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Abstract

The paper analyzes the Navier—Stokes system coupled with the convective-diffusion
equation responsible for thermal effects. It is a version of the Boussinesq approxi-
mation with a heat source. The problem is studied in the two dimensional plane and
the heat source is a measure transported by the flow. For arbitrarily large initial data,
we prove global in time existence of unique regular solutions. Measure being a heat
source limits regularity of constructed solutions and it requires a non-standard frame-
work of inhomogeneous Besov spaces of the L*°(0, T'; BISJ’ oo)-type. The uniqueness
of solutions is proved by using the Lagrangian coordinates.

Mathematics Subject Classification Primary 76D03 - 35Q35 - 35Q86

1 Introduction

Heat conducting fluids systems are an important part of the fluid mechanics. For the
most general models the total energy is usually conserved in time. Viscous fluids
generate internal friction and produce thermal effects. Variability of the temperature,
on the other hand, creates motion of the fluid. As a basic model the theory considers
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the Navier—Stokes—Fourier system for the compressible flows:

9 p +div(pu) =0,
0 (pu) + div(pu ® u) —div SO, Vu) + Vp(p,0) = p f, (1.1
3 (ps(p, 0)) + div (ps(p, O)u) + div (@) — 0

In short, p, u, 6 are sought quantities: the density, velocity and temperature of the
fluid, respectively. Functions p(-, -) and s(-, -) are the pressure and entropy. The stress
tensor S is given in the Newtonian form, the energy flux is given in the Fourier form
q = —k(0)VE and the entropy production o = 5(S :Vu + K(@‘g—wlz) (for more
details see [12]).

Nowadays mathematics is able to deliver existence of weak solutions [12-14] for
the system (1.1), but regular solutions can be obtained for small data [5,24,29] only.
The structure of nonlinearities in (1.1) is complex, hence it is natural to look for a
reduced version of the system. Taking a low Mach number limit (see [9,15]), we
obtain an incompressible limit which takes into account weak thermal effects. This
system is known as the Boussinesq approximation

0,0 4+v-VO—AO = pu,
v+v-Vv—Av+ Vp =0ey, (1.2)
divv =0,

where d = 2, 3, ¢4 is the last canonical vector of R4 , v is the velocity and 6 is the
temperature. In simple words, the above system (1.2) is the incompressible Navier—
Stokes equations coupled with the heat equation with a drift given by the velocity. Force
in the momentum equation is defined by the change of temperature along the direction
of the gravitational force (i.e. eg-direction). The application of such a system relates
to modeling phenomena for which the thermal effects cannot be neglected [1,11]. This
includes models of atmosphere [21]. As relates to the mathematical characteristics of
system (1.2) with u = 0, the well-posedness was studied in [3,4,17,20,28].

It is important to underline the following fact, the system does not preserve the
energy. Indeed, the authors in [3] proved that for system (1.2) with u = 0 the norm
llu(z) ||i2 may grow in time. It makes mathematical analysis below more interesting,
since the dynamics considered is nontrivial for long time and most of norms of solutions
are expected to grow in time.

Let us explain the goal of our paper. We consider a special case of system (1.2) in
which p is given by a heat source transported by the flow:

o +v-Vu =0,

00 +v-VO — A0 = pu,

v+v-Vv—Av+ Vp =0ey, (1.3)
divv =0,

(. 0, v)]i=0(x) = (Ko, b0, vo)(x),
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Boussinesq system with measure forcing 1903

where the system is considered in the whole space R?.

One can think of u as describing combustion by a measure like a linear combination
of Dirac atoms. From the perspective of physical modeling it would describe the
movement of water after putting chemical material, like Sodium (Na), rapidly reacting
with water into a pool. We assume that total transfer of energy by u is constant in time.
We also neglect all other chemical or thermodynamical effects to keep the simple form
of system (1.3).

The main goal of the paper is to construct large global-in-time unique solutions.
Since the Millennium Problem concerning the regularity of weak solutions to the
three dimensional Navier—Stokes system is still open, we thus concentrate on the
case of dimension two. The key point is to consider general data admitting initial
heat production defined as a Radon measure and large initial data of velocity and
temperature. We adopt the framework of Besov spaces B IS,’ o for the initial temperature
and velocity in order to be able to apply the maximal regularity results of the heat
equation with measure as a force (only L°°-in-time information is available).

Our result is stated as follows.

Theorem 1.1 Let ng € M+(R2) with supp wo C Bg,(0) for some Ry > 0. For each
o € (0,3 ] let6y € L1 ﬂBz o (Rz) with 6y > 0, and vy € H'(R?) be a divergence-

2—0"

free vector field with znmal vorticity wy = d1v2,0 — 2V1,0 € B3 g (RZ) Then the

system (1.3) admits a global in time unique solution (i, 0, v) such that forany T > 0,

we L™, T; My(RY), with suppp C Bryycy (1.4)
and
0 e L™ (o, T;L'n 32;000(]12{2)), with >0 on [0,T] x R%, (1.5)
ﬁs
and

veL® (0, T H' 0 Wh[R2) N L0, T; Hz(RZ)) ,
Vv e L0, T; BZOO(IRZ)), (1.6)

2—0
where Ct > 0 is a constant depending only on T and the norms of initial data.

The global wellposedness of system (1.3) with smooth forcing 1 in 2D case for large
data can be deduced from the current state of the art. Thanks to the classical result
of Ladyzhenskaya [22] (and in the language of Besov spaces [10]), we are able to
obtain the regular solutions to the Navier—Stokes equations. The system (1.3) from the
regularity viewpoint is a weak perturbation of (1.3)3 4 and basic energy estimates grant
the existence at the level of Galerkin’s method. However this approach works only for
smooth w. In our case the heat source is a measure and a non-standard approach has
to be created. To fit the regularity of temperature and velocity to properties of u, we
apply the Besov spaces of type B? _ , defined in Definition (2.3), Sect. 2.2. We also

p,00°
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assume that the initial heat source is compactly supported in space, to avoid technical
problems with the definition of measures at infinity.

Our result has the following interesting ingredients:

* The heat source is a measure which is not vanishing in time—see Proposition 3.1.
Solvability of (1.3); requires high regularity of the velocity (Lipschitz continuity) to
guarantee the existence and uniqueness. On the other hand, one can not expect too
high regularity of solutions since they are generated by a measure. Thanks to the low
spatial dimension, our solutions are regular enough and (1.3); can be solved in terms
of characteristics.

% It is an application of inhomogeneous Besov spaces L*>°(0, T’; B;’OO(RZ)) to
address the regularity of solutions. Properties of these spaces allow to consider reg-
ularity of (i, 6, v) in the L°°-norm in time, which is required by the basic bound of
u (1.4). By embedding u belongs to L*°(0, T'; BZ (R2)). This framework fits to

,00
the regularity properties of the right-hand side of Ezqfr(l .3)2. In addition, Besov spaces
admit the theory of maximal regularity for the heat and Stokes equations, which allows
to maintain the full information about the solutions.

* In the construction of the a priori estimates, the source u given as a measure
does not allow to use the standard bounds by energy norms. The basic L>-estimate
of velocity v requires the control of [|0(¢)]| ;2. However, the properties of x imply a
natural uniform L'-bound ||0]| LY only. To close the estimation there is a need to

interpolate between the L'-estimate and a bound in the high-regularity Besov norm.
Here the limit case is considered, and the final estimate is obtained by an application
of a new logarithmic interpolation inequality for the Besov spaces (Lemma 2.6).

* Since the source p is determined by the transport equation, the issue of uniqueness
does not fit well to the framework of the Euler coordinates. Our regularity is high
enough to define the Lagrangian coordinates (see [7,8] and references therein for
this method used in the density-dependent incompressible Navier—Stokes equations).
Then after the transformation, u becomes fixed in time (see Sect. 3.3). This reduction
allows to show uniqueness by elementary energy methods, with the difference of the
temperatures in L2(0, T; L3(R?)).

The simple proof of uniqueness given in this paper requires o € (0, 3/2], thus the
whole analysis is limited to this case. However by using the idea stated in the following
remark it can be extended to o € (0, 2).

Remark 1.2 The restriction o € (0, 3/2] comes only from the embedding relation
(3.40) used in the uniqueness part, and if we instead use the continuous embeddings
that for every o € (0, 2),

B*,° (R — L7 (R?) and L™(0, T; L2(RY) N L2(0, T; H'(R?))

2—0

4 Epg,}
— L2 (0,T; L= (R")),
we can similarly show the uniqueness and Theorem 1.1 in the range o € (0, 2).

The outline of this paper is as follows. We present preliminary results including some
auxiliary lemmas in Sect. 2. We give the detailed proof of Theorem 1.1 in the whole
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Sect. 3: we firstly show the key a priori estimates of solution (i, 8, v) in Sect. 3.1,
then we sketch the proof of existence in Sect. 3.2, and finally we prove the uniqueness
by using Lagrangian coordinates in Sect. 3.3. At last in the appendix we show the
proof of Lemmas 2.5, 3.4 and 3.5.

