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Abstract We shape the results on the formal Gevrey normalization. More precisely, we
investigate the better expression of &, which makes the formal Gevrey-& coordinates substi-
tution turning the Gevrey-a smooth vector fields X into their normal forms in several cases.
Such results show that the ‘loss’ of the Gevrey smoothness is not always necessary even
under Siegel type small divisor conditions, which are different from others.
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1 Introduction

The study of normal form theory has a long history, which is original from Poincaré. The
basic idea is to simplify ordinary differential equations or diffeomorphisms through changes
of variables near referenced solutions. Nowadays, the theory has extended its domain over
various systems such as random dynamical systems, control systems and so on. Moreover,
it also does great importance to bifurcations, stability theory and others.

As we have known, the celebrated Poincaré-Dulac scheme ensures the existence of for-
mal normal forms. So the convergence of formal normal forms plays the central role of the
whole research. Now let us recall some beautiful theorems on history. On the one hand, in
Poincaré domain the system analytically conjugates to its polynomial normal forms. Mean-
while, in Siegel domain the system can be analytically linearized under some small divisor
conditions. However, by the dichotomy method or the result of Yoccoz there actually exists
a large gap between formal and analytic normal forms. On the other hand, in the rougher
topology Hartman, Sternberg and Chen proved C°, C* and C* conjugacy under the hyper-
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bolic condition, respectively. The brief introductions can be found in [1]. Anyway, above
arguments remind us of the importance for the proper topology, where normal forms can
inherit common properties from both analytic and C*° cases.

Then comes the Gevrey smooth topology in the ultra-differentiable class, that belongs to
the C functional class but the derivatives of functions have certain norm controls. It can be
regarded as the particular case in the ultra-differential class mentioned by Rudin [7]. With
such a magnifying glass we persuade ourselves to detect their interactions of the classical
Siegel small divisor conditions and non-vanished nonlinear resonant terms in the formal
normal forms. More precisely, in the previous series work [2,5,6,9], related topics about
Gevrey normalization were largely covered. Especially, restrict our focus on the classical
vector fields X = Dx 4+ R(x) in the Gevrey smooth category, where D is a diagonal matrix
and R contains all higher order nonlinearities. It was proved in [9] (Theorem 1.11) when
D = diag(X1, ..., Ag) is hyperbolic and satisfies Siegel type conditions, i.e. it fulfills

[k, &) = Aj] = clk] ™",

onall (k, j) € Q, = {(k, j) | k] = 2, (k, A) — A # 0} for the positive constants ¢ and
., then the Gevrey-a smooth vector fields can be changed into their normal forms by the
Gevrey-(« + 1 + 1) smooth coordinates substitutions at the origin. Moreover, if X can be
formally linearized additionally, then the conjugacy shall have no loss of Gevrey smoothness,
namely, the changes persist Gevrey-a smooth. Such result is developed from [5], where it
was proved that analytic vector can be changed into their normal forms via the formal Gevrey
1 + t transformations, and then [6] for more degenerated vector fields and formal Gevrey
« vector fields. See also Sternberg’s pioneering work [2] and [8] for the hyperbolic smooth
and Gevrey linearization, respectively. Therefore, the natural gap between o + 1 + 1 and
implies the possibility of the existence of the fine structures for nonlinear resonant terms.
In this way, we consider the Gevrey-a smooth system
dx

= Dx+ Nx+ R), 1)

where D is diagonal, N is nilpotent and R contains all higher order nonlinearities. By taking
its formal normal forms, it admits

dx N
— = Dx 4+ Nx 4+ R(x),
dt
for R € C¥[[x]] is a formal Taylor series, then ¢ is denoted by the lowest degree of terms
in Nx + R. Of course, the formal linearization corresponds to the procedure as ¢ — oco.
And g = 1 is in general the worst case if D # 0, which prevents the convergence of formal
transformations frequently. Next we have the following two conditions for system (1)

(C1) There exists a positive constant ¢ such that [ (k, A) —A ;| > c|k| on 2, = {(k, j) | |k| >
2, (k,A) —A; #0}.

(C2) The linear part matrix is diagonal, i.e. N = 0. And there exist the positive constant
¢ and constant 4+ > —1 such that [(k, 1) — X;| > c|k|™* on Q,, = {(k, j) | k] =
2, (k,A) —A; #0}.

The condition (C1) stems from the Poincaré domain. Whereas condition (C2) implies the
restriction ¢ > 2. When o > 0, it accords with the classical Siegel small divisor condition.
When p = 0, it is satisfied by complete integrable systems from [10]. If —1 < u < 0, we
have polynomial formal normal forms in general.

In this paper, our results can be summarized as follows.
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Theorem 1 The following statements hold.

(i) (Formal conjugacy) Assume that system (1) is formal Gevrey-a(a > 0). Then under
condition (C1), there exits a formal Gevrey-a coordinates substitution, which turns
system (1) into its normal form; under condition (C2), there exits a formal Gevrey-Q
coordinates substitution to do so, where @ = max{c, “—fll}.

(ii) (Smooth conjugacy) Assume that system (1) is Gevrey-o(a > 1) smooth and hyperbolic,
i.e. all eigenvalues of D have non-zero real parts. Then under condition (C1), there exits
a Gevrey-a smooth coordinates substitution, which turns system (1) into its normal form;
under condition (C2), there exits a Gevrey-a smooth coordinates substitution to do so,
where & = max{c, “j ).

(iii) (Siegeltype) When g — 00, the above results also hold, namely, under condition (C2), if
system (1) is formal Gevrey-a and can be formally linearized, then the change persists
formal Gevrey-a class. Additionally assume that system (1) is hyperbolic, the same
result is valid for the Gevrey-o smooth system.

At this moment, the study of Gevrey smooth normal forms all follows Stolovitch’s two
steps scheme. It begins with the seeking of formal Gevrey smooth normal forms, which
provides a necessary aim for the further exploration. Then for the ‘real’ Gevrey smooth system
we only need deal with the cancelation of Gevrey flat remainders due to Gevrey Whitney
type extension theorems. When the system is hyperbolic specially, the Gevrey smoothness of
the transformation can be directly checked in a complicated but explicit formula as shown in
[9]. In this paper, we mainly improve the results to get an accurate expression of the Gevrey
index @ at the first step. Comparing with other results, On the one hand, from Z—f% —- 0
as g — oo, it precisely characterizes the action of resonant terms on the convergence of
changes. On the other hand, it implies that the increasing of the Gevrey index is not always
necessary in the normalization even under Siegel small divisor conditions, which strengths
the result in [9]. Above all we think that those clearly indicate the effect of different topology
on the normalization. Now we consider system (1) under Siegel type small divisor conditions.
For the analytic topology, there is no analytical normalization as « = 0. Now the topology
changes weak as Gevrey smooth index « increases. When the index is small, it happens the
loss of Gevrey smoothness, i.e. the convergent transformation has larger index & = ’;—f} than

o< ‘q‘—"‘i. However, when the Gevrey index is large enough, the loss stops for&@ = o > ’;—fll.

