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Abstract. Let f1,..., fr € R[X] be polynomials of degree at most d with f1(0) =
-+ = f(0) = 0. We show that there is an n < z such that ||f;(n)|r/z < z¢/* for
all 1 < ¢ < k for some constant ¢ = ¢(d) depending only on d. This is essentially
optimal in the k-aspect, and improves on earlier results of Schmidt who showed the
same result with ¢/k? in place of c/k.

1 Introduction
In this paper we consider the following question:

Question. Given k polynomials fi, ..., fr € R[X] of degree at most d with f1(0) =
- = fr(0) = 0, how small can we make the fractional parts | fi(n)|r/z;- -,
| f&(n)|lr/z over positive integers n < x?

Here [|-||g/z denotes the distance to the nearest integer. Since the polynomial f(n) =
n + 1/2 certainly doesn’t attain arbitrarily small fractional parts, it is natural to
impose the condition f1(0) = --- = fx(0) = 0 so that all polynomials individually
can obtain small fractional parts. Indeed, it is known that if f € R[X] has degree
at most d > 2 and satisfies f(0) = 0 then the fractional part || f(n)|r/z can become
arbitrarily small, and the recent work of Baker [Bak16] shows that

. 1
in 1f(n)[lr/z <ad 1/ (2d2—2d)to(1) " (1.1)

It is worth emphasizing that the bound depends only on x and d, and is otherwise
completely uniform over all such polynomials f. The exponent 1/(2d? — 2d) is based
on the resolution of Vinogradov’s Mean Value Theorem for d > 4by Bourgain—
Demeter-Guth [BDG16], but estimates of the shape O(1/d?) were known since the
work of Wooley [Woo12] and estimates of the form O(1/d*logd) go back to Vino-
gradov [Vin04]. The bound (1.1) is certainly not expected to be tight; for monomials
the exponent can be improved to O(1/dlogd), for example, and it is conjectured
[Bak86] that this should be improvable to 1 + o(1). Unfortunately there currently
does not appear to be a feasible approach to make progress on the shape of these
exponents with the current techniques.
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In the case of k polynomials fi1,..., fr € R[X] of degree at most d with f;(0) =
-+ = fr(0) = 0, the current record due to Baker and Harman [BH84] is for some
cqg >0

. 1
glglggﬁgalgllfi(n)llm Lk,d 21/ rhea)to(l) " (1.2)

This refines the initial groundbreaking work of Schmidt [Sch77] from 1977 who had
a similar exponent of the form 1/2k% when d = 2. A simple argument based on
choosing the coefficients of f1, ..., fi uniformly at random shows that one certainly
cannot hope to have a result stronger than

min mase | () s < (1.3)
These and related questions have been the object of a large amount of study in
analytic number theory; see [MT19, Bak17, Bak78, Bak77, Bak80, Bak08, VW00,
Wool3, Wo093, Bakl18, Sch95, Zah95] for some recent related work. We refer the
reader to the book [Bak86] for a comprehensive overview of these questions.

Our main result is to establish a bound for (1.2) with an exponent O4(1/k). By
comparing this with (1.3) we see that this bound is of the optimal shape in the
k-aspect. This result is new even in the simplest non-linear case when fi(n) = a;n>
for 1 <4 < k which corresponds to simultaneous Diophantine approximation with
squares. More precisely, our main result is the following.

Theorem 1.1. Let k,d be positive integers. There is a constant Cy > 2 depending
only on d and a constant Cqj, > 2 depending only on d and k such that the following
holds.

Let f1,..., fr € R[X] be polynomials of degree at most d such that f1(0) = --- =
fx(0) =0. Let €1,...,e; € (0,1/100], and put A = Hle €.

IfFA"Y < gVC and ¢ > Ca,; then there is a positive integer n < x such that

I fi(n)llryz < e forallie{1,...,k}.

Choosing €] = - - - = ¢;, = 2~ /(5¢4) in Theorem 1.1 gives the improvement mentioned
above. In the language of [Bak79], this confirms the conjecture that an arbitrary
system of polynomials with f1(0) = --- = f(0) = 0 has ‘Heillbronn status’.

COROLLARY 1.2. Let fi,..., fr € R[X]| be polynomials of degree at most d such
that f1(0) = --- = fx(0) = 0. Then there is a positive integer n < x such that

I fi() gz <dk zlk foralli € {1,...,k}.

Here ¢4 > 0 is a constant depending only on d, and the implied constant depends
only on d and k.

Specializing just to the case when f;(n) = a;n? for each i (for any choice of fixed d >
2), we find that we obtain a new result on simultaneous Diophantine approximation
with d" powers, which is of the optimal shape.
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COROLLARY 1.3 (Simultaneous Diophantine approximation). Let d > 2 and a4, . . .,
ai € R. Then there is a positive integer n < x such that

loin®||g/z <ap 2~ /* for all i€ {1,...,k}.

Here cqg > 0 is a constant depending only on d, and the implied constant depends
only on d and k.

As with previous works, a noteworthy feature of Theorem 1.1 and Corollary 1.2
is that the result is completely uniform over the coefficients of the polynomials (or
the choice of the a; in Corollary 1.3), with the implied constants depending only on
d and k.

The proof as given in this paper would yield a constant ¢; in Corollary 1.2 or
Corollary 1.3 which is exponentially small in d (cq = 10~¢ would probably suffice),
but it is likely that with only a small amount of additional effort the constant could
be taken to be of the form ¢y = C/d? or perhaps even C/(d + d?/k) for a relatively
small explicit absolute constant C'. In the interests of emphasizing the main ideas we
have chosen not to pursue such explicit bounds in the d-aspect. Similarly we have
made no effort to control the implied constant’s dependence on d or k, although
it is likely that adapting the ideas behind [GT09, Proposition A.2] would give a
reasonable and explicit dependence on k and d.

2 Outline

In the interest of simplicity we consider the case when f;(n) = a;n?, since this case

still has most of the main features of the problem at hand. As in Schmidt’s original
work, the argument follows an increment strategy, where either the situation looks
‘random’ or there is additive structure allowing us to pass to a self-similar situation
with one fewer polynomial. We obtain improved bounds by getting more structural
control over the arithmetic nature of the large Fourier coefficients, allowing for a
more complicated but more efficient increment strategy (this successfully achieves
the challenge mentioned in [Bak86, Page 5] of sharpening Schmidt’s ‘determinant
argument’).

For a generic choice of ay, ..., ax, we expect that the vector of fractional parts
v(n) = (|ain®|lg/z, - - -, [lown?|lr/z) will equidistribute in the torus R¥/Z*. Fourier
analysis is well-suited to showing such equidistribution, and one finds that given any
intervals Iy, ..., I, of length & (for some small § > 0) and = > 6~*=°(), there is an
n < z such that v(n) € I x - -+ x Ij; unless there is a Diophantine relation

a
h1a1+"'+hkak%5

for some constants h; < 6~ 17°) and some ¢ < 7 O®)_If § > z=/* for some small
¢ > 0, such a relation is unusual but would mean that it is genuinely not the case
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that v(n) equidistributes at this scale. (For example, if ay = aw, then there is clearly
not equidistribution.)

