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Abstract

We factorize probability mass functions of discrete distributions belonging to Panjer’s
family and to its certain extensions to define a stochastic order on the space of distri-
butions supported on Ny. Main properties of this order are presented. Comparison of
some well-known distributions with respect to this order allows to generate new fam-
ilies of distributions that satisfy various recurrrence relations. The recursion formula
for the probabilities of corresponding compound distributions for one such family is
derived. Applications to various domains of reliability theory are provided.

Keywords Discrete distribution - Stochastic order - Recursion - Compound
distribution

1 Introduction and motivation

Panjer (1981) considered the family of discrete random variables X satisfying the
relation

n+b
n

pmy =" p— 1), n> 1, 1)

where p(n) = P(X = n), and derived a recursive formula for calculating compound
distributions for the case when the corresponding claim number distribution belongs
to that family. Being not only a quite important but also a relatively convenient class
of distributions to deal with for solving various problems in actuarial science and, in
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particular, risk theory, Panjer’s family and its certain extensions have subsequently
attracted the attention of many researchers. In particular, Sundt and Jewell (1981)
have shown that the above family consists of the collection of all (nondegenerate)
Binomial, Poisson and Negative Binomial distributions, Willmot (1988) characterized
the distributions with p(0) = 0 that satisfy relation (1) forn > 2 and Hess et al. (2002)
identified the distributions with p(n) = 0 for n < k — 1 that satisfy relation (1) for
n > k + 1 (the so called Panjer’s class of order k). Also Panjer and Willmot (1982)
considered the class of distributions satisfying the recursion

Zf:o ai”i

for some k € N, and derived recursions for the correponding compound distributions
when k = 1 and k = 2. A recursive algorithm for the compound distribution for
arbitrary k had been then derived by Hesselager (1994). Extesions of the Panjer’s
family to distributions that satisfy recurrence relation of higher orders have also been
studied in the literature. In particular, Kitano et al. (2005) considered the generalized
Charlier distribution, which satisfies second order recurrence relation

pn) = pn—=1, n=1, 2

p(n)=[a+é]p(n—1)+[c+g+L]p(n—2), n> 1.
n n n—1

A quite extensive collection of other generalizations of Panjer’s family as well as
their applications can be found in Sundt and Vernic (2009).

In this work we first consider the family of discrete distributions supported on
No = NU{0} that satisfy (2). For the sake of simplicity, we assume that the denominator
is a monomial n and show in the following section that the probability mass function
p(n) can be decomposed into a finite product

pm) =c[]pim), n=o, 3)

where the constant ¢ > 0 does not depend on n and each p; is a probability mass
function of one of four different types of distributions, including the Poisson and the
Negative Binomial distributions. Parameters of those distributions are determined by
the coefficients that appear in the right-hand side of (2). As the values of probabil-
ity mass functions are always in between O and 1, the above factorization implies
that p(n) is asymptotically smaller than each of p;(n). This observation leads to the
Definition 2.1 of a discrete stochastic order < over the set Q2 of all discrete random
variables supported on Ny and our main goal is to study the properties of this order.
Stochastic orderings have a modest, yet somewhat punctuated, pedigree in the cor-
pus of statistical literature. A quite extensive collection of such orderings can be found
in Shaked and Shanthikumar (2007). Also in Artzner et al. (1999), Artzner et al intro-
duced their now famous four coherent risk measures. However, as stated in Giovagnoli
and Wynn (2010), most of the existing literature focuses on real (continuous) univari-
ate or multivariate random variables, and there is less work on stochastic orderings for
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discrete random variables. In terms of ordering functions in a discrete setting, Kitaev
(2005) considers partially ordered generalized patterns, and for discrete random vari-
ables, in Giovagnoli and Wynn (2010) use M&bius inversions in the theory as well as
the notion of dual cones.

The paper is structured as follows: in Sect. 2 we derive the factorization formula
(3) and describe the distributions that appear on the right-hand side of that formula.
Based on that decomposition we then define the order < on the whole space of dis-
crete distributions that are supported on Ny. To make the definition of this order more
intuitive, in Sect. 3 we give two more definitions of < that are equivalent to Defini-
tion 2.1. In the following proofs we mainly use the condition given in Proposition 3.1
(1) (though from the statistical point of view the condition given in Proposition 3.1
(i1) may seem to be more interesting). We then show that {2, <} is a partially ordered
set and that < is uncorrelated with other well-known stochastic orders on £2. One of
the main properties of < that distinguishes it from other stochastic orders is its invari-
ance under the permutations of Ny (Proposition 3.6). In particular, this means that
X <Y does necessarily imply neither E[X] < E[Y] nor var[X] < var[Y]. Instead,
as < is determined by the tail behaviour of the distributions, the relation X < Y
implies lim;,—, 4 o0 Rx(n)/Ry(n) = 0, where Rx (n) and Ry (n) are survival functions
of X and Y (Theorem 3.1). However, the converse is not true, that is, the condition
lim,,_ 4+ Rx(n)/Ry(n) = 0 1is in general much weaker than X < Y (Examples 3.1
and 3.2). Other characteristics of the partially ordered set {2, <}, such as the exis-
tence and the structure of minimal, maximal and covering elements, are also given
in Sect. 3. The relation with respect to < of compound distributions for which the
corresponding counting distributions are from €2 is described in Sect. 4. In particular,
the conditions are presented under which a compound distribution S’ is < than a com-
pound distribution S” if and only if either the claim size distribution of S’ is < than
the claim size distribution of §” (Proposition 4.1) or the counting distribution of S’ is
< than the counting distribution of S” (Proposition 4.2). In Sect. 5 we consider some
common distributions that can be recursively generated and discuss their relation with
respect to <. This comparison allows to obtain new families of distributions that sat-
isfy various recurrence relations. We then provide a recursive formula for calculating
the probabilities of compound distributions whose counting distributions belong to
one of those families. Finally, in the last section we present some applications of the
obtained results to reliability theory and to Poisson shock models and show that the
relation < is also applicable while conducting sampling with visibility bias.