Until the weakest C* topology, the normalization is always guaranteed in the hyperbolic
case. But when ¢ — o0 as the boundary value case, such slight difference disappears and
formal convergence is always valid. So we say that the topology of Gevrey smoothness is
proper to detect fine structures of the normalization under Siegel type conditions.

The rest paper are organized as follows. In Sect. 2, notations, definitions and basic lemmas
are written down. Then in Sect. 3, we solve the homological equation, which is the linear
approximation of the equation given by normal form reductions. So in Sect. 4, KAM methods
and Contracting Mapping Principle can be applied to get formal Gevrey normalization for
© > 0and u < 0, respectively. Thus, together with Stolovitch’s arguments we get our main
theorem in the last section.

2 Preliminaries

First of all, we introduce some notations using throughout this paper.

1. Denote Z, Z and Z by the set of natural numbers, scale and vector integers, respectively.
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1226 H. Wu

Setszr = {(k. ) |k = 1, (k, 1) =3 = O}and Qu, = {(k. j) | k| > 2. (k. })—1; # O}.
Use (f)r = 2 q. hea, Tx, Jxkej for the given f = 2> ;o1 i Jr jxkej

Use (f =2 e Tr, jxke; for the given f = Z|k\>2/ frjxke;.

As usual, 9% f is the k-th order differential operator.

(k,2) =30 kia and [k| = S, |k;| for k € 74,

Now listed below are the majorant operator and norms. Set C[[x]] and C9[x]] be the

formal scale and d-dimensional vector series with respect to the variable x on the complex
field, respectively. The classical majorant operator is the nonlinear operator acting on C¥[[x]]

by
. . xke o xke
M Ck,jx"ej lek,jlx"e;.
k,j k.j

associated with the majorant norm | f|, = Zk,j ek, j |rI¥. In the book [4] (Lemma 5.10, pp-
51), such important properties are mentioned.

A

Lemma 2 The following statements hold.

(i) For any two scale series [ and g € C[[x]], we have that |fg|, < |f|r - |glr, provided
that all norms are finite.
(ii) For any two vector series f and g € C9[[x]], we have that |foglr <|flsforlglr <o.

Then we introduce some basic information about Gevery type smoothness. Let €2 be an
open set R? and & > 1. A smooth complex-valued function f on this set € is said to be
Gevery-a smooth, if for any compact set K C €2, there exist positive constants M and C
such that

sup [8F f(x)| < MCW (k|H®, Vk e Z4.

xek
As usual, 9% f is the k-th order differential operator. However, the formal power series f =
Zk’ j Ik, jxk ej € C4[[x]] is said to be formal Geverey-a if there exist positive constants M
and C such that | f; ;| < M C¥I(Jk|n)®. Of course, we shall note that the Taylor expansion at
the origin of a smooth Gevrey-« function is a formal Gevrey-(« + 1) power series. See [9] for
more details. Hence we modify the majorant norm. For any formal power series f € C?[[x]]
and the fixed o > 0, we can set

|fk,j| k|
|f|r,ot:|/otf|r: o <00
kZ} (k1D

associated with the classical majorant norms | - |, and the modified operator

| fie,j]
/af z(|k|‘J)°‘ k ej.

First comes the research of the modified majorant norm according to Lemma 2.

Corollary 3 For f € C4[x]1] satisfying f(0) = 0, we have that

d
< (kv 1415,

ra i=1

where f = (f1,..., fa) andk = (ky, ..., kq) € Z4.

d
k
|f |r.o¢ =
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Gevrey smooth topology is proper to detect normalization... 1227

Proof First we show a fact. Notice that |/|! > ¢! Hle(li!) by setting I = (I1,...,l;) € Zﬁr
satisfyingl; > Ofori =1,...,t.If[; = 1fori = 1,...,tort = 1, by simple computations
we have the equality. Otherwise, it yields |/| > max{z, /;}. Since in |/|! there are |/| — 1
factors except the trivial number 1 and the same umbers |/| — 1 = (r — 1) + Zﬁz G =1
of non-trivial factors in ¢! H —1 li!, it comes our statement.
Now for f; = Zlmlzl,/ Sm,jx™ € C[[x]], we have that
(kj.)

. JCH T (38
I ZZ(fm(m,fman Sk, ) o

which leads to

d ki
fk:Z Hl—j[fm('lj),j X 2= lz/ m(’/)

j=li=1
Since we have that |m /)| > 1 for all i and j by £(0) = 0, by the above fact it leads to
el e el

=—— < (k!
r,o noe — d ki . . ’
(el T TTL (im0 e

x|
kj P . . .
where k = Z?:l >l mJ)_Comparing with the expression

d .
o - (1 ) 25

j=1 j=li=1
it yields
d d
e < R~ T et < Ak T 1£ 1
Jj=1 , Jj=1
by Lemma 2(i). This completes the proof. O

With the aid of the above corollary, the preparation for the study of modified majorant
norms is ready.

Proposition 4 The following statements hold for the modified majorant norm | - |, q.

(i) The space (Zr,| - |ra) is a complete Banach space for the set Z, = {f €
CUXI | [ flra < 00).
(ii) For f and g € C[[x]), we have that | fgra < | flralglrar provided that | f,q and |8,
are both finite.
(iii) For f and g € CaxN satisfying g(0) = 0, we have that |f o glr.a < |flo,a With
lglra <0 < o00.

Proof Whenr = 1,noticethat|f|; ¢ = |_Zy f|1.But|-]1isin fact!!, whichis complete. And
s01is (Z1, |- ]1,«)- The general case of an arbitrary r follows from the fact the correspondence
f(rx) < f(x) is an isomorphism. This confirms (i).

