢t = t~2. With the help of the identifica-
tion (1.15) between the partition v and motif u we thus obtain the eigenvalue

M
| (N =2un=1)/2
al(u) = tM/? 1_[ .
TNy

Concerning D°(u) we _can avoid the complicated formula (3.32) by exploiting the
quantum determinant of L7 («). By 4-invariance we may consider the pseudo highest-
weight vector |u). On this vector (2.53) and (3.24) together imply

/2 A°(—u)

qdet, L8 (u) 1) = (Z"(tu) Do) — o)m) =N T

[1)
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so the eigenvalue of D°(u) is given by
) A°(—u)

M — N/
= S T

a*(tu) L

Now compute the ratio in (1.53). First consider the empty motif, u© = 0. In this case
o®(u) = 1 and the only contribution comes from the quantum determinant,

a()(u) B t—N/Z A°(—1 u) B t_N/z N 1—I(N_2i+3)/2u

Ow) A°(—u) LT = =Dy,
i=
Hence PO(u) = A°(—u) = [, (1 — tN=24D/2 ) For any other motif we have to
correct the preceding by a factor of

M N—2u,,—1)/2 N=2un+1)/2
a”(u)a“(tu)thHI_t( o D L A
| 1—[(N_2,um+l)/2u l_t(N_zlim"'?’)/zu.

The numerator tells us which factors to delete from A°(—u), yielding (1.38). O
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A. Nonrelativistic/Isotropic Limit

A.l. Dunkl and Calogero—Sutherland limit. To facilitate comparison with the literature
on the Haldane—Shastry model let us review the nonrelativistic limit in some detail.
Setting g = t* and letting r — 1 the AHA generators (2.4) and (2.17) behave as

! Zi — Zi+l
1+ —1d+0@ — 12,

1 i i
e 1)(1 A . sl-)> +O( 1),

Y;
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where the trigonometric Dunkl(—Cherednik) operators [Dun89,Che91] are

N = N
1 Zi+2 1
d; ::az,-az,.+2 Zl—zj(l—s,,) Zsl'j+§ ZSU

JGD) J j=1 j=i+l
i—1 N
=z 0, + = (N—21+1)+ZZ -~ A=sip)+> ’Z (1 —sij)
i — - [

(A.1)
This is the basic representation of the degenerate AHA [Dri86,Lus89] whose relations
can be obtained by expanding (2.2) and (2.12) in # — 1. The s; obey the relations of Gy,
the d; form an abelian subalgebra, while the cross relations read

S,'d,'-d,'.,.]S,'Zl, S,'dj :djsi ifj¢{i,i+1}.

Note that shifts of the d; by a common constant, which do not change the relations, occur
in the literature. In [BGHP93] the (A.1), which act on the space of polynomials, were
called ‘gauge transformed’ Dunkl operators.

The nonrelativistic limit of the Macdonald operators D4 is obtained using

Ail<z>—1i—(r—1) Z
J (D)

N N
+_(t_1)z< Z(¢u+_>+zuu>+@0_lp
4 ! - i 2 — 7i —2j % —
J D J#k
(Fi)

along with (2.13) for ¢ = t“, noting that zl.z 822,- = z; 0 (z; 0;; — 1). The result is

1 .
Diyy=N=+({—1)aP™+ 5 (t—DX@HT" a0 P+ O — 1), (A2)

Here P™ =} j 2j 0z; is the nonrelativistic limit of (Dy — D_1) /2, giving the usual total

momentum operator in multiplicative notation z; = e?7i%i/L _(This operator also arises
in the semiclassical limit of Dy, cf. Sect. 3.2.1 and especially (3.38).) The combination
(D1 + D_1)/2 contains, besides the rest mass N (times m c?),

N N
i+

Heff,nr: 1‘8.2+k ! J 208, —z: 9, + et

Z([ :) Zzl'—z,-(l G 4 0) + €0

i=1 i<j

N N 1

= (zid —kZ(N 2i+ 1)z 9 k=—. (A3
i=1 i=1
N P
+2k — (2 0z — 2j 0,) + &y
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where 260 /k> = (§) + (§) = N (N? — 1)/6 are tetrahedral numbers. We recognise
(A.3)as the effective (gauge-transformed) Hamiltonian of the trigonometric Calogero—

Sutherland model [Sut71,Sut72] in multiplicative notation. In terms of (A.1) we have

N N
Zdi —« Pnr, Zdzz — 012 Heff,nr on (C[Z]6N.
= i=1

Joint eigenfunctions [Sut72] arise from Macdonald polynomials, cf. (2.35):

P @) = lim P@lg=rn: P (@) = my(2) + lower. (A4)

Here P)f“) are Jack polynomials in the (monic) ‘P-normalisation’ [Jac70,Mac95]. The

ground state is Po(a) (z) = 1 with energy &;". Schur polynomials arise in the special case
o = k = 1, where the particles are free, as is clear from the following.