The following notation is used throughout this paper.
¢ C stands for a constant which may be different in different estimates.
o D(R?) or D(R? x [0, T') denotes the space of C*°-smooth functions with compact
support on R4 or R4 x [0, T, respectively. D’ (R x [0, T]) is the dual space of
DR? x [0, T]). Denote S (Rd ) the Schwartz class of rapidly decreasing C°°-smooth
functions, and S’(R?) the space of tempered distributions which is the dual space of
S(RY).
oForm € N, r € [1, +00], s € R, we denote by W”" (R?) (W™ (R?)) and H* (R?)
(H*(R%)) the usual L"-based and L2-based inhomogeneous (homogenous) Sobolev
spaces. For Banach space X = X (R9) and p € [1,00], LP(0, T; X) denotes the usual
space-time space L* ([0, T']; X), which is also abbreviated as L’; (X). We also use the
usual abbreviation that ||(f1, ..., fi)llx .=l fillx +---+ || fullx-
o We use B, (xg) := {x € R? : |x — xg| < r} to denote the open ball of R4,

2 Preliminaries

In this section, we compile basic results related to measure and Lagrangian coordinates,
and also show several auxiliary lemmas used in the paper.

2.1 Results related to measures

We denote M = M(R?) as the space of finite Radon measures defined on R4 with
total variation topology, i.e., for any u Radon measure, define

Il gy = [RIRD) = sup”/w fdu‘ Nflle <1, f e CO(Rd)} .

As a consequence of Riesz representation theorem, M(RY) is the dual space of
Co(RY), that is, M(R?) = (Co(R¥))*. For {ftntneny € M(R?) and u € M(R?), we
say u, — p weaklys if

lim fdun = / fdu, forevery f € Co(RY).
d Rd

n— oo R

We also denote M = M(R?, d) as the space of finite Radon measures on R4
equipped with bounded Lipschitz distance topology, i.e., for any Radon measures u
and v, define
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1906 P.B. Mucha, L. Xue

d(u,v) = sup{’/ fdu—f fdv
R4 R4
1f@) = DI _ 1}.

“fllzee = 1 and Lip(f)

2.1)

x#yeRd lx — vl

By M, = M (R?) we denote the set of nonnegative finite Radon measures on R¢,
that is,

My i={ne MR : =0},

both with the strong total variation and weak d(-, -) topologies.

Definition 2.1 We say that a sequence {u,} C M(R?) is tight if for any € > 0, there
exists a compact set K, CC R? so that

sup |in |(]R{d \ K¢) < €, where |u,]| is the total variation measure of ;.
neN

Proposition 2.2 (cf. Theorem 2.7 of [18]) Let { it }nen be a tight sequence in M(Rd)
and let 4 € M@RY). Then as n — oo, Un — W weaklyx if and only if d (i, 1) — 0
and sup,, .y |1n|(RY) < o0.

The space (M, d) is a complete metric space.

Proposition 2.3 (cf. Corollary 21 of [25]) Let {in}nen be a sequence bounded in
M RY) with support contained in a given ball. Then there exists a (M, d)-
convergent subsequence {{ip, }.

2.2 Besov spaces and auxiliary lemmas

We recall definitions of inhomogeneous Besov spaces and their space-time counter-
parts. One can choose two nonnegative radial functions x, ¢ € D(R?) be supported
respectively in the ball {§ € R?:|g| < %} and the annulus {£ € R? : % < || < %}
such that x (§)+Zj€N 927/ g) = 1forevery & e R (see [6]). For every f € S'(RY),
we define the nonhomogeneous Littlewood—Paley operators as follows

ALf=xD)fs  Ajf=¢Q@7 D), Sif= Y Af, VjeN
—l<k<j—1
(2.2)

Now fors € R, (p, r) € [1, +00]?, the inhomogeneous Besov space B‘;Lr = B;,V(Rd)
is defined as
1/r
By, = eS®N: I flpy, == D 2"IA;flp| <oop. @23)

j=—1
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Boussinesq system with measure forcing 1907

The space-time Besov space L” ([0, T], B;‘,’,), abbreviated by L/} (B;',,r), is the set of
tempered distribution f such that

T 1/p
”f”Ll;(Bi,r) = (/0 ||f(t)||p;),rdt> < 00. 24

The Besov spaces nowadays belong to the standard toolbox of analytical techniques.
They give precise information about regularity of functions. They can be defined also
by the real interpolation between classical Sobolev spaces. The basic properties are
shown by the embedding theorem

B, (RY) < Co(R) as ps > d (or ps =dforr =1), (2.5)
and
11 11
B, (R > LIRY as — — — < = <0r ———=5forr5q>. (2.6)
’ p q d p q d

One can refer to [2] for an introduction to this subject from the viewpoint of applications
in PDEs.

The following regularity estimates of the heat equation in the framework of Besov
spaces are required by our techniques.

Lemma 2.4 (cf. Theorem 2.2.5 of [6]) Let s € Rand p € [1,00]. Let T > 0,
ug € B;’M(Rd), and f € L‘}O(B;jo% R?)). Then the following nonhomogeneous heat
equation

du—Au=f, uli=o(x) =up(x), xeR

has a unique solution u € L‘;O(B;‘, o) and there exists a constant C = C(d) such that

el s mty < € (0l ety + (L + DI e g2 ay) - @D

In obtaining the a priori estimates of the main theorem, we use the following product
estimates in Besov spaces (whose proof is put in the appendix section).

Lemma 2.5 Let v : R? — R2 be a divergence-free vector field and 6 : R* — R be a
scalar function.

(1) Lets € (0,1), p € [1, o). Then there exists a positive constant C = C(s) such
that

lv - VQ”B;,SOO(RZ)

< C (vl 22y + 1Vl 22R2)) (ksup 2K ke + 2||Ak9||Lp(R2)> . (2.8)
>-1
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1908 P.B. Mucha, L. Xue

(2) Lets € (0,00), p € [1, 0o]. Then there exists a positive constant C = C(s) such
that

v - VG”BYOO(RZ = (”v”LZP(RZ)”V@”BQP,OO(JRZ) + ||U||ng,w(ﬂ§2)||V9||LZP(R2)>
= Cllvlig;, @ IVOlsy, @2 (2.9

The following interpolation inequalities are required in the main proof.

Lemma2.6 Let 6 : R? x [0,T] — Rbea scalar function.

(1) Lets € (0, 1), p € [1, 00], then there is a positive constant C = C(s, p) such
that

sup 22Xk + 2] A | Lo Lr)

k>—1
1 3=s=2/p ”9”L°°
§ ) (B OO)
< ClION 2 161 s g( Tohiwan )t 1Oy @10
T

(2) Let p € [1, 00), then there is a positive constant C = C(p) such that
1013 12y =< CIONLg e 100 o - @.11)

Proofof Lemma 2.6 (1) Let N € NN [2, oo) be an integer chosen later, then by using
Bernsteins’s inequality we have

sup 280k + 2| A0 L 1)
k>—1

< sup K079k + ||Ak9||Loo<Lp>+sup2k“ IVE+ 20 A0 Lo 1)
—1<k<N

<Co sup 2 VTERACTD A,
—1<k<N

+ Co sup /2 + k2 7Kk~ Y)||Ak6’||L°°(LP
k>N

NQGB—s—2 _
< NG~ p)«/ﬁueuL%O(Ll)Jrcoz N\/ﬁnenwwm).

Now we define the constant N as

2, if ”6”14%0(3127.—02) = 2||9||L‘%°(L1),
N = | i ||0||Lo<:(3p =) L i )
i=s—2/p 0g HQHL%O(LI + 1, 1 ||‘9||L%0(312;0%) = ||9||L%°(L1),
(2.12)

with notation [a] the integer part of a € R, then it is clear that the desired inequality
(2.10) follows by a direct computation.
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(2) We only consider the case p € (2, 00), since the remaining case is standard.
Let K € N be an integer chosen later, then by a high-low frequency decomposition
we get

161702y < D2 ATz + D 1ABIT 22,
—1<k<K k>K
p—2

<Co D ZMNAONGee ) +C D IABN ], 1A goJ(L,,
—1<k<K k>K
2K o112 T
— P— P
= C2 ”9”[,?-0([,1) +C2 -l ||9||L?~C(Ll)||9||L 2/opc)

which clearly guarantees the desired inequality by optimalizing the constant K. O

The proof of uniqueness requires the following L2-based estimate on the Stokes
system.

Lemma 2.7 (cf. Lemma 3 of [8]) Let R be a vector field satisfying 9; R € Lz(Rd X
(0, T)) and V div R € L2(R? x (0, T). Then the following system

du—Au+VP=f, in R? x (0, T],
divu = div R, in R x (0, T, (2.13)
uli=0 = uo, on R,

admits a unique solution (u, V P) which satisfies that
IVull e 12y + 1@eu, V2u, VP12 12,

= C (IVuoll2 + 1 AR 2 g2y + IVAV R 2 2)) . Q14)

where C is a positive constant independent of T.