2 Factorization of probability mass functions
Consider a family of discrete random variables X satisfying the relation

poy =2, w= 1, “)

nm

where p(n) = P(X = n) and Pr(x) = Zf:o a;ix'is a polynomial of degree k > O.
Note that when m = 1 and k < 1 then (4) corresponds to the Panjer’s family of
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discrete distributions given by (1). We are mainly interested in distributions of the
above family that have infinite support No, which implies that k < m and P(n) > 0
forall n € N.

Let us first consider the case m = k. In this case we have by the ratio test that the
series Z?zio p(n) converges if |ax| < 1 and it diverges if |ax| > 1. Let us therefore
assume that |ai| < 1. This also means that for each M € N, the number of zeros of
the polynomial Py (x) in the interval (M, M + 1) is even (possibly 0). Hence, we can
rewrite the polynomial Py (x) in the form

ki ko k3
Pi(x) = [ []ax+ b@} [ []@x*+cix + d,»z)][ []@x*+eix + ﬁ3>],
i1=1 ir=1 iz=1

&)

where a = a,i/ k, ki + 2ky + 2k3 = k, the root of each linear function ax + b;,,
i1 = 1,.., k1, is less than 1, the (possibly equal) roots of each quadratic function
a’x? + ci,x + d;, lie in the interval (M;,, M;, + 1) for some M;, € N, ip = 1, .., k2,
and the functions a%x? + ei;x + fiy, i3 = 1, .., k3, have no real roots. We can then
rewrite (4) in the form

ki ky 2.2 ks 2.2
ax+b;, a“x“+ci,x+d;, a“x“+eix+ fis
e |:i 7 i||:z 1 x? iz=1 x? ey
1= 2= 3=

n>1, (6)

Let us now describe the distributions which are recursively generated by each of those
three types of functions.
It has been shown in Sundt and Jewell (1981) that the only distribution satisfying

an + bj,

pi;(n) = piy(n—=1), n=1, )

with 0 < a < 1 is the Negative Binomial distribution with parameters (a + b;,)/a
and a. More precisely, in this case we have that

an + b; ~oaj + b
piy) = ——Lpi 1= D) = piy O [T =—

j=1
a-+

by,
AL IR
pn(om”( a :” ) n=0, @®)

where the last equality above follows from the definition of binomial coefficients with
real arguments. Note that the condition that the root of ax + b;, is less than 1 together
with a > 0 implies that a 4 b;; > 0.
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Now consider the distribution satisfying

2.2
an® + ci,n + d;
Pirn) = g (= 1),z L, ©)

where the function a®x? + ¢;, x + d;, has two real roots, say x;, and y;,, both of which
belong to the interval (M;,, M;, + 1) for some M;, € N. We then have that

a*(xi, —n) (i, = n)
Pi(n) = ——2———"——pi(n — 1)
— 0[] a*(xi, Jg(ylz D _ p(O)a>" (xlz >(y,2 ) (10)
joi Jj n n
where the last equality follows from I'(x) = I'(x — D(x — 1) = -+ = I'(x —

n) [17_(x — i), x ¢ Z, and from the definition of binomial coefficients with real
arguments.
Finally, let us suppose that

2.2
a‘n® +ej;n + fi
Pis () = S (=), n=1, (11)

where a?x? + e;,;x + fi, has no real roots. Then a®x? + e, x + f;, has 2 complex
roots z;; and Z;, for some z;; € C\R. Using the properties zI'(z) = I'(z + 1) and
I'(z) = I'(z) of the Gamma function I'(z) we get that

a*(ziy — NGiy — J)
]2

20, _ -,
pyny = LG, 1>—pm(0>1"[

n
j=1

aZn |F(Zi3)|2
(n)? T (ziy — )|

iz (0) 12)

Combining (5)—(12) for a given random variable X satisfying (4) with m = k we get

Pi(n) - - -
p) = —"=p—1)= c[ I1 p"(”)M I1 pi2<n)][ [1 pi3<n)], n=0,

i1=1 ir=1 iz=1

(13)

where ¢ is some positive constant that does not depend on n, p;;, p;, and p;, are
probability mass functions of distributions given, respectively, by (8), (10) and (12).
In case m > k we can rewrite (4) as

I Pe(n)
pn) = T — pn—1), n=>1.
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Noting that if po(n) denotes the probability mass function of Poisson distribution with
parameter 1 then

—1
potny = 2o =1,

we get that in this case there is a constant number ¢ > 0 such that

Pe(n) a s i
po) = =" pn—1) = Cpo(n)m_k[ [P (n)}[ I1 p,-2<n>M I1 pis(n)],

i1=1 ir=1 iz=1

n > 0. (14)

Let us now consider an example that illustrates the above factorization. Suppose X
follows Poisson distribution with parameter 1/2. Then

e !? 1/23_1 1 12
px(n) == =2e " —omy =2e Tpy(mpz(n), n =0,

where Y ~ Poisson(1) and Z ~ Negative Binomial(1, 1/2). Note that the probability
mass functions of those variables satisfy recurrence relations px (n) = % px(n—1),
py(n) = %py(n — 1) and pz(n) = %pz(n — 1), and the factor % that appears in
the first recursion is a product of the corresponding factors appearing in the two other
recursions. Clearly, the values of px(n) are then (asymptotically) smaller than the
values of py(n) and pz(n). In general, as the values of probability mass functions are
always in between 0 and 1, then given the decomposition (14) we have that p(n) is
asymptotically smaller than each of the probability mass functions that appear on the
right side of (14). Thus, the above decomposition leads to the following definition of
a binary relation < over the set 2 of all discrete random variables supported on Np.

