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Abstract: In this article we consider large energy wave maps in dimension 2+1, as
in the resolution of the threshold conjecture by Sterbenz and Tataru (Commun. Math.
Phys. 298(1):139-230, 2010; Commun. Math. Phys. 298(1):231-264, 2010), but more
specifically into the unit Euclidean sphere S"~! ¢ R”" with n > 2, and study further
the dynamics of the sequence of wave maps that are obtained in Sterbenz and Tataru
(Commun. Math. Phys. 298(1):231-264, 2010) at the final rescaling for a first, finite or
infinite, time singularity. We prove that, on a suitably chosen sequence of time slices
at this scaling, there is a decomposition of the map, up to an error with asymptotically
vanishing energy, into a decoupled sum of rescaled solitons concentrating in the interior
of the light cone and a term having asymptotically vanishing energy dispersion norm,
concentrating on the null boundary and converging to a constant locally in the interior
of the cone, in the energy space. Similar and stronger results have been recently ob-
tained in the equivariant setting by several authors (Cote, Commun. Pure Appl. Math.
68(11):1946-2004, 2015; Cote, Commun. Pure Appl. Math. 69(4):609-612, 2016; Cote,
Am. J. Math. 137(1):139-207, 2015; Cote et al., Am. J. Math. 137(1):209-250, 2015;
Krieger, Commun. Math. Phys. 250(3):507-580, 2004), where better control on the dis-
persive term concentrating on the null boundary of the cone is provided, and in some
cases the asymptotic decomposition is shown to hold for all time. Here, however, we do
not impose any symmetry condition on the map itself and our strategy follows the one
from bubbling analysis of harmonic maps into spheres in the supercritical regime due to
Lin and Riviere (Ann. Math. 149(2):785-829, 1999; Duke Math. J. 111:177-193, 2002),
which we make work here in the hyperbolic context of Sterbenz and Tataru (Commun.
Math. Phys. 298(1), 231-264, 2010).
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1. Introduction

1.1. Wave maps into spheres. We discuss here some facts, important for our argument,
regarding smooth wave maps with target the Euclidean sphere. For a broad introduction
to the subject, we shall refer the reader to the monograph of Shatah and Struwe [24].

Wave maps are smooth maps ¢ : I X R2 — R”, defined on some time interval I C R,
taking values in the sphere S"~! c R”, which concretely means:

P'p=1, ¢'V, ¢ =0, (1.1)

with the evolution @[] := (¢ (¢), 0,9 (¢)) € T(S"~ 1, taking values in the tangent bundle
and belonging to the space C,O(I ; Hxl) N C}(I ; L)%), governed by the equation:

O¢ = —¢dud 8“9, (1.2)

where the D’ Alembertian is given by 1 := 9,0% = —8,2 + A,. Note our convention
here is that we are summing over repeating indices, where « is running from 0 to 2,
with 99 = 9; and 3° = —3; as we will be always raising the indices with respect to the
Minkowski metric 1 = —dr®? + dx1®2 + dx?2 on R?*! unless clearly stated otherwise.
We recall that equation (1.2) is invariant with respect to the scaling:

¢(t, x) —> ¢p(At, Ax),

for any A > 0, and also any space-time translation.

Let us mention a few important conservation laws associated to the above evolution.
Firstly, recall that the energy of a wave map at time 7y € I, scale invariant in dimension
2+1, is given by:

1 1 2
Ellto) = 5 /R N0 @) +1Vep (o) dx = = |Vicd (o)1
and a conservation of energy law holds:

El@l10) = E[@1(11), (1.3)

for any tg, 11 € I. Secondly, as the target is the Euclidean sphere S"~!, equation (1.2) is
equivalent to the conservation law:

3% (pdud” — dupp”) = 0, (1.4)
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which is a consequence of Noether’s theorem and the symmetries of the sphere (and simi-
larly for other homogeneous Riemannian manifolds, but we shall focus on the sphere here
for simplicity), recalling that wave maps are formally critical points of the Lagrangian:

L(p) := / 3¢ dypdrdx, (1.5)
R2+1

of which (1.2) is the Euler-Lagrange equation. The use of (1.4) means however, that
some of our arguments do not directly generalize to the case when one has an arbitrary
closed Riemannian manifold as a target.

Another consequence of the variational point of view and Noether’s theorem, is that
smooth wave maps enjoy the stress energy tensor:

T (6] e 80t L avet
aﬂ[¢] =0y aﬁ¢ - Eﬂaﬂa 0] ay‘f” (1.6)

being divergence free:
3" Typlg] =0, (1.7)

and the energy conservation law (1.3) is in fact obtained by contracting 7' [¢] with 9,
and using (1.7) with Stokes’ theorem in [f9, #1] X R2. As we shall see later, many other
monotonicity and Morawetz type estimates, very important in the blow-up analysis of
large energy wave maps, are obtained in this way.

Finally, closing our presentation of wave maps, we remark that the Lagrangian L is
Lorentz invariant which implies that, after composition with Lorentz transformations,
the map still solves Eq. (1.2) and in particular the conservation law (1.4) also stays true.

1.2. Statement of the main result. Before presenting our main result, let us set up some
notation. As usual, for two positive quantities A and B we will be writing A < B if
A < C - B for some implicit constant C > 0 whose dependence should be clarified
when necessary. We also write A ~ B whenever the additional estimate B < A holds.
Similarly, for the O-notation, we set A = O(B) with A not necessarily positive this
time, if |A| < C - B.

Regarding the asymptotic notation, arising in various statements of the soliton de-
composition below, we write ox(A), as v — +00 in the background with X some
Banach space (typically a Sobolev space), for a sequence of elements f, € X with
lfully < cy- A wherec, | 0. In the same spirit, we will write A, < B, whenever
A, /B, — 0 holds.

By By, (x0) C RR2, we will be always referring to a spatial open ball of radius ry > 0
and center xo € R?, whereas in space-time our basic domains should be light cones. We
denote the forward light cone by:

C:={tx):0=<t,r=t}, r:=]Ixl,
and the restriction to some time interval I, as well as time sections, by:
Cr:=Cn{ xR, 8, :=Cn () xR,

respectively, with 0C; := {(¢, x) : t € I, r = t} standing for the lateral boundary, to
which we usually refer as the null boundary. Given some § > 0, it will be convenient
also to set C? := (8,0) + C, with the convention that cY stays for Us=0C?, the open
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interior of C. Accordingly, we have C‘IS = C;NC?, Sfo =8N C%andif s > 0, BC‘IS
for the lateral boundary of C‘IS.

We recall now the set-up from [27] (which of course holds for any closed Riemannian
manifold as target, but we restrict ourselves to the case of S"~! for the sake of consis-
tency). By the finite speed of propagation, translation and scaling invariance properties,
we shall restrict ourselves to the forward light cone C on which it is convenient to study
at the same time both scenarios: the finite time blow-up at the tip of the cone, as well as
the problem of scattering as t — +00. Hence, we can assume that we are given a wave
map ¢ on C, smooth up to but not necessarily including the origin (0, 0), and satisfying
the energy bound:

1
Esy 181 = 3 |Vexd 125, < €. Vio € 10, 00), (1)

where £ is an arbitrarily large but fixed for the rest of the paper bound on which most of
our constants will depend. Let us introduce here the notation for the energy of the wave
map ¢ over some domain U C R>*! at the time slice {r = #o} setting:

1
&wmw:if

2 1 5
P ’Vt,x¢(l0)| dx = 7 ” Vix®(to) HLZ(Uﬂ{tzto}) ,

or simply £y [¢] when there is no ambiguity, as for example with ES,O [¢] above. For the
latter quantity, we recall the important monotonicity property:

s, l9] = &, (@] for 19 <11,

which is obtained, as the conservation of energy law (1.3), contracting the stress energy
tensor 7 [¢] with d; and using (1.7) with Stokes’ theorem, this time however applied in

Clio.11> 81ving:
Es, [P] = Frp.mlel +Es, (@1, Fiig,mil]

IR N
= ild +5}r 39¢‘ dA, (1.9)
BC[,O,,I]

where F;,.1,1[¢] s called the flux of the wave map from #; to fy, and L is part of the null
frame:

L::3t+3,, L::at_ar.
The monotonicity property and the global bound (1.8) enable us to define the limits:

& :=1im &g, [@], Ex 1= lim Es,[],
110 t1oo

and imply that Fs, ;1[¢] 4 O as 1y, #; both tend to zero or infinity. The latter can be
used, together with the angular part of F; ;1[¢] from (1.9), to construct, given any
& > 0, an extension of ¢ outside the cone C on (0, #y] for 7y = #p(e) small enough, and
on [fx, 00) for 1o, = fxo(¢) large enough, solving the wave maps equation (which is
possible by finite speed of propagation, hence we shall slightly abuse notation denoting
those extensions by ¢) such that:

Elpl) — Es,[p] = €€, Vi € (0,10] U [teo, 00),
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see Sections 6.1 and 6.2 in [27]. By the small energy theorem of Tao [28], if E[¢](10)
can be chosen small enough, then & = 0 and ¢ can be extended to a smooth wave
map for all time (this guarantees also that the above extensions are smooth everywhere
except possibly (0, 0), even if Es, [¢] is large, provided ¢ > 0 was chosen small enough
initially).

Moreover, via a continuity-iteration-renormalization argument, ¢ is proved in [28]
to belong to a space S C C? I 1-'1xl) ncHi; L%), implying control in all the Strichartz
spaces amongst others, in which well-posedness for the Cauchy problem (1.2) can be
established. We discuss this more precisely with further references later in Sect. 2.2.
Here, we should mention that, following the terminology of Sterbenz and Tataru [27],
we will say that scattering holds if:

¢ €S,

noting that, strictly speaking, this means that ¢ behaves like a linear wave as t — £o00
after applying the microlocal gauge (if small energy, see [28]) or the diffusion gauge
(necessary if large energy, see [26]). We refer the reader to the structure theorem of
Sterbenz and Tataru in [26], Proposition 3.9 there, for further information. Let us take
the opportunity here to remark that, if the target manifold is a hyperbolic Riemann
surface, then scattering in the classical sense was established by Krieger and Schlag [15]
for wave maps in the Coulomb gauge. For the hyperbolic spaces, this was achieved by
Tao [29] using the caloric gauge. Therefore, if £[¢](f~) could be chosen small enough
for some extension we consider the scattering problem for ¢ as ¢+ — +o0o resolved.

Once energy gets large, blow-up can occur and the first examples of finite time
singularity for equivariant wave maps into S* were constructed by Krieger, Schlag and
Tataru [16], as well as Rodnianski and Sterbenz [22] and also Raphaél and Rodnianski
[20], where, as for the harmonic map heat flow, the mechanism behind the singular
behavior was concentration of a non-trivial harmonic map. More generally, the wave
map ¢ could have concentrated at the origin at least one soliton: these are defined to be
finite energy smooth maps  : R**! — §"~! solving the wave maps equation (1.2) and
satisfying:

Xw =0,

for some constant time-like vector field X on R**!. In particular, precomposing  with
a Lorentz transformation W that takes d; to X, we obtain a finite energy harmonic map
from R? steady in the time direction which, upon extending over spatial infinity using
the removable singularity theorem of Sacks and Uhlenbeck [23], gives a harmonic two-
sphere w o W : R x §? — §"~! familiar from the bubbling analysis of harmonic
maps and heat flows. Let us note here that this last point of view enables us to set
w(00) := lim|y|— o0 @ (¢, x), which is well-defined and independent of time ¢ chosen.

The threshold conjecture, resolved by Sterbenz and Tataru [26,27] (for closed Rie-
mannian manifolds), Krieger and Schlag [15] (for hyperbolic surfaces) and Tao [29] (for
hyperbolic spaces of any dimension), predicts that concentration of solitons is the es-
sential mechanism behind blow-up. That is, if &), £ are less than the energy threshold
below which every harmonic two-sphere is constant, then one has regularity at t = 0
and scattering as t — +00.

One of the central difficulties in establishing this conjecture in the general non-
symmetric situation was that relying only on standard Morawetz type estimates obtained
from the stress energy tensor, it was not possible to get a non-trivial amount of energy
concentrating within the light cone required to produce a non-constant soliton. As far
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as the program of Sterbenz and Tataru is concerned, the breakthrough was made in
[26], where they obtain that, on top of concentrating energy, the map must concentrate
a non-trivial amount € () > 0 of the BMO type energy dispersion norm.
That is, if:
SI;P 1Pkl L22 (0.101UL100,00)) < €(E), (1.10)

where Py stands for the Littlewood—Paley projection, then:

and the map extends smoothly to a neighborhood of = 0 (we shall state a slightly more
precise version of this theorem in Sect. 2.2). This is a large data result and is proved in
[26] via an induction on energy argument.

Let us note here, as an aside, that the program of Krieger and Schlag [15], as well as
the one of Tao [29], proceeded via a different induction on energy argument and without
any smallness assumption as (1.10). As there are no non-constant solitons for the targets
considered there, one obtains global regularity and scattering for arbitrarily large data
in those cases. We point out, on the other hand, that the concentration-compactness
techniques used in [15] can also lead to a fruitful study of the formation of solitons,
as was demonstrated so far for equivariant wave maps in [1-4,13]. In the present work
however, we shall adopt a more direct approach, staying closer to [26,27], see Sect. 1.3
for a detailed summary of our strategy.

In Sect. 3.2, we will briefly discuss results from [27] that convert concentration of
energy dispersion into concentration of a non-trivial amount of time-like energy, as
this is how, arguing by contradiction, we get the energy dispersion norm of the term
concentrating on the null boundary asymptotically vanishing. On the other hand, the
fact that arguments in [27] give that only some energy is prevented from escaping into
the null boundary at a finite time singularity is a serious obstacle to controlling null
concentration further. In fact, techniques dealing with this phenomenon would have to
strengthen [26,27] considerably in this situation, if not giving a wholly alternative proof
to the threshold conjecture (which we shall not attempt in this paper).

Theorem 1.1 (Sterbenz and Tataru [26,27]). Suppose that the wave map ¢ is singular
at (0, 0), respectively ¢ ¢ Sltoo, 00) for any extension as discussed above, then there
exists a sequence X, |, 0, respectively AS° 1 oo, the so-called final rescaling, such that
setting:

du() == (10, respectively ¢ (1),

1
we can find a sequence of concentration points (t,, x,) € C [21 o) and scales r, | O,
for which:

11
by (ty + 1ot Xy +15%) —> w(t,x) in (H} Do ([—5, 51 % RZ),

for some non-constant soliton w.

We shall describe in detail the final rescaling ¢, at the beginning of Sect. 3, see Lemma
3.1. In our main theorem, we study this sequence further, carrying out a blow-up analysis
for it and establishing an analogue of the energy identity from the bubbling analysis of
harmonic maps and heat flows (and many other geometric variational problems), see for
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example the works [5,17,32] and the references therein for the critical regime, and for a
supercritical situation the papers of Lin and Riviere [18,19], which are of closer flavor
to the arguments presented in this paper.

Theorem 1.2. Upon passing to a subsequence for the wave maps {¢,},cn obtained in
Theorem 1.1, or abstractly those satisfying the conclusions of Lemma 3.1, we have:

e Blow-up analysis for asymptotically self-similar sequences of wave maps: There
exists a non-trivial finite collection of time-like geodesics o1, ..., 01, emanating
from the origin in Minkowski space R**', along which the maps concentrate some
threshold e; > 0 of energy:

liminfSBr(gi(,))[qﬁ,,] >¢e Vtell,2], Vr>0, i=1,...,1,
V—00

where we are writing 0; (t) := 0; N S;, and the maps converge locally to a constant
away from o; in the interior of the light cone:

¢, —> const. on Cﬂ,z]\ Ui oi,

locally in CO(HY) N} (L?).

e Dispersive property for null-concentration: The parts of the maps ¢, that get con-
centrated on the null boundary 0C have asymptotically vanishing energy dispersion
norm, that is fixing the constant:

I
80 = Edlst(Uiin aC[l,Zl)’

24, . .
the maps ¢, on C[t0—50»t0+50]\C[too—ao,t0+80] admit extensions @y, to [ty — o, to + 8] X

R?, for each ty € [1 + 89,2 — 8], solving the wave maps equation on this short, but
independent of v, time interval and satisfying:

Vix@w —> 0 in COLY)10e (([to — 80, 1o + 0] X Rz)\ac[t()f&o‘towo]) ,

and lim sup sup (271‘ | PeV: x| =0:

v00  k L?,'}[lo—éo,toﬁol)

e Asymptotic decomposition: We can find a sequence of time slices:
{tV}UEN C [1 + 805 2 — 80]5
on which there exists a non-trivial collection of J = J({t,}yen) S¢ 1 sequences of
points al € R?, |a1{| < t, — 580, with associated scales ) yO0forj=1,...,J,
satisfying:
i J i j2

byt e el

A A A
as v — +o0o for distinct i # j, such that:

J

/ t—t, x—a)
¢,,(t,x)=2(wj( , - )—a)j(oo))+w,u’v(t,x)+0HX|X@(1) on S,

J J
= Ay Ay
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where w; : R — §"~1 are solitons for which:
bu(ty + it al +1)x) — j(t,x) on R*'\ U, o}, (1.11)

locally in C?(Hxl) N C,1 (L%), for a finite collection, q = 1, ..., q(w;, &), of parallel

time-like geodesics Qé.

Remark 1.3. In other words, we have energy quantization in the interior of the light cone
for wave maps into spheres. This is a little first step towards understanding the soliton
resolution conjecture for the (2+1)-dimensional wave maps equation with target " !,
It states that in addition, such a decomposition should be unique holding for all time and
that @, , should have asymptotically vanishing energy in the case of finite time blow-up
(we note that this is guaranteed in the equivariant case by the well-known exterior energy
estimate, see [24]), or correspond to the scattering part of the wave map in the case of
global existence. Some further estimates, following directly from the work of Sterbenz
and Tataru [26,27], regarding the terms @, , can be found in Remark 2.6 and Sect. 3.2
(for example, (3.17) there gives decay for the angular and the null L = 9, + d, energy).
We note in the end though that our techniques do not lead to any further information.

