AAECC (2019) 30:51-74 @ CrosMark
hitps://doi.org/10.1007/500200-018-0360-4

ORIGINAL PAPER

Directed path spaces via discrete vector fields

Krzysztof Ziemianski!

Received: 11 August 2017 / Revised: 8 May 2018 / Accepted: 17 May 2018 /
Published online: 23 May 2018
© The Author(s) 2018

Abstract Let K be an arbitrary semi-cubical set that can be embedded in a standard
cube. Using Discrete Morse Theory, we construct a CW-complex that is homotopy
equivalent to the space P (K)Y of directed paths between two given vertices v, w of K.
In many cases, this construction is minimal: the cells of the constructed CW-complex
are in 1-1 correspondence with the generators of the homology of P(K);’ .

Keywords Semi-cubical set - Directed path space - Discrete vector field -
Permutahedron - Configuration space

1 Introduction

The spaces of directed paths on semi-cubical sets play an important role in Theoretical
Computer Science [4,5]. In the previous paper [ 13] the author constructed, for every bi-
pointed semi-cubical set (K, v, w) satisfying certain mild assumptions, a regular CW-
complex W (K)Y thatis homotopy equivalent to the space of directed paths P (K )} on
K from v to w. This construction is functorial, and even minimal amongst functorial
constructions. The main goal of this paper is to provide a further reduction of this
model.

We restrict our attention to semi-cubical sets that can be embedded into a standard
cube, regarded as a semi-cubical complex. This special case is general enough to
encompass most of interesting examples appearing in Concurrency. The main result
of this paper is a construction of a discrete gradient field [6] Wg on W (K)}’. Itis used
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52 K. Ziemianski

to show that P(K)}’ is homotopy equivalent to an even smaller CW-complex X (K)
whose cells correspond to the critical cells of Wy . Furthermore, explicit formulas
describing the set of critical cells of Wk are provided.

This construction allows to calculate the homology groups of P(K)}’, since the
differentials in the cellular homology chain complex of X (K) can be recovered using
methods from [9, Chapter 11]. We do not examine these differentials in detail. It
appears that in many important cases it is not necessary since the differentials vanish
for dimensional reasons. This way we reprove here the result of Bjorner and Welker
[2], who calculate the homology of “no (k + 1)—equal’ configuration spaces on the
real line, as well as a generalization due to Meshulam and Raussen [10].

We pay a special attention to the case when K is a Euclidean cubical complex,
i.e., a union of cubes having integral coordinates in the directed Euclidean space
IR”. Since state spaces of PV-programs [3] are Euclidean cubical complexes, this case
seems important for potential applications in concurrency. Since every finite Euclidean
cubical complex can be embedded into a standard cube, our results apply in this case;
also, a description of the critical cells of Wk is given in this context.

2 Preliminaries

Let us recall some definitions and results obtained in [13].

A d-space [8] is a pair (X, 13(X)), where X is a topological space and 13(X) -
P(X) = map([0, 1], X) is a family of paths that contains all constant paths and is
closed with respect to concatenation and non-decreasing reparametrizations. Paths
that belong to P(X ) will be called directed paths or d-paths. For x,y € X, P(X )%
denotes the space of d-paths starting at x and ending at y. Prominent examples of
d- spaces are the directed n-cube "= (I” P(I”)) and the directed Euclidean space

= (R", P(R")) where P(I ”) and P(R") are the spaces of all paths having non-
decreasmg coordinate functions.

A semi-cubical set K is a sequence of disjoint sets (K [n]),>0, equipped with face
maps di : K[n] — K[n — 1], where n > 0,i € {1,...,n} and & € {0, 1}, that
satisfy the pre-cubical relations, i.e., dfd'.7 = d'L]df for i < j. Elements of K[n]
will be called cubes or n--cubes if one needs to emphasize their dimension; 0-cubes
and 1-cubes will be called vertices and edges, respectively. The set of all cubes of
a semi-cubical set K will be denoted by Cell(K) or by K if that does not lead to
confusion. This set is partially ordered by inclusion, i.e. ¢ € ¢’ if ¢ is the image of
¢’ under some composition of face maps. Every cube ¢ € K[n] has the initial vertex
d%c) = d? .. d?(c) and the final vertex d'(c) = dl1 .. .dl1 (c), where n face maps
appear in both compositions.

The geometric realization of a semi-cubical set K is the d-space

K| =[] Kl x I"/(df €). %) ~ (c. 8 (x)). @1

n>0
where 87 (s1,...,8—1) = (51,...,85 1,8 8i,...,5—1). A path o € P(|K]) is
directed if there exist numbers 0 = 15 < t; < --- < t7 = 1, cubes ¢; € K[n;]

and directed paths §; in " such that a(t) = (¢, Bi()) fort € [ti—1, t;].

@ Springer



Directed path spaces via discrete vector fields 53

For a semi-cubical set K and a pair of its vertices v, w € K[0], a cube chain in K
from v to w in K is a sequence of cubes ¢ = (c1,...,¢1), ¢; € K[n;], n; > 0, that
satisfies the following conditions:

e d%Cc)) =,
o dl(c) =w,
o d'(c;) =d%cipy) forie{l,...,1—1)}.

The set of all cube chains in K from v to w is denoted by Ch(K)}. There is a natural
partial order on Ch(K)Y given by the refinement of cube chains, see [13, Definition
1.1] for details.

Assume that a semi-cubical set K is proper, i.e., if ¢ # ¢’ are cubes of K, then
{do(c), d'(c)} * {do(c’), d'(¢")}. Under this assumption, the following holds:

Theorem 2.1 ([13, Theorems 1.2 and 1.3]) Let v, w € K[0] be vertices of K.

(a) There is a homotopy equivalence
P(KDy = |Ch(K)Y |,

where | Ch(K)Y | denotes the geometric realization of the nerve of Ch(K)Y.