Then we verify results (ii) and (iii). On the one hand, by simple computations we obtain
that

| f&lre = 1(fo+ )0+ Dlra < | fogol + 1 follélra + 120l Flra + D7 Flralélra
= (161 + 1 £1ra) (101 + 12lr) = 1 /1ralglra
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1228 H. Wu

where go = g(0), fo = f(0), f = f — foand § = g — go. On the other hand, from
Corollary 3 it yields

1f o 8lra = D 1fkjllgbejlra < D 1 fi il (IO = | floa
k,j k,j
That completes the proof. O

Next for any f € C?[[x]] we define the power shift operator P, (u = —1) given by
Puf =D kI* fijlxke. @)
k.j

Then we study the property of &7, acting on the classical differential type operator d,, with
respect to the variable x = (xy, ..., x4), which is the key of the whole proof.

Lemma 5 The following statements hold.
(i) Assume that f(0) = g(0) =0,0 <8 < 1, ||« and |gl,.-s o are both finite. Then we
have that
18, f - 8lres.a <87 N flralglres o
foranyi=1,...,d, fand g € C[[x]].
(ii) Assume that f(0) = g(0) = 0, 3°f(0) = 9°g(0) = O0fors = 1,...,9 — 1 and
2<q€Zy, |flraand|glq are both finite. When o > Z—ﬂ and ;v > —1, we have that
|20 (@ f - ©lra < Cla, r ™' flralglra
foranyi=1,...,d, f and g € C[[x]]. Here the positive constant C(«, q) is given by
C(a, q) = (g'M)* 3)

with M = supueZJr{(u_‘;ﬁ} > 1 depending on o and q only.

Proof First we note that u! > slt! foru +1=s++¢,5 > lands > 1.Sincetr > 1 ands > 1
imply # > s and u > ¢, by counting the non-trivial factor except number 1 of both sides, it
yields u — 1 = s — 1 + ¢t — 1, which confirms our result. Then by simple calculations, we
obtain that

kil frallgial
z z‘ i1 Jk,11181,1 _
|8xif : glre—ls,o[ < 177‘“6 us

u!l)
u=1|k|+|l|=u+1 (ul)

o
15 Lfetl g, ks 18011 o
<r e E E (|k|!)°‘r |kle W("e )

u=1 |k|+|l|=u+1

—1o—1
=r 8 S ralglres o

from the fact max,>o{te~%'} < §~'e~!. This verifies (i).
To confirm (ii), we verify that

57715111 < glu! )
fors +t =u+1,5s > gandt > ¢ at first. If s > ¢, then we have that s g1 <
(s4+¢g—D!Nu+1—s).Notethats +¢g — 1 <u + g —t < u, which yields

(s+q—1)!(u+l—s)!_(u+1—s)!< 'q—}—l u+1—s
u! _(s—i—q)-uu_q's—i—q u

=q!
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Gevrey smooth topology is proper to detect normalization... 1229

For the case s < ¢, we get that sl < (0 + g — 1)!(u + 1 — t)! and other arguments are
similar. Then for & > 0, from (4) we can show that

q—1 «
st = 0w = g + 01y = (g @) = Cla
W—q+2)--u
(5)
where M = supueh{%} > 1 is a constant depending on ¢ only and C(«, qg) =

(g'M)~.
Therefore, by setting |k| > ¢, |I| > g and o« > Z—f;, when 1 < 0, from (4) we obtain that

(u)*

u=2q—1 |k|+|l|=u+1

0 D/ \“
3 |k|(”+
DYDY (, | feillgralr ™!
u=2g—1 [k|+|l|=u+1 u:
< | feil lgial

(q!)olr—l > s ru+1

u=§—l Ik\+\lZ|::u+l (kD (e

< @) r 1 flalgla

And when p > 0, from (5) we have that

p - ulkil f1llgal
|]/L(axif'g)|r,a =< Z z A

no
u=2g—1 |k|+|l|=u+1 (uh)

oo u+l
_1 u" T frallgnal i
Yy U,

u=2q—1 |k|+|l|=u+1

|<@u(ax,’f . g)lr,ot

IA

IA

IA

IA

o= | fial 18l s
C(a, q)r Z Z r

| 1
u=2q—1 [k|+l|=u+1 (kI (rhe

IA

= C(@, r 1 flralglra-

This completes the proof. O

3 The solution of the homological equation

In this part, we discuss the formal and Gevrey smooth solvable of the homological equation
[F,H] =G, (6)

where F = Dx + ﬁ(x) = Dx + Z|k\zl,j rkijkej satisfying [ Dx, ﬁ(x)] =0, or (ﬁ)r =R
equivalently. First comes the lemma of the formal solvability.

Proposition 6 Forany G € C4[[x]] satisfying (G)nr = G, equation (6) has a unique formal
solution H such that (H),, = H.

Proof First of all, if we make x = Py for det P # 0, naturally by (6) it implies
[P~'F(Py), P""H(Py)] = P"'[F(Py), H(Py)] = P"'G(Py).
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1230 H. Wu

Then without loss of generality, we can set R = Nx + O with N nilpotent and in the lower
triangle form.
Now set H = Z|1\>2 m hl,mxlem. By careful computations, we obtain that

[F, H] = [Dx, H] + [R, H]
= > Om— AN mx en

|l|>2,m

+ Z Tk, jhim (kmka_emej — ljxk+[_efem) .
|k|=1,[11>2,j,m

On the one hand, from the fact

<k+l €m, ) ]—(k+l 6]7 )_)\m

we have ([F, H]),, = [F, H] for H fulfilling (H),, = H, because ry ; # 0 implies
(k, A) = XA ;. On the other hand, since the linear nilpotent part N is in the lower triangle form,
then we can define a full order < on ,,-, which in given by (k, j) < (', j’) for |k| < |K'],
or [k| = |k'|,but j < j orks < kj with j = j"and s = min{z | k; # k;}. Arbitrary choosing
one monomial x’e,, for (I, m) € Q,,, then it leads to

[F,x'en) = Gum — (I, 1)) x' e + Py + P,
where

P =[Nx,xley] = Z Tk, j (kmka_e”’ej - ljka_ef'em)
[k|=1,j

l+e —e;
= E remm+1x em+1 — E Tej_ 1] im17¢% ey,

and others monomials are in P,. Therefore, the part P; 4+ P, contains all monomials whose
indexes are larger than (I, m). Namely, we can solve (6) by this full order on the index set
2,r. This completes the proof. ]

Set D = diagA. Here we restrict the focus on two cases of equation (6) under conditions
(C1) and (C2). Denote by adrpH = [F, H]. If F = Ax is linear, we simply use adj
instead of ada,. Let F®) = Zlk\:s,j Fk,jxkej for F = Zk,j Fk,jxkej. And set ord(F) =
min{|k| | Fx,; # 0, |k| > 1, (k, j) € ,}. Moreover, in the next lemma we can get § = 0 for
uw <0and$§ > 0 for u > 0 in result (ii). Thus by using the remark 0" = 1, we can get the
uniform expression.