Definition 2.1 Given X, Y € Q, we say that X < Y if there exist a constant number
¢ € Ry and Z € Q such that

px(n) = cpy(n)pz(n), n e Ny, (15)

and we say that X < Y if either X < Y or px(n) = py(n) for all n € Np.

Note that given (15), X can also be considered as a weighted distribution (see, e.g.,
Patil and Rao (1978) for the definition and properties of weighted distributions). In the
following section we show that {2, <} is a partially ordered set and derive its main
properties.

3 Partially ordered set {Q2, <} and properties of <
Let us first present another 2 equivalent definitons of <. The definition given in Propo-

sition 3.1 (i) below turns out to be the most convenient one for deriving the subsequent
results.
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Proposition 3.1 Given X,Y € Q then X < Y ifand only if one of the following holds:

pxm) .
@ Z prm = O
(i1) there exists Z € Qindependent of Y such that randomvariables X andY |(Y = Z)
are identically distributed.

Proof. (i) Suppose X < Y. Then by Definition 2.1 there exist a constant number
¢ € Ry and Z € Q such that Y00 X — 5% )/ (4) = ¢ < co. Now

n=0 py(n)
assume that 3% X0 EZ)) := ¢ < oo. Then let Z be a random variable with
probability mass function pz(n) = C’; ’; ((71))’ n € Ny. Then, obviously, Z € Q and

we have that py (n) = cpy(n)pz(n), n € No. Hence, X < Y.
(i) Assume that such Z € 2 exists. Then for n € Ny

px(n) = P(X =n) = P(Y =n|Y = 7) = % = cpy (Mpz (),

where ¢ = P (y 7 Hence, X < Y. Conversely, if X < Y, then there exists
Z € Q satisfying (15). Then taking Z to be independet of Y we get that

1= pxm) =c Y pr(mpz(n) = cP(Y = 2),

n=0 n=0

which means that ¢ = ﬁ. Hence, for n € Ny

PO =) = px() = pr(npzm = P — Py =iy = 2)
which means that X and Y|(Y = Z) are identically distributed. ]

Proposition 3.2 {2, <} is a partially ordered set.

Proof Obviously X < X for any X € Q. Now suppose that X < Y and ¥ < X,
for some X,Y € Q. Then if X # Y we should have that X < Y and ¥ < X which
implies that 3% £ gg <ooand 33,7, 4 ;83 < oo which is not possible. Thus,
X = Y.Finally, assume that X < Y and Y < Z, for some X, Y, Z € Q. Obviously, if
either X =Y orY = Zthen X < Z. Soletus assume that X < Y and Y < Z. Then

oo px(n) oo py(n) oo px(m) _ oo px(n) py(n)
Y oo p);(n) <ocand) 7, p;(n) < oo.Hence, )~ pﬁ(n) = 120 p);(n) p;(n) <

oo which means that X < Z and the transitivity is shown.

Let us now check that < does not coincide with the restriction to € of any well
known stochastic order presented in Shaked and Shanthikumar (2007). First, as it is
shown in Shaked and Shanthikumar (2007) (formulas 1.A.7, 5.A.5, theorems 1.B.1,
1.B.42, 1.C.1, 3.B.13, 5.C.1 and pp. 71, 255), for the usual stochastic order, hazard
rate order, reversed hazard order, likelihood ratio order, convolution order, dispersive
order, Laplace transform order, factorial moments order and the moments order,

@ Springer
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the fact that X is smaller than Y with respect to any of these orders implies that
E[X] < E[Y]. As for X ~ Poisson(2) and Y ~ NegativeBinomial(l, 1/2) we
have that X < Y and E[X] = 2 > 1 = E[Y], then < is not correlated with any of
the above orders. Also, as it is shown in Shaked and Shanthikumar (2007) (formulas
2.B.7,3.A.2,3.A.4,3.C.8 and p. 166) for the mean residual life order, harmonic mean
residual life order, convex order and excess wealth order, the fact that X is smaller
than Y with respect to any of these orders together with the condition E[X] = E[Y]
implies that var[X] < var[Y]. As for the random variables X, Y € Q2 with probablity
mass functions defined as

=02 px(n), n=0
3 s +2 0 e n=1

px(n) = YR eyl a=2
"LG’ n>?2
and
1= 322 py(m), n=0
py(n) = 3 s t2 0 n=1

1 1
PR D DR n=2

1
p n>2.

we have that X < Y, E[X] = E[Y] but var[X] > wvar[Y], then < is not cor-
related with any of those orders as well. Finally, as for X ~ Poisson(1) and
Y ~ NegativeBinomial(1,1/3) we have that X < Y but E[¢*X] > E[e*Y] at
s = In2, then < is also uncorrelated with the so called moment generating function
order (recall that given two nonnegative random variables X and ¥ with E[e®Y] < oo
for some so > 0, we say that X is smaller than Y in the moment generating function
order if E[e*X] < E[e*"] for all s > 0). Thus, unlike the discrete stochastic orders
presented above, < does not guarantee any order-preserving property for the opera-
tions of taking expected values, variances or moment generating functions. The reason
for this is that < compares whether the tails of the random variables are sufficiently
far from each other and is therefore not sensitive to the probabilities of smaller values.
We, therefore, offer the following proposition:

Proposition 3.3 Let X and Y be two elements of Q2 with X < Y. Then

(i) there exists k € N such that E[X™] < E[Y™] for allm > k;
(i) there exists so > 0 such that E[¢*X] < E[esy]for all s > sg.