2.3 The Lagrangian coordinates

The use of Lagrangian coordinates plays a fundamental role in the uniqueness proof.
In this subsection we introduce notations and basic results related to the Lagrangian
coordinates.

Let X,(¢, y) solve the following ordinary differential equation (treating y as a
parameter)

dX,(,y)
L = 0 X ) Xa(t im0 = ), 2.15)
which directly leads to
t
Xv(t9 )’) = y +/ U(Ta Xv(t7 y))dt (216)
0
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1910 P.B. Mucha, L. Xue

Denoting by v(z, y) := v(t, X, (¢, ¥)), flow equation (2.16) can also be expressed as

t
Xo(t,y) =y +/ B(z, y)dr. (2.17)
0

We list some basic properties for the Lagrangian change of variables.

Lemma 2.8 Assume that v is a velocity vector field belonging to L' (0, T’; W10 (R4Y).
The following statements hold true.

(1) The system (2.15) has a unique solution X, (t, y) on the time interval [0, T] sat-
isfying Vy X, € L°(0, T; L*°) with

t
IV Xo (0l ety < exp { fo ||vxv(r>||Loc<Rd)dr} , (2.18)

and also VyX,(t, y) = 1d + [§ Vyi(z, y)dr.
(2) Let Yy(t,-) be the inverse diffeomorphism of X,(t,-), then V,Y,(t,x) =
(Vy Xy (2, )~ withx = X, (1, y), and if

'
_ 1
/(; ||VyU(T)||L00(1Rd)dT == (2.19)

we have

t
IV, Yo(t, x) — 1d| < 2/ IV, 5(z, y)ldr. (2.20)
0

3) If additionally V%v e LY(0, T; LP(R?)) with some p € [1, o], then for every
te[0,T],

t t
||V§Xv(r>||m(w)5exp{3 /0 ||vxv<r)||Loc<Rd>dr} /0 IVl Lo raydT.
(2.21)

Proof of Lemma 2.8 The proof of (1) and (2) is standard, and one can refer to [8,
Proposition 1] for details. For (3), observing that

t t
ViX,(t,y) = /O Vii(r, y)dr = /0 Vy Xy - Viu(t, X)) - Vy Xydt
t
+f va(fv Xv) 'Vng(ra )’)df,
0
we get

t t
IVIXo®)llLr < f IVy Xy (D17 IVEv(D) | LrdT + / IV v() | L IV Xy ()| Lrdr,
0 0
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and then, Gronwall’s inequality implies
" t
IV2 X, (0)llLp < eloIVsv@ilioede / IVXy (D7 V70 () [ Lrdr,
0

which combined with estimate (2.18) leads to (2.21), as desired. O

Under the assumption v € L'(0, 7; W' (R%)), and using the Lagrangian coor-
dinates introduced as above, we set

ﬂ(tvy) = /L(t, Xv(tvy))v é(t’y) = G(I»Xv(tay))v ﬁ(tvy) = p(tﬂ Xv(tv@lz)

then according to properties of the Lagrangian coordinates [7], [8], the Boussinesq
type system (1.3) recasts in

dfr =0,

30 — div (A,ATV,0) = [,

30 — div (A, ATV, D) + ATV, D =0 eq, (2.23)
div (A,0) = 0,

fili=o = po. Oli=o =60, Vli=0 = vo,
where we adopted the notation A, (¢, y) := (Vy Xy (¢, y)) ~1! Wwhich under the condition
(2.19) has the following formula

00 t k
Av(t,y)z(Id+(vyxv—1d))*1:Z(—l)k (/ V,i(z, y)dr) . (224
k=0 0

As pointed out by [7,8], under the condition (2.19), the system (2.23) in the Lagrangian
coordinates is equivalent to the system (1.3) in the Eulerian coordinates.

The first equation of (2.23) implies force ;& becomes time independent, hence it is
given by the initial datum

u(t, y) = uo(y), vrel0,T] (2.25)
Then system (2.23) reduces to

360 — AG = j1p + Ni(A,, VO),
&0 — AD+ Vp =0 eq + Na(Ay, Vi) + N3(Ay, VD),

. . _ T _ (2.26)
divo =div ((Id — A,)v) = (Id — A;) : Vv,
6li=0 = 60, Dli=0 = vo.
Nonlinear terms Ny, N>, N3 are defined by
Ni(A,, VO) := div ((AUAE — Id)vé) , and (2.27)
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1912 P.B. Mucha, L. Xue

Na(Ay. VD) = div ((AUAE _ Id)Vﬁ) . N3(Ay, Vp) = (1d — ATHVP.
(2.28)

Observe that the left-hand side of (2.26) fits perfectly to the needs of Lemma 2.7.
Hence the easiest framework in order to prove the uniqueness property is via the
L%(0, T; L?(R?)) estimate for the difference of temperatures. Note that the change of
the Lagrangian coordinates makes our system quasi-linear, and the input from matrix
A, is negligible as the time interval is short.

Finally we shall note that the uniqueness to system (1.3) could be proved directly
in the Eulerian coordinates. Adopting methods from [19] based on the considerations
in Besov spaces with negative regularity index, we shall be able to control the part
coming from the transport equation (1.3);. However this approach for our system
seems to be very technical with nontrivial considerations for convection terms.

3 Proof of Theorem 1.1
3.1 A priori estimates

In this subsection we collect the key a priori estimates of solutions (i, 6, v) to system
(1.3).

Proposition 3.1 Let jig € M (R?) satisfy that supp o C Bg,(0) for some Ry > 0.
Let T > 0 be any given, and (w, 8, v) be smooth functions on R? x [0, T solving the
system (1.3). Then for every t € [0, T], we have u(t, x) = u:(x) € M+(R2) with

il ey < ol pmgzys Ve €10, T, 3.1
and also supp pu; C Bry+c(0) with C = ||v||L1T(LOO).

Proof of Proposition 3.1 Let X, ;(y) = X,(¢, y) be the flow function generated by
the velocity v, which solves Eq. (2.15) or (2.16). Since we assume that v €
LY([0, T]; W12°(R?)), from Lemma 2.8, it admits a unique vector field X, ; : R? —
R2,t e [0, T'] which is a diffeomorphism.

Let Y, = Y, (¢, -) be the inverse diffeomorphism of X, ;, then we see that

w(t, x) = pe(x) = po(Yy,r (x)). (3.2)

Clearly, u; > 0, and since X, ; is volume-preserving (from the divergence-free prop-
erty of v), we have
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Boussinesq system with measure forcing 1913

el pr2y= sup /g(x)duz(x) = sup /g(x)duo(Yv,t(x))
lglzoo<1 I/R2 lgllzeo<1 [/R2

= sup / g(Xv,t(Y))dMO(Y)’
lgllzeo<1 |/R2

< sup /ﬂézg(y)duo(y)'=|IM<>IIM(R2),

lglloo=l1

where the supremum is taken over all Cy (R?) functions.
From (3.2) and supp o C Bg,(0), we getsupp u; C X;(Bg,(0)), and thus formula
(2.16) ensures that supp u; C BROJF”””U 0). O

NS

Proposition 3.2 Let jio € M (R?) satisfy supp o C Bg,(0) for some Ry > 0, and
0o € LY(R?) be with 6y > 0. For T > 0 any given, assume ([L, 0, v) are smooth
functions on R* x [0, T solving system (1.3), and also 0 has the point-wise spatial
decay. Then we have that 6(t) > 0 for every t € [0, T] and

sup 10|12y < 16011212y + T ol parz)- 3.3)
t€l0,T]

Proof of Proposition 3.2 'We first prove the nonnegativity property of 6(¢). The proof
is standard (e.g. see [2%]) and it uses a contradiction argument. Denote by Q7 =
(0, T] x R%. We define 6 (¢, x) = 0(r, x)e~! and assume that there is a constant > > 0
so that

inf  6(r,x) = —A.

