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Abstract: We prove operator-norm resolvent convergence estimates for one-dimensional
periodic differential operators with rapidly oscillating coefficients in the non-uniformly
elliptic high-contrast setting, which has been out of reach of the existing homogenisation
techniques. Our asymptotic analysis is based on a special representation of the resol-
vent of the operator in terms of the M-matrix of an associated boundary triple (“Krein
resolvent formula”). The resulting asymptotic behaviour is shown to be described, up to
a unitary transformation, by a non-standard version of the Kronig—Penney model on R.

1. Introduction

It has been exploited in the mathematical analysis of periodic composite media, see e.g.
[4,5,32], that they are amenable to the asymptotic analysis with respect to the period
of the composite. The related techniques, forming part of the mathematical theory of
homogenisation, are concerned with the asymptotic behaviour of families of operators
associated with boundary-value problems for differential equations with periodic coef-
ficients:

—div(A*(x/e)Vu) —zu = f, feL*RY), >0, z<0, (1)

where for all £ > 0 the matrix A® is Q-periodic, Q := [0, 1), and may additionally be
required to satisfy the condition of uniform ellipticity:

Af(y)=vl, yeQ, 2)

where v > 0 is the ellipticity constant. The aim of these techniques is to describe an
“effective medium”, which represents the family (1) in the limit of vanishing “microstruc-
ture size” &, so that the corresponding “limit” equation, as ¢ — 0, has the form

— div(Apom V) — zu = f, 3)

with a constant matrix Apom > 0.
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A relatively recent area of interest within homogenisation is the behaviour of periodic
media with “high contrast”, see e.g. [17,34,54], where the smallest eigenvalue of the
matrix A® > 0 in (1) goes to zero as ¢ — 0, i.e., the condition (2) no longer holds
and hence the differential operators in (1) are not uniformly elliptic. High-contrast com-
posites play a key part in modelling photonic band-gap materials (see e.g. [19,33]) and
media with negative material properties (see e.g. [16,38]).

In addition to their practical importance in modelling advanced materials, high-
contrast composites are a source of new analytical challenges compared to the “classical”
moderate-contrast materials described by (1). It has been well understood that the effec-
tive parameters Apom in (3) are given by the leading-order term at the zero energy A = 0
of the energy-quasimomentum dispersion relation A1 = A{(x) = Apomx - » + 0(3),
x — 0, for the first eigenvalue in the problem

— (V+ix) - A°(V+ix)u = hu, uelLQ), xel0,27), )

with respect to the scaled variable y = x/e € Q, so that A® = A®(y), and the gradient
V in (4) is taken with respect to y. The link between the effective properties of the
operator in (1) and the asymptotics of Af (2¢) was first studied in [5] for elliptic and
[53] for parabolic equations. The direct fibre decomposition into problems (4), followed
by a perturbation analysis of its eigenvalue A{(x) in each fibre, allows one to obtain
sharp operator-norm resolvent convergence estimates for the problem (1), see [9,53].
The related asymptotic results can be interpreted as a “threshold effect near A = 0”
(see [9], who coined the term in the context of homogenisation) for the resolvent of the
operator —V - A*V in L2(R™), due to the relation

{—div, (A°(x/e)Veut) — 2} " = 2 {—div, (A° () Vyu) — 672}, )

so that the rescaled spectral parameter %z goes to zero as ¢ — 0 for a fixed z. However,
in order for this approach to work in the case of general coefficient matrices A®, it is
crucial that the sequence {15 (x)}¢~0 be separated from zero uniformly in ¢ and ». Here
{Aj. (%)};‘;1 is the sequence of all eigenvalues of (4)—(6) for each ¢, », indexed by j in
non-decreasing order. This condition is not satisfied for periodic models of “double-
porosity”, whose typical representative is described by

I, ye0Qi,
2

£, Y€ QOs (6)

A% (y) = [
where Qg U Q1 = Q and Q¢ # ¢ satisfies some minimal smoothness requirements.
It is easily seen that in this case )»? () - Oas e — 0, forall x € [0,27)¢, j € N.
Additional non-trivial analysis shows that for/ = 0, 2, there are infinitely many functions
j : (0, 1] — N such that e~! Aj.( 6) (%) is continuous in &, », and tends to a finite non-zero
limitas ¢ — 0.

This implies, in particular, that no equation of the form (3) describes the behaviour of
(1), (6) correctly in the resolvent sense, i.e., with an operator-norm smallness estimate
for the difference between the resolvent of (1), (6) and the resolvent of (3). These
observations necessitate the development of analytical tools capable of dealing with the
high-contrast problem (1), (6).

In our approach, which we develop in the present paper for the one-dimensional
situation, the operator on a fibre is considered as an extension of a suitably chosen
“minimal” closed symmetric operator with equal finite deficiency indices. The extension
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theory, rooted in the classical work of von Neumann [52] and its further development
by Krein [39], Visik [51], Birman [7] (commonly known as the Birman—Krein-Visik
theory), was reformulated in abstract terms in [22,29,36] as the theory of boundary
triples (see a brief exposition below, Sect. 2.2). It relies on an abstract Green formula,
which expresses the sesquilinear form of a maximal (adjoint to a symmetric) operator in
terms of two boundary operators from the original Hilbert space to a “boundary space”.
In our setting the boundary space is finite-dimensional, hence the basic version of the
theory is applicable, whereby both boundary operators are assumed to be surjective, and
the (self-adjoint) extension under consideration is parameterised by a Hermitian matrix,
exactly as in the Birman—Krein—Visik approach. The main analytic tool in the study of
(proper) extensions of the minimal operator is then the Weyl-Titchmarsh M -function,
which is a generalisation of the classical Weyl-Titchmarsh m-coefficient, see e.g. [50].
We remark that the M -function often plays a central role in the spectral analysis of partial
differential equations (PDE), where it is usually referred to as the Dirichlet-to-Neumann
map. The advantages of using the above abstract approach are twofold: firstly, in this
way the spectral analysis of the original problem can be reduced to the analysis of finite-
dimensional matrices that depend analytically on the spectral parameter, and secondly,
the celebrated Krein formula (see Sect. 3.2), expressing the (generalised) resolvent of
the operator extension considered in terms of the resolvent of a given proper self-adjoint
extension Ao, allows one to use the Glazman splitting procedure [2], where A is a
suitable “split operator”.

Our main result is the asymptotics, in the norm-resolvent sense, of a sequence of
differential operators with periodic rapidly oscillating coefficients with high contrast:

— (as(x/e)u’)/ —zu=7f feL*R), >0, zeC, 7
where, for all ¢ > 0, the coefficient a® is 1-periodic and

ay, ye€l0,0),

a®(y) =1 &%, yelhli+h), (8)
az, yel[li+h,1),

with aj, a3 > 0,and 0 < [} < [1 +[ < 1. In a physical context (e.g. elasticity,
porous-medium flow, electromagnetism) this represents a laminar composite medium
of the double-porosity type [3], with [0, /1) and [/1 + [, 1) referred to as the “stiff”
components and [/, [1+]3) as the “soft” component of the composite (in terms of the “unit
cell” [0, 1)). It has been noticed in [55] that the spectra of a class of multi-dimensional
versions of (7) have the remarkable property of an infinite set of gaps opening in the
limit of a vanishing period. The corresponding fact for laminar high-contrast media
(equivalently, one-dimensional operators with high contrast) does not follow from the
analysis of [55], and was established separately in [18]. However, neither work goes as
far as to establish the behaviour as ¢ — 0 of the resolvents of the e-dependent operators
describing the heterogeneous medium, in the operator-norm sense. As is argued by [17]
in the multi-dimensional case, the resolvent asymptotics is not recovered by the standard
two-scale analysis and requires a uniform asymptotic analysis of all components in the
fibre decomposition of the underlying periodic operator. In the present work we utilise a
version of the Krein formula, written for a suitable boundary triple, in order to provide
such a uniform asymptotics for (7).

We start by providing auxiliary material leading up to a representation of the resol-
vents of (7) in terms of a family of resolvents of the elements of their fibre decompositions
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Ag), t € [0,2me~"). We develop a new approach to the analysis of this family, by con-
sidering it as defined on a particular finite compact metric graph, thus bridging a gap
between the problem of homogenisation of the family (7)—(8) and the seemingly unre-
lated subject of spectral analysis of quantum graphs (see e.g. [6] and references therein).
This includes (Sect. 2) a description of the Gelfand transform, the boundary triple, and
the Green formula associated with (7), as well as a derivation of the corresponding M-
matrix and a discussion of its invertibility properties. We also carry out (Sect. 3) a useful
rescaling of the problem on the fibre, and recall the Krein resolvent formula, which is
key to the analysis of the subsequent sections.

In Sect. 4 we show that the resolvents of the operators Aét), t € [0, 27‘[8_1), in
the fibre decomposition of (7) are close, in the operator-norm sense, to the family of
generalised resolvents ( ~§” — z)_l associated with a modified metric graph subject to
suitable vertex conditions. The estimate between the resolvents of the two families is
uniform with respect to the values of the “spectral parameter” z in any compact K C C

outside a fixed neighbourhood of a set S:
z€ K :dist(z,S) > p >0, 9)

where S is the union of the limit spectrum for the family Ag), described by (26) (cf.
[18]), and the spectrum of the Dirichlet boundary-value problem on the “soft” component
[/1, l1+]7). Following the same approach, it is possible to extend the results (at the expense
of a worse estimate for the error term) to the transitional regime when ze®, ® < 2, tends
to a positive constant as ¢ — 0. As for the “high-frequency” regime of v = 2 (cf.
[8,20] for the “moderate-contrast” high-frequency case), the rationale of Sect. 4 is still
applicable and leads to a different form of the result, which is outside the scope of the
present paper.

In Sect. 5 we carry out the uniform asymptotic analysis for the “intermediate” gen-

eralised resolvents of Ag) in the “finite-frequency” setting, when the value of z is fixed
according to (9) and ¢ — 0. We prove our main result (Corollary 5.5): for a suitable

family A" | 7 := et € [0, 277), the bound

hom?*

[(A9 —2) " = @2 Par (W) (Af)

hom

—2) WO P, | <Cs?, € >0, (10)

holds forall ¢ € (0, 1], ¢ € [0, 2718_1), and z satisfying (9), which yields, in particular,
the spectral convergence result of [18]. We remark that in contrast to the result of [9,53]
(“classical” homogenisation) and [17] (multi-dimensional double porosity), where the
error is estimated as O (¢), in the case studied in the present paper it admits a higher order
estimate. In the estimate (10), the unitary operators ®,, ¥ ), the projection operator Pegy,
and the “homogenised” operator family At(lg)m
Definitions 5.1, 5.2.

Finally, in Sect. 6 we show that the asymptotic behaviour given by the family Ak(fo)m
is equivalently represented by a Schrodinger operator on R perturbed by a periodic
dipole-type (“8’-type”) potential. This suggests an interpretation of (7) as a model of
a “metamaterial”, where the high contrast between components in the composite has
an effective Kronig—Penney formulation with artificial magnetism. The Kronig—Penney
type effective description also suggests a strong connection between the problem (7)—(8)
and “photonic band-gap materials”: as the argument of Sect. 6.4 shows, the asymptotic
result of the well-known work [27], on z-dependent §-type interactions in periodic pho-
tonic crystals (albeit in a reduced Maxwell setting), is equivalent to the presence of a
8’-type interaction potential of the kind we obtain.

are given explicitly, see formula (29) and
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In what follows, we use interchangeably the notation z and k2 for the spectral para-
meter, as well as /z and k for the square root of it, where we always choose the branch
so that arg /7 € [0, 7). For operators A, B in a Hilbert space §), whenever we say that
Au = Bu + 0(82), u € ), in the operator-norm sense as ¢ — 0, we imply the existence
of C > 0 such that ||Au — Bu| < Ce&?|jul| for all u € $ and ¢ in some neighbourhood
of zero.