The physical nonrelativistic Hamiltonian H™ is (1.19) with P;; ~» 1. It is obtained
by either of expanding the Ruijsenaars operators (2.36) at t = 1 or conjugating (A.3)
by the square root of the nonrelativistic limit—use (z; ¢)oo/ (qkz; §oo —> (1 — 2K as
q — 1—of (2.34),

i —Xj ’2k

up (z) = H(I_ZI/Z])_HZ‘Sm . zj=eN. (A.5)

i#] i<j

The square root of this measure is the ground-state wave functlon of H™, with energy
o= k2N (N?—1)/12.(Cf. Sect. 2.1.3: g9 = [N] = N+3 (t = 1)? & &} +(9(z—1)3

A.2. Spin-Calogero—Sutherland limit. For the ‘nonrelativistic limit’ ¢ = 1%, — 1, we
can use the results of Sect. A.1. We only need to determine the limit for the long-range
spin interactions from (3.20). This gives

Rb. % Rapejy = 14 > (r — 1?2« Z ﬁ (1= Pj)+0@ — 1Y%, (A6)
The first nontrivial terms conveniently appear at order (r — 1)2, so we just have to
add these to (A.3) in order to get the effective Hamiltonian of the trigonometric spin-
Calogero—Sutherland model. Conjugation by the ground-state wave function (A.5) yields
the physical Hamiltonian (1.19) derived in [BGHP93].

In this limit the physical space (3.3) describes bosons with spin-1/2 and coordinates z:

N-1
HY = ﬂ ker(Piiv1—si) = Hg@ Clzl=H/Ni=1 Nz = Z im(P; j+1—5i).
. N i=1
(A7)
Physical vectors in the M-particle sector acquire the simple form

> Stirei) B @ it i), B(2) € CLz] W< SN-u,

i<-<iy
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where s(;, i1V (@) = W(Ziy, ..., Ziys i - - -0 Zjy_py) With ji, labelling the compo-
nents of z not among the z;,, ..., z;,,. The eigenvectors are thus obtained by embedding
the eigenfunctions of the spinless (scalar) Calogero—Sutherland model, cf. Sect. A.1.

The spin-Calogero—Sutherland model inherits the quantum-affine symmetry of spin-
Ruijsenaars in the form of a (double) Yangian symmetry, which can be described more
explicitly than in the g-case, cf. [HHT+92]. The isotropic limit of the R-matrix, cf. (2.48),

1S
A+ P

Ru=1t") — ., t— L (A.8)

B. More About the Spin Side

B.1. Stochastic twist. In Sect. 2.2 we chose a particular representation of the Hecke
algebra on H = VN, Another, slightly different choice is often used too. Generalise
(2.40) to
(12
12 _ =172 4ef2
Sp .__
= t—6/2 0
12

(B.1)

Though this yields an action of $y on H for any value of € we will only consider
€ € {0,1}. If € = 0, as in the main text, T*P is symmetric (and hermitian if further
t1/2 € R¥) while for € = 1 its column sums are fixed. The two conventions are related
by a ‘gauge transformation’ or ‘stochastic twist’. Indeed, on V ® V we have

1/4

T®lemi =0 TPl 65, 62 := k' iy V* = diag(1, /Y4, 74, 1), (B.2a)

where we recall that k = 17 /2 = diag(tl/z, t~1/2). This extends to H as

N
s s — N-2i+1)/4
TPlemy = 08 T{Ple—o Oy, Oy = [ [ &V 2D (B.2b)
i=1

For € = 0 expressions are a bit simpler, yet € = 1 is nice from the following viewpoint:
it can be obtained from the polynomial Hecke action (2.4), as follows.!” Let us identify
the subspace C @ Cz = C[z]<2CC[z] with V* via | <> (1| (‘empty’) and z <> (||
(‘occupied’); the reason for the dual will become clear momentarily. Likewise, for N = 2
the subspace C[z1, z2]<2CClz1, z2] can be thought of as H* = V* ® V* under the
identification 1 <> (?1,z2 < (1], z1 < (I 1], z1 22 <> ({4 [. The operator Tlpo1 from
(2.4) preserves the total degree and thus this subspace, on which it acts by (2.40) for
e =1.