Schmidt [Sch77] addressed this potential issue by restricting to considering in-
tegers m such that n was a multiple of hiq whenever there is such a Diophantine
relation (assuming h; # 0, as we may do by relabeling the indices.) For such n’s we
see that

Y

R/Z

k
Z hiam2/h1

=2

lo1n® ||z =~

and so if we can find ay,...,a; € Z and n’ < x/qh; such that |a;(qghin)? — a;] <
§=1=o() for 2 < i < k and such that Zle h;a; = 0 then we can find an n < x such
that |lan?||g/z < 0! for 1 <4 < k. This essentially reduces the problem of finding
n < x such that [Ja;n?||g/z is small for 1 < i < k to one of finding m < xokto)
such that [|om?||g 7 is small for 1 <i < k—1 for some reals a, ..., a}_,. Since the
problem is now analogous to the original but with one fewer variable, we may repeat
the above procedure O(k) times. We maintain a non-trivial range for n provided
§ > 27¢/** for some small constant ¢ > 0, which gives Schmidt’s result that there
is an n < z such that ||am2||R/Z < =% for some constant ¢ independent of k or
a1y .., 0.

The above procedure would produce a bound of size ||a;n?||g /z < z=c/k

if at each
stage the denominator ¢ was of size -?() instead of size 6~ 9*). Therefore let us
consider the most problematic case when ¢ is of size - O*) ~ z¢. In this case one
still has suitable equidistribution via Fourier analysis unless there are many vectors
(hi,...,hy) € (0,6~ °(M] and coprime integers a, q with ¢ € [Q, 2Q] such that

a
h1a1+--~+hkak%5.

The key new idea in our proof is to exploit the fact we have many such relations
rather than just one, and that the h; must lie in an additively structured set, which
will show the rationals a/q cannot have many distinct denominators. In fact, we will
show that it must be the case that several of these relations must have the same
denominator ¢, from which we can reduce to a much lower dimensional situation.
If many of the relations do have the same denominator ¢, then there must be
many linearly independent solutions with the same denominator, and so (after rela-

belling) we can find short vectors h = (2" ... nM) .. h@ = &7 A7) in
(0,6~ 2% such that (hgl), cel h7(~1)), cel (hgr), e hq(f)) are linearly independent
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in Z" and if g|n then

r k
Z hl(Al)ozm2 ~ Z hZ(Al)ozm2 ,
i=1 R/Z i=r+1 R/Z
r k
Z hz(»r)ohan2 ~ Z hgr)ain2
i=1 R/Z i=r+1 R/Z

If we also restrict to det(hg-z))lgi,jgr\n then we find that, similarly to in Schmidt’s
argument, we can reduce the problem to a lower dimensional one. In this case,
however, we reduce the dimension by r rather than just 1, and in fact we can take
r > logx/logq. In the case when we always have ¢ ~ z¢ this process terminates
after O(1) iterations rather than O(k) iterations, allowing us to maintain a non-
trivial range of n if § > 2~¢/* for some small constant c.

Alternatively, if there are many different denominators which occur - say Q/19°
different denominators of size Q—then it turns out we may find a subset of Q1/200
of these denominators which are almost all coprime to one another apart from some
fixed integer d which divides all of the denominators in this subset. From this copri-
mality relation, we see that by adding r of these equations together one finds

r k
Z Z Ozihl(-j) ~

7j=11i=1 R/Z

T

-__ 1
- q(l)---q(T)'

R/Z

In particular, we see that almost all combinations of r/2 of the equations are distinct,
and so there are > Q"/2% different non-zero combinations. However, we also have
that the number of different choices of the coefficients of the «; in these relations
is bounded by r#§—%=°(1) This is less than Q"/2% if r is sufficiently large, giving a
contradiction. Hence there cannot be many relations with different denominators q.

The above sketch is too simplistic in multiple ways—there are quantitative issues
if the vectors h() are not essentially orthogonal to each other, and one actually needs
to find suitable low height relations to avoid an accumulation of losses through the
induction procedure. These can be achieved by exploiting ideas from the geometry
of numbers. It is also the case (and was even in Schmidt’s original argument) that it
is necessary to consider more general approximations by lattice vectors of the vector
of polynomials such that the difference lies in a given convex set, which is essentially
equivalent to considering approximations of the form || f;(n)|lr/z < € for some given
reals €,..., €.

REMARK. It is interesting to note that the above argument can be interpreted as a
density-increment argument in the style of Roth’s theorem on arithmetic progres-
sions. This is the first setting which we are aware of when such a strategy produces
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essentially optimal polynomial-type bounds in a non-trivial situation. Moreover, it
has been speculated (see [Gow]) that even in less structured problems one might hope
to have either a small density increment on a ‘small codimension’ set, or a large den-
sity increment on a ‘large codimension’ set. We achieve something very much along
these lines in this (more structured) setting of fractional parts of polynomials.

3 Notation

Throughout the paper we assume that we have polynomials f1,..., fr € R[X] of
degree at most d with f1(0) = --- = f(0) = 0. We let these polynomials be given
by fi(X) = Z;l:l fi;X7. Furthermore, we have reals €1, ..., e € (0,1/100], and we
put A := Hle €.

To avoid any confusion about the quantifiers in statements of the form ‘if A <« 1
then B <« 1, with all implied constants depending only on d and k’, we emphasize
that we take this statement to mean for any positive function f(d, k) of d and k,
there is a positive function g¢(d, k) depending only on f such that if |A] < f(d, k)
then we have |B| < g¢(d, k).

4 The Main Argument

Our proof of Theorem 1.1 relies on three key propositions. In this section we show
how the theorem follows quickly from the propositions, leaving us with the task of
establishing the propositions separately from one another.

Our first proposition is a standard result which follows from Weyl’s bound for
polynomial exponential sums.

PROPOSITION 4.1 (Equidistribution or many linear relations). Let fi, ..., fi € R[X
be polynomials of degree at most d such that fi1(0) =--- = fi(0) = 0. Put f;(X) =
S0, fii X7 Let er,... e, € (0,1/100], and put A = [, €.

Then there is a constant Cy > 0 depending only on d such that, provided A=+ <
x, at least one of the following holds:

(1) We have

k
#{n<ax: [fi(n)llr/z < e&Vi} > $H€i-

i=1

(2) There is some @ < A~ such that there are at least QY/C¢ triples (a,q,h) €
74 x 74 x 7F satisfying:
(a) ged(aj,qi) =1 agd 1<¢g;<Qforl<j<d
(b) hi < e ATV R for 1 < i < k.
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(c) For each j € {1,...,d} we have

k . Ca
> hifi -% 10 <Q, >
i—1 qj xj

J

All implied constants depend only on d and k.

Our second proposition allows us to find structure in the large Fourier coefficients
with many of them giving rise to rationals with the same denominator.

PROPOSITION 4.2 (Many relations must have the same denominator). Let fi,. .., fx €
R[X] be polynomials of degree at most d such that f1(0) = --- = f(0) = 0. Put
fi(X) =30 fi; X7, Let 1., e € (0,1/100], and put A =], €.
Let C > 2 and Q < A~ be such that there are at least QV/C triples (a,q,h) €

7% x 7% x 7F satisfying:

(1) ged(aj,gj) =1and 1 < q; <Q for1 <j <d.

(2) hi < 6 TATVER for 1 < i < k.

(3) For each j € {1,...,d} we have

k . c
Zhifi,jzafj—l—O g
i=1 4 !

Then there is a constant C!, > 0 depending only on d and C such that provided
A~C% < z there is some positive integer ¢ < Q% and at least QY% pairs (a,h) €
74 x 7F such that:

(1) hy < € "A2/CR fori e {1,... k}.

