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Abstract Given a large sample from a location-scale population we estimate the
unknown parameters by means of confidence regions constructed on the basis of two
order statistics. The problem of the best choice of those statistics to obtain good
estimates, as n — o0, is considered.
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1 Introduction

A problem of optimal choice of order statistics in large samples for the best estimation
of the location and scale is not new. For example, Subsection 10.4 of David and
Nagaraja (2003) is devoted to such a problem in case of the point estimation (see also
the references cited therein). However, the same problem for the confidence region
estimation has not attracted the attention so far, as far as we know. This paper is an
attempt to fill the gap.

Let x = (x1, x2, ..., x,) be a sample from a distribution Py, 8 = (61, 6»), that is
{x;} are independent real-valued random variables having the distribution Py. We deal
with the case where 61 € R is alocation parameter and 6 > 0 is a scale parameter. As
the estimators of 0 = (01, 62), let us consider two-dimensional confidence regions.
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578 A. Zaigraev, M. Alama-Bucko

Leta € (0, 1) be a given confidence level. A strong confidence region of level « is
a mapping B : R" — B such that

Py(0 € B(x)) =a V0,

where B2 is the o-algebra of Borel subsets of R?. The quality of a confidence region
can be characterized by the risk function defined as

R(0, B) = EgAp(B(x)),

where A is the Lebesgue measure on B2. Among strong confidence regions we dis-
tinguish those having the minimal risk and call them optimal.

The method for construction of an optimal confidence region is well-known (see,
for example, Alama-Bucko et al. 2006 or Czarnowska and Nagaev 2001) and is based
on using a pivot. Let #1 (x) and #2(x) be a couple of statistics satisfying the following
conditions: foranya € R, b > 0,

ti(bx +al,) =bti(x) +a, t(bx +al,) =brr(x), (D
where 1, = (1,1,...,1) € R". Let from now on y = (y1, y2, ..., V) be a sample
from the standard distribution P, 1. Taking a set A € B2 such that

t 1
P(o’l)((—ﬂ, — 1) c A) —a, )
n(y) t()
one can obtain due to (1)
01—t (x) 62 —t2(x) )
P ( , ) cA)=ua 3)
“’“"2)( e bk
That is,
01 —th(x) 62 —na(x)
(A1 =) 0
2 (x) 12 (x)
is a pivot.
Thus, the set
Ba(x) = (t1(x), 2(x)) + 12(x)A ©)
is a strong confidence region for (61, 6»). In this case,
R(6, Ba) = M(A)Egt3 (x) = 032(A)Eo.1)15 (), (6)

that is the risk function is proportional to the area of the set A, and the problem is to
choose the set A with the smallest area.

Assume that the density function g of the random vector (—t1(y)/t2(y), 1/t2(y)—1)
exists, continuous and such that
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On optimal choice of order statistics 579

Mm{ueR*: gw)=2z)=0 Vz=>0.
The confidence region is optimal among all the confidence regions of the form (5), if
A={ueR: gw) =z,

where z, is defined by the equation

/g(u)du =q.

A

This is a corollary of Proposition 2.1 of Einmahl and Mason (1992).

Of course, the optimal confidence region depends on the choice of #; and #,.

For the natural interpretation of confidence region (5) it is reasonable to take as
t1(x) and #> (x) the estimators of the location and scale parameters, respectively. Then
(t1(x), r2(x)) is the center of the region, while the set A defines the shape of the region
and #,(x) is responsible for its rescaling.

In this paper we consider the case, where #; and #, are linear functions of two
order statistics. Some other cases were considered in Alama-Bucko et al. (2006) and
Czarnowska and Nagaev (2001).

Let xg., and x,,., be the k-th and the m-th order statistic of the sample x, respectively,
k < m. The main goal of the paper is to make the best possible choice of k = &,
and m = m, to minimize risk function (6), as n — oo, under the assumption that
k/n— p, m/n —>gq, p<gq.

Asymptotics of the optimal confidence region in case 0 < p < g < 1 is obtained
in Sect. 2. Our main results are established in Sect. 3, while Sect. 4 contains examples.
In “Appendix” we prove three useful auxiliary lemmas.