We mention here that the soliton resolution conjecture has recently been shown to
hold for the 1-equivariant wave maps into S> C R3 with initial data having topological
degree one and energy strictly less than 3 times 47 (note that 47 is the energy threshold)
by Céte, Kenig, Lawrie and Schlag at finite time singularity in [3], and in [4] for the
case of global existence (more general surfaces of revolution are also considered). Note
that in this situation, one knows a priori the uniqueness of the possible configurations
of solitons that can be concentrated (in fact there is only one of them and it is the
unique equivariant degree one harmonic map). The conjecture is also established for
the examples constructed by Krieger et al. [16], as well as Raphaél and Rodnianski
[20].

Without this restriction on the initial data, the soliton resolution along a sequence of
times was obtained in the 1-equivariant setting by Cote [1,2] building upon [3,4], and
more generally for the ¢-equivariant case for any integer £ > 1 by Jia and Kenig [13]
relying on a method different from [1,3,4] (in both works, the finite time singularity and
the global existence case have been considered). We refer the reader to [13] for more
references and an overview with some history of the various beautiful techniques used
to tackle the soliton resolution conjecture in the radial/equivariant cases for a variety of
non-linear wave equations initiated by Duyckaerts, Kenig and Merle, see for example
[7]. We also note that those techniques have been very recently applied to prove the
sequential soliton resolution conjecture without any symmetry assumptions for some
focusing semi-linear wave equations by Duyckaerts et al. [6,8,12]. The strategy of
the present paper will have a very different flavor though. An outline can be found in
Sect. 1.3.

Let us say that the techniques we use to establish the above theorem leave completely
open the question of uniqueness of the set of solitons. In fact, as suggested by an example
of Topping [32] for the harmonic map heat flow, this, and therefore the soliton resolution
conjecture, could fail for certain targets (in view of the work of Simon [25] however,
such pathologies are believed to be excluded when working with real analytic targets
like S"~!). Therefore, there is a notoriously difficult and long way from Theorem 1.2
to the full soliton resolution conjecture, as one should expect the former to hold for any
closed Riemannian manifold as a target, and the only place where we use the fact that
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our target is a sphere is when relying on the conservation law (1.4) in the proof of the
compensation estimates in Sect. 2.3. Establishing the analogue of those estimates for
general targets is an important open question even in the elliptic theory, see the work of
Riviere [21] for a further discussion.

1.3. Discussion of the strategy. We should close the introduction by outlining the proof
of Theorem 1.2, which is contained in Sect. 3.

The first point of Theorem 1.2 is obtained in Sect. 3.1. For the sequence of wave
maps {¢,},cn at the final rescaling, Sterbenz and Tataru [27] obtain a decay estimate
along the scaling vector field 9, = m(ra, +7rd,):

// ———— |9,  dxdt —> 0,
ev — )

[gu Sy ]

1
for some sequences ¢, | 0,€; < ¢y, see Lemma 3.1. If one uses a local version of

the latter, by contracting the stress energy tensor (1.6) with ¢0,, for some compactly
supported cut-off ¢ on the unit hyperbolic plane H?, it is possible to spread a given
energy control on some ball B, (xp) € S(f, at the time slice + = 1 say, along the flow
of the vector field d,, for any finite amount of time; in other words the wave maps ¢,
would have small energy, uniformly in v, on the whole of:

{rz s 1 e[1,2], z€{t =1} x Byy(x0)},

provided they did so initially at + = 1. This is a simple analogue of the fact, from the
blow-up analysis of supercritical harmonic maps, that one must have the tangent Radon
measures monotone under scaling (see the work of Lin [18], and Lemma 3.2 here).

This way, relying as well on concentration-compactness at ¢ = 1 and the small energy
compactness result under control of a time-like direction due to Sterbenz and Tataru [27],
see Lemma 2.3 here, we are able to obtain a subsequence for {¢, },.y Which converges
on CE)LQ , away from a finite set of time-like rays passing through the origin, to a regular
self-similar wave map ¢. By homogeneity and the singularity removable theorem of
Sacks and Uhlenbeck [23], the map ¢ extends to a smooth wave map on the whole of
the open forward light cone C° (the details of this argument are contained in Lemma
3.3). We note that similar arguments give also the convergence to solitons statement
(1.11) claimed in Theorem 1.2 (see Lemma 3.6 for this point). We recall, however, that
self-similar wave maps of finite energy must be constant. This is a well-known result,
the proof of which can be found in [27] (see also Proposition 3.4 here for a precise
statement).

On the other hand, another crucial property of the wave maps at the final scaling of
Sterbenz and Tataru [27] is that a non-trivial amount of energy is uniformly held at a
fixed distance away from the null boundary. Hence, our configuration of time-like rays,
along which the wave maps concentrate, must be non-trivial. At this stage of the proof,
this yields the first point of Theorem 1.2.

Because only some time-like energy is obtained in [27] (and this should have been
so almost surely, if one considers the non-scattering problem for example), the second
point of Theorem 1.2, treated in Sect. 3.2, tries to address the issue of null concentration.
By cutting the parts of the map concentrating at the time-like geodesics, we are able to
solve the wave maps equation for a uniform amount of time, even though the energy of
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the initial data is a priori large (thanks to the finite speed of propagation property and
the fact the configuration of time-like rays was fixed initially). Running the arguments
of Sterbenz and Tataru [27] backwards yields then the claimed control for the energy
dispersion norm (see Lemma 3.5).

The construction of the asymptotic decomposition and the proof of the energy quanti-
zation, the third point of Theorem 1.2, is contained in Sect. 3.3. Upon choosing a suitable

sequence of time slices {tﬁl)}veN C (1, 2) and scales 8, | 0, we study the wave maps:

Giv() =yt +8,-,0i(tV) +8,) on [~1,1] x By,

for each geodesic g;, from the first point of Theorem 1.2. The maps ¢;, converge to
the constant ¢y corresponding to the self-similar wave map ¢ mentioned previously,
locally in LY (H,! x L?) away from g;, and in fact strongly in LX°(L?). The time slices
{t,gl)},,EN have been chosen such that:

Xipi, —> 0 in L?

x>

for the constant time-like vector field X; pointing in the direction of the ray g;. The
concentration scales {8, },,eny have been chosen decaying slowly enough, to avoid losing
energy in the process:

lim sup &

V0 4e(1,2]

SPV\U; Bs, (0 (1)) (] =0.

From there, we appeal to the compensation type estimates from Sect. 2.3 (the only
place where we use the fact that our target is the sphere "), decomposing the gradient
as:

— . . 2 -
Vixbiv=0;y+E;y, with ®,— 0 in L;  and Z || Py E‘l\””L,‘(Lg) <1,
keZ

which is obtained in Proposition 2.7. To construct ®; ,, we rely essentially on the time-
like decay above, and for E; , the div-curl type structure of the non-linearity:

QLY 9%¢iy.  where Q5 = ¢iv0u], — duin®; .

coming from the conservation law (1.4). Furthermore, we obtain a decomposition for
the higher order time-like derivatives of ¢; ,:

X,'2¢i,v = Iji,v + Hi,v,
where the first term is a linear combination of:
D PV (Parsiodin)l, D PR (P<rs10Vedi)], and Q4 Vi i,

keZ keZ
(1.12)

that we note being local in time and quadratic in the gradient, and the second one satisfies
a favorable decay estimate:

22—2k I Pkni,vni,zx[—l,l] — 0.
keZ ’

This is obtained in Lemma 2.8 of Sect. 2.3, relying crucially on the conservation law
(1.4) again, and plays an important role in the proof of the Besov decay estimate for wave
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maps on neck domains of Lemma 3.8 in Sect. 3.3, to which we come in few moments
here.

We proceed then by constructing the soliton decomposition for the wave maps ¢,
up to terms called necks in the literature on harmonic maps, which are given by ¢; ,
restricted to a finite collection of conformally degenerating annuli:

k k
r. r.
[—%, %] X (BR,{fu(xl{f”)\Brfo(xiv)) C[—1,1] x By with r,.’fv < Rﬁv
andk =1, ..., K;(E), satistying the local energy decay estimate:

sup sup ngr(xk B, )[qﬁl v1(@®) — 0, (1.13)

27tk <r<2lR} tel-3.5]

for any positive integer £ € N. This is the content of Lemma 3.6, and represents essen-
tially a standard argument of concentration-compactness. The whole of Theorem 1.2 is
then reduced to showing that those necks have asymptotically vanishing energy.

In doing so, upon picking up suitable time slices {tsz) hen C (— %, %) before applying
Lemma 3.6, and taking the fastest concentrating scale Amin,y := min; {Af)}, we consider
the maps:

By ut (1.2) 1= @iy (1) + Amin o8, XF, + Aminx) on [=1,1] x R?,
together with:

+ )‘«min,vx),

®"’xzk,v(t’ X) = )\min,v®i,v(t1g + Amin,vl, X; v

k
i,

N TN L Y k A
{f(t»x) = mm,vut,v(tu + Amin,v?, Xip T min, vX),

k ([ x) —)‘ zu(t( + Amin, v, x +)"m1n vX),

min, v

and {t,gz)}UEN was chosen in such a way that:

®v,xﬁu ©) H L2 * HXi(pU’xi,v

2
2k
L2 * Z 2 H Pkn"”‘ik,u ©) H L2 0-
Y keZ *

‘We use then the second and third items of the decay statement above, to write for the
gradient of ¢, .« on the neck domain:
i

Viady b = Toubon (=L 11 (Bt e \By 1),

mmvlv

with the RHS supported on [—1, 1] x (Bz)r LR, \B,_1,-1 ,« ) and satisfying:

min, v 1 v

<1, supHPkT k(O)H —0.

T o«
H VXl Lo r2)—1,11 " ke,

This is proved in Lemma 3.8 using the decay for X; ¢, i localizing to the neck region
the already obtained favorable estimate for IT,, N and relylng on the local energy control

(1.13) to get a weak Bo_ol’2 decay estimate for the non-linear terms at high frequency,
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which are quadratic in the gradient of the map ¢, .« such as (1.12) left over from

Lemma 2.8.
Finally, we are brought to the following control for the energy of ¢,, \+ on the neck

domain at time t = O:

Hvt,xqbv xk 0
LY

(S (s Hf}?ﬁ ‘ (0)” ) Hzaxd
L3(B, 1 ok \B—1 k) keg Z

mm v min,v'i,v

+

®
Ov’xi‘u

g +o(1),

and this gives the desired energy collapsing result.

2. Technical Results

In this section we gather some of the technical results, mainly restricted to the regularity
theory of wave maps, that we will be using in Sect. 3 to establish Theorem 1.2. The
crucial compensation estimate is proved in Sect. 2.3.

2.1. Some harmonic analysis. We will be mainly relying on the spatial Fourier trans-
form. For ¢(t,x) € S (Rz), a Schwartz function on R? at some fixed time 7, we define:

o(t,8) == / e g (1, x)dx,
RZ

together with the inverse transform given by:

(1, x) = /R T, ),

for a Schwartz function ¢(t, £) on the frequency space. The space-time Fourier trans-
form:

fmn@=/ /(%mm@¢mmmm,we&RxWx
R2 JR

with inverse denoted by F~!, should however appear in Sect. 2.3 while treating high
modulations.

The use of Littlewood-Paley theory will be quite beneficial to our analysis and general
references for it are the monographs of Taylor [31] and Grafakos [10]. We shall rely on
the discrete version here only: the Littlewood-Paley projection P<x, with k € Z, is
defined to be a Fourier multiplier with symbol m <x(§) = m<o(2~ —k|g]), i.e. via the
convolution:

Padtt,x) =2 [ o (2= ) dte. ). @.1)
R2

for some radial non-negative function m<o(|£|) in frequency space, identically 1 on
€] < 1 and O for |&] > 2.

We also set Py, to be amultiplier with symbol my (§) := mo(Z_k |€]), wheremg(|€]) :=
m<o(|§]) — m<o(21&]), and the operators Pk, Py, <.<k,, P>k, etc. are then defined in
the usual way. Note that LP-projections make sense for functions defined only at some
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given time ¢, or restricted to any time interval, and more generally commute with time
cut-offs. Furthermore they are disposable multipliers, i.e. have the distributional con-
volution kernels of bounded mass, even when considered on the whole of space-time
which in practice means that they are bounded on any translation invariant Banach space
of functions on R x R? and therefore can be discarded from the estimates as one wishes.

Two elementary but important facts about LP-projections that we would like to men-
tion here are the finite band property that states:

[VePio]p S 25| Pz (22)

and further:
V2 Pegllr ~ 25 11 Pepll o (23)

forany 1 < p < 0o, as well as Bernstein’s inequality:

1_1
12l <260 ey, 24)

forany 1 < g < p < oo. The latter is especially useful converting integrability into
regularity at low frequencies.

We can decompose any Schwartz function using LP-projections, and as we typically
consider maps taking values in the sphere, we will be considering affinely (i.e. upon
adding a constant) Schwartz functions, obtaining:

¢ = P=oop + z Py = const. + Z Prp in S(R?). (2.5)

k>0 keZ

While working with the gradient V; ,¢, this will make no difference of course. By
duality, the above decompositions hold also for tempered distributions and are used to
define various Besov and Triebel-Lizorkin spaces, see [10]. Let us present here some
examples important for our argument.

In this paper, we will be mainly working with the Besov spaces B;‘p (R?), fors € R
and 1 < p,q < oo, together with the homogeneous versions B;” (R?), defined as
completions with respect to the norms:

1150 = [ P<og 7, + 2% 1RIT, . 0Ny = D 2% IR, .

k>0 keZ

and taking the £°° norm if ¢ = oo instead, of subspaces of S(R?) for which those norms
are finite. We remark that the case p, ¢ = 2 corresponds to the familiar Sobolev spaces
H;, and their homogeneous versions H; respectively.

We introduce also the local Hardy space H}o . (R?) with its homogeneous counterpart
H(R?), as Triebel-Lizorkin spaces Fé)’l (R?) = H}OC (R?%) and on’ ! (R?) = HI(R?)
(this characterization is obtained in [ 10]), both subspaces of L )15 ,defined as the completion
of Schwartz functions with respect to the norms:

61 gor = | <ol o+ I Q_ 1Pkl 1.
k>1

ol zor =1 Q1P N

keZ
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and which admit the local and homogeneous BMO spaces as a duals, (H}DC)’ = bmo and
(H') = BMO respectively. Although the latter does not admit a Littlewood-Paley type
characterization, the former does via the Triebel-Lizorkin space on ' = bmo, which

is defined to be the Banach space of all tempered distributions ¢ € S’ (R?) having the
following norm finite:

o = inf P o+ Peoe|HV? | Lo :
el zo {¢k}ch{|| <000 oo+ |l (;uwu) Iz @

= P<ogo+ > P,
k=1

the series above required to hold in &', see the monograph of Taylor [31] for further
information. Hardy spaces are especially useful in estimating paraproducts (see below),
and let us mention here, with this in mind, that H! embeds into a Besov space with lower
regularity but better summability:

(R c By ARY). (2.6)

This fact, that we will enjoy exploiting in the proof of Proposition 2.7 later, is taken
from Lemma 7.19 of Krieger and Schlag [15] (p. 250). For a related result in the Lorentz
space setting see the monograph of Hélein [11] (Theorem 3.3.10 and also the references
mentioned there).

Littlewood-Paley decompositions are also very useful in studying non-linear expres-
sions, and one central example is the product 69 of two Schwartz functions 6 and ¢ € S.
Applying the decomposition (2.5), we can write:

P (09) = P D (Pi,0)(Pi,?),
ki,k2

but recalling that the Fourier transform of a product is a convolution leads to the so-called
Littlewood-Paley trichotomy decomposition (also called paraproduct decomposition),
which simplifies the above double sum into:

P (69) = il > (P, 0)(Pi,9)
ki,ky>k—6:1k1—k2|<O(1)

+ (P<4—70) (Pr—3<.<k+37)
+ (Pr—3<.<k+30) (P<f—79)],

e The high-high interactions Both 6 and ¥ have Fourier support well above the scale
|E| ~ 2% but the only way the sum of two annuli at larger scales || ~ 2k 2k with
ki, ko > k+6 can intersect the small annulus at |§| ~ 2k ,is if they are approximately
at the same scale, we should have |k; — k| < 3.

e  The low-high interactions If § has Fourier support in the ball of radius 257, it will
contribute to the frequency scale |£| ~ 2% if it is multiplied by ¥ frequency localized
to the annuli €] ~ 2% with k — 3 < ko < k + 3. The rougher components of ¥
bring up the low frequency parts of 6. The sum in k of the low-high interactions is
sometimes called a paraproduct in the literature. By symmetry, we have the same
picture with the roles of 6 and ¢ interchanged: these are the high-low interactions.
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We are then left only with the contribution of i, %, where both terms are frequency
localized at 251, 2k2 ~ 2k these are the low-low interactions and in our case it will be
often convenient to incorporate them in the high-high interactions.

Finally, let us set up here the notation for some space-time function spaces and related
tools that we use. We define the Sobolev spaces H;', = H (R x R?), for s € R, by
using the space-time Fourier transform and taking the completion of S(R x R?) with
respect to the norm:

1l = |+ 72+ 16D FY (6|

5 -
Lt,x

We define the modulation projections O <; and Q ; for j € Z to be the Fourier multipliers
with symbols:

mo T ana g,

respectively (and similarly for Q;, O <.<j, and Qx;). We note that those are not
disposable so that one needs to be careful when discarding them off from the estimates
in general, but as their symbols are bounded and smooth, they are directly seen to be
bounded on L% . by Plancherel. Otherwise, we have the following lemma due to Tao
(Lemmata 3 and 4 in [28]).

Lemma 2.1. The operators P, Q j, PrQ<j, P<x Q< and P<; Q j are disposable for any
pair of integers j and k with j > k + O(1). Moreover, for any 1 < p < oo and
J» 1. J2 € Z, the operators Q<j, Q j <.<j, and Q j are bounded on the spaces Ltp(L)%).