Proposition 7 The following statements hold for the solution of equation (6).

(i) In the case (Cl), assume that |Fly, < oo for some ro > 0 and |G|, < 00 for
G € CI[x]] satisfying (G),r = G, then there exists a positive number ri < ro such
that for all 0 < r < r; we have that Iad;]Glr’a < C|G|y,q, where ad;lG denotes the
unique solution H satisfying H = (H),, to adp(H) = G.

(ii) In the case (C2), assume that ¢ > Zﬂ with q = ord(ﬁ) and there exist posi-

tive r and & such that 4c_1C(a,q)r_]e‘s|ﬁ|re_,s,a < land |G|,y < o0 for G =
Z\klzq,j kajxkej e CY[x]] satisfying (G)nr = G and F=F-— Dx, then we have

that IadIE1 Glye—s.o < CI"|Glyq for some C > 0 depending on q. Here C(w, q) is the
same constant given by (3).
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Gevrey smooth topology is proper to detect normalization... 1231

Proof Note that adp = adp + adg = adp o (Id + ad}," o adg). Here ady,' (G) denotes the
unique solution H satisfying H = (H),, to adp(H) = G, which has a clear representation

_ 8k, j

ale G = E gk,jxkej = E ﬁxkej.
X . J _( s >

(k,j) €2 (k,j)€Qny

Under condition (C1), without loss of generality we can assume that the linear nilpotent
part has the form ¢ N, where entries of N are 1 or 0. Thus adg = ady + ado,, if we set
R(x) = Nx + 0. On the one hand, by Lemma 5(ii) it implies

lady! 0 ado, Hlrg < ¢ P2_1(102, HDro < C1r 7' 02lr4|Hl o

-2
< Clr() r|02|r0,a|H|r,oz

for all @ > 0, where &7, is the same operator given by (2). On the other hand, by the fact
adyvH = [Nx, H] = NH — 0HNx. we obtain that [INH|, o < ¢|H| 4 and

elhi illk
|k,]|| |r‘k‘<

—1
=cC 8|H|r,(x~
k[ (lk D>

jadp' @HN)|ro < ¢!
k.j

When ¢ < c¢/4andr; < rg/(4C1 | F|a,r), We obtain that |ad51 oadgr| < 3/4, then (Id +
adl_)1 o adg) has an inverse given by the Neuman series with the control |(Id + adBl )
adg)™'| < 4, which admits |ad,;'| < C for C = 4c7".

Then comes the case (C2). Set F®) and H® be the homogeneous polynomials of degree
s and ¢, respectively. From Proposition 6, the solution of (6) formally exists, which yields
H=73, H ® by comparing terms of lowest degree on both sides. Using more precise
estimations, first by Lemma 2 we obtain that

d d
BFO - HO, < > FYGO, < > 507 IFP 161601, < 507 [FO151GY),
§.0=1 §.0=1

from the fact that [F{ls < Y kllFloe’™ = so ' |F¥l,, where FO) =

(Fl(s), e Ff)), G = (GY), o Gg)) and FS(Z) = Oy, Fé(s). However, note that we have
that

IFOl = > 1Fjlr = D FY),,
|k|=s,j

Soforu=s+t—-1,2<g<seZiandq <t € Zy ityields
F®, HOYy < (s + 00 HFD GOy = 4+ Do ' sUDYFD 501GV gq. (7)

Thus we can solve (6) by using the expansion F' = Dx + Zszq F®and H = Zszq H®
for G = ZSZ q G®) . Naturally, the solution is governed by

[Dx, H(u)] —Gw _ [F(q)7 H(u+1—q)] o [F(M-H—q)’ H@], u>gq.
By the estimation (7) we obtain that
H @l <™ (1615 + @+ Do (@ + 1= )| FD oo HO 0

o Do (@ 1= g PO [H )
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1232 H. Wu

ptl

Then with the restriction o > q_ll , for > 0 it admits

u(u + () @)™ = su (sUuDH* W)™ + ru (s1tH)* ()™ < 2C (e, q)
from (5) and for u < 0 it leads to

uu + DD @)™ < sPH DY @)™ + 4 s ()

< (597510 @) ™ + (1 @) TN < 2(g)* < 2C(a, 9)

from (4). Now set 0 = re~% and o = r for n > 0and —1 < p < 0, respectively. When
> 0, we obtain that

W)™ H® s <l @) ™*|G W), s + Car T B IF D s (JHOTD| 5,
R C3r—166|F(u+l_q)|re*3,a|H(q)|re*5,a
<8 )G M | + Car P |F D) pos (|[HOHD s,
R C3r_]ea|F(u+1_q)|re’5$0(|H(q)|re’5,a'
While o < 0, then u* < 1 and it yields
@)™ H® |, <™ @) ™G, + Car T F Do |[H D),
+o o Car T FOTD) | H D
<Co)1GW |, + Car N F D[ HUTD],

oo Car T G H D

Here C» = max{c~'u*, ¢!} and C3 = 2¢7'C(a, g) from the fact maxxzo{x“e_‘sx} <
uH§~H. Now choosing a very large N, summing all inequalities together we obtain that

N N
S @) HO s <Co87 S @) G,

u>q uzq
N N
+ C3r_le(S (Z |F(u)|re_3,a)(z |H(u)|re_5,a)
u>q u>q
N N
<G8 W) ™GW, + Car T | Fl s (Z |H(“>|,ea,a).
uz=q u=q

Note that we have § > 0 for u > O and § = 0 for —1 < u < 0. If we make 0" = 1, then
it leads to the same expression. Making N — oo, we get that [H|, ,,-s < 2C267#|Gl.q,

when 2C3r_le‘3|13|r€_a’a < 1. This completes the proof. O

4 KAM methods and contracting mapping principle in the formal Gevrey
normalization

In this part, we use KAM steps and Contracting Mapping Principle to detect formal Gevrey
normalization for u < 0 and u > 0, respectively. Here we follow the scheme as shown in
[3] (pp. 70-72) and [4] (pp. 52-56) by some modifications due to our case.