In conclusion, we mention some papers that considered the norm-resolvent conver-
gence for operators with periodic rapidly oscillating coefficients: in [10,30,35,47,56,58]
the authors established sharp estimates for the rates of convergence in the sense of var-
ious operator norms. Norm-resolvent convergence was established also for certain per-
turbations in the boundary homogenisation: in [11,12], where problems with frequent
alternation (periodic and non-periodic) of boundary conditions were treated, in [15],
[46, Ch. III, Sec. 4], where the norm-resolvent convergence for problems with a fast
periodically oscillating boundary was proved, and in [13,14], where elliptic operators
in perforated domains were studied.

2. Gelfand Transform, Boundary Triple, and M-Matrix

2.1. Gelfand transform. Consider a graph G in R?, invariant with respect to translations
through elements of Z?. For the one-dimensional Hausdorff measure dH! on G, we
consider the space L%(G) of functions on G that are square integrable with respect to
dH'. We use the notation 0 :=gnjo, l)d and Q' := [0, 27T)d. The Gelfand transform,
see [28], of a function U € L2(G) is the element U= 0(y, %) of L2(Q x Q') defined
by the formula

Uy, x) = Qr)~? Z U(y+n)exp(—ix-(y+n)), yeQ, xeQ. (11)

neZd

The Gelfand transform is a unitary operator between Lz(g) and LZ(Q x Q"), where the
inverse transform is expressed by the formula

U(y) = 2m)~? / U(y, %) exp(ix - y)dx, y€ Q. (12)
Q/
For the scaled version of the above transform, for u € L2(¢G) we set

dj2
u(x,1) = (i) Z u(x +8n)exp(—it - (x +sn)), xeeQ, tee” Q) (13)

2
4 neZd
which is the result of applying the transform (11) to the function U (y) = ey (ey) and
setting y = x/e. The inverse of the transform (13) is given by
e \ 42
u(x) = (—) / i(x, t)exp(ir - x)dt, x € &G. (14)
2 o1 o’

In the rest of this article we use the above definitions with d = 1 and consider the case
of a connected graph G, so that O = [0, 1).
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Applying the above transform to the equation (7) yields the direct fibre decomposition
(up to unitary equivalence)

—dsd—/ldteldtdr 15
(i) = [ (i)« "

where f@ denotes the direct integral with respect to ¢ € [O, 27‘[8_1), and all operators
are defined in a standard way, e.g. by the corresponding sesquilinear forms.

2.2. Boundary triples. Our approach is based on the theory of boundary triples
[22,29,36,37], applied to the class of operators introduced above. We next recall two
fundamental concepts of this theory, namely the boundary triple and the generalised
Weyl-Titchmarsh matrix function. Assume that A, is a symmetric densely defined
operator with equal deficiency indices in a Hilbert space H, and set Apax == A}, .
Definition 2.1 ([22,29,36]). Let I'g, I'| be linear mappings of dom (A, ) to a separable
Hilbert space H. The triple (H, ['g, I'1) is called a boundary triple for the operator A,
if:

1. For all u, v € dom(Anax) one has

(Amaxtt, V) g — (U, AmaxV) g = (U1, Tov) g — (Tou, T1v) . (16)

2. Themapping u —— (I'gu; I'1u), f € dom(Amax) is surjective, i.e.,forall Yo, Y1 € H
there exists an element y € dom(Apnax) such that gy =Yy, 1y =Y.

A non-trivial extension Ap of the operator Ami, such that Apin C Ap C Amax
is called almost solvable if there exists a boundary triple (H, g, I'1) for Amax and a
bounded linear operator B defined on H such that for every u € dom(Amax)

u € dom(Ap) ifandonlyif TI'yu = Blgu.
The operator-valued function M = M(z), defined by
M()Tou; =Tu;, u; eker(Apax —2), z€CLUC_,

is called the Weyl-Titchmarsh M-function of the operator An,x with respect to the
corresponding boundary triple.

The property of the M-function that makes it our tool of choice for the analysis of
high-contrast periodic problems is formulated as follows ([22,48]): provided that A g is
an almost solvable extension of a simplel symmetric operator Amin, one has zo € p(Ap)

if and only if (B - M (z))_l admits analytic continuation into z¢o. Henceforth, we shall
refer to points where the latter condition fails as “zeros” of B — M (z).

! In other words, there exists no reducing subspace H such that the restriction Amin|p, is a selfadjoint
operator in Hy.
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2.3. The triple and the Green formula. For all ¢ > 0 and ¢t € [0, 2we™!), we study

the operators A,(f) obtained by applying Gelfand transform to the operator (7), see (15).
These are defined by the differential expressions

1d 2
aj(7—+t), i=1,2,3, a=¢?, (17)

on the orthogonal sum H, := L%(0, £1) & L*(0, £2) & L*(0, £3), where e = elj,
Jj =1,2,3,s0that £1 + € + £3 = ¢. Here /| and [, are the same as in (8), whereas
I3 := 1 —I1 — I. The domain of the operator is the linear set in EB?ZIWM(O, £;) of

vector functions u = (u], uz, u3) ' such that

ur(€) =uz(0), wuzx(f2) =u30), wusz(l3) =uy1(0),

a® — 3(1)u2|0, 9@ — 8(t)u3|0, a(t)u3|g3 —9®

uile, uzle, utlo-

Here

® du .
0Mu:=a d—+1tu , (18)

X

where a stands for a1, a3, or 82, depending on the interval where the derivative is taken,
see (8). Further, we define a normal derivative at the endpoints of each interval [0, £],
Jj = 1,2, 3, in the direction towards the interior of the interval:

3Du(x) ifx=0
3 u(x) == ’ ’ 19
n () [—3(’)u(x), ifx=¢. (19

The described operator can be viewed as defined by the form

&
/ ‘B(I )u‘zdx
0
considered on its natural domain.

By virtue of the fact that Ag) is a family of problems on an interval viewed as a
“cycle”, where the end-points are identified with each other, it proves convenient to
exploit the toolbox of the theory of differential operators on metric graphs (“quantum
graphs”), which we introduce next. In particular, in our treatment of the family Aé’),
we build on a recent development of the related theory in [24], see also references
therein, concerning the use of the M-function machinery in the study of the inverse
spectral problem for quantum graphs. Albeit not a familiar tool in homogenisation,
the terminology and rationale of the theory of quantum graphs proves highly useful in
addressing the behaviour of the related operator families.

With the above idea in mind, we view Aét) as a second-order differential operator on
a metric graph G, which in our case is a simple cycle with three vertices, and rewrite
the matching conditions in the following way. First, we identify the left endpoint of the
interval [0, £;] with the right endpoint of the interval [0, £;_1], where for j = 1 we set
Jj — 1 = 3. This yields three equivalence classes of the edge endpoints, which we denote
by V;, j =1, 2, 3, while the interface (“matching”) conditions take the form:

¥ j uis continuous at V;, Z 3D u(x) = 0.

xeV;
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We thus arrive at a “quantum graph” with an associated weighted magnetic Laplacian?,

where all vertices are of the “5-type”, using the terminology of [23,25], with zero cou-
pling constant at each vertex. In order to facilitate notation, we shall sometimes also
denote by x,,,, m =1, 2, ..., 6, the endpoints of the intervals (graph edges) e; := [0, £ ],
j = 1,2,3, where the odd indices m = 1, 3, 5, correspond to the left end-points of
the corresponding intervals, and the even indices m = 2, 4, 6, correspond to their right
end-points, respectively.

In the spectral analysis of the above operator we use the boundary triples approach
extensively. First, we define a “maximal” operator (cf. [48]) Amax in the space H, by
the same differential expression as above, its domain being @ w220, ¢ i), subject to
the condition of continuity at all vertices. We remark that the choice of the operator
Amax 1s certainly non-unique, and for our choice one has Apax C Amax,0, Where Amax.0
is defined on the whole of ®; W22(0, £;) and is adjoint to Apjn,o defined on w22
functions that vanish together with their first derivatives at the endpoints of all intervals
ej, j =1,2,3. Yet our choice turns out to be suitable for our purposes, as it leads to an
“effective” boundary triple, using the terminology of [24]. We set the adjoint to Apax
to be the “minimal” densely defined symmetric operator Ay, using the terminology of
[48]. We choose the boundary triple as follows: the boundary space is H = C>, and the
boundary operators are

(Tou)j :=u(V;), (Tu)j = Z 3ux), j=1,2,3.

XGV/'

The Green identity (16) holds by integration by parts:

3
(Amatt, V) = {1, Amaxv) = D [ =u2)9V5x2)) + u(x2j-1)0(x2;-1)
j=1
40V (22))0x2) — 0Oz 1)5 (2 1)

== [a,gf>u(xk)ﬁ(xk) — u(xk)a,g’)ﬁ(xk)] .

6
=1

Rearranging the sum in the last expression yields

3
<Amaxu,v>—<u,Amaxv>=Z( PIITENTIENENDS u(x,)a,s”ﬁ(xk))

Jj=1 “k:xyeV; k:xgeV;
= (Cu, Lov)es — (Cou, I'1v)es,

as required.

2.4. Datta—Das Sarma conditions. In what follows, we study second-order differential
operators on metric graphs with matching conditions more general than those of § —type,
introduced above, namely, with the so-called weighted, or “Datta—Das Sarma”, matching

2 The definition and well-known basic properties of the Laplacian on a quantum graph perturbed by a
magnetic field are discussed in e.g. [42], see also references therein.
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conditions, see [21,31,45]. In the case of differential expression (17) on the graph G,,
the corresponding modification is described as follows.

Assume that some endpoints x,, are assigned weights w,, such that either w,, € R
or wy, = exp(if,), 0, € R. Without loss of generality, we set w,, = 1 for all remaining
endpoints x,,. Then the formulae at the end of Sect. 2.3 stand, if one modifies the

definition of the domain of Ap,x and the definition of boundary operators F(()l), F{ 1), as

follows. The domain of the new operator Apax consists of all W22_functions u such that
wyu(x;) = wiu(xg) for all xg, x; € V;, and

(F(()l)u)j = wiu(xy), xx € Vi, F(l) Z a(t)u(xk), J=1273, (20

Xk €V
where
8 uCa) = w9 uln), k=12.....6.

Introducing the weights described above allows for the treatment of graph operators
with more general matching conditions than the basic §-type conditions. In particular, the
analysis is no longer limited to domains consisting of functions that are either continuous
or have continuous co-normal derivatives.

In what follows, it is crucial that we can consider matching conditions that no longer
have zero coupling constants, or equivalently in terms of the boundary operators intro-
duced above, that are no longer described as I'ju = 0 on the domain of Ap,x. We
parameterise these general matching conditions by a matrix B, cf. Definition 2.1. For
each operator and boundary triple considered, we attach a superscript to the related
matrices B and M, so that the matrices with the same superscript always pertain to the
same operator and the same triple.