(b) |Ch(K)}| carries a natural structure of a regular CW-complex with closed cells
having the form | Ch<¢(K)| for ¢ € Ch(K)Y, where Ch<c(K) € Ch(K)Y is the
subposet of cube chains that are finer than ¢, including c itself. O

In this paper we restrict to the case when K is a semi-cubical subset of the standard
cube. The standard n-cube (1" is a semi-cubical set whose k-cubes [1"[k] are sequences
(e1, ..., en),ei €10, 1, x} having exactly k entries equal to x. A face map df converts
the i-th occurrence of x into ¢. It is easy to see that the geometric realization of [J" is
d-homeomorphic to the directed cube I". Furthermore, every semi-cubical subset of
0" is proper, so the results of [13] can be applied in this situation.

The majority of proofs in this paper is inductive with respect to the dimension
of the ambient cube [1". Thus, for convenience, the coordinates will be indexed by
an arbitrary finite ordered set A rather than by {1, ..., n}. In the case when A is
non-empty, m € A denotes its maximal element and A" = A\{m}.

Let #X denote the cardinality of a finite set X.

Definition 2.2 The standard A-cube (04 is the semi-cubical set such that
o [JA[k] is the set of all functions ¢ : A — {0, 1, %} such that #(c ! (%)) = k.
e Forc e OAlk], if ¢~V (x) = {by < by < - -+ < by}, then

df (c)(a) = :8 fa=b

c(a)  otherwise.

An A-cubical complex is a semi-cubical subset of [J4.

We identify |(J4| with the directed A-cube I A thus, the geometric realization of an
A-cubical complex is a subspace of 14.
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54 K. Ziemianski

Let us introduce a notation for cubes of (4. For subsets B;, By, By C A such that
A=B UB,UBjisa partition of A, let c(B1, By, Bp) be the cube of 04 satisfying

0 fora € By
c(By, By, Bp)(a) = { * fora € B, 2.2)
1 fora € Bj.

The dimension of ¢(By, By, Bo) equals #By, and ¢(By, B, B1) C ¢(B, B,, B}) if
and only if Bj € By, B; € B; and B, C B,

For a subset B C A and ¢ € {0, 1}, let K|% C [J5 be the set of functions ¢ : B —
{0, 1, x} such that the function

(2.3)

c(a) foraeB
Asa+—
& fora ¢ B

belongs to K. Clearly, K| is a B-cubical complex. After passing to geometric real-
izations, the restriction of K corresponds to the intersection with a particular face of
the directed A-cube, i.e., there is a homeomorphism

IK|3] = KN {(ta)aea : Yaca\B ta = €}. (24

3 Ordered partitions and cube chains in A-complexes

Definition 3.1 An ordered partition of a set A is a sequence A = Bj|Ba| - - | B,

of non-empty disjoint subsets of A such that A = Uﬁ:l B;. We say that an ordered
partition &t = Cq]| - - - |Cy(y) is finer than A if there exists a sequence of integers

0=r® <r()<r@)<---<rd) =1l

such that B; = Cri—1)41 U Cri—)42 U --- U Cp() forall i € {1,...,I(A)}. Let Py
be the poset of all ordered partitions of A, with the partial order given by u < A if and
only if w is finer than A.

We will define an isomorphism between P4 and the poset Ch(DA)(l], where 0,1 €
[J4[0] stand for the constant functions having values 0 and 1 respectively. Pick a cube
chainc = (¢1,...,¢) € Ch(DA)(l), and let BiC = ci_1 (). For every cube ¢ € 04 and
a € A we have

c(a) forc(a) # *

()@ = for c(a) = *.

Thus, from the condition d' (ci) = do(c,-+ 1) follows that

e ci(a) = 0implies ¢;_1(a) = 0,
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Directed path spaces via discrete vector fields 55

e ci(a) = 1 implies ¢jy1(a) =1,
e ci(a) = ximplies ¢;_1(a) = 0 and ¢j4+1(a) = 1.

Moreover,

e ci(a) # 1 foralla € A, since d(c;) =0,
e c/(a) #0foralla € A, sinced!(¢;) = 1.

Thus, for every a € A, the value * appears exactly once in the sequence (c; (a))f=1 ; all
preceding elements are 0 and all succeeding ones are 1. As a consequence, ¢ determines
the ordered partition A := Bf|B5|- - - |B} of A.

On the other hand, an ordered partition A = Bj|---|B; determines a cube chain
¢t = (ci‘, R cl)‘), where
¢} =c(BjU---UB;i_1, Bi, Bix1U---UB)). (3.1

It is easy to check that these operations are mutually inverse and that finer cube
chains correspond to finer partitions. As a consequence, we obtain

Proposition 3.2 The map
Ch(O*)§ 5 ¢ BS|---|Bf € Pa

is an isomorphism of posets.

This is a slight reformulation of [13, Proposition 8.1].
Now let K be an A-cubical complex. Define

Pk :={rePa: ¢ cCh(K)D} =L €Pa: Vicn..umcr € K}). (3.2

,,,,,

This is the image of Ch(K )(1) under the isomorphism in Proposition 3.2. As a conse-
quence, there is a sequence of homotopy equivalences

P(IKD§ = | Ch(K)§| = [Px]. (3.3)
The following criterion will be used later; it follows immediately from the defini-

tions.

Proposition 3.3 Assume that A = CUByU---UBUD is a partition of A and
A € Pc, u € Pp. Then the following conditions are equivalent:

(a) ABi|---|Bkln € Pk.
(b) » € P(K|%), u € P(K|L) and

c(CUB1U---UB;_1,B;,Biy1U---UB,UD) e K

foreveryi € {1,...,k}. |

In the remaining part of the paper we will examine the poset Px by means of
Discrete Morse Theory.
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56 K. Ziemianski

4 Discrete Morse Theory for CW-posets

In this section we recall some basic facts from Discrete Morse Theory for regular CW-
complexes. For detailed expositions of this topic see, for example, [6,7], [9, Chapter
11].

Definition 4.1 ([1]) A poset P is a CW-poset if, forevery a € P, | P-,| is homeomor-
phic to a sphere $¢@~!. Elements of a CW-poset will be called cells and the integer
d(a) will be called the dimension of acella.Ifa < b € P andd(a) = d(b) — 1, then
a will be called a facet of b and we will write a < b.

For a CW-poset P, |P| has a natural CW-structure; its closed k-cells have the
form |P<,|, for a € P having dimension k. The cell poset C(W) of a regular CW-
complex W is a CW-poset and |C(W)| is homeomorphic to W by a cell-preserving
homeomorphism. In particular, the face poset of a convex polytope is a CW-poset.