(t,x)eQr

Such a constant A exists since we assume 6 is a bounded smooth function. We also infer
that there exists some point (., x4) € Qr attaining this infimum. If not, then there
exists a sequence of points (#,, X, ),en becoming unbounded such that ] (ty, xp) = —A
as n — oo, which is a contradiction with the assumption that 6 is a smooth function
with suitable spatial decay. From the equation of 6, we get

(30) (e, x:) = =0 (b5, X5) — (V- VO) (1, X5) + AO (1, X1) + (1, x2)e "

Dug to that 6 attains the infimum at (4, x4), it yields that (Vé) (4, x4) = 0 and
(AO)(t«, xx) > 0, and also p(t, x4) > 0 from Proposition 3.1, thus we find

(0,0) (1, %) = =01y, x:) = 1.
But this clearly contradicts with the fact that (#, x) is the infimum point of 6, hence
the nonnegativity of 6 for every ¢t € [0, T'] obviously follows. Note that in the above
proof the smoothness of 0 is required. So this part works for smooth approximation of

solutions (see Sect. 3.2). Passage to the limit saves the nonnegativity of the temperature.
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1914 P.B. Mucha, L. Xue

Next, we show 6 € L®([0, T]; L' (R?)). Let ¢ € D(R?) be a test function satis-
fying suppg C B1(0), 9 = 1 on B ;2(0), and 0 < ¢ < 1. Set pg := ¢(5) for every
R > 0. Multiplying both sides of the equation of 6 with ¢ and integrating on the
spatial variable, we obtain

d
—/ 9(t)<dex+f v-V@wRdx—/ AQ@Rdxzf nordx.
d[ R2 R2 R2 R2

By viewing the measure w1 (¢) as an element in the dual space of Cg (Rz), we deduce
that

A@z p(t, x) pr(x)dx = (u(t), pr) =< (Ol m = [0l m-

Thus integrating on the time interval [0, ¢] (¢ € [0, T']) and using integration by parts,

]RZ R2 R 0 RZ v R

1 (T X
- Vo )v X ‘d dt + T .
+R/0 /RZ| 1|V ()| ddr + Tllaolm

Since we assume 6, v are smooth functions which guarantee that v, 6 € L?(R* x
[0,T]) and VO € L? (R? x [0, T]), by passing R to +o0, it yields that

/ 6, x)dx 5/ Bo(x)dx + Tl oll -
R2 R2

Hence the desired inequality (3.3) follows from the nonnegativity of 6(¢). O

Proposition 3.3 Let 1o € M+(R2) satisfy supp o C Bg,(0) for some Ry > 0. For
each o € (0,2), let 6 € L' N B*,7 _(R?) be with 6y > 0, and vy € H'(R?) be a

PR

divergence-free vector field with initial vorticity wy := 01v2,0—0201,0 € Bzf ~ (R?).

2—0
Let T > 0be any given, and assume that (i, 0, v) are smooth functions on R2 x [0, T]
solving the system (1.3). Then we have

8
100 e g2 2y T IV can ey + 10112 ey < Ce™P DD (3.4)

2—0
and
”VUHL%C(B3EU (R2)) + ”v”L%O(WL”O(RZ)) + I(Vp, dv, VZU)”L?O(BZ*ZU )
ﬁ.oo ﬁ,
< Ceexp(C(1+T)8)’ (3.5)

where C > 0 depends only on o and the norms of initial data (19, 6o, vo)-
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Proof of Proposition 3.3 We first consider the energy type estimates of v. By taking the
scalar product of the velocity field v with its equation in (1.3), we get

1d

5 3, IO + 1VeIZ, <

/ 0 va(t, x)dx
R2

<10 @) IV Lo ®m2)-

By using L'-estimate (3.3) and the interpolation inequality, we infer that

1d 1/2 1/2
wnv(t)niz(w) + VU252, < CU+ DO 5 IV o (36)

where C > 0 depends on the norms of initial data ||oll A and [|6o]l 11 (r2)- We then
consider the equation of vorticity w := curl v = dyvy — d»v1, which reads as

dw+v-Vo— Aw = 30. (3.7)

By taking the inner product of the above equation with w, and using the integration
by parts, we derive that

1d

EEHCU(I)”%Z + Vo3, <

= 10O 2V @) 2.

/ 0 d1w(t, x)dx
R2

Young’s inequality directly leads to
Lo Rage, + IV OPage, < 16012
dr L2(R2) L2(R2) = L2(R2)"

Noting that ||V2v||Lz < ||Vwll;2 and ab < ea* + C.b*3 for any a,b,e > 0, we

combine the above inequality with (3.6) to get

d 1
= (IO + 101 ) + 1V + S 1Yo O < 10012 g,
2
+CU+ D5 @)1, 3.8)

In order to control the norm [|6(7) || 2(r2), we will use the equation of 8. However
the smoothness of 6 is limited by source  which is a measure. Observe that

—0

u(t) € MR = (Co®Y)" C BT (R,

since BY /G,I(Rz) C Co(R?) for o € (0,2). This Besov regularity of u guarantees

the temperature in L*(R?). Indeed, from estimates of the maximal regularity type we
expect that 6 € L*°(0, T} Bzz;”oo), and in combination with (3.3) it yields 0(¢) €

2—0o
L2(R?).
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Hence applying Lemma 2.4 to the equation 9,0 — A6 = —v - VO + u, we infer
that for every ¢t € [0, T,

||0||L°°(O,t;B2_2” (R2))
=5®

§C0<||90||32—20 U+ Dllyogg )+ (DI VO] g )>.
2= 75

27— ™

Owing to (3.1) and Lemma 2.5, it follows that

100052 )§C0(|90||322a +(1+t)||M0|M>

p 26"

(L2-9)

+co(1+r>||(v,w)||L,oo<Lz>(sup 2k<1—“>¢2+k||Ak9||Lm 2 )
k>—1 t

We first derive a rough estimate of ”9”L;’°(321 0 in terms of || (v, w) ||L,°°(L2)- By

2—0"
using the interpolation inequality and Young’s inequality, it gives that

100 o2
27—

= Co | lIfollg>» + (1 +Dluollag+ 1 +Z)H(Uva))”L[oO(Lz)”e”Lw 53

7=6> T2
2—0’

17—

=Co (”90”322” + (1 + D)ol m

Loo(BZ o
270'00

2—0 +(7
+(1+ 0, w)lle(u)||9||L00(L1)||9|| )>

1
<C+1)+Co <(1 +077 (v, w)||Loc(Lz)||9||L;>°(L1)> 510 g2y s
ﬁ4m
(3.9)

thus using (3.3) yields
62)—70
”9”L?°<Bi’ 0 =CA+n> | 1+, w)IILoo(Lz) (3.10)
2—0"
with C depending on the norms [|6|| ;1520 and [0l A1
2

=5 ,00
Then we show a more refined estimate of (3.10) by slightly reducing the power index
of ||(v, w)|| LeL2- Through applying the interpolation inequality (2.10), L'-estimate

(3.3) and the fact that the function z +— z%, /log(e + %) is increasing on (0, 00), we
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find

100 p25
i

=G (I|90I|Bz o 4+ +l)||M0||M>

2—¢ >

+ca+4nmawmgwu)Owhm@nwm@wzU;
-6

1611 o

(B3 o).00)

log o 4 T Brjiorod) 110l o)
101 L2zt

< CU+0+CU+ D2, o)l 22

6 ||Loo(BZ o log (e + ||9||L,°°(B22—2”m)> +1], (3.11)

25

where C depends on the norms of initial data. By virtue of estimate (3.10), we also
see that

log (e + ||9||L?O(Bzao )>
=%
60
< Jog (e + ca+05) (e + 100127,
6—0
< \/1 + log <e +C(1+ t)2—6)\/10g (e + 1, w)llLoo(Lz)>

thus inserting this inequality into (3.11) leads to that

10l ge ) = CU+D) +CA+ D@, @)l oz

27—

(\/10 (e + ||(U w)”LO"(LZ))”e”LOO(BZ o ) + 1) .

7= ®
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By arguing as (3.9) and (3.10), we obtain

6 2 2
165257 < CA+0) (14 10 @) 2 g2, ) 10g (€ 10 @3 2 )
2—0"

(3.12)

Now we go back to inequality (3.8). By using the interpolation inequality (2.11),
estimates (3.3) and (3.12), we deduce that

d 2 1 2
37 1@ @) Dll72 + 1 (Vv Vo)D)l

= C||9||L°°(L1)”'9||LDO(B2 ") +C(1+1) |Iv(t)||Lz(Rz
=ca+0 (1+ 1w, w>||LW) tog (¢ + 10, @) 2))) -
Integrating on the time variable yields that for every ¢ € [0, T],

1@, @I g2y + 1V, Ve 25
< C(Ilvo, w012, + (1 +0)°) 3.13)

t
e /0 (14 D10, 2y Tog (€ 4+ 10, 0) ) ) d.
Gronwall’s inequality guarantees that

8
W, @)1 0 12y + 1V, w))an (12 < CeP U, (3.14)

where C depends on the norms ||vl| g1, ||00||L.mBzEa and || ol aq- Plugging the

27—
above estimate into (3.10) leads to
8
||9||L?O(BZ_2“ ) = Ceexp(C(l—i—T) )7 (3.15)
27—

which combined with (3.14) and the facts | Vv||;2 < [@|/;2 and [|[V?v]|;2 < |Vl ;2
implies the desired estimate (3.4).