2 Asymptotics of the optimal confidence region
Let F' = Fo,1) be the continuous distribution function corresponding to P, 1) and
F Y (p)y=inf{teR: Ft) >p}, 0<p<1

be the so-called quantile function. We assume that the distribution F is absolutely
continuous and denote by f its density function. Let ¢y be the density corresponding
to the normal distribution with zero mean vector and covariance matrix V.

We start with the classical result on limit distribution for central order statistics
(see, for example, Theorem 10.3 of David and Nagaraja 2003 or Theorem 4.1.3 of
Reiss 1989).

Proposition 1 Let 0 < p < g < 1 be fixed and k/n — p = o(n™'/?), m/n — q =
on~Y?%), as n — oo. Assume also that f(F_l(p)) > 0, f(F_l(q)) > 0. Then the
limit distribution of the vector nl/z(yk;n — F_l(p), Ymom — F_l(q)), asn — o0, Is
normal with zero mean vector and covariance matrix
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580 A. Zaigraev, M. Alama-Bucko

p(1—p) p(1—q)
y FAHE"(p) FFEYp) f(F~(q))
p(l—q) q(l—q)

FE ) fFHg) FA2F(g))

Assume that F~1(g) # F~!(p) and take

_ xk:nFil(CI) _xm:nFil(p)

" Xm:n — Xkn
) = T S F )

F~(q)— F~'(p)’

;o hl)= (N

Note that#; (x) and £ (x) from (7) satisfy (1) and are asymptotically unbiased estimators
of the location and scale, respectively.
Making use of statement (i) of Lemma 1 from “Appendix” with a, = ¢, =

n1/2’ by = F_I(P)y dy = F_I(Q)a &n = Yk Mn = Ymm» f(u1, u2) = oy (u1, u),
we immediately obtain the following result.

Corollary 1 Under the conditions of Proposition 1, the limit distribution of the vector
nl/2(—g ) /t2(y), 1/t2(y) — 1), where t| and to are defined by (7), as n — 00, is
normal with zero mean vector and the covariance matrix W = (H- YT VH™Y, where

1 1
i = (F‘<p) F‘<q>)'

Applying the method of construction of optimal confidence regions described in
Sect. 1 (see formulae (2)—(5)), one can obtain the following optimal confidence region
based on the vector nl/z(—tl M /t2(y), 1/t2(y) — 1):

By, (x) = (11(x), 2(x)) + (12(x)//n) An, ®)

where the set A,, is defined by

Ay =(ueR: g zza},/gn(mdu:a,
Ay

and g, is the density corresponding to nl/z(—n y)/t2(y), 1/t2(y) — 1). The corre-
sponding risk function has the form

R(8, Ba,) = Egt3(x))2(Ay)/n. )

Let us investigate the behaviour of R(9, B,,) as n — oo. From Proposition 1 it
follows that

: 2 —_p2 1 2 _p2
ngngo E9t2 (x) = 92 nlLH;o E(O,l)tz (y) = 92 . (10)
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On optimal choice of order statistics 581

Moreover, basing on Proposition 1, as it was shown in Theorem 2 of Alama-Bucko
and Zaigraev (2006), one can obtain the asymptotic expansion of the set A,, asn — 0.
Namely, the set A,, as n — 0o, approximates the ellipse Ag of the form

Ao={ueR: gww) = z,),
where 7/, is defined by the equation

l—«

/(pW(M)dM =, that is Z(/x = W

Ao

In other words,

e—uW_luT/Z
Aoz{ueRzz Wzdx],
or
Ag={ueR>: uw lul <—-2In(1 —a)}.
Therefore,
1im 32(An) = 12(Ag) = 27 In(1 — @) (det w)l/?
and
detwyl2 = GtV [p(q — p)(1 = ]2 an

detH — [F~Y(@) = F IS (F~ 1 p) f(F(g)

Summing up, R(6, Ba,) isof order 1/nasn — 00, if0 < p <q < 1, F~l(q) #

F~'(p), fF(F~N (@) >0, f(F'(p) > 0.

The problem of interest is to search for p* and ¢* to minimize (11). In other
words, this is the problem of choice the order statistics Xy, X;;:» to obtain the optimal
confidence region for # with the smallest risk function.