2.5. M-matrix. In order to proceed with the spectral analysis of the operator family

Ag) introduced above, we construct its M-matrix with respect to the boundary triple
described in Sect. 2.3. On all edges of the graph we deal with a differential equation of
the form

X

d 2
—a(d—+it) u = k’u, (21)

with a suitable value of the coefficienta = a; > 0, j = 1,2, 3, where a; = &2. For any
solution u of the equation (21) on the interval [0, /] one has

u = Ae " exp (—iix) + Be " exp (iix) (22)
Ja Ja

with some A, B € C. The solution u such that u(0) = 1, u(l) = 0, corresponds to the
values

A= [Zi sin(%l)]_1 exp(i%l), B = —[Zi sin(%l)]_l exp(—i%l).

Consider a vertex of G, such that one of its adjacent edges is represented by the above
interval [0, [] that “starts” at the vertex, i.e. the vertex is represented by the boundary
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point 0. Then the contribution at the vertex to the value of the boundary operator F%l)
(see Eq. 20) calculated for the solution (22), is given by

8,§t)u(x) T A[a(—it — i%) +ita]e_i”‘ exp(—i%x) .
+B [a (—it + 1i) + ita]e_i”‘ exp (iix)
z )
= —Aik/ae™ exp(—iix) + Bik/ae i exp(iix)
va [l va Jl—o
_ —kﬁcot(%l). 23)

A similar contribution of the boundary operator F{ Y for the case of an edge that “ter-
minates” at the vertex, i.e. the vertex is represented by the boundary point / is given
by

a“)u(x)‘ = A{a(iti) — im}e—i”‘ exp(—iix)
" x=l Va va )l
k . k
+B[a(it — i—) - ita]e_‘”‘ exp(i—x)
Va Va )l

. k . k
= Aik+/ae """ exp (—iﬁx) + Bika/ae ¥ exp(iﬁx)

x=I x=I

)

Therefore, the following explicit formula for the M-matrix holds:

= kJae " cse (

ke ; A k1 - k3
- > Jajkcot —L  JajeVkcse —  Jaze 'k csc —=
j=13 ! V4 Val

J@

. ke, ke . ke
MDD = | Jae Wkese — — aikcot —L  Jazelt2'k csc —=
- v s Jax

. ki3 . ko ke

a3e' Bl csc —= wme @lkese —= — > Jajkcot —L

Vs \/a3 v Vaz o j=23 v A 4j

(24)

2.6. Zeros of the M -matrix and spectrum. Putting the discussion about simplicity of
Anmin aside for a moment, consider the set of “zeros” of Mg( 1), which we, as mentioned
above, define as those points z at which Mél)(z) has a zero eigenvalue.

Proposition 2.2. The determinant of Mél) (z) admits the following asymptotic formula
ase — 0 forall z =k*> € K, where K C C is a compact:

det MV (z) = (hilze) 'arask (2 esckly cos et + k(ly +13) — 2 cotkly) + O(e). (25)
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Proof. We substitute £; = ¢lj, a = &2 into (24) and expand trigonometric functions
into power series wherever possible. Note, that since 7 is not bounded independently of ¢
(indeed, ¢ spans the interval [O, 27'[8_1), which grows as ¢ — 0), one cannot use power
expansions for exponentials. As a result, we obtain the following formula:

1 1 . 1.
(BB ) + oo (12 + 1K) Zelerh 4 Zelethigy 2
& 11 13 3 811 6 )
. 1 . k=l
MO () = | Lle-ieth 4 —o-ieth g 2 SO (B~ kcot (k)
ely 6 ely 3
. 1 . .
3 gietls —eletl3g]k2 e ke csc (klp)
els 6
a_3e—istl3 + le—iezz3gl3k2
el3 6
e e csc (kln) +0 (83),
as k23
—— +¢e& | — — kcot (klp)
el3 3

as ¢ — 0, and (25) follows. O

The spectrum of the operator Agt) is a union of the set S5, of points z into which

the inverse of Mé D can not be analytically continued (zeroes of Mg(l)) and the set Spin
of eigenvalues of the reducing self-adjoint “part” of the symmetric minimal operator
Amin = A}, Which are “invisible” to the M-matrix, as discussed in e.g. [22]. The latter
appear whenever the operator Ay is not simple, cf. Sect. 2.2 above. A straightforward
argument, see e.g. [23], demonstrates that in our case Sy, coincides with the set of
eigenvalues of the symmetric operator A . In our setting, the named operator is defined
by the same differential expression as Amax on functions u € dom(Amax) subject to the
conditions I'opu = I'u = 0.

Proposition 2.2 immediately implies that for all compact K C C, the set S5, N K

converges as ¢ — 0 to the set of solutions k> € K to
2cost +k(ly +13)sinkly —2coskl, =0, T =-¢te]0,2m), (26)

in line with the result of [18]. Notice that for each ¢, ¢, the set of poles of Mg(l), where

one needs to check additionally whether M, 5(1) has a vanishing eigenvalue, coincides with
the set of zeroes of sin k>, at which the determinant (25) is either regular or has a pole.
It is regular at a given point in this set if and only if one has |coset | = 1 at the same
time (i.e. t = 0 or t = 7 /¢e), which immediately implies that exactly one eigenvalue of

él) vanishes for such %, ¢, ¢. Clearly, these values of k, ¢, t also satisfy (26).
In the remainder of this section, motivated by the above calculation, we give an

example of an operator family that is asymptotically isospectral (as ¢ — 0) but is not

resolvent-close to the family Ag). For all z € R, define the operator family AD(z) by
the differential expression

1d 2 .
-——+7]), 7 €0,2nl; "),
(i dx ) [ 2 )
on the interval [0, [>] with the following z-dependent conditions:

w(0) = u(ly), 97uly+0Vul, = —z( +13)u(0). 27)
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Here, notation analogous to (18)—(19) is used:

30u(x), ifx=0,

R, 28
—0Dux), ifx =10, e (28)

d
0y = ﬁ +itu, aflt)u(x) =

with T = ¥. We remark that A (z) can be treated as an operator pencil, admitting the
form of a differential operator with an energy-dependent perturbation that is a Dirac
delta-function multiplied by a spectral parameter, see [25,41] and Sect. 7. It is checked
directly that the set of z = k? such that k is a solution to (26) coincides with the set
of poles of the resolvent? (Am(z) - Z)_l. Indeed, consider a cycle of two vertices
connected by two edges of lengths I 1, lvz, such that [ 1+ iz = I,. Proceeding as above

yields the following M-matrix for the operator Amax on the domain of W2-2-functions
that are continuous on the cycle:

. . eith e—ith

—cotkly —cotkly — ¥ + — ¥

7 (7) _ sinkly sinkly
M (Z) =k e—i‘Lv'lvl ei‘f’iQ . .
+ — —cotkly —cotkly

sinkl, sinkl,

The requirement that at one of the vertices, say Vi, one has the energy-dependent match-
ing condition (27), leads to the equation

det(M©(z) — B(2)) =0, B(z) := diag{—(l) +13)z., 0},
which by a straightforward manipulation is reduced to (26), with T = t/1,.
The above argument shows that (the “visible” part of) the spectra of the family
2’/ ) converge, as ¢ — 0, to the set of singularities of the generalised resolvent
(A(f/h) (2)—2) ~!, which suggests that A(7/2) (7) is the resolvent limit of the family AL
in the operator-norm sense. However, as we demonstrate below (see Theorem 5.4 and

Remark 5.6), this is false for (A(f/ b)(z) — z) ~!and all its unitary transformations, and
a closely related self-adjoint operator, albeit in a larger space, has the desired property.

3. Preliminary Observations

3.1. Auxiliary re-scaling in the soft component. Motivated by the above result on spectral
convergence, we apply to the initial operator family Ag) a unitary transformation that
rescales the soft component interval [0, €l>] to size of order one while leaving the stiff
component intact. The unitary image of Ag) under this transformation is shown to have
the same M -matrix as the operator A ﬁf) , after an appropriate modification of the boundary
triple. This modification is done by passing from the (Kirchhoff) §-type coupling to a
Datta—Das Sarma coupling at the endpoints of the interval [0, [3]. To this end, we consider
the unitary dilation F, : L>(0, el) — L?(0, I), given by (Fyu)(x) := /eu(ex). The
operator

O, = (29)

oo~
oo
~ o o

3 Note that we evaluate the resolvent at the point k2, which determines the domain of the operator. The
object thus defined is therefore a generalised resolvent, cf. Sect. 3.2 below.
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is a unitary transform of @jLZ(O, elj) to the space H := L20, el}) & L2(0, 1) &
L*(0, el3). We denote by G the graph G, to which the above rescaling has been applied.
Clearly, the matching conditions at the vertex common to [0, €/1] and [0, €l3] are not
affected. As for the matching conditions at the remaining vertices V; and V3 (see Fig. la
on p.456 below), the following calculation applies. First, notice that the differential
expression on the “developed” weak component

d 2 1d 2
F; f— tet) Filu=|-—+et) u (30)
idx idx

remains essentially the same, with the symbol of the differential part of the operator
losing the coefficient . As for the endpoints of the dilated soft component, they acquire
Datta—Das Sarma weights 1/./¢. This is immediately obvious for the values of the
function under the unitary transformation Fy, whereas for 89®y one has:

283%(1?8”)/ + iezt%(Fgu) = Ve ((Feu) +iet (Fou)) = /63 (Feu),
where T = &t and the notation (28) is used.

In line with the discussion of Sect. 2.4, the boundary triple for the rescaled operator
is chosen as follows: both endpoints of the interval [0, />] are assigned the weight w,, =
1/4/¢, whereas w;, = 1 for all remaining endpoints x,,. The domain of Ap,x consists
of all W22-functions u such that wyu(x;) = wiu(xg) for all x;, x, € V; for each vertex
Vi, j=1,2,3,and

a0y =¢

(F(()2)u)j = wpu(xe), xk € Vj, (F?)u)j = > un), j=1,23,

xk€V;

where (cf. (18)—(19), (28))

’a‘;(wk) —18;17(wk)

u(xy) = wy u(xy),
©. ifwg =1,

k=1,2,...,6.
(), ifwp =1/,

o(wy) = [

Remark 3.1. The formula (30) suggests that after the unitary rescaling ., the differential
expression that defines the operator loses its dependence on the parameter ¢ on the soft
component. This becomes obvious after the substitution t = &7 in (30). Henceforth, we
use T and &7 interchangeably: T in the objects pertaining to the soft component, and €7 in
those pertaining to the stiff component, as in the latter case one cannot drop the explicit
dependence on ¢.

The claim concerning the form of the M-matrix follows. Indeed, when obtaining its
expression one constructs for any given vertex V the solution u, € ker(Amax — 2z) such
that this solution equals unity at the vertex V and zero at any other vertex (cf. Sect. 2.3
above). Such solutions are constructed independently on any edge emanating from the
vertex V. If this edge is the edge [0, /3], the corresponding solution acquires the factor
/€ compared to the corresponding solution on the edge [0, €/5]. The column of the

M -matrix corresponding to the vertex V is then obtained by evaluating either 8,(f)u ¢ Or

Je 8,$T)u ., which yields yet another multiplication by /¢ of the normal derivatives at
both endpoints of [0, /], where we use the fact that Datta—Das Sarma weights at the two
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endpoints are equal. As a result, we obtain the following expression for the M-matrix
of the unitary image of the operator Ag), cf. (24):

kel i ) kely _ kels
=2 j=1.3 /@jk cot - Jare®hkcse —— Jaze Bk ese —2
S Jaj Jai Jas
» kel kely el
M5(2)(z): Jare g ese === — Jark cot —— — gk cotklp ee®2!k csc ki
Jai Jai
. kels . kels
Jazeh k csc —= ce bl csc ki, —.Jazk cot —= — gk cotklp
Ja3 Ja3

€29

3.2. Krein resolvent formula. One of the cornerstones of our analysis is the celebrated
Krein formula, which allows to relate the resolvent of A g, see Sect. 2.2, to the resolvent
of a self-adjoint operator A, defined as the restriction of the maximal operator Amax to
the set

dom(As) = {u € dom(Amax)| Tou = 0}.