Next we turn to the proof of (3.5). By viewing the equation of w (3.7) as a heat
equation with forcing, we use estimates (2.7) and (2.9) to get

2—-0" 27— 2—0"

”a)HL%O(B3—26 Oo) 5 CO (”wO”B3—25 (RZ) + (1 + T)”alG”L%O(BI_ZJ Oo)
+(1+D)v - Vw”L‘;O(BIi )>
7=
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SCo(IIonIBsZa + A+ DOl o2

7= > 7= X

+(1 + T)”v”LC;O(BIEU )”w”LC}O(BZj‘U )> .
27— 27—

In view of (3.14)—(3.15), the continuous embedding H'(R?) — Blz"oo(Rz), the
gl
4—0c

. . . % )
interpolation inequality ”g”sz{’ ®?) = C||g||L2(R2)||g|| and Young’s

7
3—0o 2
B (R=)
=5 > —230 ,00

inequality, we infer that

1 8
loll g @) < CeSP(CU+T)Y)
m,oo
g
+ Co(1 + T)IIUIIL?‘J(HU||w||L;°(L2)|IwI|L%O(B31 @

2—0
8 4
< CeP DD 1 (Co(1+ Dllvll o) 7 Mol po22)
1
+ EHLU”LC}O(BZ )
2—0"
1
exp(C(1+T)8) | *
= Ce + ) ”w”LC}O(Bai (R2))>
=6
thus the Calder6n—Zygmund theorem implies
exp(C(1+T)8)
”VUHL%O(BZi,oc(RZ)) =< C||w||L%c(Bji,m(R2)) <Ce s (3.16)
and also
2 exp(C(1+T)%)
v v||L%O(Bzz_i,oo(R2)) =< COHVUHL%O(BZE,OO(RZ)) <Ce s (3.17)

where C depends on the norms [lvoll g1, lwoll g3-o » 60l 1np2-c  and [[ieollAg-
2 2

-6 -5
Besides, by virtue of the high-low frequency decomposition and Bernstein’s inequality,
we have

Ioll e oo @2)) < Coll Atvll ooy +Co D I8¢ VoIl Lo 1o w2y
geN
< Collvll o2y + Co Y 2792407 A, Vo

2
L3 (L2=0 (R?
7eN 7 ( ®))

8
=< C()”U”L?O(LZ(]RZ)) + C0||VU||L?-O(B3E” (R2)) = Ceexp(C(l—i-T) ),
72—

(3.18)
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and similarly,

exp(C(14+7)8)
”v”L%C(Bz_i (R2)) = C”U”L%O(LZ(RZ)) + C”Vv”L%O(B3—2‘T (R2)) <Ce .
2-5% -

By applying the Eq. (1.3)3 and the divergence-free condition of v, we see that
Vp = V(—=A)"'div(v- Vv) — Vd; (—A)~'6, thus in combination with the Calderén—

Zygmund theorem and inequality (2.9), and using embedding BZ’OO(RZ) >
2—0"

324;” . (R2?), it leads to

2—0

”VPHL;C(BZ (R2)) <Clv- VUHL%O(BZE” ) + CHQHL%O(BZ*ZG )
27— —5® =5

< — _ —
< Ol HIV0lgaiy )+ ClOlggey
2—0’ 2—0’ 2—0"

< CePPCa+T) (3.19)
Furthermore, Eq. (1.3)3 and the above estimates also yield that

(CU+T)%)
||8tv||L%°(Bi OO(RZ)) < Coll(v- Vv, Av, Vp, Q)HL%O(BZ oo) = Ce™P .
2—0

2—0’

(3.20)
]

3.2 Global existence

The issue of existence for our system is not immediate since i = p(x, t) is merely a
measure. In order to construct a suitable approximation we consider the system with
smooth initial data. We assume that

wi=0, 0"|t=0, v"|;=0 belong to the Schwartz class over the plane, (3.21)

where n € NT is an approximation parameter (n — oo in the end) and they converge
to the initial states 11q, 69, vo in spaces prescribed by Theorem 1.1 (at least in a weak
sentence).

To show the existence of system (1.3) with such initial data (3.21), we will use
a standard approach via Galerkin method. An approximation we build relies on the
following spaces:

% H?(R?) for the velocity field in the divergence-free subset

and

% H'(R?) for the temperature.
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In short, vV and #"-" are approximations based on the N-dimensional restriction
of H? and H' spaces. We have

N N
V=3V w0 = ep N 0g). (3.22)
k=1 k=1

Vectors wy, and g are the based vectors of H?(R?; R?) of the divergence-free subspace
and H'(R%; R), respectively. The sought functions V,f ’N(t) and @Z’N(t) are derived
by solving of the following ODEs

(atel‘l,N’ IpN) + (Ul’l,N . Ven,N’ va) + (V@n’N, VwN) — (Mn,N’ IpN)7
@™ ) @ vt ) 4 (VN Ve = @7 Ney, w),
V"N (0) = (@ # vo, w), OFN(0) = (¢a %60, 1), k=1,...,N, (3.23)

for all ¥V ¢ span{wi, ..., wy} C Hz(RZ;Rz) with div¥" = 0, and wN S
span{g1,...,gn} C H I(R2; R). And >V is the classical solution to the transport
equation

o™ + "N v =0, w0 = du * o, (3.24)

The local in time existence for the system follows from the standard theory of
ODEs, and in order to pass to the limit with N we need just the a priori estimate in
suitable energy norms independent of N, which of course depends on 7' but never

blows up for any finite 7.
Note that the condition div vV = 0 leads to the following bound uniformly in N:

wN e L0, T; L*(R?)), indeed uN € L=, T; L' N L®(R?)), (3.25)

since by construction [| " [r=oll L 1r2) < Collioll p4(r2) (uniformly inn). Hence testing
the first equation by 6™ in (3.23) we get

"N e L0, T; L>(R*) N L?(0, T; H'(R?)), uniformlyin N. (3.26)

Then testing the second equation in (3.23) by Av™", and using the structure of the
two dimensional Navier—Stokes equations we get

v N € L%, T; H'(R*) N L%(0, T; H>(R*)) N H'(0, T; L*(R?)), uniformly in N.
(3.27)

The above information guarantees strong convergence of (u™", 6N vy Jocally
in space as N — oo. Hence there is no problem to pass to the limit N — oo and we
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get the solution to the system (1.3) with initial data given by (3.21), that is:

U+ 0"V =0, inRR% x (0, T1,
9,0™ + v - VO — AO" = u, inRR% x (0, T1,
9V + vt VU — AV + Vpt =60", inR? x (0, T], (3.28)
divy" =0, inR? x (0, T,

W0, 0"i=0, V"|i=0 € S(R?).

Using the standard bootstap method (here we use just the simple structure of quasi-
linear systems) we conclude that ", 8", v" are smooth. Moreover we obtain that for
everyn € Nt and forany 1 < ¢, p < oo,

W' e L0, T; L' N L®(R?)),
" € LI1(0, T; W>P)y N W4 (0, T; LP(R?)), (3.29)
V' e L9(0, T; WHP(R2) N W24(0, T; LP(R?)).

To conclude (3.29) we note that thanks to (3.26) and (3.27), v - V6" belongs to
L%(0, T; L?(R?)) and v" - V" belong to L>(0, T; W7 (R?)) for every p € [1,2);
by the bootstrap method, one can improve the regularity to get that these products are in
L7(0, T; LP(R?)) and L9(0, T; WP (R?)) for any qg € (1, 00), respectively; more-
over, an another iteration leads to that for any p > 1,v" - V6" € L9(0, T; L? (Rz)),
V" - Vo' e L4(0, T; WP(R?)), and then applying the standard maximal regularity
estimates in L4(0, T; L?(R?)) and L9(0, T; WP (RR?)) for the heat and Stokes sys-
tem, we get (3.29). Due to finiteness of 7" factor g can be decreased to anyone greater
than one.

Sobolev embedding implies that v" € L0, T; H*(R%)) N LY0, T; C3%(R?)),
o € (0, 1), and due to 1" |;—o € S(R?), we moreover get " € L0, T; H*(R?)) N
W10, T; H3(R?)). Energy estimates and iteration ensure that the approximative
sequence (u”, 0", v") has sufficient smoothness so that the regularity assumptions
in Propositions 3.1 - 3.3 are fulfilled. Hence we have the following uniform-in-n
estimates

I | Lo 0. 7: M®2)) < 0l pqr2ys 1" =0, and supp u" C Bry+c(0).
(3.30)

and

n n n n 2.n
”9 ”L%O(LIQBZEG ) + ”U ”LE]{C(HIQWLOO) + ”(atv ) VP ) Vv )”L%C(BZEU ) < C7
27— > 7= >

(3.31)

where C is depending on 7 and norms of initial data (ug, 6o, vo) but independent of
n € NT. Note that (3.29) with the trace theorem implies regularity needed for (3.31),
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since

L0, T; W>P)nWh9(0, T; LP(R?)) C L™ <0, T; B*° (R2)> ,

7=

taking p =2/(2—o0)andg =2/o.

Now we analyze a possible limit of the sequence as n — oo. For v"* and 6", due to
(3.31), and based on the standard compactness argument for the Besov/Soblev spaces,
we find a subsequence with strong (point-wise) convergence to some functions v and
6, more precisely, one has that for every ¢ € D(R?),

V" — v, in L0, T; L*> N WH®(R?)),

; . s 5 (3.32)
00" — @O, in L0, T; L“(R?)).

For ', we view it as a mapping from [0, T'] to the metric space (M, d), and by
arguing as a standard procedure in the transport theory (e.g. see [25]), we show that
1t has a strong convergence through using the Arzela—Ascoli theorem. The uniform
boundedness and relative compactness of " (¢) are followed from (3.30) and Propo-
sition 2.3, and for the equicontinuity property of u”(¢), we observe that for every
s1,52 € [0, T] and every m € W (R?),

52
/ / V" " Vardxdr
S1 R2

< CLip(m@)lpoll pmls2 — s1l,
(3.33)

‘/Rz (1" (s2) — " (s1))mdx

so that

d(n" (s2), 1" (s1)) < Clsz — s1].