(2) For each j € {1,...,d} we have

k ) c
> hifiy= Y10 <Q . ) :
=1 q !

All implied constants depend only on d and k.

Our third key proposition allows us to pass from many relations with the same
denominator to a reduced system of approximations.

PROPOSITION 4.3 (Many relations with the same denominator give rise to a reduced
dimension problem). Let f1,..., fr € R[X] be polynomials of degree at most d such
that f1(0) = --- = fx(0) = 0. Put fi(X) = 0_, fi;X7. Let e1,. .., e, € (0,1/100],
and put A = Hle €.

Let C > 2 be such that A1 < zV4C° and let q be a positive integer with
q< Q.

Let S be the set of pairs (a,h) € Z x ZF such that for j € {1,...,d} we have

k c
a; Q

> hifij— 2| <

i—1 4

xd’
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and such that |h;| < e, 'A~% 8" Assume that #S > Q/C.

Then there is an integer k' < k, polynomials g1, . .., g € R[X] of degree at most
d with g1(0) = -+ = gw(0) = 0 and quantities €|,...,€, € (0,1/100] and y < x
such that:

(1) (Approximations in the new system produce approximations in the old system.)
If there is an integer n’ < y such that,

lgi(n')|ljz < € foralll<i<Fk
then there is an integer n < x such that
I fi(n)lgyz < & foralll <i<k.

(2) (Increased density of approximations.) We have

3C2—C2? /k'® 3C2—C?/k?

y(ey - € > w(eg - €)

All implied constants depend only on k and d.

We see that case (2) of the conclusion of Proposition 4.1 satisfies the assumptions
of Proposition 4.2, and the conclusion of Proposition 4.2 satisfies the conditions of
Proposition 4.3. Thus, putting these three propositions together we obtain

PROPOSITION 4.4 (Induction Step). Let d, k be positive integers. There is a constant
Cyq > 2 depending only on d and Cgj, > 2 depending only on d and k such that the
following holds.

Let fi,..., fr € R[X] be polynomials of degree at most d such that f(0) =
- = fr(0) = 0. Put fi(X) = Z?:l fi;j X7. Let e,...,e, € (0,1/100], and put
A= Hle €. Let A™1 < 22/Ca,

If there is no positive integer n < x such that

I fi(n)llr/z < e forallie{l,...,k},

then there is a positive integer k' < k and polynomials g1, ..., g € R[X] of degree
at most d with g1(0) = --- = gi(0) = 0 and reals €/, ...,€,, € (0,1/100] and y € R
with y < x such that both of the following hold:

(1) There is no positive integer n’ < y such that
lgi(n' gz <€ forallie{l,... .k}
(2) We have

e\ Ca(3 1)
O \CaB=1/() 5 Tl en)
y(e 5) = Car

All implied constants depend only on k and d.
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Proof of Theorem 1.1 assuming Proposition 4.4. Let Cyq and Cyy be the constants
of Proposition 4.4, and let Co = sup,<; Cq; (which depends only on d and k).
Assume for a contradiction that there is no positive n < x such that || f;(n)[lg/z < &
for all i € {1,...,k}.
We will apply Proposition 4.4 repeatedly to reduce the dimension of the problem

we consider. Let us define a System to be a tuple (k, g, d,y) consisting of:

(1) A positive integer k.

(2) A k-tuple g of real polynomials (g1,...,gr) of degree at most d satisfying

91(0) == gx(0) = 0.
(3) A k-tuple 8 of reals (61, ...,0;) with 6; € (0,1/100] for all i € {1,...,k}.
(4) A real y such that there is no positive integer n < y satisfying

lgi(n)llryz < 6; for alli € {1,... k}.

Given a System (k,g,d,y), let A(d) = Hle 0;. By Proposition 4.4, if a system
(kj,gj,8;,y;) satisfies A(§;) 7 < y?/cd then there is a system (kj41, 841,041, Yj+1)
such that kj 1 < kj, yj4+1 < y; and

_1/k2 A(8.:)Ca(B=1/k7)
Yt A8 ) OB 1/R) > WA J)CO _

In particular, if
—1/k2 k;
Y A(6;)C1B7R) > o
then

— 2 kj—l kj 1
Y1 A(01) TR > CpTh > gy

Moreover, since Cy, Co > 2, this implies that A(d;41) 7! < yJQJ/gd Thus, given a Sys-
tem (ky, g1, 01, y1) with yi A(6;)CeG-1/k) > C’gl, we may repeatedly apply Proposi-
tion 4.4 to obtain an infinite sequence of Systems (k;,g;,d;,y;) for all j =1,2,....
But the k; are a decreasing sequence of positive integers, and so no such sequence
can exist. Thus there can be no System (k1, 81,01, y1) with ylA(él)Cd(B’*l/k%) > C(]fl.

Let us be given a positive integer k, a k-tuple f = (f1,..., fx) of real polynomials
of degree at most d with f1(0) = --- = fx(0) = 0, a k-tuple of reals € = (e1,...,€e)
with ¢; € (0,1/100] for all i € {1,...,k} and a real = with x > A(e)~%, where
C% :=3C4(1 — 1/k*) + log Cy/ log 100. Then, since ¢; < 1/100, we see that A(e) <
1007% so

x> Ae) PUTVEIA () 108 o/ 108100 > GEA(e) "I,

Therefore (k,f, €, ) cannot form a System, and so there must be a positive integer
n < x such that

I fi(n)|lg/z < e forallie{l,...,k}.

This gives the result. O
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Since Proposition 4.4 follows immediately from Propositions 4.1, 4.2 and 4.3, it
remains to establish these three propositions. We establish each of these in turn
over the next three sections.

5 Initial Fourier Analysis and Proposition 4.1

In this section we establish Proposition 4.1. The arguments in this section are stan-
dard and well-known to researchers in the field, but for completeness we give com-
plete proofs since the versions we use are slightly different from some occurrences in
the literature.

LEMMA 5.1 (Weyl exponential sum bound). Let f € R[X]| be a monic polynomial
of degree d, and a € R satisfy o = a/q+ O(1/qQ) for some q < Q. Then there is a
constant c¢g > 0 depending only on d such that

Ze(f(n)a) < % +

x
~ gt (z9/q)

The implied constant depends only on d.

Proof. This follows from [Vau97, Lemma 2.4]. 0

LEMMA 5.2 (Modified Weyl exponential sum bound). Let f(X) = Z?:l fi Xt e
R[X] be a polynomial of degree d with f(0) = 0. Then there is a constant C!] > 2
depending only on d such that the following holds.

If there is some Q € [2,2'/¢] such that

x
> elf(n)| > 0
n<x

then there are positive integers qi,...,qq < Q¢ and integers a1, ...,aq such that

ged(aj,q5) =1 for j € {1,...,d} and

= 0(2)

q;j x)

for j € {1,...,d}. The implied constants depend only on d.

Proof. We prove the result by induction. Assume that for each j > d — ¢ we have
that the coefficient f; of f(X) satisfies

h=vo(L) 5

qj x

for some coprime integers a;, ¢; with ¢; < Q%" and some constants CJ’-’ bounded only
in terms of d. In the base case with £ = 0 we make no assumption. We wish to show
that there is a constant C’(’j’_é bounded only in terms of d such that if @ < xl/Cie
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then there are coprime integers agq_¢, qg—¢ with gg_¢ < Q-+ such that (5.1) holds
with j = d — ¢. This would then give the result by applying this statement for each
€ {0,...,d—1} in turn (noting that the since there are only d different values of
¢ to consider, all implied constants remain bounded only in terms of d).