(We follow [48] in using the notation A, justified by the fact that in the language of
triples this extension formally corresponds to A with B = 00.)

In particular, we will find it necessary to consider not only proper operator extensions
Ap of the symmetric operator A, which are defined on domains

dom(Ap) = {u € dom(Apax)| T1u = BTou}

parameterised by bounded in H operators B, but also those for which the parameterising
operator B depends on the spectral parameter z. This amounts to considering spec-
tral boundary-value problems where the spectral parameter is present not only in the
differential equation but also in the boundary conditions:

Amaxtl — 21 = f, u € dom(Amax), Tiu = B(z)Tou. (32)

The solution operator R(z) for a boundary-value problem of this type is known [49] to
be a generalised resolvent in the case when —B(z) is an R-function: if B(z) is analytic
in C, U C_ with 3z3B(z) < 0, then

RQR) = Pu(Ag—2)7"|,. (33)

where §) is a Hilbert space such that H C §), the operator Py is the orthogonal projection
of $ onto H, and A is a self-adjoint in §) out-of-space extension of the operator Amip.

On the other hand, for any fixed z the operator R(z) coincides with the resolvent
(evaluated at the point z) of a closed linear operator that is a proper extension of Amip
with the z-dependent domain given in (32). It is for this reason that in what follows we
preserve the notation (Ap — 2)~! for the generalised resolvent of Ap when B = B(z).

The Krein formula suitable for treatment of such problems was obtained in [22]. For
the sake of completeness we include a short proof of this result.

Proposition 3.2 (Version of the Krein formula of [22]). Assume that {H,Tg, "1} is a
boundary triple for the operator Amay. Then for the (generalised) resolvent (Ag —z) ™!,
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where B = B(z) is a bounded operator in 'H for z € C, U C_, one has, for all
2 € p(Ap) N p(Aco):

(Ap -2 = (Ao — 2 +7 @) (B(2) — M(2)) ' y*@)
= (Ao —2 ' +7@(BQ) = M©@) 'Ti(A—2)~', (34

where M(2) is the M-function of Anax with respect to the boundary triple {H, I'g, I'1}
and y (2) is the solution operator

-1
)/(Z) = (F0|k€V(Amax_Z)) :
Proof. For any f € H, one clearly has
;= (Ap—2) 7' f — (Ao —2) 7' f € ker(Amax — 2) =: N; (35)

Setting u := (Ap — z)~' f and using the explicit description of the domain of A,
together with the equality [22] y*(2) = ' (Aco — 2)~L, one has:

Nu=T1u;+I' (A — z)_lf =T, +y*@)f, Tou = Tou,

and, since
I'u = B(z)[ou,
one immediately arrives at the equality
TCyu, +y*(2) f = B(x)Tou;.
On the other hand, since u, € N, one has I'yu; = M (z)['ou,, which yields
(B(z) = M(2))Tou: = y*@) f.
and hence
Fou: = (B@) = M@) " v* () f.

Since Iy is invertible [22] on N, provided that 7z € p(As), and writing (I'g| NZ)*l -
v (z), this leads to

u, =y (B@) - M@) v @,

which together with (35) completes the proof. O
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4. Comparison to the “Intermediate’ Generalised Resolvents (Ai’) — z)il

We shall now consider an operator family fo) that is defined by the same differential

expression as d>€Ag) &7 and on the same Hilbert space H but is different from QgAgt) o
as a graph Hamiltonian: it is defined by a topologically different underlying metric graph
G in the terminology of the spectral theory of quantum graphs. The graph G has two
components that correspond to the “soft” and “stiff”” components of the original graph
G. These are decoupled but for a non-local condition of the order /¢ intertwining the
two. This family turns out to be a good approximation, up to a rank-one operator, for the
original operator family Af;’), while being at the same time a convenient intermediate
operator for the final step of our plan, the passage to the homogenised operator. From
now on, we shall assume that ay = a3z = a for the sake of brevity. Note that the
domain of ~§t) depends on the spectral parameter z. The operator (A~§t) - z) ! solves a
spectral boundary-value problem where the spectral parameter is present not only in the
differential equation, but also in the associated boundary conditions. In the terminology
of [22,49], it is therefore a generalised resolvent of the corresponding boundary-value
problem, cf. Sect. 3.2 above. Nevertheless, in Sect. 5 it will become apparent that this
intermediate generalised resolvent itself is, up to the same correcting rank-one operator,
O (g%)-close in the operator-norm sense to the resolvent of a unitary transformation of a
self-adjoint operator Apom, yielding the estimate (10).

We first describe a modification procedure for the original cycle graph G, see Fig. 1.
The modified graph G is a two-component graph with edges e; = ¢; := [0, €l1],
ez =e3:=[0, el3],and e; := [0, [2]. The edges e and e3 are “glued” together, forming
a cycle with two vertices. Compared to the original graph G (Fig. 1a), the vertex V|
remains unchanged, whereas the right endpoint ¢/; of the edge e disconnects from the

@ ® ©
e, ez ex ez
V, v, Vv, V;
63 es
(d) (e)
v, 2 &
N
v, v, 2 v;
e es

Fig. 1. THE GRAPH MODIFICATION. The stiff component is in black, the soft component is in blue. Double
arrows represent vertices carrying unimodular Datta—Das Sarma weights. Dotted arrowed line between vertices
V5 and V3 represents non-local e —dependent interface
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vertex V; (Fig. 1b) and joins V3, which is the left endpoint of e3 (Fig. 1c). There is a
price to be paid for this: this right endpoint of e; is then assigned a Datta—Das Sarma
unimodular weight wgggr := exp (i(l 1+ l3)‘[). The edge e; in turn disconnects from the
vertex V3 where its right endpoint was attached to in G (Fig. 1(d)), and loops backwards
to the vertex V> (Fig. 1(e)). The loop thus formed is assigned a Datta—Das Sarma weight

Weott = Wyarr = exp(—i(l] +13)7)

at its right endpoint /;. Compared to the graph G, the weights 1/./¢ at both endpoints
of the soft component are no longer applied. Notice also that the weights wgiff, Wsoft
are independent of ¢, which is important in view of our aim to obtain an e-independent

l(l‘i))m in the estimate (10).

family A

The operator Aff) is defined by the same differential expression as the operator
dJSAgt)dD:, which has an e-independent form. The domain of Ag), however, depends
on ¢ as well as on k? and is described by the following system of matching conditions
(36)—(39). We always assume u = (u1, ua, u3) with respect to the space decomposition,
where u> is the value on the soft component.

A. Atthe vertex Vj: standard §-type matching with the coupling constant equal to zero.
B. At the vertex V3 (stiff component):

u3(0) = wgigeu (el1), (36)
3 Vus|, — wstiffa(’)ul}gll = Vek () + ) wgiguz (0). (37

C. At the vertex V5 (soft component):
u2(0) = wsoftt2(2), (38)

0 us |y — weoted Vua|, = Vek? (1 + 13 wsoru3 (0) — 261y +13)u(0). (39)

Clearly, all these conditions are of §-type, with e-dependent non-local terms in (37) and
(39), which link the two components.

The operator Aé’) is written down in terms of the Datta—Das Sarma boundary triple,
see Sect. 2.4, for the modified graph G. It involves Datta—Das Sarma matching conditions
at two of the three graph vertices, namely, V> (incoming edge endpoint, weight wgof ) and

V3 (incoming edge endpoint, weight wggr). We denote by f‘(()2), 1:§2> the corresponding

boundary operators and by B (2) the matrix such that the interface conditions (36)—(39)
are equivalent to

FOu = BOFPu.

Omitting the details of the calculation for B® (z) and for the M-matrix M, éz) (z) of the

operator Ag) with respect to 1:‘(()2), l:gz) (which is analogous to the calculations of [24]
and Sects. 2.5 and 3.1 of the present article), we claim that
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klje
—Jak > cot —= 0
=13 a
- - 2k(cos et — cosklp)

@y _ B () — 0 + 2621y +1
M (z) — B¥(2) 1 sinkly (h+13)
. klie\ ™ .

el Jak (sin —]8) —el U2 (1) 1 13) Je
=13 JVa
. kije\ ™!
e bl Jak > (sin —])
- j=13 Va
Y SURYONCE (40)
klie
—Jak ¥ cot —=
=13 JVa

We argue that the difference between the resolvent of CDgAg)CDj and the generalised
resolvent of A~,(3t) is of order O(e?) in the operator-norm sense, up to a “correcting”
operator, which takes into account the difference between the kernels of the <I>8Ag)d>j

and Aé” on the stiff component and is O (g%)-close to a rank-one operator multiplied
by z~!. Once the mentioned estimate is obtained, it is possible to eliminate & from the
domain description of the operator Agt), which can therefore be viewed as intermediate
from the perspective of homogenisation. We keep this step explicit, owing to the fact
that the resolvent estimate in this form does not require the assumption that the spectral
parameter belongs to a compact set. It therefore shows what happens during the transition
from the “classical” homogenisation regime to the “high-frequency” regime, when the
norm of the correcting rank-one operator discussed above goes to zero as ¢ — 0. In the
present paper we refrain from discussing the related details and assume that the spectral
parameter z belongs to a compact set K C C. We point out that in the transition regime
the error estimates in the statements given at the end of the present section are changed
accordingly, which will be studied elsewhere.

In order that the Krein formula of Sect. 3.2 be applicable, we must ensure that the

spectral parameter is away from the zeros of the denominator. Let St(]i))m be the limiting

spectrum of the family Agt) described by (26), and let Sy, be the set of eigenvalues of
the Dirichlet boundary-value problem of the operator —d?/dx? on the soft component
e2, L.e. the set of points z > 0 such that sin /zl, = 0. Setting (cf. (9))

SO =50 USU{0),  SY, ={zeK|dist(z.5) = p >0}, @I

the following theorem holds.

Theorem 4.1. Denote

—irx
X0 (x) = [Zif 0 ’ 2 2 42)
Liys = L*(e1) @ L*(e3), 43)
and consider the z-dependent linear operator C) on H given by
o (7] = (16" o (f 1) COL = (ezly +13) 7, X0) 2 20, (44)
= )’ '_ ™3 ’ L ’

f3 PE3
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where P, is the orthogonal protection onto L%(e i), J =1, 3. Thenthe following estimate
holds:

|@(AD —2) " or — (AD —2) 7' — V| = 0(e?), (45)

uniformly with respecttot € [0, 2me™") forall z € S}é) e and therefore, as is seen from

the explicit expression for (Méz) (z)—B® (z)) - below, away from the set of singularities

of the generalised resolvent ( N,(;t) - Z)fl.