First we take the case u > 0 into account.
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Gevrey smooth topology is proper to detect normalization... 1233

Consider the system
X =Dx+ f(x) =Dx+ fr(x) + fur(x), ®)

where D = diagA, fur = (f)nr. Without loss of generality, we can set that the degree of
monomials in f,, is greater than g. Otherwise, we can apply the Poincaré-Dulac formal
normal form reductions to do cancelations. Doing the coordinates substitution x = y + A(y)
with (h),, = h to system (8), it yields

y=Dy+ () +[Dy+ fr(3), 1 + fur + %1 + %2 + %3 + Za, ©)
where
X = fr(y+h(y) — fr(y) —afr(Mh(y)
Ry = fur(y +h() = fur(¥)
and

By = —0hfur(y) — 0hdf, (Nh(y) — dhDh — Oh( Ry + F2)
Gy = ((I+0h) ™" = (I = 3m) (Dy + fr(3) + Dh + fur () + dfsh + B + %)

First we study the remainder parts %1 and %.

Proposition 8 Assume that f and h € C4[x]] and h(0) = 0. Set p = r + |h|r.o. Then we
have that

|foGd+h) = flra < p 87 1 flped alhlra:
|fGd+h) = f = 0fhlra < Co 2872 flpeb g |hI7 4

where C = 4.

Proof This proof shares the same kernel as Proposition 4. For the fixed , k = (ky, ..., kq)
and h = (hy, ..., hg), using the equality

d
(e M = b = 3 DR G e (G R — )

t=1

and by rough estimations we obtain that

k¢ ke

K k q ki—q,4q q  ki— q

G+ h)" = e = | D CLx TR <>y
q:l r,a q:l

r + 1elr ) — % < ke + 1elr ) el ra

from the classical mean value inequality, where C, (’1 = 4 Then from Corollary 3 we

. (g—)'t!"
obtain that
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[foGd+h) — flra
= Dl (@ + =5 ejla

kl.j

d
k; kt k,
= DD e A (G R =) e xhe

|kl,j t=1

d
— k k,
SO D Al ™ (r 4 1rilra) ™ - 1Gr A+ BN — x| gtttk
[kl j t=1

d
<D el (k)™ k1M A

kI, j =1

<> o Ikle P fi s 1K1Y (0e®) M
k1, j

<0787 flpes ol

by the fact max Xzo{xe“sx } < 8~!. Furthermore, by similar arguments we obtain that

d
|fGd+h) = = 3fhlra < D |fk,,-||(<x+h>k—xk—Zk,xk—eth,)e,w

[k|=2, j =1

= D0 el Ok ™ (0 Vo)™ = 4 = k1=, o)

k=2, j
= D0 U lGky ™ (Chyr =22,
|k|=2, j
+C\3k\r""*3|h|3,a+---+|h|',’fl‘1)
<1hPy D il (r 4 [ q) =20
|k|=2, j
<Cp 7872 flpes alhl o

where C = 4 by the same arguments. That completes the proof. O
By Proposition 7, we take h to be the non-resonant solution of [Dy + f+, fz] = — fur in

system (9), which leads to a new one
y=Dy+ f;(0)+ 0+ [0, (10)

where f+ =3 | %, fiF = (fT)ur and £t = f — £ Note that ord(h) > g.
Now comes the iterative lemma.

Lemma 9 Assume that conditions

el <re P <r<1, 0<8<1/3, (11)
8“+l
P — 12
|fnr|r,o¢ = €2CC(O[,(]) ( )
and

A - (13)

. <

T 4620 (ay q)

@ Springer



Gevrey smooth topology is proper to detect normalization... 1235

are satisfied. Then in system (10) under condition (C2) but for u > 0 and o > ‘q‘—fll, we have

that
| e < KST2HHV | £012 (14)

where K is a constant. Here C is the same positive constant as mentioned in Proposition 7
and C(a, q) is given by (3) in Lemma 5.

Proof First of all, we control |3fz|p,a and |(I + aﬁ)—l - - 8fz)|p,a by Lemma 5(ii) to
handle %53 and %, for re 3 < p < r. Here we regard 9h as the operator on %2, whose

operator norm is also denoted by El o, for the simplicity of expressions. Then for any g
satisfying the condition of Lemma 5(ii), it yields

d d
0h8lp.0 = D D 10khjgilpa < D D 1Pu@hig)lpa < Clet,q)p ™" 1hlp.alglp.a
j=li=1 j=li=1

with u > 0 and @ > Z'_H, where h = (ﬁl, .. .,fzd) and g = (g1, ..., gq4) are of order no
less than ¢ at x = 0. Namely, the operator norm admits
18h1p.0 < Clar )0~ h]p.a- (15)
Then when
C@.q)p lhlpa =< 1/3, (16)

we obtain that

Cia.q)p?lhZ, <1 (7)

N W

(I + 0k~ = (I = 0h)|po < D 10AI, , <

i>2

by the Neuman series (/ + /) ™' = >,_o(— 1) (9h)".
Next since the degree of monomials in f,, is greater than g, so are h and Z; fori =
1, 2, 3, 4. Then under condition (13), it yields

4 Cla )p | frlpa < 47 Cla @) frlra < 1
for any p satisfying re 3 < p < r, which leads to |ﬁ|re’5,a < C5 ™| furlr.« from Proposi-
tion 7 with p = re~%. Furthermore, under condition (12) it admits

< C5 M| furlra < e28 (18)

_ % <
- e2C(a, q) —

|h|re—5,a

from the fact that C(«, ¢) > 1, which is given by (3) in Lemma 5. Thus, (16) is satisfied.
Then use re~3 instead of r as in Proposition 8. Note that from the above inequality, we
obtain, by (11) that

,068 =re ¥ 4 |fz|n,_3ayote‘S < re~ 2 (1 + r_]e3‘se_28) < re_%(l +6) < re~S.