Let C' > max;>q¢C] be taken sufficiently large in terms of d, and let § =
Qaqd—1 - qa—r4+1 < QY (let § = 1 if £ = 0). Since we assume that Q < z/Cie
we have Q2C§ < z'/3 on restricting to CY_, > 10dC. We can split {1,...,z} into
O(QQCQ) disjoint arithmetic progressions with modulus ¢ each containing between
2/Q%*’G and 2x/Q%*" G elements. (For each residue class b (mod §) greedily take the
[2/Q2¢ ] smallest elements until less than 2[2/Q?*“§] remain.) Then by the triangle
inequality

< Q%G sup
z/Q*G<y<2x/Q%* g
o<z

> elf(n)

n<x

S el (o + qn»‘ .
n<y

By the hypothesis of the lemma, the left hand side is at least 2/Q. Thus there must
be a choice of integers y = x/GQ® and z¢ < x such that

S e(f(xo +n))

n<y

Y
> 5 (5.2)

From the Diophantine approximations (5.1) and the periodicity of e(t) we see that
for gn < 2/Q*¢ we have

e Z(:L‘o—i-(jn)jfj =e Efjmé e Z Z(‘Z)fjcj’nlxj_l

j>d—t j>d—t j>d—0 i=1
C~
. n
—e| S fad e(O(Q q ))
j>d—t r

, 1
=ec| Y fix) +O<QC>.
Thus we have

> elg(n)

n<y

S e(flao + qn»‘ -

n<y

where g is the degree d — ¢ polynomial

d—r¢

g(X) =) (z0+qX)'f;.
1

-.
Il
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Taking C sufficiently large in terms of d, we see that (5.2) and (5.3) show that

> elg(n)

n<y

Y
> ) (5.4)

for some y = x/Q*“§ and some xg. Let o = fy_sG?¢ be the lead coefficient of g.
If @« = 0 then (5.1) clearly holds for j = d — ¢. Thus we may assume « # 0. By
Dirichlet’s Theorem, for any choice of C’, there is an approximation

C/
aq—
a="""10 (%)
dd—¢ qd—¢T
for some coprime integers aq_¢, qq—¢ with gg_p < 247¢/Q%". By applying Lemma 5.1
to the polynomial g(X)/a we see that

) i Yy
aite Wt/ qa—g)c

< (5.5)

We recall that

. Lt N .
vy o= Q200 gi—t = (Qd+2)C(d—1)

and that qq_p < 297¢/Q®". Therefore

v Jqa_e > QC'—(@+2)C(@d-0),

On choosing C” large compared with cq and C, we see that this implies (y?*/qq_¢)% >
Q2. Thus (5.5) implies that gg_p < Q'/¢ < Q®". This gives (5.1) with j = d — £ and

CY_, large enough in terms of d, and so gives the result. O
LEMMA 5.3 (Equidistribution or many large Fourier coefficients). Let fi,..., fx €
R[X] be real valued functions, and €y, ..., ¢, € (0,1/2] be real numbers, with A :=
H§:1 €;. Then at least one of the following holds:

(1) We have

(2) There is a quantity (Q > 2 such that there are at least Q'/? distinct values of
h € ZM\{0} with [h;| < e, 'ATY/E" such that

k
a < Ze (; hzfz(”)) < a

n<z

[\)
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Proof. We fix a smooth function ¢ : R — [0, 1] with ¢(¢) supported on |t| < 1 which
is 1 on |t| < 1/2 and let all implied constants depend on ¢. Let

0-To(5)

meZ

which is clearly 1-periodic, smooth, and supported on ||t||g/z < €;. By Poisson sum-
mation

—QZ(b eih hfz )

heZ

Since ¢ is fixed and smooth, ¢U)(t) <; 1, so |p(u)| <; w7 for all j > 0. Thus we
see that the terms with |h| > ¢, A=Y/ (K" contribute O(A), and so

Di(t) = e Y. dlah)e(rfi(t) + O(AM).

[hl<ert A/ @t

Thus we find that (recalling ¢(t) < 1)

k
#{n <a: | fi(n)lrjz < Vil =D [ ifi(n)

n<x i=1
k k
NS (H&(eihi)>ze<zhiﬁ(n)>+O($A99)
hi,...hy = n<x =1

|hi|<ertA-1/R*

k
— 2AH0) +0 | A ) >oe (Z hz-fi(n)> + O(A%).
hez*\{0} n<z i1

|hi|<e; P A=/ 201

For A sufficiently small we see that Ag(0)¥ + O(A%) > A, and so either
#{n<a: |filn)llr/z < eVi} > Az
or
k
Z Z e (Z hifi(n)> > .
i=1

hez*\{0} n<w
Jhal<ert amr/ew!

In the latter case, by the pigeonhole principle there is some @ = 27 such that there
are at least Q'/2 choices of h in the outer summation such that

<X (i) < -

n<x

This gives the result. O
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Proof of Proposition 4.1. Assume that conclusion (1) of Proposition 4.1 does not
hold, so that we wish to establish conclusion (2). By Lemma 5.3, there is a parameter

(1 such that there are Qi/ ? choices of h for which the corresponding exponential sum
is large (of size > x/Q1). Since the total number of choices of h is O(A~1=*/(k)"),
we must have Q < A~272k/(2K)" " and so if A= < 28 for B sufficiently large in
terms of d, then Q1 < 2'/€4¢. We can then apply Lemma 5.2, which shows that each
of these values of h = (hy, ..., hi) then gives rise to a linear equation

k s Cy
E hifij=-L+0| 2
i=1 4 !

with (aj,q;) =1 and ¢; < Qfg. Letting Q = Qlcé" and taking Cy sufficiently large
compared with C?/ then gives the result. O

6 Structure in the Large Fourier Coefficients and Proposition 4.2

In this section we prove Proposition 4.2 by showing many different linear relations
with small denominators must give rise to several relations with the same denomi-
nator.

LEMMA 6.1 (Expansion or same denominators). Let § € (0,1/200) and r a positive
integer. Let Q > 0 be large enough in terms of 6 and r, and let S C Z x 7 x ZF be
a set of triples (a,q,h) with gcd(a,q) = 1 and q¢ < Q such that #S > Q°. Then one
of the following holds:
(1) There is a qo < @ such that at least #8Y2 of the triples (a,q,h) € S have
q = qo-
(2) The set

A:{alJr-“—FaT: there exists hy, ..., h,
q1 qr

c ZF s.t. (ai,qi,h;) € S for 1 <i < r}

has cardinality at least #8"/°.

Proof. Throughout the lemma we will assume that @ is large enough in terms of §
and r without further comment. We first restrict our attention to a suitable subset
of the ¢’s appearing in §. For j =0,1,... let

By ={a € [2,27)): 3(a,h) € Z x 2" with (a,q.h) € S}

Clearly B; is empty if j > 2log @ since if (a,q,h) € S then ¢ < Q.
If

#{q: 3(a,h) € Z x Z" with (a,q,h) € S} = > #B; < #5'/?
21<@Q
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then (by the pigeonhole principle) there is a ¢ < @ such that there are at least
#8'2 choices of (a,h) with (a,q,h) € S, since there are this many on average.
Thus condition (1) is satisfied in this case.