Proof. We start with the following lemma. O
Lemma 4.2. . The inverse of the matrix Méz) (z), see (31), has the following asymp-
totics as € — 0:

1 eisllt e—i813t

_ 1 . f
M(Z)(Z) 1 — eflel]t 1 efle(l1+l3)t + 0(8),
(M ) eD (k) cielst  gie+3)t |

uniformly with respect to t € [0, 2we™") forall z € S(t?p, where

2k cost

D) := k*(ly +13) — 2k cotklp + — ,
sin klp

and the matrix defining the leading term of order O (1/¢) is a rank-one matrix with

the range spanned by the eigenvector (e_i813’ , el l)T corresponding to the
eigenvalue 3.
2. For the inverse of the matrix Méz) (z) — BP(2), see (40), one has

(MP(2) — BP(2)) ™ = 7" M_1(2) + Mo(2) + £M(2) + O (e2) Mo(2) + O(£2),
e — 0,

uniformly with respect to t € [0, 2we™") forall z € S;Qp, where

| | 1 0 efiel3l
M_ = 0 0 O ,
1) (k2<11 i) " D(k))

eisl3to 1
1 .
0 _elé‘llt 0
JE
1 1 . 1 .
M(z) = _e—lgllt 1 _e—15(11+l3)t ,
0(2) o | 7 1 NG
0 _eie(l]+l3)l 0
NG

and the matrix M1(z) has all but the four corner elements vanishing.

Proof. This is the result of a direct calculation. O
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In order to compare the two resolvents, we use the Krein resolvent formula of Propo-

sition 3.2 twice, namely for CIDSAg)d)zf and A~§t), as well as the observation that in both
cases the “reference operator” A is the same Dirichlet decoupling: on each edge ¢;
of both G and G it is the differential operator defined by the corresponding differential
expression subject to Dirichlet conditions at both endpoints, u;(0) = u;(el;) = 0 for

Jj = 1,3, 0r uz(0) = uz(l») = 0. Note that the operator B, see Definition 2.1, for Ag)

with respect to the triple of Sect. 3.1 is the zero matrix, and hence the matrix —Mg(z) (2)
plays the role of the operator B(z) — M (z) in the corresponding Krein formula.
We consider three cases for the form of the argument of the resolvents, as follows.
L. First, we apply the two mentioned resolvents to functions f = (0, f>,0) . Then
(Ase —2) "' f =(0,v,0)" and

0 S 0
1—w§2) vl = \/E BEIT) U|0 = \/E a |,
0 on v|[2 B2
0 0 0 0
l’—‘;gZ) v — a}gf)v|o + e—i8(11+l3)t a’gf)v|l =lo+ efié‘([]+13)1132 = %)
2
0 0 0 0

Using Lemma 4.2, we obtain:

0 1 yaeieht 0(e>2)
MP@) TP o) == | (06D,
WE@) T v = e yaelf@H |\ 0(e3/?)
Y2 gielit
7(2) 52) )17 Q@) 0 o (2 L v
(M7 () = BP(@) T)7 [v] =M\ |v T Dk "
i K1 72 ey
NG
0(e3/?)
+| o
0(e3/?)

It remains to apply the solution operators y (z) and y(z) of Proposition 3.2, pertaining

to the boundary triples of operator families Ag) and Ag), respectively. This amounts to
comparing solutions to three pairs of boundary-value problems, on ey, €2, and e3.

(a) Solutions on e>. Due to the definitions of boundary triples, to the leading order in
each case one solves boundary-value problems with the boundary data

Uy (ly) = L2l

o»
w®) =55 D)

’

with an error of order O(g2) between the contributions to the resolvents (Ag) — z)_l
and (Ag) — z)_l.

(b) Solutions on ej. In both cases, to the leading order one gets the solution to the
boundary-value problems with the data

2 ielyt

u1(0) = me s

u(ely) = ﬁ
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(c) In the case of e3, to the leading order one also gets the same solution for both Ag)
and Ag), which is fixed by

13(0) = Y2 e+ us(ely) = Y2 el

JeD (k) ’ NIGK

In the cases (b), (c) (stiff component), the error between the actions of the resolvents
(Ag) — z)_l and (Aé” — z)_l is of the order O(g?). Indeed, the pointwise error is of
the order O (¢3/?), and ey, e3 have lengths proportional to &.

II. Now consider vectors f = (fi, 0, O)T. Denoting (A —z)’lf = (v, 0, O)T, one
has

@ 'olo P NRE Y ol
Fl 0 = 315011‘8,, =: /31 5 Fl 0] = '
0 0 0 0 618(11+l3)t3r(lt>v‘gll
o]
= 0

ei6(11+l3)t131

Denoting y| := o + B1e*¥/I” and using Lemma 4.2 again, we obtain:

1 v ] o +_ﬂ1€i£llt
@) (o) = ey
0 eD(k) ajeielst 4 g eieti+h
1 yl‘lt
= 1e ¥ 4+ 0(¢e),
D | | 1O
v 4!
(MPz) — BP)”'T? [0 :1( r ) 0
0 e \kK2(l1 +13) ~ D(k) yreieht
0
b [ Ao 4, 0?,9(38/)2)
D(k) ﬁo 0

In contrast to y, in the case considered above, the coefficient y; is of the order O ( /¢)
rather than O(1). Indeed, the operator (Ao — 2 Lon L3(e)) is simply the resolvent of
the self-adjoint Dirichlet operator L p defined by the differential expression

Ld +1 ’
al ==
idx
on L?(ey). It is an integral operator with a kernel R(x, y; k) that can be found by
the classical method of [43,44] combined with the unitary elimination of the “magnetic

potential” 7/a. Namely, let A p be the Dirichlet operator on the same space defined by the
expression —a(dz/dxz), and let ® be the unitary transformation (®u)(x) = e " u(x).
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Then Lp = ®Apd*, and hence (Lp —z)~! = ®(Ap — z)~1®*. The resolvent of Ap
is well-known, see e.g. [43]: it is the integral operator with kernel

k(ely —y)

sin — sin ————, x <y,

L kely \/E \/Z
RA(x’yﬂk)_(\/_k n\/a) ky . k(E,‘ll_X)

sin — sin ———, x > y.

Ja Ja
Using the fact that R(x, y; k) = e " Ry (x, y; k)e!™?, it follows that

0O ((Lp -2 f)(x) = —” (sm %) [COS k(sh\/a— X) /Ox sin %eifyf(y)dy

kx [ev . k(el

— COS — 7). sin Ta_y)ei’yf(y)dy} )

Substituting trigonometric functions by the leading-order terms, as ¢ — 0, of their
power series yields

3 ((Lp -2~ f)x)
el el
= —ile*”" [ /0 Ve F(y)dy — ely / l e”yf(y)dy} (1+0(D) + 0D £,

el

and therefore

el
y = a0ul, — 90y |511 /0 1 e f(ndy(1+0(@H) + 0| £l
= (fie™) 2, (1+ 0(D) + O f. (46)

Notice that by the Krein resolvent formula the term O (¢/2)| f|| contributes an error of
order O (£?) in the resolvent estimate and can therefore be discarded. An application of
the Schwartz inequality yields y; = O(y/¢), as claimed. It again remains to apply the
operators y (z) and y (z).

(a) Solutions on e;. Due to the definitions of the boundary triples, to the leading order
in each case one solves boundary-value problems with boundary data

uz(o) — Le—ié‘lll7 uz(lz) — Leié‘ljﬂ.

VeD (k) VeD(k)

with an error of order O(s2) between the contributions to the resolvents (Agt) - z)_l
~ -1
and ( o _ 7).
(b) Solutions on e; In the case of Ag), to the leading order one solves the boundary-
value problem with data

B & 1 1 _ ﬂ 1 1 —ielt
u1(0) = - (kz(ll ) + D(k)) s Ml(é‘ll) - e (kz(ll +1) + D(k))e 1

whereas in the case of Agt) the boundary data to the leading order are

_ 14! —ielt
uy(0) = D(k) u(ely) = —D(k)e .
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Clearly, a correcting boundary-value problem appears, for the “stiff component to stiff
component” action of the intermediate generalised resolvent only.
(c) Solutions on e3. As in (b) above, a correcting boundary-value problem appears,

which has the same form. Indeed, in the case of Aff), to the leading order one solves the
boundary-value problem with boundary data

n 1 1 ielst _n ! !
O =7 (k2(11+ls) ' D(k))e = (k2(11 k) D<k>)’

whereas in the case of Ag) one has

Y1

u3(0) = _)/1 iel3t 8D(k) .

e, uz(elz) =

In the cases (b), (c), the error between the actions the resolvents @, (Agt) —7)! ®F and

(Aff) -7 L up to the correcting term mentioned above, is of the order 0(82), due to
the pointwise error being of the order O (¢3/?). Here we again use the fact that e and
e3 have lengths proportional to ¢, as well as the above estimate for y;.

III. Finally, in the case f = (0,0, f3) | one has

1) )
® 3r(; v|al3 B3 P 0 B,EI v|£l3 B3
r710) = 0 =(0]), I'h'"[0] = 0 =101},
o)\, ) \es o)\, \es
where we set (Ao — z)_lf =: (0,0,v)". Denoting y3 := B3 + age_igl3’ and using
Lemma 4.2, we obtain:
0 1 B3+ Ol3efi€l3l
(Méz)(z))_ll*iz) 0l = Bye il 4 gre—iei+h)
v ED(k) ﬁ3ei813t +a3
1 "
+eo= y3e 1 +y30(e),
eD(k) paeielst
0 V3
- ~ 1~ 1 1 1
(MP ) — B?)”'T@ [0 =_( 5 + ) 0
v e \k (ll +l3) D(k) y3eislgt
1 V3 ! ielyt 0(38/)2
t— | ¢ +y3| O@)
B
D) | V¢ 0 0e)

An argument similar to the case of y; yields the estimate y3 = O(,/¢). We now apply
the operators y (z) and y (z).

(a) Solutions on e;. Due to the definitions of the boundary triples, in both cases to
the leading order one solves the boundary-value problem with data

V3 —ielyt V3 iel3t

uz(0) = me , ua(lr) = me
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yielding an error of order O (&%) between the actions of the resolvents @, (Ag) —z2)7! o
and (AY) — )1

(b) Solutions on e;. In the case of A~§t), to the leading order one solves the boundary-
value problem with data

3 & 1 1 . ﬁ 1 1 —ielyt
up(0) = . (k2(11 I + D(k))’ uy(eh) = B <k2(11 T + D(k))e ;

whereas in the case of Ag) one has

_ _ 3 ey
u1(0) = D(k) M1(811)——8D(k)€ .

(c) Solutions on e3. In the case of Ag), to the leading order one solves the boundary-
value problem with data

! 1 ielst _”n 1 1
us(0) =2 (k2(11+13) D(k))e Touslely) =7 (k2(11+13) +D(k))’

whereas in the case of A(l) one has

V3
eD(k)’

u3(0) = D(k)ew’”, uz(els) =

In the cases (b), (c), the error between the actions of &, (Aff) —z) ! ®* and (Ag) —z) -1
up to the correcting term, is of the order O (€2), due to the order O (e3/%) pointwise error,
the above estimate for y3, and the fact that e, e3 have lengths proportional to €.