Thus the assumptions of Arzela—Ascoli theorem are satisfied and there exists © €
L°(0, T'; M) such that, up to a subsequence,

w" (r) = u(r) in d-topology uniformly in time. (3.34)

The information (3.30) also ensures i € L0, T; M (R?)) and suppu C
BpRy+c(0). In addition, in view of Definition 2.1, the bound (3.34) and strong conver-

gence of the velocity in L*°(0, T'; Wll),coo(Rz)) guarantee that as n — oo we have
V't = v in D'(R? x [0, T]). (3.35)

We thus have the existence.
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3.3 Uniqueness

Consider two solutions (i1, 01, vy, p1) and (u2, 62, v2, p2) to the Boussinesq type
system (1.3) starting from the same initial data (o, 6o, vo) as stated in Theorem 1.1.
According to Proposition 3.3, we know that for i = 1, 2 and for any T > 0,

2
||9i||L%C(L1ﬂBZEG ) < o0, ”Ui ”L?P(H]ﬂwlvw)+ ||(3;vi,V Vi, Vpi)”L_[D_C(BZ*ZU ) < oQ.
P 75500

(3.36)

Denoting by v; (¢, y) = v; (t, Xy, (t, y)) with X, (¢, y) the particle-trajectory generated
by v; (see (2.15)), we immediately obtain that

Vo Olizeodt _ o

(3.37)

_ T
IVyillLge ooy = IVxvill Lgo ooy I Vy Xl ge ooy < Vi IIL;C(Lw)é’f"

and moreover by letting 7/ > 0 be small enough, we can have

1
2 =2
(3.38)

T’ T’ 1
/ IV ()l ~ds < =, and / IV, Ot < TVl oe) <
0 0

As a consequence of (3.36) and (3.37), we also infer that
100 20 24y + I3l goqesy + 193l oo ey + 1V Bill Loqzsy < 00, (339)

To keep the simple form of estimates we restrict ourselves to the case % <4 (.e.
o € (0, %]) The continuous embedding implies

1
Bi’w(Rz) — B} (R?) — L*®R?), foreveryo € (0,3/2], (3.40)

2—0’
For general case we refer to Remark 1.2. Next, we find
10l Loo 4y = 16ill ooy < C||9iIIL;O(Bz—2a 0 < 00,
o

@i, V20i, Vi)l ge sy < Cll @i, V2ui, Vool e gre ) < 00,

o ,00

and thanks to estimates (2.18), (2.21),
V201l ooy <CIV Xy 113 00 ooy V2011l o0 2o
yUillLg @) = vi l1L30 (L) LB 5" )

27—

+ ||Vvi||L‘;°(L°°)”V2Xv1 ll 504y < 00,
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and

I0:vill Lgez4y = ClOvill oo p2r )+ ClIVVIll 2o (g2o Vil Lgrzoey < 00,
75500 75500

IVDillge sy = 1Vapi (@, Xo)lLse ) IV X llLge o)

< C||Vpi||L;o(321 OQ)IIVXUI- [0 (Loey < 00
2—0"’

By adopting the notations introduced in Sect. 2.3 and using (2.26), the system of
(ui, 6;, vi, pi) (i = 1,2)in the Lagrangian coordinates is written as

30i — AG; = o + Ni(Ay,, VO,),

00y — AV + Vyp; =6 e2 + Na(Ay;, Vi) + N3(Ay,, Vi),
divg; = div ((d — Ay,)5) = (Id — AT) : Vi,

Oili=0 = 60, Dili=0 = vo,

(3.41)

where nonlinear terms Ny, N2, N3 are given by (2.27)—(2.28). The choice of the
Lagrangian coordinates setting removes the problem with uniqueness for measure
force pt. They are now given explicitly as follows

w1, Xo, (¢, ) = pu2(t, Xo, (2, ) = po(y). (3.42)

The difference equations of 860 := 0 — 05,80 := 0, — 1y and 8p := p1 — pp read as
follows

3,80 — A8 = 8Ny,
3,80 — A8V + V8p = (80)ey + SN» + 8N3,

oV T 2 (3.43)
divév = div(§ Ny),
86li=0 =0, 80— =0,
with
SNy = div ((Av1 AT - szAzz)véz) —div ((ld — A, AT)VSG),  (3.44)
SNy 1= div ((A,J1 AT — A,,ZAEZ)V@) —div((ld — A, AT)VSD), (345
8N3 = —(A} — A})VP, + (Id — A} ) V8P, (3.46)
SNy 1= (Ay, — Ayy)ia + (Id — Ay, )50. (3.47)

The target here is to show uniqueness in the following functional spaces:

86 € L*(0, T; L*(R?)), and V8o e L0, T; L>(R*) N L*(0, T; H'(R?)).
(3.48)
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1926 P.B. Mucha, L. Xue

In order to perform the L2T (L2)-estimate of 86, we introduce a function w which solves
the backward heat equation

dw—+ Aw =480, and wl|,_p =0, (3.49)
with T’ € (0, T] being any given. Standard energy estimates yield the following result
(for the proof see the appendix).

Lemma3.4 Let 86 € L2(0, T'; L2(R?)), then there exists a unique weak solution

w e L®0,T"; HY N L2(0, T; H*) which satisfies

T/
2 2 2 2 0112
sup IlvwllLZ(R2> +‘/(; ”V w, 8l‘w“LZdt + ||Vw”L4(O_T’;L4) = C0”89”L2(0 T"LZ)’
1€[0,7'] ' o

(3.50)

with Cy > 0 a universal constant independent of T'.

Now we take the space-time scalar product of the first equation of (3.43) with w,
and observing that (which can be justified by integration by parts and an approximation
procedure)

T/ !
/ (8,80 — ASO) wdxdr = / f 80 (=9, w — Aw)dxdr,
0 R2 0 R2

we find that

T
”89”%‘2(0 T"LZ(RZ)) < ’f /2 ((SN]) w dxdr
T 0o JR

=

/0 /Rz <(A”'A31 - szAIZ)Véz) - Vw dxdt

+

fo fRz ((1d — Ay, A7 )V80) - Vw dxdt

/ /2 ((AUIAI1 - AUZA",EZ)Q'Z) - V2wdxdr
0 R

- / /Rz (V(AUIAII - szAIZ) 9_2) - Vwdxdt
0

=

+/ /((Id—AleEI)Bé)-Vzwdxdt
0 R2

+/ /(V(Id—AleII)aé)-dexdt
0 R2

=L +h+1I+14. (3.51)
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For latter use, we recall an auxiliary lemma on some estimates of A, given by
(2.24).

Lemma 3.5 Assume that vy, vo € L1(0, T; WE-°(R?)) are two vector fields such that

T
/ [VyvillLeedt <
0

Then we have that for every p € [1,00] andi = 1,2,

, fori=1,2. (3.52)

-

[ Av llLge Loy = 1, (3.53)
I1d — Ay sy < 20V (100 (3.54)
14 = A liewr) < Coll V83l 11 (1.0 (3.55)
IV Aw g wry < Coll V20l 11 10y (3.56)

IV Au, = VAu 2y < Coll V28011 2y + Col V8D 1y (1) V201 ) 0
(3.57)
19 Av lLsery = CollVUill Lo (Lr), (3.58)
19: Ay = 9t Avy ll 012y < Co(1 + TNVl 5010 V8Dl e 1.2), (3.59)

where Co > 0 is an absolute constant.

By applying estimates (3.53), (3.55), (3.38), (3.50), and Young’s inequality, we
treat the term I; as

1 ) 2
I} <T'2||Ay, — Ay, ||L;°,(L4) I (Ay,, sz)”L;S(LOO) ||92||L<;°,(L4)||V w||L27'(L2)

2

EI - - [
<CT'+ ||V8v||L‘;/(L4)||92||L;?(L4)||86||L§/(L2) = §”89“L2T,(L2)

+CT3 V8012, o 16012 g0,
L, (L% 7 (LY
For term Iy, by virtue of (3.53)—(3.57) and (3.50), we get that
3 _
L, < CT'* ”Vw”L‘;/(L‘l)||92||LE;<3(L4)”VAU1 = VAullizs e 1A llLg @)
3 —
+CT's ||vw||L‘;,(L4) ||92||L‘;°,(L4)||Av1 — Ay, ||L;‘3(L4) VAy, ”L;C,(L“)
3o - 1 _
= CT3 188112, 12 s oy (T2 1926012, 12
7 _ _
T IVBT 0 1) 1975 30 1)
1= 13118412 2612
=< §|I89”L§,,(L2) + CT2 ||92||L;°,(L4) ||V 8v||L§,/(L2)

13 o252 =112
+T 2 ”v vl”L;(;(Lﬁl)”VSv”L;{,(Lét)) .
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For term I3, the estimates (3.53), (3.54) and (3.50) directly guarantee that

n 2
I = 201d = Ay oo A s 18012, ) IVl 2 2,

- 5012
<471Vt 190052 1oy
For term 14, thanks to (3.56), (3.50) and Young’s inequality again, we deduce

Ly = 21V Ay [l L3g 41 Av, ||L;9(L°°)||59—||L2T/(L2) IVwll 2, .4)
< CT'3 V% 502
= V= ||L;°,(L4)|| l

L2,(L?)