If we had used V and V ® V rather than their duals we would have obtained the
transpose of (2.40). This is related to the observation that the decomposition of V ® V
into eigenspaces V Q V = Sym,z(V) @ A%(V),

Sym?(V) = C 1) @ C(¢“*D/A1p)) + 17D 1 10) @ ClLL),
A(V) = C((TVA p )y — @D ),

17 We should point out x;; from (2.16) likewise yields P TP, the R-matrix of L[ up to a factor of 12 yet
the ‘physical condition’ from Sect. 3.1.1 does not imply that the two coincide on the physical space H.
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is somewhat unsatisfactory at ¢ = 1 in that ¢s feature in the g-symmetric (‘triplet’)
eigenspace, rather than the g-antisymmetric (‘singlet’) eigenspace as in the polynomial
case (2.8). However, the dual eigenspace decomposition is entirely analogous to (2.8)
when e = 1:

Sym7 (V) =C (1] @ C (=D (p 1+ (1)) @ C LU
ATV = C (=D (| =D (1))

In the remainder of this appendix we give the e-generalisations of the spin expressions
from the main text. The Temperley—Lieb generators (2.43) now feature

(B.3)

0
. t—l/2 _t6/2
e = —[_6/2 [1/2 . (B4)

0

For ¢ = 1 the column sums vanish: the matrix is stochastic. This plays an important
role in the connection with models in quantum-integrable stochastic models such as the
asymmetric exclusion process (ASEP) [GS92].

Inserting € as in (B.2) the action (2.46) of 4l on H becomes

N
SP_ Zt+€ (N—2i+1)/4k1 ki oF

i
i=1

K’ =ki-ky. (B.5)

N
s _ Zt—e (N=2i+1)/4 o kz_+1 k[;l’

Any operator that is {-invariant and annihilates (@] = (1 --- 1| is stochastic. Indeed,

N (N—n)/4

N
(11, 1) = (1 texp(ST) = Z Pl (E{e=1)”

then is a #-independent (left) eigenvector with eigenvalue zero. But acting on this vector
from the right is nothing but computing the column sums.

Now we move to the affine setting (Sect. 2.2.2). The (minimal) affinisation (2.47) be-
comes

mh the (N=-2i+1)/4 k— kl_—ll o,

1

KM=k ky'. (B.6)
th Zt+€ (N-2i+D)/4 , i+ki+l -k,

Baxterisation (2.48) gives the R-matrix

sp _ sp—1 €/2
R T T R Lo e A G
-

o
Ry =1 R fw) gl
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If ¢ = O the R-matrix is hermitian when /2 € R* and u € S'cC; fore = 1
its column sums equal unity. The monodromy matrix (2.54) is defined as before. Its
quantum determinant

qdet, L™ @u) = A(tu) D) — 197972 B(tu) Cu) = D@t u) Aw) — =979/ C(1 u) B(u)
= A@w) D(tu) — MO 2Cw) B(tu) = D) Atu) —t~ 12 By Ct u)

is, perhaps somewhat surprisingly, proportional to K fp when € = 1:

adet, Ly () = quet Ra,(u/z»—r’v/z]"[ — (KDY
i=1

Indeed, (B.2) holds for R too. But P 6, = 65" P so R(u) = P R(u) obeys R(u)|c=o =
6> R(u)|c—1 0. Thus qdet, Ryi (1)|e=1 = ki qdety Rai (1) |c—o since qdet 6, = k'/2.
Now we move to the spin chain. As any operator built from the Hecke operators or R-
matrix the spin-chain Hamiltonians inherit the property (B.2). For e = 0 the Hamiltonian
H'|"_, = H"|c—o is hermitian [Lam18]if #!/> € R*. Fore = 1, instead, it is stochastic.
The entries of our Hamiltonian depend on the coordinates z; and are complex in general,
soitis less clear how they can be interpreted as transition amplitudes; though probabilistic
models with complex weights have been considered in the literature [PRV20].
The choice € = 1 allows for a simple way to understand the very mild dependence of
the Hamiltonian on the sign of r'/? = q, reflected in the dependence of (1.44) ont = g2
rather ¢1/2. Indeed, the potential (1.22) clearly depends on ¢. The same is true for the
R-matrix (B.7) when € = 1. The Temperley-Lieb generator (B.4) for ¢ = 1 instead
acquires a sign if 9 — —q, while [N] — (=DN*L[N]. This proves that
L N L :