Definition 4.2 Let P be a subposet of a finite CW-poset.

e A discrete vector field V onP is a set of pairwise disjoint pairs (called vectors)
(a,b),a,b € P such that a is a facet of b.
e A flow of V is a sequence of cells of P

(al,bl,ag,bz,...,ak,bk,ak+1) (4.1)
such that, for all i € {1, ..., k},
- (ai, b)) eV,
- (@it1,bi) ¢V
— aj41 < b,’.

e A cycle of V is a flow (4.1) such that a; = ag4+1, k > 0.
e A discrete vector field V is a gradient field if it admits no cycle.

For a discrete vector field }V on a CW-poset P, let

RegV) = | J fa.b} (4.2)
(a,b)eV

be the set of regular cells of V, and let Crit(}) = P\ Reg()) be the set of critical
cellsof V.If P C Q and Q is a CW-poset, then V can be regarded as a discrete vector
field on Q. In such a case, we will write Critp ()) or Critg (V) for the set of critical
cells to emphasize which underlying poset we have in mind.

The importance of gradient fields follows from the following theorem:

Theorem 4.3 ([9, Theorem 11.13]) Assume that P is a CW-poset and V is a gradient
field on P. Then there exists a CW-complex W (V) that is homotopy equivalent to | P|,
whose d-dimensional cells are in 1-1 correspondence with the d-dimensional critical
cells of V.

For convenience, we will use a notion of discrete Morse function which is slightly
different from the original one.
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Directed path spaces via discrete vector fields 57

Definition 4.4 Let V be a discrete vector field on a finite CW-poset P. A (discrete)
Morse function associated to V is a function & : P — H, where H is an ordered set,
such that, foreverya < b € P,

(a) (a, b) € Vimplies that h(a) > h(b),
(b) (a, b) ¢ V implies that h(a) < h(b).

Lemma 4.5 Let V be a discrete vector field on a finite CW-poset P. If there exists a
Morse function associated to V, then V is a gradient field.

Proof 1f (a1, by, ..., ak, br+1) is a flow in V), then
h(ay) > h(by) = h(az) > -+ > h(ax) > h(ary1);

thus, a; # ag+1. O

We say that a subposet Q of a poset P is closed if, forx <y € P,y € Q implies
that x € Q.

Lemma 4.6 Let P be finite CW-poset and let Q < P is a closed subposet. Let
Vo, Vp\g be discrete vector fields on Q and P\ Q respectively. Then every cycle of
V = Vg U Vp\g is contained either in Q or in P\Q. In particular, if both Vo and
Vp\o are gradient fields, then V is also a gradient field.

Proof Let (ay, by, ..., ak, by, a1) be a cycle. By the assumptions, a; € Q implies
b; € Q,and b; € Q implies a;+1 € Q, since a;4+1 < b;. Thus, either all elements of
the cycle are in Q or none is. O

Now we will give some examples of gradient fields. While the first two examples are
not crucial in proving the main results of this paper, they can be helpful in understanding
similar constructions performed on permutahedra.

In all following examples, A is a non-empty finite ordered set, m is its maximal
element and A" = A\{m}.

Example 4.7 (Simplices) The A-simplex is the poset A* of non-empty subsets of A.
The standard vector field on A4 is

St =1{(B,BU{m}): §#BCA).
This is a gradient field, since

0 ifmeB
h:A%> B> Hmer o
| ifm¢B

is a Morse function. The only critical cell of S ﬁ is {m}.
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58 K. Ziemianski

Example 4.8 (Cubes) Here 04 = Cell(d4) denotes the poset of cubes of the standard
A-cube. Define 04" = {¢c e 04 : ¢(m) = 0} and 04" = O4\OA "™, Clearly, 04"
is a closed subposet of 04, which is isomorphic to A", We define vector fields SE’”,
SE’ and SE on the posets (14", (04" and [J4, respectively, inductively as follows.
We put

Om _ o0Or _ O _

and for A # {J let

@ ST" =1{(f,9): (flagla) € ST, f(m) = g(m) = 0}.
b)) ST =1{(f.9): fla=glan f(m)=1, gim) = )
(€ SF =8Pmust.

We will prove inductively that SE is a gradient field. This is obvious for A = @. By
the inductive hypothesis, ST ~ S4 is a gradient field on 04" ~ 04, and S
admits the Morse function

04 53¢ c(m) € {x < 1}

and hence it is also a gradient field. Lemma 4.6 implies that Sé is a gradient field.
The only critical cell of SE is the O-cell 0 = (0, ..., 0).

Example 4.9 (Product of discrete vector fields) Let P, Q be finite CW-posets, and let
V, W be discrete vector fields on P and Q, respectively. Define a discrete vector field
Y xWon P x Q by

VxW=A{Up.q9),(p.q4)): peP, (q.q9) e WU{((p.9).(p'.q):
(p.p)) €V, g € CritOW)}. 4.3)

We have Crit(V x W) = Crit(V) x Crit(JV). Notice that the gradient fields V x W
and W x V do, in general, not agree.

Proposition 4.10 Assume that P, Q are finite CW-posets and V and VW are gradient
fields on P and Q, respectively. Then V x W is a gradient field on P x Q.

Proof Let

((p1,91), (P2, q2),s - - (P2#+15 G2k+1) = (P15 q1))

be a cycle of V x W, ie., (p2i—1,92i-1), (P2i, q2:)) € V x W, (p2i41, @2i41) <
(p2i, q2i). Assume that not all p; are equal, and let

Di(1)> Pi2)s - +» Pi(r) = Pi(1y, () <i) <---<i(r)

be an enumeration of all different values among the p;. Fors € {1,...,r — 1}, the
dimensions of p;(s) and p;(s41) differ by 1; if dim(p;(s)) = dim(p;+1)) — 1, then
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Directed path spaces via discrete vector fields 59

(Pis)> Pis+1)) € V which implies that (p;+1), pis+2)) ¢ V., since no cell may
belong to two different vectors, and then p;(s12) < pi(s+1). As a consequence, either
(Pi1), Pi2)s - --» Pir) = Pi(1)) OF (Pi2)s Pi(3)s - - -» Pi(r) = Pi(1), Pi(2)) is a cycle of
V. If all p;’s are equal, then (g1, ..., g2x+1) is a cycle of WW. In both cases we get a
contradiction. O

Notice that the standard gradient fields on cubes can be defined alternatively by

formulas SE} ={(1.#»}. 8§ = SEn} X SE'

5 Permutahedra

The main goal of this section is to construct “standard” gradient fields on permutahedra.
As before, A is a finite ordered set, m € A is a maximal element and A’ = A\{m}.
We will write A = By U---U B, when By, ..., B, are pairwise disjoint subsets of A
such that |_J B; = A and the order on every B; is inherited from A.