‘We now consider the “correcting” term that appears above in the analysis of the action
of ( AD z) ! restricted to the stiff component. On the face of it, this term is e-singular,
however this is an artificial singularity, since this corrector is equal to the difference of
resolvents of two self-adjoint operators and as such is at most of order O (1). The order
O (&™) singularity is due to the fact that this operator acts in the space Lgﬁff, see (43),
and disappears under a unitary rescaling. The correcting term admits the form

1 Qe ielt f
1 100\ - ~(2 -
C(’)(fl) [ — ( )y(z) 0 0 O I )(A —2) o )
¢ \f) T ekl +5) \001 Gl o b £

and for any fixed k # 0 can be treated as a bounded linear operator on L2,;. We next
show that up to an error of order O (g?) it is a rank-one operator multiplied by k~2. The
analysis leading to the equation (46) and the similar argument pertaining to the space
L?(e3) show that Cg(t) essentially only acts on the function e V. As for its range, the
following simple argument applies. If one seeks to compute the action of the operator

¥ (z) on a vector obtained by the application of Cg) to the vector ( f1, 0T e Lgtiff, then
for the restriction to the interval e; one has the boundary-value problem with data

4!
Sk2(11 +13) ’

Vi —ielqt

“1(0) = K2 1)

ui(el) =

’
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where y; is defined by (46) with the terms O (¢7/2)| f || dropped. Its solution is given by

—1 —1
14! —itx [ kgll) kel —x) ey it(sll—x)( . ké‘ll) . kx
= ———1¢ sin — sin ——— +e e sin — sin —
M) = 2 ) [ ( Ja Ja Ja Ja

_ i [e—itx (i . 0(52)) T el it el —x) (1 _x 0(52))}
ek2(I] +13) ely el

_ L —irx 2
= +l3)(e +0()).

For the interval e3 we look at the boundary-value problem with data

Y1

4! iel3t
)= ——— 3 . l3) = — )
u3(0) e uz(el3) 201+ 1)

ek? (Il +13)
whence by the same argument we get

_ 4! it(el3—x) 4 (g2
usz(x) LI (e +O0(e )).

In the situation just considered, we have y; = <f1,e_i”‘>L2(el)(1 + 0(82)), up to

an error O (£>/?)|| f||, which contributes an error O (&) to the norm-resolvent estimate.
Using the notation (42), one then gets the following representation for the correcting
operator:

CO = (P +1) [ X0)2 X040 =COLI+ 06, @4D)

where the error estimate is understood in the sense of the operator norm in L2(ey).
Now we show that the same expression accounts for the correcting term in the situation

when Cét) is evaluated on the vector f = (0, f3)' € met Indeed, up to o0& £,
one has

v = efiel3t (8(t)v|0 _ ei€13t8(l)v| . ) — efislgt(f3 efitx>
elz ’
= (£, X7) 5, (1+0@D).

By the same argument as above we get (47) in the sense of the norm in L?(e3). Sum-
marising, the estimate (47) holds in the sense of the norm of Lftiff. The required estimate
(45) follows.

Lz(g})(l +0(e%)

Remark 4.3. Note that the norm of C*) does not depend on & when z = k? is in Sk © K.p-
However, if one considers a transition reglme from the classical setting to high frequency
homogenisation, i.e., the situation when ze”, w < 2, tends to a positive constant, its norm
starts decaying as ¢ — 0 and this term thus has no influence on the result.

5. Behaviour of the Resolvents (Ai’) —z)~" and the Main Result

The next step of our argument concerns passing to the effective, or “homogenised”,

operator A which provides the “operator asymptotics” for the generalised resolvent

hom’
of Agt) for all ¢, 7. Recall that in the present paper we consider the “finite-frequency”
case, by assuming throughout that z € Sg) 0 (see (41)) for some compact K and p > 0.
First, we introduce some notation.
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Definition 5.1. Consider the following normalisation of the vector X ) defined by (42):

1
Vel +13)

and the orthogonal projection Py in the space Lgﬁff, defined by (43), onto the vector
1/f(’ ). For convenience, in what follows we keep the same notation w(’ ) for the extension,
by the zero element in L2(€2), of the vector w(t) to the whole space H = L%(e)) @
L2(e2) ® L?(e3). Forall t € [0, 2re™ 1), we define a unitary operator

Iﬁ(l) — eiel"X(l),

WO Py L2 @ L2 (e2) =: Her — Hpom 1= L*(e2) ® C

by mapping By @ us > (u2, B)".
()

Definition 5.2. For all values T € [0, 27), consider an operator A

Hpom, defined as follows. Let the domain dom(A(T)

on the above space

hom
that u € W22 (e,) and the quasiperiodicity condition

) consist of all pairs (¢, 8) such

p
u(0) = weoru(lr) = 48
0) softtt (12) m (48)
is satisfied. On dom(Al(lf):n) the action of the operator is set by
1 d 2
@ [« idx " 3 ) )
Ahom(IB) = 1 o , Zan u:=0"u 0~ Weoft 0 U I
e u

VIt z "

As we show below, the space Hegr is “almost invariant” for the generalised resolvent

of Ag), whence this resolvent can be sandwiched by projections Petr of H onto Heft
(Peft := Py @ I, where I is the identity operator on L2(€2)) at the expense of an error
of order O (¢?). Having done this, we will only consider the situation in the space Hefy.
The function u on the space of dimension one that remains of the stiff component is
then uniquely defined by its value at the vertex V3, which is determined by the boundary
values of u on the soft component. These boundary values are not fixed by the domain
of the operator Ag) but are nevertheless readily available by the same argument as in
the proof of Theorem 4.1. Once u; and u3 are determined uniquely, one can rewrite the
matching conditions on the soft component that decouple it from the stiff component.
Finally, the value u7(0) uniquely determines the solution on the stiff component, up to
an error of order O (g2).

Theorem 5.3. The following statements hold for any z € Sg) o where Sg) o IS defined
by (41):

1. The norm of the difference (Aé’) — z) - off (Ag) — z) - Pess is of the order O (¢2).
2. The action of the generalised resolvent (Aff) - z)_l onavector f = (f1, fo, f3) | is

0(82)—close in the operator-norm sense to the vectoru = (uy, u, u3) | described as
follows. The component uy is the solution of the following boundary-value problem
onep:
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1d 2
T +T) us—zuz = fo, u2(0) = wyepur(l),
idx
> 0\ uy = —z(ly +13)uz(0) — VI + 13 (£, ¢ P), (49)

where w(’) is extended to a vector in Hegs by zero on the soft-component space L%(er).
For the solution us of (49), the component ugisr = (ug, 0, u3)T is determined by

usite = /I +ua Oy — 27 £,y O)y @, (50)

Proof. We use the Krein resolvent formula, see Sect. 3.2, that links ( ~§’) — z)71 to
(Aso — 2)~ L. Notice that the Dirichlet decoupling (Aso — 2)~! has the property

(Ao — ) '[(f1.0, f5)T] = O(e?).

due to the fact that the lower bound of the spectrum of its first and third components
is of the order O (8_2). Therefore, the contribution of the Dirichlet decoupling can be

ignored in the proof, and the only part of the expression for the resolvent of AS) that
needs to be accounted for is the second term in the Krein formula (34), related to the
perturbation in the boundary space from the decoupled operator.

It follows from the proof of Theorem 4.1 that for all vectors f = (f1, O, 0T e H
and f = (0,0, f3)T € H, whose projection onto Lgtiff is orthogonal to ), one has
y1 = 0| f|l and y3 = O(e/?)| ]I, respectively, as & — 0. This immediately

implies that restricting (Ag) — z)_l to the space He results in an error of order 0 (%)
in the operator norm.

In order to estimate the effect of sandwiching the resolvent between two projections
onto Hefr, we start by considering the vector u := (Aé’) — z)_l O, f2, O)T. By an
argument in the proof of Theorem 4.1, for u| and u3 one has the boundary values (up to
an error of order 0(83/2))

ui(0) = —ﬁeid”, u(el) = —ﬁ,
and
_ »2 ie (1 +3)t _ 2 ielit
0) = ————= e\t B)=——7""— , 51
u3(0) JED(k)e uz(elz) ﬁD(k)e (5D

respectively. In the same way as in approximating the corrector in the proof of Theo-
rem 4.1, we obtain

) = ——
JeD (k)

_ V2 iel16it(el3—=x) (1 1 (g2
uz(x) —JED(k)e € ( R

whence the restriction of the function u to the stiff component is given by
__r
VeD(k)

The first claim of the theorem in the case of the vector f = (0, f2, O)T readily follows,
since the error term is of order O (£2) in Lgtiff.

ei[(é‘ll —X) (1 + 0(82)) ,

Uy S uz = e XD (1+ 0(e?)).
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Postponing to a later stage the proof of the case when the resolvent is applied to
vectors of the form f = (f1,0, f3) ', we proceed with the comparison of the asymptotic
formulae for the boundary values of u> and u3 in order to ascertain the second claim
of the theorem on the vectors f = (0, f,0) ". Building up on the analysis so far, we
obtain

R 2 _ "2 ie(l1+3)t 3/2
0 0) = ———=— 1™ (0] ,
D(k) +0(&%), u3(0) ﬁD(k)e +0(e7)

where the expression for #3(0) is taken from (51), while the expression for u,(0) was
obtained in the proof of Theorem 4.1. Clearly

u2(0) =

u3(0) — g—l/zei8(11+l3)tu2(0) + 0(83/2),
and therefore, taking into account the explicit description of the domain of AfJ), one has

D 0\ uy = =2k (11 +13)ua (0) + ek (h + 13)e 7 Tu3(0) + O ()
= —z(li +13)u2(0) + O (&?). (52)

We show that dropping the O(s?) term on the right-hand side of (52) leads to an error
of order 0(82) in the operator-norm sense. Indeed, as (u1, uz, 143)T is in the domain of

Agt) by construction, the component u» satisfies

1d 2
(TE + T) up —zup = fo, u2(0) = wsorett2(l2). (53)

Note, that up to an 0 (£2) term the problem (52)—(53) is independent of the stiff com-
ponent and no longer depends on ¢. Looking for a solution uy = ug + v, with

veVi= W) N {v: v(0) =vl) =0, 3P v|; —werd®v|, =rc},

where r, is the O (¢2) term in (52), one arrives at the following boundary-value problem
for ug:

1d 1d

2 2
——+t)ug—zug=fo—\-—+7t) v+zv, up(0) = wsertuo(l2),
idx idx

> 0 ug = =z + 13)up(0).

Whenever 7 is outside some fixed neighbourhood of the poles of the generalised resolvent
Rgofi(z) of the last boundary-value problem (it is easily seen that this set is defined by
the dispersion relation (26), cf. calculation in Sects. 6.1, 6.3), one has:

1d 2
1o = Rsoe(2)1 f2 — TEJ” v+2zv g,

Let « be a constant such that 0 < [j + 3+ xl» < 1/4, and set v = ax(1 — x/lp)e 7%,
a=r(l+ e_i(ll+l3+Kl3)T)_l. Clearly v € V, and
H(——+r) vV —2ZV = 0(e?)
1 dx L2(e2)
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uniformly with respect to 7, so that

o = Rsoft(2) fo + O (%) (54)

in the operator-norm sense. In view of (54) and the fact that v = O (82), the estimate

uy = ug + 0(e%) = Reoft(2) fo + O (%)

holds. In addition, the embedding of W22 (e,) into C(e») implies that

12(0) = [Reoe(2) £2](0) + O ().

Indeed, Rgof(z) can again be considered as the resolvent at the point z of a closed linear
operator A; defined by (49). Therefore away from the spectrum of A;, the operator
Ryoft (z) is bounded from Lz(ez) to dom(A;) equipped with the graph norm. As is easily
seen, within the conditions of the theorem we are guaranteed to be in this situation.

Denoting
i 1 d 2
U= Ryort(DI\ —— +7) v—2zV¢,
idx

one then has [|A.ii|? + [|ii]|> = O(¢*), whence

2 2
1d .
H(_ +T) : +”ﬁ”2: H(_ ) e
1dx

and 7(0) = O(s2) by the embedding theorem. Noting that ur» = Rgoft(z) fo — it + v and
v = O(e?) in W?2-norm, the claim follows. The explicit relationship between u3(0)
and u»(0) is now used to construct the solution on the stiff component. As mentioned
above, this solution is fully determined by its value at the vertex V3:

2
+ ™ i)? = 0(e%),

ugier = ¢ 2e N [ Roore(2) 2] () XD + O(e3/7),

where the O (¢3/2) terms leads to an order O (2) error in Lgﬁff, as claimed.