Using the modulation projections Q ;, we define following Tao [28] the homogeneous

Xz’b’q spaces associated to the cone {|t| = |£|} at the spatial frequency scale k, for any
fixed integer k € Z and some given real b € R, to be the completion of the space of
Schwartz functions ¥ on R x R? with respect to the norm:

1

q

11l gy = 2% qubf lQiPevly: | -
J

provided the latter is finite for v, and adopting the usual convention if ¢ is infinite.
For ¢ = 1 we obtain an atomic space. As our methods here have more of an elliptic
rather than dispersive character in the end, we shall not use those spaces directly (other
than stating the estimates from regularity theory). However, the distinction between the
high modulations regime Py Q~k+10, and the one of frequency space-like Py Q <k+10, 1S
absolutely crucial for our analysis.

To close this section, let us recall here the convention that function spaces over
domains are defined via minimal extensions. For example, we shall write X (1), where
X is a function space over R x R? and I some time interval, for the Banach space of
functions f in I x R? admitting an extension f to the whole of R x R? and set:

1Ay =inf {[ £y : S e X, /=1 on I xR}
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2.2. Regularity theory for wave maps. We shall not give here the full definition of the
space DS, and its undifferentiated version S, used in the iteration arguments of the
proofs of well-posedness for the wave maps equation, referring to [28, Section 10] or
[26, Section 5.2], but we will briefly summarize here some characteristic properties.

Ata given frequency scale k € Z, the space DS is defined as an intersection of several
different spaces and for us it will be enough to note that we have the control:

1,2
1P ey + WPV oyt sup 29575 Pl o) < IRl
k (q.r): ql+ % < %

(2.7)
for any Schwartz function ¥ on R x R? (under frequency localization, for the space
S we have Pr¢p € Sif V,  Pr¢p € DS for a Schwartz ¢). The first component is the
natural energy component on which we should mainly rely in this work. The second
one is the dispersive component to be used only indirectly here but being important in
gaining extra regularity for the part of the wave map that has Fourier support away from
the light cone. The latter observation is exploited by Sterbenz and Tataru [27] in their
compactness result that we discuss below. The third component represents the standard
Strichartz spaces. We note that we do obtain the null concentration terms @y, , lying in
this space, see Remark 2.6.

We note that, for the regularity theory, the Q¢-null structure in the non-linearity of
equation (1.2) is crucial and the components mentioned above are not enough by them-
selves to exploit it so that one needs to introduce further suitable null frame Strichartz
spaces. However, as this structure will not play any direct role in our arguments we
should not elaborate more on this point here. Let us simply remark in the end that DS
contains the atomic Fourier restriction space:

1P llps S IIPkwIIXO,%,1 , (2.8)
k

referring to Lemma 8 in Tao’s paper [28] for the proof of this fact, ideas from which we
should actually use later in the proof of Lemma 2.8.

By default in [26], the authors define then the spaces DS and S as completions of
Schwartz functions in R x R? with respect to the norms obtained by £>-summing the
control on the LP-projections and adding the L°° norm for S:

W ihs = D IR IDs. 1615 :=I¢lix + > [VicPd s 29

keZ keZ

In practice however, it is sometimes convenient to replace the > summation in (2.9)
with a control with respect to a frequency envelope. Following Sterbenz and Tataru [26],
we call a sequence ¢ := {ck ez € €2 of positive numbers cx > 0 a (o9, o1)-admissible
frequency envelope if 0 < 0¢ < o1 and for any k) < k; we have:

=00 (k1 —ko) 201 (kl—ko)ckl )

Cky = Ckg =

Given some smooth initial data ¢[0] = (¢(0), 3,¢(0)) we can naturally attach to it an
admissible frequency envelope by setting:

C/% _ Z n—201(k—ko) H P, Vi $(0) Hi)% + Z =200 (k1 —k) ” P, Vi (0) ”i} ., (2.10)
ko<k k1>k



Quantization of Time-Like Energy for Wave Maps into Spheres 657

for which we note that:

1
2
(222%,%) ~ ||vt,x¢(0)||Hg , —0p <0 <o, (2.11)

keZ

so that given any function v on R?, || Py || 12 < ¢k implies:

1Wllge < [Vixd @] oo —00 <0 <o,

which is very useful in controlling the regularity of an evolution like the wave map.

Well-posedness theory for the wave maps equation with small energy initial data is
due to Tao [28] and Tataru [30], and also Krieger [14] who considered the hyperbolic
plane as target. We will be using here a local version that we state below appearing as
Theorem 1.3 in [30]. Of course, all of the results stated in this section are true for general
closed Riemannian manifolds as target, but we present them in the case of spheres for
the sake of consistency.

Theorem 2.2 (Tao [28], Tataru [30]). There exists a constant €y := €o(S*™1) > 0 such
that:

o Regularity: given some smooth initial data ¢[0] € T (S"~") at time t = 0 constant
outside a compact domain with energy:

E[¢10) < eo,

there exists a unique smooth wave map ¢ defined on the whole of Minkowski space
R?*! such that:

I Peolls S ck, (2.12)

taking the frequency envelope c from (2.10) for ¢[0] and where o9 = oo(S" 1) is
some fixed small positive constant but o1 can be chosen arbitrarily large;

e Continuous dependence on initial data and rough solutions: given a sequence of
smooth tuples ¢,[0] € T (S"~) of initial data equal to a fixed constant outside some
fixed compact domain, with energy:

ElPv1(0) < «o,

and converging strongly in H)Cl X L% to some ¢[0], there exist smooth wave maps ¢,
with the properties as stated in the first point above and a map:

¢ €S,

solving weakly the wave maps equation (1.2), to which ¢, converge in C ,0 (H)g ync ,1 (L?C)
on bounded time intervals, and further for 0 < s < o0y

Vixty = Vixg in DS N LE(H )R,

We state now a compactness result due to Sterbenz and Tataru [27] for a sequence
of small energy wave maps which become constant in the direction of some smooth
time-like vector field. The absence of such a result in the general small energy case is
precisely what makes the study of wave maps near the null boundary of the light cone a
very challenging affair, requiring global non-linear techniques going beyond the present
article. We mention that the arguments in [27] rely on the elliptic flavor given to the



658 R. Grinis

situation by the assumption that the sequence is asymptotically constant along a time-
like vector field, the use of the Fourier restriction component of D S to gain compactness
and regularity for the limiting map, as well as the small energy weak stability theory
developed by Tataru [30] (which we have presented in the second point of Theorem 2.2
here).

Lemma 2.3 (Sterbenz and Tataru [27]). Consider a sequence of smooth wave maps ¢,
in [—3, 3] x B3 with small energy:

sup  Epy[Pyl(t) < e, (2.13)
te[—3,3]

where €; > 0 depends only on €y from Theorem 2.2, and such that:
1X6ull 2 3318y — O (2.14)
for some smooth time-like vector field X. Then there exists a wave map:
b HE“(-1.11 x By). @.15)
forany 0 < e < %, satisfying:
X¢p=0 on [—1,1] x By,

to which the maps ¢, converge in CtO (Hxl) nc ,1(L)%) after passing to a subsequence,
and further:

Vixpy — Vix¢p in DS({t € [-1,1], r <2 —|t]}). (2.16)

Remark 2.4. The proof of this lemma can be found in Proposition 5.1 of [27] and we
remark that convergence in Hzl, (U) for any domain U € (-3, 3) x B3 only is claimed
there. But the stronger statement (2.16), to be understood in terms of minimal extensions,
can be obtained as follows. Letus fix U = [— %, %] x Bs 2, then upon passing to a further
subsequence we would have:

Iy (1) —¢<r)||i§(3%)+ Vi () — vt,xqs(r)uiw%) — 0 for ae. 7, (2.17)

therefore ¢, converge strongly to ¢ in (Hx1 X L%)(B5 ,2) for almost every ¢ that we can
fix as close to 0 as we wish. Hence, assuming that €; was chosen small enough initially,
by the pigeonhole principle we have for o € (2, %):

/ Vb0 do < &,
0By

away from a set of measure % say. Fixing such a o, we would have ¢ (¢, d B, ) contained
in a single chart of S"~! of diameter O ({/€s) around a point ¢ € S"~1. Moreover, upon
passing to a further subsequence, by the strong convergence (2.17) we can choose o €
(2. 3) such that ¢, (t)|35, — ¢()|sp, in the Holder space C*(9B,) with a € (0, 1),
using Morrey’s inequality. Hence, we would have ¢, (¢, d B,) contained in the chart
around ¢ € $"~! of diameter O (/&) as well, for all v € N large enough. Therefore,
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we can construct extensions ¢, [7] € T(S* 1 of ¢vlt1| B, , smooth as the latter are, with
the energy bound:

ElPL10) < &,

by smoothly interpolating between ¢,[f]|s5, and (c,0) € T(S"!) on B3\B,. By
construction, we obtain ¢, [¢] strongly convergentin H. xl X L% to some map ¢'[¢] agreeing
with ¢[¢] on B;. In the end, setting the constant €, > 0 small enough and the time ¢ close
enough to 0, the convergence statements are justified by the continuous dependence on
the initial data part of Theorem 2.2 and the finite speed of propagation property.

In particular, the assumption (2.14) gets upgraded to:

X¢y, —> 0 in CO(L?)([—1,1] x By),

and going further, the regularity theory of Theorem 2.2 tells us that in fact we have:

3. 1.
¢ e CO(-1,11; H? “(B))NC/ (-1, 11; HE “(B),

forany 0 < € < % improving upon (2.15), although it is unfortunately impossible to
obtain convergence in such a stronger space without further assumptions, especially
regarding the decay (2.14).

Let us close this section by mentioning the result of Sterbenz and Tataru [26], see both
Theorem 1.3 and Proposition 3.9 there, which relaxes the assumption of small energy
in the work of Tao [28] and Tataru [30] to small energy dispersion. This represents a
crucial technical ingredient in the proof by Sterbenz and Tataru [27] of the threshold
conjecture. Let us consider an open interval I = (g, 1), which can be unbounded.

Theorem 2.5 (Sterbenz and Tataru [26]). Given an energy bound £ > 0, there exist
constants 0 < €(S" 1, ) « 1and 1 < F(S"', €) such that for any smooth wave
map ¢ on (ty, t1) with energy bounded by € and V, . ¢ spatially Schwartz, if we have:

sup ||Pk¢||L?CX([0,[1) E G(Sn_lv 5)9
k B

then

195000y < FS"1, ).

Moreover, considering an admissible frequency envelope ¢ attached to some ¢[t] for
to <t < t1, asin (2.10) and og as in Theorem 2.2, we obtain:

|| Pk¢||S([0,f|) 5 Ck»

and the map ¢ extends to a smooth wave map on a neighborhood of the time interval
(10, t1).

Remark 2.6. In this paper, the above theorem will be used indirectly only, but we can
apply it immediately to the wave maps @y, , from Theorem 1.2 concentrating on the
null boundary dC, to obtain the bound:

” Dig,v H S[to—3b0,t0+50] 'S 1’

for any #y € [1 + 89, 2 — 8p].
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2.3. Compensation type estimates. We prove here two compensation estimates for wave
maps into spheres with a good bound in the direction of some constant time-like vector
field, relying on the conservation law (1.4) to treat high-high frequency interactions
(this phenomena goes back essentially to Wente). These estimates will play a key role
in the proof of no loss of energy in formation of solitons, and as in the case of higher
dimensional harmonic maps considered by Lin and Riviere [19], this is the only place
where we use the fact that our target manifold is "~

Proposition 2.7. Let ¢ : [—1,1] x R? — S"! be a smooth wave map equal to a

constant ¢ outside a compact domain in space, with energy bounded by some positive
E>0:

2
[Vex@liowzyin < € (2.18)
and X a constant time-like vector field, that we may take to be:
X = cosh(¢)d; + sinh(¢) 0y, , (2.19)

for some rapidity constant { > 0. Denote by x = x(t) € C;°(—1, 1) a smooth time
cut-off function, then there exists a decomposition holding in S(R x R?):

xVix$p =0Ox + Ex, (2.20)
satisfying:
”®X”Lt2.x < ”X¢||Lt2’x[71,1] +¢ — C”L?"(L%)[—l,l] 2.21)
and
D IPExl g ST, (2.22)
keZ

with the implicit constants depending only on n the dimension of R", the energy bound
E, the rapidity constant ¢ and the cut-off x (most notably on ||0; x || L ).

Proof. We start by noting that, expressing 9; as a linear combination of X and dy, via
(2.19), it suffices to consider the spatial gradient x V,¢.
For low frequencies, we proceed claiming immediately:

||XP§0VX¢||L[2,X Sle — C||Lf°(L§)[_1,1] , (2.23)

which simply follows from the finite band property (2.2), passing to L;’O(L%) as neces-
sary. This is an acceptable contribution.
For high modulations, we claim:

> 0kr10Plx Vi)

keZ

SIXol2 i+ ll¢ —cllew-1.1 (2.24)
L7,

and the idea here, as in [27], is to note that the vector field X being time-like, the Fourier
multiplier X -1y, Q>k+10 Pr, where Py = Pr_1<.<k+1, has symbol smooth and bounded

uniformly ink € Z. By Plancherel in L7 ., this gives rise to the favorable elliptic estimate:

| Qre10 Pelx Vx| 12 SIXPXll2 + 100 Pegll 2 (2.25)

and so (2.24) follows square-summing in k the above and dropping the cut-off. This is
again acceptable.
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The main term to consideris Q <x+10 Px(x Vx+@) withk > 0, and for this we rely on the
wave maps Eq. (1.2), that we trick slightly to make the vector X to appear, introducing
the operator:

Avpi=(1—pHda2 +d2, B:=tanh(¢) € [0, 1), (2.26)

X1 X2

which is elliptic in the frequency region considered. So, using (2.19), together with (1.1),
we rewrite the wave maps equation (1.2) as:

A p(XP) = —x (90" — dupp")3%¢
+ sech2(§)(X — 2sinh(¢) 0y, ) (x X )

— sech(¢) (3 x)X ¢, (2.27)
and inverting A, g we have:
Vi
PooxVi¢p = A P>O(Ax,ﬂ(X¢)),

x.p

holding in S(R x R?), hence let us treat each term in (2.27) one by one.
Considering second line in (2.27), we control the first two terms by claiming, for any
k eZ:

V
3

O <i+10Pr(x X @)

< ”PkX¢||Lt2 [—1,1] (2.28)
x,pB L[ZJ( X
2

which follows immediately discarding, via Plancherel in L7,

the Fourier multiplier
ViVix A;% O <410 Py of symbol bounded uniformly in k € Z, and dropping the time

cut-off x. For the third term, we have, for any k € Z:

v, -
O <k+10 Pr[(3: x) X @] S22 18 x N IPeX Pl (117 (2.29)

Ay g

Li
where we discarded by Plancherel in L7, the Fourier multiplier 2V, A;lﬂ 0 rs10 P,
having here again the symbol bounded uniformly in k € Z. Therefore, square-summing
over k > 0, both (2.28) and (2.29) lead to acceptable contributions.

We consider now the non-linear term on the first line of (2.27). Let us introduce some
notation for the connection matrices:

Qu = ¢ — dupd’, with 39Q =0 and 19l o211 S 1. (2.30)

by (1.4), respectively the global energy bound (2.18) and the boundedness of the wave
map. We claim then the following compensation estimate:

2

Vi o
A O <k+10 P (24,0 9)
k>0

x.p

<1. (2.31)
L}(LY)

Thanks to the conservation law, the term €2, 9% ¢ exhibits and a div-curl type structure,
and we should treat this using the Littlewood-Paley trichotomy in very much the same
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standard way as the actual div-curl structure, see Taylor’s monograph [31]. We start by
writing:

Pi (xQ0%¢) = Pul(dx) > Qb Py
k1,ko>k—6:lki —k2|<O(1)

+ 9% Z X 2 k) Pk,
ki,ko>k—6:lki—k2|<O(1)

+ X Qu,<k—70% Pr—3<.<k+3

+ X Quk—3<<k+30" P<k—7], (2.32)

where Qg i, := Pk, Q2 and similarly for ¢r,, 24, <k, , etc. We are going to prove claim
(2.31) for each of the terms in (2.32) separately. Note that the Fourier multipliers:

v,V ~ 2ky
Y0 40P and al

0 k+10 Py, (2.33)
Ax,ﬂ Ax’ﬁ *

are disposable, which is essentially contained in Lemma 2.1 (precomposing, for example,
with the space-time LP-projections to |t| + |§] ~ 2k that we don’t use here otherwise).
This justifies the fact that we can work with the space L (L?) instead of Ltzy . (on which,
of course, (2.33) are bounded by Plancherel).

Let us start with the high-high interactions on the first and second lines of (2.32), for
which we control (2.31), discarding the multipliers (2.33) and dropping 2%, x for the
first term, by:

>l P > Qo ky P

k>0 || kiko=k—6:1k; —ka|<O(1) L)1)

< sup > 2k > | Qe O, )] 1 - (2.34)
1€l=L1U320 by ko=k—6:k; —ka|<O(1) !

where we applied Bernstein’s inequality (2.4), commuted the sum »,_, with L} and
discarded Py. Using Cauchy—Schwarz in L )16 and recalling the finite band property (2.3)
for ¢r,, we can bound the contribution of (2.34) via:

sup > > 27N, O 12 | Vb O] 12 -
1el=L 11320 k) ky =k—6:1k; —ka | <O(1) ! !

and summing this over k > 0, letting i := k; — kp and j := k» — k, we obtain:

sup Z Z 27j2||9a,k+j+i(f)||Lz ||Vx¢’k+j(t)||Lz
tel=Llli—o0y j=01) k>0 * ¥

1 1

2 2

< sup Z ||Qa,k.(f)||i§ Z ”Vx(l&kz(t)”ig '

=L\ k=00 ko> 0(1)

where we have used Cauchy—Schwarz in k. By the global energy bound, we get that
high-high interactions make an acceptable contribution to (2.31).
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Finally, let us consider the contribution of the paraproducts from lines three and four
in (2.32), and we focus on the latter as the former is treated in the same way by symmetry
(or in fact, could have already been absorbed in the argument for high-high interactions).
Here, the div-curl structure is not playing any role, and is actually counter-productive.
Hence, discarding the second multiplier from (2.33) and commuting the discrete sum
> ko With Ltl as previously, it suffices control:

sup > 27| Pl Quk 3= <ks3 (D% <k 7 (D] 12 -
te[—l,l]k>0 x

Recalling the embedding (2.6) we are reduced to showing:

sup <.