Recall that P4 denotes the poset of ordered partitions of A. P4 is a CW-poset
whose geometrical realization is a permutahedron on letters in A [12, p. 18]. For a cell
A = B|Ba|---|B; € P4, we have

dimd) = #B - D+ HB2— D +---+ #B; — 1).
Denote
Pri=Pulm={Alm: € Py}, Py=PN\PL (5.1
Clearly, 79;’\1 is a closed subposet of P4, which is isomorphic to Py.

Define discrete vector fields V', on P/, Vi on P and V4 = V), U VY on Py
inductively in the following way. We put Vj; = Vi’ = Vj = @ and, fora A # ¢,

Vi = Valm = {(w|m, olm) : (7, 0) € Var} (5.2)
V', = {(|m|Blo,xlmUBlo): m € Pc, 0 € Pp, B#W, A'=CUBUD).
(5.3)

Proposition 5.1 The only critical cell of V4 is
ug=ailaz|---lap, {ar<ax<---<ay}=A4A

having dimension 0.

Proof 1t follows immediately from the definition that Reg();) = P/, and
Critprn (V') = Critp,, (Va)|lm = {uarim} = {ua}.
Thus, Critp, (Va) = Critpzn (sz) U Crit’pz (Vg) =uy. O

Proposition 5.2 Vy is a gradient field.
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60 K. Ziemianski

Proof This is obvious for A = J, so assume otherwise. There is an isomorphism
(P, V}) = (Pa, Var); hence, by the inductive hypothesis, V'{' is a gradient field on
P. By Lemma 4.6, it remains to prove that }, is a gradient field on P/,.

Define an order < on the set H = Z x Z in the following way: (s, t) < (s, t') if
and only if one of the following conditions is satisfied:

o 5>y,
es=s'andl £t <7,
e s=sandt = 1.

This is the lexicographic order on the product, with the inverse order on Z and the
order

2<3<4<---<1
on Z . Every element A € P, can be written uniquely as
L = m|Blo, (5.4
wherem € B, € P(C), 0 € P(D),A=CUBUD. Let
ha(h) = (#C,#B). (5.5)

We will prove that 24 : P, — H is a Morse function. Assume that i < A and A
has the presentation (5.4). If u = 7/|B|o for n/ < w € P¢, or u = 7|B|o’ for
0 < o0 € Pp,then (u,A) ¢ V) and ha(A) = ha(n). Assume otherwise, i.e., that
u = 7|B1|Ba|o for B U B, = B, By, By # . Consider the following cases:

e By = {m}. Then (u, %) € V;, and
ha(u) = (BC, 1) > HC,#B) = ha()).
e {m} C By.Then (u, %) ¢ V; and
ha(n) = #C, #B1) < (#C,#B) = ha(}),

since #B; > 1.
e m € By. Then (u, A) ¢ V', and

ha(u) = #C +#B1,#By) < #C,#B) = ha()).
This proves that V', is a gradient field. O
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Directed path spaces via discrete vector fields 61

The following picture illustrates the gradient field V4 for A = {1, 2, 3}.

1312 3)1)2

1123 31201

21113 213]1 (5.6)

6 A gradient field on Pk

In this Section, we construct a gradient field on Pk, for any finite ordered set A and
an A-cubical complex K C 4. The starting point is the restriction of Vg to Py, i.e.,

Vk = Valpy ={(A, ) € Va: A, n € Pkl

In general, the discrete vector field Vg has critical cells that are not critical cells of
Va:if (A, ) € V4, A € P and u ¢ Pk, then A € Crit(Vg). We will add some
vectors to Vi to reduce the number of critical cells.

Denote Py = P, N Pk, P¢ = P} N Pk. Note that P¥ is a closed subposet of
Pk, which is empty if c(A’, #, m) ¢ K and otherwise there is an isomorphism of
CW-posets

Definition 6.1 A cube ¢(C, B U {m}, D) € 04 is a branching cube of K if

e ¢c(C,mUB,D) ¢K,
e ¢c(C,m,BUD),c(CUm, B,D) € K.

These conditions imply that B # #. Sequences (C, B, D) such that ¢(C, BU {m}, D)
is a branching cube of K will be called branching sequences of K. Let Br(K) be the
set of all branching sequences of K.

For (C, B, D) € Br(K) let
Rc.B.py=1{mim|Blo: 7 € PKI%’ s PKI},} C Py (6.2)
and let

Rk = U Rec.B.p) € Pk- (6.3)
(C,B,D)eBr(K)
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62 K. Ziemianski

Clearly, the posets R(c,p,p) are pairwise disjoint, and there is an isomorphism of
posets

Rc.B.p) = Pgp, X Pgy1, (6.4)

which shifts the dimensions of elements by #B — 1.
Proposition 6.2 For an A-cubical complex K, we have Critpr (Vi) = R.

Proof If A = w|m|B|o € R(c,B,p) then (w|m|Blo, m|m U Blo) € V), and c(C, m U
B, D) ¢ K; as a consequence, 7|m U Blo ¢ P} and then A € Critp;( (V). This
proves that Rg C Critplr( Vg).