3 Optimal choice of order statistics

After changing the notation u = F~!(p), v = F~!(g), the right-hand side of (11) is
rewritten as
[F(u)(F(v) — Fu)(1 — F)]'? o
= G(u, ).
(v —u) fu) f(v)

Let

(w*,v*) earg inf G(u,v),

Up<u<v<urp
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582 A. Zaigraev, M. Alama-Bucko

where —00 < uy < u; < oo are the lower and the upper end of the support of the
distribution F, respectively.
Note that for any fixed u € (up, u';),

. [Fu)(1 — Fu))]/?
Llir; (v — u)l/2G(u, V) = (f(u))3/2

Therefore, G(u, v) 1+ oo as v | u for any fixed u € (up, u};). Similarly, it can be
shown that G (u, v) 1 oo as u 1 v for any fixed v € (u, u;).

In what follows, we assume that the function f is differentiable at any point u €
(up, u;;). Then

ffvy 1 f(v)( 1 1

(In(G (u, v))vz_f(l)) U—M+ 2 F(U)—F(u)_l — F(v)

) = H(u,v).
(12)

By simple calculations,
. 1
Iim (v —u)Hu,v) = ——
vlu 2
and, therefore, H (4, v) < 0 in a neighborhood of any fixed u € (ug, u';), that is

the function G (u, v) is decreasing in v in a neighborhood of . Similarly, the function
G (u, v) is increasing in u in a neighborhood of any fixed v € (up, u,“;) since

(In(G(u, v)), =

1) 1 f 1 1 o
_f(u)+v—u+ 2 (F(u)_F(v)—F(u))'_H(”’v)

(13)
and

1
li —uw)H*(u,v) = -.
Mlg (v—u)H"(u, ) 5

In the sequel we need some well-known facts from the extreme value theory (see,
for example, Subsection 10.5 of David and Nagaraja 2003).

If there exist ¢, > 0 and d,, € R such that the limit distribution of the sequence
cn(Yn:n — dp) exists, asn — oo, then the limit distribution function is one of just three
types (8 > 0):

0, u<o
exp(—u=P), u >0,
exp(—(—u)), u <0
1, u >0,

— (Fréchet) Hi(u; B) = H

— (Weibull) Hz(u; B) = [

— (Gumbel) Hiz(u) = exp(—exp(—u)), u € R.

In this case it is said that F' belongs to the domain of attraction of the distribution
H;,i =1,2,3 (written F € D(H,)).
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On optimal choice of order statistics 583

Let & be the hazard rate function, that is

hu) = ﬂ

=1 FGr)' u e (u;,u;).

It turns out that the possible limit laws for the properly centered and normed maximal
order statistics x,, are determined by the behaviour of the function % in a neighborhood
of the right endpoint of F. The following result (see, for example, Theorems 8.3.3 and
8.3.4 of Arnold et al. 1992) contains the well-known sufficient von Mises conditions
of attraction to D(H;), i = 1,2, 3, and description of sequences {c,, d,}. In what
follows, L(v) denotes a slowly varying function as v — oo.

Proposition 2 The following statements hold:

- F e D(Hy), lfu'; = oo and for some B > 0,

lim wuh(u) = B; (14)
Uu— 00
hered, =0, c, = (F~'(1 = 1/n))"! = n=VBL(@n);
- F e D(Hy), ifu'F" < oo and for some B > 0,

lim_(up — wh(u) = f; (15)

Uu—ur

here d,, = uJFr, = (u; — Ffl(l — l/n))’1 =nBL(n);
— F € D(H3), if f(u) is differentiable for all u > uy and

lim (1/h)) = 0; (16)

Ll—)MF

here d, = F~'(1 — 1/n), ¢, = h(d,) = nf(d,).
Remark 1 Comparing the norming sequences {c,} from all the above cases to n'/2,
one can conclude that: ¢, > n'/? if F € D(H>) with B < 2, while ¢, K nl/2 if
F € D(Hy),or F € D(H3), or F € D(H) with 8 > 2. In what follows, we exclude
the case F € D(H,) with B = 2 from the consideration since uncertainty remains
here.