36

Thus from Proposition 8 and p > re™>° we obtain that

—2o-2 ™2 40-2 ™2 —(2, 2 2
|1 | o3 o < 4072872 frl pes 12,35 , < 4€* 672 frlralhl?, s, < K18~ 12,

o= o =

—1¢—1 T — 1 2 —(2 2 2
1B lre=35.0 < 07 87  furl ped Vil o350 < K28~ WHD| £ 2, < Ko™ 2| 1,02,
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where K| = echZ/C((x, q)and Kp = Ce?. Furthermore, from (15) and (18) we can obtain
that
10h Dl 4 < AC(a, q)r ' e¥|h)? < AC(at, 9)e*C2 87 fur 12

re=3% o

10h furlpe-35.q < C(ot, @)r ™ € |tle-35 g | furlre-3 o < Clet, @€ CE™H| furlZ
and, together with condition (13),

10hdfr i3 o < CPat, @)r 2| frl o3 o112

re=3% o

< C*(a, q)e* C287 furl} o

C
4€2C(Ol, q)
< C(a, 9)ecC?67 1 f, 2

r,o?
where A = max;{|A;|}. Moreover, from (15) and (18) we obtain that

8 1

2Caq =° (19

|0/, o < Cla, q)(re™3)~! <3

On the one hand, it means that

~ 1
[0h(Z) + B35 o4 < §|,%’1 + Bolre-3 o SN R1lre35 4 T 1 %B2l 03 4
So we have that

—(2, 2 2
|3 o35 < K38~ 2| £ 12,

where K3 = C(a, q)62C + C(a, q)ech2 + AC(c, q)ezC2 + K 4+ K3. On the other hand,
inequality (19) also guarantees the validity of (17), which means we can nearly handle all
terms in %4 by similar arguments except ((/ + 82)’1 - - afl))Dy, because Dy is only
of degree 1.

At last, we control the term ((/ + 8?1)_1 - - Bﬁ))Dy by Lemma 5(i) instead. Using
re=3 instead of re~% in Lemma 5(i), it yields

8 1

~ 1, —28\ 14 —1,2
|ah|re*35,a <3 (re™) |h|re’2‘3,a <& e eZC(a,q) = C@ q) <1

from (18). Then from the Neuman series again, we have that

(I +0h) " = (I = 0h),p-3 4 < D |0h]

re=3 «
i>2
C(a, ~
e T
C(Ot, l]) -1 re N3

which implies
(I +0h)™" = (I = 8h)) Dyl o3 o < C572HV £ 2,

for the constant C = dAC (at, ¢)e*C2/(C(a, ) —1) by the simple computation | Dy|, ,-3s o, <
IDy|1,a < d. Therefore, from (13), (18), (12) and Lemma 5(ii) we obtain the estimation

|+ () + Dh+ fur() + 3frhlpa < | frlpa + Milpa
+ |fnr|p,a + P_IC(W,CI)|fr|p,a|il|p,a = c
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with the constant

ol c A 2y 1 c
4e2C(a, q) 3ut1e2CC(a, q) 1262

for re® < p < red. Together with the last two inequalities of (17) and by similar
arguments as above it yields

| ((T+3m)™" = (I = 3h)) (fr(3) + Dh + fur(¥) + 3+ 1) |ye-35 o

3~ 3
< Eccz(oc,q)fzeé“|h|2 fccz(a et C87H furlZ o

re=3%.a =
| (I +0m) ™" — (I = 81)) (%1 + %2) |0~ 4
<%t + Rolyoss o < (K1 + K2)§™ £, 2.

So it leads to |Z4l, 35 4 < K48_2(“+1)|fnr|%ya for another positive constant K4 = ¢+

35C2(a, q)e4C2/2 + K1 + K;. Thus, we can choose K = Z?:l K;, which completes the
proof. O

Thus the formal coordinates substitution can be found for o > 0.

Theorem 10 Assume that system (1) is formal Gevrey-a(a > 0). Then under condition (C2)
with u > 0 and o > 2 +1 , there exits a formal Gevrey-a coordinates substitution, which
turns system (1) into its normal form.

Proof Since N = 0 for this case in system (1), we make f = R. By the scaling x +— ¢&ox,
we can set | |1, = &, whose norm can be sufficiently small. Now choose §, = §027".
Taking 80 < 1/3,r0 = land r, = ry,— 1e 01 , by induction we can assume that f (O =f
and in the n-th step it beglns at system (8) with ¢~ D(x) instead of f(x), solves (6) with
F =Dx+ fr(" 1)()c) H = h and G = — ,1(}1 Y in the norm [ -1, e~on o and end in system
(10) for f+ = fm,

Thus by the control (14), if in each step, which is realized by r, 4+ = rpe % = re3 a5
in Lemma 9, can be applied, we shall get that

L = 1Py ot < K87 2ETD =012

_ K8 2(/J.+1)|f(n l)|2

"]0[

4 +1
< K1+28 2(M+1)3 (ll- )|f;1(n 2)|

n—1,¢

< (1380—2(u+1))”2+2 2t 22(#—0—1)(n+2(n—l)+~-+2"’l-1)|fn(£))|%j’;l

IA

. 5 1 2n+1
(K(So_ (n+ )22(‘”1)50)

IA

where K := 3724+ DK Note again we have set that the degree of all monomials of f, (9) is
greater than ¢, and so are fnr) for all n by the form of %; mentioned in system (9). Namely,
we always have that ord( f,(")) > ¢ and Proposition 7 is ready to be applied in each step.
Now we verified conditions one by one in Lemma 9 by choosing a proper &g. First by simple
calculations we have that r, = e=80Q@7" 270 bt D) ] 5,200 > =2 which fulfills (1D
with r = r, and § = §,,/3 for any n. And conditions (12) and (13) shall be satisfied by
making

o+l (802—(n+1))u+1

; ~2(ut1)
(oo™ be) = ity

HEZ+
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1238 H. Wu

and

c

2H~1
™ 5 ~2ut1) <
Ifr |rn+1v0‘ E €0 + Z (K((SO/Z) 80) = 432C(a7 Q) ’

t>1

n€Z+.

Since it admits

1

S 27(}14’1) 1 ontl

Lo = inf u >0,
nez, \ 34t1e2CC(a, q)

then we set Q = K (89/2) 2“1 and know that

. [ 1 Lo c ]
g0 < min | —, —,
207 Q7 4e2C(a, q)(20 + 1)

is enough.