D Pl Quk—3=<ks3 (0% i1 (0)]
te[—1,1]

k>0

F(R2)

Using the duality (F20 ’1)/ = Fg "% as discussed in Sect. 2.1, we take an arbitrary
S on "> together with a representation ¢ = Zkz() @k in S, such that each ¢ has
Fourier support in |&| ~ 2k (1&] < 1 for ¢p) and:

I Q1o < 2l poos -
k>0

Then, recalling the fact that LP-projections are self-adjoint, we must show that:

S X [ 1Rucazcka @ bas i dx S ol

j=0(1) k>0

with the convention that ¢ with k negative simply stands for ¢g. Using Cauchy—Schwartz
we bound this via:

DS '

L} j=01) || k=0

Q1R k—3<<k3()H'?
L2

k=0

sup | P<k Vi x¢ (1)
keZ oo

It is a well-known fact from harmonic analysis, to which we shall refer as the Littlewood-
Paley square function estimate, see e.g. [31], that:

I Q12 kP 1125 19 0)l2 and
keZ

I sup [P<tVi x| 12 [ Vx| 12 -
keZ *

Hence, by the global energy bound, the contribution of the paraproducts is acceptable.
Therefore we have shown the compensation estimate (2.31).
Proposition 2.7 is proved.
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We present now a compensation estimate for higher order time-like derivatives of wave
maps as considered in the previous proposition. It holds up to a non-linear bulk, essen-
tially quadratic in the gradient and local in time, that we shall consider on neck regions

later in the proof of the weak Besov Bé;)z decay estimate in Lemma 3.8. Parts of this
estimate are non-linear, and will be established via a duality argument in the spirit of the
energy collapsing result itself.

As for Proposition 2.7, the conservation law (1.4) is absolutely crucial, and so our
arguments do not generalize directly to the case of a general target beyond the Euclidean
sphere S*~ 1.

Lemma 2.8. Consider a wave map ¢ : [—1, 1] x R? — S"~! with the same set-up as
in Proposition 2.7, then we have the following decomposition holding in S(R x R?),
using notation from (2.30) and recalling that B = tanh(Z):

sech?(©)x X2 = = 3 P [x((1 = 8201, Ry + 81, 21) (Pots100)]
keZ

+ sech?(£) x (—Qx X¢ +sinh(£)(Rxdy, ¢ + 2y X))
+ My, (2.35)

the error term satisfying:

—2k 2
227NN, g S A+ XSl g+ 16 = elleannn)
keZ

X (||X¢||L%X[—l,l] + ¢ — C”L?“(L%)[fl,l])a (2.36)
with the same dependence for the implicit constant as in Proposition 2.7.

Let us note here, for later use in Lemma 3.8, that we can rewrite the decomposition
(2.35) as follows. Introducing the notation:

Qup = (1 — BHQ dx) + Qpydia,
we can write:

sech® () x X*¢ — xR 0%¢ = = D~ x Pi [V - (Qu p Pr+100)
keZ

+Qy 5 - P5k+1on¢]
+ Hx.
For, one should rely on the conservation law (1.4), making the vector X to appear through

(2.19) and adding up on both sides some low-high interactions—see the proof below for
more details.

Proof. Let us start with the frequency space-like region, that we can treat directly and
for which we claim the stronger estimate:

27| PeQ ko (X X39)|

Ltz,x[—l,l] S, ||PkX¢||L%X[—l,1] , (2.37)
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for any k € Z. To see this, we simply commute X with the time cut-off x, getting:

27k H P Q <kr10(

e SIPOXP) 2,
27 PeQarsto @ x X 12 1.1+

where for the first term we discarded the multiplier 2-kx Fk O <k+10 using Plancherel
in L%x. Regarding the second one, passing to L?O(L)zc), which is possible as we are
working over a bounded time interval in (2.37), we can apply the inversion formula for
the space-time Fourier transform F, to get:

27 1PQ k0@ x XDl gerz) S 27 IF PO ckerto @i XDy 12 -

combining Minkowski’s inequality and then Plancherel in L%. But the integrand on the
RHS has 7-support of length O (2¥), hence we can bound this simply via:

”-FPk(atXX(ﬁ)”Lgc(Lg) 5 ”Pk(atXX(]b)”Ltl(L)Zc)
S ”atX”LtZ(L;c) ”PkX(]j”L’Z‘X[_]’]] ,

where we applied the inversion formula for F~! this time (note that this argument is
essentially a manifestation of Bernstein’s one dimensional inequality). This gives claim
(2.37) as desired.

For high modulations, we use the wave maps equation as in (2.27). Following the
Littlewood-Paley trichotomy (passing to the convention ¢ := Px¢, etc. as before), we
write:

PeQ=io10(sech ()1 X?6) = PeQknt0 | A (x) +2 sech () sinh(¢) s, X
+ sechz(g)x (—QXX(p +sinh(¢)(x 0y, ¢ + Ry, X¢))
+ X208 - Vad<kr10 + X Vi - (2, 0> k+10)
— X(Vx - Q. 8) (@=1410)]
where we set:
Qx = cosh(¢)€2; + sinh(¢)€2y,.

From there, we add and subtract the frequency space-like part of the terms on second
and last lines above, and use the conservation law (1.4), that we rewrite as:

Ve - Q. p = sech?(2) (X Qx — sinh(2)(3,, 2x + XQ2y,)).

This yields the following decomposition:

PeQ=is10(sech? ()1 X76) = PeQsioro | A () + 2 sech?(§) sinh () oy X
+sech?(£)x P [—2x X + sinh(0)(Qx 0y, ¢ + 2, X )]
+ sechz(oQ<k+low( i+ + )

+sz+10[<ﬂk +<Pk = P [x (Vi - Qx. ) (@410 ] -
(2.38)
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where we define:

Y = x P [Q2x X <10 — sinh(£)(Qx By, p<tr10 + Ly Xp<i410)] -
¥ = P [(X0) (= Qx + Sinh(§) ) Poki0]
%53) =P [[X — sinh(£)dy, 1(x QX¢>/<+1O)] ,
Y = P [—sinh(0) X (xR, D=k410)] »
as well as:
o =P [R5 - Ved=iso]
(pliz) =P [x Vs - [Q pdsrs10]] -
‘We proceed proving the estimate (2.36) for the first line of (2.38) and each of the w,fi)
and go,((i) separately.
For the Laplacian, inverting X, we have the stronger estimate:

2_k ” Pk QZk+10Ax,ﬁ(X¢) ”L,zx[_l’l] 5 ”PkX(p”L%.x[_],l] + ”Pk¢||Lt2.x[_l’l] s

that follows immediately by discarding, via Plancherel in Ltzyx, the Fourier multiplier

27k X~V A, g Pc Q=4+10 having symbol bounded uniformly in k € Z, which leads to an
acceptable contribution.
For the second term on the RHS of (2.38) we immediately have:

27K PeQkrrol 0, X912 S IPXGI 2 g

by the finite band property (2.3), which is acceptable.
Regarding W/il) , we remark that it has a paraproduct structure and so at least one of the

factors will be frequency localized to || ~ 2¥, which is favorable for square-summing.
More precisely, discarding Q 410 before dropping the cut-off y, and using Bernstein’s
inequality (2.4) to pass to LZZ(L}C), it is enough to note that forany 1 < p,g,r <n and
any time slicet € [—1, 1]:

> 3 (167x67Vd 0]y + | @ Vb Xe o7,

keZ k'=k+0(1)
+ | (Pel@? Vi IX ) O[], + | (Prle? X6"19:08N 7))
S Vixp |72 1X6 0117

by Cauchy—Schwarz. Upon integrating in time, this is an acceptable contribution by the
energy bound (2.18).

For the expression %52), it is already convenient to proceed via a duality argument:

2
(2)
L2 S Z Hwk ‘Ll
1.x 1,x
keZ

2 2
<(z2 1w, ) (o
keZ Lin keZ

ot
O <k+10¥y L)

K
L},x)

- 2
> H 0 <ks10¥; )‘
keZ
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where we used Bernstein (2.4) for the first factor, and for the second one we proceeded
as for the frequency space-like term (2.37), using time frequency localization to estimate
it via the Fourier inversion formula:

27* H 0 <irio¥” H S ” v ‘

L(LY) LI(LY)

The first factor is universally bounded for us, as for any 1 < p,q,r < n:

D2 P@0@"Vex Dol 11 S 100y wey [Vexl iz 1y
keZ

which follows directly from the analogous treatment of high-high interactions in the
proof of Proposition 2.7. On the other hand, the second factor is controlled via:

| PL@0 @7 ViDL ol | 1
/S ||8tX ”L}(LEO) ” Vt’x(bHL,OC(L%)[—l,l] ||¢ - C”L,“’(L%)[—],]] ’

which yields an acceptable contribution to the non-linear part of (2.36).
Regarding w,ﬁg), it is a linear combination of:

Z 27| @ k10 P Vi x (X Rx P k410) ||igx
keZ |
2

S| > 2760 QO] 2 [Veda O] 2|

keZ ki, ko=k+0(1):|k1 —kz2|<O(1) le

where we discarded via Plancherel in L? , the Fourier multiplier 27V, O <410 Py hav-

ing bounded symbol, passed from £2 to £' summation in k after commuting time integra-
tion with the discrete sum ", and applied Bernstein (2.4) with Cauchy—Schwarz. This

. . PR 2 2
contribution is directly seen to be bounded by O(”XML?,X[—LI] ]|Vt,x¢H L,&(L%)[*l,l])
as required.

The terms ¢1§4)» <p,£1) and (pIEZ) are similar and require a duality argument relying
heavily on their compensated structure to obtain estimate (2.36) at £> modulation.

First for w,£4), using the self-adjointness of Q —x+10 and then commuting Zk with
time integration, we have:

- 4
> H O <kr10¥ )‘

keZ

<

2
L7, L

Z 27 H (Q2<k+10‘/f1£4))(f) ‘
keZ

L

sup2 7y )
keZ

2
Bellpa-in
For the first factor we claim that it is universally bounded due to its compensated structure.
Indeed, passing to the Hardy space on each time slice via the embedding (2.6), we
estimate it by:

<

bl

O 12" Pilx Qs $-rs101)?

keZ

D[RRI

keZ

L7 (LY LE(LY)
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where we relied on the Calder6n- Zygmund theory for the Littlewood-Paley square func-
tion and the vector valued operator (2% X Q2 < k410 Py re7, precomposing with the space-
time LP-projections to |t |+ |&| ~ 2k as necessary From there, proceeding as previously,

we immediately bound the latter by 0(||V ¢|| L2°(L2)[—1.1] ) as required.

The set-up is similar for gok ) and gok ). Here however, being at high modulations, we
start by inverting the time-like vector X for one of the factors. Then, using the skew-
adjointness of 2k X! O>k+10, but proceeding identically to the above otherwise, we
obtain:

ZTZk//(Q>k+1o<ﬂk))(—Q>k+10<ﬂk))dxdt

keZ
> G 0] | w2 Xy
keZ L,2 keZ L2[ 1,1]
< sup sup 22k HX(pkA
j>10 L2(L)) keZ L2[-1,1]
S|P fsup2 xgf ,
keZ keZ L2[ 1,1]

LF(LY)

where Qk+ j = Ok+j—1<.<k+j+1 is the slightly enlarged modulation projection, and we
relied as prev10us1y on Calderén-Zygmund theory to discard the vector valued operator
QI X104y  Ok+j Pk)keZ’ precomposing with the space-time LP-projections to || +
|E| ~ 2%*J as necessary, for any integer j > 10.

From there, we note that the first factor is bounded by O (]| Vy Ak L2121,
required. This follows essentially from the arguments used to treat the hlgh high inter-

actions and the paraproducts, for (p(l) @ respectively, in the proof of Proposition
2.7 that we shall not reproduce here.

1)as

and ¢

Given this, to prove estimate (2.36) for the terms w , (p,il) and <p,£2), it is enough by

(2.3) and (2.4) to establish the following couple of weak estimates:

27| X PLOCP? Vb (Pt Ve DIO] 1 S IX @2 + 10 = D2
(2.39)
27X Pelxd? (Ved D@L O] 2 S 1X D2 + 10 — Dl 2.
(2.40)
forany 1 < p,q,r < n and any time slice t € [—1, 1].

Consider (2.39). For convenience, let us suppress the time 7 from the notation. Moving
X inside the bracket, we first differentiate the time cut-off getting by Cauchy—Schwarz:

27 @0 @ Vid?) (PretoVed)] | 1 S Illige [Veplz2 I — ez

where we relied on the finite band property (2.2) for ¢", which is a permissible bound
for (2.39).
Next, if X falls on ¢?, then we have:
27 [ x X¢P Vi (P<trroVadDI| 11 S [ X7 12

r

[oo

X
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with again the finite band property (2.2) applied to ¢", but this time in L°, and this is
an acceptable bound.

When X falls on V,¢?, we shall first insert the projection P<i4+o(1) in front of
¢P X V¢4, which is possible by the localization of Vy¢”, ., and untangle the high-
high interactions:

Porro1) (9P X Vi) = P5k+0(1)[¢§k+0(1)XVx¢q§k+0(1)
+ > b XVl 1.

ki,k2=k+0(1):lk1 —k2|<O(1)

Given this decomposition, we have for the low frequency interactions:
—k pr q

2 H XP<io() (XVX¢5k+O(1))(VX¢r§k+10)‘

S o7 e 1%670 2 150" 12

Ly

where we used the finite band property (2.2) for ¢4, and this is acceptable. For the
high-high frequency interactions:

> 27 | x el XVagl) (Vadanio) |,
ki,ko=k+O(1):lk1—k21<0(1) *
P q
<ol > [veol ], [xot] .

ki, ka=k+O(1):[k1—kz|<O(1)

where we have used the finite band property (2.2) for ¢" in L°, and transferred the
spatial gradient from ¢ to ¢? by relying on (2.3) this time and the fact that |k} — k| <
O(1). This control is acceptable applying the discrete Cauchy—Schwarz inequality in
ki =ky+0(Q).

The last case we need to consider, in order to finish with (2.39), is when X falls on
¢". This follows however at once, applying (2.2) to the latter:

Z_k ||X¢p(vx¢q)(P§k+lOVxX¢r)] ”LIZ(L}()

S ||¢p ”L;’OX ”VX‘P({ ||L,°O(L§)[—1,1] ||X¢r ”L,%X[—l,l]’

which is certainly acceptable and gives (2.39).

The estimate (2.40) is very much similar to (2.39). As previously, we move X into the
bracket, first estimating the term when the derivative falls on the time cut-off, passing
initially to L )16 via Bernstein’s inequality (2.4):

| @)@ Vi) (@110 1 S 19llge 1Vellz2 16 —cllz .

simply noting that P-;4+10¢ = P-k+10(¢ — ¢) and then discarding the LP-projection.
When X differentiates ¢”, we pass again to L )lc, and then immediately get:

[ x (X" VD@10 [ 11 S (XS] 2 [ V!

1

L2

Both estimates are acceptable for (2.40).
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We consider now the term with X falling on ¢4, and untangling the high-high inter-
actions in the product we should regroup together ¢” and ¢", obtaining:

Pel@P X VD) (@L1110)] = Pel P<iro 1) (@P DL 1100 X VadLy o))
x Z Pkl (¢p¢r>k+10)xvx¢zz]~

ki,ky=k+0(1):[k1—ka|<O(1)

Now, given this decomposition, we control the first term directly by applying the finite
band property (2.2) to ¢9:

—k
2 ”XPSk+0(1)(¢p¢r>k+10)XVX¢q§k+O(l)’ o S P noll e X072
which is acceptable by the boundedness of wave maps. For the high-high interactions
we proceed as for (2.39) above, passing initially to L}C via Bernstein’s inequality (2.4)
and transferring the spatial gradient V. from ¢4 to ¢ ¢, via the finite band property
(2.3), which gives:

> X Pe @79 110XV,

k1,ka=k+0(1):lk1—k2|<O(1)

< > | Pl Vi@ k100 12

ki,k2=k+0(1):lk1—kz2|[<O(1)

Ly

Xo[,

5
L)C

and using the discrete Cauchy—Schwarz, we can bound this via:

(Voo 2 1070 oo + 197 ] Loe V2907 120 [ X072

Ly

which is certainly acceptable.
Lastly, if X differentiates ¢”, we pass to L! and this immediately yields the desired
control:

X6 Va6 PrtaroXg) |y 197 [958 3 107

hence we have (2.40).
Lemma 2.8 is proved.

3. Bubbling Analysis

In this section we prove our main Theorem 1.2. We start by recording, in the lemma just
below, some of the important properties of the wave map ¢, we were considering in the
statement of the threshold Theorem 1.1, at the final rescaling obtained by Sterbenz and
Tataru in Section 6.6 of [27].

Lemma 3.1 (Sterbenz and Tataru [27]). The maps {¢y},eN from Theorem 1.1 represent
a sequence of smooth wave maps of bounded energy on increasingly large domains of
the forward light cone C:

b Crp, orl) — S Eglpl <€ Viels. g ', (3.1)

where ¢, | 0as v — oo, with the following properties:
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1
o There exists a sequence €, | 0, with €} < ¢,, such that:

1
Frecld] < €& (3.2)

e A decay to the self-similar mode holds:

1
// v = |0, dxdt < Jloge, |2 €, (3.3)
ol b
[

svesy 1]

where p = (t2 — ’,2)% and 9, = %(IB, + r0,) is the scaling vector field which we
recall is uniformly time-like (1(9,, 9,) = —1;

o There is a uniform amount of energy £, > 0 getting concentrated by the maps ¢, in
the interior of the light cone:

1

; / IV, xo(i0) 2 dx = & Vi € [, 5571, (3.4)
[x|<vyeto

for some 0 < y. < 1.