Now we are able to establish the crucial result for optimal choice of order statistics.
Theorem 1 The following statements hold for any fixed u € (uy, u';):

(i) if condition (14) holds, then G(u, v) 1 oo as v 4} u; = 00;
(i) if condition (16) holds, then G (u, v) is a non-decreasing function for all v > vo;
(iii) if condition (15) holds, then

B>2 = Gu,v) 1 oo, v1iuj,
B<2 = Gu,v) |0, vtuf.
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584 A. Zaigraev, M. Alama-Bucko

Proof Statement (i) is a direct consequence of (14).
To prove the statement (ii), it is enough to show that

H(u,v)
im > 0. (17)
vTLfFr h(v)
From (12) it follows that
H(u,v)_( 1 )’_ 1 +1 1—F(u)
hv) — \h(v) W—wh@) 2 1—F@u—[l-Fo]

In view of condition (16), it is enough to prove that

. 1 . H@u,v) 1
Iim — =0 then lim ==1. (18)
viuk (v —u)h(v) vtuf h(v) 2

For this purpose one can use the arguments from the proof of Remark 2 of Subsection
3.3.3 of Embrechts et al. (1997). If u}t = 00, then since (1/h(v))’ | 0, as v 1 oo,
the Cesaro mean of this function also converges, that is

v
1/h 1
im 2 _ i —/(l/h(u))’du —0.
vtoo v vtoo U
Z
If u‘; < 00, then
1/h ‘ 1/h(u))d 1/
lim /+ ® _ _ im M =1im—/(1/h(u; —5))'ds.
viulb Up —v viuf Up—v twto
v

Since (1/h(u}' —5)) | 0,ass | 0, the last limit tends to 0 and (18) holds.
Statement (iii) follows from Theorem 3.3.12 of Embrechts et al. (1997) and prop-
erties of slowly varying functions.

Theorem 1 immediately implies the following result.

Corollary 2 If condition (15) holds with 8 < 2, then v* = u; < o0 (g*=1)and
inf G (u, v) = 0. In other cases (condition (14), or condition (16), or condition (15)
with B > 2 holds), v* < u;C (g* < 1) and inf G(u, v) > 0.

As it is known, similar results hold also for the minimal order statistic yi.,. More
precisely, if there exist @, > 0 and b, € R such that the limit distribution of the
sequence a, (y1., — by,) exists, as n — 00, then the limit distribution function is one of
just three types: Hi*(u; y)=1—Hij(—u;y), i =1,2,3. So, with the small evident
modifications one can establish for y;., the similar results as for y;,.,. We have gathered
them in the following theorem.
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On optimal choice of order statistics 585

Denote

o)

h*(u) = F)'

ue(ug, u;).
Theorem 2 The following statements hold for any fixed v € (uy, u};).
1. Ifuy = —o0 and for some y > 0,

lim  uh*(u) = —vy, (19)
u—>—00

then F € D(H{) and G(u,v) t ooasu | uy = —oo.
2. If f(u) is differentiable for all u < u? and

lim (1/h*(u)) =0, (20)

u—>u;

then F € D(HY) and G(u, v) is a non-increasing function for u < ug.
3. Ifup > —oo and for some y > 0,

lim (u —up)h™(u) =y, 21

u—)uF

then F € D(H}) and

y>2 = Gu,v)too, ulug,
y <2 = Gu,v){0, ulug.

If condition (21) with y < 2 holds, then u™ = uy; > —oo (p* = 0) and inf G (u, v) =
0. In other cases (condition (19), or condition (20), or condition (21) with y > 2
holds), u* > uy, (p* > 0) and inf G(u, v) > 0.

Summing up, assuming that the underlying distribution in a neighborhood of u‘;
satisfies one of von Mises conditions (14)—(16) and in a neighborhood of u, satisfies
one of von Mises conditions (19)—(21), we can formulate the results on optimal choice
of order statistics distinguishing between four cases.

Case I If in a neighborhood of u; (14), or (16), or (15) with 8 > 2 holds and in a
neighborhood of u}; (19), or (20), or (21) with y > 2 holds, then 0 < p* < ¢* < 1.
In this case we take (see (7))

xk*:nF_l(q*) - xm*:nF_l(P*) Xm*:n — Xk*:n

Fign—Fipn 2Oy

fx) =

(22)

where, for example, k* = [np*]+ 1, m* = [ng*]+ 1. The optimal confidence region
is based on the vector T},(y) = n'/?>(—11(y)/t2(y), 1/t2(y) — 1) and is given by (8)
with risk function (9), where lim,,_ Egtzz(x) = 922 (see (10)). The limit law for
T, (y), established in Corollary 1, allows us to state that
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586 A. Zaigraev, M. Alama-Bucko

[p*(q* = p")(1 — g1
Ao (Ay)— (—27 In(1— : :
2= ) e g o I e F gy T

The risk function is of order 1/n, asn — oo.