Assume that A € Critp;< (Vg)- Since Critpg (V) = 0, there exists u € P’ such
that (A, ) € V', and u ¢ Pj. The definition of V', implies that

A=m|m|Blo, wn=mwlmUB|o

for A = CUmUBUD, m € Pc, 0 € Pp.By 3.3, 1 € Pk implies that 7 €
7’1{@’ 0 € PKIE and ¢(C,m, BU D),c(CUm, B, D) € K. Thus, since u ¢ Pk,
c¢(C,m U B, D) cannot belong to K. As a consequence, (C, B, D) € Br(K) and then
A€ R(c,B.p) € Rk. O

As a consequence, there is a decomposition
Pk =Py U Reg(Vx) URk. (6.5)

We will define inductively discrete vector fields on the components of this decompo-
sition; they are empty if A = ), and otherwise they are inductively defined by the
following formulas:

e On P¥:
W = WK&/"” ={(A|lm, ulm) : (A, p) € WK&}

if c(A’, m,¥) € K; otherwise, Wy = (. Notice thatif A[m € Py and u € Pxos
A/

then also u|m € Py, which guarantees that this definition is valid.

e On Reg(Vy) we take V.

e For (C, B, D) € Br(K),let Y, g, p) be the discrete vector field on R(c, g, p) given
by

y(C,B,D) = WK|%|I’I1|B|WK‘ID
= {(r|m|B]o, 7T|m|B|Q/) L Te PK|%’ (0, Q/) € WK\ID}
U{(|m|Ble,'|m|Blo) : (m, ") € WK‘%, 0 € CritWg 1)}
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This is isomorphic to the product discrete vector field WK|% x Wk 1 on PK|% X
Pk L via the isomorphism

P, X Pgpt 2 (b, 1) > Alm|Blp € Rec.5,p)

of the underlying posets.
e On Rg:

Yk = JYic.5.)-
Finally, we define Wy = Vi U Vg and
Wk = WE UWg = WE UVe U k. (6.6)

An easy inductive argument shows that Vg € Wk.
Recall (5.5) that 4 : P, — H is the weak Morse function associated to V,.

Proposition 6.3 If (A, u) € Vi, then ha(A) = ha(u). As a consequence, (A, u) €
Wy implies that ha(L) = ha ().

Proof We have ha(L) = ha(n) = #C, 1) for (A, u) € Vc,B,p)- O
Proposition 6.4 W is a gradient field.
Proof Proof by induction with respect to the cardinality of A. By the inductive hypoth-

esis, W¢ =~ WK|°, is a gradient field on Py =~ PK|° . Since P¥ is closed in Pk,
A Al
by 4.6 it remains to prove that YWy is a gradient field on P} . Assume that

(A1, 15 A2, p2, ooy fis A1)

is a cycle of Wy.. By 6.3, all values h4 (A;), ha(i1;) are equal; thus, (A;, u;) € Vg for
all i, since h 4 is a weak Morse function of V. For every i, A; and y; must lie in the
same component R c; B, p;)- Moreover, C;11 = C; and B; | C B;; this implies that
the triples (C;, B;, D;) are equal for all i. Thus, this cycle is a cycle of V¢, 5, p) for
some (C, B, D) € Br(K); this leads to a contradiction since V¢, g, p is isomorphic to
WKl% X WKllD , which is a gradient field by the inductive hypothesis. O

As a consequence of [13, Theorem 1.2] and Theorem 4.3 we obtain

Corollary 6.5 For an A-cubical complex K C 04, the space P (K )(1, is homotopy
equivalent to a CW-complex whose k-cells correspond to the k-dimensional critical
cells of Wk.

The following inductive formula for critical cells of Wk is an immediate conse-
quence of the definition of Wk :
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Proposition 6.6 Let K be an A-cubical complex. If A = 9, then Critp, Wg) = Pk;

ifA # ()
Am € Px : A e Crit(W ifc(A',m, ) € K
R
otherwise
Critpr (Wg) = J (zimiBlo: 7€ CritOWg o). @ € CritOWgp )},

(C,B,D)eBr(K)
Critp, Wgk) = Critp;? WwWgHu Critp;( Wx)

In the next section we will obtain an explicit formula for the critical cells of Wk.

7 Explicit formula for the critical cells
For any finite ordered set B = {b; < by < --- < b;} define tp, kg € Pp by
g =bilb2|---1b, kg =bil{b1,b2, ..., b1} (7.1

for kp we require that B has at least two elements.

Definition 7.1 A critical sequence in an A-cubical complex K is a pair of sequences
of subsets ((Ej)(;:l’ (Fj)zzo) of A such that

(@ A=EU---UE,UFUFU..-UF,
(b) The critical cell

o ((Ej), (Fj)) = tRlkE, |TF |KEy | - - TR, IKE, |TF, € Pa

associated to ((E;), (F})) belongs to Pk .
(c) Forevery j € {l,...,q},either F; | = @ or max(F;_1) < max(E}),
(d) Forevery j € {1,...,q},c(Cj, Ej, Dj) ¢ K, where

Ci=FhhUEIURUEU---UE; 1UF;_4
Dij=F,UE; 1UFj 1UE; 1, U---UE;UF, (7.2)

If (b) is satisfied, this is equivalent to the condition g kg, | - - - |TF;_ | EjlTF;| - - -
|/cEq |1’F,, ¢ Pk . Let CrSeq(K) be the set of all critical sequences in K.

We do not require that the sets F; are non-empty but the conditions (b) and (d)
imply that every E; has at least two elements. The dimension of a critical sequence
((Ej)(f»zl, (Fj);1'=()) is

q
mm@@ﬂﬂxﬂﬂﬂ)=§}mg—m, (7.3)
=1
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which is equal to the dimension of the associated critical cell. Let CrSeqd (K) denote
the set of d-dimensional critical sequences.

Let CrCell(K) C Pk be the set of critical cells in K, i.e., the cells that are associated
to acritical sequence, and let CrCell?(K) C CrCell(K) be the subset of d-dimensional
cells. Notice that there are bijections

CrSeq(K) = CrCell(K) and CrSeq?(K) = CrCell? (K)
since every critical cell A determines a unique critical sequence ((E;), (F;)) €
CrSeq(K) such that A = o((E;), (F})), and the dimensions of critical sequences

and of the associated critical cells coincide.

Proposition 7.2 For every A-cubical complex K and d > 0, we have

Crit? W) = CrCell? (K) = CrSeq? (K).