Thus we may assume that

> #B; > #8V2 > Q2
J

and so there is some jg < 2log @ such that #B;, > #82/5. Note that we must have
270 > @Q%/3 from the trivial bound #B; < 2.

If there is an integer d which divides at least #B;,/d%/1* elements of Bj,, we
restrict our attention to this subset. By performing this repeatedly, we may assume
that there is a fixed integer do and a set B} C Bj, such that #B; > #B;, /dg/lo, all
elements of B;o are a multiple of dy, and there is no integer £ > 1 such that at least

#B}O / £5/10 glements of B}O are a multiple of dyl. Since we must have dy < 27071 < 20,
we see that #8} > #8%/5/Q0/10 > £SV/4, Since B C{be [270 2J0F1) 1 dg|b) a set
of size O(2% /dy), we see this also implies that dy < 27°/Q%/%. Finally, we let

B={b:dobe B},

and note that B C [B,2B) where we have set B := 2/ /dy. The above discussion
implies that #B > #8/4, that B € [#51/4,Q], and that there is no integer £ > 1
such that ¢ divides at least #B/¢%/10 elements of B.
We now wish to show that if we fix a choice of integers a(b) for b € B satisfying
ged(a(b), dob) = 1, then as (by,...,b,) varies in B”, many of the sums
a(by) P a(by)

doby T dob,

have different denominators when written as a single fraction in reduced terms,
and so in particular many of the expressions are distinct. If all of dg, by, ..., b, were
pairwise coprime then the denominator would be dgyb; - - - b,., and by the divisor bound
there are few different choices of by, ..., b, which would give the same denominator.
Instead we are in the situation where the b;’s are ‘close’ to coprime, since we expect
they typically have small geds by construction of B.

Consider the graph G = (V, £) where the vertex set V is taken to be B, and the
edge set £ is defined by

£ = {(by,by) € B> : ged(by,by) > BY/™°}.

We consider separately two cases.

Case 1: #& > #V?/10r°.
In this case there are many pairs with a gcd of some size. If we pick a vertex v
in G at random, then the expected number of vertices connected to v is at least
#V/10r2, and so (by the pigeonhole principle) there is some by € B such that there
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are at least #B/10r? elements b € B with ged(b,by) > B%/™. Since there are at
most B°() divisors of by, there must be a divisor d > B%/™ such that d|b for at least
#B/(10r2B°V) > #B/d%/10 elements b € B. But this contradicts the fact that B is
constructed to have no such integers. Thus we must instead have #& < #V?/10r2.
Case 2: #& < #V?/10r2.

In this case the edge density is small, and so a large number of pairs have a very
small ged. If we pick r distinct vertices in G uniformly at random, then the expected
number of edges between these vertices is less than 1/9. In particular, the probability
that there are no edges between any of the r chosen vertices is at least 8/9 (by
Markov’s inequality). Thus, if we define

C:{@h”w@JEBT:gﬁ@h@)<BWﬁ2br1§i<j§r},

then #C >, #B".
We now consider the possible denominators of rationals of the form a;/b; + ... +
ar /b, where (by,...,b.) € C. Given (by,...,b,) €C, let

R(by,....by) ={(by,....b,) €C: Fa1,...,ap,dl,...,a. st.

/ /
ged(ay, doby) = ged(a), dobf) = 1Vi, "4 44 = T Ol
b by b, b

r

We note that for any choice of ay,...,a, with ged(a;, b;) = 1, the denominator of
a1/by + -+ a,/b, is a multiple of p if p’ divides exactly one of by, ..., b, and p‘+!
divides none of them. Let ged(b, p™°) denote the largest power of p dividing b > 1,
and ged(b;, bj, p>) the largest power of p dividing both b; and b;. We now define

P Tlhcicj<, ged(bi, by, p>)?
We see that g, < pt if p® divides exactly one of by, ...,b, and p‘*t! divides none of

them. Similarly, g, < 1if pt divides at least 2 of the b; but p**! divides none of them.
(If b; maximizes ged(b;, p>°), then ged(bj, by, p>°) = ged(b;, p™°).) Taking the product

over all p, we see that for any choice of aq,...,a, with (a;,b;) = 1, the denominator
of a1 /by +- - -+ a, /b, must be of size at least Hp gp- However, if (bq,...,b,) € C then
all pairwise gcd’s are small. Therefore, (regardless of ay,...,a,) the denominator
must be of size at least

ng _ [y bi 5> Br—26°

» H1§i<j§r ged(bi, bj)

Moreover, any such denominator is clearly of size O(B"). Thus, given (by,...,b,) €
C, there are O(B") possible denominators for ai/b; + --- + a,/b,. Given such a
denominator ¢ > B"~2%if the denominator of @} /b + - -- + a./b.. is also equal to
¢ then ¢ must divide [[/_, b}. Thus there are O(B%") such choices of [[/_, b, < B"
given ¢, and so O(B?T°() choices of b}, ..., b. (using the divisor bound). Hence
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for any choice of (by,...,b,) € C there are at most B® choices of (b},...,b.) in
total, and so #R(b1,...,b,) < B,

For each b € B, let a(b) be an integer coprime to dpb such that (a(b),dob, h) €
S for some h. (This exists from the definition of B.) We now note that given
(b1,...,br) € C therational a(by)/dobi+- - -+a(b,)/dob, occurs for at most R (b1, ..., by)
other elements of C. Thus

a(by) a(b)
#AZ#{dobl—l—-- dob, (bl,...,br)EC}

1
>
—(blz #R(b, ..., by)

#C _ #B”
Z B552 Z Q652

Recalling that 7 > 1 > 2008 and #B > #S8'/* > Q%*, this gives condition (2), as
required. O

LEMMA 6.2 (Many linear relations must have the same denominator). Let ¢ €
(0,1/200), let k > 2 a positive integer and let o, ..., € [0,1). Let @ be large
enough in terms of ¢ and k, and let €,...€; € (0,1] be such that A = Hle €
satisfies Q109 < A~1 < Q(2k)*,

Let S C Z x 7 x ZF be a set of triples (a,q,h) with ged(a,q) = 1, ¢ < Q and
|hi] < el-_lAfl/(%)4 such that #S > Q° and such that if (a,q,h) € S then

& 100/6

h1a1+"'+hkak—*
q =1

Then there is a qo < Q such that at least #S'/? of the triples (a,q,h) € S have
q = qo-

Proof. Choose an integer r such that Q%/20 > H > Q97/30 We see that such
an 7 must exist and satisfy r € [20,30(2k)* /4] from our bounds on [J*, ¢! in

i=16
terms of Q. In particular, we may assume that @ is sufficiently large in terms of r.

If (a1,q1,h1),...,(ar,qr, h,) €S then we have for 1 < j <r

& 100/5
Zaz ) +0(H ) =% o).

=1 J
Adding these together (and recall that @ is sufficiently large so rQ~"/3 < 1) gives
k

b I 0@ = 3 il
1 T
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where h; = > i 1(h;);. Since the denominator of a1/q1 + - - - + a,/q, when written
as a single fraction is at most )", we see that this fractlon is uniquely determined
by the integers le, . ,Bk, since it is the best rational approximation to Zle aih;
with denominator at most Q. But |h;| < re; A=Y 2R and so we find

#{al—k---—&—arz Jhy,...,h, s.t. (a1,q1,h1),...,(ar, g, hy) GS}

q1 qr
< #{(h he) € Z7: |hi| < rey PATH @R
K 2
(i)
i=1
< Qﬁ'r/lo.
Here we used the fact that r < ~'log(]" L&) and HZ L6 > Q1 can be

assumed to be sufficiently large in terms of § and k.