The important note: the order of the risk function for the optimal confidence region
equals to the reciprocal of the product of norming sequences of the components of
T, (y), thatis 1/n = 1/(n'/? . n1/?).

It remains to consider the cases when in a neighborhood of u}t (u}' < 00) (15) with
B < 2 holds and/or in a neighborhood of uy (u > —o0) (21) with y < 2 holds.
Here, the order of the corresponding risk function is evidently o(1/n) and ¢* = 1
and/or p* = 0. In this case we need to change the vector T;,(y) and norming sequences
according to statements (ii) or (iii) of Lemma 1 from “Appendix”. Again the reciprocal
of the product of norming sequences of the components of 7, (y) determines the order
of the risk function.

Let ¢* = 1 (the case p* = 0 can be considered similarly). In general, one can
distinguish between three types of sequences {m,} satisfying m,/n — ¢* = 1,n —
00!

(a) my, = n; in this case yy,.n = Ynu, 1. €. we deal with the extreme order statistics;

(b) my =n—j+1, j > lisfixed;in this case y,.n = Yn—j+1:, 1. €. we deal with
other extreme order statistics;

(c)ymy,=n—j+1, j=j, = o0, ju/n — 0, n — 005 in this case y,, ., =
Yn—ju+1mn, 1. €. we deal with intermediate order statistics.

The question arises: what type of the sequence one should choose to obtain the
better confidence region?

First of all, note that according to the end of Subsection 10.8 of David and Nagaraja
(2003), lower extremes are asymptotically independent of upper extremes and both
are asymptotically independent of central order statistics as well as of intermediate
order statistics.

In situation (a) the possible limit laws and corresponding norming sequences
are given in Proposition 2. In situation (b), as it follows from Theorem 8.4.1 of
Arnold et al. (1992), F € D(H;), i = 1,2,3, iff the limit distribution function
of an extreme order statistic y,—j+1:1, a8 n — 00, where j is fixed, is of the form
Z H w)[—In(H; (w))]" /r!, i =1, 2, 3; the sequences {c,, d,} are the same as in
Pr0p0s1t10n 2. Therefore, comparing the choice of y,., with that of y,—;11.,, where
Jj > 1 is fixed, we conclude that the norming sequences are the same, but the first
choice is better since it gives the shorter interval for the appropriate coordinate (see
Lemma 2 from “Appendix”).

At last, in situation (c), as it follows from Theorem 8.5.3 of Arnold et al. (1992), if
von Mises conditions (14)—(16) hold, then the limit law for y, 1.4, n — 00, j —
00, j/n — 0, is standard normal and d,, = F~'(1 — j/n), ¢, = nf(d,)/j"?. Note
that in the case of interest (when in a neighborhood of u; (15) with 8 < 2 holds) this
norming sequence {c,} is less than that for y,., given in Proposition 2 (see Lemma 3
from “Appendix”); in all other cases it is less than n'/2

Case II If in a neighborhood of u‘; (one can take u‘; = 0 without loss in generality)
(15) with B < 2 holds, while in a neighborhood of u7; (19), or (20), or (21) with y > 2
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On optimal choice of order statistics 587

holds, then 0 < p* < g* = 1. In this case, drawing on (22), we take

Xn:n — Xk*in

11 (x) = Xpun, h(x) = _FT(p*).