Let us write here a few lines of comments regarding the above lemma, referring the
reader to [27] for more details. Given a sequence of concentration points (¢,, x,,) for the
energy dispersion norm:

2k

Pe,Vix¢(ty, x)| > €(S"7", ),

with #, — 0 in the case of a finite time blow-up, or ¢, — +00 in a non-scattering
scenario, the sequence ¢, | 0 is chosen such that:

1
f[evtvvtv][(p] < 61)25

In [27], Sections 6.3 and 6.4, the authors use the above lower bound to prove that there is
a non-trivial amount of time-like energy concentrating on the time slice S;,. As we shall
later rely on those results in Sect. 3.2, we gathered them in Lemma 3.5 here. From there,
a weighted energy estimate (see Lemma 3.4 in [27]) propagates this energy backwards
in time, leading to (3.4) for any 7 € [ei/ztu, e$/4tu].

In parallel to this, a Morawetz type estimate (see Lemma 3.3 in [27]) and the pi-
geonhole principle enable Sterbenz and Tataru to find a sequence of time intervals
[zy, NyTy] C [el],/z, e$/4], with N, = exp(+/|loge,|), such that the following decay
estimate holds:

1
// — 8,1 (tot, )] dxdt < [loge, |2 €,
c Lo

T, Nvty]

see Section 6.6 in [27]. Then for the final rescaling, the authors in [27] choose t,7,
for the scales AB (or A3°), obtaining a sequence of wave maps ¢(A8-) with the desired
properties on the growing cones Cj1,y,]. In our case, it will be more convenient (for
notational purposes mainly, as to respect the CMC foliation in Sect. 3.1 below), to
asymptotically cover all of forward light cone C, so we should simply fix any:

hty K A0 A L Nyty Ty,



672 R. Grinis

and choose then ¢, | 0 decaying slowly enough, for Lemma 3.1 to hold.

Finally, we bring reader’s attention here to our convention that, in any of the results
stated in this last section, we assume (3.1)—(3.4) holding without mentioning it. In fact,
one might directly consider those as the assumptions under which claims of Theorem
1.2 are made.

3.1. Blow-up analysis for asymptotically self-similar sequences of wave maps. We start
the proof of Theorem 1.2 with a study of the energy concentration sets. Our approach
here will be close in spirit to the work of Freire et al. [9]. We will rely on a monotonicity
lemma for asymptotically self-similar wave maps, see Lemma 3.2 below, which is a
rough analogue of part (ii) from Lemma 1.7 in Lin’s work [18], but mainly parallels the
computations in the proof of Morawetz type estimates from Section 3 of [27]. Note that
we do not use here the fact that our target manifold is a sphere.

It will be convenient to use hyperbolic coordinates, also known as CMC foliation of
the (forward) light cone CY, where we recall that C° denotes the open interior of the
forward light cone, C? = C\(dC U {(0, 0)}). Those are defined by:

t = pcosh(y), r = psinh(y) and 6.
Associated to those coordinates, we recall the expression for the volume element:
dV = rdtdrd® = p*sinh(y)dpdydb,
and for the hyperbolic planes H%O = {p = po} the area element:
d A, = p§sinh(y)dyds,

with respect to the Minkowski metric  on R**!. These formulae will be useful below
applying Stokes’ theorem in the hyperbolic annulus {p; < p < p>}. Let us also record
here that, using the identities:

go=ly — Lo a-=la Iy
t — — - 75 0y, = 5 - —Up,
p e T T2 p

one computes, for a smooth map ¢ into sn—1.

1
3 0,6 = —10,01> +10,0° + = 99|

2
)

) 1
= — 3,9 +?|VH2¢ (3.5)

where Vi denotes the gradient on the unit hyperboloid H? := ]HI%:

2 2 1 2
\% = |9, ST WAL
[Vipg|” = |dy9] * ) )

For every given py > 0, let us define the Radon measures:

1
O pp i= (|8p¢.,|2 t 2 |VH2¢V|2) dAp, € R(L).
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We can naturally view them as measures on the unit hyperbolic plane H? since for any
given test function ¢ on H2, that we should view as a function ¢(y, 6) independent of p
on the whole of the light cone C 0 we have:

2 1 2 .
/wdo—v,po = /H2 (|ap¢v(100)’ + ? |VH2¢\) (,00)| )‘p(}’s 9),05 sinh(y)dyd6.
0
Using the decay (3.3) to a self-similar mode, we can establish the following asymp-
totic monotonicity property for the family {av,p}/»o C R(H?).

Lemma 3.2. For every pair py > p1 > 0 and every A > 0, we have the decay:

23 pati
/ (/ ‘dev,po) dpo _/ (/ (pdav,po) dpo — 0, (3.6)
Pl P

holding as v — +00 for any test function ¢ € C§° (H?).

Proof. Given a continuously differentiable vector field v = y#9 s compactly supported
in (y, 0), contracting the stress-energy tensor 7 [¢,] with ¥, we obtain the associated
Noether current:

(w)Pa = Taﬁ[¢u]wﬂ-

Hence, if we set:

Diprepern )= [

3 (Wﬂpa) AV = / Toplu10°yPdV,
{p'<p=p"} {o

'<p=p"}

where we relied on the conservation law (1.7), and:

B () :=/ ) W)P(ap)dA,;:/ | Tuplul =y PdA;,
o {0=p} P

{p=np}
where our convention follows x° := 7 and xg = —t, so that x® = u*"x,, applying
Stokes’ theorem over the region {pg < p < po + A} leads to the identity:
Dipy<p=pp+r}(¥) = Bpy(¥) — Bpgar (¥). (3.7

Taking ¥ = ¢(y, 0)d,, we compute using the expression (1.6) for Tyg[py]:

1 2
Dipy<p<pyin) (W) = / (; |0p¢0|” @ + 0! 8a¢va“<p) dv,

{po<p=<po+i}

and for the boundary terms:

1 .
Bs(¥) =/ (!ﬁap¢v\2+52§ay¢lay¢v) Lda;
p=p 1Y

{p=p}

1
= E/(pdav,ﬁ,
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where to pass to the second line we have used the identity (3.5). Therefore, plugging the
above back into (3.7) we obtain:

1 2
/godau,po - /<parav,p0+A :2/ (— 9000 <p+ap¢jaa¢va“¢) dv.
{po<p=<po+r} \P

Integrating over py € [p1, p2] and using Cauchy—Schwarz for the second term on RHS
above, appealing to the decay (3.3) and the global energy bound (3.1), we obtain (3.6).
Hence Lemma 3.2 is proved.

From now on we restrict ourselves to the time interval 1 < ¢t < 2. We will study there
the sets in space-time where our wave maps concentrate a non-trivial amount of energy
as in the work of Freire et al. [9], where some general statements about the structure
of energy concentration loci can be found (for instance, it is shown in Proposition 4.1
and Theorem B.1 of [9] that, upon passing to a suitable subsequence, the concentration
set of an energy threshold will be contained in a finite union of Lipschitz curves). Our
assumptions however enable us to go beyond [9] via more elementary arguments and
prove that picking a suitable subsequence will lead to an energy concentration set which
is in fact given by a finite collection of time-like geodesics, relying on Lemmata 2.3 and
3.2.

0

To use the latter, we remark that for a fixed open domain U with closure UccC (L3
Ea
we have:
I > on U, (3.8)

1 2 1 2
E‘V““’“ < [8,00] +?|VH2¢U| < C|Vixdy

with C := C(dist(U, 8C[ 1 3])), and this will enable us to transfer control back and

. 2
forward between the Radon measures o, , and the energy densities |V, (¢, |” dxdt of
which we want to study the concentration sets (with the small energy compactness
Lemma 2.3 enabling us to obtain some uniformity in time).

Lemma 3.3. There exists a subsequence of {¢, }, i restricting to which, without chang-
ing notation, we can find a finite collection of time-like geodesics o1, ..., 01 passing
through the origin in Minkowski space such that defining the energy concentration set
by:
»i= {00 € Ch )+ liminf €5, [0]0) > € Vr >0},
> V—>00
we have:

1
0
X =ChyNn U 0i.
i=1

and away from 3, there exist a wave map ¢ satisfying:
. 3
9,6 =0 on COL\E with ¢ € (H, i (cﬁyz]\z) :
forany 0 < e < % of finite energy on CE)LZ]’ ES;) [¢] < EVt € [1, 2], such that:

o, — ¢ on (chuhnclad) (chaz). (3.9)

as dictated by Lemma 2.3.
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Proof. In view of the asymptotic monotonicity provided by Lemma 3.2, let us denote
foraset U C S;= the cone over U by:

CWU)={t,x) : >0, xeU at t =1},

and by C;(U) := C(U) N Cy the corresponding truncation to a time interval 7.

Considering the time slice S(l), given the global energy bound (3.1) we can pass to a
subsequence for {¢, }, <1y, Without changing notation, such that for some Radon measure
LE R(S?) we have:

Ve xpo (D)) dx — ¢ in R(SD), (3.10)

from where we also see that there exist only finitely many points {x; }l.]: 1 CS ? such that:

ity =[x e Br o lim &[0 > € Vr >0}, 3.11)

and we set o; := C({x;}).
Let us start by showing that:

1

zcchynJa (3.12)
i=1

obtaining on the way claim (3.9). Fix any point xo € S?\Z, then there exists a radius
r1 = r1(xp) > 0 such that for all v € N:

SB,1 (x0) [pv] < e,

hence by the energy-flux identity (1.9), shrinking 71 to 7, > 0 as necessary, we obtain
that:

sup EB3r2 (x0) [Pu]1(2) < €.

te[1-3r,143r;]

By the decay assumption (3.3), we can apply the compactness Lemma 2.3 obtaining that
on a subsequence {¢,},/cny We have convergence in C(H!) N C}(L?) to a wave map
¢ in[1 —rp, 1 +12] x B, (x0), satisfying 9,¢ = 0 and having regularity as dictated by
(2.15) there.

Hence, given any positive constant > 0 there exist a radius r,, > 0 such that:

sup  sup  Ec(a,, (xop [P 1) <.

VeNte[l—ry, 1+r,]

Therefore, using (3.8) we get for any test function ¢(y, ) on the hyperboloid H?, having
support in C(By, (x0)) N H? and satisfying 0 < ¢ < 1, the bound:

1 P2
sup / (/ <pdav/,p) dp S,
VeN P2 — P1 P1

for some suitably chosen 0 < p; < pz. The implicit constant here does not depend on
the parameter 7, and in fact depends only on the distance of the point (1, xg) to the null
boundary.
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Recalling Lemma 3.2, we obtain by (3.6) for every fixed A > 0 the estimate:

1 P2+
lim sup / (/ godavr,p) dp < n.
V—oo P2 — P1 P1+A

Given this, shrinking r» to r3 = r3(xg, 7) > 0 and picking a suitable cut-off function
@ on H? as necessary, we can rely on the other inequality in (3.8) this time and the
energy-flux identity (1.9) to find, arguing via the pigeonhole principle, a finite cover of:

N
Cr1,21(Br; (x0)) C U[tj —58j,1j+5j] x Bs;(yj)
j=1

with N = N(xp, n) € N satisfying:

N
(Ut =351+ 351 % Bas; (vj) C Cpy 37(Br (o)),
j=1

and such that:

lim sup sup 5ng_l,(yj)[¢u'](f) <n j=1,...,N,

V=00 1€[tj—3s;,1j+3s;]

where the implicit constant is independent of 7. Hence, choosing n > 0 small enough
we can claim:

lim sup sup 53331_ (yj)[qbu () < —ev, j=1,...,N,

v/ —00 lE[tj73Sj,tj+3Sj] 2

with N = N(xg) and r3 = r3(xp) now.

Proceeding this way for a countable dense set of points xg € S \X, we obtain
ultimately a countable cover of C?, (1.2] \U; o; that we can use together with the compactness
Lemma 2.3 to construct a subsequence for {¢,}, < via the diagonal process, to which
we restrict ourselves without changing notation this time, such that (3.9) hold for a

wave map ¢ € (H, 3/2 E)IDC(C 2]\ U; 0i) with d,¢ = 0. By construction, it can be
seen immediately that the obtalned map ¢ has energy bounded by £ and we note the
argument also yields (3.12) as desired.

To finish the proof of the lemma, we need to get the reverse inclusion to (3.12). This
follows however from a simple argument by contradiction: suppose that there exists a
point (s;, y;) € o; which is not contained in . We can then run the above proof with
(s;, y;i) instead of (1, xo) and obtain that the full ray g; is not contained in X, but that
contradicts the definition of x; from (3.11). Lemma 3.3 is therefore proved.

To close the proof of the first part of Theorem 1.2 it is enough now to prove that the
wave map ¢ obtained above must in fact be constant. For this point, we will rely on a
folklore fact that finite energy self-similar wave maps do not exist in dimension 2 + 1
which we state in Proposition 3.4 below. A self-contained proof of this proposition can
be found in the work of Sterbenz and Tataru [27] (see Section 4 there).

Proposition 3.4. Let ¢ be a smooth wave map in the interior of the forward light cone
CO, having finite energy, £ 50 [¢] < 1Vt > 0, and satisfying the self-similarity condition
0p¢ = 0. Then ¢ must be constant.
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Consider the wave map ¢ from Lemma 3.3. By homogeneity, we can extend it to:

1
¢:C"\Joi — "7,
i=1

3
with finite energy £ $0 [¢] < €Vt > 0, locally in fo_e and satisfying d,¢ = 0. Let us
note here that we were considering the unit time interval [1, 2] in (3.9) just in order to
simplify the task of keeping track of the dependence of implicit constants. It is easy to
see that the arguments above lead to local convergence of the sequence ¢, to the map ¢
on all of C%\ U; g;. This is however a purely qualitative statement.

Restricting ¢ to the unit hyperbolic plane H? gives rise to a harmonic map of locally
finite energy, by (3.8), defined away from a finite set of points given by H> N J 1'1:1 0i.By
the regularity theory due to Hélein [11], we obtain in fact a smooth harmonic map away
from the above collection of points. But then, by the removable singularity theorem of
Sacks and Uhlenbeck [23] we can extend ¢ to a smooth harmonic map on the whole
of the hyperbolic plane H?, which in turn means that, by homogeneity again, we could
have extended ¢ across the rays g; to a smooth finite energy self-similar wave map on
€Y. By Proposition 3.4, ¢ has to be a constant.

The first point of Theorem 1.2 is therefore established, given that ¥ must be non-
trivial by the concentration of time-like energy assumption (3.4).

3.2. Dispersive property for null-concentration. This short section is devoted to the
description of the parts of the sequence that escape into the null boundary. We proceed
first, borrowing arguments from Section 6.1 of [27], by constructing extensions for the
maps ¢, outside the light cone with asymptotically vanishing energy there (we note
that, if considering the non-scattering problem, those have been already constructed in
Section 6.2 of [27]).

Relying on the flux decay estimate (3.2) and using the angular part of }'[ . g;ll[gb,,],
see the expression in (1.9), we can find by the pigeonhole principle a sequence 7, € [2, 3]

such that:
/ [ aug ()
35S,
1/4

Hence, as in Remark 2.4, we get that ¢, (957, ) is contained in a chart of radius O(e€,’ ")
and so we can build smooth spatial extensions ¢/, [t,] € T(S”_l) of ¢,[t1,], satisfying
the energy control:

2 1
do <ey.

1
ElPy1(w) = Es,, [9v] S €

We solve then the wave maps equation with initial data ¢ [t,] backwards in time for
t € [6y, Ty]. By the finite speed of propagation property, the solution agrees with ¢, on
Clc,,7,1> hence let us denote it by ¢, (abusing slightly notation). Moreover, relying again
on the assumption (3.2) and using the conservation of energy law (1.3) together with the
energy-flux identity (1.9), we propagate to all of the time interval [¢,, 7, ] the smallness
of the energy exterior to the light cone:

1

sup  (Elul(0) — Es,[Bu]) S e,

relgy, ]
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which in particular guarantees smoothness of the extension on all of [¢,, 7,] X RZ,
Another consequence of the flux decay estimate (3.2) that we record here, is the
following weighted control:

1 5 _q 2
sup / 1 (|L¢>u(t)| +‘r agqﬁv(t)) )dx <1, (3.13)

tell,21J8: (t — |x|+€))2

direct consequence of Lemma 3.2 in [27], and constitutes an important ingredient in the
elimination of sharp pockets of null energy (see Section 6.3 of [27]).