H ]quqz(—l) HY if e=1. (B.8)
The physical vectors (Sect. 3.1.1) change alittle as well. By (B.1) we now have TP | | 1) =
t€/214]) and (} 4] TP = +~¢/2(4 | |. Hence (3.11) becomes

Z 2Pt G 1w 1, w M)
weBN/(SyxSn_y)

and
S 2 g1, w M| T T2
weSN /(S yxEn-m)

where w = {iy, ..., iy} from (1.40) has length £(w) = Znﬂle(im —m).
Finally consider the crystal limit (Sect. 1.2.5). For € = 1 the limits

e J —elth) AL 1 oo,
2] (M) —elUD) (1], t—0,

are no longer diagonal to ensure stochasticity. This is inherited by the long-range spin

interactions, with a strictly triangular part when € = 1 that depends on j for S[l il and

on i for SE’ i The Hamiltonians thus acquire off-diagonal corrections to (1.54).
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B.2. Relation between presentations. Consider the six-vertex R-matrix

tu—1
(1=€)/2 ¢, _ _
. t (u—1) r—1
(M) (M) tu—1 (t N 1) u t(1+e)/2 (Lt _ l) s
tu—1

where we included € € {0, 1} in accordance with Sect. B.1. In Sect. 2.2.2 we consider
the monodromy matrix (2.54) for N sites with inhomogeneities z1, ..., znN,

L™ ) = L™ (u; 2) = Ran(u/zn) -+ - Ra1(/21). (B.9)

This operator obeys the RLL-relations, yielding a finite-dimensional representation of i
in the FRT presentation.

The Chevalley generators of the Drinfeld—Jimbo presentation arise by expanding in u
around 0 and oo. Viewed as a (formal) power series in #*! the R-matrix has the form

Ru) = t1=0/4}=0=92 L Ow) (1—1)o~ +O®)
(A—=tHuot+0®w?) 1H/4 14012 L O(u)
_ t—(l+e)/4 k(l+e)/2 + O(u—l) (1-— [_1) M_l o + O(M—Z)
"\ d=tHet+ow™y U092 L oW )

(B.10)

where k = diag(zl/ 2 +=1/2y, (If we had removed the denominator of the R-matrix
these would correspond to the highest and lowest orders in u.) Consider the Gauss
decomposition of the monodromy matrix likewise expanded in u*! to get two operators

L = (AT BTN _ (1) (kg 0 10
W=\ ctw prw) “ o 1 )\ 0 kEw) \efw 1)
For (B.9) use (B.10) to recover the ﬁ-representation (B.5), (B.6) at the lowest order:

e+,Sp(u) — _t7€ (N+1)/4 (t _ 1) u K(l)nl’l F(;l’]l’l + O(MZ)’

f+,sp(u) = 7€ (N+1)/4 (tl/2 _ t—1/2) FISP + O(M),

kg ) = r1-O N (o) (=2 +O),
KPP () = (FON/A (e Py 1+)/2 +Ow),
and
e~ P(u) = 1~ VDA (12 _ =172y P +O@™h,
) = VA 1 B (R 0,
Ky P (u) = ¢+ N/ (K(i)nh)*(“e)/z +O@™h,
) = -0V () -0 ~0u™,

See also Appendix A of [JKK+95b], which contains the Drinfeld presentation via cur-
rents as well.
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C. Glossary

The symbols in this glossary are ordered (approximately) alphabetically according to
the English spelling of its pronunciation; for example, w can be found under ‘o’

A(u) quantum operator (entry of L,(u)): (1.53), (2.51), (3.32)
ajj =a(zi/zj), a(u) = l/f(u) rational function: (2.6)
affine Hecke algebra (AHA) Hy = Oy (t1/2): (2.12), (2.18)
Ay(z),Aj(z), A_1(z), A_;(z) coefficients of Macdonald operators: Sects. 1.3.2,
2.1.2,3.1.2
a = 1/k Jack parameter (p = q*%, g = t%): Sect. 1.1.4, Fig. 5, Appendix A
a, B compositions
at corresponding partition
at(u) eigenvalue of A(u): (1.38), Sect. 3.2.4