The pivotal quantity is

nx) 1 (x)

(C 01 — t1(x) n1/292_t2(x))

where ¢, = n'/PL(n) > n'?, n — oo. The optimal confidence region is based on
the vector (—cut1(y)/12(y), n'/?(1/12(y) — 1)) and has the risk of order 1/(c,n'/?) <
1/n, as n — oo. It has the form

Byx(x) = (11(x), 2(x)) + 12(x) Ay,

where A’ = {(z1,z2) : (cnz1,n'%20) € Ay}

Case Il 1f in a neighborhood of u‘; (14), or (16), or (15) with 8 > 2 holds, while
in a neighborhood of u (one can take u# = 0 without loss in generality) (21) with
y < 2 holds, then 0 = p* < ¢* < 1. In this case, drawing on (22), we take

Xm*:n — Xl:n

1(X) = X1.0, h(x) = F1q"

The pivotal quantity is

( 01 — 1 (x) 1/292 _fZ(X))
a N
r(x) 1 (x)

where a, = n'/Y L(n) > n'/?, n — oo. The optimal confidence region is based on
the vector (—ant(y)/t2(y), n'/2(1/t,(y) — 1)) and has the risk of order 1/(a,n'/?) <«
1/n, as n — oo. It has the form

Ba; (x) = (11(x), 2(x)) + (x) A,

where A% = {(z1,22) : (anz1,n'%22) € A,).

Case IV At last, if in a neighborhood of u‘; (15) with 8 < 2 holds and in a neighbor-
hood of u; (21) with y < 2 holds, then p* = 0, ¢* = 1. In this case the construction
repeats one of the previous cases depending on the relation between  and y (see
Examples).

Atlast, it is worth to note that if the distribution F' is symmetric, that is its density f
satisfies the condition f(—u) = f(u), and, moreover, if f is a differentiable infinitely
many times function such that f'(—u) = — f'(u), then p* = 1 — ¢™* (see Theorem
10.4 of David and Nagaraja 2003 and also Ogawa 1998 for the proof and discussion).
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588 A. Zaigraev, M. Alama-Bucko

4 Examples

Here we consider three examples of distributions. In all the cases we calculate the
values of the risk function, according to (6): firstly, for (p, g) = (0.25,0.75), and
secondly, for (p*, ¢*). Even for the realistic sample sizes, the risk is smaller in the
second case.

Example 1 Uniform distribution U (61 — 62/2, 01 + 02/2).

It is the case IV since in a neighborhood of uJIS = 1/2 (15) with 8 = 1 holds, while
in aneighborhood of u, = —1/2(21) with y = 1 holds. Therefore, (p*, ¢*) = (0, 1).
Here B = y, and the optimal confidence region for (61, 65) is based on

t(x) = (X +xn:n)/2a 1(X) = Xpip — X1

O—ti(x) 6 1)
n(x)  n(x) ’

The optimal confidence region has the risk of order 1/n2.

Calculations of the risk function for (p, g) = (0.25,0.75) (the first table) and for

(p*, ¢*) = (0, 1) (the second table):

while the pivot looks as 7 (

n k m A2(A) E,1%3 () R(0. Bp)/03
30 8 23 1.076282 0.241935 0.260390
40 10 31 0.640971 0.243902 0.156334
50 13 38 0.599687 0.245098 0.146982
60 15 46 0.429006 0.245901 0.105493
70 18 53 0.414028 0.246478 0.102049
80 20 61 0.326711 0.246913 0.080669
90 23 68 0.312016 0.247252 0.077147
100 25 76 0.262212 0.247524 0.064904
500 125 376 0.052771 0.249500 0.013166
n k m A2(A) Eq, 113 () R(0.Bx)/03
30 1 30 0.015230 0.877016 0.013357
40 1 40 0.008145 0.905923 0.007379
50 1 50 0.005059 0.923831 0.004674
60 1 60 0.003444 0.936012 0.003224
70 1 70 0.002495 0.944835 0.002357
80 1 80 0.001890 0.951520 0.001798
90 1 90 0.001481 0.956760 0.001417
100 1 100 0.001192 0.960978 0.001145
500 1 500 0.000050 0.992039 0.000049
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On optimal choice of order statistics 589

Example 2 Exponential distribution E (61, 6>).