Let us recall some characteristics of partially ordered sets. Given a partially ordered
set { P, <} an element x € P is called minimal if there is no element y € P such that
y < x,y # x. Similarly, an element x € P is called maximal if there is no element
y € Psuchthatx < y,x # y. Anelement x € P is said to be covered by an element
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ye Pifx <y, x # y, and for any z € P with x < z < y we have that either z = x
or z = y. The next proposition deals with the above concepts for the set 2.

Proposition 3.4 (i) There is no minimal element in S2;
(ii) an element X € Q is maximal if and only if Y ", /px(n) = 0o
iii) an element X € Q is covered by Y € Q2 if and only i _ < 00 an
(iii) an el XeQi dbyY € Qifand only i ;‘fof,;(g;‘; d
px(n) .
Zn =0 pi(n = 00,

(iv) every non-maximal element X € 2 is covered by some element Y € Q. If

additionally Y72 ( Px (n))l/ - 00, then X is covered by some maximal element
Y e @

(v) for every non-maximal element X € 2 there is a maximal element Y € Q such
that X < Y.

The following proposition presents the closure property of < under the operations
of summation and multiplication of random variables from €2.

Proposition3.5 If X1,..., Xy and Y1, ..., Y are two sets of independent random
variables from Q with X; < Y;,i = 1,...,k, then

(i) X1+ +Xpe <Y1+ +11;

(ii) Xy Xp <Y oo Y.

Proof (i) It suffices to prove that X1 + X, < Y1+ Y2. As X1 < Yy and Xp < 1>

then Y ;2 ’; );‘((Z)) <ooand ) 2, ’; };2((:)) < 00. Therefore,
1 2

ZpXrFXz(n) Z ()PXl(i)PXz(”_i)
=0 pY1+Yz(n) Z] ole(])pYz(n _])

_ ZZ px, @) px,(n —1i)

n=0 i=0 Zj=0 pri(Dpy,(n— j)

ZZ pX](l)sz(n_l) i Z le(i)PXz(j)

iz Pr@Oprn—i) = = Pr(D)pn())
i+j=n

px, (i) PXZ(])
Z Py, (l) Z PY;(])

where the first inequality above holds as Z?:o pyvi(J)py,(n—j) = py, (@) py,(n—
i) foreachi =0, 1, ...n, and the last equality holds because for any i, j € Np,

the summand Py Opx, ()
py, () py, (J)

X1+ Xo <Y1+ 1.
(i) Follows from

appears exactly once on each side of that equality. Thus,
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Z Pxix;(n) Z kmmn DX, () Pxy () i 3 @

= Prin(n) D rien DY, () Py, (1) > vien PY () Py, (1)

n=0k-m=n

Px, () px, (m) Px, () o~ pxy (m)
3P> P16 pr (m) ,g i) 2=y =

n=0k-m=n
O

Note that if X € €2 then py2(2) = 0 and if a # 1 is some real number, then the
support of a X is the set aNy # Ny. Hence, as the support of all elements of €2 is Ny, we
get that neither X2 nor a X belong to Q. However, < is closed under the permutations
of the support set of elements of 2. More precisely, let ¢ be any permutation of Ny,
that is, a one-to-one mapping from Ny to Ng. Then for X € Q, let X, be an element
of © with probability mass function px, (n) = px(c(n)),n € Np.

Proposition 3.6 Let o be any permutation of No. Then X < Y ifand only if X5 < Y.

Proof As convergent series with positive terms converge unconditionally, then
> neo Px(n)/py(n) < ooif and only if 372 px (o (n))/py (o (n)) < oo. O

The survival function of a random variable X € € is given by

Rx(n) =) px(k), neN.

k>n

As X < Y indicates that the tail of Y is heavier than the tail of X, and the survival
function gives the probability of the right tail (n, co), then X < Y should imply that
Rx (n) is smaller than Ry (n). In fact we have the following:

Theorem3.1 If X,Y € Qand X <Y then

Rx(n)
im =
n—+o0 Ry (n)

(16)

Proof As X,Y € Q then px(k) > 0 and py (k) > O for all k € Ny. This means that
{Rx(n)},en and {Ry (n)},en are both strictly decreasing sequences converging to 0.
As X < Y then ) 72 px(n)/py(n) < oo, and, therefore,

im Rx(n+1) — Rx(n) ~ lim px(n+1) _
n—o00 Ry(n+1) — Ry(n) n—oopy(n+1)

Hence, by the Stolz—Cesaro theorem (see, e.g., Choudary and Niculescu (2014), The-
orem 2.7.1) we get (16). ]

Note, however, that the converse is not necessarily true, that is, (16) does not
necessarily imply X < Y. In fact, as the following example shows, even the condition
Yol Iig’y( EZ; < 00, which is stronger than (16), does not necessarily imply that 7; o gg
is bounded from above (which is much weaker than X < Y).
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On a stochastic order induced by an extension of Panjer's... 77

Example 3.1 Consider X, Y € Q with

o0
1—3 px(k), k=0
px(k) = k=1
57k=1, k>0
o0
1= Y pr(k), k=0
k=1
Py =45k k is odd
6_1‘_1, k > 0, kiseven.
Then, as
Ry = Y pxty = Y571 =20
20
k>n k>n
and
k—1 -1 4"
Ry) =3 px(®) > Y pxty= Y 271> 3 4= -,
k>n k>n k>n k>n
k is odd k is odd

we have that Y52, #5 < oo. However, 77);8:3 = (6/5)>"*! = coasn — oo.