Regarding the interior of the cone, by the previous section we can pick a monoton-
ically decreasing sequence of scales §,, | 0, starting with §y := %dist(U[Q,’, aCn 21,
such that:

lim sup & =0, 3.14
M SUD Esin i, it 1] (3-14)

which are in some sense the slowest concentration scales, i.e. have the property that:
v (to + 8,1, 0i (t0) +8,x) —> c5 € S~ on ([—4,4] x Bs)\ai. (3.15)

locally in C?(H})NC} (L2), where the constant ¢ corresponds to the wave map ¢ from
(3.9), for any given typ € (1,2) andi = 1, ..., I. This can be obtained upon taking &,
tending slower to 0, which will not break condition (3.14). Hence, by pigeonholing, we
can choose a sequence of radii o, = o, (9, i) € (3, 4) such that:

/ (Vi [0 (t0 + 80t 01 (10) + 8,)]|7 d6 —> 0,

v

which enables us, as before, to construct extensions into B, that have asymptotically
vanishing energy. That is we cut off the bubbles from the body of the map. More precisely,
we choose a sequence of maps (@ 1, v, ;@i 1,v) € T(S"1) defined on B;, such that:

Vix [ (t0 + 80, 0i (10) + 8| (1=0yx Ba\Bo, + Ditv(-)] —> 0 in L%(Buy),

and performing this surgery foreachi =1, ..., I, we obtain smooth maps:
I
1 x — (1)
@i.0110] = S l101|R\, By, 01000+ D (Pt v 5= i) (5— :
i=1 v v
satisfying by construction:
Vi (t0) — 0 in (Loe (RA\ 1r = 10}) (3.16)

Moreover, fixing ty € [1 + 8¢, 2 — o], we can naturally view @y, ,[#o] as defined on
the time slice Sy, and solve the wave maps equation with initial data @, , [7o] obtaining
a smooth solution on [#y — &9, fp + 8¢] provided we work with v large enough, relying on

the finite speed of propagation property (which tells us that @y, , agrees with ¢, near

and beyond the null boundary, at least away from C[ztf)"_ 5.0 +50]), and the small energy

regularity via (3.16). The choice of §y is not the most optimal one, but here we are rather
concerned with its independence from v. It is immediate then that,

Vi@ —> 0 in CXLD0c (([to = do. 10 + 801 x RO\ICtyso,tps5n1) -
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as desired in Theorem 1.2, and furthermore the weighted estimate (3.13) is inherited by
the maps @y, ,:

1 2 —1 2
sup — (Lm0 +‘r aew,o,v(z)‘ dx <1, (3.17)

telto—t,to+t1J S (t — |x| +€,)2

giving us the possibility to apply the following lemma of Sterbenz and Tataru from [27]
(see Sections 6.3 and 6.4 there), to get the energy dispersion norm of @y, , asymptotically
vanishing and conclude on the second point of Theorem 1.2.

Lemma 3.5 (Sterbenz and Tataru [27]). Consider tuples {(¢y, 0:¢v)}veN of Schwartz
functions on R? satisfying, for some sequence €, | 0 and a bound £ > 0:

|| Vt,x(pv ”i)Z( 5 5’ Hvl,x(pv Hi%(RZ\BQ 5 635,

1 2
(1L, +
Bi (1 =[x +6,)3

such that for some given € > 0:

"_la(-)‘Pv

2
)deE,

sup (27" || PV xoy ||LOO> > €.
k X
Then, there exist constants 0 < y (¢, &) < 1 and e(e, £) > 0 for which:

/ |Vt,x(ﬂv|2dx >e(e,8), VvelN.
By(e.&)

3.3. Asymptotic decomposition. We have reduced the proof of Theorem 1.2 to carrying
out the bubbling analysis for our sequence of wave maps {¢, }, <y near the set of time-like
energy concentration:

(U Bs, (0)) N Cfl o € C%, (3.18)

recalling the set-up from Sect. 3.2, where 69 > O controls the distance to the null
boundary dC of the light cone, on which dependence of our constants will be considered
universal. The dynamics of the maps ¢, near distinct rays o; are completely disjoint and
to get the claimed asymptotic decomposition from Theorem 1.2 we will have to select
the time slices ¢, rather carefully.

To start, in order to obtain from the decay assumption (3.3) the asymptotic stationarity
at all scales for some suitably chosen time slices, we consider a sequence of positive
functions on the time interval [1, 2] defined by:

Co(t) == /5 10,60 ()] dx,
s,0

so that [|¢y[l 11 oy = 0 by (3.3). Then, looking at the corresponding Hardy-Littlewood
maximal functions:

1 [t
M, (s) == sup —/ Su(t)dt,

r>071 Js—r
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the well-known maximal inequality of Hardy-Littlewood tells us that for any A > 0:

1
My > 1S S sl

Therefore taking a sequence A, ~ [|¢, || L 0 decaying slowly enough compared to
1Sy ||L1 we can select a sequence of time shces {tv}yeny C (1 + 80, 2 — 8p) such that:
Mg, (1) — 0. (3.19)

We should note here that this will not be quite the final sequence of time slices we will
claim the soliton resolution on as we might need to perturb it a little at scales §,,.

From there, we have to study foreachi =1, ..., I, asequence of wave maps obtained
from ¢,, upon translating by (¢,, g; (t,)) and rescaling by §,, which gives us by (3.15):

ai,v(') =gty + 8y, 0i (1) +6y) —> Cy On ([—4,4] x By) \ai, (3.20)

locally in C?(H xl) N Ctl (LJZC). Moreover from (3.19), denoting by X; the unit constant
time-like vector field pointing in the direction of the line g;, we have:

| Xigis”|}L%X([f4,4]xB4) — 0. (3.21)

Proceeding as in Remark 2.4, we interpolate smoothly between qb, »[0] and the con-
stant initial data (cg, 0) € T (S"~ D) on B4\B3, replacing the map ¢; , with a wave map
¢;.» agreeing with the latter on [— 2, 2] x B3> and constant outside Bg (at most) for
t e [—%, %] by finite speed of propagation. This introduces an error of asymptotically
vanishing energy on this time interval, safely by (3.20). In fact, from the construction it
is immediate that:

¢iv —cy —> 0 in CULY)[— > i] (3.22)
which improves to locally in C? (Hxl) N C,1 (L)ZC) away from p;, and we still have decay
in a time-like direction:

| Xidiv| 2 3.3, — 0. (3.23)
tx 2°2

Let us fix a smooth time cut-off x (¢) € Cgo(—%, %), identically 1 on [—1, 1], so that
we get now in position to apply Proposition 2.7, obtaining from (2.20) the following
decomposition:

XVixdiv = 0O+ By, with:

P P

33
22

D P ey S 1 (3.25)
kel !

H¢i>v —Co “L,DO(L%)[—%,%]’ (3.24)

Furthermore, applying Lemma 2.8, we get from (2.35) a decomposition for second order
time-like derivative of ¢; ,:

XX1'2¢i,v = Fi,v + Hi,w
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where the first item is a linear combination of:

> PVAQE (Pogiodi)]. D PIQE (P<psroVagin)]. and Q0V iy,
keZ keZ

with Q5" := @i, a0, , — dabiv®] .
while the second one satisfies (2.36):

22 * ”PkHlVHL2 (- %% (1+”X ¢1VHL2 = 3 3 )”X¢1V”L2 e %%]
kel

(3.26)

+ U+ 0w = cpl ory-3.39 190 = ol Lo u2y-3.3)-

We note that the implicit constants, including the factors in the linear combination
for I'; ,,, depend only on the energy bound £ from (2.18) and the distance g to the null
boundary dC from (3.18), hence can be considered universal for the rest of the argument.

With this understood, we define non-negative functions 9; ., & v, ¢;., and m; ,, for
i=1,...,1andt € [—1, 1], setting:

0,0 (t) = U@,-,v(r)HZL% with ;] ;1 — 0,

Siv @) =D | PBin @]z with [[&]

keZ

- z ||Pk‘-‘l V(I)HLI(LZ) ~

keZ
G (t) = |!Xi¢i,v(t>||§%, so that [&i |1 — 0.

as well as:

i) =D 2% ||Pkn,~,v(t)||i%, where i ||,
keZ

= 22 ¥ | P07, — 0.
keZ ’

by (3.24) and (3.25), (3.21) and (3.22), and finally (3.26).

We will now choose a sequence of time slices where we uniformly control 6; , and
have all of the other functions above asymptotically decaying. This will be used to prove
decay of the weak Besov norm Bégf on the neck regions, and ultimately get the energy
collapsing there via the control on 6; ,,. At the same time, to start this argument, we shall
build first the weak bubble tree decomposition. To do so, one relies on the small energy
compactness result from Lemma 2.3 (which, for example, enables one to extract solitons
from the standard concentration-compactness procedure). Hence, for that reason, we will

need to control the maximal function M¢; , corresponding to || Xidi (1) || iz as well.
Let us take A ”Gl UHI/Z 10, ()»ii)_l HE,-,UHU < ¢ for some arbitrarily small
t

€ > 0 to be fixed according to (3.27) below, as well as )ff ~ ||§,~,,) ||2/12 L 0and A" ~
t
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|7 1L/12 | 0. Hence, applying Chebyshev’s inequality and the maximal inequality of
t
Hardy-Littlewood for M¢; ,, we get:
6; 1
(fers =27} )<

(3.27)

M-

eiw > a5 |+ [{eiw > a5 Y|+ [ {miw = 25} [ Mg > 45
e = 28|+ e > 29} [fmn > 537} |

i=1

Therefore, we can choose a sequence of time slices {t,},en C [—%, %], that we may
assume simply to be #, = 0 upon translating the maps ¢; , by (¢,, 0;(t,)) without
changing notation for ¢; , (and working on [—%, %] X Bg), suchthatforalli =1,...,1
we have the following control:

6iv(0) — 0, &, &w(0) — 0, m,(0) — 0, and M¢;,(0) — 0.
(3.28)

These are the final time slices that we will consider and obtain the asymptotic decompo-
sition on, as claimed in our main theorem. We start doing bubbling analysis on them just
below. Here we just add the remark that, upon working in (3.27)—(3.28) with the maximal
functions for ; ,,, &, and 7; ,, as well, it should be clear by end of the argument that we
can also get the energy collapsing result for almost every time slice strictly within the
lifespan of the fastest concentrating solitons.

In the following lemma we present a preliminary version of the soliton decomposition.
It is essentially the one that we aim towards from Theorem 1.2, but it contains errors
that we shall call necks—those are wave maps on conformally degenerating annuli such
that once localized in space converge to a constant but when considered on the whole
annulus might carry a priori a non-trivial amount of energy. Ruling out such a scenario
will be the last step in the proof of the main theorem.

We note that the proof of this lemma relies on a covering argument which goes back
to at least Ding and Tian [5] and today is pretty standard in the literature on bubbling
analysis of harmonic maps (and related areas, where some authors refer to as weak bubble
tree convergence). The lemma of course holds for any closed Riemannian manifold as
a target.

Lemma 3.6. Passing to a subsequence, there exists for eachi = 1, ..., I a collection of
Ji Sg Usolitons wj;, j =1, ..., J;, with corresponding concentration points al{v € By

converging to the origin, and scales A{ » ¥ O satisfying the orthogonality relations:

. . . .
J J J J 2
)‘i,v )”i,u |ai,v - ai,v'

)‘i,v )‘.i,u A LA

i,v™iv

as v — oo for j and j' distinct, such that:
j j j 2+1 j i
¢,-,,,()»l{vt, al +)»l{vx) — wji(t,x) on R*'\ U, 0",

locally in C,O(Hxl) N C,1 (L,%)for a collection of at most J; — 1 time-like geodesics Q;’j
with direction X;. Moreover, setting for any fixed positive constant C > 0:

Amin,y := C - min {)vi’;v} , veN,

1]
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we have the following asymptotic decomposition holding for t € [—Amin,v, Amin,v]:
Ji J
t X —a
Gin(t,x) —cp = Z(a)j,i (AT y "v) - wj,,-(oo)) + N (1, x)
Jj=1 iV i,V

+opee i) (D (3.30)

where N, stands for the wave map ¢; ,, restricted to a collection of K; S¢ 1 sequences
of degenerating annuli:

k k

re, T 11 ,

[~ 5 0 x (B (ED\Bt (x£,) € =5 51% By with Aniny < rf, < RE,.
’ ’ (3.31)

such that we have:

sup sup ngr(xikU)\Br(xik‘,)[d)i"’](t) — 0, (3.32)

k 1 pk _rr
ri,ufrifRi,vte[ 272]

holding for eachk =1, ..., K;.

Proof. Letus fixi = 1,..., I, and suppress this subscript in the argument below to
lighten the notation. In the same spirit, we also never change notation here whenever
passing to a subsequence for {¢, }, <N While using Lemma 2.3 as it will be clear from the
construction that we obtain in the end a countable cover of a suitable neighborhood of
{t = 0} x B3 on which we can rely to build via the diagonal process a final subsequence
that satisfies the claims of Lemma 3.6.

Pick a sequence of points a! € B; with radii A} | 0 such that:

Ep 1 @hPv]10) =é;. (3.33)

Note that such a concentration point is guaranteed to exist by the results of Sect. 3.1 and
the compactness Lemma 2.3, and that by (3.20) any energy concentration point would
have to converge to the origin.

Consider the sequence of balls By, 1 (al) with k a positive integer, and choose the

lowest Ko = Ko({ai}veN) € N such that the functions:

ry : Bykg-1(al) — Rog
X —> ry(x) 1= sup {r >0 Ep olpp(l al +21)10) < es} . (334)

which are continuous as the wave maps ¢,, are smooth, admit a collective positive lower
bound r’ := liminf, ,r,(x) > O (assuming K exists, the case when it does not is
treated later when we describe convergence to solitons at infinity). As a preliminary
step, relying on (3.28) and the compactness Lemma 2.3, we can obtain for the rescalings
of the maps ¢, at a&, upon passing to a subsequence, that:

/7 /
qbv()»Lt, all, +)»‘l)x) —> w1 (t,x) on [—?, E] X Byky-1,
in C?(HXI) N Ct1 (L%) for some wave map w; with regularity as in (2.15) and satisfy-
ing Xw; = 0, with X standing for the constant time-like vector field X; from (3.21).
Therefore, the map w; is part of a soliton.
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The time interval [— %/, %] for the convergence above will be improved considerably
below by recalling the methods from Sect. 3.1, see the proof of (3.37). Now, we shall
proceed instead describing further w; in space. Slightly abusing terminology, let us refer
to w as a soliton already from here, bearing in mind that we will prove it is one shortly.

By construction, we can find at least one sequence of concentration points:
2 1 1
a; € BZKOAL(GU)\BzKO—I)LL (a,), (3.35)
bubbling off on the top of the soliton w; in the sense that:

Es,, @) [9]0) = €. A5 <A, (3.36)

where it is quite important to note that we have an equality above, a fact that must hold
by the compactness Lemma 2.3.

Let us consider a new sequence of concentration points satisfying (3.35) and (3.36)
like {af}v e 10 other words forming itself above the scales kll) and converging, upon

passing to a subsequence, in the closure of Bjk, 2 (all), so that it suffices to work in
B,kg+1;1 (ai). There are of course uncountably many of those, given the existence of

a single one, {a%}U , but we are going to consider equivalent all those for which the
orthogonality condition (3.29) holds and pick only one representative per equivalence
class. That is, if a sequence {a{)}veN satisfies (3.35) and (3.36) but in addition also has

2 ithe
AL~ A5 with:

|a —2 aj| <1,
)\‘U
then one can see that the maps ¢, (A2¢, a2 + A2x) and ¢, (A, t, al, + A/, x) would converge
on[—271, 271 x B,-1, upon passing to a subsequence directly by Lemma 2.3, to the
same soliton up to translation that we should denote by w> as it was initially obtained
from a% once the procedure we are describing now for the soliton w; is completed and
applied to the soliton w». Hence the sequence {a‘/)}v oy should be discarded keeping
{a\%}veN'

Given the orthogonality relations (3.29) holding between any two sequences of con-
centration points as above, we note that we are left with only finitely many possibilities,

say {a{}veN with j = 2, ..., J'. This follows from the fact we are considering a se-
quence of functions {Vt, X¢V}u en © L%, bounded by the global energy control assump-

tion (2.18), and with V; y ¢, concentrating definite amounts of its L% norm, namely , /€,
note the equality in (3.36), at different frequency and/or spatial scales so that we can
conclude that, since L% is a Hilbert space, we should have:

J<te.
€s
which is a universal bound for us as desired.

The collection {aﬂ}vEN, Jj=2,...,J, gives rise to solitons wj, one for each j, by
the same procedure as described for @ and so from now on we should be running for
each of them the same construction as we are currently considering for w;.

From the point of view of wj, we can subdivide the above collection of sequences
of energy concentration points into disjoint families by considering the limit points
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b; € Bykopl (a&)\BzKO—IAL (al),indexed by ¢ = 1, ..., Q' for some integer Q' < J/,

to which the sequences converge once rescaled by )Lll). So for any » > 0 small but fixed,
we have by Lemma 2.3:

/ /

r r e —
do(hyt al +2x) — 1) on [-5, S x (BzKo\ Uy B,(b}l)) ,

in CO(H!) N C}(L?) since the functions r, from (3.34) extended to B,x,\ U, B, (b;)
admit a collective lower bound r’ := liminfy , r,(x) > 0 (provided r > 0 is fixed
of course as r’ depends on it). Understanding the behavior of the maps ¢, as r | 0 is
linked to the convergence of ¢, to solitons at the spatial infinity and this is when the
neck domains enter into our picture. We shall discuss this straight after we finish the
construction of the soliton w; (and so for the other ones, w; above, in parallel).

Considering the annuli Byxy+t;1(a))\Bykgt-1;1 (al) one after the other and study-
ing as above whether there are new sequences of concentration points satisfying (3.36),
upgrading the collection {a} },cn, j = 2, ..., J', accordingly upon checking the orthog-

onality relation (3.29) holds for each new member (we should not change the notation for
the upgraded version), we must a reach an integer K1 = K ({ai}veN, €5, &) € Nsuch

that for any k > K the functions r,, from (3.34) once considered on By« (a&)\BZJH (a‘})
would admit a positive collective lower bound there. Note that this situation could have
occurred without passing by the previous bubbling analysis induced by the existence of
the integer Ko, e.g. if we would have picked up the fastest concentrating soliton initially
for w;.

From there, we let k — oo with r |, 0 and fully construct the soliton w; in the sense
that we claim:

$v(yt.ay +Abx) — wi(t, x) on R**'\ U, o, (3.37)

locally in C,O(Hxl) N Ct1 (L%) for a finite collection of geodesics Q;, g=1,..., 0 each
passing through the corresponding point b, all with direction X, and such that Xe; = 0
there. To prove (3.37), we note that by (3.28), used already above, we have for any fixed
bounded time interval the following decay estimate:

/S /2 ‘X[¢U(A$t,ai+kix)] 2 dxdt = o(s), (3.38)
—s JR

and so denoting by W the Lorentz boost taking d; to X, if one considers the foliation
induced by {\II({t} X ]Rz)} tep ON the whole of Minkowski space R%*! instead of the
CMC foliation in the interior of the forward light cone as in Lemmata 3.2 and 3.3, the
very same arguments would lead to the convergence claimed in (3.37). Let us present
some details, setting ¢, = ¢, ()\},, alf + )\£~).