It is the case III since in a neighborhood of u = 0 (21) with y = 1 holds, while
in a neighborhood of u}' = 00 (16) holds.
By simple calculations we obtain

2u _ u v—u 1/2
G(u,v)z[(e el )] , O<u<v<oo,
v—u

and arg info—y<y<co G(u,v) = (0, vy), where v, is the solution of the equation
(1 —=v/2)e’ =1 (vx = 1.5936). Therefore, (p*, g*) = (0, v4/2) = (0, 0.7968).
The optimal confidence region has the risk of order 1/n%/2.
Calculations of the risk function for (p, g) = (0.25, 0.75) (the first table) and for
(p*, ¢*) = (0,0.7968) (the second table):

n k m 22(A) E,1%3 () R(0. Bp)/03
30 8 23 0.636060 1.294206 0.823192
40 10 31 0.361046 1.431981 0.517011
50 13 38 0.332177 1.259720 0.418450
60 15 46 0.237054 1.354291 0.321040
70 18 53 0.224124 1.244763 0.278981
80 20 61 0.177264 1.316461 0.233361
90 23 68 0.171444 1.236410 0.211975
100 25 76 0.141810 1.294084 0.183514
500 125 376 0.027746 1.224075 0.033963
n J k A2 (A) E0,1)13(y) RO, By)/63
30 1 24 0.059575 2.783466 0.165825
40 1 32 0.036114 2.973219 0.107374
50 1 40 0.025097 3.149164 0.079034
60 1 48 0.018263 3.320204 0.060636
70 1 56 0.014387 3.490169 0.050213
80 1 64 0.011406 3.660958 0.041756
90 1 72 0.009464 3.833603 0.036281
100 1 80 0.008152 4.008691 0.032678
500 1 399 0.000517 12.822575 0.006629

Example 3 Normal distribution N (61, 6>).

It is the case I since in a neighborhood of u; = —oo (20) holds, while in a
neighborhood of u‘; = o0 (16) holds.
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Here G(u, v) = G(—v, —u), and by simple calculations one can obtain that

arg min G(u,v) = (—v*,v"),
—o0O<U<V<OO

where v* = 1.1106 is the solution of the equation

1/v—2v_ 2 —3F(v)
f) — QFw) —D(—F@)’

Therefore, ¢* = F(v*) = 0.8666, p* =1 — ¢* = 0.1334.

The optimal confidence region has the risk of order 1/n.

Calculations of the risk function for (p, g) = (0.25, 0.75) (the first table) and for
(p*,q™) = (0.1334, 0.8666) (the second table):

n k m A2(A) Eq,113 () R(0.B7)/63
30 8 23 0.520142 1.869376 0.972341
40 10 31 0.338648 2.079427 0.704193
50 13 38 0.294872 1.850483 0.545655
60 15 46 0.219608 1.991273 0.437299
70 18 53 0.204000 1.841996 0.375767
80 20 61 0.166246 1.947792 0.323812
90 23 68 0.156422 1.837179 0.287375
100 25 76 0.133028 1.921895 0.255665
500 125 376 0.026954 1.840690 0.049613
n k m A2(A) Eq,1y13(y) R(0.B4)/03
30 5 26 0.182234 4.335487 0.790073
40 6 35 0.114722 4.794549 0.550040
50 7 44 0.086356 5.096922 0.440149
60 9 52 0.079592 4.625095 0.368120
70 10 61 0.063934 4.855632 0.310440
80 11 70 0.053892 5.037201 0.271464
90 13 78 0.050402 4.726140 0.238206
100 14 87 0.043930 4.879758 0.214367
500 67 434 0.008606 4952811 0.042623
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Appendix

Here we establish three useful auxiliary lemmas.

Lemma 1 Let {§,} and {n,} be two sequences of random variables and assume that
there exist sequences of positive numbers {a,} and {c,} and sequences of numbers
{b,,} and {d,,} such that the sequence of two-dimensional random vectors (a, (&, —by),
cn(Mn—dp)), asn — 00, converges in distribution to a random vector with continuous
density function f(uy, u2).Ifa, — 00,¢, —> 00, by, > b e R,d, - d € R,d #b,
then

(i) under the condition a, = c, the random vector

(bnnn —dn&, dy — by )
an , —1), as n— oo,
N — &n M — &n

converges in distribution to the random vector with the density |d — b| f (—v;
—bvy, v —dwv2);
(ii) under the condition a, > c, the random vector

(an (bn — ) (dn — by) ’ cn(dn —b

n
— 1)), as n — oo,
Nn — &n

N — &n

converges in distribution to the random vector with the density |d — b| f (—vq,
—(d = b)vy);
(iii) under the condition a,, < c, the random vector

(g ) e

converges in distribution to the random vector with the density |d — b| f ((d —
b)vz, —v1).