Note also that in general (16) is the best that we can achieve in Theorem 3.1.
More precisely, as the following example shows, the condition X < Y alone does not
necessarily imply

o0

Z Ry (m) < 0. (17)
= Ry(n)

Example 3.2 Consider X, Y € Q with

o0
1—3 px(k), k=0
k=1
k) =
px (k) %ﬁ, k=n?>n>0
11_o4k(n1+1)!, n? <k< (n+ 1)2,n >0
o0
1=> prk), k=0
k=1
py (k) = %%, k=n?n>0
o T n* <k <@+1)>n>0.
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78 A. Beknazaryan, P. Adamic

Then, clearly, Z/tio px(k)/py(k) <ocoand X < Y.Forn > 1 we have that

oo (m+1)?
Ry(n*) = Z py (k) = Z Z py (k) = Z m + 1)!
k>n2 M=n p=m2 41

o0

1 Z 1 3
< — —_ <
(n—i—l)!m:0 n (n+1)!

Hence,
i Rx(n) _ i“‘%' Rx(n) i(k% px(tk+ 12
— Ry(n) = = Ry(n) = &= ~, Ry (n)
- s px(k+1DY) 1S 2%+ 1
DI e e T I Py

k=2
and the last series diverges.

However, (17) holds under the additional assumption of the existence of a positive
constant ¢ > 0 such that

px(k)/py (k) = cpx(n)/py(n) (18)

for all 0 < n < k. In particular, if the sequence {px(n)/py(n)};2 is eventually
non-increasing then (18) is satisfied.

Proposition 3.7 If X, Y € Q satisfy (18) and X < Y then

i Rx(m) _
Ry (n)

n=0
Proof. Follows from

o0 o 2 pxtk) X pr(k)px(k)/py k)
Z Rx(n) Z k>n _ Z k>n
Ry (n) vk = kZ py (k)

n=0

k>n
00 Cpx(n)/pY(n)kZ py (k) )
il = - . 19
SnX_E) > pr(k) ch_(:) py(n) = {19
- k>n -

@ Springer



On a stochastic order induced by an extension of Panjer's... 79

4 Compound distributions

Consider the compound distribution
S=Mi+--+My.

where the counting random variable N represents the number of claims and
Mi, M3, ... represent the claim size. It is assumed that My, M>, ... are indepen-
dent and identically distributed discrete random variables which do not depend on
N and that § = 0 if N = 0. Denoting p(n) = P(N = n), g, = P(S = n) and
h, = P(M = n) we have that

o
&=y pmh",
n=1

where h" = P(My + --- + M, = k) is the n-fold convolution of Ay, k € N,
and go = Y oo p(hE" = 302 p(m)hi = Gy(ho). The probability generating
function of S is given by

Gs(z) = GN(Gu(2),

where G ys(z) is the common probability generating function of My, M5, ... and
G N (2) is the probability generating function of N.

As we want to compare compound distributions with respect to <, then, in order
to guarantee that the resulting compound distributions are from €2, i.e., that their sup-
port set is Ng, we will assume that M1, M ... are all from Q. In order to compare
distributions with respect to < we need to know the asymptotic behaviour of their
probability mass functions. In general, estimating the asymptotic behaviour of com-
pound distributions is not easy. However, under certain assumptions on claim number
and claim size distributions various asymptotic estimates for compound distributions
have been obtained (see, e.g., Embrechts et al. (1984) and its references). We first
apply the following theorem from Chover et al. (1973).

Theorem 4.1 Let M be the common distribution of M, M3, . .. and assume that the
Jfollowing conditions hold:

I e
(i) lim -~ =c < o00;
n—oo 'n
(i) lim M =15 o;
n—oo 'n r

(il) Gy (r) = d < oo and GN(z) is analytic in a region containing the range of
Gu(z) for |zl <r.

Then

8 _

n—+o0o h,

Gly(d).
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As described in Chover et al. (1973), the above conditions are satisfied by many
examples. We then have the following proposition.

Proposition4.1 Let S = M| + --- + M}, and S" = M| + --- + My, where
M{, M}, ...aswellas M|, M}, ... are independent and identically distributed ran-
dom variables from Q following common distributions M' and M" respectively.
Assume that the pairs {M', N'} and {M", N"} satisfy the conditions of above the-
orem. Then S' < S” if and only if M’ < M" .

Let us now consider mixed Poisson distributions. In this case
*® ( )n AX
Ax)te™
gn = / Tf(x)dﬂ(x), n € No,
0

where u is Lebesgue or counting measure with generalized density f(x). It is shown
in Willmot (1990) that if f(x) ~ C(x)x%e~#*, as x — oo, where C(x) is a locally
bounded function on (0, o) which varies slowly atinfinity, 8 > 0 and —oo < o < o0,
then

C(n) ( A )ﬂ o
n "~ n

G+ BT+ B
Clearly Poisson(i1) < Poisson()y) if and only if A1 < A7 in which case M)L_iﬂ <

T jj i for all B > 0. Thus, if the densities f; and f> in both mixtures share the same

B > 0, then Poisson(r;) < Poisson(),) implies S| < Sz, where S; ~ (A1, f1)
and S ~ (A2, f2). However, if 8 = O (in which case we should have « < —1), then
the condition Poisson(i1) < Poisson(iy) alone does not imply S1 < S>. In order
to have S1 < S in this case, we should instead assume that f; and f> are such that
220:0 f1(n)/ f2(n) < oo which, in case of fi, f> € 2, means f| < f>.

Recall from the introductory section, that the recursive formulae and other prop-
erties of compound distributions are usually obtained under the assumption that the
corresponding claim number distribution belongs to Panjer’s family or to its certain
extensions. As the order < is obtained by an extension of Panjer’s family of dis-
tributions, then, in some sense, < is more naturally connected to the claim number
distribution N rather than to the claim size distribution M. It is therefore interesting
to see when the condition N’ < N” alone implies S’ < S” given that the claim size
distributions are same: M’ = M" := M. The following proposition shows that the
desired implication holds for a large class of claim number distributions.