At last, set h, = id 4 h, with hy = id and we have that A = h, o h,_q o - - - ho,
which implies 2V — p"=D = hp 0 hy_y o -+ ho. We can naturally show that |h(”)|;,a
converges on a non-trivial domain with 7 = 2¢72 /(3d) from (18). First we confirm that
for this # = 2e~2/(3d) the compositions are well defined in this reign, i.e. |h(”)|;7a <e?
for any n. Since 7 < e 2 < r, for any n and r,, = Fpore 01 < p_je 813 <y
we obtain that |4, < lhnl, 51734 < €728,1/3 = 27" "De7250/3 by (18). When
n = 0, we have that [hQ|; , = |hol; = lidl;., = dF = 2¢72/3. When n = 1, we have
that [hD]; o = ;.o = lid + A1l < lidls o + 11170 < dF + 1], < 2672/3+
e 280/3 < e~2. Now assume that |h(k)|;,a <2234+ 280/3 4+ +e281/3 =
2e72/3 4+ e 2801+ 27 - +27%Dy /3 < e72/3 4 ¢72280/3 < e~ 2. Thus

1R < i o B0 + RO V)s o < V0 ROVl o + 10Dz
< |hnly2.q +2¢72/3+ 728 (1 +27 44 2*("*2)) /3

< Vnl, o o + 26723+ 7200 (1427 4o 427072 3

_1e”
<2¢72/34e728 (1 +27 4 2*<"*1>) /3 <2e72)34+e2280/3 < e 2.
Therefore, we can show that above priori estimations imply the convergence from the control

B —p =D =h, o R Vs, < lhnly—2y < |hn] 5,13 <27 De250/3 .
) ) e Nea 1y

1—1€
So A is a convergent sequence in | - | #.«» Which completes the proof. O
Then we deal with the case —1 < u < 0 by Contracting Mapping Principle.

Since the formal normal form is a polynomial by Proposition 15, we consider the particular
form of system (1) as follows

¥ =(D+ N)x + P(x)+ R(x), (20

where P and R are nonlinearities satisfying P is a polynomial, (P),, = 0 and (R),, = R,
N is the well chosen nilpotent linear part fulfilling Proposition 7(i) for u = —1 and N =0
for —1 < p < 0. Without loss of generality, we can assume that the degree of all nonlinear
monomials in R is greater than g = deg(P). As usual, deg(P) is the degree of the polynomial
P If the transformation x = y 4+ h(y) can turn system (20) into its normal form

y=(D+N)y+ P,
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then & shall admit
[F,h] =0Ph—P(y+h)+ P(y) — R(y + h), 20

where F(y) = (D + N)y + P(y) and [, -] is the classical Lie bracket with respect to the
variable y.
Now we restrict our focus on the ball

By = 1h|lhlya <r,h = z hk,jxkej E(Cd[[x]] c Z
ks, j

equipped with the norm | - |4, wheres =g+ 1 >2foru=—lands =g+1>¢qg > 2
for —1 < u < 0. Here ¢ and ¢ are the same defined as before. Then for any operator 7
acting on the formal vector series 4, we say that the operator 7 is strongly contracting, if
VEQOINES 0(r2) and 7 is Lipschitz on the ball B, under the norm | - |, o, with the Lipschitz
constant no greater than O (r) as r — 0. As usual, O(1) refers to the bounded quantity by a
limiting process. In this context, denote operators 77, 72 and 73 by

Ti:h— 0Ph, Th:hw— PAd+h)— P, T3:h+— RAd+h).
Hence, equation (21) has an equivalent form by above operators
[F, h]l =Ti(h) — Ta(h) — T3(h). (22)
Next come the properties of 7; fori = 1, 2 and 3.

Lemma 11 Set f = P 4+ R and —1 < pu < 0. The operator 7T; is strongly contracting for
i = 1,2 and 3, provided that | f |5, < 0.

Proof First we note again that

|8k, ;| k| — 1\ k| 18k, ;| k| s —s
= _— < s —

1glr.a Z_(|k|!)0‘r _lrllcllfgi{(rrg ) ] z.(lkl!)”‘ro r'r 18lrg.as

[k|=s. [k|=s.j
provided that r < rg, g = zlklzs,j gk,jx]‘ej € C9[x]] and |glry,a < 00. Since we have
set that the degree of all nonlinear monomials in R is greater than ¢ = deg(P), so is the
degree of ones in 7; forall i. Makes = g+ 1 >2forpu = —lands =g+1>¢q > 2
for —1 < u < 0 as above. Then, by Lemma 5(i) and the above fact, the linear operator 7;
satisfies

ITiWlra < 19Phlra < 02)~'r 7Y Planalhlra < Cal flrg.ar” ™ hlra,
where C4 = (In 2)*'r0_ ¥ from Lemma 5(i) and r < ro/2. Whatever the case is, it leads to
s — 1 > 1 and we have the strongly contractive operator 7;.

Next taking 7 into account, we get that 7>(0) = 0. Then from Proposition 4 it yields

ki —1
(Z(y, +h)b T G+ im")m, —hy)

i=0

| + ho)* = (v + b))l =

r,a

=

ki—1
(Z(y, +h) T A ) e =y
i=0

r,o

A

<k (r o+ max {ihilras Vo)) e = il
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where h = (hy, ..., hq), h = (h1, ..., hg),k = (ki, ..., kq) and 1 is fixed. In this way, we
obtain that

|T2(h) — To(h)| .o

d
= 30 IR+ AR (O B

|k|>s,j t=1
= O+ h)") Gt + ) Ga b
d
< D0 D PRI ke )5y = gl (2r)f R R
[k|=s,j 1=1
< DRIk K B — Rl
|kl=s,j

s—1 r
=< CS"S |f|r0,a|h - h|r,o(

from Corollary 3, where /4 and he B,,r <rp/4and Cs5 = 2S_1r(;s max |y, j 2= UkI=9) .
By similar arguments, so is 73. This completes the proof. O

With the aid of above lemma and Proposition 7 we can solve (22) finally.

Theorem 12 Assume that system (1) is formal Gevrey-a(a > 0). Then under condition (C1)
or under condition (C2) with —1 < u < 0 and o > ’%"ll, there exits a formal Gevrey-o
coordinates substitution, which turns system (1) into its normal form.

Proof As we have shown, the existence of the change is equivalent to the solvability of the
operator equation (22). Rewrite it in another form, (22) turns to

h=ad;" (Ti(h) — To(h) — T () ,

where adr(-) = [F, -] and 7; is the same as defined above for i = 1, 2, 3. Notice that no
resonance happens in B,. Therefore, by Proposition 7(i) the operator ad;] is bounded for
u = —1. Note that |P|., = O(r?) as r — 0. So the condition of Proposition 7(ii) is
also satisfied, which means ad[;1 is bounded for —1 < pu < 0, provided that we take r
small enough. Then from Lemma 11 the operators 7; is strongly contractive for i = 1, 2, 3.
And so is ad;1 o (71 — T, — T3). Thus, we can choose 7 > 0 small enough such that
ad;1 o (71 — 72 — 73) maps B; into itself and the corresponding Lipschitz of this operator
is less then 1. By Contracting Mapping Principle, we completes the proof. O

5 Proof of the main theorem

In this part, we provide the proof of the main theorem and do further considerations.