Working on pl (R2+1) we denote the coordinates there by x%, or (t, X1, %2), and
writing ¢, := ¢, o W we get by the Lorentz invariance of smooth wave maps that the
associated stress energy tensor Tjz[¢y] enjoys the conservation law 0*T, glov] = 0.
So, contracting T'[¢,] with the vector field x (x)9;, for some continuously differentiable
test function xy with d;x = 0, and integrating the divergence of the Noether current
3% (X®%) py over the strip 7 € [, ¢ + A] for any r € R and positive constant A > 0
(similar considerations apply when 1 < 0), we get by Stokes’ theorem and the mentioned
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conservation law:

/_ |Vf,;¢u|zxdi—/_ |V; ¢ @u|” xdx
{t=t+)} {t=t}

= _2/ 8?@:(821¢U8X1X + a)?z(/_)vaiz)()dfdi~
[t,t+1]xR2

Hence, integrating the above identity over ¢ € [19, #1] for given fg, t; € R, using the
decay (3.38) we obtain:

-2 - ) o
/[ IR [Vis0u] X‘”dx—/ Vi :@0|” xdidi — 0, (3.39)
10,11 ] X T

[to+A .t +A] xR

analogously to (3.6) from Lemma 3.2. To use this asymptotic monotonicity formula
to propagate small energy control, we note that we have |V,-, ,;gZ)U| ~ |Vt,x<pv‘ with
the implicit constant depending only on X, which is constant and fixed. Therefore,
proceeding as in Lemma 3.3, given any point y € R?\ Uy b; and a positive constant
n > 0, there exists a radius 1 = r1(y, n) > 0 such that:

sup sup &g, (mlenl(®) =,
veNre[—ri,r]

which leads to the control:

1
sup — }Vt,x% ]2 dtdx <,
veN Tl J[=rp.ri]1x By ()

that in turn gives us, precomposing with W and shrinking suitably the radius to r; >
ry 2

1 _ -
sup — !V;’);gov|2dtdx <,
veN 72 J[—ra+5,r2+5]x B, (3)

where (5, y) :== W~1(0, y). By the decay estimate (3.39), we get that given any A € R:

. 1 T
lim sup — |Viz@v|” didx <,
veN T2 J[—ra+5+A,r2+5+1]%x By, (3)

and so going back to ¢, by precomposing with W~!, shrinking further the radius to
ry > r3 2 rp we obtain by the pigeonhole principle, using the energy flux identity (1.9),
the estimate:

limesl\?p ”VI»X‘/’V ”L;’O(Li)(([—r3,r3]x3m (7)+1X) S
} 3

for any given A € R, viewing naturally X € R>*!. All the implicit constants above being
independent of n (and of X, the dependence on which of our construction is hidden in
the limsup), we can choose 1 small enough obtaining the small energy control for any

fixed A € R: |

11111)15\1]11) ” Vixgy || LP (L) (([—73.731% Bry (0))+AX) = s (3.40)
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with the radius 73 = r3(y). Therefore, picking suitable collections of points y € ]Rz\ Uy
b; and constants A € R, we construct a countable cover of R?*1\ Ug 0 ; such that relying
on the estimates (3.38) and (3.40) we can apply Lemma 2.3 to get a subsequence via the
diagonal process for which the local convergence claim (3.37) holds a desired.

Note that by construction w; has energy bounded by £, and so precomposing it with
the Lorentz boost ¥ we get a steady in time finite energy harmonic map from R? minus
a finite set of points (note that the energy of this harmonic map will be smaller or equal
to £[w1], nothing travels faster than light!). By the regularity theory of Hélein [11] the
latter has to be smooth and by the removable singularity theorem of Sacks and Uhlenbeck
[23], it extends smoothly across the singular points. The outcome of this argument is
therefore that e is a smooth finite energy wave map defined on the whole of R>*! with
Xwy = 0, i.e. a genuine soliton as desired.

The same holds of course for the solitons w;, j =2,...,J ', but note that those do
not of course constitute all the members of the decomposition (3.30) as parts of the maps
¢, can get lost a priori at spatial infinity and in between the solitons we are considering.
We shall address this issue now.

Consider the scales {)»‘])}U oy corresponding to the soliton w;. Fix an arbitrary small
0 < ¢ < €, then by the pigeonhole principle there exist an integer K (¢) > K such
that for any k € N fixed:

ngK(s)Hc;”l)(ai)\B2K(s)+k71;\})(ai)[qSV](O) <& (34D
for all v large enough. Suppose that there exist a sequence of smallest integer k, (¢) >
K (¢), as v gets large, such that the above inequality fails:

6le<\;(€)+1;}) (all)\szv(S))\L (ag)[(bu](o) =&,

and note that by construction we must have k,(¢) — o0; then we have found a new
soliton on the top of which our previous w; is concentrating, that we should denote by
w41 so that setting )L‘{/” := 2k @=1)1 we can apply directly Lemma 2.3, by the choice
of k,(¢) and (3.41), to get:

(Wt al 00 %) — wy(t,x) in COH))
11
1 2
n ¢ (Lx)([_Z’ Z] X (BI\B%)),
with Eppmlev(Ay T al + 47 H191(0) = &,

and the analysis we carried for w; so far should also be applied to w1 now.

It should be clear that if no k, (¢) as above exist, i.e. (3.41) is not violated for any
k € Nfor v large, then choosing 0 < ¢ < €, small enough initially, by equality in (3.33)
we must have been working with w; and there should exist then a sequence of integers
k!, such that 2"3)»11) ~ 1 and (3.41) holding for any k = 1, ..., k], — K (¢), with any
0 < ¢ < e forlarger k > k|, — K (¢) by (3.20) as v — oco. The map w ;4] would be
standing for the constant ¢4 in this case.

For the other solitons w;, with j > 2, k,,(¢) must exist and we could of course end
up with wq, or also a constant (to which some authors refer to as a ghost bubble, i.e.
a soliton on the top of which two or more non-constant solitons are concentrating but
itself is constant) in which case we obviously do not consider this as a new soliton. This
brings us to the final steps in the proof of Lemma 3.6.
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In fact, in the above construction the constant ¢ > 0 could be arbitrarily small but
was initially fixed and we would like now to let it degenerate to 0. We claim that in fact
we can put ourselves in a situation when for any smaller 0 < ¢’ < ¢ the choice of the
integers k,(¢') € N is uniform in the sense that there exist positive integers L(¢') € N
independent of v such that k,,(¢") = k, (¢) — L(¢'), that is:

Sup Ep B @ [$01(0) < &, (3.42)
K (s")<k<ky(s)—L(s") Byis1;1 (@)\Byiy 1 (a) 1PV

for v large enough. If this were to fail for some ¢’ > 0, we could find a sequence of
scales, that we denote by )»{ /+2, such that:
5Ble{’+z(a$)\3k{’+2(all,)[(b"](o) > ¢ and )‘1{ Y« )‘\{ P« )‘\1;7 (3.43)

and that would give rise to new non-constant solitons at scale A7 *2 or above, in which
case we have to redefine ¢ as ¢’. Note that we can have only finitely many non-constant
solitons forming by the global energy bound (3.1) since those cannot have arbitrary small
energy as this is not possible for harmonic 2-spheres, and by (3.43) they are asymptoti-
cally orthogonal in H. Xl X L)ZC. Hence our procedure, applied to every single soliton we
have found so far, detects all of the solitons in the claimed decomposition (3.30) and
we are just left to characterize the regions in-between the domains of convergence to
solitons as neck regions, but this can be obtained directly from (3.42) as follows.

Upon changing notation, by the above remarks we can assume that (3.42) holds. Now,
we simply choose sequences 0 < r,} < R! tending to 0 slowly enough so that for any
& > 0 small enough:

EBrl(all)\sz(s);Ll(415)[(1)”](0) — Er2\B k() (0 [@1](0) and
€ 1,1 @D\ By (@) [$v10) —> Eiyoyl@s411(0),

then by (3.42) there exits a sequence ¢! = ¢! (r!, R!) | 0 such that:

sup sup ng,(al)\B,(ai)[‘pv](t) < si.
rl<r<lRrltel-5.5]

If we know a priori that rvl ~ le, then we can immediately absorb this part of the wave

map ¢, into the error term o Lo (H 12D in the decomposition (3.30) and there is no

loss of energy between the considered solitons. Otherwise we should have r! < R, i.e.
the annulus is conformally degenerating, and this is precisely a neck in our terminology,
as required. To prove Theorem 1.2 we must show that those terms can also be absorbed
into o AlxL2 (1) upon picking a suitable time slice, but that’s the next and final step of
the whole argument So far we have established Lemma 3.6.

Remark 3.7. We note here that our techniques cannot say anything more about the de-
composition beyond the scales {O (Amin, ‘,)}VEN which is a central issue to address if one
were to try understanding the full soliton resolution conjecture.

Let us also remark that there is also quite some freedom in fixing the radii Rl{fv and

k defining the neck domain, as for any positive integer £ € N which can be arbitrarily
large but fixed, we still have:

sup WP Epy, b ek [Pin] () — 0,
r ] Ly 1,V
2

—0..k ¢ pk _rr
27ty <r<2fR} 1€[=3.3
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which follows directly from the characterization (3.42) in the proof of Lemma 3.6 above.

Our aim now is to show energy collapsing for the necks NV;,,, that is a decay to zero
for the Li norm of V; y¢, as v — 400 on the degenerating annuli (3.31). We shall start
by obtaining a decay in the weaker Besov Bé&z norm for N ,, as consequence of the
property (3.32), up to an error whose HX1 norm is controlled by the L% norm of X¢,
for some time-like vector field X that we will fix according to (3.28) later. This is the
content of the following lemma.

Lemma 3.8. Consider a sequence of smooth wave maps of bounded energy:
¢v . [_2Nv+0(1)’ 2Nv+0(1)] X Rz N Sn—l’ Hvt,x(pv ||200(L2) < 5’ (344)
t X

obtained from Lemma 3.6 up to translating and rescaling, where we are given two
sequences of positive integers n,, N, — +0o,n, < N,, such that the neck property
holds on By, \ Bonv :

sup

) — 0. (3.45)
ny<t£0(1)=N,

H Vixy ” LO(L2) ([—-2¢1.27 1% (B,es1 \Bye)

Moreover, we assume the maps are asymptotically steady in the direction of a constant
time-like vector field X, standing for one of the X;’s from (3.21) which we can take to
be given by (2.19):

X (O)ll L2 — O, (3.46)

and the second order time-like derivatives satisfy:

My, = sech’()X%¢p, — QL8%,

+ D P [Vx (Q g Pokr1090) + 2 g - P§k+10Vx¢v] :
keZ

> 27| P, — o, (3.47)
keZ

setting QY 1= ¢v8a¢:f — 8a¢>v¢I and Q;’ﬂ = (1 —/32)52)‘;] dxy + 2, dx). Both assump-
tions are justified by (3.28).
Then on the neck region, we can write for the map ¢,:

Vt,x¢v =7, on [-1,1] x (Bsz \Bom ),

see (3.53) in the proof, with Y, (t) € Cgo(Bsz+l\B2nU—l) fort € [—1,1] being of

bounded energy ||Tv||ioo (L)[-1.1] < &, and satisfying the following weak decay estimate
t X 4

ont=0:

sup || Py (0) 2 — 0.
keZ
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The strategy of our argument is roughly to replace, by using the decay in the direction
of the time-like vector field X, the sequence of wave maps on neck domains under
consideration with another one, differing by an error of vanishing energy and converging
locally to a constant on the neck domain with more regularity than H! x L2 for ¢,.
However, because we need to obtain estimates that are uniform in time, working on very
shortintervals, we should not rely on the small energy regularity theory from Theorem 2.2
and the direct use of Fourier restriction spaces, as in the proof of the compactness result
by Sterbenz and Tataru [27] (Proposition 5.1 there), but proceed directly via the wave
maps equation (1.2) proving a weak 3;1’2 decay estimate for its quadratic structure in
the gradient at high frequency (without any null-structure involved, hence having target
S"~1 is not specifically necessary for this part of the argument), and then using Lemma
2.8 to control the second order time-like derivatives (the latter though does involve the
conservation law (1.4) for wave maps into spheres).

Proof. As usual, having the required control in a time-like direction, it is enough to
consider the spatial gradient only. Now working on the domain [—1, 1]x (B,n, \ Bomw ), we
note it being arbitrarily rough in time as n,,, N, — 400 degenerates. This is an additional
difficulty, to be dealt with in the present proof, in comparison to the analogous estimate for
harmonic maps, where e-regularity is used on the domains [—2¢~1, 26711 x (B,e1\ Bye)
instead, see for the example the paper of Lin and Riviere [19] on p. 188.

Before taking the main line of the argument, let us start with some preliminaries, fixing
the decay rates for the assumptions of Lemma 3.8, that is sequences ¢, |, 0, o), | 0 and
&y | 0 for which:

— 2
D 2P, O] <4, (3.48)
keZ ’
1X¢u (012 < v, (3.49)
sup H Vt,xd’v ” L?O(Lg)([—ZZ_l,ZZ_I]X(BZ(+] \BZK)) < &y, (350)

ny<l£O0(1)<N,

corresponding to (3.47), (3.46) and (3.45) respectively. Next, we consider, for an arbitrary
choice of integers ¢, between n, and N,, the sequence of wave maps:

bue, () = (24 1 [-274, 27 x (By\By3) — S" L. (3.51)

We build an extension v, ¢, of ¢, ¢,, as in Remark 2.4, by smoothly interpolating on
(By—2\By-3)U(By2\By_;) between ¢, ¢,[0] and (c¢,, 0) € T(S* 1, for some suitably
chosen sequence of constants ¢y, = cg, (¢y.¢,), solving the wave maps equation for ¥, ¢,
with initial data of v, ¢, [0], such that scaling back and setting wf” ) ==Y, Q= b,
we have (denoting by 1, the characteristic function of Bye,+1\Bye,—1 over the time
interval [—2¢v—3, 26”_3]):

£y
L?O(L%) S &y and IZV(/J)V = leku s (352)

by (3.50) and the finite speed of propagation property respectively.

From there, we construct a partition of unity over [—1, 1] x (B,n, \ Banv ) paralleling
the Littlewood-Paley decomposition in frequency space. For the spatial directions, we
recall the non-negative radial bump functions mg and m <o used in the definition of
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the LP-projections Py and P<q, but which this time, we will use on the physical space
setting:

o (t, x) == mo(|x]), me(t, x) == mo(2~, 27 %),
<o(t, x) == m<o(|x]), ri<g(t,x) :=m<o(2",27"%).

We get then the following “physical LP-decomposition™:

Yy 1= (hen, — Mn,—ONVxhy = D witg, Vi, (3.53)

Ly=n,

where 1 (t) stands for the rough cut off to the time interval [—1, 1], and of course it is

immediate that ||, || 12U —11] S < £. Moreover we note that, recalling the extensions

(3.52), we have nmy, ¢, = nmngv .
Writing ¢, := ¢, — c¢,, for an arbitrary sequence of maps corresponding to (3.51),

and similarly for ¢}, 2, together with the extensions wv *“ and w‘ from (3.52) which
become compactly supported by construction, we consider the commutator (denoting
the cut-off functions by x, := nmy, ):

Vi = Vi (X€U¢s) - (VXXE‘))(P\C;’ (3.54)
and start by treating the second term, for which we claim:

| PeLTaxe ) o g2y S 275 e, (3.55)

for any k € Z. To see this, we rescale by 2¢*. For high frequency scales 2X > 1, we can
use the extra regularity, the spatial derivative falling on the cut-off instead of the map,
available from:

|V [(Vero)s

+ || (Variio) Vi e,

2 - c
L?C(L%) S H (vxm())wy,(v LtOO(L%) 3

LX(L?)

introducing the extensions ¥ ¢, S0 that applying Poincaré’s inequality in L)% for the
first term, given the spatial localization of { ¢, atany given time slice in the support of

ne, () == n(ZZV -), we get by the finite band property (2.3) and the bound (3.52):

2k

e, PLCVarno) s o 1] 2, S

as desired. For low frequency scales 2¢ < 1, by Cauchy—Schwarz and Poincaré’s in-
equalities, we have:

e, (Vemo)¥rs .

<
L?O(le) ~ || W\,Vx‘/fv,év L?O(L%) b

dropping V,my, and so using Bernstein’s inequality (2.4) we obtain here an exponential
gain as well:

[, PVt o ] 2y S 210,

by the energy bound (3.52). Hence, claim (3.55) follows.
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We remark that, by the same argument, we get also control for the low frequencies
of the first term V (x¢,¢}) in the commutator:

| PeVa e, 99 e 1) S 25760, k< =Ly + O(D), (3.56)

and so it remains to treat now the main terms, that is the LHS above when ¢, > —k,
for which we should rely on the wave maps equation, the time-like control assumption
(3.49), as well as the favorable decay (3.48) we already have.

Recalling the expression for the operator (2.26), we compute then:

Ax g (e, 98) = (Ax pxe, )P +2(1 — B2 (0, xe,) By Bv) + 2(Dxy xe,) (s Pv)  (3.57)
— 2¢,5ech?(¢)sinh(£)dy, Xy + xe, (sech? () X2, — QL3%By).