Proof We establish only statement (i); the other cases are treated similarly. The trans-
formation (u1, up) — (vi, vp) of

)

byn, — dp&, dy, — b
an(En — by, 1y — dy)  ONtO T,,:an(""" nn dn ”—1)

N — &n N — &n
is given by
- anbpur—apdyug U = _vitbywm
L= do—ui+an (dy—bp) T+va/ay
—
— antt] —ant _ _ vitdyv
vz = up—u1+ay (dn—by) uz 1+U2/an :
This transformation has the Jakobian
|dn - bn|

T =
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Therefore, the density function of the random vector 7, has the form

|dn — by (_v1+bnvz _v1+dnvz)
(1 +U2/an)3 1 +U2/an’ 1 +U2/an .
Since a, — 00, b, — b, d, — d, asn — o0, statement (i) follows.

Lemma 2 For 8 > 0 consider two densities
fp) = B 1™ g ) = BP0 (=)L w <0
where j > 1, and let (a, b) and (a’, b') be such intervals that for given o € (0, 1)

b

/f,g(u)du = /gﬂ](u)du =a.

a/

If B <1, then for any j > 1

min(b — a) < mln (b’ —a).
(a,b) (a’

Proof Let Fg and G g, ; be the distribution functions corresponding to the densities f3
and gg, ;, respectively, i. e.

B
F,Sm):ﬁXP( D=0

exp(—(—u)P)[1 + (=) /1 + ...+ (=)= DB/G =D, u <0

Gp.ju) = 1, u>0

and let Xg and Yg ; be the corresponding random variables.

Recall two notions of stochastic ordering (see e.g. Sect. 1A and Sect. 3B of Shaked

and Shanthikumar 2007):
Xp <5t Yg,j,if Fg(u) > Gg j(u), Yu > 0;
Xp <aisp Yp.j- it Fy ' (9) = F5 ' (p) < G5h(@) = G5(p), YO<p=<g<l.

Thus, if we show that Xg <gyisp Yp, j, the lemma follows.

It is not difficult to check that —X; <;; —Y7 ; and that — X <y;5, —Y1,; for
any j > 1 (e.g. by Theorem 3.B.18 of Shaked and Shanthikumar 2007). Moreover,
—X g has the same distribution as (=X DYB and —Y, s, j has the same distribution as
(—Yl,j)]/ﬁ. Since the function ¢ (1) = ul/B.u>0,is increasing and convex, from
Theorem 3.B.10 of Shaked and Shanthikumar (2007) it follows that (—X1)!/# =
¢ (—X1) <aisp $(=Y1,;) = (Y1 ;)!/P. Therefore, —Xg <aisp —Yp, ;. but the latter
means, from Theorem 3.B.6 of Shaked and Shanthikumar (2007), that Xg <gisp Y3, ;-

Numerical calculations show that Lemma 2 is true not only for g € (0, 1], but also
for B € (1, 2).
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Lemma 3 IfinaneighborhoodofuJFr (15)with B < 2 holds, thenfor j — oo, j/n —
0, n — oo, the relation nf (F~1(1 — j/n))/j'?* < (u} — F~1(1 — 1/n))~" holds.

Proof Let z, = F~'(1 —1/n) and d, = F~'(1 — j/n). Our goal is to prove that
nf(dn)/j'? < (ukh —z,)7', n — oco. By (15) and equality 1 — F(d,) = j/n itis
equivalent to
' 1
+ﬁ L — , n—> 00. (23)
MF — dn uF — 2n

To show (23) remind that for distributions satisfying (15) we have
1—F@) =L/} —v)uh—v)as vtu}

(see, for example, Theorem 3.3.12 of Embrechts et al. 1997). Since

. 1=F(dy) LU/} —dy) (u; — dn)f’

T FGo T LA/wh -2 \uj — 2

and j — oo asn — 00, we obtain (u}t — zn)/(u‘]t —dy) > 0, n — oo, for g > 0.
Then it is obvious that for 8 < 2

L(1/(u}f —dy)
L(1/(uk = zp)

N

+ 1-8/2
ub —z
( a ") — 0, n — oo.
up —dy '

+
up—d
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