Gathering (3.51) and the above estimates on I; - I4, and also letting 7’ > 0 be
sufficiently small so that

- 1 5 2- 1
T/||V01||LCT>O,(LO<>) =% and CT'%|[V=01ll 0o (14) < 3’ (3.60)
we get
- 5 - _ _
189132 (12 = CT'Z 1021 1 (18072 (1) + IVEDILs 1) (36D

Next we turn to the estimation of §v. According to Lemma 2.7 and the interpolation
inequality

1/2 2 ,n1/2
19 £l wacey < CONVFIL 2 g IV f||LéT,(L2(R2)), (3.62)

we have

V801l 5 1.2) + 113,85, V250, VePllz2, 2y + 1VEDl L4, 1)
< ClI80I 2,12y + CUSNall 2, 12) + ClISN 2, 12
+C||8t(5N4)||L2T,(L2) +C||V div(8N4)||LzT/(L2) = 10 + 1 + I3 + 114 BI63)

where § No, § N3, 6 N4 are given by (3.45)—(3.47). For Il,, similarly as estimating of
I, from (3.38) and (3.53)—(3.57), we have

t < €|V (40 Al, = 4 AL) Vil 12 o, + € | (A0 AL = A Al) - P52

(L?) /(L)

b CL = A AT) 52851, g + €19 (4 4T) V53]
T T
ios 20~ = 2=
<CT2 ||Vv2||L;°,(L°°) (”V 5U||L;_,(L2) + ”V‘SU”L;_,(H) v vl”LlT,(L“))
FCIVSTl ) IVl 2 ) + CUT B ) 19280022

CIV?% \Z1
+Cl UIHL;/(L4)|| v”L%,,(L“)
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— _ _ 5 _ _ —
< CT'N(V01, Vo)llss ) IV280l 12, 12y + CT 3 I(V?01, V202) 6 (1) I V8Dl 8 1.4)-
For 113, (3.53)—(3.56) and Holder’s inequality lead to that

s = C | (47, - AL,) V2|

+C| (e - aT) vsp|

L2,(L?) L2,(L?)
1 - -
<CT'2| Ay — Ay, ||L;°,(L4)||VP2||L;<3(L4) + CJlld — Ay, ||L;?(L°°)||VSP”L§,(L2)

< cr'i ||V5l7||L;,(L4)||V152||L;°,(L4) + CT'|Vy, 1137055 ||V515||L2T,(Lz)'
For 114, through applying estimates (3.38), (3.55), (3.58), (3.59), it follows that
Iy = Cll9:((Av, — A2) 1)l12,(12) + ClI3 (A — Av) 8V)I 2 (12
< CT' 2110 (Ayy — Al 132l )
+ CT' 2| Ay = Auy s 1) 102l 2 1t
+CT' [10; Ay, ||L;°,(L°°)||55||L<;<3(L2) + C|Id — Ay, ||L;<3(L°0)||3z35||L2T,(L2)
<cr’ IVl oo r2)llv2llL3g 2oy + cr'i V8Vl L8 () 19020l L5 14)

+ CT'|| VD, 1131055 ||31517||L§,(L2),

where in the last inequality we have used the estimate that for every ¢ € [0, T'],
4 1
8oz = 16v(t) —80(0)|[L2 < / [9-80(T)ll2dT =< T’fllazt?ﬁlleT,(Lz)-
0

Observing the magic equality that div((A,, — Ay,)02) = (AE1 - AEz) : Vup and
div((Id — Ay,)év) = (Id — AII) : Vév (e.g. see [7, Corollary A.3]), and by arguing
as the estimation of I, we deduce that

s < CT'|(V01, Vi)l ) V2801l 2, 12,
L CT' (V2 Vzﬁz)IIL;O/(L4>||V55||L‘;,<L4)'
Collecting (3.61), (3.63) and the above estimates on II, - IIs, we obtain
V605 12) + 113,80, V269, VO 12,12 + V8Tl 14, 1.4,
< CT'|IVill e 2o 1 (0,60, Vo), 2y + cr' lo2llags o VOVl w2
+C (T’Il(val, Vi)l + T'3 ||9_z||L;o,<L4>) IV260ll.2, 12,

5. = _ - _ _ _
+CT/4 ”(62, 8[1)2, szi Vzvl, V2U2)||L$(L4)|Ivsv|lL;/(L4), (364)
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where C > 0 is a universal constant. Noting that uniform bounds (3.37) and (3.39)
are at our disposal, we infer that by letting 7/ > 0 small enough so that

_ _ 5 = 1
CT'II(Vo1, Vi))llgewe) + CT #1020y < 1/2, CT 2 w2l < 1/2,
50 - (3.65)
CT'3 (|62, 9102, V2, V201, VIO gy < 1/2.

the whole right-hand side of (3.64) can be absorbed by the left-hand side, which
yields ||V86||L;o(Lz) = ||V2817||L2 Ly = IVévll 4 (L = 0, and also from estimate
4 T/ T/

(3.61), 186 12,02 = 0. Since 89|;—9 = 0, we conclude that 0 = 0 and 86 =

0 on R? x [0, T']. Repeating the above procedure and similarly as the treating of
the corresponding part in [26], we can further prove 8o = 80 = 0 on [T’,27"],
[277,3T'], ..., where T' > 0 is a small constant depending only on the time 7" and
the norms of (6;, v;, p;) in (3.36) (similar to conditions (3.38), (3.60), (3.65)), hence
we finally get 80 = 86 = 0 and also X,, = X,, on R? x [0, T]. Going back to the
Eulerian coordinates implies that (i1, 61, v1) = (12, 62, v2) on R2 x [0, T'] and the
uniqueness of system (1.3) immediately follows.
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4 Appendix

In this section we give the detailed proof of auxiliary Lemmas 2.5, 3.4 and 3.5.

Proof of Lemma 2.5 (1) For every ¢ > —1, Bony’s decomposition yields that

A VO = Y AgSieiv VA + Y Ag(Av - VS 16)
keN,|k—q|<4 keN,|k—q|<4
+ Y AN VAW) = I+ T+ T, .1
k>—1,k>q—3

where Ay and S;_; are Littlewood—Paley operators introduced in (2.2) and Zk =
Akx—1 + A 4+ Ag41. Taking advantage of Holder’s inequality, Bernstein’s inequality

@ Springer


http://creativecommons.org/licenses/by/4.0/

Boussinesq system with measure forcing 1931

and the fact that ||v||i2 = 41 ||Akv||i2, we get

2\ yllpwy < Co Y 2P NSko1vll o) IV A o r2)

keN,|k—q|<4
k(1—
<C Y. Yo Al | 22 1AB L @2
keN,|k—qg|<4 \—1<i<k-2
k(1—
<Co Y, |lacwlpey+ Do 2MAwleg | 22 V1AL @)
keN,lk—q|<4 0<I<k+2
1/2
2
<Co Y | Wheey+| 20 1AV e
keN,|k—q|<4 0<i<k+2

VE+ 2289 A8 L g2y

< Co (vl 22y + IVl 2R2)) (ksup1 2K ke + 2||Ake||Lp(Rz)) ,

and
2N gl < Co Y 27PN AR ooy I VSk- 101l Lo g2
keN,|k—g|<4

<Co Y. (lA-iwlpseme + 10d = A ) AW o2
keN,|k—q|<4

P S VT P
—l<I<k-2

<Co Y, (Ivllage) + 10d = A_DAYVY 2R2)
keN,|k—q|<4

—ks Is
2 1 le i 27101 g1 )

<C (”U”LZ(RZ) + ”VU”LZ(]RZ)) ”9”311;02(]1{2)
By using the divergence-free property of v, we similarly obtain

27BN g |l e 2y

<Co Y. 2UINAw] o) I AkO Lo @2
k>—1,k>q-3

—k)(1— 1-s) |}
< Co(lvllz@e) + 1V0ll o) D 2907 P92 K01, gy
k>—1,k>g—3
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<C (||U||L2(]R2) + ||VU||L2(R2)) ||0”B,lfoso(R2)'

Gathering the above estimates leads to (2.8), as desired.
(2) In order to prove the first inequality of (2.9), we also use the splitting (4.1), and
by arguing as above, we deduce that for every s > O and g > —1,

29 I llppwy <Co Y, 27 1Sk—1vll 2y IV AkO 120 2y
keN,lk—qg|<4

= CollvllL2r @) VOB ®2):