It remains to show that both claims of the theorem hold for the resolvent applied
to the right-hand side supported on the stiff component, namely f = (f1,0, f3)'.
Since we have already shown that the resolvent (Aff) - z)_l can be restricted to the
space Hegr up to an error of order O (¢2) in the operator-norm sense, we assume that f is
proportional to ). By linearity, we split the calculation into two cases, f = (fi,0,0)"
and f = (0,0, f3)T, which are labelled by the index j = 1, 3. Once again, in each of
the two cases we start by reconstructing the solutions that pertain to Aé’) restricted to

the stiff component. These are sums of solutions to the boundary-value problems on
[0, el1], [0, el3]:

Vi Yj —ie .
u(0) = — D(k)(1+0(e ), ul(all)z—me M1+o@d), j=1,3,
u3(0) = ——L_e (14 0(c2)),  us(els) = (1+0@?). j=1.3,

eD(k) D(k)
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and solutions to the boundary-value problems due to the corrector C). By the same
asymptotic expansion as above, we get

Vi  —itx 2 Vi it(el3—x) 2 .
=——— 1+0 , =——— 3 1+0 , =1,3.
U1 ==t ( (%), u3 SD0° ( (%), J
Taking into account the contributions due to the corrector term yields
Vi () 2 1 Vi O
=-———XY(1+0(%)) — ——57—=&", =13,
MO =D (1+0(9) e K2(1) +13) J

which clearly suffices to ascertain the first claim of the theorem, taking into account the
estimates y; = O(y/¢), 3 = O(4/¢) obtained in the proof of Theorem 4.1.
In order to prove the second claim of the theorem, we proceed in the same way

as above. Using the boundary data for us, namely, u>(0) = —y; (\/ED(k))—le—ié‘llt’
to the leading order, j = 1, 3, we obtain for the cases f = 1 := (f1,0,0)" and
f=f%:=0,0, )7, cf. (52):

Zﬁf)uz = —2k>(I1 + 13)u2(0) + /ek?(Iy + 13)e 1 (1+13)7y5(0)

—2k2 (1 + 13)u2(0)

+\/gk2(ll +13)e i(l1+3)t (%el(llﬂfs)fuz(o) _ gkz(llj_'_ l3)ellg‘r + 0(83/2))

= —k>(l; +13)uz(0) — %e—“'fyj +0(e?)
1 . .

= —z(l1 +13)u2(0) — 7e—”lf(fm, X0+ 0@, j=1.3. (55)
&

Further, we discard the O (¢2) term on the right-hand side, due to the same argument as
for (A§’> - z)fl [(0, f2,0)T]. The only difference in this case is that in order to reduce
the problem to that for R, (z), we look for the solution u; as a sum of three functions,
namely u» = ug + v + v, where v is as above and

5 o 5 5 5 1 . .
7 e WH(ex) N {v D 5(0) =) =0, 375 — weord D, = — 7 e, X(’))},

2

Jj=13,

is constructed in the same way as v. The function

then takes the place of the function f> in the corresponding construction for u in the case
f = (0, f2,0)T, allowing to drop an error term of order O(¢?) in uy, by an application
of the same embedding theorem. Finally, the function uy = Rgof(2) fz + v solves the
boundary-value problem (49), since in terms of the function 1) the boundary condition
(55) reads

> 0uy = =k +13)ua0) — VI + 3 (D, y D), j=1.3.

This completes the proof. O



Norm-Resolvent Convergence of One-Dimensional High-Contrast Periodic Problems 471

Theorem 5.4. For a given compact K and p > 0, let S;é) 0 be defined by (41). The
asymptotic formula

WO Pg[(AD = 2) '+ COT P (W) = (AT —2) 7' +0(?), & — 0, (56)

hom
holds, with the error understood in the sense of the operator norm, uniformly with respect
foz € S%?p. In the formula (56), the unitary operator W® is given by Definition 5.1;
the operator C'V is given by (44), or equivalently CV[-] = z7!(-, ¢ D)y where y©
is extended to a vector in Hegr by zero on the soft-component space L%(er).

Proof 1. We first verify the claimed identity on vectors (f,0)'. Notice that
(WO [(£, 0] = (0, £,0)T, which is the case considered in Theorem 5.3 with
f> = f, where we show that the following representation for the action of the resolvent
on the left-hand side holds, in the limit as ¢ — O:

1d 2 .
(Tﬂ + T) upr —zup = f, u2(0) = wyoniut2(l2), Z Uy = —z(ly + 13)u2(0),

usiee = v/ + 3 uz(0) .

Evaluating W on the vector u; @ ur ® us = ur ® ugirr yields O ur @
. _ T _ . (1)
ugitr) = (U2, )", B = +/l1 +13u2(0). On the other hand, for the action (Ahom -
z)71 [(f,0)T] =: (u, B,)" of the right-hand side of (56) on the same vector, one has:
1d : Bu
c—t+t)u—zu=f, u0) =wspnul) =—=,
(1 dx ) I 0 softtt (12) I +15

> 90 = —2(t) +13)u(0),

which is clearly the same as for the left-hand side of (56). This completes the first part
of the proof.
II. By linearity, it suffices to verify the validity of our claim on vectors of the form

0, Bp)T. We have (WO)*[(0, B)T] = (f1.0, f3) " sothat fi ® f3 = By Noting
that the inner product in the last term of (49) equals By and using Theorem 5.3 again,
we obtain, for the action of the left-hand side of (56):

Ld + : 0

—_ T — =0,

idx 2l

2(0) = weoa(la), Y 0\ uy = —z(ly + 13)uz(0) — V1 +13 B,
ugite = /I + 13 u2(0)y .

Once again, one has w® (up ® ugigr) = (up, ,B)T, B = V11 +13u3(0). We consider the

result of applying the resolvent (A(T) — z)_l to the vector (0, ﬂf)T:

hom

1d 2
(T_ ’ t) u—zu=0, u(0)=wsnulz) = Pu ,
11 +l3
S00u =~z + )u0) — Iy + 13 By

and note that u = uj, B, = B, which concludes the proof of the claim. O
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Corollary 5.5. For z € Sg) o there exists a constant C > 0 independent of t such that

[(AD —2) " — @2 P (W) (AT — ) WO Py, | < Ce2, T =e1, (57)

foralle € (0,11 and t € [0, 27‘[8_1). Here Petr := Py @ Ip, where I is the identity
operator on Lz(ez).

Remark 5.6. The function u in the eigenvalue problem

n3) =<(3)

is the solution to

1d > s
IE +7T u = zu, ( )
1(0) = weorie(), 0" u = —z(l1 +13)u(0), (59)

where the last condition follows from the equation on the second components. This
coincides with the problem for the “eigenvectors” of the energy-dependent boundary-
value problem obtained as a Datta—Das Sarma modification of the problem considered
in Sect. 2.6. Moreover, the two can be shown to be isospectral (and hence isospectral

with the limiting operator Afl?m).
The argument leading to Theorem 5.4 further implies that the operator Al(]f))m which

serves as the norm-resolvent limit of the operator family A g), is an out-of-space extension
of the related minimal operator (see Sect. 3.2, Eq. (33)) corresponding to the generalised
resolvent of the spectral boundary-value problem (58)—(59).

6. Transformation to a Kronig—Penney Model of §’-Type: Bloch Spectrum

Now we turn our attention to the question of unitary transformation of the direct inte-
gral of homogenised fibre operators A}(;))m into the operator in the original Hilbert space

L?(R). We claim that Al(qf))m can be transformed to an operator with non-trivial §'-type
coupling condition (with an energy-independent domain description). This transforma-
tion, which will be calculated below explicitly on eigenvectors of either operator, involves
a change in the magnetic potential. Followed by the application of the inverse Gelfand
transform, see Sect. 2.1, this results in a periodic operator on the real line R. We recall
that T = e, so that T € [0, 27).

6.1. Limit fibre representation of §-type: Bloch spectrum. We first calculate the eigen-

functions of the self-adjoint operator A}(lf)zn Its spectrum consists of two parts: the 7-
dependent spectrum (“Bloch spectrum’) described by the corresponding dispersion rela-
tion and, possibly, the “non-Bloch” part of the spectrum, which is not described by the
same and which we calculate explicitly in Sect. 6.3 after discussing the Bloch spectrum.
In order to compute the eigenfunction corresponding to any of the energies described

by the dispersion relation, one must consider solutions to the differential equation

1d 2
——+7T) u=2zu on ej. (60)
idx
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For the Bloch spectrum, one has the boundary-value problem

(0) = weorte(l), Y9V u = —z(ly +13)u(0), 61)

under the additional condition sin(kl>) 7~ 0. The solution u = u(«, B; -) of (60) subject
to the conditions u(0) = «, u(lo) = B, is then given by

M(a, ﬁ, )C) = ae*itxw + ﬁeit(lzfx) sin kx

- - , X € e).
sin kl» sin kln

The boundary condition involving normal derivatives then yields (cf. (26)) the dispersion
relation

2cotkly —2costcesckly = k() +13). (62)

Therefore, for the eigenvectors u of the operator A}(I‘f))m

_ B M(l, ei(l1+l3)‘f; )
k) = ( Jih ) , (63)

on the space Hpom one has

where

. . sink(lp — x _sinkx
M(l, el(ll+13)f; x) — eitx ( 2 ) +elt . xce,
sin ki sin ki

subject to the dispersion relation (62) holding so that k? is in the spectrum. A straight-
forward integration then yields:

_ o2 _h+h 2
[ (k) ”Hhom =5t (sin klp)? a

The first component in (63) is rewritten using (62):

i _ ink(l, — x) . sinkx
1 , i(l1+l3)T : — jry [ SID +el?
ul.e x)=e sinkl, | sinkl

. coskl ._sink
=e "™ | coskx — — 2 sinkx +el? u
sin klp sin ki

— cos T cosklp).

li1+13 _sint
+i—
2 sin klp

_ e—irx (COSk)C + |:_k ]sin kx) , X €e. (64)

6.2. Limit fibre representation of §'-type: Bloch spectrum. Consider the operator

A;lom = Aﬁom (') in the space L2(e;) defined by the same differential expression as
At(l?m with the parameter t replaced by 7'

on the domain described by the conditions

w(0) +e 7Ty (1)) = (1 +13)0ul . (65)
0T u, = —e Ty (66)
2
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Note that the above conditions are written equivalently as
u(0) +e (1) = (1 + 1308 ul . B uly= 31 ul . (67)

by passing over to the corresponding Datta—Das Sarma modification, i.e., by associating
the weight e 1+ with the right endpoint of the interval e;. The operator A is
a self-adjoint extension of §’ type, i.e. it can be formally written as a §'-type pertur-
bation of a second-order differential operator, see, e.g. [6,26]. The coupling constant
corresponding to this §’-type matching condition is /] + [3.

The boundary triple for the operator A] () can be chosen [24] so that the boundary

hom
space is H = C and the boundary operators are

Tou =0\ ul,, Tiu=— wu), (68)

xeV

where both endpoints of e; are identified with each other, so that e, forms a loop attached
atthe vertex V. The left and right endpoints of this loop are assigned the Datta—Das Sarma
weights 1 and el respectively. The parameterising matrix (see Definition 2.1)
is the scalar B’ = —(I; +13).