B=H physical (g-bosonic) space: Sect. 1.3.1, Sect. 3.1.1: (3.3), (3.6), (3.9)
B(u) quantum operator (entry of L,(u)): (1.53), (2.51), (3.32)
bij :=b(zi/zj), b(u) = —g(u)/f (u) rational function: (2.6)

C(u) quantum operator (entry of L, (u)): (1.53), (2.51), (3.32)

Clz] := Clz1, - .., zn] ring of polynomials: start of Sect. 2.1
Clzly :=Clz1, ..., zN]GMXGN—M polynomial analogue of Hs: (3.12)
(C[z]GN =Clz1, ..., zN]GN ring of symmetric polynomials: start of Sect. 2.1,

(2.11), 2.21)
x =M1 = diag(0,0,1,0) : Sect. 1.2.5
Chevalley generators: (2.44)—(2.45), start of Sect. 2.2.2, Sect. B.2
Ejnh, pinh | ginh minimal affinisation: (2.47), (B.6)
ESF, F,", K" with Y; instead of 1/z;: (3.25)
Eﬁ;l, ff,;)l, fffl its induced action on polynomials: (3.26), (3.28), (3.30)
Eip, F fp, K fp spin representation: (2.46), (B.5)
EP' PP kP its induced action on polynomials: (3.26), (3.27), (3.29)
= -|4=1 classical limit: (3.34): Sect. 1.2.4, start of Sect. 1.3.4, Table 4, (3.34)

coordinate basis iy, ...,iy)) = o 0, [T - M) (1.13)

D(u) quantum operator (entry of L,(u)): (1.53), (2.51), (3.32)
Sy =M —1,M —2,---) staircase partition of length M — 1: (1.15)
A;(z) g-Vandermonde polynomial: (2.9)
A(u) generating function of Macdonald operators: (2.20)
A(u) its spin-generalisation: (3.21)
8 :=09/0qly=1 semiclassical limit: start of Sect. 1.3.4, (3.34)
8" (u) eigenvalue of A(u): (1.38), Sect. 3.2.4
d; Dunkl operator (nonrelativistic limit of ¥;): (A.1)
dominance order: (2.30)

D, Macdonald operators: Sect. 2.1.2
Dir their spin-generalisations: Sect. 1.3.2, Sect. 3.1.2
Di‘,“ Ruijsenaars’s hermitian form: (2.36), (A.3)
their eigenvalues A, (X): (2.33), Sect. 3.2.1
their nonrelativistic limit: (A.3)

Drinfeld polynomial P*(u): (1.38), (1.53), Sect. 3.2.4
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E,(2) := E4(z; q,t) nonsymmetric Macdonald polynomial: (2.31)
E®(u) spin-chain energy
EM () for Hf““ (H" + H®)/2: Fig. 4, (1.32)
E™(n) for H* = Hi: (1.28), Fig. 4, Sect. 3.2.1
E™S(u) for Haldane—Shastry: (1.7)
E,(u) for H.: (1.78), cf. (1.80)
ER(uw) for HR = Hy_1: (1.30), Fig. 4, Sect. 3.2.1
E?: see Chevalley generators
e (e?p) (spin representation of) Temperley-Lieb generator: (1.26), (2.42)—(2.43),
(2.58)
e, (2), e,(2) elementary symmetric polynomials: (1.65)
e, (Y) elementary symmetric polynomials in the Y;: (2.20)
its evaluation: (3.53)
€ € {0, 1} parameter in Sect. B.1
&*(m) spin-chain dispersion: see E*®
(@) =111 pseudovacuum see li1, ..., im)
Ve © 2 i — o/, w = e2™/N  evaluation: (1.2), (3.39), (3.53)—(3.54)

01 02 on-shell equality
F?: see Chevalley generators
fij == f(zi/zj), f(w) = 1/a(u) rational function: (1.23), (2.49)
G g-translation operator: (1.34), Proposition 3.11
G its crystal limit: (1.59)
gij = 8(zi/z;), g(u) = —b(u)/a(u) rational function: (1.23), (2.49)