200 g llpgey < Co ) 21 Akl 20y ISk-1 VO 20 g2
keN,|k—q|<4

= C||U||35pm(R2)||V9||LZP(R2),
2PN g @z < Co Y, 2P 1Akl 2 @) 1AL VO 20 g2
k>—1,k>q—3
< Co Z 2@~k ”v“Bép‘w(Rz)||V9||L2P(R2)
k>—1,k>q—3
< C||v||35p_w(R2)||V9||L2P(R2)-

Hence, by collecting the above estimates we conclude the first inequality of (2.9),

and then from continuous embedding B3 poo L7 the second inequality of (2.9)

directly follows. O

Proof of Lemma 3.4 We here only focus on the a priori estimates of w, and the existence
and uniqueness of weak solution can be done by a standard approximation process.
By using the equation (3.49) and the integration by parts, it follows that

/ |5é|2dx=/ |8,w+Aw|2dx=/ |8,w|2dx+/ |Aw|*dx
R2 R2 R2 R2

+ 2] orw Awdx
R2

=/ |8,w|2dx+/ |V2w|?dx
R2 R2

d 2
—— | |Vw|?dx.
dr R2

Integrating on the time interval [¢, T’] (for every ¢ € [0, T']) leads to

sup VO3> + IV w720 .2y + 10w 150,712y < 208007200 7.2,
1€[0,77] o v o

Combined with interpolation inequality (3.62), we get [[Vwlz4( 77,14
< C0||89_|| L2(0.T7:L2) and the desired estimate (3.50). On the other hand, by taking
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the scalar product of Eq. (3.49) with w, we have

1d -
—EEIIw(t)IILz + /RZ IVw[*dx < w(@)] 21186 (1)l 2

which implies that —% lw@® |2 < 1560 12, and then integrating on the time interval
[z, T'] yields lwll oo, 77,22y < 7% ||89_||L2(0’T/;L2). Hence, the solution w belongs to
L%, T"; HYN L%, T'; H?). o
Proof of Lemma 3.5 Denoting by Cy, (¢, y) = fot V;(t, y)dy, i = 1,2, and using
expression formula (2.24), it is easy to see that

oo k—1

t
Ay — Ay, = Z( DAk = Cn) =YY = nFcy el ,/ Vv dr,
k=1 j=0 0
o t
VA, =Y (D" + 1)C’;,_/ V29, dt,
k=0 0
s t
VAy = VA, =Y (=D + 1)0’52/ V25 dr
k=0 0
oo k-1 t t
IS =D e+ e el (/ vamu)/ V23, dr,
k=1 j=0 0 0
o0
0 Ay (t, ) =) (=D kCET VI (1, y),
k=1
00 oo k-2 t
0 Ay — 0 Ay = (V8D) Y (=D kCS "+ Vi Y (=DrkC, c’;f*f/ Vv dr,
k=1 k=2 j=0 0

with §v := v; —v2. Hence, by using Holder’s inequality and condition (3.52), estimates
(3.53)—(3.59) directly follow from (2.24) and the above expression formulas. O

References

1. Agroum, R.: A posteriori error analysis for solving the Navier—Stokes problem and convection-diffusion
equation. Numer. Methods Partial Differ. Equ. 34(2), 401-418 (2018)

2. Bahouri, H., Chemin, J.-Y., Danchin, R.: Fourier Analysis and Nonlinear Partial Differential Equations.
Springer, Heidelberg (2011)

3. Brandolese, L., Schonbek, M.E.: Large time decay and growth for solutions of a viscous Boussinesq
system. Trans. Am. Math. Soc. 364(10), 5057-5090 (2012)

4. Cannon, J.R., DiBenedetto, E.: The initial problem for the Boussinesq equations with data in L?.
Lecture Note in Mathematics, vol. 771, pp. 129-144. Springer, Berlin (1980)

5. Danchin, R.: Global existence in critical spaces for compressible Navier—Stokes equations. Invent.
Math. 141, 579-614 (2000)

6. Danchin, R.: Fourier analysis methods for PDE’s. unpublished notes (2005). http://perso-math.univ-
mlv.fr/users/danchin.raphael/cours/courschine.pdf

7. Danchin, R., Mucha, P.B.: A Lagrangian approach for the incompressible Navier—Stokes equation with
variable density. Commun. Pure Appl. Math. 65, 1458-1480 (2012)

@ Springer


http://perso-math.univ-mlv.fr/users/danchin.raphael/cours/courschine.pdf
http://perso-math.univ-mlv.fr/users/danchin.raphael/cours/courschine.pdf

1934 P.B. Mucha, L. Xue

8. Danchin, R., Mucha, P.B.: Incompressible flows with piecewise constant density. Arch. Ration. Mech.
Anal. 207, 991-1023 (2013)

9. Danchin, R., Mucha, P.B.: Critical functional framework and maximal regularity in action on systems
of incompressible flows. Mém. Soc. Math. Fr. (N.S.) No. 143 (2015)

10. Danchin, R., Mucha, P.B.: Compressible Navier—Stokes system: large solutions and incompressible
limit. Adv. Math. 320, 904-925 (2017)

11. Deteix, J., Jendoubi, A., Yakoubi, D.: A coupled prediction scheme for solving the Navier—Stokes and
convection-diffusion equations. SIAM J. Numer. Anal. 52(5), 2415-2439 (2014)

12. Feireisl, E.: Dynamics of Viscous Compressible Fluids. Oxford Lecture Series in Mathematics and its
Applications, vol. 26. Oxford (2004)

13. Feireisl, E., Mucha, P.B., Novotny, A., Pokorny, M.: Time-periodic solutions to the full Navier—Stokes—
Fourier system. Arch. Ration. Mech. Anal. 204(3), 745-786 (2012)

14. Feireisl, E., Novotny, A.: Singular limits in thermodynamics of viscous fluids. Advances in Mathemat-
ical Fluid Mechanics. Birkhéuser Verlag (2009)

15. Feireisl, E., Novotny, A.: The Oberbeck—Boussinesq approximation as a singular limit of the full
Navier-Stokes-Fourier system. J. Math. Fluid Mech. 11(2), 274-302 (2009)

16. Giga, Y., Miyakawa, T., Osada, H.: Two-dimensional Navier—Stokes flow with measures as initial
vorticity. Commun. Math. Phys. 104, 223-250 (1988)

17. Guo, B.: Spectral method for solving two-dimensional Newton—-Boussinesq equation. Acta Math. Appl.
Sin. 5, 208-218 (1989)

18. Gwiazda, P., Lorenz, T., Marciniak-Czochra, A.: A nonlinear structured population model: Lipchitz
continuity of measure-valued solutions with respect to model ingredients. J. Differ. Equ. 248, 2703—
2735 (2010)

19. Hmidi, T., Keraani, S., Rousset, F.: Global well-posedness for a Boussinesqg—Navier—Stokes system
with critical dissipation. J. Differ. Equ. 249(9), 2147-2174 (2010)

20. Hmidi, T., Rousset, F.: Global well-posedness for the Navier-Stokes—Boussinesq system with axisym-
metric data. Ann. Inst. H. Poincaré Anal. Non Linéaire 27(5), 1227-1246 (2010)

21. Hsia, Ch-H., Lin, Ch-Sh., Ma, T., Wang, S.: Tropical atmospheric circulations with humidity effects.
Proc. A. 471(2173), 20140353 (2015)

22. Ladyzhenskaya, O.A.: Solution ‘in the large’ of the non-stationary boundary value problem for the
Navier—Stokes system with two space variables. Commun. Pure Appl. Math. 12, 427-433 (1959)

23. Li, D., Rodrigo, J.: Wellposedness and regularity of solutions of an aggregation equation. Rev. Mat.
Iberoam. 26(1), 261-294 (2010)

24. Matsumura, A., Nishida, T.: Initial boundary value problem for equations of motion of compressible
viscous and heat conductive fluids. Commun. Math. Phys. 89, 445-464 (1983)

25. Mucha, P.B., Peszek, J.: The Cucker—Smale equation: singular communication weight, measure-valued
solutions and weak-atomic uniqueness. Arch. Ration. Mech. Anal. 227, 273-308 (2018)

26. Mucha, P.B., Xue, L., Zheng, X.: Between homogeneous and inhomogeneous Navier—Stokes systems:
the issue of stability. J. Differ. Equ. 267(1), 307-363 (2019)

27. Paicu, M., Zhang, P., Zhang, Z.: Global unique solvability of inhomogeneous Navier—Stokes equations
with bounded density. Commun. Partial Differ. Equ. 38, 1208-1234 (2013)

28. Temam, R.: Navier—Stokes Equations. Theory and Numerical Analysis. North-Holland, Amsterdam
(1984)

29. Valli, A., Zajaczkowski, W.M.: Navier-Stokes equations for compressible fluids: global existence and
qualitative properties of the solutions in the general case. Commun. Math. Phys. 103(2), 259-296
(1986)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Boussinesq system with measure forcing
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Results related to measures
	2.2 Besov spaces and auxiliary lemmas
	2.3 The Lagrangian coordinates

	3 Proof of Theorem 1.1
	3.1 A priori estimates
	3.2 Global existence
	3.3 Uniqueness

	Acknowledgements
	4 Appendix
	References