The spectrum of Aj_ (¢') is discrete and consists of Bloch-type eigenvalues and,
possibly, eigenvalues of non-Bloch type. With respect to the boundary triple introduced
above these parts of the spectrum also correspond to the spectrum that is “visible” to the
M -matrix of the maximal operator and the one which is “invisible” to it (as eigenvalues
of the corresponding minimal operator which is then non-simple). The Bloch spectrum
is characterised in the following way. At a given k, consider the solution to the spectral
equation with the boundary data

Ay =3, =k

The corresponding solution is given by

v(x; k) = emit’x (

cosk(lp —x)  ;pcoskx
- +e — , X E€ep.
sin kil sin kil

Clearly, this is an eigenfunction of the operator A (") provided that

2cotkly +2cost’ csckly = k(I +13). (69)

Note that if " = 7+ (mod 27), the dispersion relation for A; | (z’) atk is identical to

the one for Al(fo)m, see (62), at the same point k, and hence their Bloch spectra coincide.

Combining the dispersion relation (69) and the expression for v(x; k) yields

iy I+l _sint’
v k) = e (sinkx + [ k222 4 i T ooskx ). x € e (70)
2 sin klp

It is checked that

l] + l3 lz
+ —
2 (sinkl)?

v, k) H2 = (1+cost’coskly),
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i.e. the norms of u(k) and v(-; k) coincide for T and 7/, respectively, when t/ = © +
7 (mod 27). Finally, substituting 7’ = t + 7 (mod 27) into (70) yields the following
formula for v(x; k) in terms of the parameter t:

l1+13 sint

2 'Sinkb

v(x; k) = e XTIy (sinkx + |:k i|coskx) , x€e, (1)

which we compare below with the first component of the eigenvector u (k).

6.3. Non-Bloch spectrum in the §- and 8 -type cases. As far as the non-Bloch spectrum
is concerned, for the operator Afﬁn one has to solve the spectral equation (60) when
sin(kly) = 0 subject to the boundary conditions (61). While a general solution of (60)
has the formu = Ae™1T¥elk¥ 4 Be~iTXe kY the conditions (61) are shown to imply that
cosklr = e'" and the solution sought admits the form u = u(0)e™"** ek¥ 4 Ce 1™ gin kx
with an arbitrary C € C. This leads to the eigenvector e ™'~ sin kx at the values T = 0,
T = 7, where k = tm/ [, for an even non-zero (for t = 0) or odd (for T = ) value of
m, and to the eigenvector e "™ = 1 forr =0, m = 0.

The non-Bloch spectrum of the operator Aj = can be treated in a similar way, which
allows for a simplification since, as argued in Sect. 6.2, it is the set of eigenvalues of
the minimal (symmetric) operator Apin, the domain of which is uniquely defined by
the boundary triple (68) via conditions I'opu = I'ju = 0 (see also [23] for further
details). These eigenvectors satisfy the spectral equation and the boundary conditions
that determine the domain of the minimal operator:

a(r)u|0 — a(r)u|l2 =0, u(0) +e—i(l1+l3)fu(12) =0.

The general solution is the same as above, while the boundary conditions yield A = B,
sinkl = 0, coskl = —e'". This system has a solution for T = 0 and T = 7, where
the associated eigenfunction is given by e™'** coskx, k = wm/ [, for an odd or even

m, respectively. If follows immediately that the operator Al(fo)m at 7 =0, T = 7 has the

same non-Bloch spectrum as A} (t') at T’ = 7, v’ = 0, respectively.

6.4. Unitary equivalence of A and A

hom hom

('), and the whole-line form of the limit

model. Since At(;))m and A} (t') are self-adjoint operators with purely discrete spectra
in Hhom and L2 (e), respectively, for each v and 7’ their eigenfunctions form orthogonal

bases in these spaces. It follows from the above analysis that for each 7 the operator A}(lf))m
is unitarily equivalent to A} (t"), T = 7 + 7 (mod 27). The corresponding unitary

transformation is described by mapping, for each value of k, the eigenfunctions of A

with the first component (64) to the eigenfunctions (71) of Aﬂom(f/ ), as well as ht(il%
respective eigenfunctions of the non-Bloch spectra (see Sect. 6.3). Notice that formally
this is equivalent to the simultaneous substitution of coskx by sinkx and sinkx by
—cos kx in (64).

Finally, we rewrite the eigenvalue problems for the operators A; . (7") in a form
convenient for the application of the inverse Gelfand transform, see Sect. 2.1. This is

followed by the description of an operator in L%(R) of the Kronig—Penney type, whose
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image under the Gelfand transform is given by the family A; (z'), t/ € [0, 27). To

h
this end, introduce a new function # in (65)-(66) by the formu(l);n

i(y) =" ullry), yelo,1], (72)
results in the following conditions for u:

I +1 ,
LB 0y, @) = el (0),

7(0) —e (1) = lz

where T = 1/ + 7 (mod 27),
which returns the original value of the fibre parameter t (mod 27).
Now, considering

—ify

u(y), yel0,1], (73)

(d .~) (d .~)
, — +iT Jv| = — +iT v
0 dy 1 dy

The differential expression on the left-hand side of (58) takes the following form in terms

of the function v:
L(ld .. 2 1d . 2
S|\-—+t+n)v=5-—+T]) v,
12\idy 1 \idy

Hence, the limit Kronig—Penney model is given in each fibre T € [0, 277) by the spectral
equation

v(y) =e

results in

b(1) = v(0) = — 1+B (i +if)v

74
L \&y (74)

0

1(1d _\°
1—2 ——+7 vV =2V, (75)

subject to the conditions (74). The inverse Gelfand transform (12) results in the following
spectral problem on R for U such that U = v, cf. (11):

~ LU =20, U eCR), VneZ UeClnn+l],
U(n+0)—U(n—0)=12_1(11+l3)U/(n), (76)
where [ + [, + I3 = 1. Notice that in the case when [, = 1 (i.e. the stiff component is

absent) we obtain the usual operator —d? /dx?* on R. The spectral problem (76) describes
(generalised) eigenfunctions of the operator A/ in L?(R) given by the differential

hom
expression —12_24172/dx2 on
dom(Ayp,.,)
={U:VneZ UeW**(n,n+l), U e€CR), YneZ Um+0)—Un-D0)
=5 +B)U ().
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@ @ eee

Fig. 2. THE “FATTENED GRAPH” of the earlier works on spectral convergence of the Laplace operator on thin
domains with Neumann boundary conditions

eee |

7. Relation to Earlier Results

1. Our approach via the theory of boundary triples and Krein formula offers a strategy
to obtain operator-norm resolvent convergence estimates for the setting of [25,40,
41], who discuss the behaviour of the spectra of operator sequences associated with
“shrinking”” domains as in Fig. 2. Here the rate of shrinking of the green “edge” parts
is assumed to be related to the rate of shrinking of the blue “vertex” parts via

VOI ( V\fertex )

vol( esdge)

—a>0, ¢—0. (77)

It is shown in the above works (for the case « = 0 in [40]) that the spectra of the
corresponding Laplacian operators with Neumann boundary conditions converge to
the spectrum of an operator on a one-dimensional lattice obtained as the limit of the

domain in Fig.2 as ¢ — 0. Our operator Afl?m, see Definition 5.2, coincides with the

limit operator in [25,41]. The “weight” /1 + /3 in our analysis plays the role of the
constant « in (77), see e.g. (59).
In view of our results, it is intriguing to consider the one-dimensional high-contrast
problem (7)—(8) as an equivalent (in the resolvent sense) of Neumann Laplacians
defined on a two-dimensional domain shrinking to an infinite chain graph, under the
assumption (77) with & 7 0. This should allow for the treatment of the homogenisa-
tion problem in terms of resonant properties of thin structures, thereby relating prop-
erties that are due to high contrast to properly chosen “sizes” of resonators located at
the chain vertices. It would be instructive to compare such results with [57], where
a = 0 and thus the effective operator is the Laplacian on a periodic graph with
standard Kirchhoff conditions at the vertices, fully in line with the results of [25,40].
Notably, a resonance scattering theory approach to the treatment of effective trans-
mitting properties of thin graph-like structures has been developed in [1,31,45] and
references therein, whose results, in our view, pave the way for yet another promising
approach to the treatment of homogenisation problems with high contrast.

2. To the best of our knowledge, the fact that the limiting operator of [25,41] is unitarily
equivalent to a Laplacian with a non-trivial §'-type perturbation supported on an
infinite one-dimensional lattice is observed in the present paper for the first time.
Building upon the results of [25,41] in the special case of infinite chain graphs,
this further reveals the meaning of §’-type coupling conditions in quantum graphs,
which has attracted considerable attention during the past decade. We conjecture that
the same effect occurs in the general case of periodic metric graphs, which will be
discussed in a forthcoming publication.

3. Our main result, Corollary 5.5, describes the asymptotic behaviour of the problem (1),
(6) in classical operator-theoretic terms, and is similar in this to the work [17], where
resolvent estimates of order O (e) are obtained in the multi-dimensional case d > 2
under the assumption dist(Qq, Q) > 0, see (6). We do not rely on the techniques
based on two-scale convergence, which have otherwise been used in the analysis of
high-contrast problems, see [16,34,54]. Our approach provides asymptotic estimates



478 K. D. Cherednichenko, A. V. Kiselev

that are both norm-sharp and e-order sharp, and is free from restrictions on the geom-
etry of the composite (except for minimal smoothness assumptions on the interfaces),
which in our view shows the potential of operator-theoretic techniques in the study
of “non-classical” periodic media.

4. In the work [9] the effective model (3) was derived by an asymptotic analysis of
the fibre decomposition of the resolvents (5) and a fundamental notion of spectral
germ was introduced, as an operator-theoretic tool for the analysis of the “threshold
behaviour” of (5) when the parameter 2z < 0 approaches the spectrum at zero. The
approach of [9] applies to operators that can be defined in terms of pencils of the form
(Xo+tX1))*(Xo+1tX1),t € [0,1), kerXy # {0}, under some additional technical
assumptions on X, X|. However, a key requirement of this approach concerning the
behaviour of the pencil, namely that the number of its eigenvalues in a sufficiently
small neighbourhood of zero is finite, is not satisfied in the case of the pencil (4),
(6), where the rdle to ¢ is played by |x|, see a related discussion in Sect. 1. From this
perspective, one of the main results of our analysis is the development of a generalised
notion of spectral germ for high-contrast periodic problems. While such an object
would seem to have to involve an infinite set of data, due to a growing (as ¢ — 0)
set of eigenvalues of the pencil in any given neighbourhood of zero, it is remarkable
that our limit model is a simple quantum graph with non-trivial, dipole-type interface
conditions (67).

5. All the ingredients of our approach to high-contrast problems of the kind (1), (6) are
either already formulated in an abstract operator-theoretic form or can be reformulated
in such a form, despite the fact that the proofs of Theorems 4.1, 5.4 involve a list
of explicit one-dimensional calculations. In particular, in the multi-dimensional case
d > 2 we expect Fig. | to be relevant, illustrating the related modification procedure
in terms of its one-dimensional sections. It is for this reason that we believe in the
strong potential of our approach for the treatment of PDE settings. This will be
realised under an appropriate modification of the classical boundary triple setup,
whose abstract version [22] is not directly applicable to the PDE case. At the same
time, a suitable generalisation is readily available for one-dimensional graphs that
are periodic in several directions, which we shall also address elsewhere.
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