We see that our situation satisfies all the hypotheses of Lemma 6.1, but the
above bound is incompatible with the bound of case (2) in Lemma 6.1, since in our
situation case (2) would imply that

a
# {1 +- + - Elhla" : 7h7" s.t. (alaqlahl)a"'7(G‘T7QT7hT) € S} > Q(sr/5'

q1 qr
Thus, case (1) of Lemma 6.1 must hold; there must be a go < @ such that at least
#81/2 of the triples (a,q,h) € S have ¢ = qo. 0

LEMMA 6.3 (Many systems of linear relations must have the same denominators).
Let 6 € (0,1/200), let k,d > 2 be positive integers and let a; ; € [0,1) for 1 <i <k,
1 < j <d be reals. Let () be large enough in terms of §,d and k, and let €1, ...¢€ €
(0,1] be such that A = Hle ¢; satisfies Q100 < A= < Q(K)*,
Let S C Z% x Z% x ZF be a set of triples (a, q, h) satisfying:

(1) ged(aj,qi) =1 and g; < Q for j € {1,...,d}.

(2) hi < 'ATYER for e {1,...,k}.

(3) #5 = Q™.

(4) For each j € {1,...,d} we have

L 100/6
G
h1a17j + -+ hkak,j — qJ’ < (H 61’) .
J

i=1
Then there is a qo € Z% such that at least #SV/2" of the triples (a,q,h) € S have
q = qo-

Proof. This follows from d applications of Lemma 6.2. Given &’ C S, for j €
{1,...,d} let

7;(8") = {(a,q,h) : Fa,qs.t. (a,q,h) € §" and aj = a, ¢; = ¢}
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. 100/5
()" <o

i=1

We note that

and so given h € ZF there is at most one choice of a,q € Z? such that (a,q,h) €
S, since a;/q; is the best rational approximation with denominator at most @ to
hio j+ - - - + hay ; if there is any a, q such that (a,q,h) € S (recall that we must
have ged(aj,qj) =1 if (a,q,h) € S). In particular, #m;(S") = #8’ for all j for any
set S’ C S.

Given &' C S, let £;(S’) be an integer maximizing

#{(aa h) : (CL?e? h) S WJ(S)}

over all choices of ¢ € Z (if there are multiple possibilities we make an arbitrary
choice of one). If #m;(S’) > @Q°, then by Lemma 6.2 at least #m;(S’)'/? triples
(a,q,h) € 7;(S’) have ¢ = £;(S"). We now let Sy = S, and define §; D --- D S; in
turn, by

Sj:={(a,q,h) € §j1: ¢; = 4;(Sj-1)}-

Since #8 > Q%' we sece that #S; > #sjﬁﬁ > Q7 > Q% for j € {1,...,d} by
repeatedly applying Lemma 6.2. In particular, we have #S; > #S/ 2%, Finally, we
note that Sy is the set of triples (a,q,h) € S such that

qa=qo := (£1(S0), L2(S1), - - -, ba(Sa-1)),
and so we have the result. O

Proof of Proposition 4.2. By assumption, there is some @ < (Hf”:1 ei)_c such that
there are at least QY€ triples (a,q,h) € Z? x Z* x Z* with ged(aj,gj) = 1 and
q; < Q for j € {1,...,d}, and with h; < ¢ "A=/ZR)" for 4 € {1,...,k}, and with

k 4 c
Zhifm:a—]—i—O Qi .
i=1 4 !

If Q < A~YER)" then we just take one such triple (a,q,h). In this case the triples
(ja,jq,jh) for j € {1,...,Q} then give @ relations of the desired type provided
Cl, > C +1, since jh; < Qei_lA*I/(%)4 < e;IA*Q/(%)AL. Thus we may assume that
Q" > H?:l o

We now apply Lemma 6.3 with § = (10 -2¢ . C)~L. Provided C/, > 100/§ + C?
we see the bounds @ < (H,]f:l e; )¢ and (Hf:1 ;)% < z imply that we have
Q° /¢ < (Hi?:1 €;,)19%/9 and so all the hypotheses of Lemma 6.3 are satisfied. This
shows that there is a qp € Z% such that at least Q° of the triples (a,q,h) have
q = qo. Thus these all give rise to a rational a;/q where ¢ = H?ZI(CI())Z‘. This gives

the result. O
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7 Dimension Reduction via Geometry of Numbers and
Proposition 4.3

In this section we prove Proposition 4.3 using estimates from the geometry of num-
bers, thereby completing the proof of Theorem 1.1.

LEMMA 7.1 (Many relations give rise to orthogonal generators). Let n > 0 be suffi-
ciently small in terms of k and d. Let By, ..., By > 1 satisfy Hle B; <n~ /2, and
BijeR for1 <i<k,1<j<d. Let R be the region in RF*4 defined by

Zhﬂu

R:{(hl,...,hk,al,..., e Rkt . i<l for1<j<d,

‘hZ‘SBl fOrlSiSk},

and assume that #(R N Zkt4) = N, with N sufficiently large in terms of k and d.
Then there is an integer r € {1,...,k} and vectors h®W ... h(™ e ZF and
a® ... al) e 79 such that:

(1) (The h'9), al) are a system of Diophantine approximations.) For each j €
{1,...,r} the vector (hgj), . hg),agj), . (j)) lies in R N ZF+4,
(2) (The ) are quasi-orthogonal after resca]ing.) Let hl(. ) = ij )/ B;forl1 <j<r,
1 < ¢ < k. Then we have
Hfl(l) N /\}](T)H — ||f1(1)”oo . Hfl(r)Hoo-
(3) (The h'¥) generate many elements of RNZ¥*?). Let h¥) be as above. We have

- . 1
[0 -+ 10 |oo < N
All implied constants depend at most on k and d.

We recall that |[h) A --- Ah(")|| is the r-dimensional volume of the parallelepiped
formed by the vectors h(), ... h() which is the (Euclidean) length of the vector

in R(I:) of all determinants of r x r submatrices of the & x r matrix with columns
h®, ... h),

Proof. After potentially permuting the B; and f3; j, we may assume without loss of
generality that By > By > --- > By. Let A C RF+d he the lattice

1 B, 1 B.j
7 Eel_z 7 eyj |+ +72 Eek—z m k+j
J=1 Jj=1
1 1
+Z—epy1+ -+ L—€ktd,
n Ui
where ey, ..., ejq are the standard basis vectors of Z*+t¢. We see that elements of

RNZFE+ correspond to elements of A with all components bounded by 1 in absolute
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value. By standard lattice theory, there is a basis by,...,bgig of A (see [May20,

Lemma 4.1], for example) such that for any ni,...,ngq € Z we have
k+d k+d k+d
dombil =Y [nillbilles < Y il A
i=1 o i=1 i=1
where 0 < A1 < Ay < -+ < Apyg are the successive minima of A and the implied

constants depend only on & and d.
If \; < 1/NY(@+D then the conclusion of the lemma is satisfied with » = 1 and

hgl) = (by);B; for 1 <i < k and agl) = n(b1)k+j + Zle(bl)iﬁi,jBi for 1 <j <d.
(Such a vector h™) is non-zero since if b(!) was 0 in the first k& coordinates it must
have norm at least 1/ > 1.) We see this choice satisfies the conclusion of the lemma.
Thus we may assume that A\, > 1/N/(@+D),