Proposition 4.2 Suppose

pn(n) ~ Cin®167
and

pNr(n) ~ Can®26y,
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where C1 and Co are some positive constants, a1, ay € Rand 61, 62 € (0, 1). Assume
also that the probability generating function Gy (z) of M has radius of convergence
exceeding both T and T3, where G p(t]) = 0171 and Gy (rp) = 9;1. Then " < S”
ifand only if N' < N".

Proof As it is shown in Willmot (1989), in this case we have that

Clnaltfn

(91I1G/M(f1))m1+1

/

~

and

oy -—h
Con*t,

(0212GQW(T2))0(2+1 ’

4
~

where g, = P(S' = n) and g/, = P(S” = n). Note that N' < N” if and only if either
01 < 6rorb) =6 and wp —a1 > 1. As Gy is increasing on R, then in the first case
we have that 7; > 1 and, therefore, S’ < S”. Clearly in the second case we again
have that S’ < S”. O

The above argument can also be applied to get the desired implication in the cases
when one of the claim number distributions is asymptotically smaller (e.g. Poisson
distribution) or larger (e.g. Waring distribution) than n“6".

To conclude this section, we note that in general the conditions M’ < M” and
N’ < N” donotnecessarily imply §" < S”. Toseethislet py:(n) ~ C147™", py»(n) ~
Cy37", M’ ~ Poisson(In4) and M”" ~ NB(1,1/4). Then Gy (2) = 4 and
Gy (3) = 3 and, therefore, g/, ~ C127" and g, ~ C237". Hence, not only does
S’ < §” not hold but in fact S” < §’.

5 Generation of new families of distributions

In this section we will consider the following distributions from €2 :

Distribution pn),n e Ny Parameters
5
Poisson ¢ n,)‘n A>0
. T n

Hyper-Poisson W&M nw>0,n>0
Negative Binomial W r>0,0<p<l1

. o . on+l1
Shifted Logarithmic —GiF ) Tog(1=0) 0<6<1

. al'(p+m)T(a+p)

Waring INOINCETETES)) a>0,p>0

. " Ta+p) Q Tlatntj) (—v)/
Poisson-Beta ‘;T, gf‘(af}) j;o l"(a(?rﬂini)j) ( -;)!) v>0,0a>0,8>0
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We will use the notations! Xp, Xnp, Xnp, Xs1, Xw and Xpp to denote random
variables following Poisson, Hyper-Poisson, Negative Binomial, Shifted Logarithmic,
Waring and Poisson-Beta distributions respectively.

As was mentioned in the first section, the probability mass functions of the Poisson
and Negative Binomial distributions satisfy the recurrence relation

b
pny = 20 1), neN, 20)
n

It is also known (see Willmot and Panjer 1987), that the probability mass functions
of the Hyper-Poisson, Shifted Logarithmic and Waring distributions satisfy the first
order linear recursion

b
poy = 2P, neN, 1)
cin+1

and the probability mass function of the Poisson-Beta distribution, together with some
other distributions, such as Poisson-Generalized Inverse Gaussian distribution, satis-
fies the second order quadratic recursion

arn + by con +da
pn) = E—

(n—l)—i—mp(n—Z), n>1, (22)

where the values of the coefficients are determined by the values of the parameters of
the corresponding distributions. As for any o > 0

I'n+ o) _
n—oo I['(n)n% -

we have the following:

Proposition 5.1 (i) if v < A then Xpp(v, at, B) < Xp(R);
(i) ifv < wthen Xpp(v, a0, B) < Xpp (i, n);
(iii) for any values of parameters of corresponding distributions, X pp is < than each
of Xnp, Xs1 and Xy.

Now let X be an element of 2 with probability mass function satisfying the first
order recursion

px(m) = f(n)px(n—1), neN, (23)

and let Y be an element of 2 with probability mass function satisfying the second
order recursion

py(n) =gm)py(n — 1) +h(n)py(n —2), n>1, (24)

Uma, n, 1) = Z/?io %Mk is a confluent hypergeometric function.
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where f, g and h are some functions from N to R. Then, if ¥ < X, then for the
random variable Z with

py(n) = cpx(n)pz(n), n e Ny,

we have that the probability mass function of Z satisfies the following second order
recursion:

py(n) g h(n)

— = pzin =)+ —————pz(n—-2), n>1 (25)
cpx(n)  f(n) f)fn—1)

Rewriting the probability mass function of the Poisson-Beta distribution in terms of
the confluent hypergeometric function M as

pz(n) =

_V'T(a+p) T'(a+n)
ppb(n)—m T @) F(a+ﬁ+n)M(a+n,a+,3+n,—v)

and using asymptotic properties of M (see, e.g., NIST Digital Library of Mathematical
Functions, Ch. 13) we get that

Vie " T'(ax + B) 1
= — —(1+0[-)).
Ppb(n) n! nf TI'(a) + n
We therefore have the following:
Proposition 5.2 (i) if A < v then X,(A) < Xpp(v, @, B);
(i) if i < v then Xpp (. 1) < X pp(v. . ).
Now assume that X is an element of €2 with probability mass function satisfying

(23), Y is an element of 2 with probability mass function satisfying (24),and X < Y.
Then for the random variable Z with

px(n) = cpy(n)pz(n), n € Ny,

we have that the probability mass function of Z satisfies the following second order
inverse recursion:
1 cpy(n)  gn) 1 h(n) 1
pz(n)  px(m)  f) pzin—=1)  f)f(n—1) pz(n —2)’

n>1. (26)

5.1 Recursion formula
Let X belong to the family of distributions satisfying (20) and let ¥ belong to the
family of distributions satisfying (22). Then X follows either Poisson or Negative