Let us treat first the smooth terms on the first line of (3.57), of which there are two
types, (Vf ng)lﬁf "¢ and V, Xxe, Vix xpf ”, the cut-off differentiated in a spatial direction,
claiming for both the control:

<2 ke k> —1,. (3.58)
L(LY)

\Y
H X PV )Y+ Vi xe, Ve U]

x.p

To show this, relying on Plancherel in L% , we discard the Fourier multiplier 2V, A;% Py

(where ﬁk = Pr_1<.<k+1), having symbol bounded uniformly in k € Z. Rescaling by
260 we are brought to estimate for k > O(1):

27 e, [V 005 ¢, + Vit Viahee, ]

Ly’
where the second term is directly seen to have the desired control by (3.50), whereas
for the first one, given the spatial support of the extension ¢,» We apply Poincaré’s

inequality in szc as before, which allows us to conclude by (3.52).
The second line of (3.57) is an error term controlled thanks to the time-like decay
(3.49) we have. We first write:

X6, Va Xy = Vie(xe, Xbv) — (Vaxe, ) XUl

and note that the second term here was already treated in (3.58), and so we just need to
show:

v2 oL
A P Z Xe, X)) | S o, (359
x,pB £y=max(—k,n,) L2

but this follows at once by Plancherel in L2, as the Fourier multiplier V2 A;% P hasa
bounded symbol, dropping the cut-offs and relying on (3.49).

Finally, we shall consider the delicate second order time-like derivatives and the non-
linear terms on the third line of (3.57). As was already required for (3.59), we restrict
ourselves from now on to work exclusively over the time slice # = 0. And to lighten the
notation, we shall not mention this explicitly anymore.

Thanks to the assumption (3.48), we have already partial control on them through
ITx,,, which however we need to localize to the neck region Byn,+1 \ Bymax(—k,ny)—1. In
doing so, we first note that since m <o was initially fixed spatially Schwartz, we have:

"Vxﬁk,Nv H L2 S 1. where myp N, =M<y, — M<max(—k.n,)~1,
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given that the above norm is scale invariant. Hence applying the Littlewood-Paley tri-
chotomy to my y, Iy, ,, we get:

Pr(mp N, Mx,v) = Piel[(P<k—7m N,) (Pr—3<.<k+311x 1)
+ (Pro3<.<ks3mk,N,) (P<k—711xy)

+ > (Piy ik N, ) (Pry TTx )]
ki,ka>k—6:lk1—k2|<O(1)

From there, using (3.48), we estimate the low-high interactions by:

27k H(ng—7ﬁl'k,1vu)(Pk—3g§k+31'lx,v)||L§ < |me.n, Lo s

the high-low ones by:

7k ~ ~
270 | (Pr—3<-<k+3mi N, ) ( E PoTx)| < |,
k1 <k—17

L® Z 270y,

L% k1<k—7

whereas for the high-high cascade we have:

> 27K (Pry g v, (P T ) | 12 S OC 2% || Py,
ki ko =k —6:lk1 —ka| <O (1) B

2 1
21
L%) Vs

1

where we have used Bernstein’s inequality (2.4) passing to L,

Schwarz with the fact that k; = k> + O(1).
Putting those estimates together we get the required control for my y, Ix, ,:

and then Cauchy—

Ny

v
- P Z xe, Tx v NGT (3.60)
Ax.p

£y,=max(—k,n,) L2
X

by discarding the multiplier 2€V, A;}S Py and relying on the bounds for the cut-offs
my, n, discussed above.
We treat now the non-linear bulk left from Lemma 2.8, decomposing it into:

By :=D PeVi- (R 50,10,

keZ
. <k+10
By :=> Pu(Q) 5 Vet
keZ
introducing the convenient notation ¢f§ = Pr¢, (also later d)fj g, = Py, ¢, for the

rescaled maps), etc. We want to treat this term perturbatively, as in elliptic regularity
theory, and so we proceed claiming first the following Bo_ol’2 estimate:

2
N,
V v
P 2 B 2227 D ke B Ixes By 6D
x.p £y=max(—k,n,) 12 7>0 l ! !

where the sums are such that both £, and ¢, + j range between max(—k, n,) and N,,.
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Discarding the Fourier multiplier 28V, A;lg Py via Plancherel in L% , we note the
Littlewood-Paley projection Py in front of the sum in (3.61) is crucial to handle the
remaining factor 2. But frequency localization induces spreading for the physical
support by the uncertainty principle. And so, we are not allowed to use a square-summing
trick relying on the finitely overlapping supports of x,, B;. On the other hand, this leakage
is very much controllable given the fact that k > —¢, + O(1), which corresponds to high
frequency here.

More precisely, let us bound the LHS of (3.61) via:

ZZkZ

=4y

/ [PeGee, B [ PeCxe, BDY] dx .

with both ¢, and u, ranging between max(—k, n,) and N,. By the self-adjointness of
Py, the summand above can be estimated by:

[P0 50 82, < P2cke 30

LO({[x|~21v}) ” Xy Biv H L)]C :

Now, looking at the convolution kernel for P2, analogue to (2.1), we can estimate the
first factor on the RHS above by:

| P2, B

Le({lx[~2mvy) ™ B ”L"

for w, > ¢, > —k, arefined version of Bernstein’s inequality (2.4). Hence, this leads
us to estimate the LHS of (3.61) by:

S gty

o=ty

B DB

as required.

Given (3.61), we remark that summing one of the factors we get a universal bound.
This follows from the global energy control (3.44) since, by the finitely overlapping
supports of x¢, B}

Z ” XZVBiU
Ly

and in fact we have the stronger control:

> | ey HU +| O 1PBy I )z 5 g, (3.62)
keZ keZ
where for the former we have:
L D S 1 I L

ki1,ko>k+5:k;1—k2|<O(1)
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applying initially the finite band property (2.3), and then once again for (/)52, and this can
be summed over k € Z using discrete Cauchy—Schwarz in k1 = kp + O (1). Whereas for
the latter, we note that by the Littlewood-Paley trichotomy:

Pk(Q;,ﬂ . Vx¢u§k+10) — Pk[PSk—7(Q;,,3) -V, k—3<-<k+3

v

+ Pe3<<in3(Q ) - Vi

+ D PRV ) Vi,

ki, ky~k

and so the first two terms correspond to paraproducts, already localized to |&] ~ 2K,
and therefore their sum in k € Z lies in the homogeneous Hardy space Fg ! with bound

0(E), and for the last term the stronger estimate in B?’l with bound O(€) as for By
holds, since the sum under Py is finite and we can apply the discrete Cauchy—Schwarz
inequality.

Hence, rescaling by 2% and setting Bl.”’/z”(-) = 2%t B/ (2%, to obtain decay for
(3.61) it suffices to prove:

<o0(&). (3.63)

sup HnﬁoBiy’z" ‘ ]
ny<t,<N, L X
This is direct manifestation of the perturbative nature of quadratic non-linearities on neck
regions, thanks to local energy decay (3.50). In our case, the argument is however slightly
more involved because our product structure is non-local. This represents however a
minor technicality only, and we shall treat this analogously to the previous instances of
physical support leakage.

Let us introduce two auxiliary parameters. Setting QZ%” () ;=2 SZ; B (2%, by the
local energy estimate (3.50), we can find sequences k, — +00 and &, |, 0 such that:

&y,

- v, Ly
m_—_10<.< Q ‘ =<
[i-t0= <. 235 2

where we use the convention my, <.<k, := W<k, — M <k,—1, and similarly for ms>y, =
1 — m<y, 1. Let us first treat the annulus determined so, and then the outer and inner
regions separately.

For the annulus we can discard the cut-off m(. Regarding Bf ’Z”, we have:

- N4 k+10
Z ” AR (mflOS‘SKVQ;ﬂufpig:r )‘
keZ

(ki — _ £
<. > 2~i=h HPkl(m—mss;«vQ;ﬂ)

keZ ki.ko=k+5:1k;i—ky|<0O(1)

Ly

V. gk

L Ly’
where we have used the finite band property (2.3) as usual, and we control this by

0(E %) relying on the discrete Cauchy—Schwarz and k; = k2 + O (1), which is ac-
ceptable for (3.63). For B;’Z”, we use Littlewood-Paley trichotomy as previously to
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get:

_ k+10
> Pl 1022, Q20 Vedg )
keZ

Ly

S O Vel ==y

L.% ko€ L%

sup | P<g,—7(m_10<.<x, Q;ﬁ)|
k[EZ

<ko—7
sup |vx¢y_’g‘2} I

kz [

_ 2.1

+ | O] 1Py 3= <k 43071022, 20 )12
k]GZ LZ
X

+z Z HPkl(m 10<-<ic, §2 H

keZ ky.ko~k
and relying on the Littlewood-Paley square function estimate for the first two terms, and

L3

simply the discrete Cauchy—Schwarz for the last, we can bound the above by O (¢, %)
again. Therefore this is permissible contribution to (3.63).

Now we treat the error terms. First, let us consider the outer region defined by the
cut-off m .. Writing:

mOZPkB

keZ

S lmollr D I PeBl oo (-1 <px<2) » (3.64)
Ll keZ

we proceed, first for:

B _ZP/{V (m>KU va >k+10)
keZ

by considering the convolution kernel for the Fourier multiplier V, Py Py, with k =
k" + O(1), which gives:

23k

- v@v >k'+10
(1+ 2k26)N Hm>”“ po ‘

v, Ly

IPiBll oo (21 <px)<2)) SN

for any positive integer N € N, bearing in mind the physical support of 1~ ., Q" A qu ]g:'lo.

Using this estimate, for high frequency scales, we choose N = 3, getting the following
bound for the sum in k > 0 from (3.64) :

2—3/(1,2 2— Hm>)(v U@U

by the finite band property (2.3) for ¢, ,. This is immediately seen to be o(&) as
ky — +00, hence this contribution is acceptable. For the low frequency scales, if we set
N =1 above, we have for the sum over k < 0 in (3.64):

Zz Hm>Kv Z 9 —(ki—k) Hvx¢11j,1€ ‘

Vk] k+10

Z 2~ (ki k)HVM
Vv, by

1>k

< 0(€),

2"
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as desired, so the contribution of the outer region is controlled for B} b Regarding
B; ’Z”, we have to control (3.64) with:

- Ay <k+1
B = Z Pk(m>xv9;,/3 : Vx¢v<,g:— 0)~
keZ

Proceeding similarly to the above, we look at the convolution kernel of Py Py, with

k =k’ + O(1), and given the spatial support of 7, Q;%” 5’2:10, we get the analogous

estimate for N € Z:
22k

1PeBll s (21 <ixi=2)) SN gV

)

- vl <k’+10
[ 2y - w0

Ll

so that choosing N = 3 when k > 0, and N = 1 if k < 0 as previously, yields the
control for (3.64):

2=k (Z 2*\/(\) H’h>m Q;:%v
keZ

12 “qus‘heu L)ZC 5 0((‘:),

as desired, and this completes the treatment of the contribution to (3.63) of the outer
region.

Finally, we need to study the contribution of the interior region defined by the support
of m_1p, that we note being at a definite amount of distance from the support of .
First, we remark that we have:

- v, Ly
Hm<_10§2X’ﬂ ot 0 (3.65)
and to see this, we start by getting an extension ¢, of ¢, ¢, | g, equal to a suitably chosen
constant ¢ = c¢({¢,.¢, }»eN), such that by the construction of the sequence of wave maps
and the covering in Lemma 3.6, we have ¢ := ¢, — ¢ vanishing strongly in supercritical
spaces:

leslys — 0. s < 1. (3.66)

To establish (3.65) it is enough to consider ¢, Vy¢,, where ¢, := m-_19¢,. For low
frequencies:

| P<0@ Vi)l 2 S 180l | P<oy@i] 2

+ Z | Vi P, @ HL)% I sz%”L% ’
k1,k2=0(1):lki —k2|=0(1)

where for the first term we have used (2.2) to discard V,, and for the second we passed
initially to L }C applying (2.4), and then transferred V, from ¢S to ¢, via (2.3). Both items
are acceptable by (3.66). For high frequencies, we apply precisely the same argument,
but with a slightly more refined Littlewood-Paley trichotomy decomposition:
27* I Pk(avvx(Pv)”L% S “ PSk—7(Zv ||L)czo || Pk—3§~§k+3‘/)\€ “L)%
+ ” Pr—3<.<k+3Vx @y “L; ” P<i—719; ”Lg

& _ k .
+27 > [V Puadv]l 2 2% | Pedl] 2 -
ki ko =k—6:|k1—k2| <O (1)
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where for the first term we applied (2.2) and for the other two we passed first to L}C
via (2.3), then used Cauchy—Schwarz, from where for the second term we used (2.2)
for P<x_7¢5 and (2.3) for ¢, transferring V, from one to the other, whereas for the
third term this transfer of V, happened at once via (2.3) since k1 = kp + O(1), and
then multiplied Py, ¢, simply by 27k2/22k2/2 which led to the exponential gain 27%/2 in
front of the sum since k; > k + O(1). Square-summing the above estimate over k > 0,
and applying discrete Cauchy—Schwarz for the third item, gives an acceptable bound by
(3.66), therefore we have claim (3.65).

With this understood, we can control the contribution of the inner region to (3.63)

for the low frequencies. Given any positive integer K > 0, we have regarding BV b

ZHP"V <1092, 87
k<K

S5 NTD Ve

k<K kika=k+5:lk1—kz|=O(1)

<> > 20 b | Py 61020 .

k=0(1) \k+5<ki.ka<O(1):lk1—k2|=O(1)

_ _ Ly
12K > 27| Py G025 p
kiko= 0 (1l —ka  20(1)

_ Ly
Piy (<1020 ) | || Vaohy?

L2 L2

X

kz

L3

which is o(€) for the first term and o (&) for the second by (3.65). Analogously, looking
at B;’ZV we get:

> PG 10R)y - Vadis ')

k<K L,{'

k— k
S D PlP<ksoy (109 5) - Vil ==

k<K L1

Z Pl Pry—3<.<k+3(M <—10€2; g) - Vx ¢<k2 ]
k<K

Ll

X

(Z |Vigl2, 3= =)0

L

S H P<gro(1)(m<—1082,

’

<kp—17
sup Ve |

_ 2.1
+ (D 1Py 322k 43 (<1020 p))?
ky<K

k1<K

L3

and this is again controlled by ok (€) via (3.65). Therefore, for both contributions, we
can choose a sequence of integers K,, — +00, together with decaying constants ¢, | 0,
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such that:

v, L - vl <k+10
S|PV io@igeri | 4| D A0l Ve ] = q,
k<K, k<K,

Ly

and this yields the decay of slowly growing frequencies for the inner region, as desired.
Note that the cut-off m( has not played any role in the above argument. However, for the
high frequencies k > K, having mq will be crucial as we are going to pass by (3.64) as
before, first with:

=D PVe (e 10205 6750,
k>K,

Considering the convolution kernel for V, Py P/, with k = k’ + O (1), as previously, we

estimate:
23k
(1+2K)3

vl kK'+10
Hm< 102, 5Py, ‘

1P Bl oo (121 <px)<2)) S

noting the fixed positive distance of the physical support of m - _ 109” e”¢>k+10 to the
annulus {27! < |x| < 2}. Using this, we can bound (3.64) in this case by:

> 2t i), 3 24wl

k>K, Xkl k+10

<2 Kvg,

L2

which is certainly acceptable, given that K, — +o00. Finally, the last contribution to
treat is when:

= > Puli_10R)Y - Vegis ).
k>K,

in (3.64), and here we proceed in complete analogy to the above, getting the following
estimate:

22k
(1 +2k)3

3

— v, 4 <k'+10
R

IPeBIl Lo (21 <paj<2y) S L!

by looking at the convolution kernel of Py P/, with k = k’ + O(1), and the location of
spatial support of m . _ 109 f;” \Y% qb; IEHO with respect to the annulus {27 < x| <2
This in turn, yields the following control for (3.64):

Z 2” Hm< 1()9

k>K,

<27 Kvg,

2~

L Vet

which, as noted above, is permissible. That concludes the treatment of the contribution
of the inner region, and therefore we have obtained claim (3.63).

In the end, going back to the physical Littlewood-Paley decomposition (3.53) and
expressing the time derivative d; via X and 9y, using expression (2.19), we have for any
k € Z:

| Peli<n, = i<n,~) Ve J O] 2 S D27 ey 40y 40 +0(E) — 0,
' LeZ
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where the first sum arises from the low frequencies (3.56) and the regular part involving
spatial derivatives falling on the cut-offs from (3.55) and (3.58), the second term comes
from errors having good time-like control (3.59), the third one arise from treating the
higher-order time like derivative in (3.60), and finally the last term is due to the pertur-
bative B;ol’z estimate of the non-linearity for the wave maps equation at high frequency
(3.61), combined with (3.62) and (3.63).

Lemma 3.8 is proved.

We are now at the concluding stage of the proof of Theorem 1.2, for which, going
back to the weak bubble tree decomposition (3.30), we must show that the energy of the
necks AV, is asymptotically vanishing as v — +00. Recall that those are provided with
corresponding neck domains, that is the conformally degeneration annuli from (3.31),
so that setting:

¢U’xlkv (,x) := ¢i,v(Amin,v, x,{fv + Amin,vX),
we can apply Lemma 3.8, by (3.32) and (3.28), to write:

Vf,xqﬁv,va = T‘“‘z{{u on [—1,1] x (B)”;lilnuR{(v\B)"71 & ),

min, v’ i,v

where T"»X{‘u is supported on [—1, 1] x (Bzmiln VR,Z‘V\BZ’IA_I ) with

min,v’ i,v

<1
L2@)-1,11 "~

H v’xik.v
and satisfying the decay:

sup H P, s (0) H 0.
keZ LY Lx

Recalling (3.28), we also have:
o, 0], —o.
where ®V*Xz{(u(t’ X) = Amin,v O, v (Amin, v, x,{f,) + Amin,vX).

together with:

E HPkvak (O)H ) 5 1,
KA1 Lx
keZ

. k
where Ev,va([’ X) := Amin,v &0 (Amin,v?, Xyt Amin,vX).

From there, we can estimate the energy at time ¢t = 0 on a neck region by:

|

2
<

L2(B, 1 o \B, 1 )
X )‘min,uRi,u A "

min,v'i,v

Vi, (0)

/R Tt (O, ¢ (O)dx

+ +o0(1),

/]R Tt (00, 4 (O)dx
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which we bound by:

.0

keZ L2

) L]
Y kel

+ ” T, ¢ (0) ‘ O, ¢ (0) ‘

+o(1),
2 2 (D

and by the previous estimates this tends to 0 as v — +00. Theorem 1.2 is proved.
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