Recall that By --- By, <~/ and ;- - A\pyq = det(A). We have that

d d

k
1 t; tifi; bt
= vol{ t e RTHF . E —le~+g ) e —E — €L <1
det(A) o\ D Z = " v = -

o0
=B - Bknd(d+1)/2
< T/
In particular, A;--- A\ > n~%? > 1, and so Aj > 1 for some j (since 7 is sufficiently
small in terms of k and d). Since RNZ**? #£ (), we also have that A; < 1. Thus there

must be some integer J such that A\; <1 < Aj;1. We note that for some suitably
large constant C' (depending only on k and d)

k+d k+d
{xeA: x| <1} = {Znibi: (n1,...,Ngtd) e zF Znibi §1}
i=1 i=1 o

k+d k+d
- {ZmbZ (nl,...,nk+d) EZker, Z‘nzubz‘oogc}
=1

i—1
k+d

- {anbl t (n1y. .o nega) € ZFH ng| < Ckil}‘
i=1

The final set on the right hand side has cardinality

k
C 1
<<H(1+) < —.
Pl i )\1"')\J

Thus we have A\ - -- Ay < N~1. Since \; > N—1/(d+1) we have \; - - - g > N—d/(d+1) 5
A1 - Ay. Thus we see that J > d.

The determinant of A is given by the determinant of the (k+d) x (k+d) matrix M;
with columns by, ..., bgyg, and satisfies det(A) = det(M1) < ||b1|loo - - - |Prtdlloo =
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A1+ Agt+q. This implies that some J x J submatrix Ms of the (k+d) x J matrix with
columns by,..., by has det(My) =< Ay ---Ay. (If all such submatrices had determi-
nant bounded by dA1 - - - Ay, then by expanding the determinant of M into a sum of
such determinants, and using [|bj||c < A;, we see the determinant of M; would be
Op(0A1 -+ - Ag1a), contradicting our lower bound if § is sufficiently small in terms of k&
and d). Similarly, we see that there is some choice of Z = {iy,...,i5_4} C{1,...,J}
such that the (J — d) x (J — d) submatrix Mz of Ms formed by removing the final
d rows and removing the i'* column for each i € {1,...,J}\ Z from M, satisfies

det(Mz) > [ M
€T
(Consider expanding the determinant of My via the bottom d rows so that it is a sum
of O(1) of such determinants with the coefficient of det(Mz) of size < [[ ;47 [|bi[lcc <

Hi¢z Ai-)
Let b] € R* be the vector formed by removing the last d coordinates of b; for
1 <¢ < k+d. The above discussion implies that

Ibf, A=A, > det(Mz) > T A = [T IBlees
i€ i€
since one of the (J — d) x (J — d) submatrices formed from taking J — d rows from

bj ,...,bj is Mz. (Recall that Mz was formed from My be removing the final d

tj—d
rows, and so cannot contain the row corresponding to the final d coordinates of the

b;.) Finally, on recalling that N-YV@+) < )\ < ... < Ajand A\;--- Ay < N7t we
have

[TIbillee < Ib}, A=A, < ] A < NV DN X <

1
1/(d+1)"
ieZ i€T N+
We now have the result of the lemma on putting » = J — d and taking

W) = (By(by)1,..., Br(b i) € ZF,

k
aéj) = n(bs, ) ke + Z(bij)zﬂi,zBi for 1 </ <d,
i=1
for 1 < j <r=.J — d. Note that this choice has h(?) = b; . 0
LEMMA 7.2. Let Hi be a r x r invertible integer matrix and Ho an r x { integer
matrix. Let A1, Ay C Z" and Az C Z¢ be lattices defined by

Ay = H((Z"),
Ay = H\(Z') + Hy(Z"),
As={y € 7t Ax € 7" s.t. Hix = Hyy}.
Then
det(A1) = det(As) det(Ag).
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Proof. We first note that Ay, Ag, A3 are all full rank since H; has non-zero determi-
nant. Let A; have determinant D; = det(H;) and Ay have determinant Dj. Since
A1 € Ay C 7", Dy and D are integers with Ds|D;q. Since D1Z" C Aj, we have
that D1Z* C Az. We also have that D1Z" C DyZ" C As. Thus, letting [D1] denote
{1,..., D1}, we have
Dy
det(Ag)

=#{ze[Di]": Ix e [D1]",y € [D1]* s.t. Hix — Hyy =z (mod D)}.

The number of representations 7(z) of z as Hix — Hayy with x € [Dy]", y € [D1]
is either 0 (if z ¢ Ag) or equal to r(0) (if z € Ay) by linearity. Thus, since
iy (&) = DL, we have

r O+r
Dy Dt

det(A2)  7(0)°

But then we have that for any given y € [Di]’, the number 7o(y) of x € [D;]"
such that H1x = Hoy (mod D) is either 0 (if Hoy ¢ A1) or is equal to r2(0) (if
Hsy € Ay). Thus

r(0) = #{y € [D1]": Ix € [D1]" s.t. Hix = Hyy (mod D1)} - ro(0)

Dy -
= der(Ay) -#{xe[Di1]": HiIx=0 (mod D)}
Dy Dy

T det(Ay) [D1Z7 i Ayl

But det(Al) =D = [Al : ZT], and [Dlz” : ZT] = D{ SO [Dlz” : Al] = D{/det(Al).
Thus we have
D} Dt det(As)
= =det(A3) - [D1Z" : A1] = DJ .
det(hg) (o) ~ detlha)- 1D I=Digaa) O
LEMMA 7.3 (Orthogonal relations give rise to reduced dimension problem). Let C' >
2 and fi,...,fr € R[X] be polynomials of degree at most d with f1(0) = --- =
fr(0) = 0. Put fi(X) =", fi ;X7
Let By,...,By > 1 and qo € Z~¢. Let n € [0,1/100] be such that

a

n <

Letr € {1,...,k} and h(V ... h(") € ZF and a® ... al) e 7% satisfy:

(1) [n?) < B for 1 <i<kand1</(<r.
(2) For 1 </ <rand1<j<d we have

; £
th@fi,j — L <.
i=1 s
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3) Put B\ = 1\9/B; for 1 < ¢ <r and 1 < i < k. We have

R A~ ART = 8D o - |27 |oc,

and
e N0 1
9o
Then there is an integer k' < k, real polynomials g1,...,gr € R[X] of degree at
most d with g1(0) = --- = gi(0) = 0 and quantities BY, ..., B}, > 2 and y < x such
that:

(1) (Approximations in the new system produce approximations in the old system)
If there is an integer n’ < y such that

1 .
19:(n")Ir/z < Ez/ forall1 <i<Fk
then there is an integer n < x such that
1
Ifi(n)|lgyz < - foralll<i<k.
B;
(2) (Increased density of approximations) We have

Y x
(B} ~--B;€,)302—C2/k’3 > (By - -- By)3C?—C*/k—C?[k#"

All implied constants depend only on k and d.