H:=VON vV :=CI|1)®Cl|]), spin-chain Hilbert space: start of Sect. 1.1, start
of Sect. 2.2
Hy = ker[SZ — (%N — M)] its M-particle sector (weight space): (1.12)
‘H* joint eigenspace of abelian symmetries, irrep for nonabelian symmetries:
_ Sect. 1.2.2
'H = B physical (g-bosonic) space: Sect. 1.3.1, Sect. 3.1.1: (3.3), (3.6), (3.9)
Huy its M-particle sector (weight space): (3.10), (3.12)
H“r its nonrelativistic/isotropic limit: (A.7)
H[z] =H®C[z1,...,zyn] its ambient vector space: (3.1)
H*® Hamiltonian
Her effective Calogero—Sutherland: (A.3)
H' = (H" + H®)/2 g-deformed Haldane—Shastry (full Hamiltonian): (1.31)
H" = H; g-deformed Haldane-Shastry: (1.20), (3.41)
H" its crystal limit: (1.54), (1.55)
its braid limit: (1.33)
its stochastic version: Sect. B.1
__its symmetry in q — —Q: (B.8)
H"™ spin-Calogero—Sutherland: (1.19)
H"™ (g = 1) Haldane—Shastry: (1.3)
HR = Hy_1 Q-deformed Haldane—Shastry (opposite chirality): (1.29), (3.44)
HR® its crystal limit: (1.54), (1.55)
H, higher Hamiltonians: (1.77), (1.79)
H**2 Heisenberg Hamiltonians: Sect. 2.2.3, cf. (1.33)
Oy = S')N(tl/z) Hecke algebra: (2.2)
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Ay = Hn(t!/2) affine Hecke algebra (AHA): (2.12), (2.18)

lit, ..., im) = Gi|_ . Gi; |1 --- 1) coordinate basis: (1.13)

{it,...,im} € Gn/(Gy x Gy_py) Grassmannian permutation: (1.40), (3.11)
induced action on polynomials: : Corollary to Proposition 1.15, (3.13)

Jack polynomial: see P)fa)(z)
K: see Chevalley generators
k =172 = diag(¢'/?, t=1/?): Sect.2.2.1
k = 1/a reduced coupling (p = q**, g = t'/%): (1.19), Appendix A
L-operator: Sect, 2.2.2, Sect. B.2
Ly(u) =evy, Ly (1) for g-deformed Haldane—Shastry: (1.50), (1.51), (3.46)
L") = Ryn(u/zn) - - - Ra1(u/z1) for inhomogeneous Xxz: (2.54), (B.9)
Za (u) = Run(uYn) - Ry1(uYy) for spin-Ruijsenaars: (3.22), (3.32)
A partition
A = u* (conjugate) partition associated to u € Mpy: (1.63)
|A] ==Y A; its weight
A > v dominance ordering: (2.30)
A, (L) eigenvalues of Macdonald operators: (2.33), Sect. 3.2.1
(), £(A) length (number of nonzero parts)

M -particle sector (weight space)
of spin-chain Hilbert space Hys := ker[SZ - (%N - M)]: (1.12)
of physical space ﬁM: (3.10), (3.12)
m; (z) monomial symmetric polynomial: (1.66), cf. (2.35)
My set of all motifs (for N sites): (1.5)
Macdonald operator: see D,., Sect. 2.1.2
Macdonald polynomial: see E(z) (nonsymmetric), P; (z) (symmetric)
monodromy matrix: see L-operator
uw € My motif: (1.5)
ut=1=v+ 2 8¢y corresponding partition: (1.15), (1.63)
|| == > w; its weight
|;) our pseudo highest-weight eigenvectors: (1.43), (1.44)
|m) crystal limit of |u): (1.62)
tq,:(z) Macdonald measure: (2.34), (2.36)
Mg (z) its nonrelativistic limit: (A.5)

N number of sites/particles

[7] Gaussian integer: (1.21), (2.1)

v partition associated to u € My: (1.15)

w = e>™ /N | primitive N'th root of unity
pj1y51cal operator: Sect. 1.3.1, end of Sect. 3.1.1
0° = 0| —1 its classical limit: (3.34)