Proof This is obvious if A = {J, so we assume otherwise and proceed induc-
tively. Assume that ((Ej)‘jj.zl, (Fj)zzo) € CrSeq(K); we will show that A :=

o((Ej), (F)) € Crit(Wk). There are two cases to consider:

o There exists r such that m € E,. Then

(B2 (2 € Crsea(k )

(ENI 41 (FIZ,) € CrSeq(K D)
where C;, D; are defined as in (7.2). From the inductive hypothesis,

7= o (B2, (F)h) € Crit(K |2, and
om0 ((E,-)j{zrw (Fj);!zr) € Crit(K|}).

The conditions (b) and (d) imply that (C;, E;\{m}, D;) € Br(K). Therefore, it
follows from 6.6 that

h=0((E)j_ys (F)i_g) = mlkg;lo = wlm|Ej\{m}|o € CritOWg).

e m ¢ E, for every r. Then the condition (c) guarantees that m € F;. Let

)"/ = U((Ej)jzlv (FO’ Flv ey Fq—lv Ft]\{m}))s

it is easy to check that A" € CrCell(K [9,). As above, it follows from the inductive
hypothesis and 6.6 that . = A/|m € Crit(Wk).

Now assume that A € Crit(JWx). Again, by 6.6 there are two cases:
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e L = A|m for 1" € Crit(Wy o ). By the inductive hypothesis, A" € CrCell(K (%))
A/

and then A’ = o ((E j)j.:], (Fj)jzo) for ((E;), (F})) € CrSeq(K). Clearly,

(E)T_y. (Fo, ..., Fg1, Fy U {m))) € CrSeq(K).

Thus, A € CrCell(K), since it is the critical cell of the sequence above.
e L =m|m|Blo for (C, B, D) € Br(K),w € Crit(WKl%), o€ Crit(WKl})). By the
inductive hypothesis,

=0 (EDI_. (FDL).

o=o ((Ej-));'zlﬁ (FJQ)J':O)’

for (ET), (FT)) € CrSeq(K|2), ((Ej.’), (Ff)) € CrSeq(K|1)). Now A is associ-
ated to a sequence

((E”,...,E;;,Bu{m},EQ,...,Ef’),(Fg,...,F;,Fg,...,Fﬁ)),

which is critical in K; the only non-trivial fact to check is that either E;’ =f@or
max(E ;” ) < max(B U {m}), which is guaranteed since m is a maximal element of
A.

We have shown that Crit(Wy) = CrSeq(K) and it is clear that dimension is preserved.
m}

Theorem 7.3 Let K be an A-cubical complex. Then |Pg| ~ ﬁ(lK |)(1) is homotopy
equivalent to a CW-complex X g that has exactly # CrSeq? (K) cells of dimension d.

Proof By 6.4, Wk is a gradient field and by 7.2 the number of critical cells of dimen-
sion d equals to # CrSeq? (K ). The conclusion follows from 4.3. O

8 Euclidean cubical complexes

Euclidean cubical complexes [11] constitute a class of semi-cubical sets which is
especially important for applications in concurrency, since they include state spaces
of PV-programs [3,5,14]. We recall the definition here and show that every finite
Euclidean cubical complex can be embedded into the standard cube. Therefore,

Euclidean cubical complexes can be regarded as A-cubical complexes.

Definition 8.1 An elementary cube in R" is a subset of the form
[a,b] = {xef&”: afxgb} = [(xl,...,xn) cR": Vi a;i <x; Sbi},
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where a = (ay,...,a,),b = (b1,...,b,) € Z" and b; — a; € {0, 1} for all i. The
integer [b —a| = Y"1, (b; — a;) is the dimension of the cube [a, b]. The set

dir(fa,b) ={i e {l,...,n}: bi —a; =1}

is the set of directions of the cube [a, b]

A Euclidean cubical complex K in R"isa family of elementary cubes in R” that is
closed with respect to taking subsets. K can be regarded as a semi-cubical set: K [d]
is the set of all d-dimensional elementary cubes of K, and the face maps are defined
as follows. If [a, b] € K[d] and dir([a, b]) = {r(1) < --- < r(d)}, then

di ([a,b]) = [a + eer), b — (1 — e)e, ],

where e; = (0,...,0,1,0,...,0) and 1 stands at the i-th place. This corresponds to
taking the lower or the upper face in the i-th direction of the cube.

Remark The geometric realization of a Euclidean complex K regarded as a semi-
cubical setis homeomorphic, in a canonical way, with the union of these cubes regarded
as subsets of R”.

We will define an embedding of the hyperrectangle [0, k] C @”, k=(ki,....ky) €
7", in the standard cube. For n = 1, k € Zx( and an elementary cube [a, b] C [0, k],
define

; 0 fora<j
fora < j

ir(la,aD(j) = 0 ced"0]  ig(la—1,aD(G) =41 fora> j € O"[1].
1 fora>j . f .
ora=j

This defines the semi-cubical embedding i : [0, k] — 0% = O!<"<k} For an
arbitrary n, we will construct the embedding which is the product of the ix. Define the
ordered set

A ={(1,1) < (1,2) <--- < (1,ky)
<2< <@2k)<---<@nl)<- - <(nkyl. 8.1

For an elementary cube [a, b] C [0, k] having dimensiond, define ik ([a, b]) € O4x[d]
by

0 for b; < j,
ik([a,bD(G, j)=4q1 forj <a, (8.2)
* fora; < j = b;.

This definition makes sense since b; — a; € {0, 1} for all i, and defines the injective

semi-cubical map ik : [0, k] — [J4k; itis elementary to check that this map commutes
with the face maps. Denote
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X .= ik ([0, k]) < O, (8.3)

Let K be a finite Euclidean cubical complex. Without loss of generality, we can
assume that K is contained in the hyperrectangle [0, k], k = (kq, ..., k,) € Z", since
K can be shifted if necessary. We have

iK(K) € B < O (8.4)

Thus, K can be regarded as an Ak-cubical complex.

Remark Instead of the order (8.1) we can use any order such that (i, j) < (i, j/) for
J < j'. This leads to a different vector field Wj, k), with possibly another set of
critical cells.

The following observation is elementary but will be used frequently:

Proposition 8.2 Let A = By|---|B; € Pa,. The following conditions are equivalent:

(a) A e PEE,k.