Proof. Let M be the r x k matrix with rows h(® ... ,fl(’”), and M be the r x k
matrix with rows h®, ... h("). Let H; be the r x r submatrix of M with largest
determinant (in absolute value). By permuting the coordinates, (and permuting the
fi), we may assume that H, is formed by taking the first » columns of M. Let Hy
be the r x (k — r) matrix formed by taking the final k — r columns of M. Similarly,
let Hy be the matrix formed by taking the first r columns of M, and Hs formed by
taking the last k£ — r columns of M.
By the set-up of the lemma, we have for each j € {1,...,d}

f1,;B1 Jr15Bria . aﬁ-l)

H, : = —H, : + “ s o). (7.1)
0

fr;Br Jr,j Bk ay)

By construction, det(]fll) is the largest determinant of any r x r submatrix of M
formed with columns h®, ... h() and so det(H;) > ||h) A --- A h®)|. By the
assumption of the lemma we have ||h) A --- Ah®) || > bW - |h") o, and so
det(Hy) = ||hyllco - - - [yl oo- Tt follows that (H—1);; < [[hj||2! for all 1 < 4,5 < 7.
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We multiply (7.1) by n/ and then sum over j € {1,...,d}. Rearranging, we find
that for any choice of by,...,b, € Z, we have

(fi(n) = b1)B (fr+1(n) = bry1)Bria
: = —H;'Hy :
(fr(n) - bT)BT‘ (fk(n) - bk‘)Bk
bri1 b1 ) Z;l 1 51)
0 d r) 4
by b, Z] . a§ )n]
1/[h1 oo

+0 | (n +ny?) :
/1By [loo
We note that (Hg)” < ||h®| forall1 <i<rand1<j<k-—r. Recalhng that

(H{Y)i; < |hO) || for all 1 <4, § < r, we see that all entries of H; ' Hy are of size
O(1). In particular, if by, ..., by are such that for each r +1 < j < k:

J
[£i(n) = bj| < B (7.2)

then we have that

(fr+1(n) - br—i—l)Br-H
—H;'H, : = 0(6).
(fk(n) — br) B

If we have § < 1 and

< (5m1nz-|]hiHoo’ (73)
n
then (recalling ||h;ls < 1)
1/[1B1 oo
(n +ny) : =0(9).
1/]hy [l
Thus, if (7.2) and (7.3) hold and also we have
1 .
b1 bri1 . Z? 1a§ Ind
Hi| | -Hy| * | = “ : ) (7.4)
0
d T
b, by, Z] 1 g )
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then we have for each 1 <i <r

J
1fi()lle/z < 5
In particular, we have ||f;i(n)|lgr/z < 1/B; for 1 < 4 < r if § is chosen to be a
sufficiently small constant (depending only on k and d) provided (7.4), (7.2) and
(7.3) hold.
Let A1 € Ay C Z" be full-rank lattices defined in terms of the matrices Hy, Ho
by

Ay = H(Z"), Ay = Hy(Z") + Hy(ZF™).

(They are both full rank since H; has non-zero determinant.) Let A; have determi-
nant D = det(H;) and Ag have determinant Dy. Since A} C Ay C Z", Dy and Do
are integers with Dy|D;. Any sublattice of Z" with determinant Dy contains DoZ".
Therefore for each j € {1,...,d} there exists a choice of V] oot b§€7 ; € Z such that

(1)

b bt (Y
Hi| i | -H| i |=Dygp | :
We restrict our attention to b; of the form b; = Zj L b nd J@DL+ b for 1 <i <k,
where b7, ..., b} € Z satisty
bY by
H, — Hy =0. (75)
b v
To ensure that by,...,b; € Z, we will restrict our consideration to integers n such
that Dagg|n.
The equation (7.5) forces (b, ,...,b}) to lie in a rank r — k lattice A3, given by

A3 ={yc€Z;F":3x € Z" st. Hx = Hayy}.

By Lemma 7.2, A has determinant Dy /D.

Let z1, ...,z be a Minkowski-reduced basis for As, so in particular Dy/Dy =
det(As) = ||Z1]loo - - - [|Zk—r|lco- Let n = Dagon’ for some n’ € Z. We see that we
can find (by,...,b;) satisfying the conditions (7.4) and (7.2) provided we can find
mi,...,Me_, € Z such that for r + 1 < i < k we have

k—r
fi(D2gon’) Z b () = mi()
=1

|
\ !

E mz Zz

A
5

(7.6)
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Here we have set f;(X) € R[X] to be the polynomial

fi(X) = fi(DaqoX) Zb’,jXJ

for each i € {r +1,...,k}. We note that f has degree at most d and has f;(0) = 0.
Let Z be the (k—r) x (k — r) matrix with columns z1, ..., 2, . Since det(Z) =<

|Z1]|co - * - |Zr—&||co We have that Zijjl < ||zj]|}- Thus we see that if we can find n’
and myq, ..., mp_g such that
fraa(n) mi 1/(Br1llz1loo)
2 B el I : ,
fr(n') My 1/(B|zr—kloo)

then (7.6) holds if § is a sufficiently small constant (depending only on k). We now
let k' = k —r and B} = 6 2B,+4||Zi]|o and g1, ..., gk—r € R[X] be given by

g1(n') fraa ()
L=
(1) (@)

We see that the g; are polynomials of degree at most d with g;(0) = 0 since the f;
are. Finally, we put y = dz min, HfliHoo/(qOCHDg), and note that since n < ¢§/x we
have y < d min; || h;||c0/(ngoD2).
Putting everything together, we see that if there is an n’ < y such that
, 1
lg(n)llr/z < B

for 1 §~z' < k' = k — r, then there is an n = n/gyDs with n < z and n <
0 min; ||h;||eo/n such that

1
) <
15z < 5
for 1 <i<k.
Thus we are left to verify the size estimates with this choice of B{,..., B;_, and

y. We have that (recalling that 1/6 = O(1))

k— k
I_ITB/ _ 1Z1lloo -+ [|Zk—r [l oo Hi:r-H Bi
i §52(k—r)

Dle 7‘+1B

<
< Dy
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This implies that
k— k—
(17 B oS Do([TE7 BY)C:
DS min [|hy |0

>

DT, B)C
We recall that D1 = det(Hy) = ||hi|leo - ||hr]lee < Bl"'Br/qé/C, and that
min; ||h oo > 114 || illco > D1/(B1 -+ - By.). This gives
Y T DCQ*l
(Hfz_lr B;j)© o (Hf r41 Bi )<= D02 ! CHB1 - B,

T C,—1)/C—-C—-1 —
AL
Finally, we choose Cy = 3C2?—(C?/(k—7)3. Since Do, qo > 1 and (Co—1)/C—C—1 >
0, this gives
Y x
(157 BYy3c—C/(=rp? > (B B, )30/

Since k > r > 1 we have 1/(k — )% > 1/k® 4+ 1/k*, which gives the result. 0

Proof of Proposition 4.3. Lemma 7.1 (taking 3;; = fij, n = Q°/r and B; <
ei_lA_Q/ (2k)4) shows that if the assumptions of Proposition 4.3 hold then we can find
a subset of essentially orthogonal generators. Using these generators in Lemma 7.3
then gives the required conclusion by taking €, = 1/B]. Indeed, the first two claims
of the proposition are clear. For the final claim we note that

A 302702/’6/3 N y
y(61 Ek/) - (Bi . Bl/c/)?)cz_cg/k,?)
> x
(Bl e Bk)302—c2/k:3_c2/k4
= 2(eq - - - € AZF/(ZR)YBC?=C? /K2 =C2/k*)
> (e - 'ek)302*02/k3.
This gives the final claim, establishing Proposition 4.3. -
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