50 = 80/8q|q 1 its semiclassical limit: (3.34)

or! m.a its induced action on polynomials: Corollary to Proposition 1.15, (3.13)
on shell (upon evaluation): see ev,,

p(n) g-momentum (setting the eigenvalue of G): (1.60)
P = g parameter: see q
P;j = (1+0;-Gj)/2 spin representation of permutation: start of Sect. 1.1
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P, (z) := Py(z;q,t) (symmetric) Macdonald polynomial: (2.32), (2.33), (2.35),
Fig. 5
P (2) its Jack limit: (1.16), (A.4)
P} (z) := Pp(z; t, 12) its quantum zonal spherical special case: (1.44), Sect. 1.2.6,
(3.65)
P(2), pr(z) power sum: (3.49)
P#(u) Drinfeld polynomial;_(1.38), (1.53), Sect. 3.2.4
physical (g-bosonic) space H = B: Sect. 1.3.1, Sect. 3.1.1: (3.3), (3.6), (3.9)
physical operator: Sect. 1.3.1, end of Sect. 3.1.1
physical vector: (1.68), (3.11)
pseudo highest weight (/-highest weight): Sect. 3.2.4
Wy (i1, -5 im) = (i1, ..., i) wave function for |u): (1.43), cf. (1.47)
W, (z1,...,2m) polynomial determining pseudo highest-weight vectors: (1.44),
(3.65)
|\T1(z)) physical vector: (1.68), (3.11)

q = p parameter: start of Sect. 2
its physical interpretation: start of Sect. 1.3.2, start of Sect. 1.3.4, start of Sect. 3.2,
Appendix A
q° =1 its classical value: Sect. 1.2.4, Sect. 1.3.5, (3.64)
gi : zi > q z; difference operator (g-shift): (1.69), (2.13), (3.51), (3.52)
g* = (t")'/? =t its quantum zonal spherical value: Theorem 1.7, Sect. 1.3.5,
Fig. 5, (3.65)

q = t!/? deformation parameter: see t

g-deformed Dunkl operator: see Y;

g-momentum (setting the eigenvalue of G) p(w): (1.60)

g-translation operator G: (1.34), Proposition 3.11

g-Vandermonde polynomial A,(z): (1.44), (2.9)

qdet, L,(u) quantum determinant: (2.53), (2.55), (3.24),

Tmj : Zm +> zj replacement map: (3.50)

R (u) R-matrix (braid-like form, homogeneous gradation): (1.23), (2.48), (B.7)
Ru)="P Ié(u) R-matrix: (1.50), (2.54), (B.9),
Ry = s,,-1 s (3.16), (3.17), Lemma 3.9, Proof of Proposition 3.11

semiclassical limit 6 := 0/0q|y=1: start of Sect. 1.3.4, (3.34)
Si = Sii+l : Zi <> zi+1 generator of Gy in polynomial representation: start of

Sect. 2.1

o*, 0% Pauli matrices: start of Sect. 1.1, (1.8)
s{% := s; Rii+1(zi/zi+1) generator of Gy in diagonal representation on H[z]:
(3.8)

S[Liyj], Sﬁ,j] g-deformed exchange interaction: (1.24), (1.27), (1.29)
sy Schur polynomial: (1.61), (1.67)

simple component (1, ..., M|¥): (3.12), Sect. 1.3.1

Gy symmetric group: start of Sect. 2.1.1

S*, 8% (spin representation of) generators of slp: (1.8)

t = g deformation parameter: start of Sect. 2
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its physical interpretation: start of Sect. 1.3.2, start of Sect. 1.3.4, start of Sect. 3.2,
Appendix A
t* = (q")2 = £2 its quantum zonal spherical value: Theorem 1.7, Sect. 1.3.5,
Fig. 5, (3.65)

T; Hecke generator: Sect. 2.2.1

TP its polynomial (Demazure—Lusztig) representation: (1.41), (2.4), (2.7)

1

Tl.Sp its spin representation: (2.40), (B.1), (1.33)
Ti“’t its diagonal representation (on H[z]): (3.5)

TN (B) Temperley—Lieb algebra: (2.42)
U= Uq(sl) quantum slp: (2.44)

-~

U= Uq(L gh) = Uc/1 (@12)¢=0 quantum-loop algebra of glp: Sect. 1.2.2, Sect. 1.2.4,
Sect. 2.2.2

V=C|1)® C||) one-site Hilbert space: start of Sect. 1.1, start of Sect. 2.2
V(zi, zj) potential: (1.22), Fig. 3, proof, (3.36)
w € Gy permutation
x;j triangular building blocks of the Y;: (1.49), (2.16)
Y; g-deformed Dunkl operator (Y-operator): (1.75), (2.15), (2.17)
its eigenvalues: (2.31)
Y? its classical limit (no difference part): (1.49), Sect. 3.2.3

o

2% =z{"---Z3 monomial:

its (dominance) ordering: (2.30)
0; annihilator: Sect.3.2.4
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