(b) Foreveryi € {1,...,n}andj < j €{l,...,k},if(i,j) € Brand (i, j') € By,
thenr < r'. O

For a subset B C Ak, let B be the multiset that contains only elements from

{1,...,n}, and every i e_{l, ...,n} is contained in B with multiplicity #{j €
{1,...,ki} : (i, j) € B}. B is the image of B under the projection Ax > (i, j)
i €{l,...,n}, with multiplicities preserved. In terms of characteristic functions, we
have
ki
X =Y xp(. j). (8.5)
j=1

Proposition 8.3 If A = By|---|B; € Pgg, then, foreveryr € {1,...,1}, B, is a set.
Proof This follows from Proposition 8.2. O

Let [k] denote the multiset having characteristic function k, i.e., such that it contains
i € {l,...,n} exactly k; times. An ordered partition of [K] is a sequence u =
C1|C2]|---|Cy, where the C; are multisets with all elements in {1, ..., n}, such that
Zi:l xc; = k. An ordered partition w is proper if all multisets C; are sets, i.e.,
xc; < 1. Let Rk be the poset of ordered partitions of k, ordered by refinement, and
let R < Ry be the subposet of proper partitions.

Proposition 8.4 IfA = B|---|B; € Pgx, then . = By|---|B, € R}

Proof Fori € {1,...,n} we have

1 Ik ki ki
Doxs D=3 xe G D= x5 G D =D xal ) =k
r=1 j=1 j=1

r=1j=1

Thus, A is an ordered partition of [k], and by 8.3 this is proper. O
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Proposition 8.5 For every proper ordered partition E|Ey| - - - |E; of [K] there exists
a unique ordered partition A = Bi1|---|B; € PEk such that E, = B, forallr €
{1,...,1}

Proof Define
B, ={(,j):i€Eandj=1+#{se{l,...,r—1}:i € Es}}. (8.6)

Clearly, B, = E, and A = Bi|---|B; is a partition of Ak, which satisfies condi-
tion 8.2(b). Thus, A € PEk. On the other hand, if i € E,, then B, must contain a pair
(i, j) and 8.2(b) enforces that j = 1 +#{s € {1,...,r — 1}}. O

As a consequence, the formula
Uk : Pgk A= Bi|By| -+ |B—> A= Bi|Bs| -~ |B € RY". (8.7
defines an isomorphism of posets. For a Euclidean cubical complex K C [0, k] let
Rk = Uk(Pig(x))- (8.8)

Proposition 8.6 For a Euclidean cubical complex K C [0, K], we have

r—1 r
Rk :={E1|---|E; € RIIZV : Vre{l,..,,l} |:Z XE,» ZXE{| € K}.
s=1 s=1

Proof The definition of ix implies that

r—1 r
¢(BiU-+-UB,_1, By, By U---UB)) =i ([Z X3, Zx,;s}) . (89)
s=1 s=1

The conclusion follows. O
Izroposition 8.7 Assume that ((Ej)?zl, (Fj)‘j’.:O) € CrSeq(ix(K)). Then, for all j,

Ej is a set.

Proof The associated critical cell o ((E;), (F;)) belongs to P;, (k) and ha_s the form
Al(r, s)|E}|,u, where (r, s) = max(E}), E; = E;j\(r, 5). Then, by 8.3, E; is a set.
If max(E;.) =r, then (r,s') € E} for some s’. But 8.2 implies that s < s’, which
contradicts the assumption that (v, s) = max(E;). Thus, r > max(E}) and then
Ejz{r}UE;.isaset. O

Fora < b € Z", the minimal line from a to b is a Euclidean cubical complex Lj 1,
such that

Lawl = ) x -+ x a1} % [ar, bi] x {bigt) x -+ x {by) SR". (8.10)
i=1
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Definition 8.8 A route to k, where 0 < k € Z”", is a pair of sequences

((aj)ji}, (bj)(jl.zo) of points of Z" such that

(@ b’ =0
(b) a?t! = K,
(© b/ <altlfor0< ) <q,
(d 0<b/—a/ <1for0<j<gq.
Let K C [0, k] be a Euclidean complex. A critical route in K is a route to Kk such that
(€) Lyjp+1 S Kfor0<j<gq,
(f) [a/,b/] ¢ K for0 < j < g,
(g) [a/,a’ + emj], [a/ + emj,bj] € K for 0 < j < g, where m; =
max(dir([a/, b/ ])).
We will prove that there is 1-1 correspondence between critical sequences in ik (K )

and critical routes in K.

For ((Ej)3=1’ (Fj)jzo) € CrSeq(ix(K)) define

al = X7, + XE + XEy + -+ XE"H + po
b =g, + Xp, + Xe + o AR, F XE, xR (8.11)

We will check that ((a’ )‘j. + } , (b7 )jzo) satisfies the conditions (a)—(g) of Definition 8.8.
Points (a) and (c) and obvious, and (b) follows from 7.1. (a), since x i =k Points
(e) and (g) follow from 7.1(b) and the definitions of t¢; and kg, (7.1), respectively.
Finally, point (d) follows from 8.7 and (f) follows from 7.1(d). Thus, ((a/), (b/)) is a
critical route in K.

On the other hand, if ((a/ )’]]:]1, (b’ )(JZ:O) is a critical route in K, then we define
sequences of subsets of A:

Ej={a.b) s iedirqal b)) ={an:iel. 0. o <r<b/]
(8.12)
sz{(i,r):ie{l,...,n}, b{*1<r5a{'}. (8.13)

An argument similar to the one above shows that ((E j);l':1 , (F ,')3:0) is a critical
sequence in the Ak-cubical complex ik (K).

Both constructions preserve the dimension. Let Rt4 (K) be the set of critical routes
in K having dimension d. By combining the argument above with Proposition 7.2, we
obtain

Proposition 8.9 Let K C [0, K] be a Euclidean cubical complex. For every d > 0
there are bijections

Crit%ik(K)(Wik(K)) ~ CrSeq? (ix (K)) ~ Rt?(K).
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Here follows the main theorem of this Section.

Theorem 8.10 Letk € Z;o andlet K C [0, K] be a Euclidean cubical complex. Then

13(|K |)](§ is homotopy equivalent to a CW-complex Xk which has exactly #th(K )
cells of dimension d.