Binomial distribution. In the first case we have that in (20) ag = 0 and applying (25)
we get that the probability mass function of Z satisfies the reccurence relation

1 1
pn) = %(azn +b)pmn—1)+ b—z(Czn +dy)p(n—2), n>1. 27
0
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Dividing both sides of the above expression by n + 1 we can rewrite (27) as
|:(12 by —ay dr— 2

R2T@ 272 -2 1.
bo(n +1)} 4 )+[b0+b3(n+l)}p(n ) n>

——pn) =
n

If X follows a Negative Binomial distribution, then in (20) ag # 0 and applying (25)
we get

(aon + bo)(aon — ag + bo) p(n) = (axn + bz)(aon — ag + bo)p(n — 1)
+(con+dy)p(n—2), n>1. (28)

As the coefficients of each of p(n), p(n — 1) and p(n — 2) in the above expression are
polynomials on n of degree at most 2, then each of them can be written in the form
di(n+1)(n+2) +dy(n+ 1) + dz, where for each case the values of the fixed terms
di, dy and d3 are determined by the values of corresponding fixed terms appearing in
(28). Using this decomp0s1t10n and dividing both sides of (28) by (n + 1) (n 4 2) (also

using WEDGTY = n +1 -5 +2) we get that (28) can be rewritten as

2 2 2 2
24 2a5 + by —aoby . 3apby — 6a; — b -
0 n+1 n+2
2apay + boby — 2apgby — arbg  2abg — 6apay + 3agby — boby
= |0t n+1 + n+2

pn—1)
|:d2 — 0 N 2cr —do

~2), 1.
T R

Thus, in both cases we get that the probability mass function of Z satisfies the
recurrence relation

LI P
n—+1 n+2pn

o+ L v I -y
o n+l  ax2 |V

+| G+ 1 + / ( 2) 1 (29)
_t — > 1.
. +2pn , n

Now assume that the counting random variable N with p(n) = P(N = n) satisfies
(29) and consider the compound distribution

where, as before, claim sizes M1, M», ... are independent and identically distributed
discrete random variables which are independent of N and follow a common distri-
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bution M, hy = P(M = k) and
o
ge=PS=k=Y pmh"
n=1

with go = Gpy(ho). If & > 0, then multiplying both sides of (29) by hzn+2 and
summing over n > 2 yields

. *n+4 *n+4
A 2)h" + B 2 C 2
Zp(n+ Y+ Zp(n+ st Zp(n+ )~
n=0 n=0
*n+4 h*n+4
sn+4
_DZp(n—i—l)h +EZp(n+1) e —I—FZp(n—i—l)
n=0 n=0
*n+4 *n+4
+GZp(n)h*"+4+HZp(n) +sz( )
n=0
(30)
Denoting
0 i
Pi(t) = , i=1,2,3,
i) =) pon)~ o
n=0
and applying formulae (29)—(31) from Kitano et al. (2005) together with
hzn+l — Zh}klhzrij
j=0
and
+i k
W_l — l *zh*n
n+i ik k=j
j=0
0<i <4, weget
Z pln+ b = Z PR = O = p(Dh?
n=0
k
= Zh?gkf i = PO = p(DHh}?, (31)
>x<n+4 0 *3
n h
Zp(n +2)- " Z p( ) " = pOh — p(h) =L
n=0 2
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k—1k—j ; *3
—ZZ—h higk—j—i + hx P1(ho) — p(0)h}? —P(l)—v (32)
j=0i=1
00 *n—+4 *3

k p(n) *n—+2
2 P+ +4_Z w2k

h
(= k — p(l)—

n=0
k *2 h*3
ZkZJh* s p(0>——p<1>—
k
Z pin+ DR =3 "1 — p(O)h?
n=0 j=0
oo h*n+4 k—1k—j i
Zp(n+1>n _sz hihi 2k ji
n=0
3
hy Py(hg) — p(0 Q
+hiPa(ho) = p(0) -,
*n+4 1 k 3
Zp(n+ ) ﬁzjhfgk j = PO~ "
j=0
n=0
00 h*n+4 k—1k—j i
2P —223(k —hjhy gk ji + hi P3(ho),
n=0 j=0i=1
ee} h;n+4 1 A
> Pt = @Zjh}f ).
n=0 j=0

1

Substituting (31)—(39) into (30) and solving for g yields

k

c G
— . Ah*2 _ h*2 Dh*3 o h*3
Dh3+Hh4—Ah2{j§g" f[ IR TAY 3k’

- Hh*4 _ 2 h*“]
4k
k—1k—j ,
+ZZ gk i- z[Bh ih; Fhihjz_ ghjh?d]
j=0i=1
/’l*2 h*3

*3 *3
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(33)

(34)

(35)

(36)

(37

(38)

(39)

(40)

hk hk *2
+ B 4 C—] + Bhy Py(ho) — FRZ2 Py(ho) — Jhy P3(ho) |-
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In conclusion of this section we note that while the recurrence formula for the com-
pound distributions with counting distrbution satisfying (26) cannot be obtained using
the very same technique as above, it may still be interesting to derive properties of
those distributions by employing different techniques.