Proof of Theorem 1 Result (i) is directly from Theorem 10 and 12together. Then by
Stolovitch’s arguments (Theorem 2.8, pp. 252) in [9], we get (ii) and (iii). This completes
the proof. O

At last, we consider one known result in our context, which refers to Bruno type condi-
tions(Proposition 2.5, pp. 248) in [9] under the assumption that the system can be formally
linearized. Now altering the classical Bruno conditions into the small divisor form, our meth-
ods can be applied.
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Theorem 13 Assume that system (1) is formal Gevrey-a(a > 0) and there exists positive
constants ¢ and v € (0, 1) such that

(k. 2) = 2jl = ce ¥ Yk, j) € Qur.

If D is in the diagonal form and system (1) can be formally linearized, then the linearized
transformation can be chosen in the formal Gevrey-a class.

Proof By Proposition 4 and Lemma 5(i), we can analogously apply the original proof for
analytic case via KAM methods except using our norms | - |  instead of the classical majorant
norms | - |. This completes the proof. O

Here we shall note that it seems hopeless to build similar criterion as Lemma 5, which
means that the Gevrey smooth topology may be too fine for Bruno type conditions.
At last, two example are well illustrated for the application.
Example 1 Consider the following planar Gevrey-o smooth vector fields
vt S (23)
— = Ax X),
dt :

where A is hyperbolic. From Theorem 1 and using a possible constant time scaling, by a
Gevrey-& smooth coordinates substitution we have the smooth normal form as follows

(i) Ifreal parts of eigenvalues of A are both positive or negative, then either the normal form
is

dxy ks + beck dx;
— =kx X5, —— =X,
dt PO Ty 2
for by # 0 or the system can be linearized. Moreover, for both cases it admits ¢ = «

because of © = —1.
(ii) If real parts of eigenvalues of A have different signs, then

(a) either the normal form is

dx; dx> ~
—o = a2 e G, —S =gqn+ Y anii),

>k t>k

(g+p)k+1

forcy # 0, pand g € Z. Then & = max{«, } for © = 0. Or it can be

. . . . (g+p)k
formally linearized, i.e. the normal form is
dxy dxy
— = —px1;, —— =qxi,
di px1 di qx1
and @ = «.
(b) either the normal form is
dxy dx;
—_— = —UuX . — = X2,
dt e dt 2

where 1 > 0 is irrational. Moreover, When (—u, 1) fulfils Bruno condition, we have
a = &. In other cases, the transformation is only C*°.

Example 2 Now we plus additional one dimension in case (i) of example 1 by making
A = diagh = diag(p, 1, —£&) in system (23), where p € Z\{1}, & > O is irrational and
diophantine, i.e. we have that

111§ + ] = cll| ™",
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forl = (I1,1») € Z* and |I| = |I1| + |l2|. Then for any k = (ki, k2, k3) € Z3, and |k| > 2,
by simple computation we obtain that 2, = {(0, p, 0)} and condition (C2) is fulfilled with
the same w. So we have the smooth normal forms

dxy dxy dxy
Sl bprd, Sr=x, =g
T A T
5 5 — ptp
by a Gevrey-& smooth change for « = max{«, ﬁ}'
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Appendix

In this part, we show that large divisor conditions imply polynomial normal forms in general.
Now we check the algebra equation

(k,A) =A 24)
associated with its homogeneous one
(k,A) =0 (25)

over the integer lattice point k € Z‘i for the fixed A € C? and A € C. Two lattice points k and
k are said to be strictly comparable, provided that k # k and ki < 12,' foralli =1,....,d.
As usual, the solutions of equation (25), which are different from the zero vector, are called
non-trivial.

Lemma 14 [f equation (24) has infinitely many solutions over Zi, then equation (25) has
at least one non-trivial solution.

Proof The kernel is to show that there exist a pair of strictly comparable solutions for equa-
tion (24).
When A = 0, two equations are same and the result is trivial. Thus we go to the case
d = 1. The sharp form of equation (24) turns to be kjA; = A, which admits A; = 0 and
A = 0 for the condition. Otherwise, A/X is the unique one for A1 # 0. So the result is valid.
Now for d = dp > 2, arbitrarily choosing one solution kD of (24), the set of points,
which cannot be strictly comparable with k1, contains in @) = U;’z L U @E,lt) , where

of) ={kezl 0= =k <k

and @;12 = ¢ for kl-(l) = 0. Note that (24) has infinitely many solutions. So we can get
the pair, provided that it appears the other strictly comparable one. If not, the set @) shall
contain infinitely many solutions of (24). Obviously, ®!) has finite component given by the
form of (H)l(’lt). By the axiom of choice, there is one component containing infinitely many.

Without loss of generality, it is set to be 623 ;- Then on this set, the solutions satisfy the

equation

kidr + -+ kagy—1rdg—1 = A — thyy,
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which has the similar form as equation (24) for d = dy — 1 and using A — 114, instead of A.
Therefore, it completes the proof by the induction method of the second type. This completes
the proof. O

Then comes the research of the set €2,.. As usual, §® denotes the number of the points in
the set ®. Here the sets €2, and €2, are same as before.

Proposition 15 Assume that Q,, # O and the condition
[{k, 1) — Aj] = clk|™", u<0,
is satisfied for all points (k, j) € 2, and the positive constant c. Then §Q2, < oo.

Proof Assume that 12, = oco. Without loss of generality, we can set that equation
(k,A) = A1,

has infinitely many solutions for |k| > 2and k € Zi. Thus by Lemma 14 there exists ke Zi
such that (12, A) = 0 and |I€| > 0. On the one hand, arbitrary choosing (E 7) € Q for
Q- # ¥, we have that

o=|wk+EDirez)ca,

from the fact (tk + k, A) — A7 = t(k, &) + (k, A) — A7 = (k. A) — A7 # 0 for any t. On the
other hand, form the large divisor condition it yields '

Gtk + K, 2) = 251 = clek + I = clelk] — k]|~

Making t+ — oo, the right side of the above inequalities shall turn to infinite by u < 0.
But the left side is a constant for all #, which leads to a contradiction. This completes the
proof. O
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