Proof This follows from Theorem 7.3 and Proposition 8.9. O

The following picture illustrates all critical routes in an example of a Euclidean
cubical complex.

by

az as az

ail — S

by

b1 =+ a2 b1

bo bo ay bo ay

(8.14)
Each of these routes represents one of three components in the path space, each of
which is contractible.

9 Applications

At first glance, it is not clear to which extent the description of the space of directed
paths on an A-cubical complex provided in Theorems 7.3 and 8.10 can be used for
actual calculations. In this section we describe three cases in which this description
is optimal, i.e., the cells of the CW-complex X correspond to the generators of the
homology of P(|K|)(1).

“No (s + 1)-equal” configuration spaces
For integers 0 < s < n, the “no (s + 1)-equal” configuration space is

Conf, ((R) = {(#})]_; e R" : Vier #{i : t; =1} < s}. (CAY
Homology groups of these spaces were calculated by Bjorner and Welker [2]. We will

reprove their result here.
The q-skeleton of a semi-cubical complex K is the cubical complex K 4) such that

K[d] ford <gq
Kgld] = {@ ford = o 9.2)

and the face maps of K ;) are inherited from K.
Fixn > OandletA = {1 <2 < --- < n}; we will write (0" instead of ({1 <2<-<n},
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Proposition 9.1 For 0 < s < n, the following spaces are homotopy equivalent:

(a) P(ICH, D3,

(b) 1Py |,
(c) Conf, s(R).
Proof This is a consequence of Sect. 2 and [10, Section 2.2]. O

The space P (|D’(1S) |)(1) plays an important role in concurrency, since it is the execution
space of a PV-program consisting of n processes each of which using a resource of
capacity s once.

Proposition 9.2 Fix s > 1. Then CrSeqd(D’gs)) = @ if (s — 1) does not divide d;
otherwise,

CrSeq?¢~D )

= |((Ej)j:1, (F))_g) : V; #Ej = s + 1 and max(Fj_;) < maX(Ej)} ,

whereElO---OEqOFoU~-~OFq={1,...,n}.

Proof Condition (b) in Definition 7.1 implies that #£; < s + 1, and condition (d)
implies that #E; > s for all j. O

As a consequence, we obtain

Proposition 9.3 For 0 < s < n, IS(D?‘S))(I) is homotopy equivalent to a CW-complex
that has exactly # CrSeq? (D?s)) cells of dimension d. If s > 2, then

H, (PO

n Ly ZPes D ford =q(s — 1),
(5)70 0 otherwise,

where b(n, s, q) ‘= #Critq('gil)(D?S))'

Proof The first statement follows from 7.3 and 9.2. If s > 2, no cells having consec-
utive dimensions appear, which implies the second statement. O

For s = 2, a calculation of the homology groups requires checking the incidence

numbers of cells having consecutive dimensions. This can be done using methods
from, for example, [9, Chapter 11]. We omit these technical calculations here.

Generalized ‘“no (s + 1)—equal” configuration spaces.

Fork = (ki, ..., k,) € Z define the generalized “no (s 4 1)—equal” configuration
space:
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Confk,s(R)=[(t,f'){j """ Vit << 05 and Vep #{GL ) —t}<s]

9.3)

This is a generalization of “no (s+1)—equal” configuration spaces, since Conf,, ;(R) =
Conf(l ..... 1)’3(R).
The following proposition is an analogue of 9.1, and its proof is similar.

Proposition 9.4 For k € Z", the following spaces are homotopy equivalent:

(a) P(0, k]m)};,

(b) Pk D},

(c) Pggs I

(d) Conf s(R). O
In terms of PV-programs, the space 13([0, k](s))lg is the execution space of a PV-

program with a single resource of capacity s and n processes. The i-th process acquires
the resource exactly k; times.

Proposition 9.5 Fix s > 0. A route ((a’ )3:}, (b’ )?zo) to K is a critical route in
[0, Kl(s) if and only if dim([a/,b/]) = s + 1 for j € {1,...,q}. In particular; the
dimension of the critical route equals q(s — 1).

Proof The condition 8.8(e) is satisfied since s > 0, and the condition dim([a/, b/]) =
s + 1 is equivalent to the conditions 8.8(f)—(g). ]

Immediately from Theorem 8.10 follows the analogue of Proposition 9.3.

Proposition 9.6 Let bx(n, s, q) be the number of q(s — 1)-dimensional routes in
[0, K](s). Then P (10, K] (S))o is homotopy equivalent to a CW-complex that has exactly
bx(n, s, q) cells of dimension q(s — 1) and no cells having dimension non-divisible
by (s — 1). As a consequence,

Zbk(" a9 ford =q(s — 1),

Hd(}D(D ))0) otherwise

fors > 2.

This recovers results obtained by Meshulam and Raussen in [10, Section 5.3].

Directed path spaces on K for [0, k],—1) € K C [0, k]

This case was considered in [11].

Proposition 9.7 Assume that n > 2, 0 < k € 7Z" and that K is a Euclidean
cubical complex such that [0,Kk],—1y € K C [0,K]. Then a route to k given
by ((af)q+1 (bf)‘f _o) is a critical route in K if and only if [a/,b/] ¢ K for

Jj e {1, ...,n}. In particular, this implies that a/ = b/ — 1 for j € {1,...,n}
and that the dimension of the critical route equals q(n — 2).
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Proof The conditions (e) and (g) in Definition 8.8 are trivially satisfied so only the
condition (f) remains. O

Note that there is 1-1 correspondence between critical routes in K and cube
sequences in K defined in [11, Section 1.4]: if ((a/ )’]“1

=1

(b’ )jl.zo) is a critical route in
K, then [b!, ..., b7]is acube sequence and, inversely, a cube sequence bl, ..., b7]
determines the critical route ((b/ — 1)?:; , (b7 )‘;:O) (where b = 0, b7t =k + 1).

Thus, the main theorem of [11] (Theorem 1.1) follows immediately from Theo-
rem 8.10 if n # 3 since there are no critical routes having consecutive dimensions.
For n = 3, the homology calculation requires, as in the previous cases, some additional
calculations we do not present here.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
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source, provide a link to the Creative Commons license, and indicate if changes were made.
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