6 Applications

(i) Applications to reliability theory. Recall, that the hazard function (also called instan-
taneous failure rate) of a continuous random variable X with density function f(x)
is defined as

_ S _ 4
I’l([) = m = a1 lnR(l‘),

where R(t) = P(X > t) is the survival function. The cumulative hazard function of
X can then be written as

H(x) = /xh(t)dtz —In R(x). 1)
0

The cumulative hazard function measures the risk of failure by time x. For discrete
random variables the hazard function is usually defined as

px (k)

rx (k) = Reh—1)

and, in order to preserve the relation (41) between the cumulative hazard function and
the survival function for the discrete case, some authors (see, e.g., Cox and Oakes
1984) define the discrete cumulative hazard function as

Hx(n) = — Zln[] —rx(k)] = —In Rx(n).

k<n

Alternatively, the relation (41) can be preserved in the discrete case by (re)defining
the hazard function of a discrete random variable X as

Rx(k —1)

ri(k) = —[In Ry (k) — In Rx(k — 1)] = In R0

as itis done in Xie et al. (2002). The discrete cumulative hazard function is then given
by

Hx(n) =Y ry(k) =InRx(~1) —In Rx(n) = —In R (n),
k=0
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as Rx(—1) = 1. Clearly, lim,,_,o Hx(n) = oo. Let us now check that if X, Y €
Q and X < Y then Hx(n) is asymptotically much bigger than Hy (n). Indeed, by
Theorem 3.1,

Ry (n)

Hx(n) — Hy(n) = —InRx(n) +InRy(n) =1n
Rx (n)

— 0

s

asn — oo.
The reverse hazard function of X € 2 is defined as (see Chechile 2011)

) {1, n=0
XU =1 pxm
F);(n), n>0,

and it gives the conditional probability of the failure at the n-th event given that failure
occurs at k < n. As px(0) < Fx(n) < 1 and py(0) < Fy(n) < 1,n € Ny, we have
that X < Y if and only if ZEOZO % < 00. In particular, if X < Y, then
A
lim 2X g
n—oo Ay (n)

For X € €2, the odds for surviving age n is given by the odds function for survival

P(X > n) _ Rx(n)
P(X <n) Fx(n)’

Ox(l’l) = (S N().

From Theorem 3.1 it follows that if X < Y then

Ox(n) _
n—oo Oy (n)

(i1) Poisson shock model. Consider two devices that are subject to shocks occuring
randomly in time as events in a Poisson process with constant intensity A. Let the
probabilities of failure of the devices on the n-th shock be respectively px(n) and
py(n). Then, if Rx(n) = ) ;., px(k) and Ry(n) = ) ;., py(k), the probability
that the devices survive until time 7 are given respectively by the formulae (see, e.g.,
Esary et al. 1973)

o (0.¢] A, n . (0.¢]
Ay =Y Ry e and Hy) =Y Ry()

n=0 n=0

()" ol
n! ’

Below we show that if X < Y then lim; .o, Hx(t)/Hy(t) = 0. By Theorem 3.1,
lim,—, o0 Rx(n)/Ry(n) = 0, and, therefore, for any ¢ > 0 there exists N € N such
that Ry (n)/Ry(n) < ¢ for n > N. We then have that

Hx(1) _ SN o Rx(m)A)" /! + 3°0% | Ry (n)(h0)" /n!
Hy(t) YN Ry /nl+ 300 vy Ry () (ht)" /n!
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_ S o Rx(m)(A)" /nt +3°0% v eRy () (A1) /!
S o Rym)Ou)n /nl 4+ 302 1 Ry (n)(ht)" /!
SN Rx(n)(0)" /n!
Yome N1 Ry(m)(ae)/n!

As 1 — oo, the first summand of the last expression goes to 0. Hence, there
exists T_> 0 ﬂlch that Hx(t)/Hy(t) < 2¢ for t > T, which means that
lim;, 00 Hx(1)/Hy (1) = 0.

(iii) Sampling with visibility bias. Recall that formula (15), which defines the order
<, was initially motivated by the factorization of rational functions that generate
discrete distributions. In the following example we show how the same structural
connection between discrete distributions can arise in practice in a completely different
setting such as sampling with visibility bias to estimate wildlife abundance.

One of the most practical ways of estimating wildlife abundance are aerial surveys.
However, when conducting such surveys, the visibility bias caused by various fac-
tors, such as snow cover, dense vegetation and observer fatigue, need to be taken into
account. There are various techniques proposed in the literature that tackle the prob-
lem of population estimation in the face of visibility bias. For example, the quadrat
sampling method proposed in Cook and Martin (1974) is based on the exploration of a
collection of quadrats within the area of interest. It is then assumed that the number of
groups within those quadrats and the size of each group are independently distributed
and that each animal is observed with probability p. We say that the group of n ani-
mals is observed if all its members are observed. Then a group of size n is observed
with probability p”. Now let the random variables X and Y represent, respectively,
the established and the true number of animals in a group. Then we have that

C
l—p

px(n) =cpy(n)p" = py(m)p" (1 — p),

where ¢ = (Z,fil py (k) pk )~!. Thus, the above formula is identical to (15) with Z
following a Geometric distribution with parameter 1 — p.

Conclusion

We factorize rational functions that recursively generate probability mass functions to
obtain a factorization of those probability mass functions. In case the denominator of
the generating rational function is a monomial, we show that the probability mass func-
tion can be factorized into a product of 4 different types of mass functions, 2 of which
correspond to the Poisson and the Negative Binomial distrbutions. This factorization
leads to a definition of a stochastic order < on the space 2 of discrete distributions
that are supported on No. We show that {€2, <} is a partially ordered set and present its
main properties. Remarkably, < is not only closed under the operations of addition and
multiplication, but is also invariant under relabelings of discrete distributions. In many
setups, < is also closed under the operation of compounding distributions. The relation
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X < Y also implies a strong relation lim,_, o Rx(n)/Ry(n) = 0 between the sur-
vival functions of X and Y. Comparison of some common distributions with respect
to < allows to generate new families of distributions that satisfy various recurrence
relations. For some of those families, when their members play the role of counting
distributions, recursive formulae for the probabilities of corresponding compound dis-
tributions are derived. Obtained results have various applications in survival analysis
and in aerial census with visibility bias.
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